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Abstract

A quantitative frequency-domain condition related to the exponential stabilizability for infinite-
dimensional linear control systems is presented. It is proven that this condition is necessary and
sufficient for the stabilizability of special systems, while it is a necessary condition for the stabiliz-
ability in general. Applications are provided.
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1 Introduction

Stabilization for linear control systems is one of the most important directions of control theory. How to
determine whether a linear control system is stabilizable is one of the largest concerns in this direction.
Over the past half-century, researchers have obtained many useful results on this issue (see, for instance,
[2, 3,4, 5,6,9, 13, 17, 18, 19, 20, 23, 25, 28, 31] and the references therein). These works have laid
a solid foundation for the study of the stabilization of linear control systems. For finite-dimensional
linear control systems, there is a well-known frequency-domain criterion to determine the stabilizability,
which is the Hautus test condition (see [11]). Unfortunately, this criterion may not be valid in infinite-
dimensional settings. For infinite-dimensional linear control systems, researchers have been trying to
obtain the corresponding frequency-domain criteria for stabilization. This paper intends to provide a
frequency-domain condition that is a necessary and sufficient condition for the stabilizability for special
linear control systems, while it is a necessary condition in general. We begin by introducing the frequently
used notation in this paper.

1.1 Notation

Let Nt := N\ {0}, R := (0,400) and R := (—00,0). If v € R, we write CI := {z € C: Rez >~}
and CJ := {2z € C: Rez < 7}. Let i be the unit imaginary number. If S is a subset of C, we denote
its closure by S. If T > 0, we let [T] := max{n € N:n < T}. If X is a Banach space, we denote its
norm and dual space by | - ||x and X*, respectively. If X is a Hilbert space, we use (-,-)x to denote
its inner product. For Banach spaces X; and Xo, £(X;; X2) denotes the space of all bounded linear
operators from X; to Xo. We write £(X1) := £L(X1; X3) if X1 = X». Given an unbounded (or bounded)
linear operator L from X; to X5, its domain, kernel, adjoint operator, resolvent set, and spectrum are
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D(L):={feXy:Lf € Xz}, Ker(L) :={f € D(L) : Lf =0}, L*, p(L) and o(L), respectively. Given
two sets A1 and A in X, we let Span{A1, A2} be the space spanned by the elements of A; and As. We
use C(---) or D(---) to denote constants that depend on what is enclosed in the brackets.

1.2 Control problem

Let H and U be two separable and complex Hilbert spaces. We consider the control system [A, B], i.e.,
y'(t) = Ay(t) + Bu(t), t € RT, (1.1)

(where u € L?(R*;U)) under the following assumptions:

(A1) Operator A with its domain D(A) generates a Cy-semigroup S(-) on H.

(A2) Operator B belongs to L(U; H_1), where H_ is the completion of H with respect to the norm
1 £1l=1 := l(pod — A) " fllx (f € H), and py € p(A) NRY is arbitrarily fixed.

(As) For each T > 0, there is C(T") > 0 such that
T
| 185 @l < Dl for ¢ € DA,

Remark 1.1. There are several remarks on the above assumptions as follows:

(i) In this paper, we write Hy for the space D(A*) with the norm: ||(pol — A*)o||m, ¢ € D(A*). (The
space H_y is the dual space of Hy with respect to the pivot space H, see [30, Section 2.9, Chapter

2]); A denotes the unique extension of A in L(H; H_1), which is provided in the following manner
(see [30, Proposition 2.10.3, Chapter 2]):

(Ap, D) iy iy = (0, AWy for ¢ € H, o € Hy; (1.2)

We let S(-) := (pol — A)S(-)(pol — A)~, which is the Co-semigroup on H_y generated by A (with
its domain H) and an extension of S(-) (see [30, Proposition 2.10.4, Chapter 2]).
Moreover, by assumption (Az), we have B* € L(Hy;U) and B*(pol — A*)™' € L(H;U).

(ii) By assumption (As), we have that for any u € L*(R*;U) and yo € H, system (1.1), which cor-
responds to this u and with the initial condition y(0) = yo, has a unique solution in C(R*; H),

and this solution can be expressed by y(t;yo,u) = S(t)yo + f(f S(t — s)Bu(s)ds, t € R*. (See [30,
Propositions 4.2.2, 4.2.5, Chapter 4].)
We now define the exponential /rapid stabilizability for system [A, B].

Definition 1.2. System [A, B] is said to be exponentially stabilizable (or “stabilizable” for short) if there
is a constant o > 0, a Cy-semigroup S(-) on H (with generator A : D(A) C H — H ), and an operator
K € L(D(A);U) such that

(a) there is a constant Cy > 0 such that |S(t)| ) < Cre™ " for all t € RT;
(b) for each = € D(A), Az = Az + BKz, with A provided by (1.2);
(c) there is a constant Co > 0 such that | KS(-)x||p2r+,v) < Callz||g for each x € D(A).

K and « are called the feedback law and a stabilizable decay rate (i.e., decay rate for short), respectively.
If a, §(+), and K exist, system [A, B] is also said to be stabilizable with decay rate «.

Definition 1.3. System [A, B] is rapidly (or completely) stabilizable if for each o > 0, [A, B] is stabilizable
with decay rate o.



Remark 1.4. Several notes on Definition 1.2 are provided as follows:

(i) Definition 1.2 is originally from [10], where the authors proved that the solvability of the LQ problem:
Vo) = infyerze o fy Iyt u o)l + a3 1dt (i.c., Vgo) < +00 for all yo € H) implies
the stabilizability of system [A, B] in the sense of Definition 1.2. The reverse was proven in [17,
Proposition 3.9]. Hence, the solvability of the above LQ problem is equivalent to the stabilizability
of system [A, B] in the sense of Definition 1.2.

(i9) If B € L(U; H), the stabilizability of system [A, B] is defined as follows: there is a K € L(H;U)
such that eATBIt is exponentially stable. Using the weak observability inequality in [17, 28], one
can easily show that Definition 1.2 is an extension of the above definition if B € L(U; H).

(#i1) If [A, B] is stabilizable in the sense of Definition 1.2, the feedback law can be constructed by the
usual LQ theory.

1.3 Motivation and novelty

Motivation. The stabilizability of system [A, B] is equivalent to the weak observability inequality. This
can be concluded from the next lemma (see [17, 20, 28]).

Lemma 1.5. (i) System [A, B] is stabilizable if and only if there are constants o > 0 and C(a) > 0
such that

t
IS* ()¢l < Cla) (/O IIB*S*(S)@II?JdS+6atllwllfq) for teRT, g € H, (1.3)

if and only if there are constants T >0, 6 € (0,1), C > 0 such that
T
1S* (D)l < C/ IB*S*(s)¢lltds + 8|lelly; for ¢ € Hi. (1.4)
0

(i) System [A, B] is rapidly stabilizable if and only if for each o > 0, there is C(«) > 0 that satisfies
(1.3).

Inequality (1.3) (or (1.4)) can be considered a time-domain criterion for the stabilizability of system
[A, B]. Naturally, we would expect frequency-domain criteria for system [A, B]. For finite-dimensional
settings, the following criterion on the stabilizability is well known:

Lemma 1.6. ([11, Theorems 3, 4]) Let H := C", U := C™, A € C"*"™ and B € C"™*™ (n,m € NT).
Then, system [A, B] is stabilizable if and only if the pair (A*, B*) satisfies the condition

(HSF): Ker(AI — A*, B*)T = {0} for A € o(A*)NC{.

The time-domain criterion and frequency-domain criterion have their own merits. Unfortunately,
for general infinite-dimensional linear control systems, the equivalence in Lemma 1.6 may not be true.
Counterexamples can be founded in [12] (see also [8, 3.4 in Section 3, Chapter 4]). Thus, it is natural to
ask for frequency-domain criteria/conditions on the stabilization for system [A, B] in our setting.

Novelty. We provide a quantitative frequency-domain condition that can be considered as a generaliza-
tion of condition (HSF) in Lemma 1.6. We prove that this condition is a criterion on the stabilization
for system [A, B] under additional conditions beyond (A;)-(As), while it is a necessary condition for the
stabilization in general. Our method of proving these results uses the weak observability inequality in
Lemma 1.5. Combining time domain with frequency domain concepts appears to be novel for infinite
dimensional stabilization problems.



