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@ How dense can a set A C N be, if the equation ab = cd has no
solution consisting of distinct elements of A? (multiplicative
Sidon-set)

@ How dense can a set A C N be, if the equation
ajay...ax = biby ... bx has no solution consisting of distinct
elements of A?

@ How dense can a set A C N be, if the equation

2
X® = ajaz...a (31,32,...,32kEA)

has no solution consisting of distinct elements?
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@ How dense can a set A C N be, if none of them divides any other?
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@ How dense can a set A C N be, if none of them divides any other?
(primitive set)
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@ How dense can a set A C N be, if none of them divides any other?
(primitive set)

@ How dense can a set A C N be, if none of them divides the product of
k others?
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3132...ak:b1b2...bk — 31...akb1...bk:X2

ai,...,ak, b1, ..., bg are distinct J
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ai,...,ak, b1, ..., bg are distinct J

3132...ak:b1b2...bk — 31...akb1...bk:X

x2 = aj...ap, has no solution in A = aj1ay...ax = biby ... by has no
solution in A
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Multiplicative Sidon-sequences

aia» = bi by has no solution in A J
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Multiplicative Sidon-sequences

aia» = bi by has no solution in A J

AC{L1,2,...,n} = max|A| ~ m(n)
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Multiplicative Sidon-sequences

aia» = bi by has no solution in A J

AC{1,2,...,n} = max|A| ~ m(n), moreover:
8)

7(n) 4+ c1n®*(log n)~3/2 < max|A| < m(n) + cun3/*
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Multiplicative Sidon-sequences

aia» = bi by has no solution in A J

AC{1,2,...,n} = max|A| ~ m(n), moreover:
(1938) 7(n) 4 c1n®*(log n)~3/2 < max|A| < m(n) + con3/*
(1969) 7(n) 4 c1n®/*(log n)~3/? < max|A| < m(n) + c2n**(log n)~3/2
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ajayas = bibybs

didpds3 = bl b2 b3

max |A|
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ajayas = bibybs

didpds3 = bl b2 b3

max |A|
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ajayas = bibybs

max |A|> 7(n)
A={p|p<n,pisaprime}
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ajayas = bibybs

max |A| > 7(n) + 7(n/2)
A={p|p<n,pisaprime}U{2q]| qg<n/2qisa prime}
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m = uv —> uv edge
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element — edge

m = uv —> uv edge
V(G)={1,2,...,n}
E(G) = {u,~v,- | m; € A}

If x1x0x3x4X5X6x1 is @ 6-cycle in G, then
(X1X2)(X3X4)(X5X6) = (X2X3)(X4X5)(X6X1).
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element — edge

m = uv —> uv edge
V(G)={1,2,...,n}
E(G) = {u,~v,- | m; € A}
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What are the edges in G?

Lemma (Erdés)

Vm < ndu,v:m= uv and

Péter P3l Pach On some Multiplicative Problems of Erdds



What are the edges in G?

Lemma (Erdés)

Vm < ndu,v:m= uv and

(1) u,v < n?/3 or

Péter P3l Pach On some Multiplicative Problems of Erdds



What are the edges in G?

Lemma (Erdés)

Vm < ndu,v:m= uv and
(1) u,v < n?/3 or

(2) u> n?/3, uis a prime.
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What are the edges in G?

Vm < ndu,v:m= uv and

1) u,v<+/n-g,or
( g
(2) u> n?/3, uis a prime, or

(3) vn-g <u<n?3?and Q(u)ﬁ%
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What are the edges in G?

Vm < ndu,v:m= uv and

1) u,v<+/n-g,or
( g
(2) u> n?/3, uis a prime, or

(3) ﬁ-g§u§n2/3andﬂ(u)§2"|’o% )
How to choose g(n)?
condition (3) —» g(n) = e'ogn/loglogn

Péter Pal Pach On some Multiplicative Problems of Erdés



Maximal number of edges of Cs-free graphs

Furedi, Naor, Verstraéte, Gyori
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Maximal number of edges of Cs-free graphs

Furedi, Naor, Verstraéte, Gyori

e ex(n, Gs) < cn’
o ex(u,v, Gs) < (uv)?3 +16(u+ v)
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Maximal number of edges of Cs-free graphs

Furedi, Naor, Verstraéte, Gyori

e ex(n, Gs) < cn’
o ex(u,v, Gs) < (uv)?3 +16(u+ v)
o ex(u,v, Gg) < 2u+v?/2
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ajayas = bibybs

Theorem (P.)

max|A| < 7(n) + m(n/2) + cn?/3 G20
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ajayas = bibybs

Theorem (P.)

max|A| < 7(n) + m(n/2) + cn?/3 G20

Lower bound

m(n) + m(n/2) + cn®/3(log n)~*/3 < max|A|
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Theorem (P.)

