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Abstract. Taking a deterministic viewpoint this work investigates extensions of the
Kalman-Bucy filter for state reconstruction to systems containing parametric uncertainty
in the state operator. The emphasis lies on risk averse designs reducing the probability of
large reconstruction errors. In a theoretical analysis error bounds in terms of the variance
of the uncertainties are derived. The article concludes with a numerical implementation
of two examples allowing for a comparison of risk neutral and risk averse estimators.
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1. Introduction

This work proposes estimators for state reconstruction of linear perturbed dynamical
systems of the form

ẋ(t) = Aσx(t) + Bv(t) t ∈ (0, T ),
x(0) = x0 + η,

with unknown, deterministic disturbances v ∈ L2(0, T ;Rm) and η ∈ Rn. The system matrix
Aσ depends on a parametric uncertainties indicated by σ ∈ Σ. The objective is an online
approximation of the system’s state x based on incomplete measurements given as

y(t) = Cx(t) + µ(t) t ∈ (0, T ),
that are affected by the output disturbance µ ∈ L2(0, T ;Rr).

Utilizing flawed measurements to estimate the state of systems suffering from pertur-
bances is of high interest in the applied sciences at least since Wiener’s seminal work [28].
Kalman’s and Bucy’s work in [16] is tailored to the linear setting, for known parameter σ,
and modeling the disturbances as Gaussian white noise, see also [15] for the time-discrete
analogue. The so-called Kalman-Bucy filter is easy to implement, numerically efficient,
and widely applied.

Since the parametric uncertainty introduces nonlinearities and multiplicative noise, it is
not directly applicable to the class of systems considered here. In this work a risk averse
extension is proposed based on Mortensen’s strategy of recasting the Kalman filter as
the energy minimal state [21]. Specifically, we study probability measures with respect
to the parameter of the energy. The measures of interest are the entropic risk measure
and the essential supremum for which the minimizers are characterized based on first
order optimality conditions. The proposed measures utilize the energies for each system
corresponding to a parameter σ ∈ Σ separately, followed by a variational criterion which
determines a universal state-estimator for the ensemble. An important part of our work
consists in establishing estimates on the difference between the proposed state estimator
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and that estimator which would be optimal if we knew the exact parameter σ ∈ Σ. For
both measures we analyze their temporal regularity. The entropic risk measure depends
on a risk aversion parameter θ > 0. We verify that for θ → 0 the resulting estimator
converges to the risk neutral estimator and for θ → ∞ we obtain convergence to the
minimizer of the essential supremum. In the numerical part of our work the proposed state
estimators are compared to results emerging from the risk neutral approach associated
with the expectation which we investigated in earlier work [17].

Let us further comment on the two measures which we investigate. The entropic risk
measure was introduced in the context of financial mathematics to optimize portfolios
with a flexible level of risk aversion [11]. More recently it was adapted for optimal control
under uncertainty [12,13] leading to risk averse control strategies reducing the likelihood
of large costs. This functional also arises in many other applied sciences including machine
learning and neural networks [4], or statistical mechanics, [24], for example. It is well
known that for infinitely large risk aversion the entropic risk measure corresponds to the
essential supremum which in the framework of this work turns into a maximum. The
associated estimator is hence given by the solution of a min-max problem which on a
technical level is closely related to the minimum ball problem arising in operations research.
In the 2-dimensional case this problem has a long history, see for instance [14] and the
references provided there. The Rn case was investigated for instance in [5,7]. These papers
also contain many references on the algorithmic developments for this class of problems. In
this paper, to analyze the min-max formulation as well as the entropic risk formulation we
follow a different analytical route by treating these problems by convex analysis techniques.
In this way we can use results from [20] to obtain existence and uniqueness of solutions
and from [22] to derive optimality conditions, in an elegant manner. The latter are of vital
importance for the error analysis which we provide.

2. The Kalman filter

We begin with a brief presentation of two different derivations of the Kalman-Bucy filter
for time-invariant systems. While our proposed estimators rely only on the deterministic
formulation a recap of the stochastic formulation enriches the interpretation of our approach.
We include these well known concepts for the purpose of a self-contained work.

2.1. The stochastic formulation. We illustrate the stochastic filter based on the original
work [16] and refer to [23,30] for a more rigorous treatment in terms of SDEs. Consider
the disturbed system with system state Xt and measured output Yt modeled by

d
dtXt = AXt + BVt t ∈ (0, T ),

Yt = CXt + Wt, t ∈ (0, T ),
(2.1)

with system matrix A ∈ Rn,n, noise input matrix B ∈ Rn,m, and output matrix C ∈ Rr,n.
The dynamics and the measurement are disturbed by the multivariate Gaussian random
variables Vt ∈ Rm and Wt ∈ Rr, respectively. The so-called white noise terms have zero
mean and covariances given by

cov[Vt, Vs] = R δ(t − s),
cov[Wt, Ws] = Q δ(t − s),

where R ∈ Rm,m and Q ∈ Rr,r are given symmetric, positive definite matrices. The
distribution of the state at time t is Gaussian and denoted by Xt, where the initial
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distribution X0 is characterized via its mean x0 ∈ Rn and covariance Γ ∈ Rn,n, symmetric,
positive definite. The two noise terms and the initial distribution are assumed to be
mutually independent and finally Yt denotes the distribution of the output at time t.

According to [16] the goal is to optimally estimate the realized state x(t) of the system
given realized, measured outputs y(s), 0 ≤ s ≤ t. In their work Kalman and Bucy show
that the optimal estimate x̂(t) is given via

˙̂x(t) = Ax̂(t) + Π(t)C⊤Q−1(y(t) − Cx̂(t)) t ∈ (0, T ),
x̂(0) = x0,

(2.2)

where Π is the unique solution to the differential Riccati equation

Π̇(t) = AΠ(t) + Π(t)A⊤ − Π(t)C⊤Q−1CΠ(t) + BRB⊤ t ∈ (0, T ),
Π(0) = Γ.

(2.3)

In the stochastic interpretation, given a measured output the state of the system at time t
is estimated via the Gaussian distribution N (x̂(t), Π(t)) where the mean and covariance
are characterized via (2.2) and (2.3), respectively.

2.2. The deterministic formulation. In this subsection we consider a deterministic
model of a disturbed system brought forward by Mortensen in [21], see also [29]. It reads

x(t) = Ax(t) + Bv(t) t ∈ (0, T ),
x(0) = x0 + η,

y(t) = Cx(t) + µ(t) t ∈ (0, T ),
(2.4)

where the system matrices A, B, and C are as in (2.1). The disturbances in dynamics,
initial value, and output are modeled by v ∈ L2(0, T ;Rm), η ∈ Rn, and µ ∈ L2(0, T ;Rr)
and are assumed to be deterministic and unknown. To increase readability for the remainder
of this work we denote Lp

t1,t2 = Lp(t1, t2;Rd) and Ht2
t1 = H1(t1, t2;Rn) for 0 ≤ t1 < t2 ≤ T ,

d ∈ N, and 0 < p ≤ ∞ and
The strategy for estimating x(t), at t ∈ (0, T ] consists in identifying the energy minimal

disturbances η∗[t], v∗[t], and µ∗[t] that fit the measured output y(s), 0 ≤ s ≤ t, i.e., in
solving

min
η∈Rn,v∈L2

0,t,µ∈L2
0,t

∥η∥2
Γ−1 +

∫ t

0
∥v(s)∥2

R−1 + ∥µ(s)∥2
Q−1 ds,

subject to (2.4) on (0, t).
(2.5)

This minimizer is used to solve (2.4) for the associated trajectory x∗[t] and the estimator
is defined as x̂(t) = x∗[t](t). Here and in the following for a positive definite matrix
M and vector x of fitting size we denote ∥x∥2

M = x⊤Mx. The matrices Γ, R, and Q
correspond to the noise covariances from the stochastic formulation. Using their inverses as
weighting matrices is a strategy also used in generalized least squares [1]. In [29] Willems
demonstrates that this estimator is given precisely by the Kalman filter equations known
from the stochastic formulation. Indeed x̂ solves

˙̂x(t) = Ax̂(t) + Π(t)C⊤Q−1 (y(t) − Cx̂(t)) t ∈ (0, T ),
x̂(0) = x0,

(2.6)
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where Π is given as the unique solution of

Π̇(t) = AΠ(t) + Π(t)A⊤ − Π(t)C⊤Q−1CΠ(t) + BRB⊤ t ∈ (0, T ),
Π(0) = Γ.

(2.7)

Our analysis follows the slightly different formulation of [21]. By adding a final state
ξ and inserting the identities for x(0) and y Mortensen recasts (2.5) into a problem of
optimal control. It reads

min
x∈Ht

0,v∈L2
0,t

J(x, v; t, ξ) = ∥x(0) − x0∥2
Γ−1 +

∫ t

0
∥v(s)∥2

R−1 + ∥y − Cx(s)∥2
Q−1 ds, (2.8)

subject to ẋ(s) = Ax(s) + Bv(s) s ∈ (0, t), (2.9)
x(t) = ξ (2.10)

with associated value function
V(t, ξ) = inf

x∈Ht
0,v∈L2

0,t

J(x, v; t, ξ) subject to (2.9) − (2.10) t ∈ (0, T ],

V(0, ξ) = ∥ξ − x0∥2
Γ−1 .

