STABILIZATION OF NONAUTONOMOUS PARABOLIC
EQUATIONS BY A SINGLE MOVING ACTUATOR

BEHZAD AZMI!, KARL KUNISCH'2, AND SERGIO S. RODRIGUES®*

ABSTRACT. It is shown that an internal control based on a moving indica-
tor function is able to stabilize the state of parabolic equations evolving in
rectangular domains. For proving the stabilizability result, we start with a
control obtained from an oblique projection feedback based on a finite number
of static actuators, then we used the continuity of the state when the control
varies in relaxation metric to construct a switching control where at each given
instant of time only one of the static actuators is active, finally we construct
the moving control by traveling between the static actuators.

Numerical computations are performed by a concatenation procedure fol-
lowing a receding horizon control approach. They confirm the stabilizing per-
formance of the moving control.

1. INTRODUCTION

Stabilizability of controlled parabolic-like equations of the form
U+ Ay + Ac(t)y = u(t)®(t),  y(0) =5, >0, (1.1)

where the state evolves in a Hilbert space H, that is, y(t) € H for all t > 0 is
investigated. The pair (u, ®), with u(t) € R and ®(t) € H, with |®(t)|,; =1, is at
our disposal. We shall look for a continuous function ®: [0, +o00) — H, where ®(t)
represents the actuator moving on a compact subset of the unit sphere in H.

The goal consists in constructing a (signed) magnitude control function u(t) and
a moving actuator ®(¢) so that the solution of satisfies

ly(t)] < Ce ™ |yoly , for all t>0, (1.2a)
with
ue L?(Ro,R), & e L®((0,400),H), and & e L>((0,400), H). (1.2b)

In particular ® € C*([0, +o0), H), which implies that the actuator moves in a regular
way.
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1.1. Example. As an illustration we consider a parabolic equation whose state
evolves in H = L?(Q), with Q € R?, d € {1,2,3}, a regular bounded domain.

J—vAy+ay+b-Vy=ulye, Gylr=0, (0,-)=yo, (1.3)

where y = y(t,z) € R, y(t,-) € L*(Q), a = a(t,z) € R, b = b(t,x) € RY, and G
denotes either Dirichlet or Neumann conditions on the boundary I" of Q, i.e. Gyl =
y(t,z) or Gyl = n(z) - Vy(t,z), where n(z) stands for the unit outward vector
normal at 7 € I

Here the actuator is chosen as ®(t) = Tw(c(t)), where Tw(c(t)) denotes the nor-
malized indicator function whose support is the rectangle w(c(t)). This rectan-
gle w(e(t)) = c(t) + wg C Q is the translation of a rectangular reference do-
main wy C RY, with 0 € wp, and [jwpl| == [, 1dR?. Then

~ ol 2, i @ e w(e®),
Loten (#) = {0, it ¢ w(e),

To simplify the exposition let us also assume that 0 is the center mass of wy,
so that we can simply say that 0 is the center of wg. Since ¢(t) € w(c(t)), this
justifies to call c(t) € R? the center of the actuator. Hence the motion of the
actuator ®(t) = Tw(c(t)) is described by the center of w(c(t)). See Figure |1} where
we have taken wy C R? as a small rectangular domain.

’1“(0(’5)) L2Q) 1

FIGURE 1. An internal moving actuator with support w(c(t)) C Q.

The main result of this paper, when applied to , implies the following The-
orem concerning parabolic equations evolving in the bounded rectangular do-
main

d
Q= X (0,L,) CRY  L:=(Ly,Lo,...,Lg) € (0,+00)% C R% (1.4a)

n=1

For any given r € [0, 1] we further define the subsets

d d
rQ = X (0,rL,) C Q, (1=rQ+5L:= X (5Ln,Ln —5L,) CQ, (1.4b)
n=1 n=1
d
Wo = rQ) — %L - >< (_%Lny %Ln)- (1'40)
n=1

Observe that ¢+ wo C Q if, and only if, c € (1 —r)Q + Z L.
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Theorem 1.1. Let Q be a bounded rectangular domain as in , and let a €
L>((0,+00) x L, R) and b € L*>®((0,+00) x Q,RY). Then for each sufficiently
small v € (0,1), and for each initial state yo € L*(SY), each initial actuator posi-
tion c(0) = co € (1 — r)Q+ 5L with initial actuator velocity ¢(0) = 0 € R?, there
exists an actuator motion function ¢ and a magnitude control function u, with

c(t)e(1—-r)Q+ 3L, and u(t) eR
such that the solution of (1.3)), with

d
w(c(t)) =rQ+c(t) — 5L = X (en(t) = 5Ln,cn(t) + 5Ln)
n=1
satisfies
(L )2 () < Ce™ [yol L2y » Jorall  t>0, (1.5a)
with

u € L*((0,+00),R), ¢ L®((0,+00),RY), and &e L=((0,+00),RY). (1.5b)

Furthermore, the mapping yo — u(yo) is continuous from L?(Q) into L*((0,4+00), R)
with \u(y0)|L2((O)+w)7R) < Culyoly and |é‘LO°(RO,RM) + |5‘L°°(RO,RM) < C.. Above
the constants C', Cy, C., and p > 0 are independent of yo and cg.

Besides the theoretical result we also discuss the numerical computation and
implementation of a stabilizing control input based on a moving indicator func-
tion. Note that the control input u(t)fw(c(t)) depends nonlinearly on the control
functions (u,c). In order to realize the geometrical constraint w(c(t)) C 2, which
can be obtained through constraints on the velocity ¢ and acceleration ¢, it will be
convenient to introduce a new auxiliary function

1N =C+cc+ ec, for given €>0, ¢>0.
We shall consequently consider system ((1.3)) in the extended form

g—vAy+ay+b-Vy=ulye, Gylp=0.  y(0,) =1yo, (1.6a)
E+cé+ec=n, ¢(0) =cp, ¢(0)=0, (1.6b)

with proper constraints on the newly introduced additional control 7, in order
to force the actuator to move in an appropriate way. Note that looking for c¢ is
equivalent to looking for 7, as soon as the initial actuator position cq is given. An
analogous extension argument is used in [5}21}24], with a first order ODE, ¢+ec =7
in order to deal with boundary controls problems.

Observe that system is linear in the state variable y and nonlinear in the
control variable (u, ¢). Instead system is linear in the control variable (u,n) and
nonlinear in the state variable (y,c), because c(t) — 1y(c(t)) is nonlinear from R?
into L2(92).

In order to compute the pairs (u, ), the stabilization problem will be formulated
as an infinite horizon optimal control problem (see (5.1)—(5.2))) whose solution will
be a stabilizing pair of (u,n). To deal with the resulting infinite-horizon problem
a receding horizon control framework will be employed. In this framework, a sta-
bilizing moving control is constructed through the concatenation of solutions of
open-loop problems defined on overlapping temporal domains covering [0, 00).
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1.2. Related literature. Moving controls have been considered, for example,
in [9,17] where suitable moving Dirac delta functions are taken as actuators. In |17,
both approximate controllability and exact null controllability results are proven
for a semilinear 1D parabolic equation by means of two moving Dirac functions.
Both Dirac delta functions and indicator functions are typical actuators in appli-
cations, see for instance [17] (cf. [17, Egs. (1.2) and (1.3)]). Such actuators lead
to lumped controls, which are essentially characterized by the temporal behavior
only. Concerning again the terminology, in |17] the Dirac delta functions based
controls are called point controls, and the indicator functions based controls are
called average controls or zone controls. In [9] approximate controllability results
for higher dimensional linear autonomous parabolic equations, by means of moving
point controls and, more generally, with controls moving in a lower-dimensional
submanifold, are presented. For semilinear 1D parabolic equations evolving in the
spatial interval (0,1) € R, approximate controllability results have been derived
in [16] by means of a single static average control u(t)1g, & = (I1,l2) C (0,1). The
results are obtained under the condition that [; + l5 are irrational numbers.

Concerning partial differential equations which are not of parabolic type we
refer to [20], where controllability properties for 1D damped wave equations, under
periodic boundary conditions, 2 = T, are derived by means of a control based on a
single moving point actuator u(t)®(¢). The actuator is either a Dirac delta ®(t) =
de(t)> see |20, Thm. 1.4], or a single moving function ®(t) = ¢y € L*(T), see [20,
Thm. 1.1] where we can also see that the function ®c(t) 18 required to have zero
mean. We refer also to [8][10,{19] where a moving average control is considered, but
where the magnitude control function u = u(t, z) depends on both time and space
variables. By means of such a moving control, in [10] the approximate controllability
of higher dimensional damped wave equations is derived and, in [8] the inner null
controllability of the one-dimensional wave equation is investigated theoretically
and numerically. In [19] the null controllability is derived for a 1D coupled PDE-ODE
system of FitzHugh—Nagumo type, again with a magnitude control function u =
u(t,x) depending on both time and space variables. We recall that such systems
are not null controllable by means of static average controls.

It is well known that observability properties and null controllability properties
are related. In this respect we refer to the observability results in [15] for the
autonomous higher dimensional case with point observations. We recall that often
the tools used to derive controllability /observability results for autonomous systems
are not appropriate or are not valid to deal with the nonautonomous case. See for
example the solution representation in [15, Eq. (2.1)], and the discussion in |9}
Sect. 6, §1].

Our result in Theorem is of different nature, when compared to the ones
mentioned above. Approximate and null controllability are properties concerning
the state y(T) at a given time T'. Instead, our goal in is concerned with the
asymptotic behavior of the state (as time goes to +00). Of course, if we have a
control driving the state to y(7') = 0 at time ¢t = T', then by switching the control
off, for t > T, results in a stabilizing control. Thus exact controllability is a stronger
property than stabilizability.