2|k,2 < k = max|A| < 7(n) 4+ cn®/3logn
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Theorem (P.)

2|k,2 < k = max|A| < 7(n) 4+ cn®/3logn

Theorem (P.)

2tk = max|A| < n(n) +n(n/2) + cn?/3 log n

loglog n
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Erdés, Sarkozy, T. Sés (1995)
21k = max|A| < w(n)+n(n/2) +cn’/®logn
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aias ... axk :X2

Erdés, Sarkozy, T. Sés (1995)

21k = max|A| < w(n)+n(n/2) +cn’/®logn

Gyéri (1997)
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aias ... axk :X2

Erdés, Sarkozy, T. Sés (1995)
21k = max|A| < w(n)+n(n/2) +cn’/®logn

Gyéri (1997)
21k = max|A| < 7(n)+m(n/2) + cn®3logn

Theorem (P.)
2tk = max|A| < w(n)+7w(n/2) + cn?/ log log n

3 logn
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Erdés, Sarkozy, T. Sés (1995)

2lk = max|A| < m(n) + cn®*(log n)~3/2
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Erdés, Sarkozy, T. Sés (1995)
2lk = max|A| < m(n) + cn®*(log n)~3/2

Theorem (P.)
2|k,2 < k = max|A| < n(n) + cn®3logn

Péter Pal Pach On some Multiplicative Problems of Erdés



Erdés, Sarkozy, T. Sés (1995)
7(n) 4 cn®/7(log n)8/7 < max |A|
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Erdés, Sarkozy, T. Sés (1995)
7(n) 4 cn®/7(log n)8/7 < max |A|
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Erdés, Sarkozy, T. Sés (1995)
7(n) 4 cn®/7(log n)8/7 < max |A|

Theorem (P.)
7(n) + n®/>(log n)~%/5 < max |A|

Péter Pal Pach On some Multiplicative Problems of Erdés



Fi(n): maximal size of such a subset of {1,2,...,n} J
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Fi(n): maximal size of such a subset of {1,2,...,n} )

o (Erdss, 1938) Fo(n) < w(n) + n?/3

2
o (Chan, Gydri, Sarkozy, 2010) =(n) + 872'7(?;71"); < Fk( )

/2
fog T

(
o (Chan, Gydri, Sarkozy, 2010) F3(n) < w(n) + crt~s
(Chan, Gyéri, Sarkdzy, 2010) F4(n) < m(n) + cn®/®
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Fi(n): maximal size of such a subset of {1,2,...,n} )

o (Erdss, 1938) Fo(n) < w(n) + n?/3

2
Chan, Gyéri, Sarkozy, 2010) 7(n) + 872%; < Fi(n)
/2

o (Chan, Gydri, Sarkozy, 2010) F3(n) < w(n) + c(Iog oL

° (
(

o (Chan, Gydri, Sarkozy, 2010) Fa(n) < w(n) + cn?®/5
(

n k+1

Chan, 2011) 7(n) + —;(k—+)z < Fi(n) < () + ck® et
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ap 1 a1a> . . . ax and multiplicative bases

If B is a multiplicative basis of order k for {1,2,...,n}, then Fx(n) < |B|.
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ap 1 a1a> . . . ax and multiplicative bases

If B is a multiplicative basis of order k for {1,2,...,n}, then Fx(n) < |B|.

How small can a MB of order k be?

@ Gg(n): minimal size of a MB of order k for {1,2,...,n}
2

2 2
e (Chan, 2011) n(n) + %({(’);?)2 < Fe(n) < Gk(n) < 7w(n) + 2 k2(|r;;t11)

e (P., Sandor) 7(n) + Clk(|ogn)2 < Gi(n) < m(n) + C2k(|':>;Tnl)2
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ap 1 a1a> . . . ax and multiplicative bases

If B is a multiplicative basis of order k for {1,2,...,n}, then Fx(n) < |B|.

