INFINITE HORIZON OPTIMAL CONTROL PROBLEMS WITH
DISCOUNT FACTOR ON THE STATE. PART I: ANALYSIS OF THE
CONTROLLED STATE EQUATION *

EDUARDO CASAST AND KARL KUNISCH?

Abstract. This is the first part of an investigation of infinite horizon optimal control problems
subject to semi-linear parabolic equations. A discount fact on the state variable is introduced in
the cost. This allows the treatment of infinite horizon problems without stabilizability assumptions.
The nonlinearities can be of polynomial type thus covering reaction diffusion equations which are
important for applications. The control to state mapping and its regularity are analysed in details.
This involves the relation between the type of the nonlinearity and the discount factor.
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1. Introduction. This is the first part of our work in which we continue our
efforts on infinite horizon optimal control problems for semi-linear parabolic differen-
tial equations. The specificity of the present contribution lies in the introduction of a
discount factor on the state variable in the cost functional. This leads to important
differences to our earlier work [8] and [9] with respect to the nature of the control prob-
lems and from the analytical perspective. Semi-linear parabolic equations appear in
a multitude of applications, frequently with nonlinearities of polynomial type. Cubic
polynomials arise for example in the Allen Cahn equation, modelling phase separation
in multi-component alloys, in the Schlogel model, arising in chemical reactions, or the
Newell-Whitehead equation, describing the evolution of self-organising systems. A
quadratic nonlinearity appears in the Fisher equation modelling population growth,
for example. In all this cases, when formulating optimal control problems of tracking
type, the choice a specific time horizon over which the optimization takes place can
be delicate and is to some extent ad hoc. The introduction of an infinite time hori-
zon then arises a natural alternative to formulate the optimal control problem under
consideration, unless it is conceived as infinite horizon problem from the start.

Let us mention some of the literature on infinite horizon optimal control. In the
monograph [7] the importance of the infinite time horizon for problems in mathemati-
cal biology and in economics is stressed and examples are provided. The mathematical
analysis of infinite horizon optimal control problems was likely started with the work
of Halkin, see [10]. We also point at recent contributions in [3, 1, 2, 4, 15]. Except
for one chapter in [7], which is devoted to partial differential equations, all of these
contributions are concerned with control problems for ordinary differential equations.
The case of partial differential equations has received significantly less attention. We
point, however, to one section in the classical monograph [12, Chapter II1.6], which is
dedicated to infinite horizon problems, and to [5], [6], where bilinear optimal control
problems are investigated. In these papers, just as in our previous papers [8], [9] no
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discount factors are utilized. Thus the infinite horizon formulation relates to opti-
mal stabilization and with optimal trajectories typically asymptotically converging to
steady states. This is not the case once a discount factor is introduced in the cost
functional.

Our goal is the analysis of the optimal control problem

. 1 o0 o v o] o0
(P) Join J(u) = 5/0 e My —yall72 (0 dt"‘g/g 172 0 dt+7/0 [ull L2 (w) dt,
where Uyg = {u € L?(0,00; L?(w)) : uy < u(x,t) < up for aa. (z,t) € w x (0,00)},
—00 < ug <0< uy < 400,00 >0, v >0, and v > 0. Here y, denotes the solution of
the following parabolic equation:

0
%—Ay—l—ay—i—f(y):g—&—uxw in @ = x(0,00), (1.1)
Oy =0 on X =T x(0,00), y(0) =yo in €,

where ) is a bounded domain in R", 1 < n < 3, with a Lipschitz boundary I'; w is
a subdomain of Q, g € L®(0, 00; L?(Q)), x. denotes the characteristic function of w,
a€ L>®(Q),0<a#0,and yo € H(Q). The symbol ux,, is defined as follows:

] ou(x,t) i (z,t) € Qu = w % (0,00),
(ux)(2,1) = { 0 otherwise.

The parameter o is known as the discount factor. The last term in the cost
functional is included to promote sparsity in time of the optimal controls.

In Part I, we mainly concentrate on the analysis of the control to state mapping
u — yy. The fact that we need to consider this mapping over the half axis, leads
to many technical challenges for which we cannot refer back to the finite horizon
case, which has been intensely analyzed in the past, see for instance [16]. It is also
different from the analysis in [9] which did not involve a discount factor, and which,
as a consequence, did not allow us to analyze the differentiability properties of the
control to state mapping. In Part IT the optimization theoretic aspects of (P) will be
investigated.

For the nonlinear term f : R — R in state equation we assume that f = f; + fo,
such that f; is a polynomial of odd degree 2m + 1 with a positive leading coefficient,
0<m<1ifn=3,and m > 0 is an arbitrary integer if n<2, and fo : R — R is a
C? function satisfying

f1(0) = £20) =0 and Ly > 0: [ f5(s)] + 4 (s) S Ly Vs e R (1.2)
Since f; is a polynomial of odd order with positive leading coefficient we infer
JA; > 0 such that f](s) > —A; Vs € R. (1.3)
From (1.2) and (1.3) we deduce

f/(S) >—-Ar=—(A1+Lj) VseR, (1.4)
If m > 0, then 3M; such that f'(s) >0 and f(s)s >0 V|s| > Mjy. (1.5)

Remark 1.1. The assumption a # 0 has been introduced for simplicity of the
presentation, but it is not necessary. All the results of this paper remain valid if we
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take a = 0. Indeed, if a = 0 we redefine f>(s) as fa(s) — s and put a = 1, and all the
above assumptions are fulfilled. Analogously, if the condition f;(0) = f2(0) = 0 does
not hold, we can replace f; by fi(s) — f:(0), i = 1,2, and g by g — f1(0) — f2(0).

Of course f can be reduced to a polynomial if we take fo = 0. Moreover, the case
f = fo is included in the previous formulation. Indeed, it is enough to take fi(s) = s
and redefine again fo(s) as fa(s) — s. Then f satisfies the above assumptions.

This paper is structured as follows. Section 2 contains the existence theory for
(1.1) and apriori estimates in appropriately weighted functions spaces. The differ-
entiability properties of the control to state mapping are investigated in Section 3.
This involves a detailed analysis of the relations between the discount factor o, the
nature of the nonlinearity f, and the weights characterizing the spaces in the which
the linearized state equation and the adjoint equation are well-posed.

