STABILIZATION OF NONAUTONOMOUS LINEAR PARABOLIC
EQUATIONS WITH INPUTS SUBJECT TO TIME-DELAY

KARL KUNISCH!2 AND SERGIO S. RODRIGUES!

ABSTRACT. The stabilization of nonautonomous parabolic equations is achieved by feed-
back inputs tuning a finite number of actuators, where it is assumed that the input is
subject to a time delay. To overcome destabilizing effects of the time delay, the input is
based on a prediction of the state at a future time. This prediction is computed depend-
ing on a state-estimate at the current time, which in turn is provided by a Luenberger
observer. The observer is designed using the output of measurements performed by a
finite number of sensors. The asymptotic behavior of the resulting coupled system is
investigated. Numerical simulations are presented validating the theoretical findings,

including tests showing the response against sensor measurement errors.

1. INTRODUCTION

The stabilization of unstable processes is an important problem in many applications. It
involves the design of stabilizing control inputs, often demanded in feedback form u(t) =
K(t,y(t)) due to their robustness properties against small errors which are ubiquitous in
practice.

A system, which is stable for a given feedback input, may become unstable if the input
is subject to a time-delay 7 > 0, resulting in u[7l(t) = K(t — 7,y(t — 7)). In this case,
such time-delays cannot be neglected. We need to construct K = K, depending on 7,
leading to e (t) = K (t — 7,y(t — 7)). If the state y(t) is not available, we take the

input - (t) = K, (t — 7,y(t — 7)), using a state estimate g(t — 7). Throughout, we denote

gll(t) == g(t — 7). The superscript [7], in @), means that the input ur(t) is delayed
by time 7; the subscript means that the feedback-input operator K, will be constructed

depending on 7, based on a predictor.

1.1. On the novelties. An important aspect of our work is presented by the fact that
delayed stabilizing dynamic output-feedbacks are investigated for nonautonomous infinite-
dimensional systems. Furthermore, we present a strategy able to tackle general higher-

dimensional spatial domains.
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For the particular case of autonomous (time-invariant) dynamics and if the state y(t)
is available, we can mention [14, 19] for finite-dimensional systems, and [6, 15-18, 20] for
infinite-dimensional systems. For nonautonomous dynamics we refer to the seminal work [1]
for finite-dimensional systems. In the context of infinite-dimensional systems, the analysis
of nonautonomous dynamics with delayed inputs has been addressed in [8], but we are not
aware of works on stabilizability results with delayed feedback inputs, in this context. Below,
we shall see that some tools used for autonomous dynamics and finite-dimensional systems
are not appropriate to deal with nonautonomous infinite-dimensional systems.

In the particular case of one-dimensional spatial domains and boundary controls, we have
at our disposal a powerful technique using appropriate backstepping transformations; see
the survey [28]. Further, the delay can be tackled by the use of an auxiliary variable and
considering an extended system. We refer the reader to [11, Sect. 2]. These techniques have
been further explored in [21, 30-32], for example. In higher-dimensional domains the use of
backstepping techniques is still limited to particular geometries (cf. [28, Sect. 7.5]); see [9] for
rectangles/boxes and [29] for disks/balls; see also [27, Sect. 5] where it is mentioned that a
domain extension technique could be explored since it transforms boundary control problems
in a given spatial domain into boundary/internal control problems in larger domains (cf. [7,
Sect. 3], [22]). In this manuscript we consider internal controls and present a design strategy
able to tackle general polygonal /polyhedral domains.

A predictor will be utilized to counteract the destabilizing effects of the delay (cf. [10],
[1]). At the same time, to account for the possibility that the state y(¢) is not available, the
proposed strategy will involve a Luenberger observer, providing us with an estimate ()
for y(t). This results in a system coupling the state dynamics, the predictor, and the
observer, which we believe has not been addressed in the literature, in the context of nonau-
tonomous systems, not even in the case of finite-dimensional systems. For the autonomous
case we can mention [16] where the eigenpairs of the time-independent diffusion-reaction-
convection operator have been explored. Further, we shall give the nominal feedback-input
and output-injection operators in an explicit form simple to compute numerically, which is

important in practice.

1.2. Destabilizing effect of delays. Stabilizing feedback inputs can become destabilizing
under arbitrarily small time-delays in the context of partial differential equations (PDEs) of
hyperbolic type (cf. [5, Thm. 3.1]). Such a destabilizing effect is also present for PDEs of
parabolic type, if the time-delay 7 is larger than a suitable threshold 7. > 0 depending on
the free dynamics. Further, given 7, we can find a parabolic model with feedback input
delay threshold 7,. Since the parabolic case may not have been explicitly addressed in the

literature, we shall give an example later on.

1.3. Prediction and time irreversibility. The input u(¢) at time ¢ will be based on a

prediction y, (¢t + 7) of the unknown state y(t + 7), at the future time ¢ + 7, using a state
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estimate y(t) available at time ¢. In the autonomous case, with free dynamics ¢y = Ay, and
if time can be reversed and if the state is known, y(t) = y(t), the strategy is comparable to
the ones followed in [1, 4, 10, 14, 19] for finite-dimensional systems, where the state y(t) is
transformed into

W(t) = y(t) + [ e ABu(s)ds, (1.1)
and the feedback input is sought in the form u(t) = K(¢(t)). Indeed, note that from (1.1)

we find
eTAP(t) = ey (t) + [} ABu(s)ds

=e™Ay(t) + j;t+Te(t+T_T)ABu(r — 7)dr,

which shows that e™4)(t) = y(t + 7). That is, the input u(t) = K((t)) = K, (y(t + 7)) is
a function of the state at the future time ¢ + 7, with K, = Koe™,

In case the state y(t) is not available we will use a state estimate y(t) instead, by setting
Yp(t+7) = e"Ag( —|—ft+T (t+T=1)ABy(r—7)dr, (1.2)

resulting in the input u(t) = K, (y,(t+7)). We use (1.2) instead of (1.1) because, in general,
for parabolic-like equations with state y(¢) evolving in an infinite-dimensional space, the
reversibility of time does not hold and thus the integrand in (1.1) is not necessarily well
defined. Note that t —7 —s <0 for s >t — 7.

1.4. Stabilizability and nonautonomous dynamics. In the particular case of parabolic
autonomous dynamics, the spectral properties of the time-independent operator A can be
used to reduce the problem of stabilizability to the stabilizability of a finite-dimensional
system. This strategy is followed, for example, in [6, Sect. 2], [17, Sect. 3], [20, Sect. 3].
Spectral properties of time-dependent operators A(t), however, are not an appropriate tool
to investigate stability properties, see [33].