(2.11)

It represents the minimal amount of energy required to ensure that at time t the system is
in the state ξ. In [17, Lem. 2.5] it is shown that in the present case of linear dynamics the
value function V is quadratic in space and given as

V(t, ξ) = (ξ − x̂(t))⊤Π−1(t)(ξ − x̂(t)) +
∫ t

0
∥y(s) − Cx̂(s)∥2

Q−1 ds, (2.12)

where x̂ and Π are given via the Kalman filter equations (2.6) and (2.7). Hence the
estimator x̂ constructed via (2.5) can equivalently be characterized as

x̂(t) := arg min
ξ∈Rn

V(t, ξ).

We point out that the control formulation at hand is merely a tool to reconstruct energy
minimal disturbances that most likely caused the measured output.

Even though the following derivations and arguments are based on the deterministic
perspective, we still refer to the solution Π of (2.7) as the (error) covariance associated
with the Kalman filter allowing for an interpretation of our results. We denote the inverse
of the covariance as P := Π−1 and following [8, Sec. 5.4] we refer to it as the precision
matrix. By multiplying (2.7) with P (t) from the left and from the right we find that the
precision matrix is characterized via the differential Riccati equation

Ṗ (t) = −A⊤P (t) − P (t)A − P (t)BRB⊤P (t) + C⊤Q−1C, t ∈ (0, T ),
P (0) = Γ−1.

(2.13)

3. Kalman filtering for uncertain systems

The Kalman filter described in the previous section assumes exact knowledge of both the
system dynamics represented by A and the nature of the occurring noise represented by
the covariance matrices Γ, R, and Q. In practical applications, however, this information
may not be available in exact form and the matrices may depend on parameters, [19, 27].
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3.1. Modeling uncertain parameters. Following the description in [17] the uncertainties
of the system matrix A are modeled as follows. Let sA ∈ N and consider a matrix valued
function

a : RsA → Rn,n.

Further let NA ∈ N and ΣA ⊂ RsA be of cardinality |ΣA| = NA. Consider the discrete
probability space (ΣA, P(ΣA), PA) , where PA(ΣA) denotes the power set of ΣA and for
S ⊂ ΣA define the probability function PA(S) = 1

NA
|S|. Then the linear dynamics of the

system are characterized by the matrix valued random variable
σ ∈ ΣA 7→ aσ = a(σ) ∈ Rn,n,

and aσ denotes the system matrix that realizes with the parameter σ ∈ ΣA. The uncertain
weighting matrices γσ, rσ, and qσ are defined as random variables on ΣΓ, ΣR, and ΣQ

with respective cardinalities and dimensions NΓ, sΓ, NR, sR, and NQ, sQ. The associated
probabilities are defined as that for A. We denote N = NA NΓ NR NQ and s = sA sΓ sR sQ.
Then

Σ = ΣA × ΣΓ × ΣR × ΣQ ⊂ Rs

has cardinality N . Further we define the product space (Σ, F , P ), via
F = P(ΣA) ⊗ P(ΣΓ) ⊗ P(ΣR) ⊗ P(ΣQ) = P(Σ),

P (SA ⊗ SΓ ⊗ SR ⊗ SQ) = PA(SA) PΓ(SΓ) PR(SR) PQ(SQ) = 1
|SA ⊗ SΓ ⊗ SR ⊗ SQ|

.

Finally the uncertain system and weighting matrices are defined as random variables on
(Σ, P(Σ), P ), where for S ⊂ Σ we set P (S) = 1

N |S|. Denote σ = (σA, σΓ, σR, σQ) ∈ Σ and
define

σ ∈ Σ 7→ Aσ = aσA ∈ Rn,n, σ ∈ Σ 7→ Γσ = γσΓ ∈ Rn,n,

σ ∈ Σ 7→ Rσ = rσR ∈ Rm,m, σ ∈ Σ 7→ Qσ = qσQ ∈ Rr,r.

Note that by construction they are mutually independent. For convenience we denote
the N elements of Σ by σk, k = 1, . . . , N and dependencies on σk may be indicated
by indexing k, e.g., Aσk

= Ak. Also, for a given parameter σ the associated four-tuple
consisting of system matrix and covariance matrices is denoted by Sσ = (Aσ, Γσ, Rσ, Qσ) ∈
Rn,n × Rn,n × Rm,m × Rr,r. To quantify the distance between such tuples for p ∈ N we
introduce the norm ∥Sσ∥p

p = ∥Aσ∥p
Rn,n + ∥Γσ∥p

Rn,n + ∥Rσ∥p
Rm,m + ∥Qσ∥p

Rr,r .
For any σk ∈ Σ the corresponding Kalman filter is denoted by x̂k and the associated

covariance and precision matrices are denoted by Πk and Pk = Π−1
k , respectively. They are

characterized via
˙̂xk(t) = Akx̂k(t) + Πk(t)C⊤Q−1

k (y(t) − Cx̂k(t)) t ∈ (0, T ),
x̂k(0) = x0,

(3.1)

and
Π̇k(t) = AkΠk(t) + Πk(t)A⊤

k − Πk(t)C⊤Q−1
k CΠk(t) + BRkB⊤ t ∈ (0, T ),

Πk(0) = Γk.
(3.2)

We note that the solution Πk is infinitely often continuously differentiable. Since the same
holds for the mapping M 7→ M−1 defined on the set of symmetric positive definite matrices,
we obtain that for all k we have

Pk ∈ C∞([0, T ];Rn,n). (3.3)
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To make our arguments more concise, we denote for k ∈ {1, . . . , N} and t ∈ [0, T ]

rk(t) =
∫ t

0
∥y(s) − Cx̂k(s)∥2

Q−1
k

ds.

Analogous to (2.12) we obtain

Vk(t, x) = ∥x − x̂k(t)∥2
Pk(t) + rk(t). (3.4)

Next the estimators which will be investigated are described.

3.2. Minimizing the expected energy. We begin by presenting a design that was
proposed and studied in an earlier work, cf. [17]. For t ∈ [0, T ] consider the minimization
problem

min
x∈Rn

E [Vσ(t, x)] = min
x∈Rn

1
N

N∑

k=1
Vk(t, x). (3.5)

This minimization problem defines the first estimator. In [17, Prop. 3.4] we showed
existence and uniqueness of the solution of (3.5) and throughout this work we denote the
estimator defined as the pointwise solution of (3.5) as x̂0(t). We further cite the following
characterization.

Proposition 3.1. The state estimator x̂0 is well-defined and given in terms of the Kalman
filter trajectories and precision matrices associated with the individual Kalman filters. For
t ∈ [0, T ] it holds

x̂0(t) = P−1(t)
N∑

k=1
Pk(t) x̂k(t), (3.6)

where P(t) =
∑N

k=1 Pk(t).

This representation immediately implies a result on the regularity of the estimator.

Corollary 3.2. The estimator x̂0 is square integrable and admits a square integrable weak
derivative, i.e., x̂0 ∈ HT

0 . Its weak derivative is given by

˙̂x0(t) = −P−1(t) Ṗ(t) x̂0(t) + P−1(t)
N∑

k=1
Pk(t) ˙̂x(t) + Ṗk(t)x̂k(t).

Proof. The regularity of Pk presented in (3.3) implies P−1 ∈ C∞([0, T ];Rn,n). For the
solutions of (3.1) we have x̂k ∈ HT

0 . The claim for x̂0 follows from the representation given
in (3.6). The formula for the weak derivative is obtained by an application of the chain
rule and (3.6). □

We proceed by introducing more risk averse designs.

3.3. Minimizing the worst case energy. For the construction of the second estimator
consider the problem of minimizing the worst case energy

min
x∈Rn

ess sup
σ∈Σ

Vσ(t, x) = min
x∈Rn

max
k=1,...,N

Vk(t, x). (3.7)

We begin by ensuring existence of a unique solution at any time.

Lemma 3.3. For every t ∈ [0, T ] the problem (3.7) admits a unique solution.
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Proof. The value functions Vk defined in (3.4) are strictly convex and coercive in x. Since
the maximum in (3.7) is taken over finitely many indices k, the expression maxk Vk(t, ·)
inherits the strict convexity and coercivity properties. As a consequence, the existence of a
unique minimizer then follows. □

This result enables the definition of the second estimator.

Definition 3.4. The state estimator minimizing the worst case energy at time t ∈ [0, T ] is
denoted as x̂∞(t) and given by the unique solution of the minimization problem (3.7).

In the following we characterize the minimizer via a representation in terms of the family
members x̂k. This is done for every time point individually. Hence, from here on we fix a
time t ∈ [0, T ]. To facilitate the discussion using tools from convex analysis we introduce
the following notation. We define

f [t] : Rn → R, f [t](x) = max
k=1,...,N

Vk(t, x).

Now solving (3.7) for the fixed time t is equivalent to solving
min
x∈Rn

f [t](x). (3.8)

To formulate the first order optimality condition we introduce the set of active indices.

Definition 3.5. For x ∈ R we define
I[t](x) = {k ∈ {1, . . . , N} : Vk(t, x) = f [t](x)},

i.e., I[t](x) is the set of all indices for which the maximum is attained.

With these definitions at hand we are able to characterize the minimizer x̂∞(t).