On the other hand for practical considerations controls driving the system to 0
at time 7" may not be enough for applications, since, due to noise or computational
error, the control may not drive the state exactly to the origin. If the latter is
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unstable and the control is nonetheless switched off then the state may diverge as
time tends to infinity. Therefore, a control is still needed which stabilizes the state
once it is close to the origin, or which keeps it in a small neighborhood of 0 which
is proportional to the magnitude of noise and disturbances.

1.3. On (lack of) stabilizability with a single static actuator. In this section
we provide examples where a single static actuator is not sufficient to stabilize the
system, no matter what its shape or placement in the spatial domain is. This
negative result can be seen as a motivation for our work in this manuscript, where
we show that we can still stabilize the system if we are allowed to dynamically move
a given indicator function as actuator.

Here we consider only the particular case of controlled autonomous diffusion-
reaction systems of the form

%y(tx) —vAy(t,z) + (ag + a(x))y(t, z) = u(t)P, t>0, (1.7a)

y(0,-) =y, Gyl =0, (1.7b)
evolving in a regular enough bounded domain Q C R?, d € Ny, and with

v >0, ag € R, U e L2(Q), (1.8)

we L3 ((0,400),R),  yo€L*(Q), and aeL®(Q).  (19)

In (1.7) above G stands for either the Dirichlet or the Neumann trace operator.
Let {& | i = 1,2,...} be a countable complete linearly independent system of
eigenfunctions of the operator

A= —vA +a(x)1: D(A) — L*(Q),

with domain D(A) = {z € H*(Q) | Gz|p = 0}. Let &; be the corresponding
eigenvalues
Ae; = a;e;, o <ay<ag<..., hm a; = +o00.
1— 400
The following result implies that system (1.7)) is not stabilizable, for any given static
actuator ¥ € L?(Q).

Proposition 1.2. If there exists a nonsimple eigenvalue & and if —ag > 0 is

large enough, then for each W € L2(Q) we can find yo € L*(Q)) such that for

allu € L2 _((0,+00),R) the weak solutiony of (L.7)) satisfies . ligl ly(t, )|y = +oo.
— o0

loc

Next, for the sake of completeness, we present/recall also a positive result for
stabilization with a single actuator .

Proposition 1.3. If all the nonpositive eigenvalues of A+ agl are simple, and if
none of the corresponding eigenfunctions is orthogonal to U, then system (1.7)) is
stabilizable.

The proofs of Propositions [I.2] and [I.3] are given in the Appendix, Section

1.4. Contents and notation. In Section[2]we present the assumptions we require
for the operators A and A, in . Our main exponential stabilization result is
proved in Section [3] In Section [4 this is applied to the concrete parabolic equations
as and Theorem is proved. Section [p|is devoted to the numerical compu-
tation of a moving control based on the receding horizon framework which shows
the exponentially stabilizing performance.
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Concerning notation, we write R and N for the sets of real numbers and nonneg-
ative integers, respectively, and we set R,. := (r, +00) with r € R, whose closure is
denoted by R, := [r, +00). Finally, we set Ny := N\ {0}.

Given two Banach spaces X and Y, if the inclusion X C Y is continuous, we
write X — Y. We write X <i> Y, respectively X < Y, if the inclusion is also
dense, respectively compact.

Let X C Z and Y C Z be continuous inclusions, where Z is a Hausdorff topo-
logical space. Then we define the Banach spaces X x Y, X NY, and X + 7Y,

endowed with the norms |(h, g)|xxy = (|h|§(+|g|§,)§, |B\me = \(ﬁﬁ)b(xy, and

h = inf h h=h tively. T know that
|h)x+y (h,g)lg)(xY{K 9| xxv | + g}, respectively. In case we know tha

X NY = {0}, we say that X +Y is a direct sum and we write X ¢ Y instead.
For a given interval I C R, we denote W (I, X,Y) == {f € L*(,X) | f €
L3(1,Y)}, endowed withe the norm flwa xy) = ‘(f, f)

L2(I,X)xL2(I,Y)

The space of continuous linear mappings from X into Y is denoted by £(X,Y).
In case X =Y we write L(X) = L(X, X).

The continuous dual of X is denoted X’ := L(X,R). The adjoint of an operator
L e L(X,Y) will be denoted L* € L(Y', X").

The space of continuous functions from X into Y is denoted by C(X,Y).

The orthogonal complement to a given subset B C H of a Hilbert space H, with
scalar product (-, -)g, is denoted by B+ :={h € H | (h,s)g = 0 for all s € B}.

Given two closed subspaces FF C H and G C H of the Hilbert space given
by H = F @ G, we denote by P& € L(H, F) the oblique projection in H onto F
along G. That is, writing h € H as h = hy + hg with (hp,hg) € F X G, we
have Pgh = hp. The orthogonal projection in H onto F' is denoted by Pr €
L(H,F). Notice that Pp = PE".

By é[al,...,an] we denote a nonnegative function that increases in each of its
nonnegative arguments a; > 0, 1 <17 < n.

Finally, C, C;, i =0, 1, ..., stand for unessential positive constants.

2. ASSUMPTIONS

The results will follow under general assumptions on the plant dynamics opera-
tors A and A,c, and on a particular stabilizability assumption of by means of
controls based on a large enough finite number M of suitable static actuators.

The Hilbert space H, in which system is evolving in, will be set as a pivot
space, that is, we identify, H' = H. Let V be another Hilbert space with V' C H.

Assumption 2.1. A € L(V, V') is symmetric and (y,z) — (Ay, z)v/ v is a com-
plete scalar product in V.

From now on, we suppose that V is endowed with the scalar product (y, z)y =
(Ay, z)v+.v, which still makes V' a Hilbert space. Necessarily, A: V — V' is an
isometry.

Assumption 2.2. The inclusion V. C H 1is dense, continuous, and compact.
Necessarily, we have that

<y72>V’,V = (yvz)Ha for all (yvz) S H x V,
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and also that the operator A is densely defined in H, with domain D(A) satisfying

D(A) <25 v S g S v LS pay.

Further, A has a compact inverse A™': H — D(A), and we can find a nondecreasing
system of (repeated accordingly to their multiplicity) eigenvalues (ay)nen, and a
corresponding complete basis of eigenfunctions (ep)nen,:

O0<ag<as < - <a,<apy1 = +oo and Ae, = ayen,. (2.1)

We can define, for every ¢ € R, the fractional powers AS, of A, by

400 +oo +oo

Yy = Z Yn€n, ACy = AC Z YnCn = Z aiynen,
n=1 n=1 n=1

and the corresponding domains D(AICY) .= {y € H | Ally € H}, and D(A~l<) ==

D(AClY. We have that D(AC) Sl D(A%), for all ¢ > (1, and we can see

1

that D(A%) = H, D(A') = D(A), D(42) = V.
For the time-dependent operator we assume the following:

Assumption 2.3. For almost every t > 0 we have A..(t) € L(V, H), and we have
a uniform bound, that is, |Arc‘Lm(RD LOVHY) = Cre < +o00.

Finally, we will need the following norm squeezing property, by means of controls
based on static actuators.
Assumption 2.4. There exist:
e a positive integer M, and positive real numbers T >0 and 0 € (0,1),
e a linearly independent family {EISJ |je{1,2,...,M}} C H with ‘fi)‘H =1,
e a family of functions {vi, € L(V,L>®((kT,kT + T),RM)) | k € N}, with

?elg |Uk‘z:(v,Loo((kT,kTJrT),RM)) < &,

such that: for all k € N, the solution of
M ~
P Ay Ay = 3 v (0%, y(T)=v,  te RTET+T), (22)
j=1

satisfies

ly(KT +T)|, <0]v],, forall veV. (2.3)

Remark 2.5. Assumptions are satisfiable for parabolic equations as
evolving in bounded rectangular domains © C R?. The satisfiability of such as-
sumptions shall be revisited /proven later on, in Section [4] where we give the proof
of Theorem concerning standard parabolic equations.

Remark 2.6. Alternatively, in Assumption ([2.3)) we can take a reaction-convection
term Ayc(t) € L>®(Ro, L(H,V")). The proof will however involve slightly different
steps. Motivations and further details are given later in Section [4.4
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3. EXISTENCE OF A MOVING STABILIZING CONTROL
Hereafter &y denote the unit sphere in H,
Su={he H]||hl; =1}
We prove our main result, which is the following.

Theorem 3.1. Under Assumptions there exist a magnitude control func-
tion u and a continuous moving actuator ® satisfying

ue L*(Ro,R), &€ L®(Ry, H), ®e LRy, H),
(0) =Dy, D(0)=0, D(t)eSy for t>0,
and constants C > 1 and p > 0, such that the solution of the system ,
Y+ Ay + Ay =u®)®(t),  y(0)=y eV, >0, (3.1)
satisfies ,
ly(t)]y, < Ce ™ |yoly,, forall t>0, (3.2a)
and the mapping yo — u(yo) is continuous,

|“|C(V,L2(RO,R)) = Ny < +00. (3.2b)

Furthermore, < Cs with Cs independent of yo.

o T 1%
Lo (Ro,H) L>(Ro,H)

Note that Theorem gives us stabilizability in the V-norm. The stabilizability
in H-norm as stated in (|1.2a)) follows as a consequence.

Corollary 3.2. Let ®* € C1([0,1], H) satisfy
&* € L>((0,1),H), ®*(1)=&y, $*(1)=0, ®*(t) €Sy, for tel0,1].