We end the introduction by fixing some notation. Given real numbers @ € R and
p € [1,00], LE(Q) denotes the space of measurable functions ¢ : Q — R satisfying

1

lollzziar = ([ e 1000l 0 dt) " < o0 ifp< .

6]l Leo(@) = esssup ™ F|¢(a, t)| < co.
(z,t)€

Let us observe that L?(Q) is continuously embedded in LZ(Q) for 1 < g < p < 0
and a > 0. The following well known inequality will be useful all along this paper

[SIE

Callslnioy < ([ (Vs +atyae) vs e @), (16)
Q

see, for instance, [13, Theorem 2.7.1].

2. Analysis of the State Equation. We shall denote by LZ (0, 00; H'(2)) the

loc
space of functions y belonging to L2(0,T; H(f2)) for every 0 < T' < co. Analogously
we define L7 (0, 00; L*(Q)), HL .(0,00; L%(Q2)), and Cj,c([0, 00); L3(€2)). Following [8]
we define the following solution concept.
DEFINITION 2.1.  We call y a solution to (1.1) if y € L% _(0,00; HY(Q)) N

loc

Cloc([0,00); L2(2)), f(y) € L% .(0,00; L%(2)), and for every T > O the restriction

loc
of y to Qr = Q x (0,T) satisfies in the usual variational sense the equation

%y .
E*Aeraerf(y) =g+ux, inQr, (2.1)
Ohy=0 onXr=Tx(0,T), y(0)=1yo in;

see, for instance, [11, pages 136-137] or [14, page 108] for the definition of a varia-
tional solution (or generalized solution) of (2.1).

The following existence and uniqueness result can be proved as in [8, Theorem
2.9.

THEOREM 2.2. For every u € L*(Q.,) equation (1.1) has a unique solution y,.
Moreover y,, € H}, (0,00, L*(Q)) N L7, .(0,00; H'(2)) holds. Further, there exists a

constant Ky > 0 independent of u, g, yo, and T > 0 such that

lyullcqo. ez + 1Yullz20.1 51 (2)

< Kf(||y0||L2(Q) + [lgll Lo (0,00:22(2)) + 1]\/T+ ||UHL2(QM)). (2.2)



4 E. CASAS AND K. KUNISCH
Additionally, there exists a constant Cr independent of u, g, and yo such that

lyullz (@ry + 1Yulloqo iz ) + I1f ()2 (@)
< CT(“?JO”ZI‘—(;) + gl e (0,00 2(2)) + lluxwllL2(0) + 1)- (2.3)

Proof. For this proof we cannot rely on the usual techniques because u is in L?
rather than in LP with p large enough and y is not assumed to be in L>(Q2). As a
consequence, the corresponding state does not belong to L>®(Qr). Rather we follow
the proof of [8, Theorem 2.2] and provide the estimates (2.2) and (2.3). Introducing
z(z,t) = e Mty (2,t), where Ay was defined in (1.4), (1.1) is transformed to

0
a—j—Az+az+f(t z)=e M (g +ux,) in Qr, (2.4)
Onz=0 on X, 2(0) =yg in Q,
where f(t,s) = *Aftf( Arts) 4+ Aps V(t,s) € R2. For any positive integer k setting
fr(t,s) = f(t,Pro Ji—k,+x) (8)) we consider the equation
O — Az + azp + fr(t, z) = e Mg+ ux,) in Q
o k k k k ) Xw T, (2.5)
Onzr =0 on X, 2(0) =yo in Q.

As a consequence of (1.2) and (1.4), we get fi(t,0) = 0 and 8, fi(t,s) = f'(eMs) +
Ay > 0if |s| < k and O, fx(t,s) = 0 if |s| > k. By an application of Schauder’s
fixed point theorem we obtain the existence of a solution z; € L?(0,T;H*(Q)) N
C([0,T]; L?(Q2)) of (2.5). The uniqueness of z is a consequence of the monotonicity
of fk Using that fk(t, zr)zk > 0 and testing (2.5) with z; we deduce

2kl oo (0,522 (2)) + 128 L2 0,717 (92))

/3

< 7(HQHL2 )+ lullzzou)) + V2ol L2 o)- (2.6)

Next we prove that {fi.(-, 2x)}32, is a bounded sequence in L?*(Q). Since fi is a
polynomial of degree 2m + 1 and leading positive coefficient, and f3(s) < Lys? due to
(1.2), elementary calculus leads to the existence of constants C; > 0, Co > 0, C3 > 0,
and C4 < 0 such that

f(t,5)? < CLf(t,s)s>™ L +Cy and f(t,s)s>™ ! > C3s*™F2 40y (L, 5) € [0,T] x R.

Using these inequalities, the desired boundedness of { fi.(-, z) }5>, is obtained as in the
proof of [8, Theorem 2.2]. Following that proof we get the existence and uniqueness
of a solution z of (2.4) which, in addition, belongs to H(Qr) with f(-,z) € L%(Qr).
Therefore, y, = e’z € H'(Q7) is a solution of (2.1) for every T > 0. Hence y, is the
unique solution of (1.1). Additionally we have that f(y,) € L?(Qr) and the estimate
(2.3) for f(y,) is satisfied. The estimate (2.3) for y,, in H(Qr) N C([0,T]; H'(Q)) is
a well known consequence of the equation

ot

Yy .
u Ayu +ayy = g+ uxw — f(yu) in Qr
OnYu =0 on X, y,(0) =yo in Q.
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Now, we prove (2.2). For every t € (0,T) we set Q; = {z € Q : |y(z,t)] < M}
with M given by (1.5). Let us set Cas; = supjg <y, [f(s)].- Multiplying (2.1) by y
and using (1.5) we infer

1d

3l + [ (90 +ay?ldo < [ (g4 xouyda + Car, Myl
Q Q

Integrating in (0,¢) and using (1.6) we deduce
1 2 ' 2
S yOlz20) + Ca ”y(s)”Hl(Q)dt
1 1
5|\yo||L2(Q> + & (I9l3 0ocrz@nT + lullFao o2

+ 5 [ Wiy 1+ O 1T

This yields (2.2). O

In the next theorem we establish some infinite horizon regularity properties of
the solution of (1.1). First we introduce the following notation: for every a € R
L2(0,00; HY(2)) and C,([0,00); H*()) denote the Hilbert and Banach spaces of
measurable functions y : [0,00) — H'() endowed with the norms