Theorem 3.6. Let t ∈ [0, T ] be arbitrary. There exists a subset S(t) ⊂ I[t](x̂∞(t)) with
cardinality |S(t)| = p ≤ n + 1 and coefficients α(t) ∈ [0, 1]p such that it holds

(i)
∑

k∈S(t)
αk(t) = 1,

(ii) {Pk(t)(x̂∞(t) − x̂k(t))}k∈S(t) are affine independent,

(iii) x̂∞(t) =


 ∑

k∈S(t)
αk(t)Pk(t)




−1
∑

k∈S

αk(t)Pk(t)x̂k(t).

In other words the estimator can be characterized in terms of a subset of n + 1 or fewer
family members in which the maximum is attained.

Proof. Fix an arbitrary t ∈ [0, T ]. Then x̂∞(t) is the unique solution of (3.8). As discussed
in the proof of Lemma 3.3 f [t] is strictly convex, hence x̂∞(t) satisfies the optimality
condition [9, Def. 5.1. and (5.5)] given by

0 ∈ ∂f [t](x̂∞(t)),
where ∂f [t](x̄) denotes the subdifferential of f [t] at x̄. The subdifferential of a maximum
is well known, cf. [25, Prop. 4.5.2 and Rem. 4.5.3]. Denoting the convex hull of a set X by
conv(X) we indeed have

∂f [t](x̄) = conv{Pk(t)(x̂∞(t) − x̂k(t)) : k ∈ I[t](x̂∞(t))}
= conv{Pk(t)(x̂∞(t) − x̂k(t)) : k ∈ S(t)},
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where the second equality is justified by Caratheodory’s theorem with a set S(t) ⊂
I[t](x̂∞(t)) such that (ii) holds. The affine independence in particular implies |S(t)| ≤ n+1.
The optimality condition now ensures existence of α(t) ∈ [0, 1]p such that (i) holds and

0 =
∑

k∈S(t)
αk(t)Pk(t)(x̂∞(t) − x̂k(t)).

Rearranging terms yields (iii) and the proof is complete. □

Remark 3.7. This representation does not yield any time regularity of x̂∞. Since there
is no straight forward way of characterizing the time dependence of the coefficients αk, at
this point we can not even deduce measurability of the estimator. A result regarding this is
obtained via a convergence argument in Corollary 4.2 below.

The two presented estimators x̂0 and x̂∞ are the two extremes on the spectrum of risk
aversion. While the minimizer of the expected value x̂0 does not take risk into account at
all, the worst-case minimizer x̂∞ is by construction the most risk averse. In the following
we introduce a concept filling the gap in between these two extremes.

3.4. Minimizing the entropic risk of the energy. In this subsection we introduce
another estimator as the minimizer of the so-called entropic risk measure. To the best of
the authors’ knowledge it was introduced in the context of financial mathematics, cf. [11].
We commence with a brief presentation of the concept and its properties for the setting
of this work. For a more general definition and detailed derivation we refer to [11]. This
functional is also important in the context of machine learning, cf. for example [4].
Definition 3.8. Let X : Σ → R be a random variable on the probability space (Σ, P(Σ), P )
defined in Subsection 3.1. The entropic risk measure of X with risk aversion θ ∈ (0, ∞) is
defined as

ρθ(X) = 1
θ

ln
(
E
[
eθX

])
= 1

θ
ln
(

1
N

N∑

k=1
eθX(σk)

)
.

We proceed by presenting some well known properties of the entropic risk measure.
While we do not claim any novelty, for the sake of completeness we give a proof tailored to
the setting of this work.
Lemma 3.9. For all random variables X on the probability space (Σ, P(Σ), P ) it holds

ρθ(X) → ess sup
σ∈Σ

X(σ) = max
k=1,...,N

X(σk) for θ → ∞.

Proof. Let X be such a fixed random variable and let k∗ ∈ {1, . . . , N} be such that
X(σk∗) = maxk=1,...,N X(σk) = ess supσ∈Σ X(σ). Since the exponential is positive, for all
θ ∈ (0, ∞) we have

1
N

N∑

k=1
eθX(σk) ≥ 1

N
eθX(σk∗ ).

Applying the logarithm on both sides and dividing by θ yields

ρθ(X) ≥ X(σk∗) +
ln( 1

N )
θ

.

We hence find that for all θ ∈ (0, ∞) it holds

X(σk∗) +
ln( 1

N )
θ

≤ ρθ(X) ≤ X(σk∗),
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where the second estimate is justified by the monotonicity of the logarithm and the
exponential. The assertion follows by considering the limit for θ → ∞. □

We now turn to the construction of the risk averse estimator. For its definition we
consider the following minimization problem. For a fixed t ∈ [0, T ] consider

min
x∈Rn

ρθ (Vσ(t, x)) = min
x∈Rn

1
θ

ln
(

1
N

N∑

k=1
e

θ(∥x−x̂k(t)∥2
Pk(t)+rk(t))

)
. (3.9)

We proceed to formally define the third estimator as the minimizer of the entropic risk
applied to the energy.

Definition 3.10. Let y ∈ L2
0,T and t ∈ [0, T ]. The state estimator minimizing the entropic

risk of the energy with risk aversion parameter θ ∈ (0, ∞) is denoted by x̂θ(t) and defined
as the solution of (3.9), assuming it exists and is unique.

The following lemma shows that the estimator is well defined and characterizes it via an
implicit equation.

Lemma 3.11. For every t ∈ [0, T ], y ∈ L2
0,T , and θ ∈ (0, ∞) there exists exactly one

solution to the minimization problem (3.9). The solution, denoted by x̂θ(t), satisfies

x̂θ(t) =
(

N∑

k=1
e

θ(∥x̂θ(t)−x̂k(t)∥2
Pk(t)+rk(t))

Pk(t)
)−1 N∑

k=1
e

θ(∥x̂θ(t)−x̂k(t)∥2
Pk(t)+rk(t))

Pk(t)x̂k(t)

(3.10)
and is the only element of Rn satisfying this relation.

Proof. Let t ∈ [0, T ] be fixed. For the purpose of this proof we define F : Rn → R via

F (x) := 1
θ

ln
(

1
N

N∑

k=1
e

θ(∥x−x̂k(t)∥2
Pk(t)+rk(t))

)
.

In the following we show that F is strictly convex. To that end note that it is smooth and
the chain rule yields its gradient as

∇F (x) = 2
N∑

k=1
ck[θ, x](t) Pk(t)x̂k(t). (3.11)

To characterize the Hessian we denote the outer product of a vector x ∈ Rn with itself via
[x]2⊗ = x ⊗ x = xx⊤ ∈ Rn,n and define

0 ≤ ck[θ, x](t) = e
θ(∥x−x̂k(t)∥2

Pk(t)+rk(t))

∑N
j=1 e

θ(∥x−x̂j(t)∥2
Pj (t)+rj(t))

≤ 1. (3.12)

Note that for all x and t it holds
∑N

k=1 ck[θ, x](t) = 1. The chain rule then yields the
Hessian as

∇2F (x) = 2
N∑

k=1
ck[θ, x](t)Pk(t) + 4

N∑

k=1
ck[θ, x](t) [Pk(t)(x − x̂k(t))]2⊗

− 4θ

[
N∑

k=1
ck[θ, x](t)Pk(t)x̂k(t)

]2

⊗

.
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Now for any z ∈ Rn\{0} we find

z⊤∇2F (x)z = 2
N∑

k=1
ck[θ, x](t) z⊤Pk(t)z + 4θ

N∑

k=1
ck[θ, x](t)∥z⊤Pk(t)(x − x̂k(t))∥2

− 4θ∥
N∑

k=1
ck[θ, x](t)z⊤Pk(t)x̂k(t)∥2.

Due to the positive definiteness of Pk the first summand is greater than zero. Since the
ck are non negative and sum up to one, the convexity of the squared norm ensures that
the sum of the last two terms is greater or equal than zero. Hence, the Hessian ∇2F (x)
is positive definite implying strict convexity of F . One can quickly verify that F also
is coercive ensuring that it admits exactly one minimizer. Further, any element x̄ ∈ Rn

minimizes F if and only if ∇F (x̄) = 0. Setting the gradient given in (3.11) to zero and
performing standard calculus yields the claimed equation for x̂∞(t). □

Note that an alternative to the characterization via (3.10) is given by

x̂θ(t) =
(

N∑

k=1
ck[θ, x̂θ(t)](t)Pk(t)

)−1 N∑

k=1
ck[θ, x̂θ(t)](t)Pk(t)x̂k(t) (3.13)

with the coefficients given as in (3.12) satisfying
∑N

k=1 ck = 1 and ck ∈ [0, 1].
We conclude the section by stating a result on the time regularity of x̂θ depending on

the regularity of the output y. The proof is presented in Appendix A.2.

Theorem 3.12. Let θ ∈ (0, ∞).
(i) Assuming y ∈ L2p

0,T with an integer 1 ≤ p < ∞ it holds x̂θ ∈ W 1,p(0, T ;Rn).

