Boundary Control of Infinite Horizon Semilinear Parabolic Equations™

Eduardo Casas! and Karl Kunisch?

Abstract— This work concentrates on a class of Neumann
optimal control problems for semilinear parabolic equations on
an infinite horizon domain @ = Q X (0, c0) subject to a control
constraint of the form o < u(z,t) < g for (z,t) € I' x (0, c0),
where [ is the boundary of (2. Existence of a solution, first- and
second-order optimality conditions are established. Finally, the
approximation of the solution by finite horizon control problems
is addressed and some error estimates are provided.

I. INTRODUCTION

We investigate the boundary optimal control problem

P) inf J(u)

u€Uqq

2
Uwg={ue L*X):a<u(z,t)<Bae},a<0<p,

1
J(u) ::f/(yu—yd)dedt—l—E/u2dxdt, k>0,
Q 2 /s

and y,, is the solution of the semilinear parabolic equation

{ % —Ay+ay+ f(z,t,y) =g in Q = Q x (0,00),
dyy=uonX =T x(0,00), y(0) =yo in .

1.1
Hereafter v(z) = (v;(x))7_; denotes the outward normal
unit vector to I' at the point z. It is assumed that Q is a
bounded, connected, and open subset of R”, n = 2 or 3,
with a Lipschitz boundary I.

The fact of considering infinite horizon problems is mo-
tivated by the fact that the choice of 7' in finite horizon
problems is frequently ad hoc. Nowadays the infinite horizon
problems are widely studied because of their importance in
biology, economy, and engineering. The reader is referred
to [3] and [4] for references. Despite the large number of
papers for infinite horizon control of ordinary differential
equations, there are only a few papers dealing with partial
differential equations. In particular, as far as we know, the
case of boundary control has not been studied.

II. ANALYSIS OF THE STATE EQUATION

To carry out the analysis of the state equation we make
the following assumptions. We assume that yg € L°°(Q),
a € L*>®(Q) with0<a#0,and g € LP2(Q) = L*(Q) N

. T2 4
LP(0, 00; L*(£2)), where p € (4=, 0c]. We suppose that the
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nonlinear function f : @ x R — R is Carathéodory and
of class C2 with respect to the last variable satisfying the
following properties:

f(z,t,0) =0 and IM; > 0 such that 2.1)
Z—ch(:c,uy) >0 and f(z,t,y)y > 0 V|y| > My, (2.2)
YM > 03C)y : ‘g;{(:r,t,y) < Cum Vy| < M, (2.3)

Imy > 0,365 € [0,1), and 3C; > Osuch that
2.4)

8—£(x,t, s) > —Cyls| — dra(x,t) Y|s| < my,

for almost all (z,t) € @ and j = 1,2. Let us observe that
(2:2) and 2.3) yield

0
a—f(x,t,y) > —Cum; Vy €Rae. in Q.
y .
Moreover, (2.1)) and (2.3) along with the mean value theorem

imply that V|y| < M and for a.a. (z,t) € Q

(2.5)

0
f (@, t,y)| = ‘a—g(x,t,ﬁ(:c,t)y)y‘ <CuM.  (26)
We note the generalized Poincaré inequality
: 3
Calliley < [ IV9P +a?las) . @

As usual, for 0 < T' < oo we note the Hilbert space
W(0,T)={yeL*(0,T; H'(Q)): 8,y L*(0, T; H' (2)")}.

We recall that W(0,T) is continuously embedded in
C([0,T); L*(2)) and for T" < oo is compactly embedded
in L2(0,T; L?(2)); see [7, §5.2].

We mention two examples of functions f satisfying the
above assumptions: f(xz,t,y) = b(x,t)(e¥ — 1) with b > 0
andb € L>(Q); f(x,t,y) = i;”grl ap(x,t)y* withm > 1
integer, ay € L°°(Q) for every k, and ag;41 > > 0. This
in particular includes the Allen-Cahn equation, which arises
in phase separation in material science and biology.