Under Assumptions there exist a magnitude control function u® and a
continuous moving actuator ®°¢ satisfying

u € L*(Ro,R), $° € L®(Ro, H), &° € L*(Ro, H),
|y =%, O°(t) €Sy for t>0,

and constants C° > 1 and p > 0, such that the solution of the system ,
U+ Ay + A (t)y = u®(t)P°(¢), y(0) =yo € H, t >0, (3.3)
satisfies ,
ly(t)| gy < C% " |yoly, forall t>0, (3.4a)
and the mapping yo — u(yo) is continuous,

[Ule(a, 2R R)) = Mo < Fo00. (3.4b)

Moreover,

‘..e

< max {C’¢, ‘(I)*

‘..*

(i>e
Lo (Ro,H) Lo°(Ro,H) L“((Ovl)vH)}

with Cg independent of (yo, ®*(0)).

L>=((0,1),H)
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Proof. For t € [0,1] we choose the control u(t)®* with u = 0. Using the smoothing
property of parabolic-like equations (cf. Lem. 2.4]), we arrive at a state y(1) =:
y1 € V, with

ly(W)ly < Cle, y(0)ly - (3.5)

In the time interval Ry, we can find a control u! € L*(R;,R) and a moving
actuator ®! as in Theorem with ®1(1) = ®; and ®'(1) = 0, giving us

@Ol < Cioge ™V )]y,  t>1 (3.6)

Indeed it is enough to consider a shift in time variable and use Theorem to the
function w(7) = y(1 + 7), which solves the system

%w + Aw + Ayow = u(T)®(r), w0)=y;, 7>0,
with Ayo(7) = Ase(s + 7). Hence obtaining

[w(r)ly < Cleenie™ WOy, 720,

re,1

with Creq = ‘Arc e ey = Al ey < Cre which implies (B), by

taking for t > 1, ul(t) = u(t — 1) and ®1(t) = ®(¢t — 1).
Next, defining

u(t) =0 and (1) = D*(t), for te€]0,1),
ut(t) = u'(t) and dE(t) = d(t), for t>1,
we obtain, using (3.6 and (3.5]),
g < ew,m ly@ly < 6[
< 6[

—p(t—1)
cm,|1\E(V,H)]e |y(1)|v

—ut
Crerll vy ] © 1y(0)] 5 t>1.

and (cf. |7, Lem. 2.2])
Oy < Crew 9Oy < Cregete™ [y(0)ly,
S 6[C’rcx}l«]ei'ut |y(0)|H7 te [Oa 1)

We can see that we can takf C*® of Fhe form ’C[Cm\llav,m,u] in (3.4al).

Using ®*(1) = ®!(1) = ®; and ®*(1) = ®1(1) = 0, we can conclude that ®¢ €
C([0,+00), H). Finally, by Theorem we have that ’@1‘ ‘ 1’ <

Lo°(Ry,H) Lo°(Ry,H)

Cy with Cg independent of y; (and of ©*).

We are going to use Assumption together with a concatenation argument,

and will prove that Theorem is a corollary of the following result concerning
the restriction of our system to the intervals

Ii=(TkT+T), Tpy:=[kTkT+T] keN. (3.7)

Theorem 3.3. Under Assumptions there exist a magnitude control func-
tion ug and a continuous moving actuator Py satisfying

up € L*(Iy,R), & € L®(I},H), & € L=(I}, H),
Oy (kT) = OR(KT 4+ T), &p(kT) = Pp(kT +T), ®(t) € Sy for te Ty,
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such that the solution of the system
U+ Ay + Awc(t)y = ur(t)Pi(t), y(kT)=v eV, (3.8)
satisfies
ly(kT + 1)y, < %5 Joly, (3.9a)
and, the mapping v — ug(v) is continuous,
|uk|C(V,L2(Ik.,R)) =9 < +oo. (3.9b)
with My independent of k € N.

Proof of Theorem[3.1. We consider the concatenation of controls uy given by The-
orem [3.3] as follows

u(yo) = ur(y(kT)), if te I,

where the construction of u is to be understood in a sequential manner: first we
take u(yo)|;, = uo(y(0T)) = uo(yo), then we consider the corresponding state y(7')
at final time ¢ = 7', which we then use to define u(yo)|;, = u1(y(17)), in this way,
by concatenation, we have constructed a control on the interval Iy |J 1 = (0,2T).
Once we have constructed the control u(yo)|q 7y on (0,kT), we take u(yo)|;, =
u(y(kT)) and have a control defined for time ¢ € (0, (k+ 1)T). Eventually we will
have u(yp) defined in the entire time interval Ry.
By (3-9a)), we find that the solution associated to u(yo) satisfies

ly(kT + )y, < 5 [y(RD)ly < (5 |y () (3.10)
that is, since 0 < 0 < 1,
(KT + 1)y < e P*OT 1y (0)|,,  with 7= —Xlog(%L)>0.  (3.11)

By a standard continuity argument (e.g., see [7, Lem. 2.3], recalling that C (I, V) <
W(I,D(A), H)), we find that for ¢t > 0,

2 _ = 2 2 .
vy < Crre. <|y(k3T)|V + |uk(I)‘L2(Ik,H)) , with k= L%Ja (3.12)
where |r] denotes the integer satisfying k < r < k+ 1, r € R. Since |®(t)|, = 1,
it follows that, by using (3.10]),

2 ral 2 2 - 2
WO < Crrowenn (IWED + el g, o) ) < Crcenton WD)
< Circmrmye T y(0)l5 = G[T,cm,M,ml]eﬁ(t*kT)e*m ly(0)]3

< O e "y Oy

because e(!=#1) < efT' = Cp 1. Therefore, (3.2a)) holds true.

It remains to show (3.2b}). Due to (3.9b)) and (3.10)) we find

|U(yo)|L2(RO,R) = kzo |Uk(y(kT>>|L2(1k JR)

00 00 _
<M kZ ly(kT) ]y, <D fy(0)]y, kZ e 2H =9y ; 7 [oly
=0 =0 —e

which gives us (3.2b]), with 915 < 9y 1,2 .

1—e" 27T
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Proof of Theorem[3.3 Let us fix an arbitrary & € N. By Assumption 2.4 we
M ~

have that Vi(0)(t) = > vk ;(v)(t)®;, is a control function driving system (2.2)
j=1

from v € V at time ¢t = kT to a state y(kT + T) at time t = kT + T, with a norm
squeezed by a factor § € (0, 1). The proof will follow by successive approximations of
such control, hence we start by denoting V) = Vi, where the superscript underlines
that V,g is our starting control. Since k has been fixed, for simplicity we will omit
the subscript k in the control, V° = V,g = Vk.

~

V(o) (t) = %1 v?(n)(t)%—, v?(u)(t) = v, ;(0) (1), (0,t) € V x I).. (3.13)

Let us consider our dynamical system (2.2]) with a general external forcing f as
follows,

y+Ay+Acy=f,  ylkT)=veV, tel, (3.14)
Denoting by y = D (v, f), y(t) = Dk(v, f)(t) the solution of (3.14). We can write
1Dk (0, VO (0)) (KT + T)]|,, < 0]v],, (3.15a)

where 0 < § < 1. We see that V°(b) is a control based on the static actuators (/ﬁj,
and recall that

VO(0)(t) € Sg = span{®; | 1 < j < M} C H, (3.15D)
W0 = (vf, 0, 0Yy) € LV, L (I, RM)), (3.15¢)
The proof is completed into [5| main steps in Sections|3.1 where we construct

suitable approximations of V%: V0 ~ V! =~ V2 =~ V3 =~ V* ~ V? arriving at a
moving control V° = V5(v), taking values V°(v)(t) in H, with

D0,V (0) (KT +T)|,, < 2 Jol,, .

That is, V°(v) drives the system from v € H at initial time ¢ = kT to a state y(kT+

T) at final time t = kT + T with a norm squeezed by a factor £ € (6, 1). O

In each of remaining steps of the proof of Theorem we will use a continuity
argument for system (3.14). The main contents, in each step, are as follows.

® Step 1: Taking auxiliary static actuators in D(A). In Section we replace

(i.e., approximate) our static actuators ®; € H by suitable static actuators ®; €
M ~

D(A) C H. In this way we obtain a control V!(v)(t) = Zl v9(0)(t)®;, taking values
J:

in Sz = span{®; | 1 < j < M} C D(A). Taking actuators in D(A) is needed for

technical reasons, which play a role in Step [2] of the proof.

(8 Step 2: Piecewise constant static control in D(A). In Section we approximate
the control V!(v), by a right-continuous piecewise constant control V?(v) taking
values V2(0)(¢) in the set {sCT)j |1 <j< M, —K <s< K} CD(A) for a suitable
constant K > 0, for all ¢ € Ij.

(® Step 3: Piecewise constant static control in H. Back to original actuators. In
Section we replace back the EDJ-S by the <T>js. In this way we arrive at a piecewise
constant control V3(v) defined as V3(v)(t) == s(f)j if V2(b)(t) = s®, taking values
in the set {sZI;j\lgng, —-K<s<K}CH.
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(8 Step 4: A piecewise constant static control with nondegenerate intervals of con-
stancy. In Section we construct a piecewise constant control V*(v) taking val-
ues V*(b)(¢) in H, where the lengths of the intervals of constancy are all larger than
a suitable positive constant.

