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Abstract

The value function for an infinite horizon tracking type optimal control problem with semilinear parabolic equation
is investigated. In view of a possible nonconvexity of the optimal control problem, a local version of the value
function is considered. Its differentiability is proved for initial data in a neighborhood around the nominal initial
value, provided a second order sufficient optimality condition is fulfilled for the nominal locally optimal control.
Based on the differentiability of the value function, a Hamilton-Jacobi-Bellman equation is derived.
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1. Introduction

In this paper, we study the value function associated with the optimal control problem

1
(P) min J@w):= 5 f 3 — yd)zdxdt+g f u? dxdt,
(4]

ueL*(Qu)

w

where Q = Q X (0,0) and Q,, = w X (0, o) with Q being a bounded domain of R"”, 1 < n < 3, and w a measurable
subset of Q of positive Lebesgue measure. We assume that k > 0 and y; € L*(Q). We denote by y, the state associated
with u, solution of the following Neumann initial-boundary value problem

dy .
E—Ay+ay+f(y)=g+xwu in Q, (1.1
0,y=0 onZX, y(0)=y9 inQ.

Above, the notation X = T' X (0,00) is used, where I" is the boundary of Q that we assume to be Lipschitz.
Assumptions on the other data will be given later.

The main goal of this paper is to investigate the sensitivity of the optimal solution with respect to the initial datum
and subsequently regularity properties of the value function associated with the optimal control problem (P). The value
function plays a fundamental role in optimal feedback control of evolution equations. Indeed, an optimal feedback
control can be obtained by means of the verification theorem which involves the gradient of the value function. The
value function itself satisfies a Hamilton-Jacobi-Bellman (HJB) equation, possibly only in the viscosity sense. Its
numerical realisation is a significant challenge, since inevitably one is confronted with a curse of dimensionality.
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Nonetheless, investigating the HIB equation is an essential first step towards numerical techniques for obtaining
approximating solutions.

Value functions were extensively studied in the literature. For the control of ordinary differential equations, we
mention exemplarily [12]. Infinite-dimensional control systems were discussed in the general expositions [1, 2, 6],
and in [3, 4, 5]. For semilinear parabolic equations, we mention [13] that inspired the investigations in our paper and
[3, 11] that are related to parabolic equations, as well.

In the references cited above, the problems are posed with initial data in L?(Q). This is a convenient setting since,
in the case that the value function is differentiable, its operator representation of the derivatives is again in L>(Q). As a
consequence of this choice of initial data in L?(Q), dimension-dependent restrictions on the degree of the nonlinearity
f arise. Therefore in the present work, the parameter space for the initial conditions is chosen to be L*(Q2), which
significantly enlarges the range of the admissible degree of nonlinearities for the nonlinearity f. Moreover, as it turns
out, once the differentiability of the value function is guaranteed, the derivative enjoys extra regularity and allows a
convenient representation in terms of the adjoint state. One of the difficulties which has to be overcome along this
approach results from the fact that the control-to-state mapping is not in general differentiable for L2-controls, while
the optimization in (P) is subject to controls of L*(Q,,). Therefore, in several steps we show for an auxiliary problem
that any of its locally optimal controls is automatically essentially bounded, i.e. it belongs to L*(Q,,) although the
controls are not restricted. The reader is referred to [10] where this issue has been deeply studied for finite horizon
optimal control problems and arbitrary dimension n > 2.

Concerning the techniques involved to study the regularity of the value function, let us point out that in [3, 5],
for instance, the approach rests primarily on a direct study of the value function, verifying, at first Lipschitz and
semi-concavity properties. This is followed by results on the superdifferential of the value function along optimal
trajectories. Under additional assumptions the superdifferentials are in fact Frechet derivatives. In [13] and the present
paper, the differentiability of the value function is essentially obtained by the chain rule applied to the mapping
from the initial conditions to the optimal values of the cost-functional, with optimal controls and optimal states as
intermediate quantities.

The plan of the paper is as follows: Section 2 deals with the well-posedness of the state equation in suitable
spaces and with the differentiability of the control-to-state mapping for controls of L”(0, co; L*(w)) with p > ﬁ if
n e {2,3}or p>2ifn = 1. In Section 3, the existence of optimal controls in L>(Q,,) is proved. Moreover, it
will be confirmed that they belong to L”(0, oo; L*(w)) N L*(Q,) N L®(Q,,). First-order necessary and second-order
sufficient optimality conditions are established in Section 4. Second-order sufficient conditions are indispensable for
the stability of locally optimal controls. Section 5 contains the main result of our paper — the differentiability of the
local value function and the representation of its derivative in terms of the adjoint state function. In Section 6 we
discuss the Hamilton-Jacobi-Bellman equation associated to (P) for the special case y; = g = 0.

2. Preliminary results
In this section, we analyze the well-posedness of the state equation and the differentiability of the associated
control-to-state mapping. For this purpose, we assume the following hypotheses:

(A1) We suppose that a € L™(Q), a > 0,a % 0, g,yq € L*(Q) N LP(0, 00; L*(Q)) with p > ;- if n = 2 or 3 and
p=2ifn=1,and yo € L”(Q). Along this paper this condition on p will be assumed.

(A2) The function f : R — R is of class C, f’(s) > 0 for all s € R, and £(0) = 0.
The number p € (ﬁ, oo] introduced in Assumption (A1) remains fixed throughout this paper. The boundedness
of yy is required to make the nonlinearity of the parabolic equation well defined.

Due to the assumptions on the function a, we know that there exists a constant C, > 0 such that

Callylline < ( f (IVy? +ay*1dx)” Yy e H'(Q). 2.1)
Q

In equation (1.1), y,, denotes the characteristic function of the set w. Hence, we have (y,u)(x,1) = u(x, 1) if
(x,1) € Qy and y,uis zeroin Q \ Q.



For every T € (0, 0], we define W(0,T) = {y € L*(0,T; H'(Q)) : g—f e L2(0,T; H'(Q)*)}). We know that W(0, T)
is a Hilbert space endowed with the Hilbertian norm
ay|12

1
— (1P dy 3
oo = (0120 ramcen + | 5 ramcar)

Definition 2.1. Given u € L*(Q,,), we say that a functiony : Q —> R is a solution to (1.1) if for every T € (0, o) the
restriction of y to Qr = Q% (0, T) belongs to W(0,T), f(y,,) € L*(Qr), and y satisfies the following equation

ay .
E—Ay+ay+f(y)—g+xwu in QOr, 2.2)
0,y = 0on Xy, y(0) =y in Q,

where Xy =T x (0, 7).
We have the following result on well-posedness of the state equation (1.1).

Theorem 2.2. Under the assumptions (Al) and (A2), for every control u € L*(Q,,) there exists a unique solution
Yu € W(0, 00) of (1.1). Moreover, f(y,) belongs to L*(Q) and there is a constant C independent of u and y such that

allcosorzz@y + Wl @y < C(Ivollzg) + 118 + Youllzg): 2.3)

yullwe.c0) + If G20 < C(||f(y0)||L°°(Q) + lyollze) + llg +qu||L2(Q))~ 2.4)

In addition, if u € LP(0, co; L*(w)), then y, € L®(Q) and the following estimate holds with a constant Co independent
of u and y,

Yullz=co) < Coo(||y0||L°°(Q) +llg + xoullizo) +11g +XwM||LP(o,oo;L2(Q)))- (2.5)

Proof. The uniqueness is an immediate consequence of the monotonicity of f. Let us prove the existence and the
associated estimates. For every integer k > 1, we define fi(s) = f(Proj,_; ,4;(5)), where Proj,_; ,;;(s) denotes the
projection of s on the interval [~k, +k]. We also take a sequence {Jor},2, € H 1(Q) such that o, — yo in L>(Q). For
M = |lyollz=q) we define yor(x, 1) = Proj[_ m+a Fo(x, 1) Then, we still have that {yp};2, € H 1(Q) and yor — yp in
L*(Q). In addition, the inequality ||yoxllz=) < llyollz=) holds. For every T € (0, ), we consider the equation

ay .
o0 A @+ fi) =g+ xouin O, (2.6)
Ony = 0on Zr, y(0) = yor in Q.