DEFINITION 2.1: Given u € L9(X) with ¢ > n+ 1, we
say that y a solution to (I.I) if y € W(0,7) N L (Qr) for
every T € (0,00), where Q1 = Q x (0,T), and satisfies the
following equation in the variational sense

ot 2.8)

0 .
Y Ay+ay+ fla,ty) =g in Qr,
dwy=uonXp=Tx(0,T), y(0) =yo in Q.

The choice yo € L°°(£2) rather than L?(£2) is necessary
to guaranty that the state y is in L>°(Q), which in term is



crucial in the proof of the differentiability of the control-to-
state mapping.

In the sequel, we will denote U, = L?*(X) N LX) with
qg>n+1.

PROPOSITION 2.1: For every u € U, (I.I) has a unique
solution y. In addition, if y € L*(Q), then y € W (0,00) N
L>(Q) and f(-,-,y) € L*(Q) N L*>(Q) holds. Moreover,
the following estimates are satisfied

vl < K (ol + gl 2@ + lull sy

+lz@ )

1Yl (@) < Kz(llyol\Loom) + llgllzr2@) + llullv,

2.9)

+1yllz2 @ +Mf), (2.10)

If G v)llne @) < Crallyllze (@), (2.11)
1FClle2o) < Crollyllzz) (2.12)
Jm fly (@) 22 @) = 0, (2.13)
where Mj is given by 22), Koo = [|y|l=(@), Ck.. as in

(23) with M = K., and

|

2
19lle = (191 0,001z + 1911320 coirrry ) -

Proof: The existence and uniqueness of a solution y of
(T1) is a consequence of [3, Theorem 2.1]. For the proof of
the estimate (2.9) the reader is referred to [4, Theorem A.2].
In that proof the control was located in (). To deal with this
difference it is enough to take into account that

‘ / yudz dt|

for some constant C. The L>°(Q) estimate (2.10) follows

from [5]. The inequalities of (Z.11) and (2:12) are immediate

consequences of the mean value theorem and assumptions

(1) and 2.3). Finally, inequality (2.13) is a straightforward

consequence of the fact that y € W (0, 00); see [2, Theorem

2.4] for details. |
We define

U, = {u € U, such that y, € L*(Q)},
Y,.q = {y € W(0,00) N L*(Q) such that
9y
ot
Y}, is a Banach space when endowed with the corresponding
graph norm. We also define the mapping G, ; : Uy — Yp 4
by Gpq(u) = yu, where y,, is the solution of (TI).
THEOREM 2.1: Let us assume that U{, is not empty.
Then, U, is an open subset of U, and the mapping G, 4
is of class C2. Moreover, given u € U, and v,v1,v2 € Uy,
Zuw = DGy g(u)v and 2y (4, 1) = D*Gpq(u)(v1,v2) are
the unique solutions of

0z

of .
E—Az—l—az—i— ay(m,t,yu)Z—Oln Q,

Oyz=vonX, z(0)=0inQ,

Ca ”yHL2(0 co3H1(Q)) T C||UHL2(2

— Ay +ay € LP*(Q) and 0,y € U,}.

(2.14)

and
0z of
i Az ;l— az + == 3y (x,t,y.)2
= _((?) ';c(l'ata yu)zu,mzu,vz in @, 215
Y

Oy,z=0o0n3, 2(0)=0in Q.

This proof can be obtained applying the implicit function
theorem; see [4] for a similar proof in the case of distributed
controls.