® Step 5: A moving control in H. In Section [3.5] we construct a moving con-
trol V° = V5(v) = u(t)®(¢) which visits (several times) the positions of the static
actuators ®;, spending a suitable amount of time at those positions, and trav-

els, in H, fast enough between those positions. In this way we obtain a moving
control V5 = V5(v), taking values V5(v)(t) in H.

Steps [1] and [3] are needed only if some of our static actuators are in H \ D(A).
This will, in general, be the case for indicator functions 1., w C 2, for scalar
parabolic equations evolving in bounded domains Q C R<.

The continuity arguments in Steps [T} B] 4] and [f] are standard, namely the con-
tinuity of the solution of system on the right-hand side as y = Qi(v,.) €
C(L?(Iy, H),C(Ix,V)). The continuity argument in Step [2|is less standard, involv-
ing the continuity of the solution when the right-hand side varies in the so called
relaxation metric, details will be given in Section [3.2]

3.1. A static control taking values in D(A). Observe that 1% — 9 = 12 > 0.
Recall that (cf. |7, Lem. 2.3], recalling that C(Iy,V) — W (Iy,D(A), H)) the
solution of system :3.14) satisfies

D0, O < Dy (1o} + e )+ t€ I = RTET+T),  (3.16)

with Dy = é[T’CrC] independent of k, where C,. is defined in Assumption
By Assumption the actuators C/ISj are in the unit sphere &y of H. Then,
from D(A) <& H we can choose a family {&)J | 1 <j < M} such that

®, e D(A) N6y, (3.17a)

~ ~ _1
‘¢>j —%)| < EoTTiRTMTY, 1< <M (3.17b)

The fact that the CT)j can be taken in the unit sphere is a corollary of the following
result, whose proof is given in Section

Proposition 3.4. Let X C H be a vector space. Then, the density of X C H
implies the density of X (1Gny C &py.

Now we recall the control V9 in (3.13), and define a new control as

Vio)(t) = i v}(n)(t)ff)j, vi(0)(t) = v (0)(t), (0,t) €V x I (3.18)

where we replace each actuator </Isj € H by the auxiliary actuator &)j e D(A) C H.
Note that, by Assumption [2.4} for vl := (v}, vd,... ,v},), we find

Sup |vl(b)(t)|RM = sup |UO(U)(t)|RM < ﬁ‘t"v : (3.19)
tely tely
Let us denote d* := 9 (v, V1(v)) — Vi (v, V°(v)), which satisfies
d' + Ad' + Ayed* = Vi(v) = V(v), for tel,,  d'(kT)=0. (3.20)
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By (3.16) and , we find that, since M > 1,

‘dl(t)’V S Dii/ ’V (v) — ‘L2(I JH) <5 eT_iﬁ Rl ‘UO(U)|L2(11€,RM)

1-0p—3 a1 0 -1
S R |v ’L?(Ikﬂw)— AT [ )’LOO(Ik,RNI)'
Thus, using Assumption
1Dk (0, V' (0))(t) = Vi (0, V°(0))(1)],, < L J0ly,, forall t €. (3.21)

3.2. A piecewise constant static control taking values in D(A). Let us de-
note the closed unit ball in D(A) by Bp4). Recall the control V!(v)(t), defined
in (3.18), taking values in Sz = span{ij | 1 <j < M}. We will prove that the
solution of varies continuously in C(Ij, V) when the external forcing varies
continuously in the so called (weak) relaxation metric (cf. [12, Ch. 3])

f(s) —g(s)ds

kT

70 (f, 9) = sup
tely

; {fag}CLoo(Ika‘SEngD(A))v
D(A)

(3.22)
for a given K > 0. Hence we will approximate V!(v) by a piecewise constant
control V?(v) in such a metric. We underline here that f and g above are functions
taking their values in the bounded subset Sz ﬂK@D( 4y of the finite dimensional
subspace Sz C D(A).

As the reference [12] shows, such continuity is known in control theory of ordinary
differential equations. It has also been used to derive (approximate) controllability
results for partial differential equations, see for example |1, Sect. 12.3], |2} Sect. 6.3],
[22, Sect. 9], [23, Sect. 3.2.2].

We follow a variation of the procedure in |12, Ch. 3], which allows us to construct
a piecewise constant control taking values in {5&)] |1 <j <M —-K<s<
K}, for a suitable fixed K > 0, see (3.39). The fact that the control takes its
values in a subset of the cone {réj | 1 <j <M, re R} will be important in
Section With respect to this, we would like to refer also to [27, Lemma 3.5],
for a different approximation involving piecewise constant controls, but where the
control is allowed to take values which are not necessarily in the cone above.

In order to construct a piecewise constant control, we start with a partition of
the time interval I} into N subintervals of constant size %,

Ijp = (kT + (n—1)% kT + n%), 1<n<N.

and we denote Iy, ,, = [kT + (n — 1)%, kT—i—n%]. We are going to construct a piece-
wise constant control on each of the subintervals I}, , with exactly 2M subintervals
of constancy (possibly with vanishing length) where each of the M actuators &)j,
1 < j < M will be active in exactly two of such intervals.

We start by defining the nonnegative constant

(3.23)

/ vl (0)(t)dt
Ik,n

m=1 R

Observe that

/1 Z |vm, (0) (£, dt < —M/ (0)(t)|gr dt

k.nom=1
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and, by (3.19), it follows that
En(v) < MR|vly, . (3.24)
Let us denote
leng = lenomii—j = ﬁ J}k vi(v)(t)dt 1<j<M. (3.25)
Next, we consider the cases ,,(v) # 0 and 3, (v ) = 0 separately.
e THE CASE %, (v) # 0. We rewrite our control V!(v), a

Vi) = 3 ko) 0F, = 5 4 "““z()?in

We define a piecewise constant control in each interval Iy, C I, where the
lengths of the intervals of constancy are given by

|lk,n,j| = ‘lk,n,j R (326&)
Observe that
2M ’
> lhnil = 25575 z ‘j}k RACIOLIRES (3.26b)
=
Note also that some of the lengths may vanish.
Next, we denote the switching time instants ¢, ; = tECNJL ; as follows
teno = kT + (n—1)%, (3.27a)
J
temg =kT+(n—1% 4+ Y |lknml, 1<j<2M. (3.27b)
m=1
In particular, we have ty nonm = kT + n%
To simplify the exposition we denote
&)QM_A'_l_j = (FI;j, 1 S] S M. (328)
We define
Ik,n,j = [tk,n,jfhtk:,n,j)v 1 S ] S 2M. (329&)
Vi) (0)(t) = sign(ly ) S (0)®;, if € Ipy, 1<j<2M. (3.29b)

e THE CASE ¥,(v) = 0. We define Vjn)(v)(t) = 0, for all t € I ,,. Which we can
still rewrite as a piecewise constant control as follows.
Firstly we define

temo =kT+(n—1)%, tpn; =kT+(n—-1)%+jimw, 1<j<2M. (3.30)
and, then we set analogously to ,

Tin,j = [thnj—1sthn,g) = KT + (0 — 1) % + jgiw ) 1<j<2M. (3.31a)

Viny (0)(t) = sign(ly,,)Sn(0)®; = 08, if t€ I, ,  1<j<2M. (3.31b)

In either case we obtain a piecewise constant control in the entire interval Ij,. Ob-
serve that Viyj(v)(t) tells us that we activate the actuators ®; in each interval Iy ,
in the order

P > Dy — - Dy = Py = Py = Pagye = - = Do = Popy,
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which is the same, by (3.28]), as the cycle
Dy Dy Dy > Dy = Dy = Dy = Dy — By, (3.32)

Some actuators may be active in degenerate intervals of length zero. The actuators
are activated with the same input of constant magnitude sign(lx. . ;)X ().

Next, we show that V;y(v)(t) approaches V! (v)(t) in the relaxation metric (3.22)).
We set

Iin(t) = / (V[N}(U)(s) V! (U)(s)) ds.

kT
Then

‘};:x(v[N](U)»Vl(U)) = Sug ’I[N] (t)’D(A) :
tely,

‘We show now that Ny vanishes at the extrema of the intervals I ,,. Clearly
Iin)(RT) = 0. (3.33)

Further, if we assume that Z;y (kT + n%) =0 for a given 0 < n < N — 1, then:
o if 3, (v) # 0 we obtain

T (T + (n+ DF) = [ (Mae)(s) = Vi (0)(6)) ds

Ik,n

2M ~
= > llknjl sign(lin,j) En(0) @5 — V!'(v)(s)ds
i=1

*2M1 vl (0)(s) ds®; — 1Y s)ds =
_];2/%” L(0)(s) dsd; /Iv (0)(s) ds = 0.
e if 3, (v) = 0 we obtain

T (kT + (0 + 1)T) :/ (0~ V'(0)(s)) ds = 0.

