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Abstract. This work presents a digital twin framework for output-feedback sta-

bilization and parameter identification in uncertain dynamical systems. A virtual

model evolves in parallel with the physical process, assimilating measurement data

in real time. By design, the digital twin reconstructs the system state and gener-

ates a stabilizing feedback, while model parameters are simultaneously inferred from

data of the controlled dynamics using a Bayesian approach. Numerical results for

the coupled physical-virtual dynamics demonstrate how digital twins can act jointly

as observers, parameter estimators, and control agents, ensuring robust performance

under uncertainty.

1. Introduction

Digital twins (DT) have become a useful tool in a multitude of applied sciences,

including engineering, healthcare, supply chains, and environmental systems, for exam-

ple. While important and practical experience has been obtained and documented, the

mathematical analysis poses significant challenges to be overcome. In this research we

take a step in this direction. To commence, let us specify the notion of DT that we shall

follow.

A DT is a coupled system consisting of a set of virtual information constructs,

as for instance an underdetermined dynamical system, that describes the struc-

ture and behavior of the physical system, from which it is updated by data as

time progresses. The DT has the capability to influence the physical system

to achieve predefined objectives. A bidirectional interaction between the virtual

twin and the physical twin is central to the digital twin.

This is a slightly modified description of a DT guided by the definition given by the

National Academies of Science, Engineering, and Medicine [14], which itself is a slightly
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altered and extended form of an earlier definition by the American Institute of Aero-

nautics and Astronautics [1]. For an interesting introduction to mathematical aspects

of DTs we also refer to [4].

For the successful analysis of DTs, many techniques of mathematical systems theory

come into play. These include parameter estimation, inverse problems, uncertainty

quantification, feedback and possibly optimal feedback control, state estimation, and

reduced order modeling. Due to the coupling between the virtual and the physical twin,

these methods must be employed in an interconnected manner, which implies a need

for the development of new concepts. We attempt to go a step in this direction. There

are many other important applied and numerical challenges which arise in the context

of DTs, including large data sets, the curse of dimensionality, and multiscale aspects.

These topics are not part of the present work.

In the development of digital twins, the nature of the underlying problem typically

dictates whether rich data sets or highly-accurate physical models are available. Rarely,

both are available simultaneously. While data-driven approaches leverage large datasets

to infer system behavior, model-based strategies capitalize on detailed knowledge of the

underlying physics and therefore remain reliable even when measurements are sparse,

noisy, or only indirectly related to quantities of interest. In this work, we operate on the

model-driven end of the spectrum, where the governing equations provide the structural

backbone of the digital twin and the available measurements are used to calibrate the

model within a holistic framework for prediction and control that allows for uncertainty

quantification and ultimately leads to guaranteed stabilization of the physical system.

In this manuscript, the main purpose of the design of the DT is oriented towards

the construction of controls stabilizing the physical system. In the context of uncertain

dynamics, this requires the construction of the virtual twin to take into account the

nontrivial task of online identification of appropriate estimates for unknown parameters

of the dynamics. Since the data obtained from the physical twin only partially describe

its state, state reconstruction has to be taken into consideration as well.

The literature on controlling dynamical systems under parametric uncertainty is as

rich as it is diverse. The following overview does not claim completeness and is to

be understood as a starting point for the interested reader. A broad overview from a

system theoretic standpoint at the turn of the century is presented in [5]. This includes,

in particular, self-tuning regulators [5, Ch. 3 and 4], based on the principle of estimating

uncertain parameters and adjusting the controller as if these parameters were known.

This approach, which is referred to as the certainty equivalence principle, does not take

into account the uncertainties of the estimated parameters. For more recent accounts

of adaptive control, we refer to [3, 10], for example. A conceptually different strategy is

given by a stochastic formulation where controls are chosen according to a cost functional

including a control goal and the parameter uncertainty. This leads to the concept of

dual control [5, Ch. 7], where optimal controls strike a balance between achieving the

desired behavior and properly identifying parameters. We refer to [12] for a survey

on dual control and to [20] proposing an explicit construction of controls sequentially
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exploring parameters and controlling the system towards a desired behavior. In [7]

the authors present an MPC-based strategy combining control, state estimation, and

parameter estimation. Another approach is given by gain scheduling [5, Ch. 9], where

controllers are adapted according to measurements of the operating environment, see

also [19] for a more recent reference relying on this concept. Finally, we mention [18]

presenting a fully Bayesian approach utilizing the Ensemble Kalman filter.

This work presents a novel design for simultaneous parameter identification and

system stabilization. Given flawed information on the initial state and partial, noisy

measurements of the evolving state of the physical twin, the virtual twin is updated

iteratively using Bayesian inference. This identification procedure is carried out in con-

junction with feedback control and state estimation which are performed continuously

using Riccati gains based on the current parameter estimate of the virtual twin.

The paper is structured by the following sections. Section 2 provides a detailed de-

scription of our problem setting. The asymptotic behavior of the coupled physical-virtual

twin system without parameter updates is investigated in Section 3. The Bayesian up-

date strategy for the parameters of the virtual twin is described in Section 4. Section 5

explains the Kalman-filter estimation strategy for the coupled twin state. The final Sec-

tion 6 is devoted to the investigation of the proposed strategies in numerical practice.

2. Design of the digital twin

Suppose a real-world phenomenon evolves, for time t > 0, according to

d
dty(t) = Aσy(t) +Bu(t), in Rn, (2.1)

with unknown initial condition y(0) = y0. Motivated by the fact that modeling errors

are ubiquitous in applications, we consider an uncertain parameter σ ∈ Rp influencing

the dynamics via Aσ. The linear operator Aσ defining the free dynamics is independent

of time and depends continuously on σ. The control input is u(t) ∈ Rm, and the linear

control operator B : Rm → Rn is independent of time. Furthermore, we collect noisy

output data according to

z(tj) = Cy(tj) + ηj , where ηj ∼ N (0,Γj), tj ∈ (t0, . . . , ts), (2.2)

where the noise ηj , j = 0, . . . , s is independently normally distributed with symmetric

positive definite covariance matrix Γj . At every measurement point tj , the vector z

represents the output of ℓ sensor measurements, with linear output operator C : Rn →
Rℓ. Above, n, m, and ℓ are fixed positive integers.

Our goal is to find an input feedback operator Kσ̂ and take the input u(t) = Kσ̂ ŷ(t),

where ŷ(t) is an estimate for y(t) and σ̂ is an estimate for σ, which is updated as time

progresses, so that the solution of the real-world system (2.1)

ẏ(t) = Aσy(t) +BKσ̂ ŷ(t), (2.3)

converges to zero as time increases, that is we want to stabilize the physical system (2.1).

For brevity, we omit the explicit dependence on t whenever it is clear from the context.
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The input u = Kσ̂ ŷ is obtained based on a virtual model that sequentially assimilates

data and mirrors the dynamics of the physical system. This model evolves simultane-

ously with the physical system and is governed by

˙̂y = Aσ̂ ŷ +BKσ̂ ŷ + Lσ̂C(ŷ − y)− Lσ̂η, ŷ(0) := ŷ0; (2.4)

Designing the virtual twin in (2.4) entails addressing several interrelated challenges.

• Estimating σ̂ based on the output measurement data collected from the physical

system (2.2). This involves solving a sequence of inverse problems, which are

typically ill-posed and sensitive to noise, while ensuring that the estimated pa-

rameters produce a dynamically consistent model suitable for reliable controller

synthesis and observer design.

• Constructing the state-feedback operator Kσ̂, a task commonly referred to as

controller synthesis or state-feedback design. The goal is to shape the sys-

tem’s closed-loop behavior in accordance with performance criteria, which in

this manuscript is stabilization. In the presence of uncertainty in the parameter

estimate σ̂, this becomes a problem of robust or risk-aware control.

• Designing the observer gain Lσ̂ to ensure stable and accurate reconstruction of

the system state from noisy and possibly partial measurements. This task is

often referred to as observer design or continuous data assimilation. It involves

balancing responsiveness to new data with robustness to measurement noise. It

plays a crucial role in ensuring that the virtual state ŷ remains synchronized

with the true physical state y.

The main contribution of this manuscript is a mathematical framework that jointly

addresses the interacting challenges identified above, with the goal of stabilization of

the physical system.

2.1. The case without uncertain parameter and without measurement noise.

If we knew σ ∈ Rp and if we had exact observations, i.e., z = Cy, a classical strategy

is to seek a feedback-input operator Kσ and an output-injection operator Lσ so that

both operators Aσ +BKσ and Aσ + LσC are exponentially stable. Once we find these

operators, it follows that the coupled closed-loop system

ẏ = Aσy +BKσ ŷ, y(0) := y0; (2.5a)

˙̂y = Aσ ŷ +BKσ ŷ + LσC(ŷ − y), ŷ(0) := ŷ0; (2.5b)

provides us with the sought stabilizing input Kσ ŷ. Here, ŷ0 can be taken as an initial

guess that we might have for y0.

As we can see, the estimate ŷ is given by a dynamic Luenberger observer, namely, by

a dynamical system consisting of a copy of the physical system plus a correction term

given by the injected forcing LσC(ŷ − y) = Lσ(Cŷ − z).

2.2. The case with an uncertain parameter and measurement noise. If the

parameter σ is unknown, the classical strategy as described above is not directly appli-

cable, since the operatorsKσ and Lσ in (2.5) rely on exact knowledge of σ. Furthermore,
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measurement noise in the output propagates through (2.5). Even if the parameter σ

was known, this persistent noise generally prevents the state from converging to zero

almost surely. To overcome these limitations, we propose an adaptive strategy that

incorporates online parameter identification. Specifically, we compute an estimate σ̂ of

the true parameter σ based on the system model (2.1) and the observation process (2.2).