LEMMA 2.1: For every v € U, and (h,v,29) €
L2(0,00; HY(2)*) x L2(X) x L?(2) the following equation

0z

of .
E—Az—kaz—!— ay(x,t,yu)z—hln Q,

dyz=von X, z(0)=z2in

(2.16)

has a unique solution z € W(0,00) satisfying for some
constant C' > 0 depending in a monotone way of ||| .o ().
but independent of (h, v, zp),

l2lw (0,00) < CUIMI 20,0051 ()) FIV ] L2y + 120 L2 (2))
2.17)

Proof: Due to the fact that y,, € L*°(Q) and (2.3) we
have that g—g(a:, t,y.) € L*°(Q), and hence the existence and
uniqueness of z € W(0,T) N L*°(Qr) holds for every T <
oc. Let us prove that z € W (0, 00). We put K = ||y, || (@)
o) For 67 € [0,1) as in (Z4),

there exists a constant Ca’(; ; such that Vw € H* ()

and Cx = Hay (x,t yu)

Ca,5f|w||H1(Q)§(/[|Vw|2+(1—5f)aw2] dCL‘) . (2.18)
Q

2
a,éf

We select ¢ > 0 such that max{C/, SLK 1C%e < C4 ,
where m ¢ and C/y are given in (2.4) and 01 is the embedding
constant for H1(2) C L*(Q2). We also denote by Cy the
norm of the trace operator H*(Q) — L?(T"). Using (2.13)

we deduce the existence of T, > 0 such that

ly®)ll2@ <e Vt>T.. (2.19)

For t > 0 we set Q,,, (1) = {x € Q: |y(z,t)| < my}. Now,
we test (2.16) with z and integrate over Q x (7, t) for every
t > T.. Using assumption (2.3) and we get
1 t
IOl + Cla, [ 100 ds
1 2 v 2 2
< §Hz(t)HL2(Q) +/ /HVZ" + (1 —dy)az"]dads
1
< (T gy +/ (h(s), 2(s)) ds +/ / vz deds

—l—Cf/ / |y|22 d:rds—i—CK/ / 22 dxds
D\, (1)

fylf
< 5” 2(T. )HLZ(Q + 17l 22 (0,005 ()

tH(Q))

+ vl L2 121l 2 (22 822y



Cr, {* 1
max(Cr, S [ [ gl deds < ST ey
myoJr. Jo

2 025
+ @”hHZLQ(O,oo;Hl(Q)*) + = ||Z||%2(T5,t;H1(Q))
a, f
2073 03,5
+ oz, ||UH2L2(2) + ! ||Z||2L2(Tg,t;H1(Q))
a, f

Ck t
wmax(Cr, ) [0l () oy ds
1 2
< S lI=(T: )||L2§2)+02 12012 (0,002 51 (02))
202 a6
+ 22 )2, gy + 22 / #0271 ds
Ca6f
K
+ C2max{Cy, K e / 12(5) 2y s
mf TE

1 2
< *||Z(Te)||2L2(Q) + CT”hH%Z(o,oo;Hl(Q)*)

a§
; / 1201272 ds.

Tor HL2(E) +

This 1mphes

t
12122 () + Cﬁ,sf/T 12171 (@) ds < 12(T2) 172 (q)

el b 2 ol
L2(0,00;H (02 UllL2(x)
03 5 ( (2)*) 02 (
Since z solves (2.16) in (0,7), we have z € W(0,T)
and ||z|lw(o,7.) can be estimated by ||hl|12(0,00;m1(0)*) +
llvllL2(z) + [|20]|L2(q2)- This along with the above estimate
implies the desired estimate of z in L2(0,00; H'(Q2)) N
L>(0,00; L?(€2)). From the equation (2.16) we infer that
% € 12(0,00; H'(2)*) and estimate 2-17) follows. [
REMARK 2.1: Lemma implies that for every u € U,
the mapping DG, ,(u) : U, — Y, , can be extended to a
continuous linear mapping D,, ,(u) : L*(X) — W (0, o0)
by the same equation ([2.14).

ITIT. ANALYSIS OF THE CONTROL PROBLEM

In this section, we prove the existence of an optimal
solution of (P) and derive the first and second order opti-
mality conditions. Let us observe that Theorem implies
the existence of a unique state y, for every control u €
Uaq. However, it could happen that y, ¢ L?(Q) and,
consequently, J(u) = oo. Therefore, the assumption about
the existence of a control ug € U,q such that J(ug) < oo
is needed. This issue will not be addressed in this paper,
the reader is referred, for instance, to [1] and [6] for this
question. We will say that u is a feasible control if u € Uyy
and J(u) < 0o

THEOREM 3.1: Let us assume that there exists a feasible
control ug. Then, (P) has at least one solution.