1.4 Main results

To state our main results, we need the following definition:

Definition 1.7. (i) The pair (A*, B*) satisfies (HESI)g for some 8 > 0 if there are constants 8 > 0 and
C(B) > 0 such that

IelFy < Ceagye (T = A7)l +1B°1R) for A€ €ty pe . (15)
or equivalently, there are constants 8 > 0 and C() > 0 such that
lellz < CBNN = A)pllzr + 1B ¢l7y) for A€ CLy, v € Hy. (1.6)
(13) The pair (A*, B*) satisfies (HESI) if it satisfies (HESI)g for each 3 > 0.
Remark 1.8. Two notes on Definition 1.7 are as follows:

(i) The constants in (HESI)g, (1.5) and (1.6) are allowed to be different. The proof of the equivalence
between (1.5) and (1.6) will be given in Appendix of the paper (see Proposition 5.1). It is worth
mentioning that (1.5) is more sharp than (1.6) to describe the optimal decay rate of system [A, B]
(see Remark 5.2).

(i) (HESI)g (for some > 0) is a type of quantitative frequency-domain condition. The connection to
(HSF) (in Lemma 1.6) is as follows: if (A*, B*) satisfies (HESI)z for some B > 0, then Ker(A —
A*,B*)T = {0} for each \ € (Cfﬁ.

(143) (HESI)g (for some 8 > 0) can be considered an extension of the classical frequency-domain criterion
for the exponential stability of the Co-semigroup S(-). Indeed, if B* = 0 and the pair (A*,0) satisfies
(HESI)g for some B > 0, then it follows from (1.5) that Cfﬁ C p(A*) and SUpy et IIAT —

A) M 2oy < +oo for each a € (0,8). Thus, by [8, Theorem 1.11, Chapter V] (see also [12, 22]),
we see that S*(-) is exponentially stable, and so is S(-).

The first two main theorems show that under additional conditions beyond (A1)-(As), (HESI)g for
some 8 > 0 is a necessary and sufficient condition on the stabilizability of system [A, B].

Theorem 1.9. Suppose that assumptions (A1)-(As) hold. Further assume that A is a normal operator,
and for each v >0, o(A) N (Ci'7 is bounded. Then, the following conclusions are true:

(1) System [A, B] is stabilizable if and only if the pair (A*, B*) satisfies (HESI)z for some 3 > 0.
(i) System [A, B] is rapidly stabilizable if and only if the pair (A*, B*) satisfies (HESI).
Remark 1.10. Two notes on the assumptions in Theorem 1.9 are as follows:

(i) The application of normal operators in partial differential equations covers a considerable area.
It includes self-adjoint operators and linear partial differential operators on the entire space with
(real/complex-valued) constant coefficients among others (see [26, Theorem 13.24, Chapter 13]).

(#3) If the semigroup S(-) is uniformly continuous/analytical/differentiable/compact, then o(A) N Cf,y
is bounded for each v > 0 (see [21, Sections 2.3-2.6, Chapter 2]).

Theorem 1.11. Suppose that the assumptions (A1)-(As) hold. Furthermore, assume that one of the
following assumptions holds:

(a) The semigroup S*(-) is uniformly bounded;



(b) For each a > 0, there are two closed subspaces Q1 := Q1(a) and Q2 := Q2(«) of H (depending on
a) such that (b1) H = Q1 & Q2; (b2) Q1 and Q2 are invariant subspaces of S*(-); (b3) A*|q,, the
restriction of A* on Q1 is bounded and satisfies that o(A*|q,) C CT,; (bs) S*(-)|q,, the restriction
of S*(-) on Q2 is exponentially stable.

Then, system [A, B] is stabilizable if and only if the pair (A*, B*) satisfies (HESI)g for some > 0.
Remark 1.12. Several notes on Theorem 1.11 are as follows:
(1) If A is skew-adjoint (i.e., A = —A*), then the semigroup S*(-) is uniformly bounded.

(i1) If the semigroup S(-) is compact, then for each a > 0, we can find two closed subspaces Q1 and Qo
of H such that Q1 is finite-dimensional; conditions (b1)-(bs) in (b) of Theorem 1.11 hold. (See [8,
Section 3, Chapter IV, Section 3, ChapterV].)

(#4i) In assumption (b) of Theorem 1.11, it is not required that Q1 has a finite dimension.

The last main result of this paper shows that (HESI)g (for some 5 > 0)/(HESI) is a necessary
condition on the exponentially /rapidly stabilizability for system [A, B], with (A1)-(As) holding.

Theorem 1.13. Under assumptions (A1)-(As), the following conclusions are true:
(¢) If system [A, B] is stabilizable, then the pair (A*, B*) satisfies (HESI)g for some > 0.
(#3) If system [A, B] is rapidly stabilizable, then the pair (A*, B*) satisfies (HESI).

1.5 Related works

e H. O. Fattorini in [9] established a frequency-domain condition similar to Lemma 1.6 for the spe-
cial infinite-dimensional setting, where B € L(U; H); system [A, B] can be decomposed into two
decoupled subsystems: one is in a finite-dimensional subspace and controllable; the other is in an
infinite-dimensional subspace and exponentially stable. For more studies in this direction, we refer
the readers to [3, 7, 23] and the references therein. The setting in [9] is covered by our setting,
where (A;)-(A3) and (b) in Theorem 1.11 hold (see (i¢) in Remark 1.12). Thus, Theorem 1.11 can
be considered an extension of the related result in [9].

e K. Liu proved in [18] that if A is skew-adjoint and B € L(U; H), then system [A, B] is stabilizable
if and only if iR € p(A — BB*) and sup, ¢, ||(iw] — A+ BB*)"!||z(m) < 400. Later, Q. Zhou and
M. Yamamoto in [32] obtained that if A is skew-adjoint and B € L(U; H), then system [A, B] is
stabilizable if and only if there was C' > 0 such that

lellzr < CUIGwI = A%)¢llF + B*llf) for weR, ¢ € Hi.

These are two frequency-domain criteria on the stabilizability for the case A = —A* and B €
L(U; H). However, the condition that A = —A* implies condition (@) in Theorem 1.11. Thus,
Theorem 1.11 can also be considered an extension of the above frequency-domain criteria.

e R. Rebarber and H. Zwart in [25] introduced the concept of the open-loop stabilizability for system
[A, B] and provided necessary conditions in the frequency-domain for the open-loop stabilizability
in infinite dimensional settings. Such stabilizability is defined as follows: If there is ¢ > 0 such
that for each yo € H, there is a control v € D'(RT;U)(= (C§°(RT;U))') such that the solution
(in the sense of distribution) y(-;u,yo) to system (1.1) (with the initial condition y(0) = yo and
the control u) satisfies e y(-;u,yo) € L*(RT; H), then system [A, B) is called open-loop stabilizable.
Clearly, the open-loop stabilizability is weaker than the closed-loop stabilizability. (Several examples
that are open-loop stabilizable but not closed-loop stabilizable were provided in [25].) For more
studies on the open-loop stabilizability in infinite dimensional settings, we refer the readers to
[24, 31, 33, 34, 35]. Our condition (HESI)s is partially inspired by [25] and related works.



1.6 Plan of this paper

This paper is organized as follows: In Section 2, we present some criteria on the stabilizability for system
[A, B]. In Section 3, we prove our main theorems. In Section 4, we provide selected applications. Section
5 is Appendix.

2 Other criteria on the stabilization

This section provides criteria on stabilizability for system [A, B] from the perspective of integral trans-
formation. Although they are not easily verifiable, they play important roles in the proofs of our main
theorems.

To present them, we must introduce the following function spaces: Let X be a sparable, complex
Hilbert space and a > 0. For each open and connected subset S C C, we let H(S;X) be the set of all
X-valued holomorphic functions on S. We define the following Hardy space:

HA(CT s X) i={f € H(CT ;s X) : Ma(f) < +oo} with My (f) == sup / |f (w1 + iws) || % dws,
R

wi>—a
and the following weighted L2-space:
LERY X):={h:R— X:e*h(-) € L*(R;X); h=0 on R}
with the inner product:
(oM = [ tan(oe

One can easily check that L2 (RT; X) is a Hilbert space and continuously embedded into L?(R*;X).
Throughout this paper, we extend each f € L?(R*; X) over R by setting it to be zero over R~ (we
denote this extension in same way). Thus, we have LZ(RT; X) = L?*(RT; X).

Theorem 2.1. Suppose that (A1)-(As) hold. Then, the following statements are equivalent:
(i) System [A, B] is stabilizable.
(i9) There is a > 0 such that for each 8 € [0,a) and yo € H, there is (£(-;90),n(-;0)) € ’HQ((CfB;H) X
’HQ((CJjﬁ; U) such that
(€N 0), M = Ay + (n(Xs90), B o)u = (Yo, p)m for A€ CF g, ¢ € Hy; (2.1)

. C(B) . _DbB

where C(B) > 0 and D(B) > 0 are two constants independent of yo.

lyollzr for A€ Cfﬁ, (2.2)

(i4i) There is B > 0 such that for each yo € H, there is (&(-;90),m(+;y0)) € H2(Cfﬂ;H) x Hz(Cfﬂ;U)
satisfying (2.1).