00 1
Ilzzoocray = ([ ey i)

yllcw(o.00)mi@) = sup e~ 28 y(t)] mi(a)-

€[0,00

We also define H}(Q) as the space of functions y € L2 (0, 00; H(Q)) such that % €
L2(Q). This is a Hilbert space for the norm

1
)2
2@/

Illnziar = (1913 ooty + |2

The next corollary is an immediate consequence of (2.2).
COROLLARY 2.3. For every a > 0 and all u € L*(Q,,) the solution y, of (1.1)
belongs to L2(Q) and

Iz < Ks—= (Ioll s + <= e o sty + 1] + Il )

where Ky is the constant introduced in (2.2)
THEOREM 2.4. Let u € L*(Q,,) and let y be the solution of (1.1) corresponding
to u. Then the following properties hold for all a > 0:

F), " e L2(Q), (2.7)
y € HL(Q) N Cy([0,00); H'()), 2

lim e~ T||y(T =0.
Tl_Iflooe ly(T)| 1 (02)
Moreover, there exists a constant C independent of o, u, g, and yg such that

1FW)llzz @ + 1y 2@ + 19l oz @) + 1Ylleaqo.00:m12)

C m—+1
< m(HQHL (0.00:L2(@)) F llullL2(@u) + lvoll 7 ) + 1)« (2.10)
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Proof. By Corollary 2.3, we know that y € L2(Q). We divide the proof into three
parts.

Proof of (2.7). If m =0, (2.7) is an immediate consequence of (1.2) and Corollary
2.3. Suppose m > 0. First we demonstrate that e~ f(y)y*™ Tt € L}(Q). Let us write

2m—+1 2m—+1
fi(s) = Z a;s’ and Cy = Z laj| + Ly. (2.11)
j=1 j=1

Observe that f1(0) = 0 implies that ag = 0. From here we infer
|f(5)s>™ T < Cps*™ 2 V|| > 1 and |f(s)s*™ ! < Ops? V|s| < 1. (2.12)

We set

2m

(Z |aj| + Lf)},

j=1

M = max{l,]\lf7

A2m+1

where M; was introduced in (1.5). Let us denote QM = {(x,t) € Q : |y(=,t)| > M}
and Cpy = maxy<|sj<ar | f(s)]. Then, with (1.5) we get for every 7" > 0

/ O F )y da dt < / e~ f(y)y?™ | de dt
Q Q\QM

+ / e F (y)y? | da i
QJ\/I

Cy M2 +1Q
< Co MY —l—/ e f(y)y?™ L da dt. (2.13)
« QM
Thus we only need to prove the integrability of e~ f(y)y?™+! in QM. To this
end, for every integer k > M we define the projection y, = Proji_j 11 (v) € H} (Q)

and we multiply (2.1) by e—atyZmH:

0
/ —ye*atyimﬂ dx dt + / e M Vy VY™t + ayyy™ ) da dt
Qr ot T

+ / e f(y)yimt dadt
QrNM

2m—+1
_ Cand*m Q)

/ e (g + uxw)yp " da dt. (2.14)
a Qr

) 2m+2 . .
and yy,%m(%’“ = 2ml +2y’“T, and integrating by parts

Using that yyim‘”'1 > yzm+2

twice we obtain
T
0
/ iefatyi’rn-i-l dl‘ dt
o Jo Ot

(efo‘T/ Y™ t2(T) da:—|—a/ ety 2m 2 da:dt) —/y(z)"”r2 dz.
Q

T Q

>
—2m+2
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Moreover, we have VyVyi ™t = (2m + 1)y2™VyVy, = (2m + 1)y?™|Vyx|?. Using
this in (2. 14) and taking into account that (1.5) implies that f(y(z,t))yk(z,t) > 0
for every (z,t) € QM, we obtain

M2m+1 QO
/ 7atf( ) 2m—+1 dxdt</ygm+2dx+ CM | ‘
QrNQRM Q «
C M2m+1Q
[ e g mann ded < Oyl + LA
Qr

W 1/2
+ (HQHLi(Q) + HUHL?(QW))(/ e ty,%m‘” dz dt)
QrNQM

CMM2m+1|Q| 1 9
< ClyollFis) + - o (lgllzz @) + lullz2(q.))
m
+ a2m+1 / e—aty:m-‘rZ dx dt.

This implies

/Q o e f(y)ye" ! da dt
TN

m 2 1
< C(|lyol :;{1+Q2) + ||Z/||L2 @ T llgllez@ + lullz2 )] + a) VT > 0 and Vk > M,

where C only depends on f and M. Since yi(z,t) — y(z,t) a.e. in Q, we deduce from
the above inequality, (2.13), and Fatou’s lemma that

e @l s

m 2 1
< Clwolli @ + 19172 @) + llllzz@ + lullz2@n)]” + ) (2.15)

for a new C' only depending on f and M. Due to the choice of M we have for |s| > M
2m

1 1
A 2 6072 (a0 = 3 oy s = L)

> gimt2 (02m+1 [Z laj| + LfD a2m+1 s,

Since f’(s) > 0 for |s| > M, we get

P )y (@,6) 2 flle, )y (@) 2 LY 2 e ), (2t) € QM.

Inserting this inequality in the left hand side of (2.15) we conclude that. Now we have

/ eyt du dt < MA™ / e y? dx dt + / e~y dmt2 do dt
Q Q\QM

M

2

< M4m||y||2Li(Q) + P /M eiatf(y)meJrl dx dt < oo,
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which proves that y?™*! € L2(Q). Moreover, since |f(s)] < C¢|s[*™ ! V|s| > 1 and
|f(s)] < Cyls| V|s| <1, we deduce that

f(s)? < C’ch(s2 + s4m*2) Vs € R.

Therefore, the fact that y and y?™*! belong to L?(Q) implies that f(y) € L2(Q) and
the proof of (2.7) is complete. Additionally, these arguments and Corollary 2.3 lead
to the estimates for the first two terms of (2.10).

Proof of (2.8). First we observe that y € C([0,T]; H'(Q2)) for every T > 0.
Indeed, this is a consequence of the fact that f(y) € L2(Q) and yo € H(Q); see
[14, Proposition II11-2.5]. Hence y : [0,00) — H(Q) is contmuous To prove that
y € L2(0,00; HY(Q2)) it is enough to multiply (2.1) by e~ 'y and integrate in Qr,
T > 0 arbitrary, to get

—aT

IIy(T)IIia(Q)Jr(;/Q e 2dxdt+/Q e (|Vy|? + ay?) dx dt
T T

—a 1 —a
:/ e t(g+uxw)ydxdt+2||yo||%z(m/Q e~ f(y)y du dt
T

T
1 2
< (lgllzz @ + lellzz@n)9llzz @ + 5190l 720
Wz @llyllizz @) < oo.

