
STABILIZATION OF NONAUTONOMOUS LINEAR PARABOLIC

EQUATIONS WITH INPUTS SUBJECT TO TIME-DELAY

KARL KUNISCH1,2 AND SÉRGIO S. RODRIGUES1

Abstract. The stabilization of nonautonomous parabolic equations is achieved by feed-

back inputs tuning a finite number of actuators, where it is assumed that the input is

subject to a time delay. To overcome destabilizing effects of the time delay, the input is

based on a prediction of the state at a future time. This prediction is computed depend-

ing on a state-estimate at the current time, which in turn is provided by a Luenberger

observer. The observer is designed using the output of measurements performed by a

finite number of sensors. The asymptotic behavior of the resulting coupled system is

investigated. Numerical simulations are presented validating the theoretical findings,

including tests showing the response against sensor measurement errors.

1. Introduction

The stabilization of unstable processes is an important problem in many applications. It

involves the design of stabilizing control inputs, often demanded in feedback form u(t) =

K(t, y(t)) due to their robustness properties against small errors which are ubiquitous in

practice.

A system, which is stable for a given feedback input, may become unstable if the input

is subject to a time-delay τ > 0, resulting in u[τ ](t) = K(t − τ, y(t − τ)). In this case,

such time-delays cannot be neglected. We need to construct K = Kτ depending on τ ,

leading to u
[τ ]
τ (t) = Kτ (t − τ, y(t − τ)). If the state y(t) is not available, we take the

input û
[τ ]
τ (t) = Kτ (t− τ, ŷ(t− τ)), using a state estimate ŷ(t− τ). Throughout, we denote

g[τ ](t) := g(t − τ). The superscript [τ ], in û
[τ ]
τ , means that the input uτ (t) is delayed

by time τ ; the subscript means that the feedback-input operator Kτ will be constructed

depending on τ , based on a predictor.

1.1. On the novelties. An important aspect of our work is presented by the fact that

delayed stabilizing dynamic output-feedbacks are investigated for nonautonomous infinite-

dimensional systems. Furthermore, we present a strategy able to tackle general higher-

dimensional spatial domains.

MSC2020: 93C43,93D15,93B52,93B53,93C05, 35Q93
Keywords: exponential stabilization; time-delayed input; nonautonomous parabolic equations; projections

based explicit feedback; finite-dimensional input and output
1 Johann Radon Inst. Comput. Appl. Math., ÖAW, Altenbergerstr. 69, 4040 Linz, Austria.
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For the particular case of autonomous (time-invariant) dynamics and if the state y(t)

is available, we can mention [14, 19] for finite-dimensional systems, and [6, 15–18, 20] for

infinite-dimensional systems. For nonautonomous dynamics we refer to the seminal work [1]

for finite-dimensional systems. In the context of infinite-dimensional systems, the analysis

of nonautonomous dynamics with delayed inputs has been addressed in [8], but we are not

aware of works on stabilizability results with delayed feedback inputs, in this context. Below,

we shall see that some tools used for autonomous dynamics and finite-dimensional systems

are not appropriate to deal with nonautonomous infinite-dimensional systems.

In the particular case of one-dimensional spatial domains and boundary controls, we have

at our disposal a powerful technique using appropriate backstepping transformations; see

the survey [28]. Further, the delay can be tackled by the use of an auxiliary variable and

considering an extended system. We refer the reader to [11, Sect. 2]. These techniques have

been further explored in [21, 30–32], for example. In higher-dimensional domains the use of

backstepping techniques is still limited to particular geometries (cf. [28, Sect. 7.5]); see [9] for

rectangles/boxes and [29] for disks/balls; see also [27, Sect. 5] where it is mentioned that a

domain extension technique could be explored since it transforms boundary control problems

in a given spatial domain into boundary/internal control problems in larger domains (cf. [7,

Sect. 3], [22]). In this manuscript we consider internal controls and present a design strategy

able to tackle general polygonal/polyhedral domains.

A predictor will be utilized to counteract the destabilizing effects of the delay (cf. [10],

[1]). At the same time, to account for the possibility that the state y(t) is not available, the

proposed strategy will involve a Luenberger observer, providing us with an estimate ŷ(t)

for y(t). This results in a system coupling the state dynamics, the predictor, and the

observer, which we believe has not been addressed in the literature, in the context of nonau-

tonomous systems, not even in the case of finite-dimensional systems. For the autonomous

case we can mention [16] where the eigenpairs of the time-independent diffusion-reaction-

convection operator have been explored. Further, we shall give the nominal feedback-input

and output-injection operators in an explicit form simple to compute numerically, which is

important in practice.

1.2. Destabilizing effect of delays. Stabilizing feedback inputs can become destabilizing

under arbitrarily small time-delays in the context of partial differential equations (pdes) of

hyperbolic type (cf. [5, Thm. 3.1]). Such a destabilizing effect is also present for pdes of

parabolic type, if the time-delay τ is larger than a suitable threshold τ∗ > 0 depending on

the free dynamics. Further, given τ∗ we can find a parabolic model with feedback input

delay threshold τ∗. Since the parabolic case may not have been explicitly addressed in the

literature, we shall give an example later on.

1.3. Prediction and time irreversibility. The input u(t) at time t will be based on a

prediction yp(t + τ) of the unknown state y(t + τ), at the future time t + τ , using a state
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estimate ŷ(t) available at time t. In the autonomous case, with free dynamics ẏ = Ay, and

if time can be reversed and if the state is known, ŷ(t) = y(t), the strategy is comparable to

the ones followed in [1, 4, 10, 14, 19] for finite-dimensional systems, where the state y(t) is

transformed into

ψ(t) := y(t) +
∫ t
t−τe(t−τ−s)ABu(s)ds, (1.1)

and the feedback input is sought in the form u(t) = K̃(ψ(t)). Indeed, note that from (1.1)

we find

eτAψ(t) = eτAy(t) +
∫ t
t−τe(t−s)ABu(s)ds

= eτAy(t) +
∫ t+τ
t

e(t+τ−r)ABu(r − τ)dr,

which shows that eτAψ(t) = y(t+ τ). That is, the input u(t) = K̃(ψ(t)) = Kτ (y(t+ τ)) is

a function of the state at the future time t+ τ , with Kτ := K̃ ◦ eτA.

In case the state y(t) is not available we will use a state estimate ŷ(t) instead, by setting

yp(t+τ) := eτAŷ(t)+
∫ t+τ
t

e(t+τ−r)ABu(r−τ)dr, (1.2)

resulting in the input u(t) = Kτ (yp(t+τ)). We use (1.2) instead of (1.1) because, in general,

for parabolic-like equations with state y(t) evolving in an infinite-dimensional space, the

reversibility of time does not hold and thus the integrand in (1.1) is not necessarily well

defined. Note that t− τ − s < 0 for s > t− τ .

1.4. Stabilizability and nonautonomous dynamics. In the particular case of parabolic

autonomous dynamics, the spectral properties of the time-independent operator A can be

used to reduce the problem of stabilizability to the stabilizability of a finite-dimensional

system. This strategy is followed, for example, in [6, Sect. 2], [17, Sect. 3], [20, Sect. 3].

Spectral properties of time-dependent operators A(t), however, are not an appropriate tool

to investigate stability properties, see [33].