Here, we consider linear parabolic equations
§+ Ay + Ay = Ball,  y(0) = yo, (1.3a)

where the state y(t), ¢ > 0, evolves in a real separable Hilbert space H. Here, A is a
symmetric diffusion-like operator, A,. = A;.(t) is a reaction—convection-like linear operator,
B is a linear control operator, and we seek a feedback input @, (t) = (W, 1(¢),...,Urm(t)) €

R™ which is subject to a time-7 delay,

alr(t) == u (t — 1), (1.3b)

T

] R 0, for t € [-T7,0),
with @, (t) = (1.3c)
KT(ta g(t))v fOI‘ te [0, 00)7
where y(t) is an estimate for y(t). The goal is to design a stabilizing operator K, so

that y(t) — 0 converges to zero as t — oco. The control forcing Bu[T]( t) is, at each time ¢t > 0,
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a linear combination .
Ball) = a7 ()@, (1.3d)

T,
i=1
of a finite number m of given actuators ®; € H. Given a feedback-input operator K so that
the nominal system

y+ Ay + Ay = BE(t,y(1)),  y(0) = vo, (1.4)
is stable, with state feedback input u(t) = K(¢,y(¢)), the actual dynamics is of the form

y+ Ay + Ay = BK(t — 7,y(t — 7)), y(0) = vo,

with delayed input ul™(t) = K(t — 7,%(t — 7)). By nominal system/dynamics we mean the
system/dynamics under no disturbances, namely, the ideal (nonrealistic) situation in (1.4),

with vanishing input delay 7 = 0 and with availability of the full state y(t).

1.5. Detectability. The estimate ¥ is given by a Luenberger observer
Y+ AG+ Awe§ = Bul H LW (5~ ), 5(0) =T, (1.5)

with the input as in (1.3). Here W: H — R® is a linear output operator, representing the
measurements w(t) = Wy(t) = (wi(t),...,ws(t)) obtained by a finite number s of sensors,
at time ¢, and L: R® — H is an output-injection operator to be designed. The initial state 7
of the observer is at our disposal. It can be chosen as an initial guess we might have for yq.

The goal is to design a detecting operator L so that g(¢) — y(t) as t — oo.

1.6. Contents. In Section 2.1 we present the general assumptions on the tuple of opera-
tors (A, Ay, B, W), in particular, to guarantee the well posedness of the involved problems
and the possibility of the designs of the sought feedback-input operator K and of the sought
output-injection operator L. Section 2.2 gathers auxiliary results concerning the regularity
and boundedness of the solutions. The destabilizing effects of delayed feedback inputs is
shown in Section 3 through an example of a scalar ODE, satisfying the assumptions made
in Section 2.1. This example is used, in the Appendix, to show the analogous destabilizing
effects for a more general class of parabolic equations, including reaction-diffusion equa-
tions. The proof of the main result, stated in Theorem 4.2, is given in Section 4, for the
considered class of abstract evolution equations. Section 5 focuses on the case of exponential
Luenberger observers. In Section 6 it is shown that the abstract assumptions are satisfied
by scalar parabolic equations. Results of numerical simulations are discussed in Section 7.

Comments on the results are given in Section 8.

2. ASSUMPTIONS AND AUXILIARY RESULTS

Hereafter, H and V are two real separable Hilbert spaces. The former is considered as

pivot space, H = H'. The identity operator shall be denoted by 1.
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Definition 2.1. Let D > 1 and p > 0. The operator A = A(t) € L(V, V") is called (D, u)-
stable if, for all zp € H, the solution of the system {% = Az, z(0) = z} satisfies |2(t)|; <
De #(t=5) | 2(s)|,, for all t > s > 0.

2.1. Assumptions. We start by making general assumptions on the operators A and A,

defining the free dynamics.
Assumption 2.2. The inclusion V C H is dense, continuous, and compact.

Assumption 2.3. The operator A € L(V,V') is symmetric and (y,z) — (Ay,2)v v is a

complete scalar product on V.

We suppose that V is endowed with the scalar product (y,z)y = (Ay,z)y+ v, which
again makes V a Hilbert space. Then, necessarily A: V' — V' is an isometry. The domain
of Ain H is denoted by D(A) := {z € H | Az € H} and it is endowed with the scalar

product (z,w)p(a) = (Az, Aw) g, which defines a norm equivalent to the graph norm.

Assumption 2.4. We have that A,. € C([0,00), L(V, H)+L(H, V")) and that it is bounded,

sup [Ave (] 2v, ) (m,v7) = Cre < 00.
The following assumptions involve the given control and output operators, B and W.

Assumption 2.5. There is a feedback-input operator K € L(H,R™) such that Apx =
—A— A+ BK € L(V,V') is (D1, p1)-stable, for some Dy > 1 and py > 0.

Assumption 2.6. There is an output-injection operator L € L(R®, H) such that Apw =
—A— Ai(t) + LW is (C,0)-stable, for some C > 1.

2.2. Auxiliary results. We consider the dynamics under a general forcing f,
J+Ay+Acy=f  y0)=uy €H, (2.1)

for time ¢ > 0. Let us denote I1 := (s,s + T, and for two given Banach spaces X,Y, the

Bochner (sub)spaces

LP

loc

Ry X) = {f | fl;5 € LU X),9T > 0},
WG X, Y) = {f € L2(I55 X) | fe L2(IF5Y)},
Wioe(Re: X, ¥) == {F | fl,; € WUT:X,¥),¥T > 0},
Lemma 2.7. If Assumptions 2.2-2. hold true and f € L% _(Ry; V'), then the solution
of (2.1) satisfies, for any given s >0 and T > 0,
|y|(23([s,s+T];H) < Cor |Z/R2>V(Ig;v,w)

2 2
< Cr (I + 17132 )

with constants Co,r = C¢c, .1 > 0 and Cr = C|¢,] > 1 independent of (s,yo).
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The proof of Lemma 2.7 is standard, by following the Faedo-Galerkin method [26, Ch. 1,
Sects. 1.3-1.4] (cf. [24, Sect. 3.4]).
Now, we consider a family of systems of type (2.1), with vanishing external forcing f,

indexed by the initial time s > 0 as follows,
24+ Az + Az =0, z(s)=w(s), t>s>0, (2.2.[s])

where the initial state, at time s > 0, is given by the value of a function w(s) € H at time s.
The following result will be essential for the proof of the main Theorem 4.2, in particular,

to derive appropriate regularity for the input.