By an easy application of Schauder’s fixed point theorem, we infer the existence of a solution y, € W(0,T) of (2.6).
Moreover, since yo; € H'(Q) and g+xou—filvx) € L*(Qr), we deduce from [16, Proposition III 2.5] that y; € HY(O7p).
Testing the equation (2.6) with y,, using (2.1), and that f;(s)s > 0 for all s € R (notice that f(0) = 0), we get

1 2 2 2
E ”yk(T)”LZ(Q) + Cu||)’k||Lz(0’T;H| )

1 1
< SIeDlifzq + f (Vyel® + ayi] dxdr + f SeGuy dxdr = f (8 + Xy dxdr + Syl g,
Or Or Or

1

<
=2ce

Cc? 1
g + xwtllyz gy + 5 Iellzzgg) + 5 Iokllz
Since yox — yo in L*(Q) and T € (0, o) is arbitrary this inequality implies

1
el ooz + Dl @y < 2max {1, = |(Ibolle + g + Xoullz)- 2.7)

a



Now, we define the function F;, : R — R by Fi(s) = fos fx(6)d6. The monotonicity of f; and the fact that
fx(0) = 0 imply that 0 < Fi(s) < sfi(s) < sf(s). Using these properties, we get

) T d
f D fiw) e = f g f Fu(y dxdi = f Ful(x, T)) dx - f Fulye(x,0)) dx
r 0o at Jg Q Q
2 _LYOk(x)f()’Ok(x)) dx > = QI fGollz=@llyollz= -

Using this inequality and testing (2.6) with f;(y;), we obtain
9 '
OO, < f = fiy) drdr+ f L OOIV el +aye fi(yo)] dx dr+ f fe)? dxde+1QU £ o)l yolli=@
Or Or Or

= | (g +xw)fi(i) dxds + Q[ || fo)ll=@llyollz=@)
Or

1 2 1 2 |Q| 2 2
< 38 + xutlifg, + SOOI g, + = (IFODNFu) + Iollfea)-

Once again, since T is arbitrary we infer from the above estimate

I/xOllr2 ) < max{l, V|Q|}(||f(y0)||L°°(Q) +yollz=) + llg +qu||L2(Q))~ (2.8)

Combining (2.7) and (2.8), we get from (2.6)

[[Yellw,00) < C(||f(y0)||L°°(Q) + lyollz=) + Ilg +Xw”||L2(Q))- (2.9)

From (2.8) and (2.9), we infer the existence of a subsequence of {y;};” |, denoted in the same way, such that y, — y
in W(0, o) and fi(yx) — ¢ in L*(Q). Since the embedding W(0,7T) C L*(Qr) is compact, we deduce that y; — y in
L*(Qr) for every T < co. Hence, taking a new subsequence, we have that y,(x,f) — y(x, t) for almost all (x,7) € Q7.
This implies that fy(yr(x,1)) — f(y(x,1)) for almost every (x,7) € Qr. Therefore, the identity ¢ = f(y) holds. Using
these convergences, it is straightforward to pass to the limit in (2.6) and to get that y satisfies (2.2) for every T > 0.
Hence, y is the solution of (1.1). Moreover, the estimates (2.3) and (2.4) are immediately obtained from (2.7)-(2.9).
Finally, the L*(Q) regularity of y and the estimate (2.5) follow from [7, Theorem A.2 and Remark 5.2]. O

While Theorem 2.3 ensures well-posedness of the state equation in L*(Q,,), the sensitivity analysis requires the
differentiability of the mapping u + y, that cannot be proved for u € L?>(Q,,). This is why we introduce below the
dense subspace U, of L*(Q,,), where differentiability can be shown. We will prove later that locally optimal controls
belong to L*(Q,,) so that first- and second-order optimality conditions can be derived. This is the roadmap for the
sensitivity analysis.

We set U, = LP(0, o0; L*(w)) N L*(Q,,) and endow U, with the norm

||14||7,1p = lulli2o,) + Nl 0,00:22())-

Then, U, is a Banach space that is reflexive and separable if p < co. We notice that L*Q,)NL®(Q,) cU »- Indeed,
this follows from the inequality

p=2 2

i > p-2 2
oo < Wl g Wl gy < Il + Sl 2.10)

According to Theorem 2.2, the mapping G : U, — W(0, 00) N L*(Q) associating to every control u the cor-
responding state, G(u) = y,, is well defined. Concerning the differentiability of G, the next result follows from [7,
Theorems 2.2 and 3.1, and Remark 5.2].



Theorem 2.3. The mapping G is of class C*. Moreover, given u,v,vi,v, € U, the derivatives z, = G'(u)v and
Zo, = G (W)(v1, v2) are the unique solutions of the equations

0z , _ .

E—AZ+az+f(yu)z—xwva, @.11)
0,z=00n%, z(0) =0in Q,

az 4 44 ]

E - AZ taz+ f ()’u)Z = _f (yu)Zv,sz in Qv (212)
0,z=00n%, z2(0) =0in Q,

where z,, = G'(u)v; fori = 1,2.
By this theorem and the chain rule, we obtain the differentiability properties of the cost functional J.
Corollary 2.4. The functional J : U, — R is of class C?. For every u,v,vy, v, € U,, its derivatives are given by
J(wy = (¢, + ku)vdx dt, (2.13)
Qu
J”(M)(Vl, Vz) = f [] - f”(yu)(pu]zu,vl Zu,vy dx dt + Kf Viva dx dt’ (214‘)
Q

w

where z,,, = G'(w)v;, i = 1,2, and ¢, € W(0, 00) N BC(Q X [0, 00)) satisfies the adjoint equation

a‘pu / _ .
- or -Ap, + af/’u + f Oweu = yu = ya in O, (2.15)
an()"u =0o0nZ, lim; e ”‘pu(t)”Lz(Q) =0,

where BC(Q x [0, 0)) denotes the space of bounded and continuous functions in Q x [0, co).

Proof. The reader is referred to [7, Theorem A.4 and Remark 5.2] for the existence proof of a unique solution ¢, €
W(0, 00) N L*(Q) of (2.15). The expressions (2.13) and (2.14) follow from (2.11), (2.12), and (2.15) in the standard
way. It remains to prove the continuity of ¢,. To do this we define z7(x, f) = fp,(x, T — t) for every T € (0, c0). From
(2.15) we deduce that z7 satisfies the following equation

8Z TPN A A A .
3—: = Azr +azr + f'Qu)zr = tQu = Ja) + ¢u in Or,
Opzr =0onZy, z7(0) =0in Q,

where (u, $a, 2u)(®) = Gus Ya, 0u)(T — £). Since tGy — $4) + ¢ € LP(0, T; L2(Q)) we infer that z7 € C(Q_TZ; see, for
instance, [9] or [14, Chapter 3]. Finally, the identity ¢, (x, ) = ﬁzr(x, T —1) implies the continuity of ¢, in QX [0, T).
Since T was taken arbitrarily in (0, co), the continuity of ¢, in Q X [0, co) follows. O

Remark 2.5. From [7, Theorem A.3 and Remark 5.2], we deduce that the mapping G'(u) : U, — W(0, c0) can
be extended to a linear continuous mapping G'(u) : L*(Q,) — W(0, ). Using this, the expressions (2.13) and
(2.14), and the fact that v, ¢, belong to L*(Q) N L*(Q) for every u € U, we infer that the linear and bilinear forms
J W : U, — Rand J'(u) : U, Xx U, — R can be extended to continuous forms J'(u) : L*(Q,) — R and
J" () : L*(Q,) x L*(Q,) — R, respectively. We mention that U, is continuously and densely embedded in L*(Q,).
The continuity is obvious. The density is proved as follows: given v € L*(Q,), we set vi(x,1) = Proj_y. 4y (V(x, 1)) for
every integer k > 1. Then, it is obvious that {v};” | C L*(Q,) N L*(Q,) C U, and v — vin L*(Qy).