(ii) For y ∈ C([0, T ];Rr) it holds x̂θ ∈ C1([0, T ];Rn).
In both settings the (weak) derivative is given via the formula

˙̂xθ(t) = −M(t, x̂θ(t))−1V (t, x̂θ(t)), (3.14)
where

M(x, t) =
N∑

k=1
eθVk(t,x) (Pk(t) + 2θPk(t)(x − x̂k(t)) ⊗ (x − x̂k(t))Pk(t)) , (3.15)

and

V (t, x) = −
N∑

k=1
eθVk(t,x)

(
Pk(t) ˙̂xk(t) − Ṗk(t)(x − x̂k(t))

)

+ θ
N∑

k=1
eθVk(t,x)

(
∥y(t) − Cx̂k(t)∥2

Q−1
k

− 2⟨x − x̂k(t), Pk(t) ˙̂xk(t)⟩
)

Pk(t)(x − x̂k(t)).

(3.16)

4. Continuity of the state estimator in the risk aversion parameter

In this section we analyze the behavior of the limit cases of the risk aversion parameter.
We find that indeed, x̂θ fills the gap between x̂0 and x̂∞ in the sense that the estimators
are continuous with respect to the risk aversion, in particular for the extreme cases.
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Proposition 4.1. Let t ∈ [0, T ] be fixed. It holds
x̂θ(t) → x̂0(t), θ → 0,

x̂θ(t) → x̂∞(t), θ → ∞,

where x̂0 and x̂∞ are the estimators introduced in Subsection 3.2 and Definition 3.4,
respectively. Moreover θ 7→ x̂θ(t) is continuous in (0, ∞).

Proof. To show the first limit we note that due to Lemma A.1 and Lemma A.3 in the
appendix we have that ∥x̂θ(t) − x̂k(t)∥2

Pk(t) is bounded with respect to θ. Since additionally
rk[y](t) is independent of θ, we find

θ
(
∥x̂θ(t) − x̂k(t)∥2

Pk(t) + rk[y](t)
)

→ 0 for θ → 0.

Since all involved operations are continuous, passing to the limit in (3.10) reveals

x̂θ(t) →
(

N∑

k=1
Pk(t)

)−1 N∑

k=1
Pk(t) x̂k(t) for θ → 0

and the first claim follows with Proposition 3.1.
To show the second convergence we utilize the characterization of x̂θ(t) given in (3.13)

which reads as

x̂θ(t) =
(

N∑

k=1
ck[θ, x̂θ(t)](t)Pk(t)

)−1 N∑

k=1
ck[θ, x̂θ(t)](t)Pk(t)x̂k(t), (4.1)

where the coefficients 0 ≤ ck[θ, x](t) ≤ 1 are defined as in (3.12). Now let θl be an arbitrary
sequence such that θl → ∞ for l → ∞. Since the ck[θl, x̂θl

(t)](t) are from a compact
interval, any subsequence admits yet another subsequence θg such that for any k we have
that ck[θg, x̂θg (t)](t) converges for g → ∞. We denote the corresponding limits by βk(t).
Since by construction for every g ∈ N and t ∈ [0, T ] the elements {ck[θg, x̂θg (t)](t)}N

k=1 are
non negative and sum up to one, the same holds for {βk(t)}N

k=1. With (4.1) it follows

lim
g→∞

x̂θg (t) =
(

N∑

k=1
βk(t)Pk(t)

)−1 N∑

k=1
βk(t)Pk(t)x̂k(t) =: x̄.

Note that at this point x̄ may depend on the choice of the subsequence θg. To remedy this,
we now show that in fact x̄ = x̂∞(t). To that end denote

F [θ](x) = 1
θ

ln
(

1
N

N∑

k=1
e

θ(∥x−x̂k(t)∥2
Pk(t)+rk(t))

)
and F∞(x) = max

k
Vk(t, x)

and consider∥∥∥F [θg](x̂θg (t)) − F∞(x̄)
∥∥∥ ≤

∥∥∥F [θg](x̂θg (t)) − F [θg](x̄)
∥∥∥+

∥∥∥F [θg](x̄) − F∞(x̄)
∥∥∥ . (4.2)

Utilizing Lemma 3.9 we find that the second summand on the right hand side converges to
zero. To show convergence of the first summand on the right hand side we first estimate
the gradient ∥∇F [θ](x)∥ for some x ∈ Rn and θ ∈ (0, ∞). We have

∥∇F [θ](x)∥ = 2
∥∥∥∥∥

N∑

k=1
ck[θ, x](t)Pk(t)x̂k(t)

∥∥∥∥∥ ,
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where the coefficients ck[θ, x] are defined as above and hence bounded by one. Due to the
continuity of Pk and x̂k there exists a constant L > 0 independent of t, θ, x, and k such
that

∥∇F [θ](x)∥ ≤ L.

We now apply Taylor’s theorem [31, Thm. 4.C] and obtain
∥∥∥F [θg](x̂θg (t)) − F [θg](x̄)

∥∥∥ ≤
∫ 1

0
∥∇F [θg](τ x̂θg (t) + (1 − τ)x̄)∥ dτ ∥x̂θg (t) − x̄∥

≤ L∥x̂θg (t) − x̄∥,

where the convergence of x̂θg (t) implies convergence to zero of the right hand side. We have
therefore shown that the right hand side of (4.2) converges to zero for g → ∞, implying

lim
g→∞

F [θg](x̂θg (t)) = F∞(x̄).

As by construction x̂θg minimizes F [θg] we have

F [θg](x̂θg ) ≤ F [θg](x̂∞(t)).

Applying again Lemma 3.9 we pass to the limit on both sides and obtain

F∞(x̄) ≤ F∞(x̂∞(t)).

Since x̂∞(t) is the unique minimizer of F∞, it follows x̄ = x̂∞(t). We have now shown that
any subsequence of x̂θl

(t) admits a subsequence x̂θg (t) that converges to x̂∞(t) and the
second convergence claim is shown.

It remains to show the continuity for θ ∈ (0, ∞). This follows from the fact that for
each t ∈ [0, T ] this mapping is uniformly bounded with respect to θ, see Lemma A.3. This
allows to extract converging subsequences for families θ → x̂θ(t) with θ → θ̄ for some
θ̄ ∈ (0, ∞). Subsequently one can pass to the limit in (3.10) to assert that this limit is
necessarily x̂θ̄(t). □

The arguments made in the proof further yield a representation of x̂∞(t) with coefficients
that are measurable in time. We obtain the following result.

Corollary 4.2. The worst case minimizer x̂∞ is measurable and essentially bounded, and
hence x̂∞ ∈ L∞

0,T .

Proof. Above it was shown that it holds

x̂∞(t) =
(

N∑

k=1
βk(t)Pk(t)

)−1 N∑

k=1
βk(t)Pk(t)x̂k(t),

where βk(t) are the pointwise limits of ck[θg, x̂θg (t)](t) as defined in (3.12). Since the
ck[θg, x̂θ,(t)] are measurable, so are the βk(t). As discussed in the proof of Proposition 4.1
we have 0 ≤ βk(t) ≤ 1. Moreover Pk and x̂k are continuous in t ∈ [0, T ]. Consequently∑N

k=1 βk(t)Pk(t)x̂k(t) and
∑N

k=1 βk(t)Pk(t) are measurable. According to Lemma A.2∑N
k=1 βk(t)Pk(t) is invertible with an inverse bounded uniformly in t. The continuity of

M 7→ M−1 on positive definite matrices implies measurability of
∑N

k=1 βk(t)Pk(t). These
facts imply the measurability and uniform boundedness of x̂∞. □
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Remark 4.3. Using the affine independence established in Theorem 3.6 one could show a
relation between the here discussed representation via βk and the one via αk as presented
in Theorem 3.6. Since this does not offer any further insight towards the properties of x̂∞,
we omit the required technical arguments.

Due to the θ-uniform bound on x̂θ(t) the pointwise convergence implies convergence in
appropriate function spaces.

Proposition 4.4. Let y ∈ L2
0,T and p ∈ N such that 1 ≤ p < ∞. It holds

∥x̂θ − x̂0∥W 1,1(0,T ;Rn) → 0 for θ → 0,

∥x̂θ − x̂∞∥Lp
0,T

→ 0 for θ → ∞.

Proof. We first consider the limit for θ → ∞. The pointwise convergence established in
Proposition 4.1 together with the θ-uniform bound from Lemma A.3 allow for an application
of the dominated convergence theorem yielding the asserted convergence in Lp

0,T for any
1 ≤ p < ∞.

The exact same argument yields convergence of x̂θ to x̂0 in L1
0,T for θ → 0. It remains

to show L1 convergence of the derivatives. According to Theorem 3.12 for all θ ∈ (0, ∞)
the weak derivative of x̂θ exists, lies in L1

0,T and for almost all t ∈ [0, T ] is given by the
formula (3.14). Passing to the limit θ → 0 in said formula and comparing the outcome
with the formula given in Corollary 3.2 we find that we have pointwise convergence almost
everywhere, i.e., for almost all t ∈ [0, T ] it holds

˙̂xθ(t) → ˙̂x0(t) for θ → 0.

It remains to establish an integrable upper bound that dominates ˙̂xθ(t) almost everywhere.
Denoting the uniform bound for x̂θ(t) established in Lemma A.3 by C = Ĉ(∥x0∥2+∥y∥L2

0,T
)2

and utilizing (3.14) we find

∥ ˙̂xθ(t)∥ ≤ ∥M(x̂θ(t), t)−1∥2∥V (x̂θ(t), t)∥,

with M and V as in (3.15) and (3.16), respectively. We begin by estimating the first factor.
In the following, for two symmetric matrices M1, M2 ∈ Rn×n we write M1 ≥ M2 whenever
M1 − M2 is positive semi-definite. From the definition of M we deduce that

M(x̂θ(t), t) ≥
N∑

k=1
Pk(t) ≥ P1(t).