Lemma 2.8. Let Assumptions 2.2-2.4 hold true, let 7 > 0 and w € C([0,00), H), and
let z = z5(t) denote the solution of (2.2.[8]), t > s. Then, the function w(s) == zs(s + 7)
satisfies wT € C([0,00), H).

Proof. We start by defining z,(t) := z5(t + s), for t > 0, and by noticing that, for (s,r) €
[0, 00),

w(s) —w (r) =zs(s +7) — 2. (r +7) = 2,(1) — 2,.(7).
Next, for the difference 1 := z, — z,. we have the dynamics

"7 + A’I] + Arc,sn = (Arqs - Arc,r)éﬂ t>0,

where
Ao () = Aw(t+s), for each s > 0 and all ¢ > 0.

re,s

By Lemma 2.7 we find that
() < Cr (IO + ] (Ares = Are)2 3200
< Cr (MO + Ares = Aueal* 2 B0
with ||g|| = maxieo,r 19(1)|z(mv)420v,m))- Using Lemma 2.7 again, we find
O = [w(s) — w™ (r)|5 = In(r)[ (2:3)
< Cr (In(O)y + Cor | Ares — A 120 ()% )
<Cr (Juw(s) = w(r) iy + Corl| Ares = Ares|* [0 ).

Let us fix arbitrary s > 0 and € > 0. By the continuity of w it follows that there
exists d; > 0 such that

lw(r) —w(s)|3 < (20, +1)7Y, for re B (s),

where B (¢) == (¢ =7, ¢+ 7) N[0,00) denotes the ball of [0, 00), with center ¢ and radius .
Hence, using (2.3),

6 <271+ CCor || Ares — Aver || (w(s)] + 1),

rc,s Llre,r
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for all r € B;rl (s). By the continuity of A,., in Assumption 2.4, there exists § € (0, d;) such
that

Hfrc s frc rH2
2
= sup A (s +1) = Ac(r + )| mvin e m
te(0,7]
< (207 Cor(Jw(s)ly +1)%€*) 7,
for all r € By (s). Therefore, we arrive at

|w™ (s) — wT(r)ﬁ{ < é? for all r € Bf(s),
showing the continuity of w” at ¢ = s. This finishes the proof, since s > 0 is arbitrary. [
Next, we consider the nominal controlled dynamics under a perturbation g, for ¢ > 0,
U+ Ay+ Ay =BKy+g,  y(0) = yo. (2.4)

Lemma 2.9. Let Assumptions 2.2-2.5 hold true and let g € LP(R4; H), p € (1,00]. Then,
the solution of (2.4) satisfies, fort > s >0,

()] < Dre™ " |y ()| g + Cplgl o ((s,000m)
with Cp, = 6[(;“] > 0 independent of (t, s,yo)-
Proof. By the Duhamel formula, Assumption 2.5, and Definition 2.1, we have that
(D)l < Die#10) [2(s)] y + Dy fre "1 g(r)]y dr.
Further, by Hoélder inequality, for the last term we find

Jlemm = |g(r)|y dr
< (Jlemm T dn) 5 ([ g(r)ly dr)

/\

pul |9‘L” (s,t);H) *

The result follows with C,, = D1(p — 1)(pu1) 1. O

3. DESTABILIZING EFFECT OF DELAYED FEEDBACK INPUTS

We give an example for which Assumptions 2.2-2.5 are satisfied and where there exists
a threshold 7, > 0 so that no linear nominal stabilizing feedback K will remain stabilizing
if subject to a time-delay 7 > 7. This fact is not explicitly written in the literature. It is
known that a fixed feedback input stabilizing the nominal system can become destabilizing
if subject to a large enough delay.

Let usset V.=H =R, A=pl, ¥; =1, and B =1, with p > 0. Then, the system

v=py,  y(0)=1yo,
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is unstable and, in this case, exponentially stabilizing linear feedback input operators are
necessarily of the form K = kgl with kg < —p. Thus, let us fix kK < —p. From BKy = ky,
we arrive at the closed-loop nominal exponentially stable system

y=py+ry, y0)=uyo.

In case the same feedback input u(t) = ky(t) is delayed by time 7, we will have the dynamics

, py(t), for t € [0,7),
y(t) = (3.1)
py(t) + ky(t — ), fort € [r,00).
Next, we show that (3.1) is unstable if 7 > p~!. Let
7i=7(p,k) = (k% — p?)~ % arccos(—2). (3.2)

From p > 0, we obtain kK + p < 0 and kK — p < 0. Thus we can apply the result in [25,
Sect.4.5, Thm. 4.7(c)] to conclude that (3.1) is unstable for 7 > 7 and asymptotically stable
for 0 < 7 < 7. Next, since p > 0 and kK < —p, we can write kK = —yp, with v > 1 and, from

#(p,—7p) = (> = 1) "2 p~ L arccos(y 1) > 0,
we obtain limy_,o 7(p, —yp) = 0 and, by writing v~ =: cos(f), 6 € (0, %), we find
lim 7(p, —yp) = p " Jim ((cos(0) > ~ 1)~ 10)
=p! (}igé (cos(0) sin(0)~'0) = p~ ',
and
9= p ' L7 (p, —yp) = —1(y* — 1) % arccos(y ")
+(P 1)1y

)

Nl

which gives us

Nl

9=t 1) () ()

[SE

= ’Y(’YQ - 1)_% (— arccos('y_l) + 7—1(1 _ 7—2)

Since v~! = cos(#) it follows that

o

2071 (2 = 1) %?(/L —vp) = —260 + 2 cos(f) sin(6)
= —260 +sin(26) < 0.

Therefore, we have

lim 7(p, —yp) =0, lim 7(p,—vp) =p~ ",
N1

Y—00

and %?(p, —vp) <0, for~>1.

In particular, we find 7 = 7(p, k) < p~ !, independently of the chosen feedback gain k < —p.
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Remark 3.1. The instability of (3.1), for large 7, can be used to show the destabilizing
effect of delayed feedback inputs for more general parabolic-like equations as well. We give

details in the Appendix.

4. STABILIZATION

4.1. Asymptotic null controllability. Let a feedback operator K as in Assumption 2.5
be given so that Ax = —A — A,. + BK is (D1, u1)-stable, for some D; > 1 and p; > 0.

Then, since the delay 7 > 0 is known, we can easily find an input u(t) = uec(t), such that its
[7]

o6 (t) == uoic(t — 7) drives the state asymptotically to zero, exponentially

delayed version u,

fast. Namely, we solve the free-dynamics
p+Ap+ Aep=0, p(0)=vyo, forte(0,7), (4.1)
up to time 7 to find p(7), and set w1 (0) := Kp(7). Then, we solve the undelayed controlled
system
24+ Az+ Az = BKz, z(1)=p(1), forte (r,00)
and, finally, simply set
Uole(t) = Kz(t + 1), for ¢ € [0, 00).
Then, the solution of
U+ Ay + Ay =0, fort < T,
y+ Ay + Ay = Buge(t —7), fort >,
with initial state y(0) = yo, is given by

y(t) = p(t), fortel0,7), (4.2)
z(t), fort € [r,00).