Here, we consider linear parabolic equations

ẏ +Ay +Arcy = Bû[τ ]
τ , y(0) = y0, (1.3a)

where the state y(t), t ≥ 0, evolves in a real separable Hilbert space H. Here, A is a

symmetric diffusion-like operator, Arc = Arc(t) is a reaction–convection-like linear operator,

B is a linear control operator, and we seek a feedback input ûτ (t) = (ûτ,1(t), . . . , ûτ,m(t)) ∈
Rm which is subject to a time-τ delay,

û[τ ]
τ (t) := uτ (t− τ), (1.3b)

with ûτ (t) :=

0, for t ∈ [−τ, 0),

Kτ (t, ŷ(t)), for t ∈ [0,∞),
(1.3c)

where ŷ(t) is an estimate for y(t). The goal is to design a stabilizing operator Kτ so

that y(t)→ 0 converges to zero as t→∞. The control forcing Bû
[τ ]
τ (t) is, at each time t ≥ 0,
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a linear combination

Bû[τ ]
τ (t) :=

m∑
i=1

û
[τ ]
τ,i(t)Φi (1.3d)

of a finite number m of given actuators Φi ∈ H. Given a feedback-input operator K so that

the nominal system

ẏ +Ay +Arcy = BK(t, y(t)), y(0) = y0, (1.4)

is stable, with state feedback input u(t) = K(t, y(t)), the actual dynamics is of the form

ẏ +Ay +Arcy = BK(t− τ, ŷ(t− τ)), y(0) = y0,

with delayed input û[τ ](t) = K(t− τ, ŷ(t− τ)). By nominal system/dynamics we mean the

system/dynamics under no disturbances, namely, the ideal (nonrealistic) situation in (1.4),

with vanishing input delay τ = 0 and with availability of the full state y(t).

1.5. Detectability. The estimate ŷ is given by a Luenberger observer

˙̂y +Aŷ +Arcŷ = Bu[τ ]
τ +LW (ŷ − y), ŷ(0)= ŷ0, (1.5)

with the input as in (1.3). Here W : H → Rs is a linear output operator, representing the

measurements w(t) = Wy(t) = (w1(t), . . . , ws(t)) obtained by a finite number s of sensors,

at time t, and L : Rs → H is an output-injection operator to be designed. The initial state ŷ0

of the observer is at our disposal. It can be chosen as an initial guess we might have for y0.

The goal is to design a detecting operator L so that ŷ(t)→ y(t) as t→∞.

1.6. Contents. In Section 2.1 we present the general assumptions on the tuple of opera-

tors (A,Arc, B,W ), in particular, to guarantee the well posedness of the involved problems

and the possibility of the designs of the sought feedback-input operator K and of the sought

output-injection operator L. Section 2.2 gathers auxiliary results concerning the regularity

and boundedness of the solutions. The destabilizing effects of delayed feedback inputs is

shown in Section 3 through an example of a scalar ode, satisfying the assumptions made

in Section 2.1. This example is used, in the Appendix, to show the analogous destabilizing

effects for a more general class of parabolic equations, including reaction-diffusion equa-

tions. The proof of the main result, stated in Theorem 4.2, is given in Section 4, for the

considered class of abstract evolution equations. Section 5 focuses on the case of exponential

Luenberger observers. In Section 6 it is shown that the abstract assumptions are satisfied

by scalar parabolic equations. Results of numerical simulations are discussed in Section 7.

Comments on the results are given in Section 8.

2. Assumptions and auxiliary results

Hereafter, H and V are two real separable Hilbert spaces. The former is considered as

pivot space, H = H ′. The identity operator shall be denoted by 1.
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Definition 2.1. Let D ≥ 1 and µ ≥ 0. The operator A := A(t) ∈ L(V, V ′) is called (D,µ)-

stable if, for all z0 ∈ H, the solution of the system
{
ż = Az, z(0) = z0

}
satisfies |z(t)|H ≤

De−µ(t−s) |z(s)|H for all t ≥ s ≥ 0.

2.1. Assumptions. We start by making general assumptions on the operators A and Arc,

defining the free dynamics.

Assumption 2.2. The inclusion V ⊆ H is dense, continuous, and compact.

Assumption 2.3. The operator A ∈ L(V, V ′) is symmetric and (y, z) 7→ 〈Ay, z〉V ′,V is a

complete scalar product on V.

We suppose that V is endowed with the scalar product (y, z)V := 〈Ay, z〉V ′,V , which

again makes V a Hilbert space. Then, necessarily A : V → V ′ is an isometry. The domain

of A in H is denoted by D(A) := {z ∈ H | Az ∈ H} and it is endowed with the scalar

product (z, w)D(A) := (Az,Aw)H , which defines a norm equivalent to the graph norm.

Assumption 2.4. We have that Arc ∈ C([0,∞),L(V,H)+L(H,V ′)) and that it is bounded,

sup
t≥0
|Arc(t)|L(V,H)+L(H,V ′) =: Crc <∞.

The following assumptions involve the given control and output operators, B and W .

Assumption 2.5. There is a feedback-input operator K ∈ L(H,Rm) such that ABK :=

−A−Arc +BK ∈ L(V, V ′) is (D1, µ1)-stable, for some D1 ≥ 1 and µ1 > 0.

Assumption 2.6. There is an output-injection operator L ∈ L(Rs, H) such that ALW :=

−A−Arc(t) + LW is (C, 0)-stable, for some C ≥ 1.

2.2. Auxiliary results. We consider the dynamics under a general forcing f ,

ẏ +Ay +Arcy = f, y(0) = y0 ∈ H, (2.1)

for time t ≥ 0. Let us denote ITs := (s, s + T ), and for two given Banach spaces X,Y , the

Bochner (sub)spaces

Lploc(R+;X) := {f | f |IT0 ∈ L
p(IT0 ;X),∀T > 0},

W(IT0 ;X,Y ) := {f ∈ L2(IT0 ;X) | ḟ ∈ L2(IT0 ;Y )},

Wloc(R+;X,Y ) := {f | f |IT0 ∈W(IT0 ;X,Y ),∀T > 0}.

Lemma 2.7. If Assumptions 2.2-2.4 hold true and f ∈ L2
loc(R+;V ′), then the solution

of (2.1) satisfies, for any given s ≥ 0 and T > 0,

|y|2C([s,s+T ];H) ≤ C0,T |y|2W(ITs ;V,V ′)

≤ CT
(
|y(s)|2H + |f |2L2

loc(ITs ;V ′)

)
,

with constants C0,T = C [Crc] ≥ 0 and CT = C [Crc] ≥ 1 independent of (s, y0).
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The proof of Lemma 2.7 is standard, by following the Faedo–Galerkin method [26, Ch. 1,

Sects. 1.3–1.4] (cf. [24, Sect. 3.4]).

Now, we consider a family of systems of type (2.1), with vanishing external forcing f ,

indexed by the initial time s ≥ 0 as follows,

ż +Az +Arcz = 0, z(s) = w(s), t ≥ s ≥ 0, (2.2.[s])

where the initial state, at time s ≥ 0, is given by the value of a function w(s) ∈ H at time s.

The following result will be essential for the proof of the main Theorem 4.2, in particular,

to derive appropriate regularity for the input.

Lemma 2.8. Let Assumptions 2.2–2.4 hold true, let τ > 0 and w ∈ C([0,∞), H), and

let z = zs(t) denote the solution of (2.2.[s]), t ≥ s. Then, the function wτ (s) := zs(s + τ)

satisfies wτ ∈ C([0,∞), H).

Proof. We start by defining zs(t) := zs(t + s), for t ≥ 0, and by noticing that, for (s, r) ∈
[0,∞),

wτ (s)− wτ (r) = zs(s+ τ)− zr(r + τ) = zs(τ)− zr(τ).

Next, for the difference η := zs − zr we have the dynamics

η̇ +Aη +Arc,sη = (Arc,s −Arc,r)zr, t ≥ 0,

where

Arc,s(t) := Arc(t+ s), for each s ≥ 0 and all t > 0.