3. Solvability of (P)

In this section, first we prove the existence of solutions to (P) in L?(Q,,). In a second step, we will prove that every
local minimizer belongs to L*(Q,,). This information is needed to later prove that the notion of local optimality in the
sense of L*(Q,,) is equivalent to that in the sense of U,,, the space where J is of class C>. This proof will occupy the
major part of this section.



Theorem 3.1. The optimal control problem (P) has at least one solution it € L*(Q,,).

Proof. Let {u;};7 , be a sequence such that J(u) ™\ inf (P). Then, the inequality §||Mk||iz ) < J(u) < J(uy) for every
k implies the boundedness of {u},” | in L*(Q,,). Taking a subsequence that we denote in the same way, we obtain that
uy — @in L*(Qy). Let us write y, = Yu- Thanks to (2.4), the sequences {y;};7, and { f(yu)};, are bounded in W(0, c0)
and L*(Q), respectively. Then, selecting again a subsequence, if needed, we have the convergences y, —  in W(0, c0)
and f(y) — ¢ in L*(Q). Arguing as in the proof of Theorem 2.2, we get ¢ = f(7). Passing to the limit in the state
equation satisfied by y; we conclude that ¥ = y;. Finally, we deduce by standard semicontinuity arguments that # is a

solution of (P). O

Let us mention the obvious fact that any solution # of (P) is also a local solution in the L*(Q,,)-sense. The latter
means that there exists € > 0 such that J(i1) < J(u) if |lu — @l 2g,) < &.

Theorem 3.2. Let it be a local solution of (P) in the L*(Q,,)-sense. Then it belongs to L(Q,,) N Up.

Proof. Let ii be a local solution of (P) and fix & > 0 such that J(it) < J(u) for all u € B.(i1), where B.(it) is the closed
ball of L*(Q,,) centered at iz with radius &. Define Ky = {u € B,(i1) : llull=(0,) < M}. For every M > 0 we consider
the auxiliary control problems

(Py)  min I(u) := J(u) + 1 f (u — )* dxdr.
ueky 2 0.

Since Ky is closed and convex in L2(Q,,), arguing as in the proof of Theorem 3.1 we deduce the existence of a solution
uy of (Py) for every M > 0. The remaining proof of the theorem is split into two steps.

Step I - limy e |lupr — ill12(g,) = 0. Since Ky C B, (@) we deduce that {u3;} 40 is bounded in L?(Q,). Hence,
there exists a sequence {M;};”, tending to co such that uy;, — i in L*(Q,,) with some & € B,(&1). As in the proof of
Theorem 3.1, we have that y, = Yuy, = ¥ = yz in W(0, 00).

Define iy, (x,1) = Proji_y, 1, (#(x, 1)). It is clear that {i1y,} converges pointwise to i#. From the Lebesgue
dominated convergence theorem, we obtain that ity;, — # in L2(Qm). Therefore, an integer k, exists such that [|ity, —
illz2g,) < € for every k > k,. Consequently, ity, belongs to Ky, for every k > k.

Thanks to the local and global optimality of & and uy,, , respectively, we infer

J(m) < J(in) < 1) < liininfl(uMk) < limsup I(up,) < limsup I(iiy,) = I(t) = J(i).
- k—o0 k—o0

These inequalities imply that i = i#. With [8, Lemma 5.2], the convergence of the three summands of (i, ) follows, in
particular limy_ |luag, — #tllz2(g,) = 0. Since this holds for all weakly convergent sequences {uy,}; . the convergence
limM_,m ||LtM - ﬁ”LZ(Qw) = 0 is obtained.

Step 1I - Optimality conditions for uy. We know from Step I that there exists M, > 0 such that |juy — ill;2g,) < &
holds for all M > M,. Since uy € L*(Q,) N L®(Q,) € U »» Corollary 2.4 implies the differentiability of I at uy,.
Hence, we have I’ (uy)(u — up) > 0 for every u € L*(Q,,) satisfying [lullz=(@,) < M. This leads to the optimality
conditions

0
% —Ayy +ayy + fOOu) = g + Xoum inQ, (3.1)
Onym =0 onZ, yy(0) =yo infQ,
e Ay + apy + f'Om)em = yu = Ya in Q,
o1 , (32)
Opep =0 on Z, im0 llomr(Dll2) = 0,
(m + Kupg + tpg — W) — upy)dxde > 0 Yu € L*(Q,) such that |u(x, 1)l < M for a.a. (x,1) € Q.. 3.3)
Qv

Applying Theorem 2.2 to equation (3.1), we deduce from (2.3) and the boundedness of {uys}y-0 in L*(Q,) that
ymllee0,00:22)) + ymllzzo) < Ci for some real number C; independent of M. Using again [7, Theorem A.4 and

6



Remark 5.2] for (3.2) we infer that [|oumllr~) < C2 < oo for all M > M,. Now, (3.3) implies that

. 1 _
upy(x,t) = Proj;_s4an ( - ;(QOM +uy — n)(x, t)).

Taking M > max{C,/k, M.} we obtain from the above identity

. 1
Juag (e, 01 < [ Proji_y sy (= ~gpm (. 1)
. 1 _ . 1 C, 1 _
+ ’PrOJ[,M,JrMJ (- ;(gaM +up — )X, 1)) = Proj_ypn (= ;gaM(x, )| < — ;IuM(x, 1 — i(x, ).

Now we select an increasing sequence {M;};”, of real numbers tending to infinity such that uy, (x, 1) — i(x, 1) for
almost all (x, 1) € Q,,. Passing to the limit in the above inequality with M replaced by M;, we infer that |u(x, 1)] < C,/«
and, hence, it € L*(Q,,). Finally, the inclusion i € U, follows from (2.10). ]

So far, we have considered local solutions of (P) in the L*(Q,,)-sense. However, since the functional J is differen-
tiable on U, it is natural to ask for local optimality in the U,-sense, which is defined analogously to the L*(Q,,)-sense
just substituting the U,-norm for the L*(Q,,)-norm. Now we prove that both concepts are equivalent.

Theorem 3.3. A control i € L*(Q,) is a local solution of (P) in the L*(Q,,)-sense if and only if i € Uy, and it is a
U ,-local solution of (P).

Proof. If i is a local solution of (P) in the L?(Q,)-sense, Theorem 3.2 implies that i € U,. Moreover, the fact
that i is also a local solution of (P) in the U ,-sense is a straightforward consequence of the inequality of the norms
iz, < e, -
Let us prove the converse implication. By definition of a local solution in the sense of U, there exists & > 0 such
that
J@) < J(u) VYue U, with [Ju —illqy, <e. 3.4)

For r > 0 specified below, we consider the following control problem:

(Py)  min J(w),
ueB, (i)

where B,(i1) = {u € L*(Q,) : |lu — | 12(0,) < r}. As in Theorem 3.1, we obtain the existence of a solution i of (P,).
Below, we will prove that it € L*(Q,,) and that there exists a constant M independent of r such that ||i|;~,) < M.
From this and (2.10) we get that i € U, and

p=2

- - -~ 5 _ ez op
|liE — u”LF(O,oo;Lz(w)) <t — ”Ille(Qw)||“ - M||iz(Qw) < (M + ”u”LW(Qm)) rre.