I,n

Therefore, in either case we have that
InmkT+nLt)=0 = InkT+(n+1)%)=0, 0<n<N-—1. (3.34)
From and , by induction we can conclude that
Iinj(kT +n%) =0, forall ne{0,1,2,...,N}. (3.35)

Now for an arbitrary ¢ € Iy ,, we find

N

|Ziv) (t)|D(A) <% < Sup |V[N](U)(S)|D(A) T sup |V1(U)(S)ID(A)>
s€ly n s€ly n

IN

§ (5200 0 3]
1<j<M

and by (3.24) and Assumption
| Zn) (D) p 4y < & (MR o]y, + &1o])

+ sup |vt(v)(s sup ‘(I)‘ )
D(4) selk‘ (o) )’RM 1<5<M ’ D(A)

o |8
1<5<M JD(A)

e T Y
1<j<M D(A)
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Next we show the continuity of the solution when the right-hand side control
v))— @k(b, Vl(n))a

varies in the relaxation metric. Let us denote dy = Qx(v, Vin)(v))
and observe that dx satisfies (3.14)), as
dn(kT) = 0.

dN + Adn + Aredn = V[N]( ) — Vl(t)),
i —Ady — Aicdy, which implies

With zy = dyn fI[N], we see that 2y = dn I[N}
- ArcI[N]a N(kT) =

AN+ Azn + Arczn = —AI[N]

and also, by (3.35)),
N (kT +n%) =dn (kT +nk), 0<n<N. (3.37)
Therefore, for zy = Y (0, —AZ;N) — ArZ;n)) We obtain, see (3.16)),
2 2 T
|ZN(t)|V SDy’—AI[N] _ArCI[N]|L2(Ik7H)’ t e Ii.
By standard computations we find, for all ¢ € I,
2
2
lan ()] < Dy (‘AI[N]|L2(Ik,H) + |ATCI[N]|L2 I )
2
< Dy <|I |L2(Ik D(A)) + Chre |I[N] |L2(Ik,V))
2 2
=Dy (14 Crc [z piay )T |Zin) ’LOO(Ik,D(A)) g
and using (3.36)),
1 1 3 =
2N ly € D31+ Cuc [ ppay ) T2 +1) |8 &oly
(3.38)

Now we can take N large enough, namely
~ 1
N =N > DE(1+ Cre |l ypgay ) TF (M +1) H<1>H R

| < 1 9 |o],. Then, we set

in order to obtain |z (t
Vi) (0)(8) = sign(lin ;)% (n)éj, if t€lpn,, 1<j<2M, (3.39)

V2(0)(t) =
where the intervals Iy , ; are defined as in and (| -7
Ty = Il[c],\;],j = [tgc],\g,jfl’tgc],\g,j) = [tk,n,j—latk,n,j)- (3.40)
We find, using ((3.36)),
Va0, V2 0)(0) = Dulo, V@) D)y, = [dg (O], < |55 0], + [0
< 11;09|n|v+%(M—|—1)H§>Hﬁ|n\v, for all ¢ e Iy, (3.41a)
and, using (3.37)),
Di(0, V() (KT + T)|,, = |dg (KT + T)|,,
(3.41b)

|50, V2(0)) (KT + T) —
= |25 (KT +T)|, < 2 o]y, .



STABILIZATION OF PARABOLIC EQUATIONS BY A MOVING ACTUATOR 17

3.3. A piecewise constant static control taking values in H. To simplify the
exposition we denote

Poprpr_; =By,  1<j< M. (3.42)

Recall that V?(v) takes its values V2(u)(t) in the set {iEn(n)&)j} C D(A), for t €
I, We define a new piecewise constant control V3(v)(t), taking its values in the
set {£X,(0)®;} C H, by

V3(0)(t) = sign(lk,nyj)En(u)&)j, for V(0)(t) = sign(lk7n7j)2n(t))‘5j. (3.43)
Using ((3.24)), we can see that the corresponding solutions satisfy
2 2
D0, V?(0))(t) = Di(0,V2(0)) ()]}, < Dy [V¥(0) = V() 2, )

2
< DyT sup En(n)2 max ’éjffbj‘
H

1<n<N 1<j<M
< DyTM?82 o[}, nax gy 2
and by ,
D5(0, V2 (0)) () = Vi (0, V2(0)) ()], < 4 [oly,  tE T (3.44a)
Note also that
V(o) ()|, < S Y.(0) < M&Jo|,, teTy, (3.44b)
V3O)(AT + (n—1)L) € {+%,(0)®1}, 1<n<N. (3.44c)

Observe that V? switches between the actuators &)j as described in (3.32), and
hence V? switches between the actuators ®; as in the analogous cycle

Dy Dy Dy > Dpp = Dy = Byyy — - — Dy — By, (3.45)
which, due to (3.28)), results in
(/I;l —>(/152 — —)zI\)M_l _>$M —>&\)M+1 —>(/ISM+2 — —>(/I;2M_1 —>(’I\)2M.
3.4. A control with no degenerate intervals of constancy. By construction,
the length [l ;| vanishes if vj(v) has zero average on Iy, see (3.25). It will be
convenient, also to simplify the exposition in Section[3.5]below, that all the intervals

of constancy have a length larger than a suitable positive constant.
Recall the switching time instants ¢, ; on each interval Iy, C I, see (3.40),

oo < tent <tenz < <tpnom—1 < lkn2M, 1<n<N, (3.46a)
and recall that
thn—1 = tino=kT+(n—1)% and g, =tinon =kT +ng.  (3.46b)

To guarantee nondegenerate intervals of constancy we will define new switching
time instants satisfying

b0 <thni <tino < <tpnonm—1 <trnam (3.47a)
with

om0 =trkm—1 and t5, on = thn. (3.47D)



18 B. Azmi, K. KuNiscH, AND S. S. RODRIGUES

To do so we fix a positive number € > 0, and define

tn = thno1 T Oe(ting — thn-1 + LEtje),  0<j<2M, (3.48a)
with
— T
Ve = T+N(2M+1)Me’ (3.48b)

Now we show that, indeed, the sequence (3.48]) satisfies (3.47). We find
i,n,O = tk,n—l + ?950 = tk,n—h (34934)
tomon = bkno1+ 195(% + (2M +1)Me) =t 1 + % =thn, (3.49b)
e — teng—1 = Ye(tong — teng—1 + (]'glj - l(] - 1)) ),
>0 (-1 —-1)e=¢e¥j>0, 1<j<2M.  (3.49c)

From ((3.49) we see that (3.47)) is satisfied.

Next we define the piecewise constant control, for time ¢ € I}, as follows

V. (0)(t) = sign(l,n,;)Sa(0) @5, if ¢ € [t5,, 1,5 0,), (3.50)
for 1<n<N, 1<j<2M.

where the intervals of constancy have a positive minimum length, see (3.49)),

min
1<]<2M{ kon.j—1

Observe that, from (3.39)) and (3.43)), we have that

V3(0)(t) = sign(lp.n ) Sn(0)®;, if € [thn, 1) thns)-

k-1t = €V > 0. (3.51)

Note that as e — 0 we have tj , . — tg, ;. Now we show that we also
have V.(b)(t) — V3(0)(¢) in L*(I}, H), as € — 0.

Proposition 3.5. Let [a,b] € R be a nonempty interval, a < b, let X be a Banach
space, and let K be positive integer. Let us be given a finite sequence in X

¢ € X, 1<j<K,
and two finite sequences in [a,bl,
a=179<7T < <7k 1<Tk=b and a=09<o01 < <oxg 1< 0g =0
Then, for the following two functions defined for t € (a,b) by
@) =¢; if te[r1,7) and  fo(t):=¢; if t€[oj-1,0;),

we have the estimate
11
‘f’r - f""L2((a,b),X) <K2R2X,

with R = max |1, —o;|, and X := max i — Oil v
max [ = ol Lmax, 10 = dil

The proof of Proposition is given in Section
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From Proposition [3.5] it follows that

[Ve(0) = V(0)

0<j<2M 1<i,j<M
1<n<N 1<n<N

1
2(2MN)% max_Y,(v) max ‘ti,n,j_tk,n,jh]z'

1<n<N 0<j<2M
1<n<N
Recalling (3.24)), we arrive at
e 1
|VE(U)_ ‘LZ(I JH) = (2M)2 2R|U|V0<m2%{ tk R tk,n7j|R :
1<n<N

Next, from (3.48]) we find that

‘ti,mj - tk,n,j’]R = ‘tkm—l - tkm,j + ﬂa(tk,n,j - tk) n—1+ j+1]€)’
= |(e = D(trng — trn—1) + T5rjede |y
< (1=9:)% + (2M + 1)Med. = O(e).

By combining (3.52) and (3.53)), we obtain that
V:(v)

3 5 1 1
U)|L2(lk,H)§( )2 QRMV ()2

and by using (3.16]) it follows that

D0, Ve(0))(£) — D0, V2 (0))(1)],, < BM>Dy N)28O(e)% o], t €T

From ([3.48) we also find
_ 9. — _NeMinMe _ T
1-9. = T+N@2M+1)Me’ ede = T+N@2M+1)Me’
and
1-9.—0, ed.—0, and O(e) =0, as € — 0.

Therefore, there exists € small enough, so that
6(8) < (SM3Dy N)La2(120)2,
Now we set the control
Vi) = Va(v), te Iy,
with nondegenerate intervals of constancy (cf. (3.51)),

min  {t; - > &> 0.
1<]<2M{ kmn,j ,n,jfl} = €

From ([3.55)), and ([3.56)), it follows that
|D5(0,VA(0)) () = Vi (0, V2 (0))(1)],, < 4 [oly s tE T

1 ~ ~
max |65, — teny|?  max ‘zn(u)cbj—zn(n)@

19

H

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57a)

(3.57b)

(3.58)
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3.5. A continuously moving control taking values in H. We will travel in H
between the static actuators </Isi, following the cycle .

