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1. Introduction. In this work we continue our efforts on the analysis of infinite
horizon optimal control problems for semi-linear parabolic equations. We are mainly
interested in first and second order optimality conditions, since they are the basis
for important subsequent questions, including the sensitivity analysis with respect to
noise or system parameters, and the determination of convergence rates of numerical
discretization techniques. We start with the precise problem formulation. Compar-
isons to earlier work are given at the end of this section. The controlled state equation
under consideration is given by

dy .
a""Ay"’_f(xvtay):g"_uXw HIQ:QX(OvOO)v (11)
On,y=0 on X =T x (0,00), y(0) =yo in ,

where €2 is a bounded domain in R”, 1 <n < 3, with a Lipschitz boundary I', w C Q2
is a Lebesgue measurable subset with positive measure, g € LP(0,00; L2(2)) N L?(Q)
with

4

pE (47,00} ifn=2or3andpe[200ifn=1.
-n

By X we denote the characteristic function of w, and yo € L>(£2). The symbol ux.,

is defined as follows:

] u(z,t) if (z,t) € Qu = w X (0,00),
(uxw)(@,t) = { 0 otherwise.

A denotes the elliptic operator Ay = — ZZL i1 Oz, [aij(x)0y,y] satisfying

a;; € L°(Q) for all 1 < 4,5 <n, and AglE)? < Z a;;(x)&€; VE € R ae. in Q

ij=1
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for some A4 > 0. With 9,,, we denote the usual conormal derivative associated with
the operator A.

For the nonlinear term f : @ x R — R in the state equation we assume that
f = fi+fa, where f; : QxR — R are Carathédory functions of class C? with respect
to the last component and satisfy the following assumptions for almost all (z,t) € @

fi(z,t,0) = fa(x,t,0) =0 and IL; > 0: ’%—J;(I,t,y)’ <Ly VyeR, (1.2)
AMy > 0 such that fi(z,¢,y)y > 0 and aa—];l(:ﬁ,t,y) >0 V|y| > My, (1.3)

o7
VM > 03Cf,p such that la—f(x,uy)‘ <CymVy <Mandj=1,2. (1.4)
Y

From these hypotheses we infer that for Ay = Cy ps, + Ly we have

0
—f(sc,t,y) >—-Ay VyeR. (1.5)
dy
Given a measurable set ws C ) with positive measure we introduce the following
control problem

1> .
P in - J(y,u) = t) — ya()||2 2., dt f/ 25, dt,
®)  min Jww=g [0 wlbe, g [ Ol

where Aquq = {(y,u) € W(0,00) N L>®(Q) X Uyq satisfies (1.1)} with
Upg = {u € L*(0,00; L*(w)) : u(t) € Kqq for a.a. t € (0,00)}.

Above K4 denotes a closed, convex, and bounded subset of L?(w) containing 0, v > 0,
and y4 € LP(0, 00; L?(ws)) N L?(Qs) with Qs = w, x (0,00). Possible choices for Kq
include

K(ld = B’Y = {’U € Lz(w) : ||vHL2(w) S 7}7 O < Y < 0, (16)
Key={vel?w):a<v(@)<Bforaa zcw}, —co<a<0<pf<oo (17

We observe that it is necessary that 0 € K,q to exclude the trivial case. Indeed, if
0 ¢ Kaq then |lul|z2(q,) = 00 Yu € Ugq. Since K,q is bounded in L?(w) we get that
Uaq C L*(0,00; L?(w)) N L>=(0, 00; L?(w)) C L9(0, 00; L?(w)) for every q € [2, 0]

An important difficulty in studying (P) evolves around the fact that this problem
is posed on an infinite time interval. Hence, existence of global solutions in time
must be taken into consideration both for the original nonlinear equation (1.1) and,
in the course of the treatment of the optimal control problem, also for the linearized
equation and its adjoint.

Compared to our earlier work in [5, 6, 7], we do not assume here that the lead-
ing linear operator A is strictly coercive and there is no assumption on the sign of
6@ f at the origin y = 0. Moreover by including the f; summand in the structure
of f, genuine Lipschitz continuous linearities are admitted, which was not the case
in our earlier work. These generalizations can be accomplished at the expense of a
stabilizability assumption on the linearized equation. Concerning the nonlinear equa-
tion in (P) we assume the existence of a feasible control-state pair. For both, the
stabilizability problem of the linearized system as well as for the existence of feasi-
ble controls for the nonlinear problem, we can rely on results in the literature where
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such controls are constructed. References given in the appropriate instances further
below. This approach allows us to include polynomials of odd degree with a positive
leading coefficient, as for instance the Schlégl equation with the nonlinearity given by
f)=yly—&)(y— &) with &, & €R.