Using Bayes’ law, our prior belief about the parameter is continuously updated as new

measurement data become available. Given an estimate σ̂, we can mimic (2.5)

ẏ = Aσy +BKσ̂ ŷ, y(0) := y0; (2.6a)

˙̂y = Aσ̂ ŷ +BKσ̂ ŷ + Lσ̂C(ŷ − y)− Lσ̂η, ŷ(0) := ŷ0. (2.6b)

Since the observer uses Aσ̂ instead of Aσ, it is not guaranteed that the input Kσ̂ ŷ will

be able to stabilize y. For this reason, it is necessary to update σ̂ online so that Aσ̂

progressively approaches Aσ. In doing so, the dynamics of (2.6) better approximate

that of (2.5), up to the unavoidable influence of measurement noise. We shall compute

a piecewise constant function σ̂ by updating σ̂ periodically over time. As feedback gain

Kσ̂ and observer gain Lσ̂ we shall utilize the solutions to the appropriate algebraic

Riccati equations.

2.3. Our digital twin strategy. In order to find the sought stabilizing control input

in the presence of an uncertain parameter σ and incomplete noisy data Cy+η, we design

an observer that operates in parallel with the physical system. It synchronizes with the

physical system through output data collected according to (2.2), computes estimates

ŷ of y using Kalman filtering, and σ̂ of σ using Bayesian estimation. Subsequently, the

digital twin acts on the physical system via the input u(t) = Kσ̂(t)ŷ(t). In this sense,

the observer acts as a virtual twin for the physical twin (2.1). Importantly, the approach

illustrated in Figure 1 does not rely on numerical evaluations or direct knowledge of the

physical system with the true parameter. Instead, the physical system is treated as an

existing entity that receives the feedback input u and supplies the measurements z.

The reader may at this point already consult Algorithm 1 in Section 6.

2.4. Mathematical formulation of the virtual twin. Output measurements of the

physical system are available only at discrete time instances, and the virtual twin itself is

implemented as a virtual computational model. It is therefore natural to formulate the

virtual twin as a discrete-time dynamical system. To make this precise, and consistent

with (2.2), we assume that, between two consecutive parameter updates, with current

estimate σ̂, there are s discrete observation times, see Algorithm 1. For t ∈ [tj , tj+1), j =

0, . . . , s− 1 the controlled physical system is given as

ẏ(t) = Aσy(t) +BKσ̂ ŷj , y(tj) := yj , (2.7)

where the virtual twin input ŷj(t) = ŷj , for all t ∈ [tj , tj+1) is constant between the

observation points. Let us assume an equidistant grid tj = j∆t, ∀j ≥ 0. The exact
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Physical System

Real-world physical phenomenon
evolves as

ẏ(t) = Aσy(t) +Bu(t),

for time t > 0, with unknown initial
state y(0) = y0 ∼ N (m0, C0) and un-
known parameter σ.

Measurements

Take s discrete perturbed observa-
tions of the state as

z(tj) = Cy(tj) + ηj , 1 ≤ j ≤ s,
where ηj ∼ N (0,Γj) are independent.

Goal: stabilize the physical system
y(t)→ 0

estimate unknown parameter σ̂

Control input

The control input for the physical
system

u(t) = Kσ̂ ŷ(t),

is designed based on the virtual sys-
tem.

Virtual System

Mirrors the physics and continu-
ously corrects itself

˙̂y(t) = Aσ̂ ŷ(t)+BKσ̂ ŷ(t)+Lσ̂(Cŷ(t)−z(t)),
where Kσ̂ and Lσ̂ are constructed
with the estimate σ̂.

Figure 1. Illustration of the Digital Twin.

solution of (2.7) evaluated on the interval boundaries gives the iteration map

yj+1 = eAσ∆t yj +

∫ ∆t

0

eAσ(∆t−τ) dτ BKσ̂ ŷj . (2.8)

The dynamics (2.8) can be expressed as

yj+1 = Aσyj + BσKσ̂ ŷj , (2.9)

for Aσ = eAσ∆t and Bσ =
∫∆t

0
eAσ(∆t−τ) dτ B with initializations y0 and ŷ0 as in (2.5).

Based on Aσ, Bσ, and an estimate σ̂ of σ, we design the virtual twin as

ŷj+1 = Aσ̂ ŷj + Bσ̂Kσ̂ ŷj + Lσ̂(Cŷj − zj), ŷ0 is known.

In this way, we arrive at the coupled discrete-time system

yj+1 = Aσyj + BσKσ̂ ŷj , (2.10a)

zj = Cyj + ηj , (2.10b)

ŷj+1 = Aσ̂ ŷj + Bσ̂Kσ̂ ŷj + Lσ̂(Cŷj − zj), (2.10c)

with initial guess ŷ0 for the observer and unknown initial condition y0 for the physical

system.

Remark 2.1. Alternatively to the exact representation via the matrix exponential, we

can use approximations of Aσ and Bσ. Below we list two typical choices.
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• For the choices

Aσ := (I +∆tAσ), and B := ∆tB,

the approximation (2.9) corresponds to a forward Euler discretization of the

physical system (2.3).

• For the choices

Aσ :=

(
I − ∆t

2
Aσ

)−1(
I +

∆t

2
Aσ

)
, and, Bσ := ∆t

(
I − ∆t

2
Aσ

)−1

B,

the approximation (2.9) corresponds to a semi-implicit Crank–Nicolson dis-

cretization of the physical system (2.7).

3. Infinite horizon asymptotics

Here, we provide an analysis for system (2.10) as j → ∞. Throughout, σ is the

fixed but unknown coefficient in (2.1). First, σ̂ remains constant, then in Subsection 3.1

the special case σ̂ = σ is considered, and subsequently a sequence of estimates (σ̂i)i∈N

is considered in Subsection 3.2. Throughout we will assume that the estimates are

sufficiently close to σ. All operators Aς ,Bς ,Kς , Lς in (2.10) are assumed to depend

continuously on ς in a neighborhood of σ.

For our analysis, it is convenient to introduce the tracking error ej = yj − ŷj , for
j = 0, 1, . . . . Then, from (2.10), we deduce that

yj+1 = Aσyj + BσKσ̂ ŷj = Aσyj + BσKσ̂yj − BσKσ̂ej

ŷj+1 = (Aσ̂ + Bσ̂Kσ̂)ŷj + Lσ̂C(ŷj − yj)− Lσ̂ηj

ej+1 = (Aσ −Aσ̂)yj + (Aσ̂ + Lσ̂C)ej + (BσKσ̂ − Bσ̂Kσ̂)yj − (BσKσ̂ − Bσ̂Kσ̂)ej + Lσ̂ηj ,

where the conditions on the noise sequence {ηj} in Rℓ are given below. Associated to

this system, we define

F = F (σ, σ̂) =

[
Aσ + BσKσ̂ −BσKσ̂

Aσ −Aσ̂ + (Bσ − Bσ̂)Kσ̂ Aσ̂ + Lσ̂C − (Bσ − Bσ̂)Kσ̂

]
. (3.1)

Then, the iteration in the variables (yj , ej) can be expressed as

Xj+1 = F (σ, σ̂)Xj −

[
0

Lσ̂

]
ηj , with X0 =

[
y0

y0 − ŷ0

]
, (3.2)

where

Xj =

[
yj

ej

]
=

[
yj

yj − ŷj

]
.

Hereafter, we denote by ϱ(M) the spectral radius of a matrix M .

Theorem 3.1. Let σ be fixed. Assume existence of an open neighborhood I of σ and

continuous, matrix valued functions ς ∈ I 7→ Kς and ς ∈ I 7→ Lς , and that ϱ(Aσ +

BσKσ) < 1 and ϱ(Aσ + LσC) < 1. Then, there exists I ′ ⊂ I such that for all ς ∈ I ′ it
holds that ϱ(F (σ, ς)) < 1.
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Remark 3.2. Before presenting the proof of Theorem 3.1, we point out that, under

mild assumptions, the theorem can be applied with the gains obtained via standard

discrete-time Riccati equations. To that end, let σ be fixed and assume that the pairs

(Aσ,Bσ) and (Aσ, C) are stabilizable and detectable, respectively. The continuity of

Aσ and Bσ in σ implies existence of I containing σ, such that, for all ς ∈ I the pairs

(Aς ,Bς) and (Aς , C) are stabilizable and detectable. Further, assume a sufficiently small

time step, such that Aς is invertible. Then, for any symmetric positive definite matrices

R ∈ Rm×m, Q ∈ Rn×n, the discrete algebraic Riccati equations

Xς = A⊤
ς XςAς + C⊤C − (B⊤ς XςAς)

⊤(R+ B⊤ς XςBς)−1(B⊤ς XςAς)

Yς = AςYςA⊤
ς +Q− (CYςA⊤

ς )
⊤(Γ + CYςC

⊤)−1CYςA⊤
ς

admit unique symmetric, positive semidefinite, stabilizing solutions Xς and Yς , cf. [9,

Cor. 13.5.3]. Additionally, Xς and Yς depend continuously on ς, see [9, Thm. 14.2.1].

Hence, the associated gains

Kς = −(R+ B⊤ς XςBς)−1B⊤ς XςAς ,

Lς = −AςYςC
⊤(Γ + CYςC

⊤)−1

satisfy the assumptions of Theorem 3.1.

Proof of Theorem 3.1. Let σ be fixed and I as in the assumption. For now, set I ′ = I.
Define the continuous mappings

ς 7→ A1(ς) := Aσ + BσKς , ς 7→ A2(ς) := Aς + LςC + (Bσ − Bς)Kς ,

ς 7→ B1(ς) := −BσKς , ς 7→ B2(ς) := Aσ −Aς − (Bσ − Bς)Kς .

By assumption, there holds ϱ(Aσ+BσKσ) < 1 and due to the continuity ofKσ a possible

decrease of I ′ ensures that for ς ∈ I ′ it follows that ϱ(A1(ς)) = ϱ(Aσ + BσKς) < 1.

Analogous arguments yield that ϱ(A2(ς)) < 1 for ς ∈ I ′. We now proof the assertion

under the technical assumption that there exists a submultiplicative norm ∥ · ∥∗ such

that for all ς ∈ I ′ there holds∥∥(λI −A2(ς))
−1B2(ς)(λI −A1(ς))

−1B1(ς)
∥∥
∗ < 1 for all λ ∈ Λ := {λ ∈ C : |λ| ≥ 1}.