To prove Theorem 2.1, we need the following lemmas: The first lemma contains several results quoted
from [7, Section A.6.3, Chapter Al:

Lemma 2.2. Let a > 0. Then, the following statements are true:

(i) f € H*(CL,; X) if and only if there is a unique h € L2(RT; X) such that f(X) = [5, e "™h(t)dt
(A € Ct,), ie, HYCL,;X) and L:(RT;X) are linear isomorphic. Moreover, 5=Mq(f) =
e 2R e



(ii) For each f € H*(CT_;X), there is a unique f* € L*(R;X) such that lim,, , o | f(wi + i) —

—a

fallLzm;x) = 0. Moreover, ||f;||%2(R;X) = M. (f).

(iii) H*(CT,; X), with inner product (f, Drzct x) = o galzwx) (f,9 € H2(CT,; X)), is a Hilbert
space.

The second lemma is as follows, which is clear if B € L(U; H). However, for our framework, we do
not find accurate literature that provides its proof. Thus, we provide it for the completeness of the paper.

Lemma 2.3. Suppose that (A1)-(As) hold. If system [A, B] is stabilizable with decay rate o > 0, then
for each B € (0,), system [A+ BI, B] is stabilizable.

Proof. We arbitrarily fix § € (0,«). Since system [A, B] is stabilizable with decay rate a > 0, we can
use the same method as that used in Step 1 of the proof of [17, Theorem 3.4] to find a positive constant
C(«) such that

t
I5° @ell < Cl@)( | 1B ()elds + e >l for 1€ RY, e M,
0
This yields that for each t € R,
t
IS0l < Cla)™ [ 1B S3(s)elids + Cl@)e ™ Mgl for peth (23)
0

where Sg(-) is the Cy-semigroup on H generated by Ag := A+ BI with its domain D(Ag) = D(A). Let
T > 0 satisfy o7 := C(a)e”2@=AT < 1. Then, it follows from (2.3) that

T
IS5(T)ell < C(Oé)ezBT/o IB*S5(s)ellzrds + oz llelfy for o€ Hy.

With Lemma 1.5, the above shows that system [Ag, B] is stabilizable. This completes the proof. O

Proof of Theorem 2.1. We organize the proof into the following steps.

Step 1. We prove (i) = (i4).

Suppose that system [A, B] is stabilizable with decay rate « > 0. We arbitrarily fix f € [0, ).
According to Lemma 2.3, system [Ag, B] (where Ag := A+ I) is stabilizable, i.e., there is v > 0, a
Co-semigroup Sp () on H with the generator Ag . : D(Ag) C H — H, and a Kg, € L(D(Ag,);U)
such that

(al) there is Cj 4,1 > 0 such that ||[Sg~(t)|| 2y < Cpye7 7" for all t € RY;

(bl) for each x € D(Ag,), Ag T = /ng + BKg yx, where Zg := A+ I, with A provided by (1.2);
(c1) there is Cg 2 > 0 such that ||Kp ,Sp(-)7| 2@+0) < Cpy2llz||g for each x € D(Ap ).

From these properties we deduce the following facts:

(O1) Based on (bl) and (cl), for each yo € D(Ag ),

uk,., (590) = KpSa~()yo = K yyk,.., (590) € L§(RT;U). (2.4)
and

t
YK, (ty0) := S (t)yo = Sa(t)yo +/ Sp(t — s)Bug, _ (s;y0)ds for all t € RT,
0

where S5(-) := €7 S(-) is the Co-semigroup generated by Az on H_; (see (i) in Remark 1.1).



(02) We arbitrarily fix yo € D(Ag ). By (al) and (2.4), we obtain that if t € RT,

lur,., Gyl = 1 Ksyyrs., (Gyo)lo = [1Ks,Ss~()yollv
< Ky (oI = As ) Mo lISsq (8 (oI — As 4 )yol e
< Cpnae MKpy (oI — Ag ) Mmoo — Agy)yolla, — (25)

where p1 € p(Ag,,) NRT, and we use that Kz, € L(D(Ag,);U).
(O3) We arbitrarily fix yo € D(Ap,~) and define
E(Niyo) = /+ e Myxc,, (Byo)dts n(Xiyo) = — /+ e Mug,  (tyo)dt, A€ Cy. (2.6)
R R

Considering the above two functions, we have the following conclusions: First, by (2.6) and (4)
of Lemma 2.2, we see that &(-;y0) € H2(CJ; H) and n(-;y0) € H?(CF;U). Second, based on
(2.4)-(2.6), (al) and (cl), we find

C C
eyl < F 5 ollar and lInQxswo)llo < Z225uollar for A € € (27)

Third, based on (al), (cl1), and Lemma 2.2, we obtain

€900 By = 2 | s, (sl < 773 ol 28)

I 90) B = 2 [ s (6t < 23l

Next, we show Claim One: For each yo € H, there is (£(-;90),m(-;%0)) € H2(CT; H) x H2(C; U) that
satisfies (2.7) and

(€Nimo), A — ARy + (n(Aiyo), B*@)u = (yo, ¥)u for A e CF, ¢ € Hy. (2.9)
The proof of Claim One will be organized using two cases.

Case 1. We consider that yo € D(Ag ).

First, based on (O3), we have (2.7) for this case. We now show (2.9) for this case. For this purpose,
we arbitrarily fix yo € D(Ap) and ¢ € Hy = D(A}). From (O1) and the main theorem in [1] (see also
[21, Theorem on Page 259]), we obtain

%<yK/3"y (t;y0)7 @)H = <yK[§,'y (t; yO)a AESO>H + <’U’K[ﬂ,'y (t;yO)u B*QP>U7 te R+7 (2 10)
YKs, ., (0) = Yo-
The combination of this result, (al), and (2.5) yield
d
e '%@Kﬁﬁ(';yo)y@,q € L*(R*;C) for each A\ € C{. (2.11)

Now, (al), (2.11), and (2.6) lead to

d _
/}R+ 67”%(91(5,7(&90),@1{(175 = (X(Xsw0), 0V m — (o, o) = (€N w0), Ap) — (yo, ©)m, A€ CY.

From the above and (2.10), one can directly obtain that (£(-;%0),7(;%0)) (which is defined by (2.6))
satisfies (2.9).

Case 2. We consider that yo € H.



According to the density of D(Ag ) in H, there is a sequence {yj },en+ C D(Ag ~) such that y§ — yo
in H as n — +oo. Thus, {yJ }.en+ is a Cauchy sequence in H. Moreover, by (2.6) and (2.8), we have

1€Cs90) — G w0 ooy = 16C3 88 — W6 ) gz et omny < VYT 7C840 Y6 — w0l ¥ m,m € N

Hence, {£(:; %) }nen+ is a Cauchy sequence in H?(Cd; H). Then, according to (i) in Lemma 2.2, there
is £*(- ) € HQ((CS',H) such that

EGsyd) = €°(0) in 7—[2((C8';H) as n — +oo. (2.12)

By (i) in Lemma 2.2, we can find h*(-) in L*(R*; H) such that £*(-) = [, e~ *h*(t)ds. The combination
of this result, (2.6), (2.12) and (i) in Lemma 2.2 yield that if we write h™(t) := yk, (t:yy), t € RT
(n € NT), then we have

1
n * 2 o . n * 2
/R+ 1h* () = R O)[adt = 5 1€C596) = € Ol cp iy = 0 as n— +oc.
Thus, for each A\ € C{,

2
less) ¢ Wl < ([ TN - v llud)
R+
< (2ReN) " Y|A™ - h*||2L2(R+;H) — 0 as n — +oo. (2.13)
Similarly, we can show that there is n*(-) € H?(C{; U) such that for each A € C7,
I ye) —n* (M|l = 0 as n — +o0. (2.14)
Therefore, by (2.9), (2.13) and (2.14), we obtain that for ¢ € H; and A € C{,

(€ (N, (M =A%) + (0" (N), B*¢)u
= lim (€(X95), M = Ay + (X yo), B'o)u = Hm (v, @) = (yo, 9)u

n—-+oo

which leads to (2.9). Meanwhile, based on (2.13) and (2.14), we can directly observe that (2.7) holds for
all yo € H. Hence, Claim One has been proven.
Finally, we arbitrarily fix yo € H. Letting A = 8 + p with pu € (Cfﬂ, formulas (2.9) and (2.7) lead to

€+ Biyo), (BRI — A")p)m + (n(p + Bi o), B p)u = (yo, p)u for pe Chy, o € Hy; (2.15)

C C
1€ (1 + B o) ﬂuyonH and [[n(p+ B yo)lly < —=2Z2—|lyo|lzr for peChy  (2.16)

I = Rep vRep+p

One can directly check that (£(-+5; o), n(-+8;y0)) € H*(CT 5; H)xH?*(CT 43 U) (since (£(5550),1(5590)) €
H?(CS; H) x H*(C§;U)). Thus, (2.15) and (2.16) imply that (2.1) and (2.2) hold with C(8) := Cg.1
and D(B) := Cg,,2, respectively. Hence, conclusion (i) is true.