Proof: Let {uy}72, C Uyq be a minimizing sequence
of feasible controls with associated states {y,, }7> ;. Since

J(u) — inf (P) < J(up) < oo, then the boundedness of
{ur ¥, and {yu, }32, in L*(X) and L*(Q), respectively,
follows. Then, taking subsequences we can assume that
(Uk, Yup ) — (@, 7) in L?(X) x L*(Q). Since U,q is a closed
and convex subset of L%(3), we infer that @ € Ugg. Due to
the weak lower semicontinuity of J with respect to (y,u) in
L?(Q) x L3(%), it is enough to establish that  is the state
associated to @ to conclude the proof. For this purpose we
have to show that g satisfies with @ on X for every
T < oo. The only delicate point in this respect is to prove
the convergence of f(x,t,v,, ) — f(x,t,) in L>(Qr) for
every T > 0. Using the boundedness of {(ug,yy, )}, in
[L2(X) N L>2(X)] x L*(Q) we deduce from Z.9)-2.12)
the boundedness of {y,, }3>, in W(0,00) N L>*(Q) and
{F(Cy e yu) 122, in L2°(Q) N L2(Q). Hence, using the com-
pactness of the embedding W (0,7) C L?(Q7) the desired
convergence follows. [ ]

Since (P) is not a convex problem, we will also deal with
local minimizers. In this paper, a local minimizer of (P) is
understood in the L?(X) sense. Before writing the first-order
optimality conditions satisfied by a local minimizer of (P),
we address the differentiability of the function J : U; — R.

THEOREM 3.2: If U, is not empty, then J is of class C*?
and for every u € U, and v,v1,vy € L*(X) N L>®() its
derivatives are given by

J (u)v = /(gpu + ku)vdz de, 3.1
2

J" (1) (v, v2) :/ [1 — j(x t yu)gpu} 2y 2, Ao di
Q

dy?
+ H/ v1v dz dt, 3.2)
i
where ¢, € W (0, 00) N L>®(Q) satisfies
Oy ) .
- gt — Apy +apy + af‘;(x,tyu)wu = Yu — Ya in Q,
8,,<pu =0 on Z, limtﬁoo H‘Pu(t)HLz(Q) =0.
(3.3)

This theorem follows from Theorem 2.1] and the chain rule.

REMARK 3.1: From Remark [2.1] we infer that for every
u € Uy, J'(u) and J”(u) can be extended to linear and
bilinear forms, respectively, on L?(X).

Now, using the convexity of U,4 and we deduce the
first-order optimality conditions:

THEOREM 3.3: Let % be a local minimizer of (P). Then,
there exist g, ¢ € W (0, 00) N L>°(Q) such that

o _ .
YAy tag+ flr,t,g) =gin Q,
Og=uonX, §(0)=yoin Q,

9p of oo
6t A‘P + GJQO + 8y (xat»y)SD - y yd m Q7 (35)

Dy@ =0o0n X%, limy_o [|@(t)| £2() = 0,
/(@ +rta)(u—a)dedt >0 Yu € Uyg.
)

34)

(3.6)



Next we focus on the second order analysis for (P). Given
a control © € U,q satisfying the first-order optimality condi-
tions (3.4)—(3.6) we introduce the cone of critical directions:

Cy={veL*%): J(a)v=0and

v(z,1) { i 8 if a(x,t) =

Q@
if a(z,t) = 5

We prove the second-order necessary optimality condition.

THEOREM 3.4: If « is a local minimizer of (P), then
J"(w)v? > 0 for all v € Cy.