For traveling we fix a set of roads, in the unit sphere &Gy, connecting the static
actuators, as follows:

R,;: CP([0,1],6m), 1<j<M-1, peN, (3.59)

with 9;(0) =@, and R;(1) = ,41, (3.59b)

R (s) = Do, selo,1], (3.59¢)

Rar4j(s) = Rar—;(1 — s), 1<j<M-1. (3.59d)
Note that by , we also have

Rur15(0) =Ry (1) = (/I\)M—j+1 = ‘/I;M-s-j, (3.59)

Rarss(1) = Rar—;(0) = Doy = Tassjign. (3.59f)

We also introduce the scalar function
g EHtT L -t ) . E—t5 Lt .
750 = (St sign(t) + (S sl ), (000

with, recall (3.57]),

€€ (0, (3.60D)
Then we define a moving control V¢ (v), for ¢t € I as follows:
Vg(ﬁ)(t) = Sign(lk,n,l)zn(u)&\)la (3618,)
it tekT+m-1L6,,-¢  1<n<AN.
Ve(0)(t) = sign(lpn,200) S (0) D1, (3.61Db)
it t€ o +EET+0E], 1<n <N,
Vg(tl)(t) = Sign(lk,n,j)zn(n>a\)j; (3.610)
lf te[%,n,j71+£7ti\,n,j_§]a 1_7’L§Z/\}, 2SJS2M_1
g E—th Tt
Ve(0)(t) =%, ()0 (0)R; (—52), (3.61d)
if teti,, —&tha, +E, 1<n<N, 1<j<2M-1

Observe that Vg differs from V* only in the intervals (tin ;=& t?n, j

+§), 1<
n <N, 1<j5<2M -1, when we travel from the static actuator ®; to the static

actuator <f>j+1. These are exactly N(2M — 1) intervals, where each has length 2¢.
Thus

2 T £,
| Ve (0) — V4(n)|L2(1k7H) <26N(2M —1) max { rki,j(t)’

1<n<N
1<j<2M—1

n,j

Since ‘ri’g (t)‘ <1 and ’@%’ =1, using ([3.24)), we arrive at
' R H

2 A~
[Ve(0) = VHO)| oy, iy < 26N (2M — 1) M8 lo]7, .
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Recalling (3.16]), we obtain

(D (0, Ve(0))(£) = Di(0,V (0)) (1), < Dy [Ve(0) = V(0) 727,
< Dy2eN@2M — DM2R2 o, te (3.62)

Now choosing small enough &, namely

£ =¢:=min { 638 (DYZN(ZM - 1)M2R2) ' (1109)2} : (3.63)
and setting
V5(0))(t) == Vg(n))(t), t € Iy, (3.64)
we find
D5 (0, V2 (0)) () = D (0, V() (1)]; < 5 [0l - (3.65)

Finally, note that V() is a moving control of the form
V2(0)(t) = u(t)®(t), t€ Iy, with |u(t)|, < MRv|,, ®(t) €&y, (3.66a)

for suitable u € L>®(I},R) and ® € C(I),Sp). Furthermore, by choosing p > 0
in (3.59) we can obtain a regular motion of the actuator. Namely, if we have

Srlemo®y = 0= 55| Ry, 1<q<p, (3.66b)
then
o c CP(I}, &) (3.66¢)
and
dr 1
= d| < (X o
max |5, @]y < (3)7 max max [§5]. %l
In particular, we have that
|(I)|CP(E,GH) < (zig)p 12;355\/[ |mj|cp([o71}7H) . (3.66d)

Conclusion of the proof of Theorem [3.3 By using (3.21), (3.41), (3.44), (3.53),
and (3.65]), together with the triangle inequality, we arrive at

D0,V (0) (KT +T) = Die(0,V° (0)) (KT + T)|; < 545 ol = 15 [0 -

Finally, note that the choice of € in (3.56]) and that of £ in (3.63)) are independent
of yo. This finishes the proof of Theorem O

Remark 3.6. Observe that the actuators &)j in , the integer N in , the
parameter £ in , and the parameter E in , were all chosen independently
of k € N. Furthermore, from we can also see that |®|e, 7. o, is bounded by
a constant independent of £ € N. Again from , by recalling Assumption [2.4]we
also have [u|pw g, ) < MR|o|y, = MR&y(kT);, with the product M & independent
of k € N.
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4. PROOF OF THEOREM [[.1]
We start by writing (1.3)) as
Y+ Ay =+ Arcy = u/l\w(c)a y(O) =Y, t>0, (41)

with A== —vA +1 and Ayez = Awe(t)z = (alt,-) — 1)z + b(t,-) - Vz.

It is not hard to check that Assumptions 23] 2:2] and 2:3] are satisfied by A €
L(V,V') and A;e € L®(Ro,L(V,H)), namely with V = H}(Q) in the case of
Dirichlet boundary conditions and with V = H(Q) (see, e.g., [25, Sect.5.1]).

4.1. Satisfiability of Assumption Assumption [2:4] follows from the results
in |25 Thm. 4.5] (when applied to linear equations), from which we know that

U+ Ay + Ay = Pgﬂf (Arey — Ny), y(0) =yo, t>0, (4.2)

L
is a stable system for a suitable oblique projection Pg 0, where A > 0. Namely, its
solution satisfies,

(Ol < Ce I y(s)ly, . 2520, (4.3)

with C > 1 and p > 0 independent of (¢,s). Actually in |25, Thm. 4.5] only the
case s = 0 is mentioned, however by a time shift argument ¢t =: s+7, w(7) = y(s+7),

Ave(T) = Ave(s + 7), we can rewrite ([L.2) as
~ L ~
%w + Aw + Arcw = P(?JCI/I (Arcw - )\’LU) ) ’LU(O) = y(8)7 T > O’
and the results in |25, Thm. 4.5] give us

lw(r)ly < Cse ™ y(s)ly, 720,

)

rc

which is equivalent to (4.3)). The constant C is of the form 5[ ]
L (Rg,L(V,H))

and so Cs < Cp, that is we can take C independent of s in (4.3).
This stability result in |25, Thm. 4.5] holds for large enough M, where Uy =

span{l,, | 1 < j < M} is the span of suitable indicator functions supported in
small rectangles w; C 2. The operator P[]}Jg
onto Uy along an auxiliary space Eq;, where Ej; is the span of a suitable set of
eigenfunctions of the diffusion A defined in L?(£2), where € is a bounded rectangular
domain. For precise definitions of suitable Up; and Ej; we refer to [18] Sect. 4.8.1]
and [25| Sect. 2.2]. Furthermore, for such choice we have

is the oblique projection in L?(Q)

EL
P = ||P|| < . 4.4
sup [PE |,y = 1P < oc (14)

£(

Observe that Uy, is the range of Pg}f‘f , hence our control is of the form

M M
EL e ~
Pyt (Arey — \y) = Zvj(t)le = Zvj(t)fbj = v(t)
=1 =1

In particular, from (4.3)), for any given 6 € (0,1) we have that, for all k£ € N,
ly(kT +T)|y, < Ce T y(kT)|y, < O ly(kT)]y,, i T > p " log(§).
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To prove that Assumption [2.4] is satisfied, it remains to show that the v;(t) are
L L
appropriately essentially bounded. From (4.3 and Pg o= sz\ff Pg,,, we find

V()i < 1P |Pry (Arey = M)
< (I4vel g @o.cvzny + A e ) 1PHEOl
< (Cre + Al ) 1PN C D (kT t2 KT, (45)

which implies that
VOl < BolyWT)ly, € Ty = KT, kT +T]. (4.6)

with £ = (Cm + A |1|z:(v,# |IP]| C independent of k.

Therefore, Assumption holds for M large enough, and with T' = p~! log(%)

and K = K( as above.

4.2. Tllustration of a path for the moving actuator. We consider the static
actuators 1o, = 1) with center ¢ as in [18, Sect. 4.8.1], illustrated in figure
Then we order the actuators, for example as illustrated in the figure, and consider
the corresponding cycle, starting at the first actuator in the bottom-left corner,
going up until the Mth actuator in the top-right corner and returning back to the
bottom-left corner.

S=1 S=2 S=3
¢<—<—
g N
A m— 4—4—*

FIGURE 2. Supports of the static actuators. Case Q C R2.

In this way we are considering roads, see ([3.66)),
Ri(s) = Lo,y wlci(s) CQ, ¢ €C%([0,1],RY),
and
¢(0)=¢, g)=d" ¢(0)=¢(1) =&(0) = (1) =0.
Note that for such roads, we may take
cj(s) =c¢; +o(s)(¢js1—¢j), 1<j<M,
where ¢ € C2(]0, 1], [0, 1]) is increasing and satisfies the relations ¢(0) = 0, ¢(1) = 1,

and ¢(0) = (1) = ¢(0) = (1) = 0. Furthermore, we have
cm([0,1],R) 5 m € {0,1,2}. (4.8)

1
|e em(Ro,RE S (;g)m [

Recall also that E can be chosen independent of .
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4.3. Conclusion of proof of Theorem Let us fix yo € H and ¢y € RM
with w(cp) C 2, and let ¢! be the center of the static actuator 1,,. For ¢(t) =
co +1t2(2 —t)?(c! — cp) we have that

20)=co, c1)=c', E0)=¢1)=0, ceL®((0,1),RM).
We proceed as in Corollary by taking the actuator path ®*(¢) = Tg(t), for

time ¢t € [0, 1], and the path illustrated in section for time ¢ > 1 where we use
Theorem [3.1} Note that ®*(1) = 1,(¢1)) = L, and ®*(1) = 0.