Step 2. The proof of (it) = (ii3) is trivial.

Step 3. We prove (iit) = (7).

Suppose that (7i7) holds, i.e., there is 8 > 0 such that for each yo € H, there is (£(+;40),n(-;%0)) €
HQ((C'_"/g; H) x HQ((C'_"/g; U) satistying (2.1). We arbitrarily fix yo € H. Then, based on (i) in Lemma 2.2,
there is a unique (y(-),u(-)) € L3(R*; H) x L3(RT;U) such that

€Osyo) = /]R et (o) = - /IR e iy, A€ T (2.17)



Let w := max {1,limy_ ;oo t 7 In|[S(t)|| £z }- Then, &(+;50) and n(-;y0) are well defined over CJ, and

moreover, by [8, Proposition 2.2, Chapter IV], we have C}; C p(A)(= p(A)). We arbitrarily fix A € CJ.
Then, we have that (A\] — A*)~! € L(H; H;), and it follows from the proof of Theorem 3.1 in [21, Section
1.3, Chapter 1] that
(N — A*) "o = / e MS*(t)pdt for each ¢ € H. (2.18)
R+
We arbitrarily fix ) € Hy. There are two facts. First, replacing ¢ by (A — A*)~1¢ in (2.1) (A € C})
leads to

(€Nsyo), ) + (X o), B (M — A) ")y = (yo, (M — A*) ') mr. (2.19)
Second, with assumption (Az), we have B* € L(H;;U) and B*(A\] — A*)~! € L(H;U), thus,
(X yo), B* (A — A) 7)o = (Bn(Asyo), (M — A") )i m,- (2.20)

Now, we claim that
¢~ Rex / S(- — s)Bu(s)ds € L'(R*; H_y) N L*(RT; H_y). (2.21)
0

For this purpose, we first recall that py is provided in assumption (As), so we have (pol — E)*lB €
L(U; H). Moreover, by [30, Proposition 2.10.3, Chapter 2], we have that poI — A is a unitary linear map
from H to H_;. Hence, for each t € RT,

e—Re,\t

/Ot S(t— s)Bu(s)dsHEL1 = e~ Rext /Ot S(t—s)(pol — Z)_lBu(s)dsHH

t
< C(W)H(PO-T*"Z)ilB”L(U;H)eiReM/ e Ju(s)||uds
0 t 1 t 1
< C@)lipol = A7 Bllewane 8 ( / e*ds )" ( / Ju(s)l[Fds)’
0 0
< C@)l(pol = A Bllcwsany (2) ™ |l e oy~ RO,

Since ReA > w, the above leads to (2.21).
Based on (i) in Remark 1.1, (2.17), (2.18) and (2.21), using the Fubini theorem and v = 0 in (—oc0, 0),
we obtain

(Bn(X;yo), (AL — A*) ") g,

_ —<B/ e‘“u(t)dty/ e_hs*(t)wdt% H
R+ R+ -

— _<(p01 - /T)—lB/]R+ e Mu(t)dt, (pol — A*)/R e_;\tS*(t)wdt>H

+

+o0 _
- / / (€MD (poT — D)1 Bu(o — 1), e~ 5" (t)(pol — A*)) wdodt
Rt Jt

_/ e /U<(pol— A7 Bu(o — 1), 8 () (po] — A*)¢) mdtdo
R+ 0

- ,/R+ e_)“7< /00 S(o — t)Bu(t)dt,z/J>H_1,H1da.

The combination of this result, (2.19) and (2.20) imply that

/ e U(F(), %)y, g, dt =0 for A€l € Hy, (2.22)
R
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where F(t) := y(t) — S(t)yo — fot S(t — s)Bu(s)ds for t > 0, while F(t) := 0 for t < 0. With (2.21), we
can apply the inverse Fourier transform to (2.22) with respect to ImA to conclude that

y(t) = St)yo + /t S(t — s)Bu(s)ds ae. t € RT,
0
which leads to y(-) = y(:;y0, u) a.e. in RT. With (y(-),u(-)) € L3(RT; H) x L3(R*;U) C L*(RT; H) x
L*(R*;U), we obtain
Uga(yo) = {u(-) € L2(R*;U) : y(-;y0,u) € LAH(RY; H)} # 0. (2.23)

Since yo was arbitrarily taken from H, (2.23) and [17, Proposition 3.9] imply that system [A, B] is
exponentially stabilizable. Hence, we have completed the proof of Theorem 2.1. O

3 Proofs of the main theorems

Before presenting the proofs of the main theorems, we need the following lemmas:

Lemma 3.1. Suppose that A € L(H) and B € L(U; H). Then, the following statements are equivalent:
(i) System [A, B] is exactly controllable at some T > 0;
(i1) There are constants T > 0 and C(T) > 0 such that

T
lell3, < C(T) / 1B Bt for o < H:

(#9i) There is n € N such that Span{BU, ABU, ... ,A"BU} = H;
(iv) For each A € C, there is C(\) > 0 such that ||¢[|2, < CN)(|(M —A*)p|| % +|B*pl%) for allp € H.

Proof. Tt is well-known that (i) < (i¢) (e.g., [30, Theorem 11.2.1, Chapter 11]). Using Baire category
theorem, one can directly verify that (¢) = (i4¢), while the proof of (ii) = (i) can be found in [29,
Theorem 2.3]. The proof of (iii) < (iv) can be found in [27] (see the main theorem and the remark on
it there). This completes the proof. O

Lemma 3.2. System [A, B| is rapidly stabilizable if and only if for each o > 0, system [Ay, B] is
stabilizable, where Ay := A+ al.

If B € L(U;H), then Lemma 3.2 is well known. However, for our framework, we do not find an
accurate literature with its proof. Thus, we prove it here.

Proof of Lemma 8.2. First, let S,(-) be the Cy-semigroup generated by A,. Then, we have S,(t) =
et S(t), t > 0.

Now, we suppose that system [A, B] is rapidly stabilizable. Then, according to [17, Theorem 3.4], for
each a > 0, there is C'(«) > 0 such that

t
I5* (el < Cla) (/ 1B*S*(s)¢lltds + 6_(2“+1)t|w||?{> for p € Hy, t € RT.
0
Hence, for a > 0,

t
1S5 (0l < C(Oé)ezat/ 1B* S5 (s)¢lltrds + Cla)e™ ollfy for ¢ € Hy, t € R 3.1)
0

11



For each a > 0, we let T' > 0 satisfy § := D(a)e™T < 1. Then, based on (3.1), we have

T
1S2(T)pl3 < Ca(a)e™ / 1852 (s)gll2ds + bl for ¢ € Hy.
0

The combination of this and (i) of Lemma 1.5 yield that system [A,, B] is stabilizable.
Conversely, we suppose that, for each a > 0, system [A,, B] is stabilizable. Then, according to () of
Lemma 1.5, for each o > 0, there is C'(a) > 0 such that

15 (0l < Cla (/ 1B S*<>¢||Uds+so|H) for ¢ € Hy, teRY,

which implies that if a > 0,

IS* (B¢l < Cla (/ 1B*S* (s)ellErds + e ‘“II@IIH> for v € Hy, t €R.

With (i¢) of Lemma 1.5, the above leads to the rapid stabilizability of system [A, B]. This completes the
proof of Lemma 3.2. O

We start with proving Theorem 1.13.