(3.3)

From now on, for ease of readability, we suppress the dependence on ς in the notation.

Observe that

F (σ, ς) = F =

[
A1 B1
B2 A2

]
.

Since ϱ(Ai) < 1, the spectrum of Ai is contained in the open unit disk. Hence, λI −Ai

is invertible for all λ ∈ Λ, for i = 1, 2. For λ ∈ Λ we write

λI − F =

[
λI −A1 −B1
−B2 λI −A2

]

=

[
λI −A1 0

−B2 λI −A2

][
I −(λI −A1)

−1B1
0 I − (λI −A2)

−1B2(λI −A1)
−1B1

]
.
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By hypothesis, there holds∥∥(λI −A2)
−1B2(λI −A1)

−1B1
∥∥
∗ < 1,

so the lower-right block of the second factor is invertible via the Neumann series(
I − (λI −A2)

−1B2(λI −A1)
−1B1

)−1
=

∞∑
i=0

(
(λI −A2)

−1B2(λI −A1)
−1B1

)i
.

Hence, the second factor is invertible. The first factor is invertible as it is block lower-

triangular with invertible diagonal blocks. Therefore, λI − F is invertible for all λ ∈ Λ,

so no eigenvalue of F lies on or outside the unit circle. We conclude that ϱ(F ) < 1.

It remains to show the existence of norms as in (3.3). First, note that A1(σ) =

Aσ + BσKσ, A2(σ) = Aσ + LσC, and B2(σ) = 0. Now, for λ ∈ Λ and ς ∈ I ′, define

G(λ, ς) := (λI −A2(ς))
−1B2(ς)(λI −A1(ς))

−1B1(ς).

Since ϱ(Ai(σ)) < 1, there exists norms ∥·∥∗ and ∥·∥† on Rn, such that, for their respective

induced matrix norms there holds ∥A1(σ)∥† < 1 and ∥A2(σ)∥∗ < 1, [17, Sect. 6.9, (6.9.2)

Thm.]. Also, possibly after further reducing I ′, we have that ∥A1(ς)∥†, ∥A2(ς)∥∗ < 1,

for all ς ∈ I ′. Since the matrix norms ∥ · ∥† and ∥ · ∥∗ are equivalent, there exists K > 0,

such that ∥·∥∗ ≤ K ∥·∥†. Consequently, for λ ∈ Λ, we estimate

∥G(λ, ς)∥∗ ≤
K ∥B2(ς)∥∗
|λ| − ∥A2(ς)∥∗

∥∥(λI −A1(ς))
−1B1(ς)

∥∥
†

≤
K ∥B2(ς)∥∗ ∥B1(ς)∥†

(|λ| − ∥A2(ς)∥∗)(|λ| − ∥A1(ς)∥†)
≤

K ∥B2(ς)∥∗ ∥B1(ς)∥†
(1− ∥A2(ς)∥∗)(1− ∥A1(ς)∥†)

,

and hence, due to the form of B2, after further reducing I ′, we have that ∥G(λ, ς)∥∗ < 1

and thus, (3.3) holds for all λ ∈ Λ. As an induced matrix norm ∥·∥∗ is submultiplicative,

the proof is finished. □

Remark 3.3. If the operators Aσ and Bσ introduced below (2.9) are approximated

by Ãσ and B̃σ, as discussed in Remark 2.1, then Theorem 3.1 is again applicable with

Aσ and Bσ replaced by Ãσ and B̃σ, and analogously for Aσ̂ and Bσ̂. Indeed, for this

purpose, one can again validate the steps in the proof of Theorem 3.1 provided that

∥Aσ − Ãσ∥, ∥Bσ − Bσ̂∥, ∥Aσ̂ − Ãσ̂∥, and ∥Bσ̂ − B̃σ̂∥ are sufficiently small.

We turn to analyzing the convergence in distribution of system (2.10). First, the

definition adapted to our setting is recalled.

Definition 3.4. Let Xk be a sequence of normally distributed random vectors with

Xk ∼ N (mk,Σk). We say that Xk converges in distribution to the Gaussian variable

X ∼ N (m,Σ) if mk and Σk converge to m and Σ, respectively.

Remark 3.5. For a more general definition of convergence in distribution see [6, Sec. 25].

By [6, Thm. 30.2, Ex. 30.1], for Gaussian random vectors, it is equivalent to our defini-

tion.
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We henceforth assume that the initial condition y0 of the state variable is distributed

according to a Gaussian N (m0, C0). For the measurement error we take ηj ∼ N (0,Γj)

mutually independent and Γj → Γ∞. We shall also need the covariance matrix

Π0 =

[
C0 C0
C0 C0

]
. (3.4)

Theorem 3.6. Given σ ∈ Rp and σ̂ ∈ Rp, consider system (2.10) with the assumptions

in Theorem 3.1 holding for σ, σ̂ and initialize the virtual twin with ŷ0 = m0.

Then, the iterates Xj of (2.10) are normally distributed at each iteration level, and

Xj ∼ N (F j
[
m0
0

]
,Πj), where

Πj = F (σ, σ̂)j Π0 F (σ, σ̂)
⊤j

+

j−1∑
k=0

F (σ, σ̂)j−1−k
[

0
Lσ̂

]
Γk

[
0
Lσ̂

]⊤
F (σ, σ̂)⊤ j−1−k,

for j ≥ 1. Further, for j →∞, the pair (yj , ej) converges to

(y∞, e∞) ∼ N (0,Π∞)

in distribution, where Π∞ is the unique solution to the Lyapunov equation

Π∞ = F (σ, σ̂)Π∞F (σ, σ̂)
⊤ +

[
0
Lσ̂

]
Γ∞
[

0
Lσ̂

]⊤
. (3.5)

Proof. From (3.2), for j ≥ 0, we obtain the recursion formula

Xj = F (σ, σ̂)j
[ y0
y0−m0

]
−

j−1∑
k=0

F (σ, σ̂)j−1−k
[

0
Lσ̂

]
ηk.

The independence of y0 and the ηj yields the characterization of Xj . Since Γj → Γ∞

and F (σ, σ̂) is a contraction, by Theorem 3.1, a minor extension of the arguments in

[16, Lemma 4.2, Corollary 2] allows us to conclude that Πj converges to the solution of

the Lyapunov equation (3.5). Uniqueness of Π∞ follows from the contraction property

of F . This ends the proof. □

We consider next the case of decaying measurement noise.

Corollary 3.7. In addition to the assumptions of Theorem 3.6, let Γj → 0, j → ∞.

Then, for any ϵ > 0, there holds

P (∥yj∥+ ∥ej∥ > ϵ)→ 0, j →∞.

Proof. Again we denote

[
yj

ej

]
= Xj . From the previous theorem, we have that Xj ∼

N (mj ,Πj), with mj → 0 for j → ∞. Concerning Πj , we insert Γ∞ = 0 into (3.5),

and utilizing the uniqueness of the associated solution, we obtain that Πj converges to

Π∞ = 0. Utilizing Markov’s inequality for every ϵ > 0, we obtain that

P (∥Xj∥ > ϵ) ≤ ϵ−2 E
[
∥Xj∥2

]
= ϵ−2

(
∥mj∥2 + tr(Πj)

)
.

As Πj converges to zero, so does its trace tr(Πj), and the assertion is shown. □

3.1. The case σ̂ = σ. The following corollary addresses the case that the estimated

parameter σ̂ coincides with the true parameter of the physical system. For convenience,
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we repeat the expression for F which in this case reads

F = F (σ, σ) =

[
Aσ + BσKσ −BσKσ

0 Aσ + LσC

]
.

Further, for j = 1, . . . , there holds

F j =

[
(Aσ + BσKσ)

j Sj

0 (Aσ + LσC)
j

]
, (3.6)

where Sj = −
∑j−1

k=0(Aσ + BσKσ)
kBσKσ(Aσ + LσC)

j−1−k.

Corollary 3.8. Consider the setting of the previous theorem, and, in addition, assume

that σ̂ = σ. Then, we have yj ∼ N (mj ,Π
y
j ) and ej ∼ N (0,Πe

j), where

mj = (Aσ + BσKσ)
jm0

Πe
j = (Aσ + LσC)

jC0(Aσ + LσC)
j⊤

+

j−1∑
k=0

(Aσ + LσC)
j−1−kLσΓkL

⊤
σ (Aσ + LσC)

j−1−k⊤

Πy
j = ((Aσ + BσKσ)

j + Sj)C0((Aσ + BσKσ)
j + Sj)

⊤

+

j−1∑
k=0

Sj−1−kLσΓkLσ
⊤S⊤

j−1−k,

for j ≥ 1, with Si as defined above. Further, we have convergence in distribution of ej

and yj to e∞ ∼ N (0,Πe
∞) and y∞ ∼ N (0,Πy

∞), where Πe
∞ and Πy

∞ satisfy

Πe
∞ = (Aσ + LσC)Π

e
∞(Aσ + LσC)

⊤ + LσΓ∞L
⊤
σ , (3.7)

and
Πy

∞ = (Aσ + BσKσ)Π
y
∞(Aσ + BσKσ)

⊤ + BσKσΠ
e
∞K

⊤
σ B⊤σ

−(Aσ + BσKσ)Π
ye
∞(BσKσ)

⊤ − (BσKσ)Π
ey
∞(Aσ + BσKσ)

⊤,
(3.8)

with

Πye
∞ = Πey

∞
⊤ = (Aσ + BσKσ)Π

ye
∞(Aσ + LσC)

⊤ − BσKσΠ
e
∞(Aσ + LσC)

⊤.

Proof. For the sake of readability, within this proof, we drop the dependence on σ in

the notation. Applying Theorem 3.6, for j ≥ 1, we obtain that

Xj =

[
yj

ej

]
∼ N (F j

[
m0
0

]
,Πj).