Above we have used that y € L2(Q); see Corollary 2.3. Now it is enough to take
T — oo to deduce that y € L2(0, 00; H1(Q)).

To prove that y € C,([0,0); H1(2)) we take into account that by Theorem 2.2
y € HY(Qr) for every T > 0. We can multiply (2.1) by e_o‘t% and integrate in Qr
to get

T T
—at|| Y2 aald - dy
at|| ZJ at 2 9 ot
/0 M (17 L2(Q)dt+/0 ¢ ot (Ny' +ay)dxdt+/T )5, dedt
:/ e*“t(g+uxw)a—dxdt (2.16)
. ot
This implies
/Teat ay
0 ot L2(Q)

+ e_“T/(|Vy(T)|2+aoy ) dx + = / / IVyl? + ay?] dx dt

- v 2 2 d
vy 3 (Tl + o) do
Ay |12
ot llL2(o)

—~ ol

IA

lollzz@ + lullzacey + 17z @) | 2]

IN

Qw\»—n

2 1 T_a
(922 @ + lullz@o + 1 W)z @) + 3 / oot

||?JO||H1(Q)7
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and hence,

Ay |2
ot llL2(o)

T
/ e—at
0

o [T
+ —/ e | Vy|? + ay®] dz dt
0

dt +e=oT / (VYD) + aoy(T)) de

2
< (

Since T' > 0 is arbitrary, the above inequality concludes the proof of (2.8). Moreover,
from the obtained estimates and Corollary 2.3 the bounds for the last two terms in
(2.10) follow.

Proof of (2.9). From (2.16) we get

2
2@ + lull 2oy + IF Wz @) + Cllvolli o) (2.17)

1 T 2 2 T t Oy
Lo / (IVy(T)2 + aoy(T)) d = / / (g + uxo) 2 du dt
2 Q o Ja 2

0
[N
0 ot

1
_/ e f(y )3yd dt + = /[|Vyo|2+ayg]da:.
Q

(07

T
_ = —at 2 2
L2(Q)dt 2/0 e [|Vy|* + ay”] dx dt

Taking the limit in 7" we infer
1 : —aT 2 a
= lim e (IVy(T)|* + aoy?(T)) dx = Y+ uxw)— dx dt

e
0

ot
—/ e f(y) ydwdt+1/uwo| 4 ayd] da.
Q

(67

= —at 2 2
L2(Q)dt 2/0 e” " [|Vy|* + ay”] dx dt

We have proved that e [, (|Vy(T)|* + aoy*(T))dz — B as T — oo for a certain
real number 3. But, we know that y € L2(0,00; H'(2)), hence there exists a se-
quence {T}}2, converging to co such that e=*T» [ (|Vy(Ty)|? + aoy?(Tk)) dz — 0.
Therefore, § = 0 and, since « > 0 is arbitrary, (2.9) holds with (1.6). O

COROLLARY 2.5. For every u € L?(Q,,) the following identities hold

/e_“t%zdxdt—k/ e_at[vtuZ'Fayuz]dxdt"‘/e_atf(yu)dedt
:/ e (g +uxy)zdrdt  Vze HAQ),
Q

(oo}
%/0 e yu ()72 dt+/ e | Vyul* + ay?] dmdt+/@€““f(yu)yudxdt

- / e g+ uxe )y drdi + 3 0l 32(a (2.19)

/ —at

Oy 1
/ ot g—|—uxw)ay dx dt + — /[|Vy0|2—|—ay§] dz. (2.20)

8yu ’

g —ot 2 2 —at ayu
Lz(Q)dt+ 2/@6 [ Vyul —i—ayu}dxdt—i-/Qe f(yu)— 5t dz dt
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The identity (2.18) is obtained multiplying (2.1) by =%z, performing integration
by parts, and passing to the limit as 7" — oo with the help of (2.7) and (2.8). To
prove (2.19) we set z = y,, and integrate by parts in the first integral. The identity
(2.20) was established in the last part of the proof of Theorem 2.4.

Remark 2.6. In case of g € L*(Q) and f'(s) > 0 for every s € R, we can take
My =0 in the last part of the proof of Theorem 2.2 and get

Yullc(o,00);z2@)) + 1Yl £2(0,00: 51 (2)) < Kf(||y0HL2(Q) +l9llz2 ) + ||u||L2(Qw))'

Further, relations (2.7)—(2.10) hold with o = 0, except on the right hand side of
(2.10) where a and || g|| Lo (0,00;L2(02)) are replaced by 1 and ||g||12(q), respectively; see
[8, Theorem 2.4).

THEOREM 2.7. Let {ux}$2, C L*(Q.) be a sequence converging to u. Then, the
following convergences hold for every a > 0

li — 10) = 2.21
g —yllai @) =0, (2.21)
klgIolo lyr — yHij’”rz(Q) =0, (2.22)
Jm If(yx) = fF(W)llz2 @) =0, (2.23)
li — . = 2.24
Jim |y =yl (0.000 () = 0, (2.24)
where y =y, and Yy, = Yy, . Moreover, we have for m > 1
li / ot — 1" e _ 29
) = PO o ) = Jm 1) = 0] iy =00 (225

and form =20

Tim 7() ~ /W)L za) = Jim () — @)l = 0 ¥p € [1,00).  (2:26)

Proof. From (2.10) we deduce the existence of a subsequence, denoted in the
same way, such that y, — y in H}(Q) and f(yr) — ¢ in L2(Q). Let us prove that
the convergence of {y}72, to y is strong in L2(Q). Given £ > 0, from (2.2) and the
boundedness of {uy}32, in L?*(Q,) we infer the existence of 7. > 0 such that

o0

/ e*afuyk(t)—y(t)||i2m)dtg/ e’o‘t(Cl-l—C’gt)dH—Q/ e~ y(8)|2aq dt < <.
T.