Observe also that |¢|

: 1 - —
W22 ((0,1),RM) < [@lwroe (o, [¢" = colgar < Cs with (1) :=

t2(2 — )2, where C3 can be taken independent of ¢y because €2 is bounded. There-
fore, we have that [¢[y1.cc g, gary < max{Cs, |-c[y1.0c (g, gary} < Ca, with Cy inde-
pendent of (yo,co), because [¢[y 1. (g, gary is independent of y(1) (cf. (4.8)), hence
independent of y(0). O

4.4. A remark on Assumption[2.3]and weak solutions. Instead of the reaction-
convection operator A,. € L (Ro, L(V, H)), we can also take A,. € L>®(Ro, L(H,V"))
which is the case for a convection term as V - (by) under homogeneous Dirichlet
boundary conditions, with b € L>(Rg,R?). For the latter case we can repeat the
procedure and prove the stabilizability result in the H-norm. That is, we must
work with weak solutions y € C(Ry, H) instead of strong solutions y € C(Rg, V). In
particular we would just need to replace V by H in Assumption and in (3.16).

Recall that, with érc = |ATC|L°°(R0,£(H,V’)) and Dy = C[T ]’ we will have (cf. [21
Lem. 2.2], recalling that C(Iy,, H) — W (I, V, V"))

Dio, Ol < Dy (1ol + 11200 ) 5 ¢ € e = (KT,KT + 7).

Concerning parabolic equations we can see that instead of we would obtain
VOlys < 1P (1Poa v any Ascyly + Ayl )
< (|PEM\L(V',H) | Arel oo (Ro,c(r1,v7)) T >\) IPI] [y(8) 5
< (1PBwl o) Cre + A) 1P| Ce™ D [y(kT) |y, £ 2 KT, (4.9)
which implies that
v(t)ly, < Roly(kT)|y, tely=I[kT,kT+T]. (4.10)

Such inequality implies that the control is essentially bounded as required in As-
sumption .

Such weak solutions are also defined for A, € L*(Ry, L(V, H)), but we can-
not show that the control remains essentially bounded in the case we only know
that |y(t)| remains bounded. For that we would need to bound by |y(kT)|
instead of |y(kT')|,,, but this seems to be not possible in general.

5. NUMERICAL SIMULATIONS

According to the construction in Sections [3] and [d] once we have fixed a set of
roads R;, see , we could compute the moving control V? in from the
control V° given by simply by setting N = N large enough, € = &€ small enough
and £ = E, and by computing the scalars Iy, ,, ; in , from which we could also
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compute X, (y(kT)), the switching times in (3.48). However, we would obtain an
actuator V® which would be moving very fast by visiting all initial static actuators
twice in a each interval of time i%, 1 € N. In applications, this is likely not the
“best” motion for the actuator, sometimes it would be better to stay longer in a
particular region or it would be better to leave the roads fR; in order to cover other
regions of ). Therefore, we are going to compute the center ¢ = ¢(t) of the moving
actuator and the control magnitude u = u(t) using tools from optimal control.

5.1. Computation of a stabilizing single actuator based receding horizon
control. We deal with system , where now we will consider (y, ¢) as the state
of the system and (u,n) as the control. Note that n can be seen as a control on
the acceleration of ¢, which also makes sense from the applications point of view,
where we cannot change instantaneously the velocity of a device, but instead we can
apply a force/acceleration to it. Then, to compute the the force n and magnitude
u, we formulate the following infinite-horizon optimal control problem defined by
minimizing the performance index function defined by

1 oo
T s 0. 0) = 5 [ V00 ) + Pt (5)

That is, we define the infinite-horizon optimization problem

.f Joo w1+ (30, €0, 0 5.2
(u,n)GLQ(]RO’lﬂg)XLQ (ROJRd) (u n (yO Co )) ( a)

loc

subject to

y—z/Ay+ay+b~Vy:u1w(c)7 y|r:07
C+sc+ec= 7, <52b)
¥(0,-) =yo, ¢(0)=co, ¢(0)=0,

as well as to the constraints

{c € C:={g € C(Ro,R’) | w(g(s)) C Q, for s € Ro}, (5.2¢)
I |

neX ={kell (Ro,RY||x(s)| <K for a.e. s€Rp},
where K = (K1, Ks,...,K4) € R? is a vector with coordinates K; > 0, for all
1 < i < d, and where by ||k(s)| < K we mean that |x;(s)] < K; for all 1 <i < d.
For tackling this infinite-horizon problem we employ a receding horizon framework.
This framework relies on successively solving finite-horizon open-loop problems on
bounded time-intervals as follows. Let us fix T' > 0 and let an initial vector of the
form Ty = (to,yo,co0,c) € Ry x L2(Q) x R? x R? be given. We define the time
interval Iy, :== (to,to + T, and the finite-horizon cost functional

1
Jr(u,n:Ly) = =

to+T
5| 19U B+ Blu)

to

and introduce the finite-horizon optimization problem

i Jr(u,n : I -
(Um)ELgl(III;lORlH) T(’LL n O) ( a)
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subjected to the dynamical constraints
y—vAy+ay+b-Vy=ulye), yp=0,
E+cé+ec=n, (5.3b)
y(to, ) = yo, clto) = co, ¢(to) = cp,
in the time interval Iy, as well as to the constraints
{c €Ciyr ={9€C(I;,,RY) | w(g(s)) CQ for s € I}
n € Xy = {k € L*(I;,,RY) | ||k(s)|| < K for a.e. s € I, }.
The steps of the RHC are described in Algorithm [1] where we use the subset
wa} ={ce R |w(c) € N}.

(5.3¢)

Algorithm 1 Receding Horizon Algorithm

Require: The prediction horizon T > 0, the sampling time é < 7', and an initial
vector Zo, = (Yo, co) € H X R‘[iw].
Ensure: The suboptimal RHC pair (wp, rn)-
1: Set tg =0 and Zg = (to,yo,C0,0);
2: Find the solution (yi(+;Zo),uk(+;Zo), ch(+;Zo), 5 (+;Zo)) over the time hori-
zon I, by solving the open-loop problem (5.3));
3: For all 7 € [tg,to + 9), set upp(7) = wh(7;Zp) and 0y (1) = k(75 Zp);
4: Update: tg + to + ;
5: Update: Zo < (to, y7(to: Zo), c1(to; Zo), ¢1(to; Zo));

5.2. Numerical discretization and implementation. Here we report on nu-
merical experiments related to Algorithm [I] These experiments confirm the capa-
bility of the moving control computed by Algorithm[I] In all examples, we deal with
one-dimensional controlled systems of the form defined on 2 := (0, 1) which
are exponentially unstable without control. Moreover, we compare the performance
of one single moving control with finitely many static actuators. Throughout, the
spatial discretization was done by the standard Galerkin method using piecewise
linear and continuous basis functions with mesh-size A = 0.0025. Moreover, for
temporal discretization we used the Crank—Nicolson/Adams-Bashforth scheme [13]
with step-size tgtep = 0.001. In this scheme, the implicit Crank-Nicolson scheme
is used except for the nonlinear term ul, ) and convection term b - Vy which
are treated with the explicit Adams—Bashforth scheme. To deal with open-loop
problems we considered the reduced formulation of the problem with respect
to the independent variables (n,u). The state constraints Cy, r were treated us-
ing the Moreau—Yosida [14] regularization with parameter y = 10~5. Moreover,
the box constraints |u(t)] < K were handled using projection. We used the pro-
jected Barzilai-Borwein gradient method [4,/6,/11] equipped with a nonmonotone
line search strategy. Further, we terminated the algorithm as the L?-norm of the
projected gradient for the reduced problem was smaller than 10~* times of the
norm of the projected gradient for initial iterate.

For the case with static actuators, we choose the indicator functions 1,, with
the placements

wii= (g7 20—1) =L, 5=2i—1)+%) fori=1,...,M, (5.4)
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where r > 0 and integer M € N. This is motivated by the stabilizability results
given in [26, Thm. 4.4] and |18, Sect. 4.8.1]. Further, for every ¢ > 0, the moving
actuator 1,,(c(;)) is described by

w(c(t)) := (c(t) — 5, c(t) + %) )

For all actuators, namely moving and fixed ones, we chose r = 0.04. Thus the
support of every actuator covers only four percent of the whole of domain. In the
case of the static actuators, we employed the receding horizon framework given
in [3, Alg. 1] for the choice of | - |« = |- |¢, With control cost parameter 5. In all
numerical experiments, we chose T' = 1.25 and § = 0.5.

Example 5.1. In this example, we set (cf. 7)
v =0.1, ¢=1, e =0,
a(t,x) = —3 — 2|sin(t + x)|, b(t,z) = |cos(t + )], K = 500.
Further, we chose the initial conditions
yo() := sin(mx), (co,c) = (0.5,0).
Figures [3] and [4 correspond to the choices f = 0.1 and 8 = 0.5, respectively.
Figures ﬁ‘ and illustrate the evolution of the L?())-norm for the states
corresponding to uncontrolled system, one single moving actuator, and fixed ac-
tuators (M = 1,...,5). The black dotted line in both figures corresponds to the
uncontrolled state. It shows that the uncontrolled state is exponentially unsta-
ble. For both cases 8 = 0.1 and 8 = 0.5, we can see that the moving control
obtained by Algorithm [I] is stabilizing and its stabilization rate is smaller than the
one corresponding to one single static actuator (M = 1), and comparable to the
cases M = 2,3,4. Further, by comparing Figures and we can infer that
B = 0.1 leads to a faster stabilization compared to the case § = 0.5. As can be
seen from Figure it is not clear for the case § = 0.5 that one fixed actuator
is asymptotically stabilizing. Moreover, for M = 4,5 we have better stabilization
results compared to the single moving control. Figures and |4(b)| illustrate
the time evolution of the control domain w(c,.p(t)). From Figures we can
observe that, at some point (¢t = 2.5), the actuator stops moving. This corresponds
to Figure which demonstrates the evolution of the force. In this case, the
receding horizon framework moved the actuator until some degree of stabilization
(lyrn(t, )2 < 1073) was reached and, then, decided to steer the system with
only a fixed actuator. In this case, the |y,4(t, -)|[2(q)-norm corresponding to M = 4
and M = 5 is smaller than the one corresponding to the single actuator which is
free to move, once t > 3, see Figure For the case § = 0.5, we have a different
scenario. In this case, the control remains moving throughout the whole simula-
tion (see Figure . This fact can also be seen from Figure which shows
that, here a stronger force was needed compared to the case 8 = 0.1. Figures
and show the evolution of the absolute value of the magnitude control w,,.