By Lemma 2.7 we find that

|η(τ)|2H ≤ Cτ
(
|η(0)|2H +

∣∣(Arc,s −Arc,r)zr
∣∣2
L2((0,τ),V ′)

)
≤ Cτ

(
|η(0)|2H +

∥∥Arc,s −Arc,r

∥∥2 |zr|
2
L2((0,τ),V )

)
with ‖g‖ := maxt∈[0,τ ] |g(t)|L(H,V ′)+L(V,H)). Using Lemma 2.7 again, we find

Θ := |wτ (s)− wτ (r)|2H = |η(τ)|2H (2.3)

≤ Cτ
(
|η(0)|2H + C0,τ

∥∥Arc,s −Arc,r

∥∥2 |zr(r)|2H
)

≤Cτ
(
|w(s)− w(r)|2H + C0,τ

∥∥Arc,s −Arc,r

∥∥2 |w(r)|2H
)
.

Let us fix arbitrary s ≥ 0 and ε > 0. By the continuity of w it follows that there

exists δ1 > 0 such that

|w(r)− w(s)|2H ≤ (2Cτ ε
2 + 1)−1, for r ∈ B+

δ1
(s),

where B+
γ (c) := (c− γ, c+ γ)∩ [0,∞) denotes the ball of [0,∞), with center c and radius γ.

Hence, using (2.3),

Θ ≤ 2−1ε2 + CτC0,τ

∥∥Arc,s −Arc,r

∥∥2
(|w(s)|H + 1)2,
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for all r ∈ B+
δ1

(s). By the continuity of Arc, in Assumption 2.4, there exists δ ∈ (0, δ1) such

that ∥∥Arc,s −Arc,r

∥∥2

= sup
t∈[0,τ ]

|Arc(s+ t)−Arc(r + t)|2L(H,V ′)+L(V,H)

≤ (2CτC0,τ (|w(s)|H + 1)2ε2)−1,

for all r ∈ B+
δ (s). Therefore, we arrive at

|wτ (s)− wτ (r)|2H ≤ ε
2, for all r ∈ B+

δ (s),

showing the continuity of wτ at t = s. This finishes the proof, since s ≥ 0 is arbitrary. �

Next, we consider the nominal controlled dynamics under a perturbation g, for t ≥ 0,

ẏ +Ay +Arcy = BKy + g, y(0) = y0. (2.4)

Lemma 2.9. Let Assumptions 2.2-2.5 hold true and let g ∈ Lp(R+;H), p ∈ (1,∞]. Then,

the solution of (2.4) satisfies, for t ≥ s ≥ 0,

|y(t)|H ≤ D1e−µ1(t−s) |y(s)|H + Cp |g|Lp((s,∞);H) ,

with Cp = C [Crc] ≥ 0 independent of (t, s, y0).

Proof. By the Duhamel formula, Assumption 2.5, and Definition 2.1, we have that

|y(t)|H ≤ D1e−µ1(t−s) |z(s)|H +D1

∫ t
s
e−µ1(t−r) |g(r)|H dr.

Further, by Hölder inequality, for the last term we find∫ t
s
e−µ1(t−r) |g(r)|H dr

≤ (
∫ t
s
e−

p
p−1µ1(t−r) dr)

p−1
p (
∫ t
s
|g(r)|pH dr)

1
p

< p−1
pµ1
|g|Lp((s,t);H) .

The result follows with Cp = D1(p− 1)(pµ1)−1. �

3. Destabilizing effect of delayed feedback inputs

We give an example for which Assumptions 2.2–2.5 are satisfied and where there exists

a threshold τ∗ > 0 so that no linear nominal stabilizing feedback K will remain stabilizing

if subject to a time-delay τ ≥ τ∗. This fact is not explicitly written in the literature. It is

known that a fixed feedback input stabilizing the nominal system can become destabilizing

if subject to a large enough delay.

Let us set V = H = R, A = ρ1, Ψ1 = 1, and B = 1, with ρ > 0. Then, the system

ẏ = ρy, y(0) = y0,
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is unstable and, in this case, exponentially stabilizing linear feedback input operators are

necessarily of the form K = κ01 with κ0 < −ρ. Thus, let us fix κ < −ρ. From BKy = κy,

we arrive at the closed-loop nominal exponentially stable system

ẏ = ρy + κy, y(0) = y0.

In case the same feedback input u(t) = κy(t) is delayed by time τ , we will have the dynamics

ẏ(t) =

ρy(t), for t ∈ [0, τ),

ρy(t) + κy(t− τ), for t ∈ [τ,∞).
(3.1)

Next, we show that (3.1) is unstable if τ ≥ ρ−1. Let

τ̂ := τ̂(ρ, κ) := (κ2 − ρ2)−
1
2 arccos(− ρ

κ ). (3.2)

From ρ > 0, we obtain κ + ρ < 0 and κ − ρ < 0. Thus we can apply the result in [25,

Sect.4.5, Thm. 4.7(c)] to conclude that (3.1) is unstable for τ > τ̂ and asymptotically stable

for 0 ≤ τ < τ̂ . Next, since ρ > 0 and κ < −ρ, we can write κ = −γρ, with γ > 1 and, from

τ̂(ρ,−γρ) = (γ2 − 1)−
1
2 ρ−1 arccos(γ−1) ≥ 0,

we obtain limγ→∞ τ̂(ρ,−γρ) = 0 and, by writing γ−1 =: cos(θ), θ ∈ (0, π2 ), we find

lim
γ↘1

τ̂(ρ,−γρ) = ρ−1 lim
θ↘0

(
(cos(θ)−2 − 1)−

1
2 θ
)

= ρ−1 lim
θ↘0

(
cos(θ) sin(θ)−1θ

)
= ρ−1,

and

ϑ := ρ−1 d
dγ τ̂(ρ,−γρ) = −γ(γ2 − 1)−

3
2 arccos(γ−1)

+ (γ2 − 1)−
1
2 γ−2(1− γ−2)−

1
2

which gives us

ϑ = γ−1(γ2 − 1)−
3
2

(
−γ2 arccos(γ−1) + (γ2 − 1)

1
2

)
= γ(γ2 − 1)−

3
2

(
− arccos(γ−1) + γ−1(1− γ−2)

1
2 .

Since γ−1 = cos(θ) it follows that

2ρ−1γ−1(γ2 − 1)
3
2 d

dγ τ̂(ρ,−γρ) = −2θ + 2 cos(θ) sin(θ)

= −2θ + sin(2θ) < 0.

Therefore, we have

lim
γ→∞

τ̂(ρ,−γρ) = 0, lim
γ↘1

τ̂(ρ,−γρ) = ρ−1,

and d
dγ τ̂(ρ,−γρ) < 0, for γ > 1.

In particular, we find τ̂ = τ̂(ρ, κ) < ρ−1, independently of the chosen feedback gain κ < −ρ.
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Remark 3.1. The instability of (3.1), for large τ , can be used to show the destabilizing

effect of delayed feedback inputs for more general parabolic-like equations as well. We give

details in the Appendix.

4. Stabilization

4.1. Asymptotic null controllability. Let a feedback operator K as in Assumption 2.5

be given so that AK := −A − Arc + BK is (D1, µ1)-stable, for some D1 ≥ 1 and µ1 > 0.

Then, since the delay τ ≥ 0 is known, we can easily find an input u(t) = uolc(t), such that its

delayed version u
[τ ]
olc(t) := uolc(t − τ) drives the state asymptotically to zero, exponentially

fast. Namely, we solve the free-dynamics

ṗ+Ap+Arcp = 0, p(0) = y0, for t ∈ (0, τ), (4.1)

up to time τ to find p(τ), and set uolc(0) := Kp(τ). Then, we solve the undelayed controlled

system

ż +Az +Arcz = BKz, z(τ) = p(τ), for t ∈ (τ,∞)

and, finally, simply set

uolc(t) := Kz(t+ τ), for t ∈ [0,∞).

Then, the solution ofẏ +Ay +Arcy = 0, for t < τ,

ẏ +Ay +Arcy = Buolc(t− τ), for t ≥ τ,

with initial state y(0) = y0, is given by

y(t) :=

p(t), for t ∈ [0, τ),

z(t), for t ∈ [τ,∞).
(4.2)

From ż = AKz, we find |y(t+ τ)|2H = |z(t+ τ)|2H ≤ D1e−µ1t |y(τ)|2H ≤ D1Cτe−µ1t |y(0)|2H ,

with Cτ given by Lemma 2.7, used with (s, T, f) = (0, τ, 0).