Proof of Theorem 1.13. We first prove (i). Suppose that system [A, B] is stabilizable. According to
Theorem 2.1, there are constants Sy > 0, C(5p) > 1 and D(By) > 0 such that for each yo € H, there is
(€(590),m(590)) € HA(CL 4 s H) x H?(CH, 3 U) that satisfies (2.1) and (2.2). Then, based on (2.1) and
(2.2), for X € (Cfﬁo and yp € H,

C(Bo)
Re A + ﬁo

_ D(B)

A — A* f € Hy.
[T =A%)l + e 1Bl ol for o €

[wor ol < (
Thus, for each \ € (Cfﬁ

_C(Bo)

D)
ol < oy

vVRe A+ Bo

Suppose that [|S*(t)|| < C(w)e“! for each t € R* for some constants w > 0 and C(w) > 0. Taking
B e ( ,B0). By [21, Theorem 5.3 and Remark 5.4, Section 1.5, Chapter 1], we have that, for each
rxect

AT = Aol + —m—=—===I1B"¢llu for ¢ € Hi. (3-2)

max{w,2|f—w|—B}’

Cw) . C(w) )
lell = =gl = AYels < ReXT ) - ‘B_w|||(>\I—A Yol| i
C(w) .
- M —A
%(Re)\+ﬂ)+(%(Re)\+5)_|5_w|)”( Jolla
20
< s - Al for o€ 53
If A€ CHy\ Chouagwl_g)» then

D) _ DB)max(w2p-wl- B} +5) 1
vVRe A+ By — VBo— B ReA+ 3’

The combination of this relation, (3.3), (3.2) and Definition 1.7 imply that the pair (A*, B*) satisfies
(HESI) 3.
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Next, we prove (ii). Suppose that system [A, B] is rapidly stabilizable. Lemma 3.2 implies that, for
an arbitrarily fixed a > 0, system [A + al, B] is stabilizable. Then, according to the conclusion (i) of
Theorem 1.13, there is C(a) > 0 such that if A € C7,

lolfy <

(I = (A" + al)elf + 1B ¢ll) for ¢ € Hy.

Hence, if A € C*

—a

Cla X *
6l < gy (1T = Al + 1Bl for ¢  Hr.

Since o > 0 was arbitrarily taken, the above shows that the pair (A*, B*) satisfies (HESI). This completes
the proof of Theorem 1.13. O

We now prove Theorem 1.9.

Proof of Theorem 1.9. First, since A* is normal, we can write E4™ for the unique spectral measure
corresponding to A*, which is provided by the spectral theorem (e.g., [16, Theorem 6.47, Chapter 6]).
We divide the proof into two steps.

Step 1. We prove conclusion (3).

By Theorem 1.13, we have the necessity. The remainder is to show the sufficiency. We suppose that
the pair (A*, B*) satisfies (HESI)g for some 8 > 0. Then, there is 8 > 0 and C(5) > 0 satisfying (1.5).
Without loss of generality, we can assume that CT_ N o(A*) # ) for each ¢ > 0. (Otherwise, there is
e* > 0 such that (Cfg* No(A*) = (. Then, it follows from [8, Corollary 3.4, Section 3, Chapter IV and
Lemma 1.9, Section 1, Chapter V] that S*(-) and S(:) are exponentially stable. Thus, by taking the
feedback law as 0, we obtain the sufficiency.) We take w > 0 such that ||S*(t)zz) < C(w)e** for each
t € RT. The remainder of the proof in this step is organized into two sub-steps.

Sub-step 1.1. We prove that for each 8* € (0,08), there are T :=T(*) > 0 and C(T, 5*) > 0 such that
T
1S*(T)E4 (CE )3 < O(T, 5*)/0 |B*EA(CEy)S* () EY (CHg)elfdt for v € Hi.  (3.4)

We arbitrarily fix 5* € (0,3). Since o(A*) N CJ_F,Y is bounded (by our assumption), it follows from the
spectral theorem that

a) A*EAT(CT,,) = EA (CT,.)A* is a bounded operator on H;
(a) 8 8
(b) EA (Cfﬁ*)H is an invariant subspace of A*E4” ((Cfﬁ*).

Thus, we have E4” ((Cfﬁ*)H = D(A*EA ((Cfﬁ*)) and A*EA*((CJjB*) € L(EAY ((CfB)H) Consequently,
EA*((CfB*)S*(-)(: S*(EA (Cfﬁ)) is the Cy-semigroup on H, which is generated by A*EA*((Cfﬁ*).
Based on (b), we know that EA*((Cfﬁ*)H is an invariant subspace of S*(t) for each t € RT, so
EA ((CJ_“B*)S*(-) is a Cy-semigroup on E4’ ((CJ_’B*)H. Meanwhile, based on (a) and assumption (As)
(see also (i) in Remark 1.1), B*EA*((CJ_rﬂ*) € C(EA*((CJ_FB*)H; U). Indeed, we have

IB*E* (€L g el < (B (pol = A) ™)l (pol = AVEX (€L )l eqan Il a

for all o € EA™(CL,.)H.
Now, we claim that there is C (3, 8*) > 0 such that if A € C,

lellf < C(8, BN = A" B4 (CHp)elly + 1B B4 (CLg)ollf) for o € EA(CEg)H.  (3.5)
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Indeed, (1.5) implies that for A € C* bt (CCEy) and p € EA(CE ) H

40(5)

However, according to the spectral theorem,

5 (IAL = A"EY(CE )l + BB (T )ell)- (3.6)

H()\I—A*EA*((CJIB*)) Loll% 7 for /\E(C:mzi, <P€EA*(CJ:B*)H

S 5* G-F2 lll?
which implies that

4 . A _ .
lll3 < Al -4 BEV(CIg el for AeCTye s, 9 € BN (CE,0H

This fact and (3.6) lead to (3.5) with C(8, 5*) := W Since

(A"E* (CL4.), B'E* (CL4.)) € L(E? (C 4 ) H) x L(E* (CL,40)H; U),

(3.5) and Lemma 3.1 imply that there is T' := T(ﬂ*) > 0 and C(T, 5*) > 0 that satisfies (3.4). (Here, we
use that ||S*(T)E4” ((Cfﬁ*)t,oHH < C(w)e?T||EA(C _B*)QD”H for each ¢ € H;.) Thus, we have completed
Sub-step 1.1.

Sub-step 1.2. We prove that the system [A, B] is stabilizable.
We arbitrarily fix 5 € (0, 8). The facts are as follows: First, according to Substep 1.1, there are con-
stants Ty > 0 and C (T, 5*) > 0 such that (3.4) (where T' = Ty and C(T', 8*) = C(Ty, 5*)) holds. Second,

one can easily check that A*EA*((C:[%) (with its domain EA*((C:B*)Hl) generates the Cp-semigroup
S*(.)EA*((Ciﬁ*) on EA*((C:E*)H. Third, the spectral theorem implies that U(A*EA*(C:B*)) C C,.
and thus

sup{Re : A € o(A*E4 ( 5 )} < =B (3.7)

Since A* is a normal operator and E4" (C_ ﬁ*) is an orthogonal projection, we have that A*E4™ (CZ B*)

is normal on E4"(C~,.)H. Then, by (3.7) and [8, Corollary 3.4, Section 3, Chapter IV and Lemma 1.9,
Section 1, Chapter V], we obtain that for each n € (0, 5*), there is C(n) > 0 such that

I1S* () EA" (T30 |l ey < Clm)e™ for ¢ € RY. (3.8)

Now, we claim that for each T' > 2Ty, there is C(Tp,w, 8*,m) > 0 such that

T
IS° (@)l < O 5" m) ([ 1B Wpllpt +-e T oly) for gt (39)
0

For this purpose, we arbitrarily fix T' > 2Ty. Let N := [T'/Tp], then N > 2 and N1y < T < (N + 1)T.
Based on (3.4) (with T =Ty and C(T, 5*) = C(Tp, 8*)) and (3.8), we have that, for each ¢ € Hy,
1S*(T)pll7r = 15(T = NTo)S* (NTo)ellfy < (C(w))*e* ™ [|S* (N To)el 7
= (C)2e™ ™ (|IS* (1)) A" (CF,5)8" (N = DTo)gl% + 15" (NTo) EA (€ )l )

To
< (O (OB [ IS Y = 1T+ OB (C el + 15" (NTO B (€, )l
< 6L+, (3.10)
where

NTy

I = (C(w))?e> T (2C(To,5*) /

1B*S*(t)plltrdt + (C ()2 1N 70 ||§0||%-I>7
(N-1)To
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and
To [
I :=2(C(w))*C(Ty, B*)e> o / |B*S*((N — 1)To + t) E* (CZ 5. )| Frdt.
0

Based on assumption (As) and (3.8), one can directly check that

T
I <2(C(w))*C(To, B)e 2WTO/O 1B*S* (t)llfdt + (C(w)C ()2 Toe=21T | 35 (3.11)

I

2(C(w))? (To»ﬁ*)ezwﬂ)/o BSOS (N - )T EY (€, ~pe)elldt

C
2C(Ty, B*)C(To
C

< 2(Cw)) )e2To||S*((N — 1)To) EA (CZ 5. ) ol
< 2(C(W))*C(To, BY)C(To) (C(n) 22 o1 N=DTo BA™(CZ 1 Yo |13
< 2(C(W)C()*C(Ty, B*)C(Ty)e2 @2 Toe=21T |13,

The above, (3.10), and (3.11) lead to (3.9) with
C(Ty,w, 5%,1) := (C(w))?e® ™0 max{2C(Tp, 5*), (C(n))?e*"70 (1 + 2C(Tp, *)C(Tp)e?"0)}.