€ € €

Moreover, the compactness of the embedding H!(Qr.) C L*(Qr.) implies that y — y
in L?(Qr.). Combining these facts we deduce the strong convergence y; — vy in L2 (Q)
as k — oo. Furthermore, taking a new subsequence we assume that yx(x,t) — y(z, t)
for almost every point (z,t) € . Then, by the continuity of f we deduce that
¢ = f(y) and, hence, f(yr) — f(y) in L2(Q). Now, we prove that y = y,. For this
purpose we have to check Definition 2.1. It is easy to pass to the limit weakly in the
state equation (2.1) satisfied by (yx, ux) and to deduce that (y, u) satisfies the equation
in the variational sense in Q7 for every T' > 0. Moreover, from the continuity of the
embedding HL(Q) C C,([0,00); L?(2)) we have that yo = yx(0) — y(0) in L3(Q),
hence y = y,. Now, the uniqueness of the solution of (1.1) implies that the whole
sequence {yx}72, converges to y = Y.
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Taking u = uy, in (2.19) we obtain obtain
(o) o0 1
|t [1vmp v atidzat= [ et [ (g4 wxamdudt + 3l
0 Q 0 Q 2

a o0 oo
@ / €= a2 it — / / F (g de dt.
2 0 0 Q

Using that uy — v in L2(Q.), f(yx) — f(y) in L2(Q), and y, — y in L2(Q), we can
pass to the limit in the above identity and deduce from (2.19) with u = @

. < . <, 1
hm/ e t/Q[|Vyk|2-|-ay2]dl‘dt:/ e t/Q(g—i—'U,Xw)ydxdt“F§||y0||%2(9)
0

k—oo Jo

(o) o0 (o]
S5 e et~ [ e [ fdear= [T emet [ vy + apPlasat
2 0 0 Q 0 Q

This implies that limg eo [y [l 22 (0,001 (2)) = 1]l L2 (0,00;7 ())- Then, the continu-
ous inclusion H}(Q) C L2(0, oo; Hl(Q)) yields y, — vy in L2(0,00; H* (Q)) for every
a > 0. Consequently, strong convergence yj, — y in L2(0,00; H*(£2)) holds for every
a>0.

Next we prove that [|yr — yll1z (@) — 0 as k — oo for every p € [1,4m + 2]. Let
us take a subsequence, denoted in the same way, such that yi(z,t) — y(z,t) almost
everywhere in @. From (2.10) we get the boundedness of {y;}2, in LI™T2(Q).
Therefore y;, — y in L2™*2(Q) holds. Due to the continuous embedding Li™+2(Q) C
LP(Q) for p < 4m + 2, we only need to prove the convergence of {y;}72, to v in
LAm+2(Q). Since this convergence is obvious for m = 0, let us consider the case m > 1.
Setting 3 = 4%, using the inclusion H'(Q) C L*"2(Q), (2.10), the boundedness of
{ur 52, in L*(Q.), and the convergence y, — y in LQ% (0,00; HY(2)) we infer

/ / )2 de dt < C/ e |y (t) — y(t )HH1+2 dt

= [ e E = a0~ v o)
0

< Cllyx — y”gg([o,oo);Hl(Q))”yk - Z/||2L2g (0,001 () — 0 as k — o0
2

Since fi is a polynomlal of degree 2m + 1, we conclude that f; (yk) — fi(y) in L2(Q),

Fily) = fily) in LE7(Q), and fl'(y) — f(y) in Lo’ ™ (Q). Moreover, the
inequality |f2(yx) — fo(y)| < Lyflyr — y| also yields the convergence fa(yr) — f2(y)
in L2(Q). Hence, (2.23) holds. Using (1.2) and applying the Lebesgue’s dominated

convergence theorem we infer that f}(yx) — f4(y) in LiJr’%(Q) and fY(yx) — f5(y)

4
in Lo T (Q). Therefore, (2.25) follows. If m = 0, then (2.26) follows again by the
Lebesgue’s dominated convergence theorem and the fact that f’ and f” are bounded.

(oo}
Finally, let us prove the convergence of {dy"} and (2.24). Setting wr = y — yx
=1
and subtracting the equations satisfied by y and y, we get

{ % — Awy + awy, = Xo(u —ug) + [f(ye) — f(y)] in Q,
Opwi, =0 on 3, w(0) =0 in Q.
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Testing this equation with e’o‘t% and integrating by parts in  x (0,¢) we obtain
t —at
s OWE (1o e
| e 1 G ey s+ 5 [ 1900 + a0 o

/ / [[Vwg|* + awi] dz ds

=/ 6“”/[xw(u—Uk)+f(yk)—f(y)]af?cdxds
0 Q

< (I = well 2 oceszoon + 170) — F @z @ )| ok

L2(Q0)
Using uy — u and (2.23) we deduce (2.21) and (2.24) from the above inequality. O

3. Differentiability of the Control-to-State Mapping. In this section, we
prove that the mapping u — ¥, is of class C? in appropriately chosen spaces. First
we analyze the linearized state equation. For every 5 € R let us define the space
Ys = H5(Q) N Cs([0,00); H'(2)) endowed with the norm

||Z/||Yg = ||y||Hg,(Q) + ||y||Cg([O,oo);H1(Q))-

If m > 1, using the inclusion H*(Q) C L*™*+2(Q) we infer with Young’s inequality

1
— 4m+2 _ m Im+2
Iyl sms2(q) = (/Qe ﬁty‘*m“dmdt) <C(/ e MlyO 556 dt)

1
< C||y||émﬁ+2 0,00); H () Hylli’z” (0,005 H1(2))
4m

am

2m 1
0(2 T 1||iU||c s ([0,00);EH1 () T om + 1H?J||L2‘§(o,oo;H1(Q)))~

Then we have

2mC
if >0
2m+1”y||y4% 1 B— )

”yH[ém“(Q) < omC . (3.1)
||y||yé if 8 <0.

2m+1

Hence, Y s and Ys are continuously embedded in Lém“(Q) if > 0 respectively
4m 2
8 < 0.

LeEMMA 3.1. Assume that y € Yg for every 8 > 0 and take ay = 2Ay. Then, for
every h € Lif (Q) the linear equation

ot

0z
——Aeraerf()z:h n Q, (3.2)
Onz=0 onX, 2(0)=0 inQ,

has a unique solution z € HL .(Q) N Cioe([0,00); H (). Further, z € Y, for all
a > ap and the estimates

121l L2 (0,00:17 () + 2]l (l0,00):22(2)) < EKllbllz2 (@) Ve > ay, (3.3)
Izllv. < Ka(llIZ"_ (o.c0pm () + DlIbllzz, @) Yo >o >a, (3.4)

27n
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hold with constants independent K;, i = 1,2, independent of y and h.