Example 5.2. In this example, motivated by Proposition [I.2] we present a situa-
tion in which one single fixed actuator is not stabilizing, or more precisely, it has
no influence. A moving control steers, however, the system to zero. Here we used
the same setting as in the previous example, except that we put

a(t,x) = =5, b(t,x) =0, yo(x) = sin(27x).
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wusUnCont

(b) Control domain movements

40
201

0 {\{\r o
=~ 20
< 40
-60
-80

108 -100 : ; ;
0 1 2 3 4 0 1 2 3 4
t t
(c) Absolute value of magnitude (d) Force

F1GURE 3. Example[5.1} Numerical results for g = 0.1.

From Figure we can see that the curves corresponding to the uncontrolled
state and one single fixed actuator are overlapping each other completely. This
means that their corresponding states are exponentially unstable and the fixed
actuator centered at 0.5 has no influence. Interestingly, we observed that all open-
loop problems within the receding horizon framework for this single fixed actuator
were solved easily with u* = 0 also for long time horizons. This suggests that
u* = 0 is the unique minimum for all finite horizon open-loop problems which
corresponds to the result given in Proposition [I.2] On the contrary, we can see
from Figures and that a single moving control is able to steer the system
exponentially to zero by moving the actuator. Figures and depict the
evolution of the absolute value of the magnitude u,., and the evolution of the force
Nrh, Tespectively.

Summarizing, we can assert that the single moving actuator obtained by Algo-
rithm [I]is able to stabilize the system to zero, confirming our theoretical findings.

APPENDIX
A.1. Proofs of Propositions and Recall system ,
Syt @) — vAy(t, ) + (ao + a(@))y(t, x) = u(t)¥, (A.la)

—~

y(0,-) =yo, Gyl =0, A.1b)
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FicURrE 4. Example 5.1} Numerical results for 8 = 0.5

and the system of eigenfunctions ¢; and increasing sequence of eigenvalues a; of the
operator A = —vA + a(z)1, Ae; = aue;.

We start with the following auxiliary result.
Lemma A.1. If there exists a nonsimple eigenvalue &;, then there exists one as-
sociated eigenfunction €; such that (€;, ¥)r2q = 0.
Proof. If a; is a nonsimple eigenvalue, we can assume that o; = o;4q1. Then, in
case (€5, ¥)r2q) = 0 or (€41, ¥)r2(q) = 0 the proof is finished. It remains to
consider the case (€j, V)2 = B # 0 # Bjr1 = (€541, ¥)r2(q- In this case we
simply take the eigenfunction €; := f;1€; — B;€;41 which satisfies (€;, V)2 (o) =
Bj+1B; = BjBj+1 = 0.
Proof of Proposition[I.4 We take the eigenfunction given by Lemma[A 1] as initial
condition, yo = €;, (€;, ¥) 2o = 0. Note that the eigenfunctions of A coincide with
those of A+apl. So we can decompose the solution into orthogonal components y =
q+ Q, with ¢ € span{g,} and Q € {g;}*, leading us to

%Q(ta $) + (A + aO]-)Q(t’ :17) =0, Q(O) = €, (A2a>
%Q(t, x) + (A+al)Q(t, x) = u(t) P, Q(0) =0, (A.2Db)
Galp =0=6Q|. (A.2c)
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FIGURE 5. Example Numerical results for 8 = 0.01

Observe that the dynamics of the component ¢ is independent of w, and such
component is then given by ¢(¢,-) = e_(“‘)““"ﬂ')téj7 t > 0. Now, for the norm of the
entire state, and for any magnitude control u we obtain

2 2 2 —2(ao+a;)t |= |2
‘y(t’ ')|L2(Q) = ‘q(tv ’)|L2(Q) + |Q(ta ')|L2(Q) e Plaota)t ‘6j|L2(Q) ) t>0.
Finally, if —ao is large enough we find that —ap — @; > 0, which implies the
divergence |y(t, -)|%2(Q) — +00, regardless of the control u. O

Proof of Proposition[I.3 Let jo :== min{j € N | ag + &; > 0}. If jo = 1 then the
free dynamics is exponentially stable. If jo > 1, then we consider the dynamics
onto the linear span of the first jo — 1 eigenfunctions

Ejo—1 =span{e; | 1 < j <jo—1}, q(t) = Pg; ,y(t) € Ejp—1

where P, _, € L(L?*(2),€j,-1) denotes the orthogonal projection in L*(2) onto
the subspace &;,—1. We decompose the system as

Zq(t,z) + (A+agl)q(t,z) = u(t)Ps, ¥, q(0) = Pe;,_,y0, (A.3a)
2Q(t,x) + (A+ao)Q(t, x) = U(t)ngLofl‘I/’ Q0) = Pex_ Yo, (A.3b)
Gqlp =0=6Q|r, (A.3c)
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with @ =y—gq = Pg._ y. Next we prove that the finite dimensional system (A.3al)
Jo—
is null controllable. Writing

q1
Jo—1 B q2
q - qkek7 q =
k=1
qj()*l
we obtain the system
G = AG + Bu, (A.4)
with A € RUo=1xGo=1) and B € RUo—Dx1 45 follows
(517 \II)
. ~ ~ - (627 \Ij)
A = diag (ag + a1,a0 + Q2,...,a0 + @jy—1) and B = .
(/é'j0717 \Il)

The matrix A is diagonal with entries A(; ;) = ag + ;.

For any given T' > 0, we have that system is controllable at time 7. Indeed,
this follows from Kalman rank condition (see, e.g., [28, Sect 1.3, Thm. 1.2]), because
we have that

k=1

Jjo—1
det([A | B]) = ( X (gk,\ll)> detV
where
[A|B]=[B AB ... Al—2p]
and V is the Vandermonde matrix whose entries are
Vi) = (a0 + @)’
Hence
jo—1 _ ~ _
det([A ] B])=| X (e, V) X (o —a;) | #0.
k=1 1<i<j<jo—1
Therefore, we can choose a control v such that g(T', -) = 0, which implies ¢(T, -) =

0. Then, we take the concatenated control defined as: u¢(t) if t € [0, T], and u®(¢t) =
0 for t > T. For time ¢t > T we have that ¢(¢,-) = 0 and

2 2 —(a a; —
ly(t, .)|L2(Q) = |Q(t, .)|L2(Q) — o~ (ao+a,,)(t=T) 1Q(T, ,)|L2(Q)’ t>T.

Since, by definition of jy, we have that ayp + &;, > 0, it follows that |y(t, -)|2LQ(Q)
converges exponentially to zero, as t — +o00. That is, u¢ is a stabilizing (open-loop)
control. (]

A.2. Proof of Proposition Let us fix an arbitrary § > 0 and let h € &
be in the unit ball of H. Since X is dense in H, we can choose h € X \ {0} such

that |E— h|H < g. Now, for b= |E|;E € Gy we find
~ —_ =1 — — — =1 —
| <|[Rly B=| +[F=nl, < | -1 (], + 4
— =1 — — — —
= [l 1= Rl gl [l + 8 =1kl = |Rl gl + 3 < |h =], +5 =0

Hence we can conclude that X (&g is dense in &y. [l
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A.3. Proof of Proposition We start by defining

t; == max{7j,0,}, t; = min{7;,0;}, 0<j<K,

and by writing, with g == f; — f,,

2 _ Kt 9 B K i )
fr = folloamxy =2 | 1@ = fo@x dt=>" [ o)k dt. (A5)
j=17ti-1 j=17%i-1

We proceed by Induction. Firstly, we find that

t1 fl 21
[ ol de= [ lool at= [ a0 @<z, (ae)
a to 1
where in the last inequality we used the fact that g(t) = f-(t) — fo(t) =1 —¢1 =0
for ¢ € [to,t;).
Next, we assume that for a given ¢ € {1,2,..., K — 1} we have

i
/ 902 dt < iRA2. (%)

Then we obtain

Zi+1 9 z'H»l 2
| a0k ar<mat [ gl ar

t;
which implies that

tit1 9 ) ) tivq 5 tit1 9 ) _ _
[ ok dr<imaz s [ g0 aer [ g e it <t <,
a t; g

and

tit1 5 Tit1 5 B B
/ lg(t)|5 dt < iRX? +/ g% dt, if tq <T <Figa,
a tita
Observe that, if ¢; < t;,, then g(t) = f-(t) — fo(t) = ¢it1 — it1 = 0, for
t € (tist;y1) € (75, Tiy1) (N(04, 0i41). Therefore, in either case we have
214,1 2 EH»l 2
/ lg(t)|5 dt < iRX? +/ g5 dt <iRX? + RX% = (i + )RA?. (T)
a tipa

Hence, assumption @ implies @, which together with (A.6)) imply, by Induction,
t

/ lg(t)|% dt < jRX?, forall je{1,2,...,K}. (A7)

In particular, since tx = b, for j = K we obtain | f, — f0|L2((a,b),X) <K:R:X. O
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