Using (3.9), we can find T > 0 such that

T
* ~ * * * 1
IS (@)elfy < O B0) [ 15°S Ol + 5llolfy for ¢ € M

The combination of this result and Lemma 1.5 yield that system [A, B] is stabilizable. Thus, we have
completed Sub-step 1.2 and Step 1.

Step 2. We prove conclusion (it).
The necessity is proven in Theorem 1.13. Thus, we must only prove the sufficiency. Suppose that the
pair (A*, B*) satisfies (HESI). Then, for each 8 > 0, there is C(8) > 0 such that

()

ol < (Rer+ 202 (I = A%¢llF + | Bellfr) for X e Chy,, o € Hi,

which yields

c(B)

el < Rer+ B)? (I = (A" + BD)elF + | Bollfy) for A e CFy, o € Hi.

The combination of this result and conclusion (7) of Theorem 1.9 imply that [A + 81, B] is stabilizable.
(Since A is normal, A+ 51 is also normal for any 5 € R.) Since 8 > 0 can be arbitrarily chosen, Lemma
3.2 implies that [A, B] is rapidly stabilizable.

Thus, we complete the proof of Theorem 1.9. O

Finally, we prove Theorem 1.11.

The proof of Theorem 1.11. By Theorem 1.13, we only need to show the sufficiency. For this purpose,
we suppose that there are constants § > 0 and C(8) > 0 that satisfy (1.5). We divide the remainder of
the proof into two steps.

Step 1. We prove the stabilizability for system [A, B] for case (a).
First, (a) in Theorem 1.11 implies that there is C'4 > 0 such that ||.S*()||z(z) < Ca for each ¢t > 0.
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Next, we arbitrarily fix 7 > 0. Let

0. (t) = sin (Z£), %f tel0,7], (3.12)
0, if teR\|0,7],
which satisfies
0,(:) € H'(R) (3.13)
and
us ot if
oL(t) = roos (%), hre 0.7, (3.14)
0, it teR\J0,7].

Now, we arbitrarily fix ¢ € H; and define

S*(t)p, if t >0,

3.15
0, if +<0. (8.15)

w(t) == 0,(t)z(t), t € R, where z(t) := {

By assumption, we have ||z(¢)||g < Call¢| g for each t € R. The combination of this result, (3.15) and
(3.13) imply that w € H(R; H) and

A*w(t L(t)z(t) if t>
(1) = w(t) +O5(1)=(t) if £ 20, (3.16)
0, if t<0.
Thus, we can apply the Fourier transform to (3.16) to obtain
(ic] — A" Flw](s) = Flgl(s) a.e. s €R, (3.17)

where g(-) := ©.(-)z(-), and F[f] denotes the Fourier transform of f € L*(R; H). Integrating (1.5) (where
¢ and A are replaced by F[w](s) and is) with respect to ¢ over R, using (3.17), we obtain

/R | Flw)(6)3ds < B2C(B) ( / 1 F1g)(6) [2ds + / |B*f[w]<<>||%dc). (3.18)

It is clear that
Flol(-) € L*(R; H). (3.19)

Thus, the first integral on the right-hand side of (3.18) is finite. We now claim

B*Flw](-) € L*(R;U). (3.20)
Two facts ensuring (3.20) are as follows: First, we have

F[B*w](-) € L*(R;U). (3.21)
Indeed, it follows from (3.13) and assumption (Az) (see (i) in Remark 1.1) that

1B w()lly = [16-()B*(pol — A*)7'S*()(pol — A)¢llr
< CalO-O)IB* (ol — A) el (pol — A*)ellir € L*(RY;R),

while it follows from (3.12) and (3.15) that || B*w(t)||y = 0 when ¢ € R—. These relations lead to (3.21).
Second, one can check that for a.e. ¢ € R,

F[B*w](s) = /RefktB*w(t)dt = /]R+ e St B* (pol — A*) 1O, (1)S*(t)(pol — A*)dt

B (ol — A7) [

eSO, (1)S* () (pol — A*)pdt = B* / eSO, ()5 (t)pdt
R+

R+
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_ B / e~Stw(t)dt = B* Ful(c), (3.22)
R

where we used the fact w(-) € L2(R; H). Clearly, (3.20) follows from (3.21) and (3.22).
Now, based on (3.19), (3.20), (3.18), (3.12), (3.13) and Plancherel’s theorem, we obtain

/ 10.(0=(0)|1% < 8208 )(/ 1B, (0)=(b)|[3dt + / At ||Hdt) (3.23)

We will use (3.23) to obtain the weak observability, which leads to the stabilizability of [A, B]. Indeed,
since ||S*(¢)||z(ay < Ca for all £ > 0, it follows from (3.12) that

3T

1 - * — i * 4 *
OIS (el = €3 / 15 (r)epll3ds < / 15 ()3 ds:

4 4

37

T mt . T wt . 1 [ .
[ tenwstoa = [ () st @l > [ st (T I @l > 3 [t 0l

These relations yield that

| N T
TORIS el < [ 18wz har (3.24)

Using (3.12) and (3.14), we further have

/ B0 00t < [ 1B Ol

[ 1€ @0l < 725 / I5° (Ol < v (nC.) el

With (3.23) and (3.24), these relations imply
IS* (M)l < 47_1/3_20(5)031/0 IB*S™ (t)plltrdt + 4m—272C(B)m*CallelF- (3.25)

Taking 7 > 0 such that 477 2872C(8)72C% < & in (3.25) leads to

* ([~ ~—1,p— T * Qk 1
IS*(F)ellf < 47715 20(6)03;/0 1B™S" ()llgdt + S Nl

The combination of this result and conclusion (7) in Lemma 1.5 imply that system [A, B] is stabilizable.

Step 2. We prove the stabilizability for system [A, B] for case (b).

According to assumption (b) (in Theorem 1.11), there are two closed subspaces @1 := @Q1(8) and
Q2 := Q2(P) of H satisfying (b1)-(bs) (where « is replaced by 3). Based on (by), we can define P : H — @1
in the following manner: Pf = fy, for each f € H, where f = f; + fo with f; € Q; (j = 1,2). Based on
assumption (b2), one can directly check the following:

PS*(t)=S*(t)P, t >0; PH, C H; A"P=PA" on H;. (3.26)

We write ST(-) := PS*(-) and S5(-) := (I — P)S*(-); A} = A*|g, and A5 = A*|p,. Based on (3.26), one
can easily check that S]*() is the Cp-semigroup on ();, generated by A7, j =1,2.

Two facts are as follows: First, by (b3), we have that A} € £(Q1), which implies D(A}) = Q1. The
combination of this result and assumption (Az) (see also (i) in Remark 1.1) yield that

B*Plq, = (B*(pol — A")™")(pol — A7) € L(Qu;U). (3.27)
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Second, by (b3), we have o(A}) C (Cfﬂ which implies

CZ5 C p(47). (3.28)
Based on (3.28) and (1.5), for each A € C, there is C(\) > 0 such that
lellz < COVIN = Aol + 1B*Pellfy) for ¢ € Qu. (3.29)

(Indeed, if A € (Cfﬁ, we can use (1.5) to find C(\) above, while when X\ ¢ (CJ_FB, we can choose C'(\) =
[(A] — A7) H|Z ) because of (3.28).)