How small can a MB of order k be?

@ Gg(n): minimal size of a MB of order k for {1,2,...,n}
2

2 2
o (Chan, 2011) 7(n) + & 2% < Fi(n) < Gi(n) < m(n) + k2 Lo

2

2
e (P., Séndor) w(n) + C1k(|"o;—+nl)z < Gi(n) < m(n) + C2k(|':>;+nl)2

et 2
o (P Sindon () + 8 < Fln) < () + i
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Multiplicative bases

Lemma

Let By = {primes < n} U {x x < AL }

If a<nisnotin B(’,‘, then

/
a=pip2...pPk+1d,

2
where p;1 > p2 > -+ - > pg41 are primes such that pgpyri1 > %.
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Multiplicative bases

Lemma

Let By = {primes < n} U {x x < AL }

If a<nisnotin B(’)‘, then
a=pip2.. -Pk+13/7

2
where p;1 > p2 > -+ - > pg41 are primes such that pgpyri1 > %.

To get a MB of order k

We need at least one edge in each {p1, p2,. .., Pk+1}-
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Multiplicative bases

Lemma

B
Let By = {primes < n} U {x i x < ”k“}

(log )
If a< nisnotin B, then

/
a= pip2...Pk+1d,

2
where p;1 > p2 > -+ - > pg41 are primes such that pgpyri1 > ﬁ.

To get a MB of order k

We need at least one edge in each {p1,p2,..., pPki1}-

The sets {p1, p2, - -

., Pk+1} intersect each other in at most one element.
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Infinite multiplicative bases

Raikov (1938)

B is a MB of order k — Iimsupo)_ll >T (%)_1-
n—oco n/log k n

For every k > 2 3 a MB of order k such that lim sup Lﬂ”l < 00.

n—oo n/log k n
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Infinite multiplicative bases

Raikov (1938)

B is a MB of order k — Iimsupr_‘l >T (%)_1-

n—oo n/log k n

For every k > 2 3 a MB of order k such that lim sup

n—oco n/log

TR
"k n

Theorem (P., Sédndor)

B is a MB of order k — IimsupM > iﬂ
n—oo n/log "k n

3C > 0: For every k > 2 4 a MB of order k such that

Iimsupo)J1 < C.

n—oo n/log k n
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Infinite multiplicative bases

~—~
~—

Raikov (1938
B is a MB of order k — IimsupLZ)Jl >T (%)_1-

n—oco n/log k n

For every k > 2 3 a MB of order k such that lim sup

n—oco n/log

|B(n)]

k— < Q.
Tk

n

Theorem (P., Sandor

—~

N

~—
N,

B is a MB of order k — IimsupM > g
n—oo n/log "k n

34C > 0: For every k > 2 3 a MB of order k such that

IimsupM < C.

n—oco n/log k n

N,

Theorem (P., Séndor)

: .. B
B is a MB of order k —> I|m|m‘|(7+")| > 1.
n—oo  logn
But it can be <1+ ¢. |




ap 1 ay . ..ax-problem, infinite case

Theorem (P., Sédndor)

Vk >2 3 AC Z" such that limsup A7) o,

n—oo 2,

log4 n
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ap 1 ay . ..ax-problem, infinite case

Theorem (P., Sédndor)

Vk >23 AC Z* such that limsup ADLT(0) 5 o

n2/(k+1
n—oo 2,

log4 n

Theorem (P., Sédndor)

Ve > 0 liminf (")_W(") =0.

n—o0
But 3¢ > 0 such that Yk >2 3A C Z1 such that
c+/log k

|A(n)| > m(n) + ellogn) VIERE™ holds for every n > 10.

Péter P3l Pach On some Multiplicative Problems of Erdés



Logarithmic density

Theorem (P., Séndor)

1

P bEBZa<nb V6
B is a MB of order k — |Innl)lorlf km =2

>
3 CVk > 2 3B MB of order k such that Iirrp_)solip —b:’fk/'% <
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Logarithmic density

Theorem (P., Séndor)

1
5
beB,a<n >
B is a MB of order k — |Innl)lorlf ¥ Vlogn

alé

1

Y 3
3 CVk > 2 3B MB of order k such that ||rr1’n_)solép ‘f’;‘j% < C.

ap 1 ay . ..ak-problem, logarithmic density
loglog n + O(1)
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