From 2 = Agz, we find |y(t +7)|3; = |2(t + 7)|3; < Die #t [y(T)|3; < D1Cre 1t |y(0)[3,,
with C; given by Lemma 2.7, used with (s, T, f) = (0, 7,0).

Though the delayed open-loop control wu..(t — 7) above stabilizes the system, it is not
robust against small errors. For example, when solving numerically the free dynamics to
compute p(7), we will, obtain an approximation p(7) = y(7) — € of the real state y(7).
Hence, with the control input u = Kz above, the functions z, y, and w = y — z, will satisfy,
fort > 7,

i+ Az+ Az =BKz, (1) =p(7),
§+Ay+ Ay =BKz,  y(r)=y
U}+Aw+Aer 207 ’LU(T) :€’
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The auxiliary state z(t) will converge exponentially to 0, but if the free dynamics is unstable,
then w(t) will not necessarily converge asymptotically to 0. Thus, the real state y(t) =
2(t) + w(t) will not necessarily converge asymptotically to 0.

Consequently, the open-loop input above is not appropriate for practical applications,
since it does not take into account possible online state-measurement, estimation, and com-
putation errors e, and consequently will not be able to respond to such errors, which can

jeopardize its stabilizing properties.

4.2. A predictor-based stabilizing feedback input. Here, we shall construct an input
that will be able to respond to state-measurement errors. In fact, we simply replace the
open-loop control in Section 4.1 by a feedback control, constructed with the help of a
predictor. We commence by describing the construction of the feedback acting at t =
0. The state y(7) can be computed by solving (4.1) on (0,7). Then, the input is taken
depending on the resulting y(7), thus, depending essentially only on yo = y(0), leading to
u(0) = K-(0,y(0)) := Ky(r) as before. Next, we proceed analogously for each time ¢ > 0,
resulting in a control input of the form u(t) = K, (¢;y(t)) depending on the state y(t). Thus,

we propose a state-feedback input u = u, as follows,

ur(s) =0, for se[-7,0); (4.3a)
ur(t) = K. (t;y(t)), fort>0, (4.3b)
with K. (t,h) = KQ(t, t + 7,ul; h); (4.3c)

where Y (t) .= (to,t, f;v) denotes the solution of
Y + AY + A..Y = Bf, Y(to) =v, (4.3d)

for t > tg. Next, let us consider the system

§+ Ay + Ay =0, t<, (4.4a)
U+ Ay + Ay = BK-(t—1,y(t — 1)), t >, (4.4b)
y(0) = yo, (4.4c)

with the time delayed input in (4.3), and the system

W+ Aw + Arew = 0, te(0,7), (4.5a)
W+ Aw + Ajow = BKw, t>, (4.5b)
w(0) = yo, (4.5¢)

where the nominal (undelayed) feedback input Kw is active only for time ¢ > 7.
The next result concerns a property of the solutions of the systems above, that seems to

be well understood, though not explicitly written, in the literature.

Lemma 4.1. The solutions of systems (4.4) and (4.5) coincide.
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Proof. We simply observe that, from u’(t) = K, (t —1,y(t — 7)), together with (4.4) and
the Duhamel formula, it follows that y(t + 7) = (¢, t + T, u[:],y(t)), which means that
in (4.3b) we have u,(t) = K,(t;y(t)) = Ky(t + 7). Thus, for ¢t > 7, in (4.4) we find

BK,(t—T1,y(t— 7)) = Bu,(t — 7) = BKy(t),

which agrees with the input in (4.5), for ¢t > 7. O

Now, since the input ! (t) = Ky(t) takes the form of a stabilizing feedback input for

time t > 7, it will be able to respond to small state measurement errors.

4.3. A predictor- and state-estimate-based stabilizing feedback input. In case the
initial state y(0) is unknown, it has to be replaced by an estimate g(0) and the input wu(¥)
has to be constructed from a state-estimate g(t).

We propose the analogue of the input in (4.6), based on a prediction of (an estimate of)
the state at time t+7 constructed from an estimate y(t) for y(¢). That is, the estimate-based

feedback input u = 4, is taken as follows,

u-(s):=0, for se][-7,0), (4.6a)
U, (t) = K, (t;5(t)), for t>0, (4.6b)
with K, (t,h) == K(t, t + 7,0l h). (4.6¢)

Thus (¢, t+ T, all; y(t)) is a prediction of y(t + 7) at time t+ 7, based on the estimate y(t)
of y(t), at time ¢.
Next, we analyze the robustness of the corresponding system, where ¥ is provided by a

Luenberger observer,

9+ Ay + Arey =0, t<T, (4.7a)
y+Ay+Arcy:Bi(\—'r(t_’rv?/j(t_’r))v t>, (47b)
U+ A7+ A = 0, t<T, (4.7¢)

Z’J\+ A@\‘i’ Arc@\: BI?T(t -7, @\(t - T))
+ LWy — Wy), t>r, (4.7d)
y(0) = yo, y(0) = Yo, (4.7e)

with the input in (4.6), delayed by time 7. We recall (cf. (1.5)) that Wy represents the

output of sensor measurements at our disposal, L represents an output-injection operator,

and 7o is an initial guess we might have for the unknown initial state yo. It will be convenient
[]

to express ur ' in detailed manner as
a[rT] (t) = aT(t - T) = K@(t — Tt a[f] ‘(t—'r,t) 7/y\(t - T))
=KY(t = 7,4, Ur|(4_9r4—r) Yt — 7)), fort >, (4.8)
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where 1. (t) = 0 for ¢ < 0. It will also be convenient to introduce the extension by zero as

follows:
€o: L2(Ry, X) — L*((—7,00), X),

0, ift € (—7,0);
f@), ift>0.

Eof(t) =

Theorem 4.2. Let Assumptions 2.2-2.6 hold true. Then, the solution of (4.7) with the
state-estimate based input u, in (4.6) satisfies, fort > s > 0,

()| < Cre™ ™ =) y(s)|
+C2 [€(y — y)lLOO((sfr,tffr);H) ) (4.9)

where (D1, p1) is as in Assumption 2.5, and C1 > 1 and Cy > 0 are of the form

Cr =CCrerm)y G2 = C[CYC,T,Dl;L;I,lBK\aH)]'

Furthermore, G, € L* (R4, R™) N C([0,00),R™).