Proof. From our assumptions on f we deduce the existence of a constant C
such that |f/(s)] < C1(s®™ 4+ 1). Then, from (2.7) we deduce that f'(y) € LZJF%(Q)
for all 5 > 0. Therefore, from the classical theory of evolution partial differential
equations and (1.4), the existence and uniqueness of a solution of (3.2), zr € H(Qr)N
C([0,T]; HY(Q)), follows for every 0 < T < oo; see [11, Secs. IT11.1-111.4]. Hence,
defining 2z = 27 in Q7 for every T we infer that z € H} _(Q) N Cloe([0, 00); HY(Q)).

loc
Testing equation (3.2) with e”*°z with o > oy and integrating in  x (0,t) we obtain
after integration by parts

— « ! —Qs
O+ [ NN+ [0 [ V5P + 0z s

/ /f )z d;vds—/ /hzdxds

Using (1.4), (1.6), and the fact that § > Ay we infer
t
e~ ()22 + C2 / &= 12(5) 2y s

I ) c2 [t )
<5z | IO ey ds+ G [ e 6 s

Since t > 0 is arbitrary, the above inequality implies (3.3). To prove (3.4) we take

o > af, and test equation (3.2) with e”** <2 82 and get
t —at
—as]| 0% e 5
/ e . s 5 /[|Vz( WP+ az?(t)] dz

/ /|Vz|2+az da?ds—l—/ /f z—dmds
:/ /h—dajds
0

Using (1.6), Holder’s inequality with 4g‘$2, 4m+2 and 2, and Schwarz’s and Young’s
inequalities, we infer from the above equality for ¢ = o — o’ and constants Cs > 0,

C3>0
t
[
0

t
— QS m 62
<0y / : (||y||i4m+2(m+1>||z||L4m+2<mHa

s [ e nlan| 2
0 L2 |5 L2(Q)

t
< G198, ocramion +1) [ e<€—a>5||z||%p<m ds

t t
1 8
+ / e R[22 ds + - / ]
0 2 0

8z

2O o

L2(9)

L2(©)

L2(Q)
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This implies with the identity o — e = o’

t
/ eia
0
t

t
< 203(Hy||c , (0,00) 1 () T 1) /0 e |23 o ds + 2/0 e 0|72 q) ds.

2m

32

s+ Cae™|l2(®)l7 o)

L2(Q

Finally, (3.4) follows from the above estimate and (3.3). O
LEMMA 3.2. Let yp — y in Yz for every B > 0. Given v € L*(0,00; L*(w)) with
v # 0, we denote by z, and zr, the solutions of the equations

32 /

g~ Artazt fily)z=oxe in Q, (3.5)
Onz =0 o0n X, 2(0) =0 in Q,

32: /

5 Az+az+ f'(ye)z = vXw in Q, (3.6)
Onz =10 on %, 2(0) =0 in Q.

Then, we have for every a > oy = 2Ay

1
lim +——||2y — 2k wlly, =0. (3.7
Qu)

k—oo |[v]|2¢0

Proof. Let us set wy, = 2z, — 2. Subtracting (3.5) and (3.6) we get

8wk

{ 5~ Awiawg + f(y)wr = [ () = F1()]ze0 i Q,
Onhwi, = 0 on ¥, wg(0) =0 in Q.

The identity (3.7) follows from (3.4) if the right hand side of the above equation
converges to zero in L2,(Q) as k — oo for o € (ag, ). To prove this we first consider
the case m > 0. Let us observe that due to the assumptions on f there exists a
constant C; such that

(f'(s2) = f'(s1))% = |f"(s1+0(s2— 1)) (52— 51)% < Cr(s7™ >+ 53" 2 +1) (52— 51)°.

for some 6 € (0,1). We define 8 = o’ — ay. Then, applying Holder’s inequality in

with 242 it , and ¥22 we estimate
m—2 2

17 () = 1 @)zl 22, )
< Cl/ e—a’t<|y|4m—2 =+ |yk|4m—2 4 1)(y _ yk)221%,u dx dt
Q
S 02/ e_ll t (HyHiTWz_fQ(Q) + ||yk||iTw?+2(Q) 1) ||y - ka%4m+2(Q) ||Zk,v||%4m+2(g) dt
0
e
=G / e (Il + Mol + 1) Iy = vl o ool o dt

4m—2 4m—2
< Cu(IWIE" (o errmrion) + IIE" S (o ocyrmon) +1)
4dm—2

Am—2

x |ly — ykH%‘E([O,oo);Hl(Q))||Zk,v||%§f(0,oo;H1(Q))'
2
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Taking into account that (3.3) yields the estimate ||z 120,00 H1(2) < Cllvllz2(qu)s

and using the assumption on {yx}32, the convergence (3.7) follows.

In the case m = 0, we have that (f'(s2) — f'(s1))? < L?(SQ — 51)2. Then, we
can argue similarly as above just dropping the term |y|*™~2 + |y [*"~2 + 1 and using
Schwarz’s inequality instead of Holder’s inequality. O

Next, given a > 0 we denote by Gy, : L?(Q,,) — Y, the mapping G (u) = y.

THEOREM 3.3. Let us assume that o > 204 with ay = 2Ay. Then, the mapping
G is of class C1 and for every u,v € L*(Qu), 2z, = G’ (u)v is the solution of the
equation

% —Az+az+ f/(yu)z = UXw N Q, (3.8)
Onz=0o0n%, 2(0)=0 in Q.
If in addition o > 4oy, then G is of class C* and for every u,vi,v2 € L*(Qu),

Zoy vy = Gl (u)(v1, v2) is the solution of the equation

% — Azt az+ f'(yu)z + [ (Yu) 20, 20, = 0 in Q, (3.9)
Onz =0 on X%, 2(0) =0 in Q,

where z,, = G! (u)v;, i = 1,2.
Proof. Given u,v € L2(Q.) we set w = Go(u+v) — Go(U) — 2o = Yutv — Yu — 20,
where z, is the solution of (3.8). Then, w satisfies the equation