Though the delayed open-loop control uolc(t − τ) above stabilizes the system, it is not

robust against small errors. For example, when solving numerically the free dynamics to

compute p(τ), we will, obtain an approximation p(τ) = y(τ) − ε of the real state y(τ).

Hence, with the control input u = Kz above, the functions z, y, and w := y− z, will satisfy,

for t > τ ,

ż +Az +Arcz = BKz, z(τ) = p(τ),

ẏ +Ay +Arcy = BKz, y(τ) = y(τ),

ẇ +Aw +Arcw = 0, w(τ) = ε,
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The auxiliary state z(t) will converge exponentially to 0, but if the free dynamics is unstable,

then w(t) will not necessarily converge asymptotically to 0. Thus, the real state y(t) =

z(t) + w(t) will not necessarily converge asymptotically to 0.

Consequently, the open-loop input above is not appropriate for practical applications,

since it does not take into account possible online state-measurement, estimation, and com-

putation errors ε, and consequently will not be able to respond to such errors, which can

jeopardize its stabilizing properties.

4.2. A predictor-based stabilizing feedback input. Here, we shall construct an input

that will be able to respond to state-measurement errors. In fact, we simply replace the

open-loop control in Section 4.1 by a feedback control, constructed with the help of a

predictor. We commence by describing the construction of the feedback acting at t =

0. The state y(τ) can be computed by solving (4.1) on (0, τ). Then, the input is taken

depending on the resulting y(τ), thus, depending essentially only on y0 = y(0), leading to

u(0) = Kτ (0, y(0)) := Ky(τ) as before. Next, we proceed analogously for each time t > 0,

resulting in a control input of the form u(t) = Kτ (t; y(t)) depending on the state y(t). Thus,

we propose a state-feedback input u = uτ as follows,

uτ (s) := 0, for s ∈ [−τ, 0); (4.3a)

uτ (t) := Kτ (t; y(t)), for t ≥ 0, (4.3b)

with Kτ (t, h) := KY(t, t+ τ, u[τ ]
τ ;h); (4.3c)

where Y (t) := Y(t0, t, f ; y) denotes the solution of

Ẏ +AY +ArcY = Bf, Y (t0) = y, (4.3d)

for t ≥ t0. Next, let us consider the system

ẏ +Ay +Arcy = 0, t < τ, (4.4a)

ẏ +Ay +Arcy = BKτ (t− τ, y(t− τ)), t > τ, (4.4b)

y(0) = y0, (4.4c)

with the time delayed input in (4.3), and the system

ẇ +Aw +Arcw = 0, t ∈ (0, τ), (4.5a)

ẇ +Aw +Arcw = BKw, t > τ, (4.5b)

w(0) = y0, (4.5c)

where the nominal (undelayed) feedback input Kw is active only for time t ≥ τ .

The next result concerns a property of the solutions of the systems above, that seems to

be well understood, though not explicitly written, in the literature.

Lemma 4.1. The solutions of systems (4.4) and (4.5) coincide.
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Proof. We simply observe that, from u
[τ ]
τ (t) = Kτ (t − τ, y(t − τ)), together with (4.4) and

the Duhamel formula, it follows that y(t + τ) = Y(t, t + τ, u
[τ ]
τ , y(t)), which means that

in (4.3b) we have uτ (t) = Kτ (t; y(t)) = Ky(t+ τ). Thus, for t > τ , in (4.4) we find

BKτ (t− τ, y(t− τ)) = Buτ (t− τ) = BKy(t),

which agrees with the input in (4.5), for t > τ . �

Now, since the input u
[τ ]
τ (t) = Ky(t) takes the form of a stabilizing feedback input for

time t ≥ τ , it will be able to respond to small state measurement errors.

4.3. A predictor- and state-estimate-based stabilizing feedback input. In case the

initial state y(0) is unknown, it has to be replaced by an estimate ŷ(0) and the input u(t)

has to be constructed from a state-estimate ŷ(t).

We propose the analogue of the input in (4.6), based on a prediction of (an estimate of)

the state at time t+τ constructed from an estimate ŷ(t) for y(t). That is, the estimate-based

feedback input u = ûτ is taken as follows,

ûτ (s) := 0, for s ∈ [−τ, 0), (4.6a)

ûτ (t) := K̂τ (t; ŷ(t)), for t ≥ 0, (4.6b)

with K̂τ (t, h) := KY(t, t+ τ, û[τ ]
τ ;h). (4.6c)

Thus Y(t, t+ τ, û
[τ ]
τ ; ŷ(t)) is a prediction of y(t+ τ) at time t+ τ , based on the estimate ŷ(t)

of y(t), at time t.

Next, we analyze the robustness of the corresponding system, where ŷ is provided by a

Luenberger observer,

ẏ +Ay +Arcy = 0, t < τ, (4.7a)

ẏ +Ay +Arcy = BK̂τ (t− τ, ŷ(t− τ)), t > τ, (4.7b)

˙̂y +Aŷ +Arcŷ = 0, t < τ, (4.7c)

˙̂y +Aŷ +Arcŷ = BK̂τ (t− τ, ŷ(t− τ))

+ L(Wŷ −Wy), t > τ, (4.7d)

y(0) = y0, ŷ(0) = ŷ0, (4.7e)

with the input in (4.6), delayed by time τ . We recall (cf. (1.5)) that Wy represents the

output of sensor measurements at our disposal, L represents an output-injection operator,

and ŷ0 is an initial guess we might have for the unknown initial state y0. It will be convenient

to express u
[τ ]
τ in detailed manner as

û[τ ]
τ (t) = ûτ (t− τ) = KY(t− τ, t, û[τ ]

τ |(t−τ,t) ; ŷ(t− τ))

= KY(t− τ, t, ûτ |(t−2τ,t−τ) ; ŷ(t− τ)), for t > τ, (4.8)



12 K. Kunisch and S. S. Rodrigues

where ûτ (t) = 0 for t < 0. It will also be convenient to introduce the extension by zero as

follows:

E0 : L2(R+, X)→ L2((−τ,∞), X),

E0f(t) :=

0, if t ∈ (−τ, 0);

f(t), if t > 0.

Theorem 4.2. Let Assumptions 2.2–2.6 hold true. Then, the solution of (4.7) with the

state-estimate based input ûτ in (4.6) satisfies, for t ≥ s ≥ 0,

|y(t)|H ≤ C1e−µ1(t−s) |y(s)|H
+ C2 |E0(ŷ − y)|L∞((s−τ,t−τ);H) , (4.9)

where (D1, µ1) is as in Assumption 2.5, and C1 ≥ 1 and C2 ≥ 0 are of the form

C1 = C [D1,Crc,τ,µ1], C2 = C[Crc,τ,D1µ
−1
1 ,|BK|L(H)]

.

Furthermore, ûτ ∈ L∞(R+,Rm) ∩ C([0,∞),Rm).

Proof. We start by observing that the estimate error η := ŷ − y solves

η̇ +Aη +Arcη = LWη, t > 0; (4.10a)

η(0) = η0 := ŷ0 − y0. (4.10b)

By Assumption 2.6 it follows that

|η(t)|H ≤ C |η(s)|H , for all t ≥ s ≥ 0. (4.11)

From (4.8) we have that

û[τ ]
τ (t) = KY(t− τ, t, ûτ |(t−2τ,t−τ) ; ŷ(t− τ)), (4.12)

for t > τ , where ûτ (t) = 0 for t < 0. We write

Y(t− τ, t, ûτ |(t−2τ,t−τ) ; ŷ(t− τ)) = κ1 + κ2; (4.13)

with κ1(t) = Y(t− τ, t, ûτ |(t−2τ,t−τ) ; y(t− τ));

and κ2(t) = −Y(t− τ, t, ûτ |(t−2τ,t−τ) ; y(t− τ))

+ Y(t− τ, t, ûτ |(t−2τ,t−τ) ; ŷ(t− τ)).