Utilizing (3.6), the announced expected values of yj and ej follow immediately. We

proceed by characterizing Πj via

Πj = F j Π0 F
⊤j

+

j−1∑
k=0

F j−1−k
[
0
L

]
Γk

[
0
L

]⊤
F⊤ j−1−k.

After plugging in (3.4) and (3.6), basic calculus yields that

Πj =

[
Π

(1,1)
j Π

(1,2)
j

Π
(2,1)
j Π

(2,2)
j

]
,
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with

Π
(1,1)
j =

(
(A+ BK)j + Sk

)
C0
(
(A+ BK)j + Sk

)⊤ − j−1∑
k=1

Sj−1−kLΓkL
⊤S⊤

j−1−k,

Π
(2,2)
j = (A+ LC)C0(A+ LC)⊤ −

j−1∑
k=1

(A+ LC)j−1−kLΓkL
⊤(A+ LC)j−1−k⊤,

Π
(1,2)
j = Π

(2,1)
j

⊤

= (A+ LC)jC0
(
(A+ BK)j + Sk

)⊤ − j−1∑
k=1

(A+ LC)j−1−kLΓkL
⊤S⊤

j−1−k,

and the covariances of yj and ej are given by the diagonal blocks Πy
j = Π

(1,1)
j and

Πe
j = Π

(2,2)
j , respectively.

We turn to the verification of (3.7) and (3.8) and express (3.5) as

Π∞ =

[
Πy

∞ Πye
∞

Πey
∞ Πe

∞

]
=

[
A+ BK −BK

0 A+ LC

][
Πy

∞ Πye
∞

Πey
∞ Πe

∞

][
(A+ BK)⊤ 0

(−BK)⊤ (A+ LC)⊤

]
+

[
0 0

0 LΓ∞L
⊤

]
.

Solving this equation first for Πe
∞, we obtain (3.7). Then, we solve for Πye

∞, and finally

for Πy
∞ to obtain (3.8). □

3.2. The case σ̂ is piecewise constant. Eventually, we want to update the estimate

of the uncertain parameter online. We point out that switching between stable sys-

tems may have destabilizing effects [2, Prop. 1], [11, Prob. A], [8, Sect. 4.3.3]. This

does not happen if σ̂ remains in a sufficiently small neighborhood I of σ, because

ϱ(Aσ +BσKσ) < 1 implies ∥Aσ + BσKσ∥∗ < 1 for some induced operator norm and, by

continuity, ∥Aσ̂ + Bσ̂Kσ̂∥∗ < 1 (by taking a smaller neighborhood Ĩ ⊂ I, if necessary).
Fix ∆t > 0, we shall consider the case where σ̂ is updated at instants of time multiples

of ∆t:

σ̂(t) = σ̂i, i∆t ≤ t < (i+ 1)∆t, i ∈ N.

Now, let

Fj = F (σ, σ̂j) =

[
Aσ + Bσ̂j

Kσ̂j
−Bσ̂j

Kσ̂j

0 Aσ̂j
+ Lσ̂j

C

]
, j ∈ N.

We have the following generalization of Theorem 3.6.

Theorem 3.9. Given σ ∈ Rp and σ̂i ∈ Rp, i ∈ N, consider system (2.10) with the

assumptions in Theorem 3.1 holding in a neighborhood of σ. Initialize the virtual twin

with ŷ0 = m0. Then, the iterates Xj of (2.10) are normally distributed at each iteration
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level, and Xj ∼ N (Φj|0
[
m0
0

]
,Πj), where

Φ0|i = 1; Φm+1|i := Fi+mΦm|i, i ∈ N, m ∈ N;

Πj = Φj|0 Π0 Φ
⊤
j|0 +

j−1∑
k=0

Φj−1−k|k
[ 0
Lσ̂k

]
Γk

[ 0
Lσ̂k

]⊤
Φ⊤

j−1−k|k, j ∈ N+.

Further, there exists a matrix norm ∥·∥ and λ < 1 such that, for every σ̂j in a small

neighborhood of σ,∥∥Φj|0
[
m0
0

]∥∥ ≤ λj ∥∥[m0
0

]∥∥ ;
∥Πj∥ ≤ λ2j ∥Π0∥ +

1

1− λ2
sup
k∈N

∥∥∥[ 0
Lσ̂k

]
Γk

[ 0
Lσ̂k

]⊤∥∥∥ . (3.9)

Proof. From the analogue to (3.2),

X0 =

[
y0

y0 − ŷ0

]
, Xj+1 = F (σ, σ̂j)Xj −

[
0

Lσ̂j

]
ηj , j ∈ N, (3.10)

we find, for j ≥ 1,

Xj+1 = F (σ, σ̂j)

(
F (σ, σ̂j−1)Xj−1 −

[
0

Lσ̂j−1

]
ηj−1

)
−

[
0

Lσ̂j

]
ηj

= F (σ, σ̂j)F (σ, σ̂j−1)Xj−1 − F (σ, σ̂j)

[
0

Lσ̂j−1

]
ηj−1 −

[
0

Lσ̂j

]
ηj

= Φ2|j−1Xj−1 − Φ1|j

[
0

Lσ̂j−1

]
ηj−1 −

[
0

Lσ̂j

]
ηj .

Repeating the argument, for j ≥ 2,

Xj+1 = Φ3|j−2Xj−2 − Φ2|j−1

[
0

Lσ̂j−2

]
ηj−2 − Φ1|j

[
0

Lσ̂j−1

]
ηj−1 −

[
0

Lσ̂j

]
ηj

= Φj+1|0X0 −
j∑

k=0

Φk|j−k+1

[
0

Lσ̂j−k

]
ηj−k.

Following again the arguments in [16, Lem. 4.2, Rem. 3, Eq. (4.18)], now in the context

of time-varying systems, we find Xj = N (Mj ,Πj), where

Mj = Φj|0
[
m0
0

]
, Rj =

[ 0
Lσ̂j

]
Γj

[ 0
Lσ̂j

]⊤
,

and

Πj = Φ1|j−1 Πj−1 Φ
⊤
1|j−1 +Rj−1 = Φ2|j−2 Πj−2 Φ

⊤
2|j−2 +Φ1|j−1Rj−2 Φ

⊤
1|j−1 +Rj−1

= Φ3|j−3 Πj−3 Φ
⊤
3|j−3 +Φ2|j−2Rj−3 Φ

⊤
2|j−3 +Φ1|j−1Rj−2 Φ

⊤
1|j−1 +Rj − 1,

= Φj|0 Π0 Φ
⊤
j|0 +

j−1∑
k=0

Φj−k−1|k+1Rk Φ
⊤
j−k−1|k+1.

By Theorem 3.1 we have that ϱ(F (σ, σ)) < 1, which implies that there exists an

induced matrix ∥·∥ such that ∥F (σ, σ))∥ < 1. By continuity, ∥F (σ, ς))∥ ≤ λ < 1 for

every ς in a small neighborhood of σ, where λ < 1. Therefore, for (σ̂j)j∈N contained in
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that neighborhood of σ, for the mean we obtain

∥Mj∥ ≤
∥∥Φj|0

∥∥ ∥∥[m0
0

]∥∥ ≤ λj ∥∥[m0
0

]∥∥ ,
and for the covariance,

∥Πj∥ ≤
∥∥Φj|0

∥∥2 ∥Π0∥ +
j−1∑
k=0

∥∥Φj−k−1|k+1

∥∥2 ∥Rk∥ ≤ λ2j ∥Π0∥ +
j−1∑
k=0

λ2(j−k−1) ∥Rk∥

≤ λ2j ∥Π0∥ +
1

1− λ2
sup
k∈N
∥Rk∥ ,

which finishes the proof. □

In practice, the parameter will not be updated at every time step, but only at mul-

tiples t = κs of s ∈ N+, κ ∈ N, cf., the bullet points in Figure 2 below.

4. Parameter estimation

For Theorem 3.6 above, it is essential to have a good estimate σ̂ of the unknown

parameter σ ∈ Rp. We adopt a Bayesian perspective: starting with a prior distribution

of the unknown parameter, we update this prior belief sequentially based on new data

from the controlled physical-virtual-twin system. We denote the estimate after the k-th

update by σ̂k, resulting in a sequence of estimates (σ̂k)k≥0. Each σ̂k is computed as

the posterior mean from a Bayesian inverse problem using time-discrete, noisy, partial

observations of the physical twin. This results in two nested time grids, as illustrated

in Figure 2: a sequence of parameter estimation intervals indexed by k ≥ 1, each of

which contains a sequence of observations zj , j = 0, . . . , s. For each Bayesian update,

a distribution of the unknown initial state y
(k)
0 conditioned on σ in the corresponding

interval is required. It turns out that, this distribution is Gaussian and can be obtained

by Kalman filtering as outlined in Section 5 below. This section is structured as follows:

we commence with details on a single Bayesian parameter update for our specific model

in Subsection 4.1 and Subsection 4.2. In Subsection 4.3, we present an illustrative

explanation for the parameter estimation for two consecutive estimation intervals before

we explain how the method is applied sequentially for an arbitrary number of estimation

intervals in Subsection 4.4.

4.1. Bayesian inverse problem. In this and the subsequent subsection, we focus on

a single parameter estimation, hence, k and σ̂(k) are fixed. To improve clarity, we omit

the superscript notation indicating the k-th estimation interval. Let us assume a joint

prior measure of the unknown initial condition y0 and the unknown parameter σ

µprior(dσ, dy0) = µprior(dy0 | σ)µprior(dσ),

where µprior(dσ) is a probability measure on Rp (with Lebesgue density ρprior(σ)), and

µprior(dy0 | σ) is a probability measure on Rn. The joint posterior measure on (σ, y0)
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given data z =
[
z⊤0 . . . z⊤s

]⊤
is determined in the sense of Radon–Nikodym deriva-

tives by

dµpost(· | z)
dµprior

(σ, y0) ∝ ρlike(z | σ, y0),

provided that ρlike is nonnegative and belongs to L1(µprior). Equivalently, we can write

µpost(dσ, dy0 | z) =
1

Z(z)
ρlike(z | σ, y0)µprior(dy0 | σ)µprior(dσ),

Z(z) =

∫
Rp

∫
Rn

ρlike(z | σ, y0)µprior(dy0 | σ)µprior(dσ).