A second important difference with respect to our previous papers is that we do
not assume global observation of the state, but rather only local observation on a
subdomain ws. To deal with this situation we make a detectability hypothesis, which
is dual to the stabilizability assumption; see e.g. [8].

The techniques to establish first and second order optimality conditions for the
nonlinearities considered in the present paper are necessarily different from those
used in the earlier work. There, the optimal control problems were considered in
reduced form, i.e., the state y was considered as variable depending on the control u,
which was the only independent variable in (P). Subsequently the analysis evolved
around the properties of the control-to-state mapping y and its linearization. For the
nonlinearities considered here these mappings are not necessarily well defined. Rather,
here both the state y and the control u need to be treated as independent variables
linked by the state equation (1.1). Subsequently difficulties arise because the operator
appearing in the linearized state equation and its adjoint are not coercive. For the
existence of Lagrange multipliers we therefore have to resort to the Zowe-Kurcyusz
approach which relies on establishing the Robinson’s constraint qualification. We
prove that this constraint qualification holds under our stabilizability assumption of
the linearized equation. For the verification of the uniqueness of the multipliers as
well as for the analysis of the second order conditions it is instrumental that the
adjoint state (t) tends to zero as t — oo. This implies that the control constraints
are inactive in both cases (1.6) and (1.7) for ¢ large enough. We also address the
approximability of the infinite horizon problem by families of finite horizon problems.
For this purpose an intricate use of the optimality system must be made, see Step I
of the proof of Theorem 5.3.

The following sections are structured as follows. In Section 2, the existence of
solution to (P) is established. First order optimality conditions and structural prop-
erties which result from these conditions are treated in Section 3. Section 4 is devoted
to second order optimality conditions. The convergence analysis of finite horizon
problems to the infinite horizon problem is covered in Section 5.

The following standard notation will be used along the paper:

W(0,T) = {y € L*(0,T; H'(Q)) : % € L*(0,T; H (Q)*)} for T € (0, cc].

2. Existence of a solution for (P). Before addressing the existence of solution
for (P) we need to analyze the state equation. For this purpose we introduce a
hypothesis associated with the domains of control w and observation w,, which is
assumed through this paper. First, let us define the operator A : H*(Q)) — H(Q)*
by

(Ay,2) = Z / i ()00, Y0y, zdz Vy,z € H' ().
0

ij=1

Assumption. There exist Il € L(L?(2), L*(w)), K € L(L*(ws), L*(Q)) and o > 0
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such that for every y € H*(Q)

1

(GA= AT+ x0Ty, y) > ollyl72 (), (2.1)
1

(GA= MDDy + Ky, y) > ollyllZeo), (2.2)

where Ay was introduced in (1.5). We observe that (2.1) and (2.2) along with (1.5)
and the ellipticity of A imply that for every y € H(Q2)

(A = AfT + oIy, ) > pllyl2 o, (2.3)
(A= AgDy+ Ky ) = pllyln . (2.4)

with p = min{ATA, o}.
Let us comment on the above assumption. If we take ITy = Ay|w with A > 0 we
know that

1 A
(GA+ Xy, y) > 7‘4 /Q [Vy(x)|* da + A/ y*(x)dz > oallyl72() Yy € HY(Q)
w

for some oy > 0. If o > Ay we deduce that (2.1) holds for o = oy — Ay. It is easy to
prove that this approach is valid if w and X\ are big enough. An alternative selection
of II could be IIy = A fw y(z) dz in w that implies

1 A 2
(GA+ M) > 5 [ [Oy@P do+A( [ w@)de) = oz Yo e H'(@)

for some o, > 0. Once again, if g,, > Ay then (2.1) is fulfilled with ¢ = o, — Ay. For
bigger values of Ay or small domains w it is still possible to find a feedback operator 11
such that the above assumption holds if w is selected appropriately; see, for instance
[9, 14], where the construction of finite dimensional, exponentially stabilizing feedback
actuators with appropriate chosen localized supports are described. The focus is
on choosing the control domain w in such a way that the linearized system can be
stabilized from there. The reader is also referred to [2, 3, 11] and the literature cited
there for further approaches for stabilization.

Analogous comments apply to the operator K. We can define Kz = A fws sdx or
Kz = zx,, for z € L?(ws). The method of [9, 14] can also be used to define K for
small domains ws and large Ay. If w = w, then we can simply take K = II*.

Before addressing the existence of a solution for problem (P), we establish some
properties of the state equation (1.1).

DEFINITION 2.1. We say that (y,u) satisfies the state equation (1.1) if (y,u) €
W(0,T) x LP(0,T; L*(w)) for every 0 < T < oo and

0
%+Ay+f(x,t,y):g+uxw in Qr = Q2 x (0,T), (2.5)
On,y=0 on Xy =T x(0,7), y(0) =yo in L,

holds in the variational sense.