Proof. We start by observing that the estimate error n := gy — y solves
0+ An+ Awen = LW, t>0; (4.10a)
n(0) =10 = Yo — Yo- (4.10b)
By Assumption 2.6 it follows that
nt) g < Cln(s)ly, foral t>s>0. (4.11)
From (4.8) we have that
Al (t) = KY(t =78, el (_gppy s (= 7)), (4.12)
for t > 7, where u,(t) = 0 for t < 0. We write
V(=76 Ur gy yr) s Yt — T)) = 501 + 5023 (4.13)
with 5 (t) =9t — 7.1, 1, ‘(t727',t77—) syt —7));
and s(t) = —D(t — 71, Brly_gryny iyl — 7))
+ Y = 7.t Ur |4y ry s U(E = T)).
Note that s (t) = y(¢) and, consequently,

)+ Ay + Ay =0, t<T;
YAy S (4.14)
U+ Ay + Ay = BKy+ BKso, t>T.
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Next, it is important to observe that s (tg) = z(tg), where for every given tq > 7, the
function z follows the dynamics as in (2.2.[s]),
24+ Az+ Awez=0, z(to—71)=n(to—1), (4.15)
for t > tg — 7. By Lemmas 2.7 and 2.8 we have that
|222(t0)| g < Cr In(to — 7)| g, forall tg > 7, (4.16)

with C; = Cic,. - > 1 and also that s € C([r,00), H).
Denoting by 3(s,t)h the solution of w = (—A — Ay + BK)w, with t > s and w(s) = h,

we use Duhamel formula to obtain
o) = 3(6000) + [ 3 0BEm() 1252
and from the stability of (—A — A, + BK), given by Assumption 2.5, we obtain,
ly()]r < Dre™ " [y (s)]
+ D, /t e M) BK 56 (r) |y dr (4.17a)

< Dye (=) |y (s)|

17 = Yl ((s—rt—r) iy D107 [ BE | £y 117
fort>s>rT. (4.17b)

By (4.11) we find [J = Yl oo ((s—rt—r);rr) < 1Ml poe ;1) < C |0l < 00 and, by Lemma 2.7,
(s < Cr ly(s)|gr < CreTe 107 Jy(s)]
for0<s<r7t<t, (4.17¢)
with C, = 6[01,6771 > 1. Finally, for 0 < s <7 <, by combining (4.17b) and (4.17c),
ly()] 5 < Dre™ "7 Jy(7)|

+17 = Yl (.=ryoi) D1Cr I BE |y i
< D C,et1Tek(t=s) ly(s)| 5

1Y = ylp 00—y P10 [ BK £y pit
for0<s<7<t. (4.17d)

By the estimates in (4.17) and by D1Cref'™ > max{Dq,C,} > 1, it follows that
y()] 5 < Cre ) [y(s)| (4.18)
+ 1€ = Y)lpoe((s—rt—r)mC2 2520,

with C1 := D1CreM™ and Cy := D1C; |BK|£(H) ufl.
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It remains to show the regularity of the input. From (4.12) and (4.13) we have that
A7 () = K (s (t) + 32(t)) = K (y(t) + s2(t)) and by (4.16) we know that s, € C(|7, 00), H).
Then, for an arbitrarily fixed T > 7, by (4.14) and standard regularity arguments for
parabolic-like equations, we can conclude that y € W((r,T),V,V’) C C([r,), H). Com-
bining (4.18), (4.11), and (4.16), we also find y+ 3¢5 € L*°((,0), H). Therefore, from K €
L(H,R™) we obtain arl = K(y+s3) € C([1,00), R™)NL>®((7,00), R™). Consequently, i, =
a7+ 7) € LR, ,R™) N C([0, 00), R™). O

Remark 4.3. By choosing s = £ in (4.9), we arrive at

limsup |y(¢)|; < C2 lim sup 1€o(¥ = YL (4 —rpry:m0)
—00

t—o0

=Cs tlgglo [y — y|L°°((t,oo);H) = Ca)os, (4.19)

with 7. = tlim |y — y|L°°((t o0);#)> Which implies that, given 7 > C, for large enough
—00 105
time t, the norm of the state remains in a neighborhood of zero with radius p = v, which

is proportional to the asymptotic upper bound 7., of the state-estimation error.

5. EXPONENTIAL OBSERVERS

Given an output operator W € L(V,R?®) we need to design an output-injection opera-
tor L € L(R®, V') such that Assumption 2.6 is satisfied. We go a step further and seek an
exponential observers, that is, we design L € L(R®, V') so that —A— A,c+ LW is a (Da, u2)-
stable operator, for some Dy > 1 and py > 0, see Definition 2.1. In this case we will have
that the error 1 := y — y decreases exponentially (cf. (4.10). Further, |y(t)|, will decrease

exponentially to zero as well, as follows.

Theorem 5.1. Let Assumptions 2.2-2.5 hold true and let —A— Ayc+LW be (Da, p2)-stable.
Then, for any given 0 < p < min{pug, 1} such that p < max{pus, p1}, there exist D > 1
such that the solution (y,y) of the closed-loop system (4.7) satisfies, for t > s >0,

|(y(t)?n(t))|H><H S De_lt(t_‘g) |(y(s)777(5))‘H><H )

where 1 =y — y is the state estimate error. Furthermore, for a suitable constant Dy > 0,

the control input satisfies
s (8) g < Doe™ ") |(y(s),1(5)) s -

Proof. With n ==y — y, from (4.7) we obtain, for ¢t > 0,

¥+ Ay + Awey =0, t<T, (5.1a)
§+ Ay + Ay = BE(t — 7,5(t — 7)), t>T, (5.1b)
0+ An+ Awen = LW, t>0, (5.1c)
n(0) = ¥o — vo- (5.1d)



For the estimate error n we have that
()l < Dae 2" n(s)ly,  t2 520, (5.2)
Proceeding as in the proof of Theorem 4.2 we arrive at (4.17a), for t > s > 7,
ly()] < Dre 17 [y(s) |
+ Dy /t ) |BK 55(r) |y dr

< Die 0 [y (s)|

+ D1 |BK| g /t e ) oy (1) |y
with sz satisfying (4.16). Hence,
()]s < Dre "= [y (s)|
+ D1[BK| ) Cr /t e ) In(r = 7)| y dr

= Die "1 [y(s) |y
¢
+Co |77(s)|H/ et gmna(r=s) qp.

with Cy = D1 |BK| ) Cr-Daet2™. By [3, Prop. 3.2], we we have that for any p satisfy-
ing 0 < p < min{pe, 1} and p < max{pso, p1}, there exists Cq; > 0 such that
ly(®)] g < Die = y(s)|
T CoCre™ ) [y (s)] . (5.3)

By combining (5.3) and (5.2), we find

@) 10) 5 = Ol + @)

< 2DFe” U y(s) [ + 265CTe T n(s)

+ D320 [n(s) 3

= De M= | (y(s). () crr -

with D == max{2D?,2C2C? + D%}.