Now, based on (3.29), (3.27) and boundedness of A}, we can apply Lemma 3.1 to find 7" > 0 and
C(T) > 0 such that

T
17 (T)elly < O@) [ 1B PS; Ol for ¢ @u
0
The combination of this result and (bs2) yield

|PS*(T)¢ll3r = 151 (T) Pl
T T

< O(T)/ ||B*PSf(t)Pgo||?]dt:C(T)/ | B*PS*(t)p|#dt for ¢ € Hy. (3.30)
0 0

Based on (bs) and (3.30), using a similar method as in Sub-step 1.2 of the proof of Theorem 1.9, there
are T > 0 and C(T') > 0 such that

T
* (P AN * Qk 1
15*(T)ell% SC(T)/O |B*S (t)ll?Jdt+§||<PH%r for ¢ € Ha,

The combination of this result and (i) of Lemma 1.5 lead to the stabilizability of system [A, B].
Hence, we have completed the proof of Theorem 1.11. O

4 Applications

This section provides several applications of our main theorems to specific control PDEs. We start with
introducing the concept of "thick sets”: We say a measurable subset E C RN (with N € NT) to be thick,
if there is € > 0 and L > 0 such that

IENQr(z)| > LY for each x € RY,

where Qr,(z) denotes the closed cube in RY, centered at x and of side length L, and |[EN QL ()| denotes
the Lebesgue measure of ENQr(x). Then, we quote the following lemma, which is related to the thick
sets and will be used later:

Lemma 4.1. (15, Theorem 1]) If w is a thick set, then for each R > 0, there exists C(R,w) > 0 such
that, for each f € L*(RN) with supp(F|f]) C [-R, R]Y, the following estimate holds

I fllL2@yy < C(R,w)|Ixw 2@y

4.1 Ginzburg-Landau equation in R¥

Let a € R and b € R. Let w C RY (with N € N*) be a measurable set with its characteristic function
Xw- We consider the controlled Ginzburg-Landau equation in R :

{yt =(a+ib)Ay+xou in R¥ x RY, (1)

y(0,-) = yo(-) € L*(RYN),
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where u € L?(R*; L2(RY)). Equation (4.1) can be put into our framework by setting: H = U = L*(RM);
A= (a+ib)A, with its domain H?(RY); B := x,,. One can directly check that (A;)-(As3) are true. One
can also check that A is normal (using Fourier transform) and generates an analytic semigroup. The
latter and (i4) of Remark 1.10 yield that o(A) N (wa is bounded for each v > 0. Therefore, Theorem 1.9
can be applied. It provides the following results:

Theorem 4.2. If w is a thick set, then equation (4.1) is rapidly stabilizable.

Proof. According to (ii) in Theorem 1.9 and Definition 1.7, we only need to show the following: For each
B > 0, there is C(8) > 0 such that

H(pHi?(]RN) < CBUA = (a— ib)A)SDHQH(RN) + ||Xw90||2L2(RN)) for A e (CJ_r[w ¢ € H*(RY). (4.2)
For this purpose, we arbitrarily fix ¢ € H2(RY), 8> 0 and A € (CJ_rﬁ. Plancherel’s theorem implies that
I = (a = b) D)@l ey = A+ (a—1b)IE*)Flell 7

/RN (IReA + alg|*[* + [TmA — bl&[*|?) [Flel(€)]*dg

Y

8 [ X ymmlFlele e

The combination of this result, Lemma 4.1, and the Plancherel theorem yield that there is C1 (8, a,w) > 0
such that

lolzny < 87210~ (@ = 0)8)elan + [ e mmsl Tl O
< BIOL = (0= D)D)l + Cr(B.0.0) [ x@IF e s lel@) s
< BT~ (= DAl s, +201(Bee) [ xola)lo(@)Pda
201(B.00) [ 17 gy ml el
< BT2201(Bsa,w) + DM = (a = b) D)@ Za (g + 2C1(B, @, w)l| X |72 @)
which leads to (4.2) and completes the proof. O

4.2 Fractional heat equation in RY

Let s € (0,1) and N € NT. Let w C RY be a measurable set with its characteristic function y,. We
consider the following controlled fractional heat equation:

Oy + (=D 2y = xou in Rt x RV,
{yw, )= wo(-) € 2(RY), (43)
where u € L2(R*;RY) and (—~A)? is defined by
(=2)2f = FUIEPFIf, feCRY). (4.4)

Equation (4.3) can be put into our framework by setting: H = U = L?(R"); A :== —(—A)3 with domain
D(A) := H*(RM); B := x,,. One can easily check that (A;)-(43) hold, A* = A, and A generates an
analytic semigroup. The latter and (i7) of Remark 1.10 yield that o(A)N (CJ_F,Y is bounded for each v > 0.
Therefore, Theorem 1.9 can be applied. Moreover, the spectral measure E4™ (corresponding to A*) is
provided as follows: for each Borel set 2 C C,

[EY QLS = F X e e FLA for fe L*RY). (4.5)
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Regarding equation (4.3), we have the following: Fact 1: If w is thick, then equation (4.3) is not null
controllable in general (see [14]). Fact 2: Equation (4.3) is rapidly stabilizable if and only if w is thick
(see [17, Theorem 4.5]), where it was proven by the weak observability inequality. Next, we utilize (i)
of Theorem 1.9 to provide a proof for the sufficiency by the frequency-domain inequality.

Propositon 4.3. If w is a thick set, then for each 8 > 0, there is C(f) > 0 such that

2 c(B)
ol T2 @y < (Rer+ A2

Proof. We arbitrarily fix 8 > 0. Let k := k() = [8] + 2. We set Ey := E4 ({z € C: Rez € [k, 0]}),
where E4” is provided in (4.5). Then, [13, Lemma 3.1] implies that

(AT = A )l + 1B 6l32am)) Jor A€ CEyy 0 € HIRY).  (46)

1
1Bl 22 vy < €708

B* Byl 2@y for ¢ € L*(RY), (4.7)

where Cjp > 0 is a constant, which is independent of k. Let A} := A* + (k — 3)I. Now we claim

I(I = Ex)ellfzmn) < IAT = AT = E)llzeen) for AeCy, o € HYRY).  (4.8)

(ReX + 3)2
For this purpose, we arbitrarily fix A € Ct,, ¢ € H*(RY). Since A = A*, it follows from (4.4) and (4.5)
2
that
* —1 1 s
(T = AT = Ex)o = F* [xqresiy (A= b+ 5 +1¢°) Flel.

The combination of this result and the Plancherel theorem yield

\ 1. 2

IO = 40T = B)elan) = / xters (A= k45 + 1) Flel©)| a
1p2 ) 1\2
> s [ gersn FIA©)Pdg = (Rea+ 5 ) |
RN

which leads to (4.8).
Next, since A*Ej, = E,A*, (4.7) and (4.8) imply that for A € C*, and p € H*(RY),
4

(I - Ek)@“i%ﬂ%ﬁ’)?

1
lelZa@yy < I = E)lLa@sy + 1Bxplizmy < I = Ex)elia@n) + e | B Expl 1z @)
1 1
< (1 4 2eCok ) (I = Ex)gl2a gy + 265" | B 0|22 gn,
< 16(1 + 2¢Cok* ) I = AD)ll72 @y + 2¢7F | B*oll72 s -

The combination of this result and Definition 1.7 (see also Proposition 5.1 in Appendix) imply that there
are v > 0 and C(v, k) > 0 such that

Clv, k) " ]
Il < (e sy 0T = 4Dy + 1B elEaqen) for n € CE, € HUEY). - (49)
Since 841 < k, letting n = A+ k — % in (4.9) leads to (4.6) with C(8) := C(, k). This completes the
proof. O

4.3 One-dimensional heat equation with point-wise controls

Let ¢ > 7%, 29 € (0,1), and §(-) be the Dirac function at z = 0 € R. We consider the following heat
equation with point-wise controls:

yr = (02 +c)y +6(- —zo)u in RT x (0,1),
y(,0)=y(-,1) =0 in RT, (4.10)
y(oa ) = yO() € L2(0’ 1)a
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where u € L2(RT). Equation (4.10) can be put into our framework by setting: H := L%(0,1); U := R;
A := 92 + ¢ (with its domain D(A) := Hy := H}(0,1) N H%(0,1)); B := (- — z0). One can easily check
that assumptions (A;)-(As) are true, A is self-adjoint, and A generates an analytic semigroup (see [17,
Example 4.3]). The latter and (ii) of Remark 1.10 yield that o(A) N (CfW is bounded for each v > 0.
Therefore, Theorem 1.9 can be applied.

Regarding equation (4.10), we have the following: Fact 1: For irrational number xg € (0, 1), equation
(4.10) is not null controllable (see [17, Example 4.3]). Fact 2: Equation (4.10) is rapidly stabilizable if
and only if zo € (0,1) is irrational (see [17, Theorem 4.9]). Thus, a natural question is what happens
about equation (4.10) when xq is rational? The next theorem provides the answer for this question. We
will prove it using Theorem 1.9.

Theorem 4.4. System (4.10) is stabilizable in L*(0,1) if and only if zo ¢ {k/n € (0,1) : k € N, n =
L2, (e,

Proof. First, the eigenvalues and the corresponding normalized eigenfunctions of A* are as follows: A, :=
—(nm)2 4+ ¢; en(z) := V/2sin(nrx), 2 € (0,1), n € N*.

We start with proving the necessity. By contradiction, we suppose that there is 2o = k/n € (0,1)
(with n € {1,2,...,[V¢/n]}, k € NT) such that system (4.10) is stabilizable. Then, we have e, (z¢) =
V2sin(nmzo) = 0, which implies that B*e,, = 0. Since 1 < n < [\/c/7], one can directly check that

Ay = —(nm)? +¢> —([Ve/nn)* + ¢ >0, and thus \, € CJ.