{ B — At aw+ £ o = 1) ~ 7+ 0 — 1) o — y0) 10 Q
Opw=0o0n%, w(0)=0in £,

with 0 < 6(x,t) < 1. Assume that m > 0. Let us select o’ € (2ay,a) and € > 0 such
that o/ —e > 20y. Set &, = &' T2 and a,, = (2m +1)(e/ — ¢). Utilizing Lemma 3.1
and Holder’s inequality with 1 4 ﬁ and 2m + 1, and (3.1) we infer

[wlly, < Ku”[f/(yu) — f'(yu + O(Yutv = Yu)l (Yuro — yu)HLi,(Q)
< Ku”f,(yU) - f/(yu F 0Wuto = Yl 21 NYuso — yu“Liﬁ”(Q)

L., (Q)
2mC
S oma 1Ku||f’(yu) - f’(yu + e(yu-l—v - yu)HLilﬁ @ Hyu-&-v - yuHY%, (3.10)

where K,, = KQ(HZ/”%;";M ([0,00);H1(2)) T 1)'
2m

In the case m = 0 we have that f' = a; + f} is Lipschitz. The above estimate is
replaced by the following

lwlly, < Kulllf2(yu) = f2(1u + 0@uto = yu)) Guso — vu)ll 22, (@)
< Ku”fé(yu) - fé(yu + 0(Yutv — yu)”Li,(Q)”yu+v - yuHLi,(Q)

Using that

* ot 4 i 3 3
HyHLi,(Q) < C(/O € Hy(t)HHl(Q) dt) < C”yHC&,([O,oo);Hl(Q))||yHL2a, (0,003 H1())
2 T

1 1
=< §C(||y||0¢<[o,oo>;m<m> +lyllz2, <o,oo;H1<fz>>) < 5Clylly,, Yyevy, (1)
2 =z
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we obtain for m =0
1
wlly, < gCKullfé(yu) = fo(yu + 0Wuro — yu) 22, (@) lVuso — Bully,, - (3.12)
2

Let us estimate ¢ = yy40 — yu, that satisfies the equation

o
{ 37‘? —Adp+ad+ [ (Yu + 0(Yuro — Yu))d = VX0 in Q,

On®=0o0n %, ¢(0)=0in .

From (3.4) we infer for Ky = Ko (||yu + 0(Yutvo — yu)ll’gﬂﬂf ([0,00):H(Q)) T 1)

Yt — yu”Ya = ||¢HYﬁ < Ku,v”UHL?(Qw) VB > ay. (3.13)
Then, applying (2.25) with § = = > ay, respectively (2.26) with 8 = § > ay, and
(3.13) in (3.10), respectively in (3.12), we deduce that
|Galu+wv) _Ga(u) _ZUHYQ - . ||wHYa

= =0.
lvllL2(q,,)—0 [vllr2(q.) vl 220, =0 IVl 22(Qu)

This proves that G,, is Fréchet differentiable and G/, (u)v = z,. To prove the continuity
of G, : L*(Qu) — L(L*(Qu),Y,) we take a sequence ur, — u in L?(Q,). Setting
2w = Gh(ug)v and z, = G/, (u)v for arbitrary v € L*(Q,,) with [v2(q,) = 1 the
convergence

lim sup |GL (ug)v — GL(u)v|ly, = lim sup l2k,0 — 2olly, = 0.
k—o0 — k—o00
vl p2(q,,)=1 I

follows from (3.7). Thus, G, is of class C* for every a > 2ay.

Now we consider the second derivative for o > 4ay. Let vy,v2 € L*(Q,) with
||U2||L2(Qw) = 1. We denote Yutv, = Ga(”""”l)a Yu = Ga(u)a Zu; = G;(U)Uiv i=1,2,
and 7y, v, = GL(u + v1)va. Let 2z, 4, be the solution of (3.9). Then, we will prove

lim sup anl,vz — Ruy ZU17U2||Ya -0 (314)
10112200y =0 usll 2 g, ) =1 [v1ll22(Q.)

Taking w = My, v, — Zvs — Zuvy,0, W€ have

ow

/
g5~ Awtaw+ fy.)w

= " (Wu + O Wutor, = Yu)) Yu = Yutor o1 0 + 7 (Yu) 201 20, in Q,
Opw=0o0n %, w(0)=0in Q.

Let us denote yg = Yy + 0(Yutv, — Yu). Take o’ € (4ay,a). From (3.4) we get for
K = Ky (|lyall&”_,

oo (00t @) 1)
”w”YO‘ < KHfH(ye)(yu - yu+v1)77u1,1;2 + f//(yu)zmQOHLi/(Q)
< Kllf”(ye)(yu o yu+vl)(77v1ﬂ)2 - zvz)HLi/(Q)

+ KHf”(ye)(yu + 2y — yu+v1)zv2 ||fo,(Q)

+ K| () = " (o)) 2o, 20, 22, (@) = K(I1 + 12 + I3). (3.15)
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Let us consider the case m > 1. We select ¢ > 0 such that o’ — ¢ > 4ay. Denote
2m+41
em =21 and ap, = (2m + 1)(a/ —¢). To estimate I; we use Holder’s inequality

with 7242 2m + 1 and 2m + 1, and (3.1)

1
L < || (o)l ?2”371 (Q)||yu+v1 - yu||L4a7:;+2(Q)||nv1,U2 - zvz”Lﬁ’;;“(Q)
4m?2C? ,,
< m”f (ye)HLZ;Z”%l (Q)Hyu-i-m - yu||Ym 701,02 — szHY%- (3.16)
The term ||f”(y9)||[,2+ sz‘_l( is bounded; see (2.25). Regarding the term 1y, », — Zu,

we have with (3.1)
2mC

(701,02 — sz”UQjﬂ“(Q) < om + 1 701,02 — szHY%
S N|Glam (ut01) = Gom (W)ll2(22(Qu) vam) = 0 88 [l 220y = 0.

The convergence to 0 follows form the fact that 7= > 2as and, hence, the mapping
Gom : L3(Q,) — Yem is of class C*'. Using this fact and the estimate (3.13) we

deduce from (3.16) that iy, o =0 W =

In the case m = 0, we have that f” = f3 is bounded by Ly; see (1.2). Then,
using Schwarz’s inequality and (3.11) we obtain

C2
L < Lf||yu+vl _yu”Li(Q) HnUl,Uz — Zuy ”Li(Q) < Lf7||yu+v1 _yU”Y% anlﬂ& — Zug ”Y% .