Note that κ1(t) = y(t) and, consequently,ẏ +Ay +Arcy = 0, t < τ ;

ẏ +Ay +Arcy = BKy +BKκ2, t > τ.
(4.14)
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Next, it is important to observe that κ2(t0) = z(t0), where for every given t0 ≥ τ , the

function z follows the dynamics as in (2.2.[s]),

ż +Az +Arcz = 0, z(t0 − τ) = η(t0 − τ), (4.15)

for t > t0 − τ . By Lemmas 2.7 and 2.8 we have that

|κ2(t0)|H ≤ Cτ |η(t0 − τ)|H , for all t0 ≥ τ, (4.16)

with Cτ = C [Crc,τ ] ≥ 1 and also that κ2 ∈ C([τ,∞), H).

Denoting by Z(s, t)h the solution of ẇ = (−A− Arc + BK)w, with t ≥ s and w(s) = h,

we use Duhamel formula to obtain

y(t) = Z(s, t)y(s) +

∫ t

s

Z(r, t)BKκ2(r) dr, t ≥ s ≥ τ,

and from the stability of (−A−Arc +BK), given by Assumption 2.5, we obtain,

|y(t)|H ≤ D1e−µ1(t−s) |y(s)|H

+D1

∫ t

s

e−µ1(t−r) |BKκ2(r)|H dr (4.17a)

≤ D1e−µ1(t−s) |y(s)|H
+ |ŷ − y|L∞((s−τ,t−τ);H)D1Cτ |BK|L(H) µ

−1
1 ,

for t ≥ s ≥ τ . (4.17b)

By (4.11) we find |ŷ − y|L∞((s−τ,t−τ);H) ≤ |η|L∞(R+;H) ≤ C |η0|H <∞ and, by Lemma 2.7,

|y(t)|H ≤ Cτ |y(s)|H ≤ Cτeµ1τe−µ1(t−s) |y(s)|H ,

for 0 ≤ s ≤ τ ≤ t, (4.17c)

with Cτ := C [Crc,τ ] ≥ 1. Finally, for 0 ≤ s ≤ τ ≤ t, by combining (4.17b) and (4.17c),

|y(t)|H ≤ D1e−µ1(t−τ) |y(τ)|H
+ |ŷ − y|L∞((0,t−τ);H)D1Cτ |BK|L(H) µ

−1
1

≤ D1Cτeµ1τe−µ1(t−s) |y(s)|H
+ |ŷ − y|L∞((0,t−τ);H)D1Cτ |BK|L(H) µ

−1
1 ,

for 0 ≤ s ≤ τ ≤ t. (4.17d)

By the estimates in (4.17) and by D1Cτeµ1τ ≥ max{D1, Cτ} ≥ 1, it follows that

|y(t)|H ≤ C1e−µ1(t−s) |y(s)|H (4.18)

+ |E0(ŷ − y)|L∞((s−τ,t−τ);H)C2, t ≥ s ≥ 0,

with C1 := D1Cτeµ1τ and C2 := D1Cτ |BK|L(H) µ
−1
1 .
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It remains to show the regularity of the input. From (4.12) and (4.13) we have that

û
[τ ]
τ (t) = K(κ1(t) +κ2(t)) = K(y(t) +κ2(t)) and by (4.16) we know that κ2 ∈ C([τ,∞), H).

Then, for an arbitrarily fixed T > τ , by (4.14) and standard regularity arguments for

parabolic-like equations, we can conclude that y ∈ W ((τ, T ), V, V ′) ⊂ C([τ,∞), H). Com-

bining (4.18), (4.11), and (4.16), we also find y+κ2 ∈ L∞((τ,∞), H). Therefore, from K ∈
L(H,Rm) we obtain û

[τ ]
τ = K(y+κ2) ∈ C([τ,∞),Rm)∩L∞((τ,∞),Rm). Consequently, ûτ =

û
[τ ]
τ (·+ τ) ∈ L∞(R+,Rm) ∩ C([0,∞),Rm). �

Remark 4.3. By choosing s = t
2 in (4.9), we arrive at

lim sup
t→∞

|y(t)|H≤C2 lim sup
t→∞

|E0(ŷ − y)|L∞(( t2−τ,t−τ);H)

= C2 lim
t→∞

|ŷ − y|L∞((t,∞);H) = C2η∞, (4.19)

with η∞ := lim
t→∞

|ŷ − y|L∞((t,∞);H), which implies that, given γ > C2, for large enough

time t, the norm of the state remains in a neighborhood of zero with radius ρ = γη∞, which

is proportional to the asymptotic upper bound η∞ of the state-estimation error.

5. Exponential observers

Given an output operator W ∈ L(V,Rs) we need to design an output-injection opera-

tor L ∈ L(Rs, V ′) such that Assumption 2.6 is satisfied. We go a step further and seek an

exponential observers, that is, we design L ∈ L(Rs, V ′) so that −A−Arc +LW is a (D2, µ2)-

stable operator, for some D2 ≥ 1 and µ2 > 0, see Definition 2.1. In this case we will have

that the error η := ŷ − y decreases exponentially (cf. (4.10). Further, |y(t)|H will decrease

exponentially to zero as well, as follows.

Theorem 5.1. Let Assumptions 2.2–2.5 hold true and let −A−Arc+LW be (D2, µ2)-stable.

Then, for any given 0 < µ ≤ min{µ2, µ1} such that µ < max{µ2, µ1}, there exist D ≥ 1

such that the solution (y, ŷ) of the closed-loop system (4.7) satisfies, for t ≥ s ≥ 0,

|(y(t), η(t))|H×H ≤ De−µ(t−s) |(y(s), η(s))|H×H ,

where η = ŷ − y is the state estimate error. Furthermore, for a suitable constant D0 ≥ 0,

the control input satisfies

|ûτ (t)|Rm ≤ D0e−µ(t−s) |(y(s), η(s))|H×H .

Proof. With η := ŷ − y, from (4.7) we obtain, for t > 0,

ẏ +Ay +Arcy = 0, t < τ, (5.1a)

ẏ +Ay +Arcy = BK̂τ (t− τ, ŷ(t− τ)), t > τ, (5.1b)

η̇ +Aη +Arcη = LWη, t > 0, (5.1c)

η(0) = ŷ0 − y0. (5.1d)
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For the estimate error η we have that

|η(t)|H ≤ D2e−µ2(t−s) |η(s)|H , t ≥ s ≥ 0. (5.2)

Proceeding as in the proof of Theorem 4.2 we arrive at (4.17a), for t ≥ s ≥ τ ,

|y(t)|H ≤ D1e−µ1(t−s) |y(s)|H

+D1

∫ t

s

e−µ1(t−r) |BKκ2(r)|H dr

≤ D1e−µ1(t−s) |y(s)|H

+D1 |BK|L(H)

∫ t

s

e−µ1(t−r) |κ2(r)|H dr,

with κ2 satisfying (4.16). Hence,

|y(t)|H ≤ D1e−µ1(t−s) |y(s)|H

+D1 |BK|L(H) Cτ

∫ t

s

e−µ1(t−r) |η(r − τ)|H dr

= D1e−µ1(t−s) |y(s)|H

+ C0 |η(s)|H
∫ t

s

e−µ1(t−r)e−µ2(r−s) dr.

with C0 := D1 |BK|L(H) CτD2eµ2τ . By [3, Prop. 3.2], we we have that for any µ satisfy-

ing 0 < µ ≤ min{µ2, µ1} and µ < max{µ2, µ1}, there exists C1 > 0 such that

|y(t)|H ≤ D1e−µ1(t−s) |y(s)|H
+ C0C1e−µ(t−s) |η(s)|H . (5.3)