Proof: Since u is a local minimizer of (P), there exists

e > 0 such that J(u) < J(u) for all u € Uyg N B:(@),
where B.(u) = {u € L*(X) : |[u — @l|2(s) < €}. Given
q € (n+1,00) we have for every u € U,q N B (@)

_ _2 _ 2 _2 2
u—alpas < (B—a) =l fa) < (B—a) " hea,

Using that U/, is an open set, we select € > 0 small enough
such that U,q N B:(@) C U, holds. Now, given v € Cy we
define for every integer k > 1 the function vy by

v (z,t) :{ 0if a(xz,t) € (0, + ) U (B— £, B)

Proji_y yx(v(x,t)) otherwise.
We get {v;}72, C L=(X) N L*(X) and v, — v in L3(X)
as k — oo. Further, if we set p, = min{k%, B%a, W},
L=(XZ
then @ + pvy, € U N Be(ua) for every p € (0, pg).
In view of (3.6), it is straightforward to check that the
condition J'(@)v = 0 in the definition of Cy is equivalent
to (¢ +va)(z,t)v(x,t) = 0 for almost all (z,t) € X. Using
this fact, it is immediate that J'(@)vy = 0 for every k. Then,
performing a Taylor expansion we get for every p € (0, px)

2
ogﬂa+ww—ﬂm=mmmw+%fmuﬂmww¢
2
- %J”(ﬂ + 60, kpvi)v2 with 6,5 € [0, 1].

Dividing by é we deduce J” (@ + 6, kpvi)vi > 0. Since
U+ 0, xpv — 4 in U, as p — 0, we deduce J” (a)vi > 0.
Moreover, since v, — v in L?(X) we infer that z,, — z,
in L?(X); see Lemma Hence, we can pass to the limit
in the previous inequality and obtain J” (@)v? > 0. [ |

We conclude this section by proving the second-order
sufficient condition for local optimality.

THEOREM 3.5: Let u € U,q N Uy, satisfy the first
order optimality conditions (3.4)-(3:6) and the second order
condition J”(%)v? > 0 for every v € Cy \ {0}. Then, there
exist 6 > 0 and € > 0 such that

1)
J(@) + S llu = allfzis) < J(u) Yu € Usa N Be(w), (3.7)

where B. (i) = {u € L*(X) : |u — @l 2(x) < e}

Proof: We argue by contradiction and assume that (3.7)
does not hold. Then, for every integer k£ > 1 there exists a
control ug € U,q such that

{ pr. = |lug — @l z2(x) < ¢ and (3.8)

T(ue) < T(@) + g ur = @2 s,

We define vy = - (ux, — @). Since [|vg]|z2(s) = 1 for every
k, taking a subsequence, we can assume that vy — v in
L*(¥). From (3:8) we deduce that {y,, }?, is a bounded
sequence in L?(Q), hence {uy}3°; C Uso. Moreover, given
q € (n+1,00) we have
=2 2 k—

luk = llpags) < llur — all L ) llur — @l {25y — O
Then, y., = Gpqlur) = Gpq(a) = 7 in Y, ,. Conse-
quently, there exists a ball B,.(4) C U, and ko > 1 such that
{ug } >k, C Br(u). The rest of the proof is split into three
steps.

Step I - v € Cy. From (3.1) and (3.6) we infer that

0< J' (@) — J' (@) (3.9)
Using the mean value theorem and (3.8) we get
/ (o, + rug, Jur dz dt = J'(u, Jvk
s
J —J(u
) —I@ e

Pk 2k

where 05, € [0,1], up, = @+ Oi(ur — @), and @y, is the
adjoint state corresponding to ug, . Since yg, = G, 4(ug, ) —
Gpq(@) = 7§ in Y, 4, we deduce from [4, Theorem A4] that
vo, — @ in W(0,00) N L>®(Q) as k — oo. Then, it is
straightforward to pass to the limit in the above expression
and to get J'(@)v < 0. This inequality and (3.9) imply that
J'(@)v = 0. On the other hand, since the set of elements of
L?(X) satisfying the sign conditions given in the definition
of Cy is convex and closed in L?(X), it is weakly closed.
Due to the fact that every vy = (uy — u)/py satisfies the
sign conditions, they are also satisfied by v. Hence we have
that v € Cﬁ