Now, we can continue similarly as above taking into account that § > 2.
Let us estimate I, first for m > 1. We use Holder’s inequality as for I; and
obtain
4m2C? 1
I < m”f (y9)||Lz+2m{1(Q)||yu+v1 — Yu — Zv1||Y% ||Zv2||Y%- (3.17)

Inequality (3.4) leads to

||sz||Y% < KQ(”yu”%’T([O,oo);Hl(Q)) + 1) [[v2ll22(q.) = KQ(HyuH%'?([O,oo);Hl(Q)) +1)

with § = % Since ¢ > 2ay, the mapping GZTTS c L2(Qu) — Yom is Fréchet

4m
differentiable, and therefore

||yu+v1 —Yu — Zuy Hyzim

lim
il 2(q,,)—0 lvillzzQu)
|Gam (14 v1) = Gam (1) = Gl (Wr [y,
= lim im im — (.
lvall 2 (g, —0 HUIHL2(QW)
. . . . T _
Inserting these estimates in (3.17) we get that hm\lvll\Lz(QmHO m =0. If

m = 0 we proceed similarly as we did for I;.
To estimate I3 we use again Holder’s inequality as for I; and obtain for m > 1

4m202 " "
13 < m”f (yu) - f (yQ)HLz;zm‘Ll (Q)”zv1||Yt4xm ||zU2||Y%

Am2C?
2 Ve o
— u(2m+1)2||f (yu) f (ya)HLZ‘*znfﬂ(Q)”UlHLZ(QW)HUQHLQ(Qw)a

&m
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where K, = K2(|‘yu||20?([0700);H1(Q)) +1) with § as defined above. Since |[va||12(q,,) =

1, using (2.25) we deduce that im0 o =0 m = 0. If m = 0 we proceed

similarly as we did for I;.

Finally, (3.14) follows from (3.15) and the established convergences for I;, 1 <
1< 3.

It remains to prove that G” : L?(Q.) — B(L*(Q.)?,Y,) is continuous, where
B(L?(Q.)?%, Ya) denotes the space of continuous bilinear mappings from L?(Q,)? to
Y,. If we take a sequence ux — u in L?(Q.,) we have to prove that

lim sup G (ur) — G (w)](v1,v2) |y, = 0.

K200 ol 12 gy =Lo 021l L2 () =1

Denoting zv1 v, = Go(ug)(v1,v2) and 2y, v, = G, (u)(v1,v2) and putting wy, = szw —

Zy, vy We obtain

0
% — Awy, + awg, + [ (yu)wi

= [fl(yu) - f (yuk)] vl,vz [fll(yu)z’vlzvz - f (yuk)z Z ] in Qa
Opwi, =0 on 3, w(0) =01n Q,

where z,, = G, (u)v; and zy,, = G, (uk)v; for i« = 1,2. From (3.4) we infer for
o' € (4ay, @)

leorlly, < Koo (I () = £/ @), allzz, o)
1 )20 200 = I () 2 2hna 2, @) )
<Ko o (H[ ( ) (yuk)] vl,v2||Li,(Q) + ||[f//(yu) - f”(yuk)]zvlzvz ||Li,(Q)

+ ||f”(yuk)(zvl - Zk,vl)'zm”Li,(Q) + ||f”(yuk)zkavl (vaz - Zkﬂ&)”Li,(Q))

4
=Koy Z I, (3.18)
=1

where K,_o = KQ(HUUHC (0,00 () T 1). We estimate wy for m > 1, the

2
case m = 0 is obtained 1n a similar way just using the modifications considered

above. We first estimate z* Take 8 > ' > 205 and € > 0 such ' — ¢ > 20y

We set Cz_pr = maxy>1 KQ(HUkH%”; o (00 () T 1), Em = 3””?5 and 3, =

2m

(2m + 1)(B’ — ). Looking at the equation satisfied by z¥ , and using (3.4) we get
with Hélder’s inequality for 2241, 2m + 1, and 2m+1, and (3.1) for a constant Cr ,

v1,V2°

128, wsllvis < Cap lf" (W) 201 28,02 122, (@)

< Cp-p ||f”(yuk)HLi+2,,;*_l @ 12,0, ||L‘L§:’+2(Q) 12,0, ||L2§Z“(Q)

Am2C?
~ (2m+1)2

Co—pllf" (Yu) 2+ﬁ(Q)sz,v1 1 5 12,05 15, < Cprm < 00,
m 4am am

where we have used (2. 25) m > qay, (3.4), and ||lvil|12(q,) = 1 for i = 1,2. The same
estimate is obtained for zvl,v2
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Now, we estimate Ij 1. Selecting again € > 0 such that o’ — e > 4ay, putting
em = e't2w and oy, = (2m +1)(o/ — ¢), and noting that § = T > 205 we get with
the above estimate

Lea 1) = F @l 2ok o 17l

w) U a<C /u_ U
< o ) = £ )2 ol < CallF ) = £ )l

Eryn "L (Q)

The convergence I, 1 — 0 as k — oo follows from (2.25).
To deal with Iy 2 we set ¢, = et 7T and ayp, = (2m + 1)(¢/ —€). Now, using

Hélder’s inequality with 221 2m + 1, and 2m + 1, (3.1), and (3.4) we obtain

Lo < 1" () — f”(yuk)llLHm st o7 @zl @

4m2C?
~ (2m+1)2

<C 1 ) — 7 " e b ]
< Collf"(yu) = 'y k)llLEIL%;gl(Q)

||f//(yu) - f”(yuk)HL2+

Em

||Z'U1 ||Yi7n Zug ||Yi7n
™ ™

4
2m—1 (Q)

Using again (2.25) the convergence Iy, 2 — 0 as k — oo follows.
Arguing as we did for Ij, » we obtain

||Zv1 — %k ||Ym 2y ”Ym
Im Im

1. < 4m2C?
B3 = 2m+1)2

< CSHZvl — Rk,v1 ||Y(Zﬂ .

Hfl/(yuk)H 24
L

4
em " TH(Q)

Taking into account that §2 > 2ay, we know that Gam : L?(Q.) — Yam is of class
C' and, consequently,

sup 120, — 2k0; | Ve = HG'ZT,Z (u) —G’?ﬁ (k)| £(L2(Qu), Yam) — 0 as k — oco.
”'Ull‘L?(Qw):l Im Im

This proves the convergence to zero of I, 3. The term I} 4 is treated in an identical
way. Therefore, with (3.18) we conclude that wy — 0 as k — oo and, hence, G, is of
class C2. 0
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