By combining (5.3) and (5.2), we find

|(y(t), η(t))|2H = |y(t)|2H + |η(t)|2H
≤ 2D2

1e−2µ1(t−s) |y(s)|2H + 2C2
0C

2
1e−2µ(t−s) |η(s)|2H

+D2
2e−2µ2(t−s) |η(s)|2H

= De−2µ(t−s) |(y(s), η(s))|2H×H ,

with D := max{2D2
1, 2C

2
0C

2
1 +D2

2}.
Finally, for the input, we find∣∣∣û[τ ]

τ (t)
∣∣∣
Rm
≤ |K|L(H,Rm)

∣∣∣Y(t− τ, t, û[τ ]
τ , ŷ(t− τ))

∣∣∣
H
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and we write again

Ξ(t) := Y(t− τ, t, û[τ ]
τ , ŷ(t− τ))

= Y(t− τ, t, û[τ ]
τ , y(t− τ)) + Y(t− τ, t, 0, η(t− τ))

= y(t) + κ2(t),

with κ2 satisfying (4.16). Hence, by (5.3),

|Ξ(t)|H ≤ C3e−µ(t−s) |(y(s), η(s))|H×H + C
1
2
τ |η(t− τ))|H

with C3 := max{D1, C0C1}. Now, (5.2) gives us, for t ≥ s+ τ ,

|η(t− τ))|H ≤ D2eµτe−µ(t−s) |η(s)|H

and we arrive at

|Ξ(t)|H ≤ C4e−µ(t−s) |(y(s), η(s))|H×H , for t ≥ s+ τ,

with C4 := C3 + C
1
2
τ D2eµτ . Therefore, for t ≥ s ≥ 0,

|ûτ (t)|Rm =
∣∣∣û[τ ]
τ (t+ τ)

∣∣∣
Rm

≤ C4 |K|L(H,Rm) e−µ(t+τ−s) |(y(s), η(s))|H×H ,

which finishes the proof. �

Below, we shall consider sensors performing average-like measurements and shall give

suitable output-injection operators explicitly.

Remark 5.2. In practice the output w(t) will be subject to small sensor measurement

errors. This means that likely we will not have a vanishing asymptotic limit for the state

estimate error as ê∞ := lim
t→∞

|ŷ − y|L∞((t,∞);H) = 0 in (4.19). Instead, we expect that ê∞ =

ê∞(ζmag) will be a constant depending on the magnitude ζmag of the error of those sensor

measurements, hopefully so that ê∞(ζmag)→ 0 as ζmag → 0. Furthermore, in applications,

the model (4.7c)–(4.7d) will likely be a numerical approximation of (4.7a)–(4.7b), thus ê∞

may also depend on the numerical discretization errors.

6. Satisfiability of the assumptions

We consider a concrete parabolic equation as

∂
∂ty − (ν∆− 1)y + ay + b · ∇y = Bu[τ ], By|Γ = 0,

evolving in the pivot space is H := L2(Ω), with initial state y(0) = y0 ∈ H. By taking A :=

−ν∆ + 1 as the shifted-scaled Laplacian under the given boundary conditions defined by B

(e.g., of Neumann or of Dirichlet type) and by taking Arc := a1 + b · ∇, we see that

Assumptions 2.2–2.4 are satisfied.
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Now, we show that the satisfiability of Assumptions 2.6 and 2.5 follows from the results

in [12, 23], for large enough numbers of appropriately placed actuators and sensors. See

Fig. 1 (cf. [23, Fig. 1]) as an illustration for a spatial rectangular domain, where a rescaled

copy of the configuration corresponding to M = 1 is taken in partitions of the rectangular

domain (an analogue domain-partition based strategy can be applied to more general convex

polygonal domains as well; see [2, Rem. 2.8]).

M = S = 1 M = S = 2 M = S = 3

Figure 1. Actuators (“/”-pattern) and sensors (“\”-pattern)

Let UM = {1ω1,M
j
| 1 ≤ j ≤ m} denote the set of actuators, given by indicator functions

with supports ω1,M
j as in Fig. 1, for a given M ∈ N+, and let UM := spanUM . Analogously,

we denote the set of sensors by WS = {1ω2,S
j
| 1 ≤ j ≤ Sς}, S ∈ N+, and also WS :=

spanWS . Note that, in Fig. 1 we have m = 2M2 actuators and s = 2S2 sensors. The

control operator B = U�M : Rm → H is

U�Mu(t) :=
m∑
j=1

uj(t)1ω1,M
j
∈ UM , (6.1)

and the output operator W = W∨S : H → Rs is

W∨S y(t) :=
(∫

ω2,S
1
y(t) dx, . . . ,

∫
ω2,S
s
y(t) dx

)
, (6.2)

giving us the output of average-like sensors measurements. Further, let PF ∈ L(H) denote

the orthogonal projection in H onto a closed subspace F ⊆ H. As a corollary of [12, Cor. 3.2

(with KM (t, p) := p)], we have the following.

Lemma 6.1. Let Assumptions 2.2–2.4 hold true. Then, for each µ1 > 0, there exists a

sufficiently M and λ > 0, such that the operator AUM = −A − Arc − λPUM is (D1, µ1)-

stable, for some constant D1 ≥ 1.

Lemma 6.2. Let Assumptions 2.2–2.4 hold true. Then, for each µ2 > 0, there exists a

sufficiently large S and λ > 0, such that the operator AWS
= −A−Arc−λPWS

is (D2, µ2)-

stable, for some constant D2 ≥ 1.

Remark 6.3. The result in [12, Cor. 3.2] is based on an additional assumption on an

auxiliary set of functions ŨM as in [12, Assum. 2.5]. These auxiliary functions can be taken

as bump-like “regularized indicator functions” as in [23, Sect. 6, Eq. (6.3)].
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Concerning Assumption 2.6, we observe that it is satisfied if ALW = −A−Arc + LW is

(D2, µ2)-stable. Hence, to show the satisfiability of Assumptions 2.6 and 2.5, it is sufficient

to observe that the projections in Lemmas 6.1 and 6.2 can be written as

− λPUM = U�MK and − λPWM
= LW∨S , (6.3)

for an appropriate feedback input operator K ∈ L(V,Rm) and an appropriate output

injection operator L ∈ L(Rs, V ′). To find such a pair (K,L) it is convenient to intro-

duce W �S : Rs →WS and U∨M : H → Rm as

W �Sv :=
s∑
i=1

viv1ω2,S
i

; (6.4)

U∨Mh :=
(∫

ω1,M
1

hdx, . . . ,
∫
ω1,M
m

hdx
)
. (6.5)

Lemma 6.4. We have the identities

PUM = U�MV−1
M U∨M , PWS

= W �SV−1
S W∨S , (6.6)

where V1,M = [V1,M,(i,j)] ∈ Rm×m and V2,S = [V2,S,(i,j)] ∈ Rs×s are the symmetric matrices

with entries V1,M,(i,j) := (1ω1,M
j

, 1ω1,M
i

)H and V2,S,(i,j) := (1ω2,S
j
, 1ω2,S

i
)H in the i-th row

and j-th column.

The statement of Lemma 6.4 is a corollary of [13, Lem. 2.8]. The sought pair (K,L)

satisfying (6.3) is

K = KM := −λV−1
M U∨M ∈ L(H,RMσ ),

L = LS := −λW �SV−1
S ∈ L(RSς , H).

7. Numerical results

We take diffusion-reaction-convection parameters as

ν = 0.1, b(x, t) =

[
x1 + x2

| cos(6t)x1x2|R

]
,

a(x, t) = − 3
2 + x1 − | sin(6t+ x1)|R,

and choose Neumann boundary conditions, B = n · ∇, in the spatial domain Ω = (0, 1) ×
(0, 1) ⊂ R2.