Here, 0 < Z(z) < ∞ is the normalizing constant (sometimes called model evidence).

Computing the joint posterior is challenging as the forward map (σ, y0) 7→ z is nonlinear

and only implicitly defined through the solution of the coupled dynamical system, which

makes the posterior non-Gaussian.

For the stabilization problem, the initial condition acts as a nuisance parameter: it is

not of direct interest for the output-feedback design but enters the likelihood through the

model dynamics and therefore must be accounted for in the inference. For this reason,

we pursue inference on σ based on its marginal posterior obtained by integrating out

the latent variable y0

µpost(dσ | z) =
1

Z(z)

(∫
Rn

ρlike(z | σ, y0)µprior(dy0 | σ)

)
µprior(dσ).

The inner integral defines the marginal likelihood (see (4.7)) of the current estimation

interval

ρlike(z | σ) :=

∫
Rn

ρlike(z | σ, y0)µprior(dy0 | σ),

so that the marginal posterior of σ has Lebesgue density

ρpost(σ | z) =
1

Z(z)
ρlike(z | σ) ρprior(σ), Z(z) =

∫
Rp

ρlike(z | σ) ρprior(σ) dσ. (4.1)

Hence, for the inference of the posterior, the marginal likelihood ρlike is required, which

in turn requires the conditional prior on the initial condition y0 | σ. While the prior

on y0 | σ is a Gaussian measure on Rn

y0 | σ ∼ N
(
m0(σ), C0(σ)

)
, (4.2)

the likelihood ρlike depends crucially on the forward model, as explained in the subse-

quent subsection.

Remark 4.1. At the initialization step, see Figure 2, we assume that y
(1)
0 ∼ N (m

(1)
0 , C(1)0 ).

Thus, for the first parameter estimation, it can be assumed that y
(1)
0 is independent of

σ. In this case, it holds that

µprior(dy0 | σ)µprior(dσ) = µprior(dσ)µprior(dy0).
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For the k-th parameter estimation (k ≥ 2), the distribution of the initial condition

y
(k)
0 | σ is a Gaussian determined by the Kalman filter (see Section 5 below), and does

depend on the unknown σ, see (5.1).

4.2. The forward mapping. The representation (2.10a) together with (2.10c) enables

us to define the coupled state

xj :=

[
yj

ŷj

]
, 0 ≤ j ≤ s,

such that (2.10) can be reformulated as the linear time-discrete system

xj+1 = Acpl(σ, σ̂)xj +Bcpl(σ̂) ηj , (4.3)

zj = Ccpl xj + ηj , (4.4)

where x0 =
[
y⊤0 ŷ⊤0

]⊤
and

Acpl(σ, σ̂) =

[
Aσ BσKσ̂

−Lσ̂C Aσ̂ + Bσ̂Kσ̂ + Lσ̂C

]
, Bcpl(σ̂) =

[
0

−Lσ̂

]
, Ccpl =

[
C 0

]
.

Iterating (4.3) yields that

xj = Aj
cpl(σ, σ̂)x0 +

j−1∑
r=0

A j−1−r
cpl (σ, σ̂)Bcpl(σ̂) ηr.

Substituting into (4.4) and stacking the observations z =
[
z⊤0 , . . . , z

⊤
s

]⊤
and noises

η =
[
η⊤0 , . . . , η

⊤
s

]⊤
yields that

z = Gx(σ, σ̂)x0 +Gη(σ, σ̂)η, (4.5)

where

Gx(σ, σ̂) =



Ccpl

CcplAcpl(σ, σ̂)

CcplA
2
cpl(σ, σ̂)
...

CcplA
s
cpl(σ, σ̂)


∈ Rℓ(s+1)×2n,

Gη(σ, σ̂) =



Idℓ 0 0 · · · 0

CcplBcpl(σ̂) Idℓ 0 · · · 0

CcplAcpl(σ, σ̂)Bcpl CcplBcpl(σ̂) Idℓ
. . .

...
...

...
. . .

. . . 0

CcplA
s−1
cpl (σ, σ̂)Bcpl(σ̂) CcplA

s−2
cpl (σ, σ̂)Bcpl(σ̂) · · · CcplBcpl(σ̂) Idℓ


,

where Gη(σ, σ̂) ∈ Rℓ(s+1)×ℓ(s+1) and Idℓ denotes the identity matrix in Rℓ.

Recall that in this section, we consider a single parameter estimation, for which

σ̂ is fixed. Furthermore, when using the data z =
[
z0

⊤, . . . , zs
⊤]⊤, the virtual twin

trajectory at the time points t0, . . . , tj is determined. In particular, ŷ0 is known. So,
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according to (4.2), given σ, the coupled initial state is Gaussian

x0 =

[
y0

ŷ0

]
∼ N

([
m0(σ)

ŷ0

]
,

[
C0(σ) 0

0 0

])
.

By linearity, we conclude that

Gx(σ, σ̂)x0 ∼ N

(
Gx(σ, σ̂)

[
m0(σ)

ŷ0

]
, Gx(σ, σ̂)

[
C0(σ) 0

0 0

]
Gx(σ, σ̂)

⊤

)
,

Gη(σ, σ̂)η ∼ N
(
0, Gη(σ, σ̂)Γs+1Gη(σ, σ̂)

⊤) ,
where Γs+1 is the block diagonal matrix containing the noise covariances Γ0, . . . ,Γs.

From (4.5), we conclude that

z | σ ∼ N (z̄cpl(σ, σ̂),Γη(σ, σ̂)) ,

where

z̄cpl(σ, σ̂) := Gx(σ, σ̂)

[
m0(σ)

ŷ0

]
,

Γη(σ, σ̂) := Gx(σ, σ̂)

[
C0(σ) 0

0 0

]
Gx(σ, σ̂)

⊤ +Gη(σ, σ̂)Γs+1Gη(σ, σ̂)
⊤.

Then, the marginal likelihood of the data z given σ is the Gaussian density

ρlike(z | σ) =
exp
(
− 1

2

(
z − z̄cpl(σ, σ̂)

)⊤
Γη(σ, σ̂)

−1
(
z − z̄cpl(σ, σ̂)

))√
(2π)−sℓ det

(
Γη(σ, σ̂)

) . (4.6)

In the k-th parameter estimation step, this marginal likelihood ρlike is the likelihood

ρ
(k)
like(z

(k) | z(1), . . . ,z(k−1), σ) in (4.8), which is used to sample from the posterior dis-

tribution of the unknown parameter in the k-th parameter estimation problem. This

corresponds to step 8 in Algorithm 1.

4.3. Parameter estimation: two step illustration. To illustrate the parameter es-

timation procedure introduced in this section, we present the method for two subsequent

parameter estimation steps choosing s+ 1 = 6 observations in each estimation interval.

y
(1)
0 ∼ N (m

(1)
0 , C(1)

0 ) y
(2)
0 ∼ N (m

(2)
0 , C(2)

0 ) y
(3)
0 ∼ N (m

(3)
0 , C(3)

0 )

σ(0) ∼ µprior(dσ) σ(1) ∼ µ
(1)
post(dσ | z(1)) σ(2) ∼ µ

(2)
post(dσ | z(2))

σ̂(0) = Eµprior [σ] σ̂(1) = E
µ
(1)
post

[σ] σ̂(2) = E
µ
(2)
post

[σ]

ŷ
(1)
0 = m

(1)
0 ŷ

(2)
0 = ŷ

(1)
5 ŷ

(3)
0 = ŷ

(2)
5

y
(1)
0 y

(2)
0 y

(3)
0

z
(1)
0 z

(1)
1 z

(1)
2 z

(1)
3 z

(1)
4 z

(1)
5 =z

(2)
0 z

(2)
1 z

(2)
2 z

(2)
3 z

(2)
4 z

(2)
5 =z

(3)
0

[
y
(1)
j+1

ŷ
(1)
j+1

]
= Acpl(σ, σ̂

(0))

[
y
(1)
j

ŷ
(1)
j

]
+Bcpl(σ̂

(0))η
(1)
j

[
y
(2)
j+1

ŷ
(2)
j+1

]
= Acpl(σ, σ̂

(1))

[
y
(2)
j

ŷ
(2)
j

]
+Bcpl(σ̂

(1))η
(2)
j

Figure 2. Illustration for k = 1, 2.
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Our strategy is as follows:

Initialization. We are at the most left point in Figure 2. We are given µprior(dσ) and

y
(1)
0 ∼ N (m

(1)
0 , C(1)0 ) by assumption. We initialize ŷ

(1)
0 = m

(1)
0 and σ̂(0) = Eµprior

[σ] and

run the coupled system characterized by (Acpl(σ, σ̂
(0)), Bcpl(σ̂

(0))) for s = 5 steps. While

the system is running, we collect the performed measurements z(1) =
[
z
(1)⊤
0 , . . . , z

(1)⊤
5

]⊤
.

1st estimation. We are at the center in Figure 2. We are given y
(1)
0 ∼ N (m

(1)
0 , C(1)0 )

and µprior(dσ). Using this, we can sample from the posterior σ(1) ∼ µ
(1)
post(dσ | z(1))

(marginalized over y
(1)
0 ) as detailed in Subsection 4.1 (and in Subsection 4.4 later on).

We set

σ̂(1) = E
µ
(1)
post

[σ].

At this point, ŷ
(1)
j are known for j ∈ {0, . . . , 5}. They will be used to determine

the distribution of the initial condition y
(2)
0 of the subsequent interval. We update

(Acpl(σ, σ̂
(1)), Bcpl(σ̂

(1))) and run the coupled system s = 5 additional steps. While the

system is running, we collect measurements z(2) =
[
z
(2)⊤
0 , . . . , z

(2)⊤
5

]⊤
.