Step 1I - J" (i)v? < 0. Performing a Taylor expansion and
using (3:8) and (3.6) we infer for some ¥ € [0, 1]

%HUIC - ﬂ”%z(z) > J(Uk) — J(ﬂ) = J/(ﬂ)(uk — ﬂ)
42 o — ) —

> SJ" (a4 Op(ug — ) (up, — @)°.

1
2
Dividing the above inequality by %2’*‘ we get
1

J" (@ + g (uy, — a))vi < T

Denoting by uy, = @+ Y (ur — @), yg,, its associated state,
and @y, the corresponding adjoint state, we get from (3.7)

(3.10)

J" (U 4 O (ur — 0))vg = Kllogll72(s)

0*f
+/Q [1 - a—yz(x,t,ygk)wgk}zghw dz dt, (3.11)

where zy, ,, satisfies the equation

8z19k771k

ot
Ov29y 0, = Vk ON X, 2y, 0, (0) =01in Q.

0
- Azﬂmvk +azy, v, + ?f(xv L, yﬁk)zﬁk,vk =0

(3.12)



Now, we study the lower limit of (3:I0). From Lemma
and the boundedness of {v,}?2, and {yg, }72, in
L*(¥) and L*°(Q), respectively, we infer the boundedness
of {zg, v, 172, in W(0,00). Therefore, we can extract a
subsequence, that we denote in the same way, such that
{29,,0 } 72, converges weakly in W (0, 00). Moreover, the
convergence uy, —  in U, implies yy, = G, q4(uy,) —
Gpq(@) =7 inY, ,. Using thls and the convergence v — v
in L2(%), it is stralghtforward to pass to the limit in (3:12)
and to deduce that zy, ,, — 2, in W(0, c0), where z, is the
solution of (2.14). Further, the convergence of yy, — ¥ in
Y, , implies the convergence in LP(0, oo; L?(2)) N L>=(Q).
Then, from [4, Theorem A.4] we infer that ¢y, — @
in W(0,00) N L*°(Q). Indeed, subtracting the equations
satisfied by ¢y, and @ we get for ¢y = @y, — @

O, of _
7@ - Awk + a'l/)k + aiy(xata y)'l/}k
= o, — 5+ [ %@ ,9) - 5@t o) 0o, in Q,

Ouhr = 0 on B, limy 0 (|95 ()] L2(q) = 0.

Then, using (3.3, the established convergence yy, — ¥
and [4, Theorem A.4] we get the claimed convergence of
{@ﬂk}i“Q to .

Now, we take the lower limit in (3:10). For this purpose
we take into account that 2y, ,, — 2, in L?(Q) and vy — v
in L?(X). Hence, we get by (3:10)

0 > liminf J" (@ + 95 (ugp — @))vj > hmmf 129, kaLz(Q

k—o0

. *f 2
+ lim inf — 53 (@, t, Y9, )P0, L2 dzdt
Q@ ’

k—o0

+ Hliminf ||”k||2L2(2) > [|lza,0ll72(q) + KllvlI72 ()

—Hlmlnf/ 3y 2 (x,t yﬁk)gpﬁkzﬁk v, dz dt. (3.13)
Below we prove that
kli)rrgo W(m, t, Yy, )Pv, 29, oy, dz dt
2
/ g J;(x t,§)@z2 dz dt. (3.14)

Thus, (3:2) and B-13)-(3.14) yield J(a)v? < 0.