With A := −ν∆ + 1 and Arc := a1 + b · ∇ the simulations correspond to system (4.7),

ẏ +Ay +Arcy = 0, t < τ, (7.1a)

ẏ +Ay +Arcy = Bû[τ ]
τ , t > τ, (7.1b)

y(0) = y0, (7.1c)

with û[τ ]
τ (t) = KY(t− τ, t, û[τ ]

τ ; ŷ(t− τ)). (7.1d)
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For the temporal discretization of this system two time steps, ts for the predictor solver

Y in (7.1d), and tsr for system (7.1a)–(7.1c) with tsr < ts ≤ 1
2τ are introduced. The reason

for solving (7.1) in a temporal mesh finer than that of the predictor Y is to highlight the

fact that in practice the predictor-based input will indeed be obtained numerically, while

system (7.1) will be running in real (continuous) time.

The information of the predictor-solver Y will be updated at the time instances nts,

n ∈ N. It is then used to compute the control input which is held constant over the interval

[nts, (n+ 1)ts) for the system (7.1a)–(7.1c).

The state-estimate is provided by an observer

˙̂y +Aŷ +Arcŷ = L(Wŷ − wζ), t < τ ; (7.2a)

˙̂y +Aŷ +Arcŷ = Bû[τ ]
τ + L(Wŷ − wζ), t > τ ; (7.2b)

ŷ(0) = ŷ0; wζ = Wy + η; (7.2c)

as in (4.7c)–(4.7d), where we include an additional perturbation ζ in order to model sensor

measurement errors (we think of w(t) = Wy(t) as the correct output and of w(t) + ζ(t)

as the measured one). We consider the same time-step as the predictor and simulate the

dynamics by taking an unbiased noise of the form ζ(nts) = ζmag(−1 + 2randn) ∈ RSς .
Here ζmag ≥ 0 is a constant that determines the magnitude of the output error. The random

vector v = randn at time nts is generated by the Matlab function rand, thus z := ζ(nts)

has entries zi ∈ [−ζmag, ζmag], 1 ≤ i ≤ N . Concerning reproducibility, as random number

generators we have used the Matlab function rng, with seed 1, and the Mersenne Twister

generator. Finally, as initial states we have taken

y0(x1, x2) := 1− 2x1x2 and ŷ0(x1, x2) := −1− 3x2
2.

7.1. Actuators and sensors. We consider the case of 8 actuators and 8 sensors. Their

supports together with the triangulation T used to compute the estimate provided by ob-

server (7.2) and the predictor-based input (7.1d) are shown in Fig. 2.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Figure 2. Spatial triangulation T.
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To better approximate the continuous-time dynamics of the infinite-dimensionality phys-

ical system (7.1a)–(7.1c), we will simulate it on regular refinements of the mesh in Fig. 2.

The nominal output-injection L and feedback-input K operators are taken as in (6.3),

− λLPWM
=: LW∨S and − λKPUM =: U�MK,

with Λ = (λL, λK) = (200, 100), where WS denotes the set of sensors and UM denotes the

set of actuators. The free dynamics Λ = (0, 0) will be considered as well.

7.2. Spatio-temporal meshes. As coarsest spatial approximation we use piecewise-linear

finite elements (hat functions) corresponding to the triangulation T in Fig. 2. As coarsest

temporal mesh we use a regular partition

(nts)∞n=0, with the time step ts = 10−3.

Thus, the coarsest spatio-temporal mesh is defined by the pair M := (T, ts).

• The predictor-based input (7.1d) and the observer (7.2) are solved in the mesh M.

• The real system (7.1) is simulated in refined meshes

Mrf = (Trf , 2
−(2+rf)ts), rf ∈ {0, 1, 2, 3, 4},

where T0 := T and Ti+1 denotes a regular refinement of Ti.

7.3. Results of simulations. We demonstrate the stabilizing performance of the proposed

predictor–observer based delayed feedback input. Firstly, in Fig. 3 we show that the free-

dynamics is exponentially unstable.
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Figure 3. Instability of the free dynamics and free observer.

Then, in Fig. 4 we can see that the the nominal (i.e., with τ = 0) closed-loop system

with injection-feedback gain pair Λ = (200, 100) is stable. In the same figure we show that

the same feedback input becomes destabilizing as the delay increases. In Fig. 5 we zoom
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the evolution of the norms for small instants for a better visualization of the response of the

activation of the delayed input, with different values of τ .
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Figure 4. Evolution for feedback inputs delayed by time-τ .

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
-0.5

0

0.5

1

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

0.4

0.6

0.8

1

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
2

4

6

Figure 5. Time-zoom of the norms evolution in Fig 4.

To counteract the destabilizing effects of the time-delay observed in Fig.4, we will include

the time-τ predictor within the computation of the input. The stabilizing contribution of
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Figure 6. With delayed feedback inputs, using a predictor.

the predictor is shown in Fig. 6, for τ = 0.1, where we see that the instability observed in

Fig. 4 is, indeed, counteracted by the use of the time-τ -ahead state predictions.

Further, we simulate the “real” system (7.1) in the spatio-temporal refinements Mrf ,

0 ≤ rf ≤ 3 of the mesh M0. Still, the predictor (7.1d) and the observer (7.2) are solved in

the coarse mesh M. The results depicted in Fig. 6 show that the input obtained by using the

estimate provided by the observer, is able to stabilize (7.1) with the help of the predictor.

In Fig. 7 we zoom on the behavior for small time instants, again to better see the response

to the activation of the input. Further, we have run an extra simulation for one more

refinement of the mesh used to simulate the real system. In particular, we can observe

convergence of the evolution of the norms as the mesh is refined.

Note that the magnitude ζmag of the state-dependent test-noise ζ satisfies ln(λ1ζmag) =

ln(200 · 10−7) ≈ −10.8198, which is the magnitude of the state-dependent noisy component

of the output. This explains the oscillations observed for large time, and also the fact that

the norms plotted in Fig. 6 do not drop below a certain threshold.

We also have to take into consideration the measurement errors associated with the

numerical output operators. Roughly speaking, in the experiments, the “accuracy” of the

average measurements depend on the spatial mesh. Thus the (discretized) output operator

in the coarse mesh has a different accuracy than that of the analogue (discretized) output

operator in a refined mesh. Consequently there is a state-dependent measurement error

as well. The results in Fig. 6 shows the robustness of the constructed input against such

state-dependent errors as well.

Note also that even in the case rf = 0 we have the presence of a state-dependent numerical

error, leading to a state-dependent output error. Indeed, though the mesh M0 uses the same

triangulation as M, it still differs in the time-step, namely 1
4 t

s versus ts. This could explain

the oscillations starting at time t = 8 in Fig. 6(b) for the case rf = 0.
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Figure 7. Time-zoom including the norms in Fig. 6.

Finally, in Fig. 8 we show the response of the constructed input against the magni-

tude of the state-independent noise ζ. As expected the norms |y(t)|L2(Ω) of the state

and |ŷ(t)− y(t)|L2(Ω) of the state-estimate error converge to a neighborhood of zero with

size proportional to the magnitude ζmag of the noise.
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Figure 8. Effect of the magnitude ζ of the noise in the output.
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8. Concluding remarks

Assuming that the time delay τ ≥ 0 of the input is known, we have proposed a strategy

to compute a control input, stabilizing linear parabolic equations, when subject to the

time delay τ . The construction of the input utilizes a prediction of the controlled state

at a future time t + τ , based on estimates of the controlled state at the present time t.

Asymptotically, as t → ∞, the controlled state converges exponentially to a neighborhood

of zero proportional to the magnitude of the state estimation error. In particular, for

exponential observers, the control input is exponentially stabilizing in the ideal situation in

which the state-estimate error vanishes.