Selecting r satisfying
_ 22 p
(M + ||M||Loo(Qw)) rrz2<eg,

we infer that ||i — #ll¢;, < &. Hence, (3.4) and the optimality of i for (P,) imply J(&#) < J(&t) = inf (P,). Therefore,
i is also a solution of (P,) and, consequently, i is an L*(Q,)-local solution of (P). It remains to show the estimate
léEl|z=(@,) < M. The remainder of this section is devoted to prove this. O

For every integer k > 1 we define the truncation function 4 : R — R of class C? by

k+1 ifs>k+1,
36—k —T(s—k)*+4(s-k>+s ifsekk+1),
h(s)=4 s if s € [—k, +k],
3s+k) +T(s+k)* +4(s+k>+s ifse(—k-1,-k),
k-1 if s <—-k—1.



The verification of the C2-property and of the following facts is left to the reader:
he(0) =0, ()l < 1.512]s|, 0 <h(s) < 1.512, |h/(s)| <3.95. (3.5
Associated with i, we set fi(s) = f(l(s)). Then, f; : R — R is of class C? and

— < ’ < 4 < ’ = 1' 12 ’ !/ < 7’ — 2. 4 . ’ . .
Ji(0) =0, 1fi()] < Clylsl, 0 < fi(s) < Cpy = 1.5 Mﬂégflf @), 1 (DN <C =23 nax, Lf7 @) +3.95C;,. (3.6)

Given u € L*(Q,,), we denote by yx, the solution of the equation

ay .
o AT+ AO) =g+ xou inQ, 3.7)
0,y=0 onZX, y(0)=y9 inQ.

Existence and uniqueness of y;, € W(0, o) with fi(yr.) € L*(Q) follow from Theorem 2.2. Next, we show the
differentiability of the mapping Gy : L*(Q,) — W(0, ) defined by G (u) = Yku- Notice that this does not follow
from Theorem 2.3, since G is defined on U,,, while we need the differentiability of Gy in L*(Qy).

Lemma 3.4. The mapping G is of class C'. Given u,v € L*(Q,,), the derivative z;, = G (w)v is the solution of the
equation

0z , _ )
E - AZ +az + fk(yk,u)z = XowV N Q’ (38)
0,z2=00n%, z(0) =0in Q.

Proof. We apply the implicit function theorem to the following mapping:
F 1 W(0,00) X L2(Qy) — L*(0, 00, H'(Q)") X LA(Q),
0
Fy.u) = (a_i — Ay +ay + fi(y) = g = Xwit, (0) = yo)-

We prove that ¥ is of class C'. To this end, it is enough to check that the mapping F; : W(0, 00) — L*(Q) with
Fr)(x,1) = fi(y(x, 1)) is of class C!, because f; is the only nonlinear term that appears in . We prove this for n = 3,
the proof for n < 3 is similar and even simpler. In this case, we use the Gagliardo inequality

1 3
Iz < Il Ml (3.9)

Let us confirm that [F}(y)z](x, 1) = f{(¥(x, 1))z(x, 1). We get with the mean value theorem, (3.9), Holder’s, and Young’s
inequalities

IFL(y +2) = Fi(y) = F 022 ) = fQ i +2) = i) = ()l dxdr = fQ KO+ 6:2) = )P dadr
< [ U0+ 00 = KONl < € [ G+ 060 = KONl g1,

1 0 1 3
2 3 8 1 =
< C ||Z||[2,°°(0’00;L2(Q))(\L ”f}(,(y + sz) - f}c/(y)”l}(g) dt) ||Z||ZZ(O,M;H1(Q))
2

3C2 / 4 2 2 2 c / / 2 2
< T”ﬁ( (y + gkz) - fk(y)l|L8(0’00;L4(Q))(”ZHLm(O,OO;LZ(Q)) + ”Z”LZ(O,oo;H](Q))) < T”f}((y + Okz) - f}((y)||L3((),00;L4(Q))”Z”W(O,oo)'

Then, we have

IFr(y +2) = Fx(») = Fr0zllizey  V3C ., ,
L < 1A+ 0:2) = O 00240 -
[1zllw(0,00) 2

To prove that the right hand side of the above inequality tends to zero as ||zllw,.) — 0. we use (3.6) to get

1+ 662) = LDy < 27,105
8



and
f IO+ 682) = Fi DlFa ) drcdr < [2C7 111 f If G+ 6:2) = fL s qy dxdr
0 0
< [2¢7, 109 f I+ 6:2) = L WIIF2(q) dx di < [2C7, 11QICT f 1272 dxdt = 0 as [lzllwi.c0) = O
’ 0 ’ 0

Due to the continuity of the derivative F; : W(0, ) — L*(Q), the C! property of Fy follows. Thus, ¥ is of class C'
and

%ly:(y, u) : W(0, 00) —> L*(0, 00; H'(Q)*) x L*(Q)
OF ) ,
Gy 0= (5, - Az +az+ f0)z20).

The linear mapping %(y, u) is an isomorphism, if the equation

ot

0
—Z—Az+az+fk'(y)z=hinQ,
0,z=00nZ%, z(0) = zo in Q

has a unique solution z € W(0, co) continuously depending on (A, zo) € L*(0, co; H'(Q)*) x L*(€). This was proved in
[7, Theorem A.3 and Remark 5.2]. The statement of the lemma follows from the implicit function theorem. O

Lemma 3.5. If {u;};, C L*(0y) converges weakly in L*(Qy) to u, then (Vi treq converges weakly in W(0, 00) to y,,
the solution of (1.1).

Proof. Proceeding as in the proof of Theorem 2.2, with some constants C;, C; we get the formulas

Ik Nl 0,00:02Q)) F Wkt 12200,00:01 (@) < Ivollz2) + g +quk||L2(Q)) < C

e
min{1, C2}
IfeGrulizzgy < max{t, VIQ(IF o)l + Doll=@ + g + Yol o) < Ca

that are analogous to (2.7) and (2.8). This implies that {y ;> is bounded in W(0, o). Once again, arguing as in the
proof of Theorem 2.2, we conclude that yy,, — y, in W(0, o). O

Lemma 3.6. For arbitrary u € L*(Q,,), the sequence {yy ., converges strongly in L*(0, co; H'(Q)) t0 y..

Proof. The function ¢ = yi,, — y, satisfies
B¢k 7 _ 3
E — Ady + agy + fk(yu + ek(yk,u =Y = fOu) = fi(u) in O,
0, =0on X, ¢r(0)=0in Q.

In view of |fi(yu(x, )| < |fGu(x, )| and fi(yu(x,1)) — f(yu(x,)) almost everywhere in Q, and f(y,) € L*(Q), we
deduce with the Lebesgue dominated convergence theorem that f;(y,) — f(v,) in L*(Q) as k — co. Testing the above
equation with ¢, we get with the constant C, introduced in (2.1)

1

Ca
ezl 0 = filiag) + 5 Ikl VT € (0,00),
a

1 2 2 2
§||¢k(T)||Lz(Q) + Callll oo i @ <

that obviously implies our claim. O



Now, we introduce the following family of control problems

1 1
(P,0) mnhmyz—fgm—wfmm+fj‘fmm+— (u — @)* dx dt,
’ 2Jo7" 2 Jo, 2 Jo,

ueB,(it)
where i is the solution of (P,) introduced in the proof of Theorem 3.3.
Lemma 3.7. Problem (P,;) has at least one solution wy and it holds limy_,« |lux — iill;2(g,,) = 0.

Proof. Once again, arguing as in Theorem 3.1 we infer the existence of a solution u; for (P,;). We invoke the
optimality of u; for (P,x), Lemma 3.6, and the optimality of & for (P,) to obtain

Sl g, < Jelu) < i) — J(@) < (@), (3.10)

00

This implies the boundedness of {u},?, in L*(Q,,). Hence, we can select a subsequence denoted in the same way
such that u; — u in L*(Q,,). We know from Lemma 3.5 that Vi, — Yu 1D L*(Q). Using this fact, Lemma 3.6, that
u € B,(it), and that 7 is a solution of (P,), we get

1
J(u) + §||u — a7, liin inf Ji(ux) < lim sup Jy(ux) < lim sup Ji(it) = J(ii) < J(u).

k—oo k—oo

) S

This implies that u = i@ and limy_« Ji(ux) = J(it). Consequently, the strong convergence u; — it follows. This holds
for every weakly converging subsequence, hence the result is valid for the whole sequence. O

Now we are ready to confirm the estimate that is needed for completing the proof of Theorem 3.3.