It follows
∥M(x̂θ(t), t)−1∥2 ≤ ∥P1(t)∥2 ≤ max

s∈[0,T ]
∥P1(s)∥2 = c1 (4.3)

with c1 independent of t and θ. Turning to V (x̂θ(t), t) the only critical term is

θ
N∑

k=1
e

∥x̂θ(t)−x̂k(t)∥2
Pk(t)+rk(t)∥y(t) − Cx̂k(t)∥2Pk(t)(x̂θ(t) − x̂k(t)). (4.4)

The remaining ones are either continuous in t ∈ [0, T ] or they can be uniformly estimated
using Lemma A.3. Note in particular that θ appearing as factor does not pose any issue,
as we are considering the limit for θ → 0. Turning to (4.4) we use the known bounds for
Pk, x̂k and x̂θ(t), so that since y ∈ L2

0,T this term can be bounded by an L1 function.
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We have now shown that ˙̂xθ converges pointwise almost everywhere and is pointwise
almost everywhere bounded by an integrable function. Consequently the theorem of
dominated convergence yields

˙̂xθ → ˙̂x0 for θ → 0, in L1
0,T .

Together with the L1 convergence of x̂θ to x̂0 this yields the asserted convergence of x̂θ in
W 1,1. □

5. Error analysis

Throughout this section we denote the true, hidden parameter as σ̄ ∈ Σ. We establish a
priori bounds for the weighted distance of each estimator to the Kalman filter x̂σ̄ associated
with the true parameter characterized via

˙̂xσ̄(t) = Aσ̄x̂σ̄(t) + Πσ̄(t)C⊤Q−1
σ̄ (y(t) − Cx̂σ̄(t)) t ∈ (0, T ),

x̂σ̄(0) = x0,
(5.1)

and

Π̇σ̄(t) = Aσ̄Πσ̄(t) + Πσ̄(t)A⊤
σ̄ − Πσ̄(t)C⊤Q−1

σ̄ CΠσ̄(t) + BRσ̄B⊤ t ∈ (0, T ),
Πσ̄(0) = Γσ̄.

(5.2)

We begin by citing two results from an earlier work. The following auxiliary result is
required for proving error bounds for the estimators. The proof is presented in [17, Lem. 4.6].

Lemma 5.1. Let x̂k, Πk, x̂σ̄, and Πσ̄ be the solutions of (3.1), (3.2), (5.1), and (5.2),
respectively. Then there exists a constant ck > 0 independent of t ∈ [0, T ] such that

∥x̂k(t) − x̂σ̄(t)∥ ≤ ck∥Sk − Sσ̄∥1.

With this technical result at hand the following bound can be shown for the minimizer
of the expected energy x̂0 as defined in Subsection 3.2, for a proof see [17, Prop. 4.10].

Proposition 5.2. There exists a constant c0 > 0 independent of N such that for all
t ∈ [0, T ] it holds

∥x̂0(t) − x̂σ̄(t)∥Pσ̄(t) ≤ c0 E [∥Sσ − Sσ̄∥1] .

We proceed to show similar bounds for the remaining two estimators.

Proposition 5.3. There exists a constant c∞ > 0 independent of N such that for all
t ∈ [0, T ] and θ ∈ (0, ∞) it holds

∥x̂∞(t) − x̂σ̄(t)∥Pσ̄(t) ≤ c∞ max
j∈{1,...,N}

∥Sj − Sσ̄∥1,

∥x̂θ(t) − x̂σ̄(t)∥Pσ̄(t) ≤ c∞ max
j∈{1,...,N}

∥Sj − Sσ̄∥1.

Proof. We begin by showing the first estimate. The proof is based on the representation of
x̂∞(t) given in Theorem 3.6. Let αk(t) and S(t) be as described there. For convenience we
fix t and denote αk = αk(t) and S = S(t). With Lemma A.1, Lemma 5.1, and Lemma A.2
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we obtain

∥x̂∞(t) − x̂σ̄(t)∥Pσ̄(t) =

∥∥∥∥∥∥
(
∑

k∈S

αkPk(t))−1 ∑

k∈S

αkPk(t)(x̂k(t) − x̂σ̄(t))

∥∥∥∥∥∥
Pσ̄(t)

≤ λ
3
2maxλ−1

min
∑

k∈S

αk∥x̂k(t) − x̂σ̄(t)∥ ≤ λ
3
2maxλ−1

min
∑

k∈S

αkck∥Sk − Sσ̄∥1.

The assertion follows by setting c∞ = λ
3
2maxλ−1

min maxk∈S ck and estimating ∥Sk − Sσ̄∥1 from
above by the maximum over k ∈ S.

Using the characterization of x̂θ given in (3.13) the proof for the second estimate can be
carried out analogously. □

We conclude the section by presenting another error bound for the minimizer of the
entropic risk x̂θ as defined in Definition 3.10.

Proposition 5.4. Let c∞ be the constant from Proposition 5.3. For all θ ∈ (0, ∞) and
t ∈ [0, T ] it holds

∥x̂θ(t) − x̂σ̄(t)∥Pσ̄(t) ≤ c∞ eθJ(t,θ) E [∥Sσ − Sσ̄∥1] ,

where J(t, θ) = maxk,j∈{1,...,N} [Vk(t, x̂θ(t)) − Vj(t, x̂θ(t))].

Proof. Note first that with Lemma A.2 we obtain

∥(
N∑

k=1
Pk(t))−1∥2 = 1

N
∥(

N∑

k=1

1
N

Pk(t))−1∥2 ≤ (Nλmin)−1.

Now utilizing (3.10) and Lemma A.1 we find

∥x̂θ(t) − x̂σ̄(t)∥Pσ̄(t) ≤ λ
3
2max∥(

N∑

k=1
eθVk(t,x̂θ(t))Pk(t))−1∥2

N∑

k=1
eθVk(t,x̂θ(t))∥x̂k(t) − x̂σ̄(t)∥

≤ λ−1
minλ

3
2max eθ(Vkmax (t,x̂θ(t))−Vkmin (t,x̂θ(t))) 1

N

N∑

k=1
∥x̂k(t) − x̂σ̄(t)∥,

where kmin is chosen such that mink Vk(t, x̂θ(t)) = Vkmin(t, x̂θ(t)) and kmax is chosen
analogously. Applying Lemma 5.1 yields the assertion. □

6. Numerical experiments

This section presents numerical results illustrating and comparing the proposed estimators
using two examples.

6.1. General setup. We consider disturbed uncertain linear systems of the form
ẋ(t) = Aσx(t) + Bv(t) t ∈ (0, T ), x(0) = x0 + η,

y(t) = Cx(t) + µ(t) t ∈ (0, T ),
(6.1)

where σ ∈ ΣA ⊂ RsA with |ΣA| = NA, as in Subsection 3.1. The errors are associated with
positive definite covariance matrices Γ, R, and Q independent of σ.

All ODEs are solved using the MATLAB® solver ode15s with a relative tolerance of
10−8 and an equidistant time grid 0 = t0 < t1 < · · · < t1000 = T . Kalman filter equations
such as (2.6)-(2.7) are transformed into n + n2 dimensional ODEs.
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To generate outputs y ∈ L2
0,T we utilize the MATLAB® function normrnd to construct

realizations of η ∼ N (0, Γ), v(tk) ∼ N (0, R), and µ(tk) ∼ N (0, Q) for k = 0, . . . , 1000. The
time continuous errors v ∈ L2

0,T and µ ∈ L2
0,T are obtained via linear interpolation. After

choosing a σ̄ ∈ ΣA to be the true, hidden parameter y is obtained by solving (6.1) with
the constructed errors and σ̄. Note that this construction of v and µ only works in discrete
time and the extension via interpolation is of heuristic nature and does not converge to
any function for ∆t → 0. In spirit this limit leads to the stochastic formulation via random
processes and SDEs.

To construct the estimators one needs to solve for the individual Kalman filters x̂k and
Pk, k = 1, . . . , NA. As they are independent of each other this is done in parallel using
parfor from the MATLAB® Parallel Computing Toolbox.

With the x̂k and Pk at hand, the risk neutral estimator x̂0 is realized directly via
(3.6). The realization of the risk averse estimators x̂θ, θ ∈ (0, ∞), however, requires a
more elaborate approach. We opt for a gradient descent scheme to approximate x̂θ(tk),
k = 0, . . . , 1000 as the minimizer of ρθ(Vσ(tk, x)), cf. (3.9). For each iteration the stepsize
is constructed using the Barzilai-Borwein method [2,3] combined with Armijo backtracking.
Denoting the risk aversion parameters of interest by θ1, . . . , θl, sorted increasingly, we
initialize the gradient descent for θ1 with x̂0 and in an iterative manner the construction
of x̂θg is initialized by x̂θg−1 . For the evaluation of ρθ(Vσ) and its gradient we employ the
well known log-sum-exp trick to avoid overflow. The realizations were implemented in
MATLAB® R2024b and the code is available in [26].