Let us prove (3.14). Given ¢ > 0, (3.3) implies the
existence of 7. > 0 such that [|(t)|12(q) < € for every
t > T.. Further, the convergence zy, ,, — 2z, in W(0, 00)
implies the convergence zy, », — 2a., in L*(Q7.). Using
these properties and (2.3) with M = ||7|| =) we get

0% f
Oy2

o’ f 5 )
Q )87y2(x,t7yﬁk)@ﬁkzﬁk>vk (.’L' t y) ’U, v

2

0% f OFf
< ZJ _ L
< /Q ‘ayg (T, t, Yo, ) o dy?

2
“J
Te

(2,4, 9)¢|23, ., dwdl

o°f
8 a,.2 (I ta y) |Z19k v Zg,v| dedt

/ /‘agxty "Zﬁkvk_ uv|dxdt

f 0% f
<H8 7t s Y9, )P0 oy z(x LYy SOHLOC(Q)HZ’% kaL2(Q)

+Cum 1Pl Lo (@) 129 vx—Zaw | L2 (@) 120k ox a0l L2(Qr)
+ C]V[€||Z’l9k7'uk
— I+ L+ I

- Zﬂ,v||L2(Q) 1295 0 + Zﬁ,v||L2(Q)

The convergence (ys, , vy, ) — (¥,®) in L=(Q)? and the
boundedness of {zy, ., 7>, in W(0,00) yield I; — 0
as k — oo. The convergence 29, », — 2a. in L?(Qr,)
implies that I — 0 as well. Finally, we have |I5| < Ce,
where we have used again the boundedness of {zyg, ., }72;
in W (0, 00). Since £ > 0 is arbitrarily small, (3.14) follows.

Step Il - Final contradiction. The facts proved in Steps
I and II along with the assumption J”(ii)v? > 0 for every
v € Cz\{0} lead to v = 0 and z, = 0. Therefore, looking at
the relations (3.13) we obtain with (3:14) and [|v || p2(x) = 1

0 > liminf J” (a+9, (ur,—a))vi > lim inf/i”?)k”%z(z) =K,
k—o0 k—o0
which contradicts the hypothesis « > 0. [ |

IV. APPROXIMATION BY FINITE HORIZON
PROBLEMS

For every 0 < T' < oo we consider the control problem

(®r)  min Jr(u),

T,ad
where Ur gq = {u € L*(X7) : a < u(w,t) < B ae.},

1
Jr(u) = 2/@ (Y7u — ya)? do dt + g/z u? dz dt
T T

and yr, denotes the solution of the equation
%W _ A ty)=gi
{é%— y+w+f®,w%f9QO @1
y(0) = yo in .

The next two theorems establish the convergence of the
approximating problems (Pr) to (P) as 7' — oo.

THEOREM 4.1: For every T' > 0 the control problem
(P7) has at least one solution u7. If (P) has a feasible control
ug, then the extensions by zero {ir}rso of any family
of solutions are bounded in L?(X). Every weak limit @ in
L*(X) of a sequence {dr, }3°, with T — 0o as k — oo is
a solution of (P). Moreover, strong convergence 4, — % in
U, holds for every ¢ € [2, 00).

Proof: The proof of existence of a solution for (Pr)
is standard. If wug is a feasible control for (P), then using
that Jr(ur) < Jr(ug) we infer that {dr}r~o is bounded
in L?(X). Therefore, there exist sequences {7, }32, with
T, — oo weakly converging to some % € L*(¥). Arguing
similarly as in the proof of [4, Theorem 4.1] we deduce that
@ is a solution of (P) and J(@7,) — J(a). By the structure
of the cost, that includes the Tikhonov term, it is immediate
that 47 — 4 strongly in L?(X). Since {47, } is bounded in
L>(X), the convergence in U, follows. [ |

O,y = u on X,



THEOREM 4.2: Let @ be a strict local minimizer of (P).
Then, there exist Ty € (0,00) and a family {ur}rs7, of
local minimizers to (P7) such that the convergence ur —
in Uy holds as T' — oo for every ¢ € [2,00).