Lemma 3.8. The control ii belongs to L*(Q,,) and there exists a constant M independent of r such that ||iil|.~(g,) < M.
Proof. From Lemma 3.4 and the chain rule, we deduce that J; : L?(Q,) — R is of class C'. The optimality of u
yields J; (u)(u — uy) = 0 for every u € B.(i1). This leads to the optimality system
Wit p v + i) = 2+ xotty i O
ot Vi, uy Vi ,uy k\Vk,uy 8 T Xwlk 5 (31 1)
Onyiu =0 onZ, ye,, (0) =y inQ,

a‘ﬂk, ¢ / :
_Tm - A‘pk,uk + .a‘pk,uk + f (yk,uk)‘zok,uk = yk,uk —Yqa 1N Q, (312)
0nru, =0 on X, lim,_,e ||<,0k,uk(t)||L2(Q) =0,

f (Pray + Kug + e — ) — u)dxdr >0 Yu € Bs(in). (3.13)
Ou
It is well known that the variational inequality (3.13) is equivalent to
ux = Projg (— l[‘Pku + oy — ﬁ]),
(i) P Uk
where Proj ;) stands for the projection onto B, (@) in the L*(Q,,) sense. This means

1 1
~ P + e — 1] if ||;[‘;0k,uk +u — ] + IZHLZ(Qw) <r

g = Y+t — ] + (3.14)
else.

u-—-r 1
”;[‘Pk,uk + Ur — i;t] + ﬁ“Lz(Qm)

Thanks to (3.10) we get [luxllz2g,) < C1 for a constant C; independent of r. Then, (3.11) and (2.3) imply that
Ykl 0. 7:22(2)) < C2, Where C; is also independent of r. This bound can be applied to the adjoint equation (3.12) to
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obtain that |l¢g ., |lz~(0) < C3 with C3 independent of r. This estimate follows from [7, Theorem A.4 and Remark 5.2].
Inserting this in (3.14) we infer

C
lug(x, 1)] < 73 + 20|l + lur(x, 1) — @i(x, 1)] for a.a. (x,t) € Q.

Notice that the boundedness of i follows from Theorem 3.2. From Lemma 3.7, we know that u; — i in L*(Q,).
Hence, taking a subsequence such that u;(x, r) — di(x, t) for almost all (x, ) € Q,,, the above estimate yields

N . c _ . . C _

A, 01 = lim i (x, 0] < == + 2=,y + Jim lug(x. 1) = e, 0] = = + 20, = M.
This concludes the proof of lemma. O
4. First and second order optimality conditions for (P)

We start this section by establishing the necessary optimality conditions satisfied by any local solution of (P).

Theorem 4.1. Let it be a local solution of (P) in the L*(Q,,)-sense. Then, there exist 3, € W(0, 00) N L®(Q) such that

o .
E‘Ay+ay+f()’)—g+)(wum Q’ (41)
0,y =00nZ, y(0)=yginQ,

42 Ap+ap+ f'F)p =7 in Q
_r_ =V — vy,

Qt ' <P 9_0 Y = Ya 5 (42)
0,8 =00n Z, lim e l®|lr2) = 0,
J'(#) = @y, +kit =0, 4.3)
J" (@ = f [1 - @f" ()l dxdt + « f Vdxdr >0 VYveL*(Qy), (4.4)

Q w

where z, = G’ (i)v.

Proof. Theorem 3.3 yields that # € U, and # is a local solution of (P) in the U ,-sense. Hence, the statement of the
theorem is a straightforward consequence of Corollary 2.4, Remark 2.5, and that the first and second order necessary
conditions J'(it)v = 0 and J” (@)v* > 0 forall v e U » hold at any local minimizer. O

Next we address sufficient second order conditions for optimality.

Theorem 4.2. Let it € U, obey the first order necessary conditions (4.1)—(4.3). Assume in addition that J" @ >0
holds for all v € L*(Qy) \ {0}. Then, there exist € > 0 and § > 0 such that

0 . _
J(w) + Z|Iu - ﬁ||i2(Qw) <Jw) YueU,with|u—illy, <e. 4.5)

Proof. We split the proof into three steps.

Step I -0 = ianV”QO):l J”(@)v* > 0. We proceed by contradiction. If § = 0, there exists a minimizing sequence
{vi}iz, such that [[will;2,) = 1 for every k > 1 and J”(ﬁ)vi — 0 as k — oo. By taking a subsequence, we can
assume that v; — v in L?(Q,). In view of Remark 2.5 and our assumption, we have that the quadratic mapping
J"(it) : L*(Q,) — R is continuous and positive definite. Hence, it is also convex. Then, the inequality J” (it)»* <
limg 0 J"(ﬁ)vi = 0 follows. According to our assumption, this is possible only if v = 0. Using again Remark 2.5,
we deduce the convergence z,, = G'(it)vy — G’(it)v = 0 in W(0, o). In particular, we have that z,, — 0 in L?>(Q7) for
every T < oo.

Let p > 0 be arbitrarily small. From (4.2) we infer the existence of T,, < oo such that

leOll2 <p VE>T,.
11



Equation (4.1) implies that § € L*(Q) and, hence, |f”'(y(x,?))| < C for almost every (x,t) € Q. Exploiting these
facts, we obtain

J”(a)v,%=f[1—¢f”@)]z§k dxdt+/<f v,%dxdtz—fgbf”@)sz dxdr +«
(o) Qu 9]

T, 00 00
- fo [ err oz arai- [ or e ardie k> Clololinlig,, = € [ 160l i+ x
P )

P

_ 2 2 - 2 =\112
> ~Cll=llznlg, ) = €l g o + & = =Cl@l=olzu iz g, , = CIG @IPp +

where we have used the embedding H'(Q) ¢ L*(Q) and that llzv w000 < NG @I IViellz2(0,) = IIG’ @) in the last
inequality. This yields

k < Clgl=llanllzz g, , + CNIG' @IPp + J" @y = CIG @IFp Yp >0,

being a contradiction to the assumption « > 0. Consequently, we have that § > 0.

Step 11 - Je > 0 such that |[J” (u) = J" @)W < §IM7, ., ¥V € L2(Qu), if llu = dillay, < & We denote by B(i) the

closed ball of U, centered at # with radius 1. For every u € B(i1) we have that [|ull¢;, < 1 + ||itll¢;,. Hence, Theorem
2.2 implies the existence of C; such that
yullwo,c0) + Vull=o) < C1 Yu € B(a). (4.6)
Applying [7, Theorem A.4] to the adjoint equation (2.15) and using (4.6), we obtain a constant C; such that
lleullw,00) + lpullzoco) < C2 Yu € B(ir). 4.7)
Given an arbitrary element u € B(i1) we sety = y, — y, then

ot
0,y=0 onZX, y(0)=0 inQ.