For any 8 > 0, the right-hand side of (1.5) (where A = A, and ¢ = e,,) is 0, while the left-hand side of
(1.5) (where A = A\, and ¢ = e,,) is 1. So (1.5) is not true for any g > 0. Thus, it follows from (7) of
Theorem 1.9 that system (4.10) is not stabilizable, which causes a contradiction and completes the proof
of the necessity.

We next prove the sufficiency. We will show that if xg ¢ {k/n € (0,1) : k e NT,n=1,2,...,[/¢/n]},
then there is 8 > 0 such that the pair (A*, B*) satisfies (HESI)g. We let n* := [/¢/]. Since zo ¢ {k/n €
(0,1) : ke Nt n=1,2,...,n*}, we have

en(xo) #0 for each n € {1,2,...,n"}. (4.11)

We define the following projection operator: P« := 22;1@0, en)ien (@ € H). Let

1
H+ = .ZDTL*.I:I7 ﬂI: _5)\n*+1~

n*

Since n* = [\/c¢/n], one can directly check that 8 > 0.
Now, we claim that there is C(3) > 0 such that

lellz < COUMN = Aepllzr + 1B ¢l7) for A€ CLy, o € H. (4.12)
Indeed, based on (4.11), one can easily check that
Ker (A= A*Pe, B*Pye) |y ) = {0} for A€ C.
Since H,'. is finite-dimensional, the above yields that for each A € C, there is C'(\) > 0 such that
1P ollf < COVIA = A%) P ol + |B*Po-0lly) for ¢ € H. (4.13)
To continue our proof, we let
Rps:={z€C:Reze[-B,c+1], Imz € [-6,0]}; Rgs:={z€C:Reze|[-f,c+1], Imz ¢ [—5,4]}.

The remainder of the proof of (4.12) is divided into three steps.
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Step 1. We prove that there is C1(8,0) > 0 such that

1P pllfr < CL(B, )N = A") Paepl3y + | B Po-ollty) for X € Rp6, ¢ € Hi. (4.14)

We arbitrarily fix g € Rges. Let C(no) > 0 satisfy (4.13) with A = ng. We let » = r(ng) =
(24/C(no))~! and write O,.(no) for the open ball in C, which is centered at 19 and has radius r. Then,
for each A € O, (1) and ¢ € Hy,

(0] — A*) Pl 210 =10 2| P 0|7 + 2l = A*) Py
2T2||Pn*<p|‘%l + 2”(/\[ - A*)Pn*QDH%{

(2C(0) ™ [ Pas ol + 2|(M — A") P 0|3

IA A CIA

The combination of this result and (4.13) (with A = 1g) provide
[Pa-pllF < AC(no)([(AL — A™) Pa- ||y + || B* Po-l|fy) for X € Or(1o), » € Hi. (4.15)

We call (no,r) € Rg,s x RT to be an admissible pair if this pair satisfies (4.15). Since Rg s is compact,
there are finite admissible pairs {(noj,7;)};—; (for some p € N*) such that Rss C U_; O, (10,5)-
Therefore, we have (4.14) with C1(8,9) := 4sup; <<, C(no,;)-

Step 2. We prove B
| Poipl|3 < 62N — A*)Pyeip||3; for X € Rps, ¢ € Hy. (4.16)

If\e :’]’%575 and ¢ = > 7, ane, € Hy, then

I = A% Pael3 = 3 I = AaPlanl? > Y [ImAPlan? > 62| Pa-ool3,

n=1 n=1
which leads to (4.16).

Step 3. We prove that there is C(B) > 0 that satisfies (4.12).
IfAeCly, for ¢ = Z:z anen € Hy,

+oo —+oo
I = AM)ellF = YA = AalPlanf® = A= MY fanl* = (7% + 1) ollF,
n=1 n=1

which leads to (4.12) with C'(B3) := (72 +1)72.

If\e (CJ_Fﬁ \(Cj+1 (which implies that ReA > %)\n*+1 by the definition of 3), for ¢ = Z:ﬁ anen € Hy,
we obtain

+oo
I = A%)elf = IO =AY = Podelllr = D A= AalPlanf?
n=n*-+4+1
> A=At = Pos)olly = B2 = P )l
and consequently
I(Z = Po)ellE < B2I(M — A%l (4.17)

The conclusions in Steps 1, 2 where § = $/2 imply that there is C1(8) > 0 such that
1Pa-ollFy < CL(B)(IM — A") Pyl + | B Pa-0|11y)-
The combination of this result and (4.17) yield that

el < (CL(B) + B~ I — AN)ellfr + | B* Po-ollEy)- (4.18)
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Moreover, since \ € (Cfﬂ and 8 = —%)\n*+1, we can find Cy(8) > 0 such that

“+o0
IBPa-glfy < 20B*¢l3 + 218" (I - Pu)oly < 21B°¢llp +4| Y ansin(nma)

‘ 2

n=n*-+1
+oo +oo
< 2Bl +4( > a2 ( Y 18+ A2)
n=n*+1 n=n*+1
< 2B + C2(B) (M — A"l -

Considering (4.18), we obtain (4.12) with C(8) := C1(8) + C2(B) + 872 + 2.

In summary, we conclude that (4.12) is true. This result and Definition 1.7 imply that the pair
(A*, B*) satisfies (HESI)g. Then, according to (7) in Theorem 1.9, system (4.10) is stabilizable, and the
sufficiency has been proven.

Hence, we have completed the proof of Theorem 4.4. O

5 Appendix

Propositon 5.1. Suppose that (A1)-(As) hold. Then the inequalities (1.5) and (1.6) are equivalent.

Proof. We first show (1.5)=-(1.6). Suppose that (1.5) holds. Let 81 € (0,8). Then, it follows from (1.5)
that for \ € Cfﬁl,

ol < o) (IO~ Al + IB*l) for < iy,
(B—=5)
which leads to (1.6) with a different C'(3) > 0.

Next, we show (1.6)=(1.5). Suppose that (1.6) is true. First, there are two constants w > 0 and
C(w) > 0 such that [|[S*(t)|| < C(w)e*t for all t € R*, which implies that C! C p(A*) and that
for each A € C}, [|[(M — A*) Yzm) < Clw)(Red — w)™! (see [21, Theorem 5.3 and Remark 5.4,
Section 1.5, Chapter 1]). These facts, together with the same argument in (3.3), imply that for each

+
A€ Gt 218-w| -8}

2C(w .
Il < oo AL = Aol for o€ . (1)

Meanwhile, it follows from (1.6) that for A\ € (Cfﬁ \ C:lax{w,Q\Bfka}’ we have

(8 + max{w, 2|8 — w| — §})?
(ReX + )2

lell < C(B) (I = A)ellfy + 1B ¢llfy) for ¢ € H,

where we recall that the quotient in front of C'(8) are large than or equal to 1. The combination of this
result and (5.1) yield

C(B.w : :
el < oy (AT = Al + [B6l) for A€ Ty, g Ay,

where C(8,w) = (8 + max{w, 2|8 — w| — 8})2C(B) + 4(C(w))?. This implies that (1.5) holds. This
completes the proof. O

Remark 5.2. The following example shows that (1.5) is more sharp than (1.6) to describe the optimal
decay rate of system [A, B]: Suppose that A € R™*"™ and B € R"*™ (n,m € NT), i.e., system [A, B] is
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a finite-dimensional system in R™. Further, we assume that [A, B] is stabilizable, but not controllable. It
follows that there is an invertible matriz P € R™*™ such that

1 A Ay | B
PAP _<0 W) PB=" )

where [A1, B1] is controllable and o(As) is non-empty and in Cy, i.e., 0* := max{Re\ : A € 0(43)} < 0.
We define the optimal decay rate of system [A, B] as follows:

of :=inf{a € R:3F € R™*" s.t. A+ BF is expoentially stable with decay rate o}.

One can directly check that ot = —o*. If there is F* € R™*" such that A+ BF* is exponentially stable
with decay rate of, then we say the optimal decay rate of [A, B] can be reached, otherwise, we say that
it can not be reached. We take A\* € o(As)(C 0(A)) such that ReX* = o*. If the geometric multiplicity
of \* equals to its algebraic multiplicity, then, by the classical argument, we can directly check that the
optimal decay rate of [A, B] can be reached. Moreover, by the Laplace transform, we can conclude that
(1.5) holds for 8 = o¥, but (1.6) holds only for B < of. If the geometric multiplicity of \* is strictly less
than its algebraic multiplicity, then, we can directly check that the optimal decay rate of [A, B] can not be
reached. In this case, we can show that (1.5) and (1.6) hold only for B < o%. In summary, (1.5) holds
for B = a* in some cases, while (1.6) holds only for B < of. Therefore, we say that (1.5) is more sharp
than (1.6).
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