Proof: Since u is a strict local minimizer of (P), there
exists p > 0 such that J(a) < J(u) for every u € Uy N
B, (u) with u # @, where B, () is the closed ball in L*(Q.,)
centered at u and radius p > 0. We consider the control
problems

P

Py) min

wEBT, ,(@)NUr, qa

min

w€B,(u)NUqgq
where Br,(a) = {u € L2(Sr) ¢ Ju — @2y < p).
Obviously u is the unique solution of (P,). Existence of a
solution ur of (Pr,) is straightforward. Then, arguing as
in the proof of Theorem [4.1] and using the uniqueness of
the solution of (P,), we deduce the convergence iy — 4
in L%(X) as T — oo. This implies the existence of Ty > 0
such that ||ur — tp2x,) < ||Ur — @2y < p for all
T > Ty. Hence, ur is also a local minimizer of (Pr) for
T > Ty. The strong convergence 4y — u in U, follows
from the convergence in L2(X) and the boundedness of U,q
in L>(X). ]

THEOREM 4.3: Suppose that « is a local minimizer of
(P) satisfying the second order sufficient optimality condi-
tion. We assume that —(m t,y) > 0 holds for all y € R and
almost all (z,t) € Q. Let {ur}rs1, be a sequence of local
minimizers of problems (P7) such that 47 — @ in L?(X).
Then, there exist T* € [Ty, c0) and a constant C' such that
for every T > T*

J(u) and (PT,p) JT(’U,)7

lier = all 2y + 97 = Flwio.e0) < C(lyr(T) 22y

+ lyall 2 (1,00522(02)) + ||g||L2(T,oo;L2(Q))>7 4.2)
where {7 € Y}, 4 is the solution of the equation
Y
ot — Agr + ayr + f(z,t,97) = g in Qr, 4.3)
dvyr = tr on ¥, §r(0) = yo in Q.

Proof: As proved in [4, Theorem 4.3], there exists Tjy <
oo such that Jp(ur) < Jp(a) for all T > T. We are
going to use inequality (3.7). For this purpose, we take T* €
[T, 00) such that ||t — |/ z2(x) < € for all T > T*. Then,
given T' > T*, (377) yields

J(@) =

ya(t)|1 720 dt

g lir = 725y < J(ar) — Jr(ur) — Jr(u)

3 ] a0 -

1 [ 5 Kk [ 5
5 | 150 = 0Ol e =5 [ 1a®la ar

<3 [ larto)

which leads to

— ya(t)]|72q) dt,

1

lir —llL2sy < —=97 — vallL2(1,00522(0))-  44)

S

To prove the first estimate of #.2) we observe that gr
satisfies the equation

09
{ T — Agr + ayr + f(z,t,97) = g in Q x (T, 00),
T =0 on T x (T,00), §7(T) = yr(T) in Q.

Testing this equation with ¢p, and using that
flx, t,47)9r > 0 due to the monotonicity of f with
respect to y and (2.1), it follows that

1, . e . N
Sir @l + [ [ (190 + o) dod
T Q

1 o0 R
< Slyr @)y + /T /Q gir dodt.

Using this we infer with @7) that ||| L2(7,00;02(0)) <

C’ HyT(T)HLz(Q) + ||gHL2(T,oo;L2(Q)))~ This inequality and

imply the estimate of the controls in #.2). To get the
estimate for the states we observe that ¢ = yr — ¢ satisfies
the equation

0 0 .
;StT A¢r + adr + 6£(m’t’yT’a)¢T =0 in Q,

Oy ¢ = Ur — u on X, ¢T(0) =0in Q,

where yrp = § + Or(Jr — y) with Or : Q — [0,1]
measurable. Then, applying Theorem A3 and Remark 5.2 of
[4] we infer [|¢7||w(0,00) < K3l|tr — | z2(x). Combining
this estimate with the one established for the controls we

deduce (#2). [

REMARK 4.1: We note that all the results of this paper
remain valid if the system is controlled from a subset %, =
x (0,00) with w a measurable subset of T'.
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