{ o —Ay+ay+ f'G+00u— 9y = xow—i) inQ,
Invoking [7, Theorem TA.3] and (4.6), we get
1Y = Hlwo.co) + 1yu = ooy < Csllu — dilley,  Yu € B(@). (4.8)
This yields the property
Vp >0 3e € (0, 1] such that [| ') = £ Dlle=o + If"G) = [ D=y < 5 if llu = dllyy, <& (4.9)
Now, we set ¢ = ¢, — @, then we have
9 _ - _ :
{ —5 " At ap+ =y =5+ 10) - ' Gwlenin O,
Onp = 00n X, lim;e [le(®ll2) = 0.
Applying [7, Theorem TA 4] to this equation and using (4.7) and (4.9) we arrive at
Yp > de € (0, 1] such that |lp, — @llw,c0) + llpu — Pll=) < o, if llu — dillay, < e. (4.10)
Putting z,,, = G’(u)v, we deduce from [7, Theorem TA.3] and (4.6)
zuyllwo,eo) < CalVllz2g,) Yu € B(it) and Vv € L*(Q.). “4.11)
Denoting z, = G’(#)v and z = z,,, — 2, we have

ot
0,z=00n%, z(0) =0in Q.

12
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Applying again [7, Theorem TA.3] and taking into account (4.9) and (4.11), we deduce the following property
Vp > e € (0, 1] such that [lz,., — Zullwoe < pIMIzg,) Vv € LA(Q0). if llu - iy, < &. 4.12)

Next we estimate |[J” (w) — J” (@)]V?:

" () = J” (@] = ‘ f [1 - @uf” ()2, dxdt - f [1-@f"()z; dxds
o (Y]

< f |Zuy = 2ol |2uy + 20l dxdr + f e = @l Gullz,, dxde + f @I ) = £ D)lz,, dxde
Q Q 0

4
+ [ 161" O = 3l + 2 = 1
Q i=1

Taking p = % in (4.12) and using (4.11), we deduce the existence of &; € (0, 1) such that I; < 2|v||? if le—itllqy, < 1.
With (4.6), (4.10), and (4.11) we infer the existence of &, € (0, 1) such that I, < %||v||2 if [lu — éllqy, < &2. The same
estimate is obtained for /5 for some &3 € (0, 1) with the aid of (4.7), (4.9), and (4.11). Finally, /4 is estimated similarly

to I, and using (4.7) and (4.9). Taking & = min;<;<4 &;, the proof of Step Il is concluded.
Step III - Proof of (4.5). We perform a Taylor expansion and use the results of the Steps I, II, along with formula

(4.3) to infer
1
J(u) = J(@@) + J' (it)(u — ) + 5J”(u + O(u — i) (u — i)>
1 1
= J(@) + zJ"(a)(u — i)’ + 5[J”(a + 0 — @) — J" ()] (u — @)
> J@+ u—alts = =l = J@ + =l forall u with i — Gy, <
2 J@) + Sl =il g, = gl = Al = J@ + Zllu = il 2, forall u with llu — iy, < &.

O

Remark 4.3. As proved in Step I of the above demonstration, the second order condition J"(@)V? > 0 for all v €
L*(Q,) \ {0} implies that

36 > 0 such that J" (ay* > 5||v||iz(Qu) Vv e L2(Q,). (4.13)

Using this fact and the statement proved in Step I, we infer in addition that

S _
A7 > 0 such that J" (u)* > §||v||§2(Q ) Yv e L2(Qu) and Yu € By(i), (4.14)

where ¢ is given by (4.13) and Bx(ii) is the U ,-closed ball centered at i with radius 7.

5. The local value function

In this section, i € L*(Q,,) N U, denotes a local solution of (P) satisfying the second order condition J" (@ >0
for all v € L*(Q,,) \ {0}. This control & will be our reference control for the rest of the paper.
For initial data n € L*(Q) we define the control problem

. 1 K
P, uelg%}gm) Jp(u) = 3 L(yn’u —ya)?dxdr + 5 f u? dx dt,

w

where y,, € W(0, o) is the solution of the equation

ay .
o A ray+fO)=g+xeu inQ, G.1)
0,y=0 onX, y(0O)=n inQ.
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In view of our previous analysis, it should be clear, why we do not consider the value function for initial data from
L*(Q.,). The restriction to essentially bounded functions 7 causes the main difficulties of our paper.

Analogously to Theorem 3.1, (P,) has at least one solution. Moreover, every local solution in the L*(Q,,)-sense is
an element of L*(Q,,) N U,; see Theorem 3.2. Further, according to Theorem 3.3, u,, is a local solution of (P,) in the
L*(Q,,)-sense if and only if it is a local solution in the U/ p-Sense.

We define the value function V : L¥(2) — R by V(5) = inf (P,). Since the problems (P,) can have several global
solutions, this function V can be even discontinuous. For this reason we introduce a local value function. We proceed
as follows. Given r > 0, we define the control problems

1
P, min Jy(w) == 3 f(y,,,u - yd)2 dxdr + g f u? dx dt,
9]

) o
ueL?(Qu), llu=ill 2 g, <1 n

where y,, € W(0, c0) is the solution of the equation (5.1). We need the following technical result.

Theorem 5.1. For every a > 0 there exist r, and M,, monotone increasing with respect to «, such that for ||ln —
Yollee(@) £ @ and r < r, any solution u, of (P,.;) satisfies u,, € U, N L=(Q,,) and

luyll=o,) < Mo and ||uy — #lly, <7, (5.2

where 1 > 0 was introduced in (4.14). Finally, there exists & such that, for any n € L*(Q) with ||n — yollz~q) < @ and
any r < rg, problem (P,,) has a unique solution.

Proof. In view of ||77ll.~) < lIyollz~@) + @, we can argue as in the proof of Lemma 3.8 to deduce the existence of M,,
monotone increasing with respect to «, such that the estimate [|u,||z~g,) < M, holds. Moreover, we have

_ _ _ 22 _ p2 _ 2
Iloe, — M||'up = |luy = #lllr2,,) + Ny = @llr©,00:12(wy < 7+ w27 (Mg + |lillz=0,)) 2 lluy — M||£z(Qm)

p2 _ 2 2
Sre w7 (Mg + llilli=,) = ¥4 <T

for r, > 0 small enough. To conclude the proof we establish the following stability result for (4.14) with respect to n:
there exists @ > 0 such that
1’ 6 - - -
v 2 2, YV € L2(Qu), 1 = Yol < @ and [lu = @l <. (5.3)
Indeed, this inequality proves that J,, is strictly convex at the ball B;(@) if |l — yol| @ < @. Since (5.2) implies that
any solution of (P,,) belongs to the ball B:(@) for r < rg, the uniqueness follows.

In order to prove (5.3), we compare J;/(u)v* with J”(u)v* for u € By(@) and use (4.14). We will see that this
difference is as small as needed if we take & sufficiently small. We denote by ¥y ., Zyu» @5 the solutions of (5.1),
(2.11) and (2.15) with y, replaced by y,. We also denote by y,, zu,, ¢, the solutions of (1.1), (2.11), and (2.15). Then,
we have

Ly () = I ()| = | f (1 = @t Oa)lzp, dx dt — f [1 - ¢uf’ )lzy, dx dt|
Q 0

2 2 2
< L |Z,7’u’v - Zu,v| dxdr + L lenu — 90u||f”(yn,u)|zq,u,v dxdr

4
+ f leull S Gpa) = " Gz, dxcdr + f ull £ Ol — 2ol dxde = > L. (5.4)
[0} 0 i=1

We have to estimate the terms y,, — Yu» Zpuy — Zuyv» and @, — @,. Setting w = y,, — ¥, and using the mean value
theorem we get

(Z—V:—Aw+aw+f’(y9)w:0inQ,

d,w=00onX, w)=n—-yyinQ
14



for some measurable function 6 : Q — [0, 1] and yy = y, + 6(y,, — y.). From Theorem 2.2 we know that y,, and y,
are uniformly bounded in L*(Q) if || — yollz~@) < @. From [7, Theorem A.3] we deduce that

Ynu = Yullzzco) + 1w = Yullz=) < Cilln = yoll=@) < C1a. (5.5

Now, we put z = z,, — z,,, and apply again the mean value theorem to get

0z Y 17 :
E —Az+az+ ')z = 90— yn,u)zn,u,v in Q,
0,z=00n%, z(0) =0in Q.