To compute the input Kτ (t, ŷ(t)) as in (4.6b) we use the prediction Y (t + τ) = Y(t, t +

τ, û
[τ ]
τ ; ŷ(t)), of the state at time t + τ , for each time t > 0. In practice, after temporal

discretization, and assuming a regular partition of the time-interval, this means computing

Y (nts + τ), for each t = nts where ts denotes the time-step of the (discretized) observer

and predictor. Also, we can use several predictor-solvers running simultaneously, each cor-

responding to a time interval [nts, nts + τ ].

Appendix

The scalar ode example in Section 3 can be used to show the destabilizing effect of time-

delayed inputs, for a more general class of autonomous parabolic-like equations, including

heat equations. Indeed, let (H,V,A) satisfy Assumptions 2.2 and 2.3. For example, H =

L2(Ω), V = W 1,2(Ω), and A is the shifted scaled Neumann Laplacian −ν∆ + 1 : V → V ′

as in (7.1).

By Assumptions 2.2 and 2.3, it follows that A has a compact inverse A−1 : H → H. So,

we can fix a sequence (αi, ei)i∈N+ of eigenpairs of A,

Aei = αiei; 0 < αi ≤ αi+1; lim
i→∞

αi =∞;

(ei)i∈N+ forms an orthonormal basis in H.

Let us fix ρ > 0 and choose m large enough, so that αm+1 > ρ+ α1. Then, as actuators

we take the first m eigenfunctions, Em = {ei | 1 ≤ i ≤ m}.
We define Km ∈ L(H,Rm), as

h 7→ Kmh := (v1, v2, . . . , vm), vi := (ei, h)H ,

and take Arc (satisfying Assumption 2.4) and K as

Arc = −(ρ+ α1)1, K = κKm, κ < −ρ < 0.

In this case, system (1.3), with vanishing delay, becomes

ẏ(t) = −(A− (ρ+ α1)1− κBKm)y(t), y(0) = y0,
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with Bz :=
m∑
i=1

ziei as in (1.3d). We can see that BKm = PEm . Hence, we can write

ẏ(t) = Ξκy(t),

with Ξκ := −(A− (ρ+ α1)1− κPEm).
(A.1)

Note that the eigenfunctions of Ξκ coincide with those of A, Ξκei = βκ,iei with eigenvalues

βκ,i = −αi + (ρ+ α1) + κ, 1 ≤ i ≤ m;

βκ,i = −αi + (ρ+ α1), i ≥ m+ 1.

We observe the following:

(i) The free dynamics (i.e., with κ = 0) is unstable, because β0,1 = ρ > 0.

(ii) The controlled nominal dynamics (i.e., with τ = 0), is exponentially stable, because

βκ,i ≤ ρ+ κ < 0, 1 ≤ i ≤ m,

βκ,i ≤ −αm+1 + (ρ+ α1) < 0, i ≥ m+ 1,

thus, forβ := max{ρ+ κ,−αm+1 + (ρ+ α1), we have βi ≤ β < 0 for all i ∈ N+.

(iii) If τ > ρ−1, the controlled delayed dynamics is exponentially unstable, for reasons

given below.

With u[0](t) = Ky(t) = −κPEmy(t) subject to time-delay τ , (A.1) becomes, with A1 :=

−(A− (ρ+ α1)1),

ẏ(t) =

A1y(t), t < τ,

A1y(t) + κPEmy(t− τ), t > τ,
(A.2)

Observe that y1(t) := (y(t), e1)H is the scalar corresponding to the coordinate y1(t)e1 :=

PE1y(t) of the orthogonal projection, in H, of the solution onto the space E1 = Re1 spanned

by the first eigenfunction of Ξ. We find that y1(t) satisfies the dynamics in (3.1), that is,

ẏ1(t) =

ρy1(t), for t ∈ [0, τ),

ρy1(t) + κy1(t− τ), for t ∈ [τ,∞),
(A.3)

y1(0) = (y(0), e1)H . (A.4)

Further, if we take y0 = y1(0)e1, then y(t) = y1(t)e1. From the instability of (A.3) (i.e.,

of (3.1)) shown in Section 3, when τ > ρ−1, the instability of (A.2) follows.
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for the Schlögl parabolic equation. IEEE Trans. Automat. Control, 68(12):7089–7103, 2023.

doi:10.1109/TAC.2023.3247511.

http://dx.doi.org/10.1109/TAC.1982.1103023
http://dx.doi.org/10.1109/TAC.2023.3247511


26 K. Kunisch and S. S. Rodrigues

[3] B. Azmi and S. S. Rodrigues. Oblique projection local feedback stabilization of nonautonomous

semilinear damped wave-like equations. J. Differential Equations, 269(7):6163–6192, 2020.

doi:10.1016/j.jde.2020.04.033.

[4] D. Bresch-Pietri, C. Prieur, and E. Trelát. New formulation of predictors for finite-dimensional

linear control systems with input delay. Syst Control Lett, 113:9–16, 2018. doi:10.1016/j.

sysconle.2017.12.007.

[5] R. Datko. Not all feedback stabilized hyperbolic systems are robust with respect to small

time delays in their feedbacks. SIAM J. Control Optim., 26(3):607–713, 1988. doi:10.1137/

0326040.

[6] I.A. Djebour, T. Takahashi, and J. Valein. Feedback stabilization of parabolic systems with

input delay. Math. Control Relat. Fields, 12(2):405–420, 2022. doi:10.3934/mcrf.2021027.

[7] A.V. Fursikov and O.Yu. Imanuvilov. Exact controllability of the Navier–Stokes and

Boussinesq equations. Russian Math. Surveys, 54(3):565–618, 1999. doi:10.1070/

RM1999v054n03ABEH000153.

[8] S. Haad. An evolution equation approach to nonautonomous linear systems with state, input,

and output delays. SIAM J. Control Optim., 45(1):246–272, 2006. doi:10.1137/040612178.

[9] L. Jadachowski, T. Meurer, and A. Kugi. Backstepping observers for linear PDEs on

higher-dimensional spatial domains. Automatica J. IFAC, 51:85–97, 2015. doi:10.1016/j.

automatica.2014.10.108.

[10] M. Krstic. Lyapunov tools for predictor feedbacks for delay systems: Inverse optimality and

robustness to delay mismatch. Automatica J. IFAC, 44:2930–2935, 2008. doi:10.1016/j.

automatica.2008.04.010.

[11] M. Krstic. Control of an unstable reaction–diffusion PDE with long input delay. Syst. Control

Lett., 58:773–782, 2009. doi:10.1016/j.sysconle.2009.08.006.

[12] K. Kunisch, S. S. Rodrigues, and D. Walter. Learning an optimal feedback operator semiglob-

ally stabilizing semilinear parabolic equations. Appl. Math. Optim., 84(S1):277–318, 2021.

doi:10.1007/s00245-021-09769-5.

[13] K. Kunisch and S.S. Rodrigues. Explicit exponential stabilization of nonautonomous linear

parabolic-like systems by a finite number of internal actuators. ESAIM Control Optim. Calc.

Var., 25:art67, 2019. doi:10.1051/cocv/2018054.

[14] W. Kwon and A. Pearson. Feedback stabilization of linear systems with delayed control. IEEE

Trans. Automat. Control, 25(2):266–269, 1980. doi:10.1109/TAC.1980.1102288.

[15] H. Lhachemi and C. Prieur. Feedback stabilization of a class of diagonal infinite-dimensional

systems with delay boundary control. IEEE Trans. Automat. Control, 66(1):105–120, 2021.

doi:10.1109/TAC.2020.2975003.

[16] H. Lhachemi and C. Prieur. Predictor-based output feedback stabilization of an input delayed

parabolic PDE with boundary measurement. Automatica J. IFAC, 137:110115, 2022. doi:

10.1016/j.automatica.2021.110115.

[17] H. Lhachemi, C. Prieur, and R. Shorten. An LMI condition for the robustness of constant-delay

linear predictor feedback with respect to uncertain time-varying input delays. Automatica J.

IFAC, 109:108551, 2019. doi:10.1016/j.automatica.2019.108551.
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