2nd estimation. We are at the most right point in Figure 2. As before, updating the

parameter

σ̂(2) = E
µ
(2)
post

[σ],

requires samples from the posterior µ
(2)
post(dσ | z(2)). For this purpose, we use the

posterior from the previous iteration µ
(1)
post(dσ | z(1)) as prior and marginalize over the

initial condition y
(2)
0 . To this end, we use Kalman filtering to obtain the conditional

distribution µ(dy
(2)
0 | z(1), σ) of y

(2)
0 given σ, and the data that is available at this

point z(1), i.e., the Kalman filter propagates m
(k)
0 and C(k)0 . Below, in Section 5, we

provide more details on the Kalman filter. At this point, the virtual twin trajectory is

determined completely.

For more than two estimation intervals, the exact same strategy is repeated: we update

the matrices (Acpl(σ, σ̂
(2)), Bcpl(σ̂

(2))) and run the coupled system s = 5 additional

steps. While the system is running, we collect measurements z(3) =
[
z
(3)⊤
0 , . . . , z

(3)⊤
5

]⊤
,

which we will use in the next parameter estimation, and repeat the steps described

above. The repeated application of this method for an arbitrary number of estimation

intervals is described in the subsequent subsection.

4.4. Parameter estimation: general case. Suppose we are at time tj , j = sk for

k ≥ 2 (for k = 2, this is the most right point in Figure 2). At this point, we wish to

estimate σ̂(k), and we are given a distribution µ
(k−1)
post (dσ | z(k−1)) from the previous

estimation interval, all measurements z(i), i ≤ k, and all values of the virtual twin up

to this point. Let us denote the virtual twin evolution in the k-th interval by ŷ(k) =

(ŷ0, . . . , ŷs−1) and let us point out that the virtual twin is a deterministic function of

the observations, see (2.10c). Thus, given z(k−1) and the initial condition ŷ0, the virtual

twin ŷ(k−1) is fully determined. Conditioning on the virtual twin ŷ(1), . . . , ŷ(k−1) in

addition to z(1), . . . ,z(k−1) provides no additional information compared to conditioning
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on z(1), . . . ,z(k−1) only, that is

ρ
(k)
like(z

(k) | z(1), . . . ,z(k−1), σ, ŷ(1), . . . , ŷ(k−1)) = ρ
(k)
like(z

(k) | z(1), . . . ,z(k−1), σ).

Therefore, conditioning on ŷ(1), . . . , ŷ(k−1) will be omitted in the following.

By the law of total probability we have that

ρ
(k)
like(z

(k) | z(1), . . . ,z(k−1), σ)

=

∫
Rn

ρ(z(k) | y(k)0 , z(1), . . . ,z(k−1), σ) ρKal(y
(k)
0 | z(1), . . . ,z(k−1), σ) dy

(k)
0 .

The second term, ρKal(y
(k)
0 | z(1), . . . ,z(k−1), σ), is obtained by the Kalman filter as

presented in Section 5 below. According to the measurement model, once the state yj

and the unknown parameter σ are known, the observation zj does not depend on past

states, the virtual twin trajectory, and past observations. Hence, the first term in the

likelihood simplifies to

ρ(k)(z(k) | y(k)0 , z(1), . . . ,z(k−1), σ) = ρ(z(k) | y(k)0 , σ),

which yields that

ρ
(k)
like(z

(k) | z(1), . . . ,z(k−1), σ) =

∫
Rn

ρ(z(k) | y(k)0 , σ) ρKal(y
(k)
0 | z(1), . . . ,z(k−1), σ) dy

(k)
0 .

(4.7)

Using the likelihood density of future observations conditioned on past data and the

unknown parameter

ρ
(k)
like(z

(k) | z(1), . . . ,z(k−1), σ),

we can construct the posterior density of σ, and given all observations z(1), . . . ,z(k)

using Bayes’ theorem

ρ
(k)
post(σ | z(1), . . . ,z(k)) =

ρ
(k)
like(z

(k) | z(1), . . . ,z(k−1), σ) ρ
(k−1)
post (σ | z(1), . . . ,z(k−1))

ρ(z(k) | z(1), . . . ,z(k−1))
,

(4.8)

where the posterior from the previous step ρ
(k−1)
post (σ | z(1), . . . ,z(k−1)) serves as prior

for the k-th update, and ρ
(0)
post = ρprior.

5. Estimation of the initial state distribution using Kalman-filtered

Gaussians

5.1. Kalman filtering on multiple intervals. With reference to Figure 2, we refer

to the intervals between the big bullets as estimation intervals. Each of these is divided

into s time steps at which data are collected. For the parameter estimation at time

tj with j = (k − 1)s for k ≥ 2, a distribution of the unknown initial condition of the

physical system y
(k)
0 given all available data z(1), . . . ,z(k−1) and the unknown parameter

σ is required, see (4.7). For the estimation of the first σ̂(k), i.e., with k = 1, we assume

that y0 = y
(1)
0 ∼ N (m

(1)
0 , C(1)0 ). For the subsequent estimations of σ̂(k), we utilize the
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distribution

µ(dy(k−1)s | z(1), . . . ,z(k−1), σ) = N (m
(k)
0 (σ), C(k)0 (σ)), (5.1)

with mean m
(k)
0 (σ) = m

(k−1)
y|ŷ;s (σ) and covariance C(k)0 (σ) = C

(k−1)
y|ŷ;s (σ) to be defined

in Subsection 5.2. In this subsection and in Subsection 5.2 below we explain how

this distribution can be computed using the Kalman filter on every parameter esti-

mation interval. We denote the Lebesgue density of µ(dy(k−1)s | z(1), . . . ,z(k−1), σ) by

ρKal(y
(k)
0 | z(1), . . . ,z(k−1), σ), see (4.7).

By the law of total probability, conditioning on the previous interval’s initial state

y
(k−1)
0 gives

ρKal

(
y
(k)
0 | z(1), . . . ,z(k−1), σ

)
(5.2)

=

∫
Rn

ρ
(
y
(k)
0 | y(k−1)

0 , z(1), . . . ,z(k−1), σ
)
ρ
(
y
(k−1)
0 | z(1), . . . ,z(k−1), σ

)
dy

(k−1)
0 .

In the multi-interval setting with y
(k)
0 = y(k−1)s, we have the Markov property

y
(k)
0 ⊥ z(1), . . . ,z(k−2) | y(k−1)

0 , z(k−1), σ,

i.e., the initial state of the k-th interval depends on all past measurements only through

the final state and measurements of the previous interval. Hence, for the first factor on

the right-hand side of (5.2), it holds that

ρ
(
y
(k)
0 | y(k−1)

0 , z(1), . . . ,z(k−1), σ
)
= ρ
(
y
(k)
0 | y(k−1)

0 , z(k−1), σ
)
.

Regarding the second factor on the right-hand side of (5.2), given σ and z(k−2), the

initial condition y
(k−1)
0 is clearly independent of the future measurements z(k−1), so

ρ
(
y
(k−1)
0 | z(1), . . . ,z(k−1), σ

)
= ρ
(
y
(k−1)
0 | z(1), . . . ,z(k−2), σ

)
.

This yields the recursion

ρKal

(
y
(k)
0 | z(1), . . . ,z(k−1), σ

)
=

∫
Rn

ρ
(
y
(k)
0 | y(k−1)

0 , z(k−1), σ
)
ρ
(
y
(k−1)
0 | z(1), . . . ,z(k−2), σ

)
dy

(k−1)
0 .

Solving this recursion until the first estimation interval with y
(1)
0 = y0 gives

ρKal

(
y
(k)
0 | z(1), . . . ,z(k−1), σ

)
=

∫
Rn×(k−1)

(
k−1∏
i=1

ρ(y
(i+1)
0 | yi0, z(i), σ)

)
ρ(y

(1)
0 ) dy

(1)
0 · · · dy

(k−1)
0 .

For each k, this conditional density can be computed exactly by means of the Kalman

filter. In particular, the Kalman filter admits a natural extension across multiple estima-

tion intervals: the density over all k estimation intervals defined by the above recursion

is obtained by successive applications of the Kalman filter, using the posterior from the

previous estimation interval as the initial condition for the next one. Accordingly, in

the following section we present the Kalman filter formulation for a single estimation

interval.
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5.2. Kalman filtering on a single estimation interval. The aim of this section

is to compute the distribution (5.1) for a single estimation interval. We will use the

Kalman filter to obtain the distribution of the coupled virtual-physical twin state and

then condition on the realization of the virtual twin. This is equivalent to interpreting

the virtual twin as an additional noise-free observation and applying the Kalman filter

to this augmented observation model.

Given σ, used in Aσ, the coupled system after the k-th parameter update is linear

and Gaussian. Precisely, it is[
y
(k)
j+1

ŷ
(k)
j+1

]
= Acpl(σ, σ̂

(k))

[
y
(k)
j

ŷ
(k)
j

]
+Bcpl(σ̂

(k))ηj , j = 0, . . . , s− 1,[
y
(k)
0

ŷ
(k)
0

]
∼ N

([
m

(k)
0 (σ)

ŷ
(k)
0

]
,

[
C(k)0 (σ) 0

0 0

])
,

z
(k)
j = Ccpl

[
y
(k)
j

ŷ
(k)
j

]
+ ηj , j = 0, . . . , s,

where Acpl, Bcpl, and Ccpl are as in Subsection 4.2. Recall that ŷ
(k)
0 , the initial condition

of the virtual twin, is known when we estimate the unknown parameter σ. This is

modeled by the covariance identical to zero above.

For fixed σ̂, the conditional distribution of the pair x
(k)
j =

[
y
(k)
j ŷ

(k)
j

]
, given the

data z
(k)
j and the parameter σ, is again Gaussian. It is determined by the Kalman filter

in terms of the mean and covariance. The Kalman filter reads [15, Chapter 5]:

Initialization:

m
(k)
0|0(σ) =

[
m

(k)
0 (σ)

ŷ
(k)
0

]
, and C(k)0|0 (σ) =

[
C(k)0 (σ) 0

0 0

]
.