Finally, for the input, we find

A[T]t‘ <|K t— Al gt —
@@ < K g (D=7t 8 G =)



16 K. KuNiscH AND S. S. RODRIGUES

and we write again
E(t) = Y(t — 7. t. a7, Gt — 7))
=t —7t,ul y(t = 1) + D(t = 7.1, 0,9(t — 7))
= y(t) + »2(1),
with s satisfying (4.16). Hence, by (5.3),
[E(0) 5 < Coe 0 1(y(3). 1N s + CF It = )y
with C3 = max{Dy,CyC1}. Now, (5.2) gives us, for t > s+ T,
[1(t = 7))l < DaeTe ) [n(s)|
and we arrive at

W) < Cae™ ) |(y(8). 0N e » for t = s+,

1
with Cy := C3 + C2 Dye#™. Therefore, for t > s > 0,

e (Ol = [+ 7]
< Cu|K o mmy €77 | (y(5),0()) e »

which finishes the proof.

]

Below, we shall consider sensors performing average-like measurements and shall give

suitable output-injection operators explicitly.

Remark 5.2. In practice the output w(t) will be subject to small sensor measurement

errors. This means that likely we will not have a vanishing asymptotic limit for the state

estimate error as €og = WM [§ = Y| o (4 00);ry = 0 i (4.19). Instead, we expect that eo; =

€00 (Cmag) Will be a constant depending on the magnitude (mag of the error of those sensor

measurements, hopefully so that €5 (¢mag) — 0 88 (mag — 0. Furthermore, in applications,

the model (4.7¢)—(4.7d) will likely be a numerical approximation of (4.7a)—(4.7b), thus e

may also depend on the numerical discretization errors.

6. SATISFIABILITY OF THE ASSUMPTIONS
We consider a concrete parabolic equation as

%y— (vA — 1)y+ay+b-Vy:Bu[T], Byl =0,

evolving in the pivot space is H := L?(2), with initial state y(0) = yo € H. By taking A :=

—vA +1 as the shifted-scaled Laplacian under the given boundary conditions defined by B

(e.g., of Neumann or of Dirichlet type) and by taking A,. = al + b -V, we see that

Assumptions 2.2-2.4 are satisfied.
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Now, we show that the satisfiability of Assumptions 2.6 and 2.5 follows from the results
in [12, 23], for large enough numbers of appropriately placed actuators and sensors. See
Fig. 1 (cf. [23, Fig. 1]) as an illustration for a spatial rectangular domain, where a rescaled
copy of the configuration corresponding to M = 1 is taken in partitions of the rectangular
domain (an analogue domain-partition based strategy can be applied to more general convex

polygonal domains as well; see [2, Rem. 2.8]).

.
.
.

FIGURE 1. Actuators (“/”-pattern) and sensors (“\”-pattern)

Let Uy = {1_1.m | 1 < j <m} denote the set of actuators, given by indicator functions
J

with supports wjl»’M as in Fig. 1, for a given M € N, and let Uy, = span Uj;. Analogously,
we denote the set of sensors by Wg = {1w]2,s |1 <5 <5}, S e Ny, and also Wg =
span Ws. Note that, in Fig. 1 we have m = 2M? actuators and s = 252 sensors. The
control operator B = Uy, : R™ — H is
m
Uj\}u(t) = ZUj(t)].wjl_,M € Uy, (6.1)

j=1

and the output operator W = W¢: H — R is

WYy(t) = ( Jasu(t)dz, ., [ asy() dx) : (6.2)

giving us the output of average-like sensors measurements. Further, let Pr € L(H) denote
the orthogonal projection in H onto a closed subspace F C H. As a corollary of [12, Cor. 3.2
(with Kps(t,p) == p)], we have the following.

Lemma 6.1. Let Assumptions 2.2-2./ hold true. Then, for each uy > 0, there exists a
sufficiently M and X > 0, such that the operator Ay,, = —A — Aye — APy,, is (D1, p1)-

stable, for some constant Dy > 1.

Lemma 6.2. Let Assumptions 2.2-2.4 hold true. Then, for each ps > 0, there exists a
sufficiently large S and X > 0, such that the operator Ay, = —A — Aye — APy is (D2, pi2)-

stable, for some constant Dy > 1.

Remark 6.3. The result in [12, Cor. 3.2] is based on an additional assumption on an
auxiliary set of functions Up as in [12, Assum. 2.5]. These auxiliary functions can be taken

as bump-like “regularized indicator functions” as in [23, Sect. 6, Eq. (6.3)].
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Concerning Assumption 2.6, we observe that it is satisfied if Ay = —A — A, + LW is
(Do, p2)-stable. Hence, to show the satisfiability of Assumptions 2.6 and 2.5, it is sufficient
to observe that the projections in Lemmas 6.1 and 6.2 can be written as

— APy, =UyK and  — APy, = LWY, (6.3)

for an appropriate feedback input operator K € L(V,R™) and an appropriate output
injection operator L € L(R®,V’). To find such a pair (K, L) it is convenient to intro-
duce W§: R® - Wg and Uy;: H — R™ as

Wsv = > vivl 2s; (6.4)
=1 ‘
UY,h = (fwl,Mhdx, fw}ﬁmhdx). (6.5)

Lemma 6.4. We have the identities
PUM = U]<\>/IV]\_/11U]\\//D PWS = ngglwg/, (66)

where V1 ar = Vi, i,5)] € RT™*™ and Va5 = [Va 5.i:,5)] € R**® are the symmetric matrices
with entries V17M7(i,j) = (lw;,kl,lw},hl)H and V2,S,(i,j) = (lwf’s’lwf’s)H in the i-th row

and j-th column.

The statement of Lemma 6.4 is a corollary of [13, Lem. 2.8]. The sought pair (X, L)
satisfying (6.3) is
K = Ky == -\, /Uy, € L(H,RM7),
L=Lg=- AWVt e LR H).