Once again from [7, Theorem A.3] and (5.5) we infer

1zpuvllizo) + llzupllizg) < CalVllizg,y and lzguy — Zusllzg) < C3@lVllzg,)- (5.6)
For the last estimate we set ¢ = ¢, , — ¢, and once again use the mean value theorem to obtain
(9¢ 4 1/ .
E —Ap+ad+ ()¢ =Lf (%9)9077 =10 - yn,u) in Q,
O = 0 on X, lim, e [l¢(9)l 12y = 0.

With [7, Theorem A.4] and (5.5) we get

lonu = eulle=o) = l1ll=(o) < Cadr. (5.7

Finally, inserting the estimates (5.5)-(5.7) in (5.4) we conclude that

4 4 5
17 @) = T @1 < 7 Mg,

if @ is small enough. This completes the proof with (4.14). O

Definition 5.2. Let @ > 0 and rg be as in Theorem 5.1. The open ball of L* () centered at yy with radius & is denoted
by Bz(yo). Given r € (0, rg], we define the local value function V, : Bz(yo) — R by V,(i7) = inf (P,,).

Theorem 5.3. The local value function V., is of class C' and its derivative is given by

V(¢ = fQ on(x,0)6(x)dx V¥ € By (yo) and V& € L™ (L), (5.8)

where @, is the adjoint state corresponding to the unique solution uy of (Pr.y). Furthermore, if a sequence {n};2, C
Ba(yo) converges to n € Bz(yo) in L*(Q), then V(i) = ¢y, (-, 0) converges to V(1) = ¢,(-,0) in C(Q).

Remark 5.4. The above theorem states that V, : Bz(yo) € L°(Q) — R is a function of class C'. So we have that
V. : Ba(yo) — L*(Q)" is a continuous function. Formula (5.8) allows to identify V| (i) with ¢,(-,0), which is an

r

element of C(Q); see Corollary 2.4.

Proof. First we prove that V, is Gateaux differentiable. Given (1, &) € Bz(yo) X L=(2) \ {0} and 0 < p < %ﬂ!g‘m

we set 17, = 17+ p€ € Ba(yo), U, is the solution of the control problem (P, ), y, is the state associated with (7, u,),
and ¢, the corresponding adjoint state. We also denote by u,,, y,, and ¢, the solution of (P,.,)), its associated state, and
the corresponding adjoint state, respectively. Now, we define
Up — U Yo = Yo~
v, = p— Zp:p n and ¥, = p %
P P P
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Subtracting the optimality systems for u, and u, we infer

{ (Zi: —Azp+azp + f'3p)zp = XwYp in O, (5.9)
O0nzp =00nZ, 7,(0) = ¢in Q,
) = Ay +a, + [y = (1= ' §p)pp)z, in O
ot ) [ nWp = p)Pp)Zp N ¢, (5.10)
anl/’p =0onZ, lim, ”ll’p(t)”Lz(Q) =0,
Yo+ kv, =0 in Q,, (5.11)

where §, = y, + 6,(y, — ) and §, = y, + 9,(y, — y,) for some measurable functions 6,9, : Q — [0, 1]. The rest of
this proof is split into four steps. )
Step L- AC > 0 such that | ll2q,) < Cliglli@ for all 0 < p < “Ee
Using the optimality of u, and u, and the fact that |lu, — ill;2,) < r and [lu, — ll;2g,) < r we infer
Jo(ug)wy —uy) >0 and J,’]p(up)(u,] —u,) > 0.

This yields [J}(uy) — J7(up)(up — uy) < [J,’,p(up) = J5(up)1(uy — uy). Using the mean value theorem we obtain

2
J,’]’(l/t,] + ‘Tp(up - ur]))(up - ”n) < ”‘;Dp - Sar],u,,”LZ(Qm)”un - Mp||L2(Qu)
for some o, € [0, 1]. Here, ¢, is the adjoint state satisfying the equation

a‘Pn,u , .
—— = Apyu, + appu, + [ Opu,)nu, = Ynu, = Ya in Q,

Onenu, = 0 on X, imye llnu, (D2 = 0,
where yy,, is the solution of (5.1) for u = u,. From Theorem 5.1 we deduce that u, and u, belong to the U ,-ball

centered at i and radius 7. Hence, u, + 0,(u, — uy;) also belongs to that ball. Since ||7 — yoll~@) < @, we deduce
from the above inequality and (5.3) that $|lu, — u,lli20,) < ll¢p = @na,lli2g,)- Dividing this inequality by p we

obtain [Iv,llr20,) < FBpllr2,) Where ¢, = ‘p”_pﬂ. Hence, we need to estimate ¢,. To this end, we first estimate
Wy = )”_# Noting that both states y, and y,,, are associated to the same control and w,(0) = £, we can proceed as

in the estimate (5.5) to deduce that
||Wp||L2(Q) + ”Wp”L“(Q) < C1||§||LW(Q)~

Using this fact, the estimate [|@,||,2(g) < Cal|€ll~(q) follows similarly as the one of ¢ in (5.7). This completes the proof
of Step L.

Step II.- Passing to the limit in the system (5.9)—(5.11). First, we observe that the boundedness of v, implies the
convergence |lu, — uyllz2,) — 0 as p — 0. This convergence, the fact that 7, — 5 in L*(Q), and the boundedness
of {uy}, and u, in U, implies that {y,}, is bounded in L*(Q) and additionally y, — y, in W(0, ). Using the
boundedness of v, and J, in (5.9) we deduce the boundedness of {z,}, in W(0, o). Now, from (5.10) the boundedness
of ¥, in W(0, o) also follows. Therefore, taking subsequences and using the mentioned properties it is easy to pass
to the limit in (5.9)—(5.11) and to obtain that (Z, , V) is a solution of the system

0z ’ 3
{ E—AZ"'GZ"'f(yn)Z:Xlen Q’ (512)
0,z=00nZ, z(0)=¢in Q,
0 ’ 17 :
_a_i’ =B+ f G = (1= 1 )z in Q. (5.13)
Ony = 0 on Z, lim;—e (D)l 12 = 0,
btw=0 in g, (5.14)

where (2, ¥, Vo) = (&, ¥, ) in W(0, c0) x W(0,00) x L*(Q,,)) and p; — 0 as k — co. Next we prove that this
system has a unique solution, which implies the weak convergence of the whole family: (z,,¥,,v,) — @, W, ) in
W(0, ) x W(0, ) x L*(Q,,)) as p — 0.
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To prove the uniqueness of a solution of (5.12)—(5.14) we observe that this is the optimality system for the follow-
ing linear-quadratic control problem:

(Q) min J():= lj.[l —f”(y,,)go,,]zgdxdt+ff v dxdr,
2 J, 2

veL(Qy)

w

where z, is the solution of (5.12). It is enough to prove that J is strictly convex to conclude the result. To this end we
write z, = z,,, + Z¢ Where z,, ,, is the solution of (2.11) with y, replaced by y;, and z, satisfies the partial differential
equation of (2.11) with v = 0 and y, substituted by y,, and the initial condition z;(0) = £. Then, we have

1
JW) = —f[l—f"(y,,)so,]]zf, dedt+5f v dxds
2 Jo g 2

w

+ fQ [1- f”(y,,)cp,,]zumvfdxdt+% fQ [1 = £ Gy |22 dxdt

1 44 1’ 1 44
=37, (upv? + fQ [1 = 17 G|, o€ dxdr + 3 fQ [1 = 7Oy <2 dxdr.