6.2. Harmonic oscillator with uncertain damping. As a first example we consider a
harmonic oscillator which in first order form is modeled as

ẋ(t) =
[

0 1
− k

m − c
m

]
x(t) +

[
0
1

]
v(t) t ∈ (0, T ),

x(0) = x0 + η,

y(t) =
[
1 0

]
x(t) + µ(t) t ∈ (0, T ).

The two components of the state vector x =
[
x1 x2

]⊤ represent the position and velocity of
the system. Further m > 0, c ≥ 0, and k ≥ 0 represent the mass, damping coefficient, and
spring constant, respectively. The function v ∈ L2

0,T represents the unknown disturbance in
the dynamics. The modeled initial position and velocity are given by x0,1 and x0,2 and are
subject to the initial errors η1 and η2. Finally, y denotes the measurement of the position
with a deterministic but unknown output error µ ∈ L2

0,T .
For our experiments we fix the mass and the spring constant to one, i.e., m = k = 1, the

time horizon is set to T = 5. As an undisturbed initial state we use x0 =
[
1 0

]⊤ and for
the covariances we set Γ = 0.1 Id, R = 0.05, and Q = 0.05. In the following we present
results for two sets of possible damping parameters each containing NA = 100 elements.

The first parameter set is given via uniform samples from the interval [0.1, 3], cf. Figure 1a,
the second parameter set is sampled via a log-normal distribution with mean −0.25 and
variance 0.5, both in the logarithmic scale, illustrated in Figure 1b. For both sets the
parameter of maximal value is designated as the true underlying parameter σ̄. The
resulting disturbed state x, and associated state estimators are presented in Figure 1c and
Figure 1d, respectively. We observe that the Kalman filter x̂σ̄ associated with the hidden
parameter yields a satisfying reconstruction of the hidden state x validating the Kalman
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based approach. However, since σ̄ is not known, x̂σ̄ can not be constructed and we turn to
the uncertainty based estimators.

Comparing the risk neutral estimator x̂0 with the risk averse estimators x̂θ, for θ =
0.1, 0.5, 1, 20, 750, 1000 we find that if the underlying true parameter is an outlier then the
risk averse approach yields noticeably more accurate reconstructions than the risk neutral
one, cf. Figure 1d. In the case of uniformly distributed parameters we observe relatively
large similarities between the risk neutral and risk averse approaches. In both phase plots,
see Figure 1c and Figure 1d, it appears that convergence for θ → ∞ has almost been
reached. Indeed, the difference of the trajectories x̂750 and x̂1000 is close to zero.

A deeper analysis of the numerical results is offered in Table 1 where we present the
time integral over the entropic risk evaluated along a selection of state estimates. More
specifically for θ = 0, 0.5, 20, 1000 and τ = 0, 0.5, 20, 1000, ∞ we present the values

∫ T

0
ρτ (Vσ(t, x̂θ(t))) dt,

where for τ ∈ (0, ∞) we denote by ρτ the entropic risk as defined in Definition 3.8, and
ρ0 and ρ∞ denote the expectation and essential supremum, respectively. By construction
it holds that x̂θ(t) minimizes ρθ(Vσ(t, ·)). Consequently, for both parameter sets the
minima in rows one to four (printed in bold face) lie on the diagonal. Additionally, the
largest risk aversion parameter θ = 1000 leads to the smallest value of the essential
supremum, reiterating the proximity of x̂1000 to the limit x̂∞. The table further illustrates
the interplay between risk aversion and the underlying parameter set. For the case of
uniformly distributed parameters the level of risk aversion is of limited influence. In row
1 we find that the risk neutral estimator (θ = 0) and the strongly risk averse estimator
(θ = 1000) perform similarly well with respect to the expected value. In fact, the minimizer
x̂0 performs only about

6.3765 − 6.0716
6.3765 ≈ 4.8%

better than x̂1000. Similarly, row 5 shows that the performance of x̂0 with respect to
the essential supremum is almost as good as the one of the risk averse estimator x̂1000.
Specifically, the latter offers an improvement over the former of about

10.589 − 9.4986
10.589 ≈ 10.3%.

The results are drastically different for the second parameter set. In row 6 we observe that
x̂0 performs about

9.2433 − 6.7095
9.2433 ≈ 27.4%

better than x̂1000 when considering the expected value. On the other hand, in terms of the
essential supremum the risk averse estimator offers an improvement of about

38.15 − 11.945
38.15 ≈ 68.7%.

Summarizing the results we observe that the parameter set may play a crucial role towards
the effect of the risk averse estimators. In our study we find that the relative differences for
the two parameter sets differ by a factor of 6. Further note that, by construction moving
from risk neutral to strongly risk averse estimation improves the performance with respect
to the essential supremum (see rows five and ten) while the performance with respect to
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(d) Trajectories for log-normal parameters

Figure 1 – Harmonic oscillator with uncertain damping parameter

the expectation might suffer, as shown in rows one and six. For this example, however, the
improvement with respect to ess sup is noticeably larger than the decrease in terms of E.

6.3. Connected amplidynes with uncertain inductances. For our second example we
consider an electrical circuit amplifying a given input. The so-called amplidyne amplifies a
given input and can be described via a linear dynamical system, see [18, Ch. 1.12].KwaSiv72.
For our experiments we consider two such amplidynes that are connected such that the
output of the first one acts as an input of the second one. The total system then consists
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θ = 0 θ = 0.5 θ = 20 θ = 1000
Uniform parameters

1
∫
E[Vσ(t, x̂θ(t))] dt 6.0716 6.1175 6.3561 6.3765

2
∫

ρ0.5(Vσ(t, x̂θ(t))) dt 6.7182 6.6248 6.8269 6.8508
3

∫
ρ20(Vσ(t, x̂θ(t))) dt 10.171 9.6972 9.1291 9.148

4
∫

ρ1000(Vσ(t, x̂θ(t))) dt 10.579 10.111 9.5187 9.4896
5

∫
ess sup Vσ(t, x̂θ(t)) dt 10.589 10.12 9.5282 9.4986

Log-normal parameters
6

∫
E[Vσ(t, x̂θ(t))] dt 6.7095 7.7027 9.2433 9.2433

7
∫

ρ0.5(Vσ(t, x̂θ(t))) dt 20.581 8.521 9.7391 9.738
8

∫
ρ20(Vσ(t, x̂θ(t))) dt 37.676 18.529 11.58 11.588

9
∫

ρ1000(Vσ(t, x̂θ(t))) dt 38.14 19.007 11.958 11.935
10

∫
ess sup Vσ(t, x̂θ(t)) dt 38.15 19.016 11.968 11.945

Table 1 – Various risk measures integrated along selected state estimates

of four components and is modeled as

ẋ(t) =




− ρ1
L1

0 0 0
k1
L2

− ρ2
L2

0 0
0 k2

L3
− ρ3

L3
0

0 0 k3
L4

− ρ4
L4


x(t) +




e0(t)
L1
0
0
0


+




1
L1
0
0
0


 v(t) t ∈ (0, T ),

x(0) = x0 + η,

y(t) =
[
0 0 0 k4

]
x(t) + µ(t) t ∈ (0, T ),

where x(t) ∈ R4 encodes the current of the individual components. The resistances and
inductances of the individual components are given by ρi > 0 and Li > 0, respectively.
Further for i = 1, 2, 3, 4 we have ei = kixi, i.e., ki > 0 describe the proportion of the
currents xi and the voltages ei. By e0 we denote the known, time-dependent input
entering the first component. It is subject to the disturbance v. Finally, the measured
output is the output of the second amplidyne e4 = k4x4. The known forcing term given
by e0 can be incorporated in our formulation of the Kalman filter in a straightforward
fashion. Our numerical experiments are conducted with ρ1 = ρ3 = 5, ρ2 = ρ4 = 10,
k1 = k3 = 20, k2 = k4 = 50, L1 = L3 = 0.5, T = 10, and e0(t) ≡ 1 and undisturbed
initial state x0 =

[
0.5 1 10 20

]⊤. The uncertainty of the system lies in the inductances
σ =

[
L2 L4

]⊤ ∈ R2. As noise covariances we use
Γ = 0.25 diag(|x0,1|, |x0,2|, |x0,3|, |x0,4|) = diag(0.125, 0.25, 2.5, 5),
R = (0.1|e0(0)|)2 = 0.01,

Q = (0.1 ∗ 400|e0(0)|)2 = 1600,

where the different magnitudes are due to the scales of the different components.
Again we construct two parameter sets to compare their effects on the risk averse

state estimators. Both contain NA = 100 elements sampled according to given bivariate
distributions. The first set of parameters is sampled from a uniform distribution on the
rectangle [10, 40]2 and illustrated in Figure 2a. The second parameter set is sampled from
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a Gaussian mixture characterized via

0.95 N
([

15
35

]
,

[
2 0
0 2

])
+ 0.05 N

([
35
15

]
,

[
1 0
0 1

])
,

i.e., every drawn sample has a chance of 0.95 to be drawn from a normal distribution
with mean

[
15 35

]⊤ and covariance 2Id and a 0.05 chance to be drawn from a normal
distribution with mean

[
35 15

]⊤ and covariance Id. The resulting parameter set is shown
in Figure 2b. For both sets the parameter σ = (L2, L4) that maximizes L2 − L4 is set to
be the true underlying parameter.