Then, for j = 1, . . . , s:

Prediction:

m
(k)
j|j−1(σ) = Acpl(σ, σ̂

(k))m
(k)
j−1|j−1(σ),

C(k)j|j−1(σ) = Acpl(σ, σ̂
(k))C(k)j−1|j−1(σ)Acpl(σ, σ̂

(k))⊤ +Bcpl(σ̂
(k))ΓjBcpl(σ̂

(k))⊤.

Innovation and Kalman Gain:

innovation: νj(σ) = z
(k)
j − Ccplm

(k)
j|j−1(σ),

innovation covariance: Sj(σ) = Ccpl C(k)j|j−1(σ)C
⊤
cpl + Γj ,

Kalman gain: Kj(σ) = C(k)j|j−1(σ)C
⊤
cpl Sj(σ)

−1.

Coupled update:

mj|j(σ) = m
(k)
j|j−1(σ) +Kj(σ) νj(σ),

Cj|j(σ) = C
(k)
j|j−1(σ)−Kj(σ)Sj(σ)Kj(σ)

⊤.
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Conditioning on the virtual twin:

m
(k)
y|ŷ;j = [mj|j(σ)]1:d − [Cj|j(σ)]d+1:2d,1:d[Cj|j(σ)]

−
d+1:2d,d+1:2d

(
ŷ
(k)
j − [mj|j(σ)]d+1:2d

)
,

C
(k)
y|ŷ;j = [Cj|j(σ)]1:d,1:d − [Cj|j(σ)]1:d,d+1:2d[Cj|j(σ)]

−
d+1:2d,d+1:2d[Cj|j(σ)]d+1:2d,1:d,

where [v]n:l denotes a vector containing components vn, vn+1, . . . , vl of a vector v, and

[A]n:l,p:q denotes the submatrix containing the rows n, n + 1, . . . , l and columns p, p +

1, . . . , q of a matrix A. Here, [Cj|j(σ)]
−
d+1:2d,d+1:2d denotes the generalized inverse of

[Cj|j(σ)]d+1:2d,d+1:2d, see [13, Prop. 3.13].

Conditioned update:

m
(k)
j|j (σ) =

[
m

(k)
y|ŷ;j

ŷ
(k)
j

]
and C

(k)
j|j (σ) =

[
C(k)y|ŷ;j 0

0 0

]
.

In the coupled update step we compute, for fixed σ̂ and 1 ≤ j ≤ s, the conditional

distribution of the coupled state given the data (z
(k)
0 , . . . , z

(k)
j ) and given the parameter

σ. Since the virtual twin component ŷ
(k)
j is known at the time of the observation z

(k)
j ,

we then compute the conditional distribution of the physical state y
(k)
j given the virtual

twin ŷ
(k)
j .

In the next estimation interval, we initialize withm
(k+1)
0|0 (σ) = m

(k)
s|s (σ) and C

(k+1)
0|0 (σ) =

C
(k)
s|s (σ). This procedure provides us with the distribution of the initial condition (5.1)

on each estimation interval. It enters the parameter estimation via its density denoted

by ρKal in (4.7).

6. Numerical experiments

Our digital twin strategy is summarized in Algorithm 1. In Algorithm 2, a detailed

description of the computation of the posterior distribution in Step 13 of Algorithm 1 is

provided. With reference to Remark 3.2, unless otherwise specified, we set R = 1 and

Q = 10−12 · Id2. Further details on the implementation of the examples listed above

are provided with the examples. These are a harmonic oscillator, a spring-damper-

system, and a finite element discretization of a parabolic partial differential equation.

The oscillator example and the spring-damper-system are illustrated in Figure 3.

m
k

c

u

q
m1 m2

c1 c2

k

c

u q2

Figure 3. Comparison of the single mass oscillator system (left) and
a two-mass (right) spring–damper system.
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Algorithm 1 Digital twin stabilization

Require: Prior distribution of the parameters, prior distribution of the initial condition

N (m
(1)
0 , C(1)), control operator B, output operator C, initial guess for the digital

twin, e.g., ŷ
(1)
0 = m

(1)
0 .

Ensure: Feedback control input u = Kσ̂ ŷ.
1: k = 0;
2: Compute an estimate σ̂(k) for σ ∼ µprior, e.g., σ̂

(k) = Eµprior
[σ];

3: Assemble Aσ̂(k) and compute Aσ̂(k) and Bσ̂(k) as in Remark 2.1;
4: Construct Kσ̂(k) and Lσ̂(k) as in Remark 3.2;
5: while the coupled system (2.10) is running do
6: k ← k + 1;
7: for j = 0 : s do

8: Collect data z
(k)
j = z(tj) from the physical model according to (2.2);

9: end for
10: if k > 1 then
11: Run Kalman filter (see (5.1)) to obtain y

(k)
0 ∼ N (m

(k)
0 , C(k)0 );

12: end if
13: Update σ̂ based on the posterior µ

(k)
post (see (4.8)), e.g., σ̂(k) = E

µ
(k)
post

[σ];

14: Construct K
(k)
σ̂ and L

(k)
σ̂ , assemble A

(k)
σ̂ and compute Aσ̂(k) and Bσ̂(k) ;

15: end while

6.1. Oscillator. We consider a mass attached to a spring, as depicted in Figure 3 (left).

Let x(t) be the position of the mass m and let x0 be an equilibrium position at rest.

Now, consider the relative position q(t) = x(t) − x0. For the dynamics, we have the

oscillator model (for small q)

mq̈ = −cq̇ − kq + u. (6.1)

The input control forcing u acts on the mass m and we measure the (relative) position q.

Hereafter we take k = m = 1 and consider the damping constant c = σ as the uncertain

parameter. Denoting Q = (q, q̇), we write the system as

Q̇ = AσQ+Bu, (6.2a)

with Aσ =

[
0 1

−1 −σ

]
, B =

[
0

1

]
, C =

[
1 0

]
.

The Kalman controllability KC and observability KO matrices are given by

KC =

[
0 1

1 −σ

]
, KO =

[
1 0

0 1

]
,

which are both full-rank. In particular, (Aσ, B) is stabilizable and (Aσ, C) is detectable

for all σ ∈ R.

Remark 6.1. Usually, the damping parameter is positive σ > 0. The damping free

case σ = 0 is relevant as well. We also test our strategy with the academic case σ < 0,

which is of interest because in this case the free dynamics is exponentially unstable and

the input will have to be able to counteract this instability.
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Algorithm 2 Sequential Monte Carlo with Resample–Move Step

Require: Prior particles Σ0 = {σi}Ni=1, observations z(k) on intervals {Ikobs}, number
of MCMC steps nMCMC, proposal scale ε.

Ensure: Particle approximation Σk of the posterior at each interval.
1: Initialize sequential likelihoods ρ0like(z

(0) | σi) = 1 and particle set Σ1 = Σ0;
2: for k = 1, 2, . . . do
3: for i = 1, . . . , N do
4: Compute likelihood increment ρnewlike (z

(k) | σi) on Ikobs as in (4.6);
5: Update sequential likelihood:

ρ
(k)
like(z

(k) | σi) = ρ
(k−1)
like (z(k−1) | σi) · ρnewlike (z

(k) | σi);
6: Compute normalized weights:

wi ∝ ρ(k)like(z
(k) | σi),

N∑
i=1

wi = 1;

7: end for
8: Resample N particles according to w1, . . . , wN :

Σk = {σιi ∈ Σk−1 : i = 1, . . . , N}, with Pr(ιi = ℓ) = wℓ for ℓ = 1, . . . , N ;

9: for s = 1, . . . , nMCMC do
10: for i = 1, . . . , N do
11: Propose candidate σ′

i = σi + ε ξ, ξ ∼ N (0, I);
12: Evaluate likelihood increment for candidate ρnewlike (z

(k) | σ′
i) according to (4.6):

13: Approximate candidate sequential likelihood:

ρ′like(z
(k) | σ′

i) = ρ
(k−1)
like (z(k−1) | σi) · ρnewlike (z

(k) | σ′
i);

14: Accept candidate with probability

α = min

(
1,
ρ′like(z

(k) | σ′
i)ρprior(σ

′
i)

ρ
(k)
like(z

(k) | σi)ρprior(σi)

)
;

15: if accepted then
16: σi = σ′

i;

17: ρ
(k)
like(z | σi) = ρ′like(z | σ′

i);
18: end if
19: end for
20: end for
21: end for

The numerical results displayed in Figure 4 and Figure 5 are obtained using N =

5000 particles initialized from a uniform prior distribution on the interval [−1, 1]. The

true parameter is σ = π
7 ≈ 0.4488 in the stable case and σ = −π

7 ≈ −0.4488 in the

unstable case. In the stable case, the estimate σ̂ is updated at times 2, 4, 6, . . . , 20

with observations at times 1, 2, 3, . . . , 20, while in the unstable case, σ̂ is updated more

frequently at times 1, 2, 3, . . . , 20 with more observations at times 0.25, 0.5, 0.75, . . . , 20.

In both cases, we initialize with y0 =
[
1 −1

]⊤
and ŷ0 =

[
1.5 0

]⊤
. Further, we

assume that the distribution of the initial condition is N
( [

1.5 −1.1
]⊤

, Id2

)
and that

the distribution of the noise is N (0, 0.015∥y0∥). The matrices Aσ,Bσ are computed

using the matrix exponential as Aσ = eAσ∆t and Bσ =
∫∆t

0
eAσ(∆t−τ) dτ B, whereas the
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matrices Aσ̂,Bσ̂ are computed using a Crank–Nicolson discretization as in Remark 2.1.

We use nMCMC = 50 steps with proposal scale ϵ = 0.015.