Then, it is enough to use (5.3) to deduce the strict convexity of J. Notice that the second term is linear in v and the
third one is constant.
Step I11.- Gdteaux differentiability of V.. With the above notations we have

Vil +p&) = Vi) _ Iy, (p) = Jy(uy)
p p
1 0
== f 2oV + Yy — 2yq4) dx dt + £ f V(U + uy) dxde = f Z(yy — ya)dxdt + Kf vu, dx dt.
2 Jo 2 Jo, 0 0

w

With the adjoint state ¢,, integrating by parts, and (5.12) we get

fZ(y,] —yd)dxdt+/<f
0

which proves (5.8).

Step IV.- V, is of class C'. Now we prove that V’ : Bz(yo) — L®(Q)* is continuous. This continuity and the
Gateaux differentiability imply that V, is of class C!. Since V/(1) is identified with ¢,(0) by the formula (5.8), the
continuity follows if we prove that V/(17;) — V/(17) in C(Q) if gy — 1in L¥(Q). Let {mk}i2, € Ba(yo) such that gy — 1
in L*(Q) as k — oo and 5 € Ba(yo). We define (v, zx, Yx) = (y, — Uy, Yy, — Yy» 5 — ). Subtracting the optimality
systems for u,, and u, we infer

Yu, dxdr = L y(x,0)é(x) dx + L (py + kup)vdxdr = L @y(x,0)&(x) dx,

w

0z N .
8—: = Az +az + [0z = xove in O, (5.15)
0wz =0o0nZ, z(0) =1 —nin Q,
awk 4 1!~ .
e Ay + le//k + ok = (1 = f" ez in O, (5.16)
anl//k =0on E, llmH(x, ”d’k(t)“Lz(Q) = 0,
Yr+kve =0 in Q,,, 5.17)

where 91 = y, + 6c(yy, — ¥y) and ¥, = y, + F(yy, — y,) for some measurable functions 6, ¥ : Q — [0, 1]. Arguing
similarly to Step I we infer that [[villr2,) < Cllk — 7llz=@) — 0 as k — oco. Moreover, Theorem 5.1 implies that
{uy, Y72, is bounded in L*(Q,,). This yields |lu,, — uylley, — 0 as k — oco. From Theorem 2.2 we deduce that {Ji};7,
and {J;},>, are bounded in L*(Q). Then, applying [7, Theorems A.3 and A.4] to equations (5.15) and (5.16) we get
that y,, — y, and ¢, — @, in W(0, 00) N L*(Q) as k — oo. The last convergence along with Corollary 2.4 implies
that ¢,, = ¢, in C(Q X [0, c0)) and, consequently, V/(17x) = ¢,,(0) = ¢,(0) = V/(n) in C(QY). O
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6. The Hamilton-Jacobi-Bellman equation

The goal of this section is to derive the Hamilton-Jacobi-Bellman equation satisfied by the value function V,. To
this end we make the following assumption

va=g=0 and aec L Q)with0<a#0.

Following 5.2 and Theorem 5.3, we have that the value function V, : Bz(y0) — R defined by V,(i7) = inf (P,,) is
of class C! and Vi) = ¢,(0) € L*(Q) for every n € Bz(yo), where B;(yo) denotes the open ball of L*(Q) centered
at yo and radius @. In this section, u, denotes the solution of (P,;) and y, and ¢, are the associated state and adjoint
state.

Now, we introduce the operator A : D(A) C L*(Q) — L*(Q) defined by Ay = Ay — ay, where

D(A) ={y e H'(Q) : Ay € L*(Q) and 8,y = 0}.

As usual we consider the following norm in D(A): |[¥llpa) = lIyllz2@) + IIAYIl2)- It is obvious that D(A) is a Hilbert
space. Moreover, from the classical results for elliptic equations we infer that D(A) is continuously embedded in
C(€); see, for instance, [15].

The rest of this section is dedicated to prove the following theorem.

Theorem 6.1. The following Hamilton-Jacobi-Bellman equation is satisfied by V,:

1 | S ,
52y = 2 VIl + (Vi) An = an = f)izay = 0 Vi € Balyo) N DA). 6.1)

Proof. Letn € B;(yo) N D(A) be chosen arbitrarily. Since D(A) c C (©) we infer that vy €C (0); see [9]. Using this
continuity we infer the existence of #; > 0 such that {y,(?) : # € [0,#]} C Ba(yo). Moreover, since D(A) C H Q) we
also obtain that y, € C([0, #]; H'(Q)); see [16, Page 114].

As established in the proof of Theorem 5.3, we also have that ¢, € C(Q x[0,T]) for every T < co. Then, from
(4.3) we deduce that u,, € C(w X [0, T]) forall T < oo.

We split the proof into three steps.

Step I - Computation of y;](0+). Next we prove that

.1
Tim —(y(6) = 1) = An = an = £7) + Xty (O), (62)
where the limit is taken in the weak topology of L*(Q). First we establish this limit in the weak topology of H'(Q)*.

To this end we take w € H'(Q) arbitrary. Testing the equation satisfied by yp with w, integrating between 0 and ¢ with
0 <t < 1y, and dividing the resulting expression by ¢ we get

1 1
[ Fon0=mwar= [ [ =TT 03,05+ F0(5) = i) s,

Since y, € CQx[0,T), u, € C(wx[0,T]), Vy, : [0,] — L*(Q)" is continuous, and v;(0) = n we deduce from
the above identity that

lin(}f %(y,](t) —-npwdx = f(—Van —lan + f() — xouy(0)Iw)dxds Vw € HY Q).
t— w Q

This implies that the limit (6.2) holds in the H'(Q)* weak topology. Now, if we prove the boundedness of {%(y,,(t) -

n)}te[Ot | in L*(Q) we conclude that (6.2) holds also in the weak topology of L?(Q). To do this we consider the
50
representation formula for y, given by the semigroup {S (1)}, generated by the operator A:

yp(t) = S(0n + fo S (1 = )(=fy(9) + xwity(s)) ds.
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This identity implies that

1 1 1
ZOn@—m =S @On—m+ fo S (1= )(=fOy(9) + xwity(s)) ds. (6.3)

Since € D(A) we have
1
liI(I)l ?(S (On—n) = An = Anp —an in L2(Q). (6.4)
t—0+

Further, the contractivity of the semigroup {S (¢)};~o implies that

1 5
“? fo S(t = )(=f(y($) + xoity(s)) ds

1 !
< —j; IS (£ = $)(=f(y($)) + Xwity($)lr20) ds

Q) "~ t

1 f
< 7 f Il = F () + Xoun(Dllz@ ds < If Olleqonnsrz@) + 1glleqonirzwy-
0

This inequality along with (6.3) and (6.4) prove the boundedness of {%(y,](t) - n)}fe[m ] in L2(Q).
5L

Step Il - Computation of lim,_,o+ %(V,(y,,(t)) — V(). Using the mean value theorem we get

1 1
7 (Ve (@) = Vi) = Vi + 0()(yy(1) = M) On(6) =), (6.5)

where 6 : [0, 9] — [0, 1] is a measurable function. Since 7 + 6(t)(y,(t) =) — nin L*(Q) as t — 0* we deduce from
Theorem 5.3 that V(i + 6(t)(y,(¢) — 7)) — V(1) strongly in C Q). Using this fact and (6.2) we deduce from (6.5) that

1
7 (Vry(0) = Vi) = VIm)An — an = f() + xoun(0)] weakly in L*(Q). (6.6)

Step 111 - Usage of Bellman’s principle. By Bellman’s principle we have for ¢ € [0, #y]

1 !
W@=§£OM®%@+WwMQ&®+%%m)
This yields
1 1 [
;W&Mm—um»+Zlkwamgm+m%@ﬁ%JM=a

Passing to the limit as + — 0" and using (6.6) and the continuity of the functions y, and u, we get

, 1 K
V,DLAn = an = F) + Xty O] + Sl ) + 5 ltn (O, = O,

Finally, using (4.3) and (5.8) we obtain that u,(0) = —%cp,,(O)w = —%Vr’(n). Inserting this twice in the above identity
we derive (6.1). O
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