To illustrate the qualitative behavior of the trajectories we plot the second component
of the resulting state x and the state estimators in Figure 2c and Figure 2d. Again we
observe satisfying results obtained from the Kalman filter constructed based on the hidden
parameter. Further, for both parameter sets the risk averse estimators seem to outperform
the risk neutral option in terms of euclidean distance. We note that for this example
convergence for θ → ∞ is approached for far lower θ when compared to the oscillator,
showing that the effective range of the risk aversion parameter is highly problem dependent.
To further investigate the performances of the risk neutral estimator x̂0 and the risk averse
estimator x̂4 we present the energies according to each parameter σ ∈ ΣA or equivalently
for each σk, k = 1, . . . , NA. More precisely, in Figure 2e and Figure 2f we plot the values

Vσk
(t, x̂θ(t)) = Vk(t, x̂θ(t))

along t ∈ [0, T ] and for θ = 0 and θ = 4. Additionally, we present the resulting risk
measures

E [Vσk
(t, x̂θ(t))] and max

k
Vσk

(t, x̂θ(t)),

again for θ = 0 and θ = 4. Comparing the dashed lines in Figure 2e we find that for
the uniform parameter set x̂4 significantly outperforms x̂0 with respect to the maximum
over the family members, showing that for this example the risk averse state estimation
works exactly as intended. Interestingly, x̂4 still performs relatively well with respect
to the expectation when compared to the minimizer x̂0, cf. solid orange and dotted red
line. Turning to Figure 2f we observe that the risk aversion takes an even stronger effect.
It appears that the energies corresponding to the four outliers in the parameter set,
cf. Figure 2b, evaluated along x̂0 clearly stand out resulting in a poor performance with
respect to the maximum. On the other hand, in this example the relative difference of the
expected energies along x̂4 and x̂0 is larger when compared to the uniform parameter set.

7. Conclusion

This work presents a novel approach for risk averse state estimation under uncertainty
for linear, time-invariant, finite-dimensional systems. Investigating analogous concepts for
time-dependent, nonlinear systems as well as for systems governed by PDEs could be the
focus of future research.
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Figure 2 – Amplidyne with uncertain inductance
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Appendix A. Technical proofs

A.1. Technical auxiliary results. This section contains auxiliary results required for the
analysis of this work. The first lemma is concerned with the eigenvalues of the precision
matrices and their impact on the weighted norms.

Lemma A.1. Let k ∈ {1, . . . , N}, t ∈ [0, T ], and λk(t) ∈ R be an eigenvalue of Pk(t),
where Pk are the precision matrices as introduced in Subsection 3.1. There exist real
numbers λmin, λmax > 0 independent of t and k such that

λmin ≤ λk(t) ≤ λmax.

In particular for every x ∈ Rn it holds

λmin ∥x∥2 ≤ ∥x∥2
Pk(t) ≤ λmax ∥x∥2.

Proof. The boundedness of the eigenvalues follows from their continuous dependence on
the matrix entries and the regularity of Pk presented in (3.3). The positivity of the lower
bound is a consequence of the positive definiteness of Pk. The estimates for the weighted
norm are a consequence of the symmetry of Pk. □

Next we estimate the spectral norm of the inverse of a convex combination of the
precision matrices.

Lemma A.2. Let Pk be the precision matrices and let S ⊂ {1, . . . , N} and (γk)k∈S be such
that

∑
k∈S γk = 1. Then for every t ∈ [0, T ] the matrix

∑
k∈S γkPk(t) is non singular and

∥(
∑

k∈S

γkPk(t))−1∥2 ≤ λ−1
min.

Proof. For every x ∈ Rn we have
〈

x,
∑

k∈S

γkPk(t)x
〉

≥
∑

k∈S

γkλmin∥x∥2 = λmin∥x∥2.

The assertion follows with the Lax-Milgram Lemma [6, Thm. 1.1.3 & Rem. 1.1.3]. □

A.2. Proof of Theorem 3.12. This subsection contains the proof of the regularity of the
estimator minimizing the entropic risk of the energy. We begin by showing the result for
continuous outputs y. The result for p-integrable outputs will follow using an approximation
by continuous elements.

Throughout this subsection we use the following notation. For a given y ∈ L2
0,T and

θ ∈ (0, ∞) we denote by x̂k[y] the unique solution associated with (3.1), we set

rk[y](t) =
∫ t

0
∥y(s) − Cx̂k[y](s)∥2

Q−1
k

ds. (A.1)

By x̂θ[y] we denote the associated minimizer of the entropic risk as defined in Definition 3.10.
We begin with a a uniform bound of the estimator.
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Lemma A.3. Let t ∈ [0, T ], θ ∈ (0, ∞), and y ∈ L2
0,T . There exists a constant Ĉ > 0

independent of t, θ, and y such that

∥x̂θ[y](t)∥2 ≤ Ĉ

(
∥x0∥2 + ∥y∥2

L2
0,T

)
.

In particular x̂θ[y] ∈ L∞
0,T .

Proof. Using the characterization of x̂θ[y](t) given in (3.13) the proof can be conducted
via the arguments used in the proof of Corollary 4.2. The particular bound in terms of x0
and y follows from the estimate of x̂k obtained via a Gronwall estimate. □

Next we show a regularity result for x̂θ[y] under the assumption of continuous data. To
that end we define the mapping

G[θ, y] : [0, T ] × Rn → Rn

G[θ, y](t, x) :=
N∑

k=1
e

θ∥x−x̂k[y](t)∥2
Pk(t)+θrk[y](t)

Pk(t)(x − x̂k[y](t)).
(A.2)

The following lemma investigates its regularity depending on the smoothness of the output.
Again for x ∈ Rn we denote x2

⊗ = x ⊗ x ∈ Rn,n.

Lemma A.4. Let θ ∈ (0, ∞) and y ∈ L2
0,T .

(i) For every t ∈ [0, T ] the mapping G[θ, y](t, ·) is of class C∞. Its first derivative is
given by

DxG[θ, y](t, x)

=
N∑

k=1
e

θ∥x−x̂k[y](t)∥2
Pk(t)+θrk[y](t) (

Pk(t) + 2θ [Pk(t)(x − x̂k[y](t))]2⊗
)

.
(A.3)

(ii) For every t ∈ [0, T ] and x ∈ Rn the matrix DxG[θ, y](x, t) is invertible. Further
there exists a constant c independent of θ, y, t, and x such that

∥DxG[θ, y](t, x)−1∥2 ≤ c.

(iii) Assuming continuity of the output, i.e., y ∈ C([0, T ];Rr) it holds that G[θ, y] is
continuously differentiable in [0, T ] × Rn. Its partial time derivative is given as

∂tG[θ, y](t, x) =
N∑

k=1
e

θ∥x−x̂k[y](t)∥2
Pk(t)+θrk[y](t) (−Pk(t) ˙̂xk[y](t) + Ṗk(t)(x − x̂k[y](t))

− 2θ⟨x − x̂k[y](t), Pk(t) ˙̂xk[y](t)⟩ Pk(t)(x − x̂k[y](t))

+ θ ∥y(t) − Cx̂k[y](t)∥2
Q−1

k

Pk(t)(x − x̂k[y](t))
)

.

(A.4)

Proof. The regularity with respect to x and the formula for the associated partial derivative
are a direct consequence of the chain rule and the regularity of the exponential and the
squared weighted norm proving (i).
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To show (ii) let t ∈ [0, T ] and x, z ∈ Rn be arbitrary. Utilizing (A.3), the positive
definiteness of Pk(t), and the fact that ea ≥ 1 for a ≥ 0 we find

z⊤DxG[θ, y](t, x)z ≥
N∑

k=1
z⊤Pk(t)z + 2θ

∣∣∣z⊤Pk(t)(x − x̂k[y](t))
∣∣∣
2

≥ min
t∈[0,T ]

z⊤P1(t)z =: c′,

where the continuity of P1 ensures that the minimum on the right hand side is attained.
The Lax-Milgram Lemma [6, Thm. 1.1.3 & Rem. 1.1.3] yields the invertibility and the
bound with c := 1

c′ .
Turning to the regularity in time we note that Πk given as a solution of (3.2) is

continuously differentiable. Further, for y ∈ C([0, T ];Rr) we find that the right hand side
of (3.1) is continuous. For the associated weak solution it follows x̂k[y] ∈ C1([0, T ];Rn).
Additionally, the integrant in (A.1) is continuous, ensuring rk[y] ∈ C1([0, T ];R). It
follows that t → G[θ, y](t, x) is a composition of continuously differentiable functions.
Hence for y ∈ C([0, T ];Rr) the formula for the time derivative follows with the chain
rule. Since both partial derivatives exist and are continuous in [0, T ] × Rn, we obtain
G[θ, y] ∈ C1([0, T ] × Rn;Rn). □

With these results at hand we can show the first regularity result

Proof of Theorem 3.12(ii)

Proof. The assertion is a direct consequence of the implicit function theorem. Lemma 3.11
shows that x̂θ[y] is implicitly defined by (A.2), i.e., for a given t ∈ [0, T ] we have that
x = x̂θ[y](t) is the unique solution of

0 = G[θ, y](t, x).