Comparing the stable and unstable cases, we make the following observations. For

unstable systems, differences caused by small parameter variations amplify over time. As

a consequence, the outputsm
(k+1)
0 of the Kalman filters (see Subsection 5.2) vary a lot for

different parameters. Hence, their difference to the data, which occurs in the likelihood

(4.6), varies significantly across different realizations of the unknown parameter. This

leads to notably centered posterior density functions in Figure 5. On the other hand, for

stable systems, the differences caused by small parameter variations vanish over time,

leading to less centered posterior densities, see Figure 4).
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Figure 4. The true parameter yields a stable system.
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Figure 5. The true parameter yields an unstable system.

In further numerical experiments, which are not displayed in this manuscript, we

discovered that the update frequency of σ̂k is crucial for the parameter estimation quality

and stabilization. For instance, decreasing the update frequency, estimating at times

4, 8, 12, 16, 20 results in failure of stabilization in the unstable case. Compared to the



26 P.A. Guth, K. Kunisch, S.S. Rodrigues, J. Schröder

influence of the update frequency, the noise level and the number of observation have a

smaller effect on the results.

6.2. Spring-damper-system. We next consider a finite-dimensional system which is

both stabilizable and detectable, but neither controllable nor observable, see Figure 3

(right).

Let (x1(t), x2(t)) ∈ [0, L] × [0, L] be the position of the pair of masses (m1,m2),

let (x1,0, x2,0) be an equilibrium position at rest, and define the relative position q(t) =

(q1(t), q2(t)) = (x1(t) − x1,0, x2(t) − x2,0). For the dynamics, we have the model (for

small q)

m1q̈1 = −c1q̇1 − c(q̇1 − q̇2)− k(q1 − q2) + u, (6.3)

m2q̈2 = −c2q̇2 − c(q̇2 − q̇1)− k(q2 − q1). (6.4)

The input control forcing u acts on the massm1 and we measure the (relative) position q2

of mass m2. Hereafter we consider the case m1 = m2 = c1 = c = c2 = 1 with the

uncertain parameter σ = k > 0. Denoting Q = (q1, q2, q̇1, q̇2), we write the system as

Q̇ = AσQ+Bu, (6.5a)

with Aσ =


0 0 1 0

0 0 0 1

−σ σ −2 1

σ −σ 1 −2

 , B =


0

0

1

0

 , C =
[
0 1 0 0

]
. (6.5b)

Though the physical model above is considered with σ > 0, here we allow σ to vary in

all of R. This is motivated by numerical tests which include the challenging case where

the dynamics is exponentially unstable, if σ < 0.

It can be shown that the system (6.5) is stabilizable for all σ ∈ R and detectable for

all σ ̸= 0. Further, in case σ = 1 the system is neither controllable nor observable.

The numerical results displayed in Figure 6 and Figure 7 are obtained using N = 5000

particles initialized from a uniform prior distribution on the interval [−1.5, 1.5]. The true
parameter is σ = π

7 ≈ 0.4488 in the stable case and σ = −0.1 in the unstable case. In

the stable case, the estimate σ̂ is updated at times 4, 8, 12, . . . , 60 with observations at

times 0.25, 0.5, 0.75, . . . , 60, while in the unstable case, σ̂ is updated more frequently at

times 0.5, 1, 1.5, . . . , 60 with more observations at times 1/16, 2/16, 3/16, . . . , 60. In both

cases, we initialize with y0 =
[
1 −0.5 −1 −0.2

]⊤
and ŷ0 =

[
−1.1 0 0 0

]⊤
.

Furthermore, we assume that the distribution of the initial condition is the Gauss-

ian N
( [

1.5 −1.1 −0.8 −0.18
]⊤

, Id4

)
and that the distribution of the noise is

N (0, 0.15∥y0∥). The matrices Aσ,Bσ are computed using the matrix exponential as

Aσ = eAσ∆t and Bσ =
∫∆t

0
eAσ(∆t−τ) dτ B, whereas the matrices Aσ̂,Bσ̂ are computed

using a Crank–Nicolson discretization as in Remark 2.1. We use nMCMC = 10 steps

with proposal scale ϵ = 0.1.

We observe that the system is stabilized in both the stable as well as the unstable

case. In the unstable case, the posterior densities are more centered as compared to the
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stable case. Furthermore, we observe that the numerical stabilization of the unstable

system fails if we update the estimate less frequently or have fewer observations.
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(a) Trajectories of the coupled digital-
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(b) Online estimation of the empirical densi-
ties of the uncertain parameter.

Figure 6. The true parameter yields a stable system.
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Figure 7. The true parameter yields an unstable system.

6.3. Diffusion-reaction equation. We consider a finite element semi-discretization of

a parameterized diffusion-reaction equation.

Let D = (0, 1) and, for every σ let yσ solve

∂
∂tyσ(t, ξ)−∇ · (aσ(ξ)∇yσ(t, ξ)) + c yσ(t, ξ) =

Na∑
i=1

ui(t)1Oi
, (t, ξ) ∈ (0, T ]×D,

(6.6a)

∂yσ(t, ξ)

∂n
= 0, (t, ξ) ∈ [0, T ]× ∂D,

(6.6b)

yσ(t, ξ) = y0, (t, ξ) ∈ {t = 0} ×D,
(6.6c)
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where 1Oi
denotes the support of the i-th actuator on the open set Oi ⊂ D, for 1 ≤

i ≤ Na, and c ∈ R is a constant reaction coefficient. The uncertain, spatially varying

diffusion coefficient is parameterized log-linearly by σ = [σ1, . . . , σp] ∈ Σp ⊂ Rp via

aσ(ξ) = exp
( p∑

j=1

σjψj(ξ)
)
,

with basis functions

ψ2j−1(ξ) = (2j − 1)−ϑ cos(jπξ), ψ2j(ξ) = (2j)−ϑ sin(jπξ),

for 1 ≤ j ≤ ⌈p/2⌉, so that ϑ > 0 controls the decay of the parametric influence of higher

modes, guaranteeing 0 < amin ≤ aσ(ξ) ≤ amax < ∞ for σ in a bounded set, such as

Σp := [−10, 10].
We discretize (6.6) in space using continuous piecewise-linear finite elements on a

uniform mesh of D with d nodes and mesh width h = 1/d, with nodal basis {ϕℓ}dℓ=1.

LetM ∈ Rd×d denote the finite element mass matrix,Mℓ,ℓ′ =
∫
D
ϕℓϕℓ′ dξ, and letKaσ ∈

Rd×d denote the stiffness matrix associated with the weighted diffusion form, (Kaσ )ℓ,ℓ′ =∫
D
aσ∇ϕℓ · ∇ϕℓ′ dξ. The homogeneous Neumann condition enters (6.6) naturally, with-

out an explicit boundary term. Writing Yσ(t) ∈ Rd for the vector of nodal values

of the finite element approximation of yσ(t, ·), the semi-discrete system reads MẎσ =

−
(
Kaσ + cM

)
Yσ + Bu, i.e.,

Ẏσ = AσYσ +Bu, Aσ := −M−1
(
Kaσ + cM

)
,

with B ∈ Rd×Na the discretized actuator operator, whose i-th column approximates a

smoothed indicator of Oi. In our experiments, Na = 3 actuators of width 0.1, uniformly

distributed over D are utilized.

The output operator C ∈ Rd×d is taken as the M -orthogonal projection onto the

span of the leading Neig eigenfunctions {ej}
Neig

j=1 of the Neumann Laplacian on D (here,

ej(ξ) = cos((j − 1)πξ)), i.e.,

C =ME
(
E⊤ME

)−1
E⊤, E = [e1, . . . , eNeig

] ∈ Rd×Neig ,

so that Cy retains the projection of y onto the Neig dominant spectral modes and

discards the remainder. We choose d = 64 and Neig = 16. Furthermore, we take p = 20,

decay exponent ϑ = 2, constant reaction c = −1 (so that the uncontrolled system is

unstable), true parameter

σtrue = (−π
7 ,
√
2, −3, −1, 6, ξ1, . . . , ξ15), ξi

i.i.d.∼ Unif(−10, 10),

initial condition y0(ξ) = 2 sin(2πξ), and prior σ ∼ N (σtrue, 4 · Idp). The distribu-

tion of the initial condition is N (1.25 · y0, Idd). The observation noise level is η ∼
N (0, 0.0075 · ∥y0∥). The matrices Aσ,Bσ are computed using the matrix exponential as

Aσ = eAσ∆t and Bσ =
∫∆t

0
eAσ(∆t−τ) dτ B, whereas the matrices Aσ̂,Bσ̂ are computed

using a Crank–Nicolson discretization as in Remark 2.1. We use nMCMC = 10 steps with

proposal scale ϵ = 0.5. The parameter estimate is updated at times 0.05, 0.1, 0.15, 0.2

with observations at times 1/100, 2/100, 3/100, . . . , 0.2.
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We observe that the physical system is stabilized (see Figure 8a), while the virtual

system tracks the physical one (compare Figure 8a with Figure 8d) and the diffusion

coefficient is estimated simultaneously (see Figure 8c).

(a) Physical system (b) Observations
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True diffusion

Estimated diffusion

(c) Diffusion coefficient at t = 0.2 (d) Virtual system

Figure 8. Results for the semi-discretized diffusion-reaction equation.

7. Outlook

We provided a digital twin framework involving a virtual and a physical twin and a

bidirectional coupling between them. As a prototypical design objective we chose the

stabilization of the physical twin. Mathematically, this involves simultaneous Bayesian

inference, (optimal) feedback control, and state estimation. A significant difficulty arises

due to the necessity of parameter updating, which consistently affects and changes the

optimal feedback structure of the physical twin and the system operator of the virtual

twin.

We identify several open challenges for possible further research. A convergence

analysis of the parameter update procedure detailed in Section 4 is a challenging future

goal. Similarly, for the estimation procedure, a finite set of data is utilized for each fixed

control strategy. An asymptotic analysis with respect to the cardinality of the data set

could be of interest, in the presence of updated controls. An efficient and constructive
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strategy for sensor placement, in relation to dynamical systems properties, for example,

as well as the parameter update frequency, deserves deep investigation.
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