7. NUMERICAL RESULTS

We take diffusion-reaction-convection parameters as

v =0.1, b(x,t):[ SR ]

| cos(6t)x122|r
a(z,t) = —% + x1 — | sin(6t + x1)|r,
and choose Neumann boundary conditions, 8 = n - V, in the spatial domain Q = (0,1) x

(0,1) C R2.
With A= —vA +1 and A,. :=al +b-V the simulations correspond to system (4.7),

U+ Ay + Ay =0, t<T, (7.1a)
§+ Ay + Ay = BT, t>T, (7.1Db)
y(0) = yo, (7.1c)
with al7l(t) = KY(t — 7, ¢, a7, 5(t — 7). (7.1d)
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For the temporal discretization of this system two time steps, t° for the predictor solver
9 in (7.1d), and & for system (7.1a)—(7.1c) with £ < ¢* < 17 are introduced. The reason
for solving (7.1) in a temporal mesh finer than that of the predictor ) is to highlight the
fact that in practice the predictor-based input will indeed be obtained numerically, while
system (7.1) will be running in real (continuous) time.

The information of the predictor-solver %) will be updated at the time instances nt®,
n € N. It is then used to compute the control input which is held constant over the interval
[nts, (n + 1)t%) for the system (7.1a)—(7.1c).

The state-estimate is provided by an observer

U+ AJ+ Al = LOWG — we), t<T: (7.2a)
U+ AT+ Ay = Ball + L(WG — we), t> T (7.2b)
Y(0) =70  we=Wy+m; (7.2¢)

as in (4.7¢)—(4.7d), where we include an additional perturbation ¢ in order to model sensor
measurement errors (we think of w(t) = Wy(t) as the correct output and of w(t) + ((¢)
as the measured one). We consider the same time-step as the predictor and simulate the
dynamics by taking an unbiased noise of the form ((nt®) = (nag(—1 + 2rand,) € R%.
Here (mag > 0is a constant that determines the magnitude of the output error. The random
vector v = rand,, at time nt® is generated by the Matlab function rand, thus z = {(nt®)
has entries 2z; € [—(mag, Gmag), 1 < @ < N. Concerning reproducibility, as random number
generators we have used the Matlab function rng, with seed 1, and the Mersenne Twister

generator. Finally, as initial states we have taken
Yo(r1,22) =1 — 22122 and Yo(v1,22) = —1 — 323.

7.1. Actuators and sensors. We consider the case of 8 actuators and 8 sensors. Their
supports together with the triangulation ¥ used to compute the estimate provided by ob-
server (7.2) and the predictor-based input (7.1d) are shown in Fig. 2.

1

0.8

067

0.4

0.2

0 02 04 06 08 1

FIGURE 2. Spatial triangulation .
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To better approximate the continuous-time dynamics of the infinite-dimensionality phys-
ical system (7.1a)—(7.1c), we will simulate it on regular refinements of the mesh in Fig. 2.

The nominal output-injection L and feedback-input K operators are taken as in (6.3),
— APy, = LWS and — AxPy,, = UyK,

with A = (Ap, Ax) = (200,100), where Wy denotes the set of sensors and Uy denotes the

set of actuators. The free dynamics A = (0,0) will be considered as well.

7.2. Spatio-temporal meshes. As coarsest spatial approximation we use piecewise-linear
finite elements (hat functions) corresponding to the triangulation ¥ in Fig. 2. As coarsest
temporal mesh we use a regular partition
(nt)°,, with the time step 5= 1075,
Thus, the coarsest spatio-temporal mesh is defined by the pair 9 = (T, ¢%).
e The predictor-based input (7.1d) and the observer (7.2) are solved in the mesh 1.
o The real system (7.1) is simulated in refined meshes

My = (Tor, 27 F0),  1f €{0,1,2,3,4},
where ¥y := ¥ and T; ;1 denotes a regular refinement of %;.
7.3. Results of simulations. We demonstrate the stabilizing performance of the proposed

predictor—observer based delayed feedback input. Firstly, in Fig. 3 we show that the free-

dynamics is exponentially unstable.

10 l‘n(‘y|L2(ﬂ)‘) 12 111(]17* y|L2§Q))
A=(0,0), 7=0
8+t Cmag =0

0 2 4 6 8 10 0 2 4 6 8 10
time ¢ time ¢

FIGURE 3. Instability of the free dynamics and free observer.

Then, in Fig. 4 we can see that the the nominal (i.e., with 7 = 0) closed-loop system
with injection-feedback gain pair A = (200, 100) is stable. In the same figure we show that

the same feedback input becomes destabilizing as the delay increases. In Fig. 5 we zoom
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the evolution of the norms for small instants for a better visualization of the response of the

activation of the delayed input, with different values of 7.

ln(|y|L2(sz>)

In(|g — y|L2(Q))

-5 A =(200,100), Cuag =0 T — -10+ ~ 1
without predictor, rf =0 “us&;\wv\«
10 : -15 : : : :
0 2 4 6 8 10 0 2 4 6 8 10
time ¢ time ¢
(a) Norm of the state. (b) Norm of the state-estimate error.

FIGURE 4. Evolution for feedback inputs delayed by time-7.

ln(|y|L2(Q))

0 002 004 006 008 01 012 014 016 018 02
In(|y — ylr2())
T T

0.8 i

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

In(|ufger)

2 1 1 1 1 1 1 1 1 1

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

FI1GURE 5. Time-zoom of the norms evolution in Fig 4.

To counteract the destabilizing effects of the time-delay observed in Fig.4, we will include

the time-7 predictor within the computation of the input. The stabilizing contribution of
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In(|y| 2 () In(|7 -yl )

A =(200,100), Cuag =1e-07
with predictor, 7 =0.1

-10 +

15+

.......... X SPRPRCITIEIPR
-20 ‘ ‘ : : -15 : : : —
0 5 10 15 20 25 0 5 10 15 20 25

time ¢ time ¢

(a) Norm of the state. (b) Norm of the state-estimate error.

FicUrRE 6. With delayed feedback inputs, using a predictor.

the predictor is shown in Fig. 6, for 7 = 0.1, where we see that the instability observed in
Fig. 4 is, indeed, counteracted by the use of the time-T-ahead state predictions.

Further, we simulate the “real” system (7.1) in the spatio-temporal refinements 9,
0 < rf < 3 of the mesh M. Still, the predictor (7.1d) and the observer (7.2) are solved in
the coarse mesh 9. The results depicted in Fig. 6 show that the input obtained by using the
estimate provided by the observer, is able to stabilize (7.1) with the help of the predictor.

In Fig. 7 we zoom on the behavior for small time instants, again to better see the response
to the activation of the input. Further, we have run an extra simulation for one more
refinement of the mesh used to simulate the real system. In particular, we can observe
convergence of the evolution of the norms as the mesh is refined.