With the results from Lemma A.4 we can apply the implicit function theorem [31, Thm. 4.E]
and obtain x̂θ[y] ∈ C1([0, T ];Rn) and the following formula for the derivative

˙̂xθ[y](t) = −DxG[θ, y](t, x̂θ[y](t))−1∂tG[θ, y](t, x̂θ[y](t)). (A.5)

In light of the identities (A.3) and (A.4) this is the formula for the derivative as announced
in Theorem 3.12. □

This result will be carried over to less regular measurements y via a density argument.
To that end we first ensure that the terms appearing in the energy Vk depend continuously
on the output in an appropriate sense.

Lemma A.5. For all k ∈ {1, . . . , N}, t ∈ (0, T ], and s ∈ [0, t] the mappings

y ∈ L2
0,t 7→ x̂k[y] ∈ Ht

0, y ∈ L2
0,t 7→ x̂k[y](s) ∈ Rn

and
y ∈ L2

0,t 7→ rk[y] ∈ C([0, t];R), y ∈ L2
0,t 7→ rk[y](s) ∈ R,

are continuous.

Proof. Let k and t ∈ [0, T ] be fixed and let (yj) ⊂ L2
0,T be a sequence converging to some ȳ

in L2
0,T . Using a standard Gronwall argument one can show existence of a constant c > 0

such that
∥x̂k[yj ] − x̂k[ȳ]∥HT

0
≤ c∥yj − ȳ∥L2

0,t
,
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implying continuity of the first mapping. The claim for the second mapping follows from
the continuous embedding Ht

0 ↪→ C([0, t];Rn) and the continuity of the point evaluation.
Now let y1, y2 ∈ L2

0,t. We find

sup
s∈[0,t]

|rk[yj ](s) − rk[ȳ](s)|

≤ sup
s∈[0,t]

∫ s

0
|∥yj − Cx̂k[yj∥2

Q−1
k

− ∥ȳ − Cx̂k[ȳ]∥2
Q−1

k

| dτ

≤ sup
s∈[0,t]

∫ s

0
|⟨yj − ȳ + C(x̂k[yj ] − x̂k[ȳ]), yj + ȳ + C(x̂k[yj ] + x̂k[ȳ])⟩| dτ

≤ c
(
∥yj − ȳ∥L2

0,t
+ ∥x̂k[yj ] − x̂k[ȳ]∥L2

0,t

) (
∥yj + ȳ∥L2

0,t
+ ∥x̂k[yj ] + x̂k[ȳ]∥L2

0,t

)
,

where the τ dependence of the integrand is suppressed in the notation and c is an appropriate
constant. Due to the convergence of yj to ȳ the right hand side converges to zero ensuring
continuity of the third mapping. The assertion for the fourth mapping follows directly. □

With this result at hand we are able to show that the estimator depends continuously
on the output in an L2 sense.

Proposition A.6. Let θ ∈ (0, ∞) and (yj) ⊂ L2
0,T be a sequence converging to some ȳ in

L2
0,T . Then it holds that

∀t ∈ [0, T ] ∥x̂θ[yj ](t) − x̂θ[ȳ](t)∥ → 0 as j → ∞,

∥x̂θ[yj ] − x̂θ[ȳ]∥L1
0,T

→ 0 as j → ∞,

Proof. Assume for now that x̂θ[yj ] converges to x̂θ[ȳ] pointwise for all t ∈ [0, T ]. We
establish an integrable upper bound for ∥x̂θ[yj ](t)∥ to apply the dominated convergence.
The convergence of the sequence (yj) implies the existence of a constant C such that
∥yj∥L2

0,T
≤ C for all j ∈ N. Utilizing Lemma A.3 we obtain that for all t it holds

∥x̂θ[yj ](t)∥ ≤
√

Ĉ

(
∥x0∥2 + ∥yj∥2

L2
0,T

)
≤
√

Ĉ (∥x0∥2 + C2). (A.6)

Since the right hand side is constant, the integrable upper bound is found and the dominated
convergence theorem yields the desired convergence in Lp

0,T .
It remains to show the pointwise convergence. Let t ∈ [0, T ] be fixed. By (A.6) the

family {x̂θ[yj ](t)}j∈N is bounded in Rn. Therefore each arbitrary subsequence admits
another subsequence (also denoted by x̂θ[yj ](t)) that converges to some x̄ ∈ Rn. Next we
recall from Lemma 3.11 that for all j

x̂θ[yj ](t) =
(

N∑

k=1
e

θ∥x̂θ[yj ](t)−x̂k[yj ](t)∥2
Pk(t)+θrk[yj ](t)

Pk(t)
)−1

N∑

k=1
e

θ∥x̂θ[yj ](t)−x̂k[yj ](t)∥2
Pk(t)+θrk[yj ](t)

Pk(t)x̂k[yj ](t)

holds. Considering the convergent subsequence and utilizing the regularity results estab-
lished in Lemma A.5 and the continuity of the squared norm, the exponential, and the
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matrix inverse we find that the right hand side converges and we obtain

x̄ =
(

N∑

k=1
e

θ∥x̄−x̂k[ȳ](t)∥2
Pk(t)+θrk[ȳ](t)

Pk(t)
)−1 N∑

k=1
e

θ∥x̄−x̂k[ȳ](t)∥2
Pk(t)+θrk[ȳ](t)

Pk(t)x̂k[ȳ](t).

By Lemma 3.11 it follows that x̄ = x̂θ[ȳ](t) and we have shown that any subsequence of
x̂θ[yj ](t) admits a subsequence converging to x̂θ[ȳ](t). By the subsequence principle the
pointwise convergence follows and the proof is concluded. □

Next we show convergence of the time derivatives of an approximating sequence.

Lemma A.7. Let θ ∈ (0, ∞) and (yj) ⊂ C([0, T ];Rr) be a sequence converging to some ȳ
in L2

0,T . Define x̄ as

x̄(t) = DxG[θ, ȳ](t, x̂θ[ȳ](t))−1∂tG[θ, ȳ](t, x̂θ[ȳ](t)). (A.7)
Then x̄ ∈ L1

0,T and (yj) admits a subsequence (denoted by (yj)) such that
∫ T

0
∥ ˙̂xθ[yj ](t) − x̄(t)∥ dt → 0 for j → ∞. (A.8)

Proof. The assertion that x̄ ∈ L1
0,T follows from Lemma A.4 (ii) and (iii). Turning to (A.8)

we first note that by assumption we have convergence of yj in L2
0,T and by Lemma A.5

we have convergence of ˙̂xk[yj ] in L2
0,T . Hence [10, Cor. 2.32] allows the extraction of a

subsequence such that yj and ˙̂xk[yj ] converge pointwise almost everywhere. Further by
Lemma A.5 and Lemma A.7 we have pointwise convergence of x̂k[yj ], rk[yj ], and x̂θ[yj ].
With (A.3), (A.4), and (A.5) it follows that for almost all t ∈ [0, T ] it holds

˙̂xθ[yj ](t) = −DxG[θ, yj ](t, x̂θ[yj ](t))−1∂tG[θ, yj ](t, x̂θ[yj ](t)) → x̄(t) for j → ∞.

An integrable function dominating ˙̂xθ[yj ] can be derived using the boundedness of ∥yj∥L2
0,T

,
Lemma A.3, Lemma A.5, and the continuity of Pk and Ṗk. The assertion follows with
dominated convergence. □

We now identify the limit x̄ as the weak derivative of x̂θ[ȳ] to show the asserted regularity
of the estimator.
Proof of Theorem 3.12(i)
Proof. We begin by showing the result for p = 1. Hence let ȳ ∈ L2

0,T . From Lemma A.3 we
know that x̂θ[ȳ] ∈ L∞

0,T . To obtain the assertion it remains to show that its weak derivative
exists and is integrable. We denote x̄ ∈ L1

0,T as in (A.7). Then the density of C([0, T ];Rr)
in L2

0,T together with Proposition A.6 and Lemma A.7 ensures existence of a sequence
(yj) ⊂ C([0, T ];Rr) such that

x̂θ[yj ] → x̂θ[ȳ] for j → ∞ in L1
0,T , (A.9)

˙̂xθ[yj ] → x̄ for j → ∞ in L1
0,T . (A.10)

Now for any test function φ ∈ C∞
0 ([0, T ];Rn) we obtain

∫ T

0
⟨x̂θ[ȳ](t), φ̇(t)⟩ dt = lim

j→∞

∫ T

0
⟨x̂θ[yj ](t), φ̇(t)⟩ dt

= − lim
j→∞

∫ T

0
⟨ ˙̂xθ[yj ](t), φ(t)⟩ dt = −

∫ T

0
⟨x̄(t), φ(t)⟩ dt,
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where the first equality is justified by (A.9), the second equality follows from Theo-
rem 3.12(iii) and partial integration, and the third equality holds due to (A.10). By
definition of the weak derivative we have shown that x̄ ∈ L1

0,T is the weak derivative of
x̂θ[ȳ], in short ˙̂xθ[ȳ] = x̄. It follows that x̂θ[ȳ] ∈ W 1,1(0, T ;Rn). Further, by the definition of
x̄ the formula for the weak derivative given in (3.14) is proven to hold for square integrable
outputs.

It remains to show the result for 2 ≤ p < ∞. For y ∈ L2p
0,T ↪→ L2

0,T the first part of this
proof ensures weak differentiability in L1

0,T , and (3.14) for its derivative. From this formula
it can subsequently be confirmed that ˙̂xθ[y] ∈ Lp

0,T and the assertion is shown. □
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