Note that the magnitude (mag of the state-dependent test-noise ¢ satisfies In(A(mag) =
In(200 - 10~7) ~ —10.8198, which is the magnitude of the state-dependent noisy component
of the output. This explains the oscillations observed for large time, and also the fact that
the norms plotted in Fig. 6 do not drop below a certain threshold.

We also have to take into consideration the measurement errors associated with the
numerical output operators. Roughly speaking, in the experiments, the “accuracy” of the
average measurements depend on the spatial mesh. Thus the (discretized) output operator
in the coarse mesh has a different accuracy than that of the analogue (discretized) output
operator in a refined mesh. Consequently there is a state-dependent measurement error
as well. The results in Fig. 6 shows the robustness of the constructed input against such
state-dependent errors as well.

Note also that even in the case rf = 0 we have the presence of a state-dependent numerical
error, leading to a state-dependent output error. Indeed, though the mesh 9, uses the same
triangulation as 9, it still differs in the time-step, namely its versus t°. This could explain

the oscillations starting at time ¢ = 8 in Fig. 6(b) for the case rf = 0.
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) 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
In(|y - Z/\L?(n))
1 T T T T T T T T T
0 -
A+
0
6 -
5 -
4+
0

FIGURE 7. Time-zoom including the norms in Fig. 6.

Finally, in Fig. 8 we show the response of the constructed input against the magni-
tude of the state-independent noise (. As expected the norms [y(t)| 2, of the state
and [y(t) — y(t)|p2(q) of the state-estimate error converge to a neighborhood of zero with

size proportional to the magnitude (mag of the noise.

In(|ylr () 5 In(|g — ylr)
0 A = (200,100), 7=0.1
with predictor, rf =0 0 \
5t 1 5t - a Attt
4ot Y T TP R T R e L R T
-10 F — Guag =0.001 ™y L] 151
- = ~Coung =105 Soud ey
Cinag = 1e-07
.......... G = 16:09 -20 ¢
—Ginag =0
-15¢ L L L L -25 L L L L
0 5 10 15 20 25 0 5 10 15 20 25
time ¢ time ¢
(a) Norm of the state. (b) Norm of the state-estimate error.

FiGURE 8. Effect of the magnitude { of the noise in the output.
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8. CONCLUDING REMARKS

Assuming that the time delay 7 > 0 of the input is known, we have proposed a strategy
to compute a control input, stabilizing linear parabolic equations, when subject to the
time delay 7. The construction of the input utilizes a prediction of the controlled state
at a future time ¢ + 7, based on estimates of the controlled state at the present time t.
Asymptotically, as ¢ — oo, the controlled state converges exponentially to a neighborhood
of zero proportional to the magnitude of the state estimation error. In particular, for
exponential observers, the control input is exponentially stabilizing in the ideal situation in
which the state-estimate error vanishes.

To compute the input K. (¢,y(t)) as in (4.6b) we use the prediction Y (¢t +7) = Y(¢,t +
T, a[f];ﬂ(t)), of the state at time ¢ + 7, for each time ¢ > 0. In practice, after temporal
discretization, and assuming a regular partition of the time-interval, this means computing
Y (nt* + 1), for each ¢t = nt® where t* denotes the time-step of the (discretized) observer
and predictor. Also, we can use several predictor-solvers running simultaneously, each cor-

responding to a time interval [nt®, nt® + 7].

APPENDIX

The scalar ODE example in Section 3 can be used to show the destabilizing effect of time-
delayed inputs, for a more general class of autonomous parabolic-like equations, including
heat equations. Indeed, let (H,V, A) satisfy Assumptions 2.2 and 2.3. For example, H =
L2(Q), V = W12(Q), and A is the shifted scaled Neumann Laplacian —vA +1:V — V'
as in (7.1).

By Assumptions 2.2 and 2.3, it follows that A has a compact inverse A~': H — H. So,
we can fix a sequence (a, €;)ien, of eigenpairs of A,

Ae; = a e 0<a; < g1 lim o = oo
1—00

(€i)ien, forms an orthonormal basis in H.

Let us fix p > 0 and choose m large enough, so that a,,+1 > p + a;1. Then, as actuators
we take the first m eigenfunctions, E,, = {e; | 1 <i < m}.
We define K, € L(H,R™), as

h— K, h=(v1,v2,...,0m), v; = (es, h)m,
and take A,. (satisfying Assumption 2.4) and K as

Are = —(p+ a1)1, K=krK,, k<-p<DO.
In this case, system (1.3), with vanishing delay, becomes

§(t) = =(A=(p+ 1)l —=kBK, )y(t),  y(0)=yo,



m
with Bz := ) z;e; as in (1.3d). We can see that BK,, = Pg, . Hence, we can write
i=1

y(t) = Exy(t),
with 2, = —(A— (p+ 1)l — KkPe,).

m

(A.1)

Note that the eigenfunctions of =, coincide with those of A, E.e; = B ;e; with eigenvalues

Bri=—a;+ (p+a1) + K, 1<i<m
Bri=—a;+ (p+a1), i>m+1.

We observe the following:
(i) The free dynamics (i.e., with x = 0) is unstable, because Sy1 = p > 0.

(ii) The controlled nominal dynamics (i.e., with 7 = 0), is exponentially stable, because
Bri <p+r<0, 1<i<m,
Bm,ig_avn+1+(p+a1) <0, 1>m+1,

thus, forf == max{p + &, —am1 + (p + 1), we have 3; < f < 0 for all s € N.
(iii) If 7 > p~1, the controlled delayed dynamics is exponentially unstable, for reasons
given below.
With ul%(t) = Ky(t) = —xPe, y(t) subject to time-delay 7, (A.1) becomes, with A; =
—(A—=(p+a1)l),
. Ary(t), t<m,
y(t) = (A.2)
Aly(t) + K/Pgmy(t - T)a t > T,
Observe that y1(t) == (y(t),e1)n is the scalar corresponding to the coordinate y;(t)e; =
Pe,y(t) of the orthogonal projection, in H, of the solution onto the space & = Re;y spanned
by the first eigenfunction of =Z. We find that y; (¢) satisfies the dynamics in (3.1), that is,

() = pya(t), for t € [0,7), (A3)
py1(t) + kyi(t — ), fort € [r,00),
y1(0) = (y(0), 1) (A.4)

Further, if we take yo = y1(0)ey, then y(¢) = y1(t)e;. From the instability of (A.3) (i.e.,
of (3.1)) shown in Section 3, when 7 > p~1, the instability of (A.2) follows.
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