Due to the property (1.5) and the regularity properties of (g, u,yo), the existence
and uniqueness of a solution y € W(0,T) N L*>°(Qr) is standard; see, for instance, [6].
In addition we have the following result.



Infinite Horizon Control Problems 5

THEOREM 2.2. Let us suppose that (y,u) satisfies (1.1). Ify, € L*(Qs) andu €
L2(0, 00 L(Qu)) NLA(Qu), theny € W(0,00)NL>(Q) and f(-,-y) € LAQ)NL™(Q)
hold. Moreover, the following estimates are satisfied

lyllo < K1 <||yo||L2(Q) + [lg + uxwllz2(@) + ||y||L2(QS)), (2.6)

9l @) < Kz (I19llzz@) + lvoll o)

+[lg +uxwllz2 (@) + 119 + uXwll Lr(0,00;22(02)) + Mf)» (2.7)
1fC oo @) < Crallyllze @), IfC 2@ < Crllyllzz ), (2.8)
1y llw (0,00) < K3 (Ilyollem) +llg +uxollrz@) + ||y||L2(Q))’ (2.9)
A {ly(8)]| Lo @) =0, (2.10)

where My is given by (1.3), Koo = |[yllz (@), Ck.. as in (1.4) with M = K, and

N

lylle = (||y||2Loe(o,oo;L2(Q)) + |\Z/||%2(o,oo;H1(Q))>

Proof. Let K be the operator introduced in (2.2). It is obvious that y is the
solution of

0 .
§§+Ay+Ky\Qs+f(x7t,y)=g+uxw+Ky\Qs in Q= x(0,00),
On,y=0 on X =T x (0,00), y(0) =yo in Q.

Testing this equation with y, using that f(=,¢,0) = 0, (1.5), (2.4), and that y|, €
L?(Q,) we get for every t € (0,00)

1 t
Sy @IZz0) + u/o Iyllz () At < llg +uxwllz2@ Iyl 2 0.sz2@) + 1K YlIZ2q.)

which implies (2.6). Now, the statement of the theorem and the estimates (2.7)-(2.8)
follow from [7, Theorem A2] applied to the equation

0 .
{ S+ Ay +y+ Ay + S @ y) = L+ Ay + g+ uxe in Q,
On,y=0o0n %, y(0)=1ypin Q,

where Ay is given in (1.5). Estimate (2.9) is a straightforward consequence of (2.6)
and (2.8). Let us prove (2.10). For T' > 0 we define the mapping 7z : [0,00) — [0, 1]
by
0 tel0,T],
nrt) =4 t—T te[T,T+1]
1 te[T+1,00),

and set wr(x,t) = nr(t)y(z,t). The we have

0 .
=L+ Awr = nr(t) (g + wxw = S(@, ) + by in @ x (T,00),
Op,wr =0o0n T x (T,00), wr(T)=0in Q.
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Applying the first part of the theorem and taking into account that My = 0 for the
above equation we infer the estimate

W[ Loo (7,00;L5 (02)) < K2 (Hg +uXw = [(@ 6, Y)|| L2 (T,00:22(2) + 1Yl 22(7 00:22(22))
+[lg +uxw — (@, 6, Y| Lo (1,00;22(2)) + ||y||LP(T,oo;L2(Q))) —0as T — oo.

The result follows from the inequality ||y(T' +1)| £ ) < [|lwr||Lo (7,00;20(0)) — O as
T —o00. 0

The following result on the solvability of (P) can be proved as in [7] using Theorem
2.2. The assumption that A,q is not empty holds, for example, if there exists a
stabilizing control in feedback form. Such stabilizing controls for nonlinear systems
were analyzed in [1, 9, 13], for instance.

THEOREM 2.3. Let us assume that A,q is non empty. Then, (P) has at least one
solution (g, @).

Since the problem (P) is not convex we focus on local solutions. We say that
(y,u) € Aqq is a local solution or a local minimizer of (P) if there exists r > 0 such
that

J(5.) < J(y,w) V(y,u) € Agg such that [y — g2 + u— @l z2(q.) < 7. (211)

3. First-order optimality conditions. In this section, (7, @) denotes a local
solution of (P). The goal is to prove first-order optimality conditions satisfied by
(y,u). For this purpose we introduce an auxiliary optimal control problem. For
M = ||g]|L=(q) + 1 we define the C**! function 7y : R — R as follows

M1 ifs>M+1,
s+(M—38)2+(M-s)? ifM<s<M-+1,
N (s) = s if —M<s<+M,
s—(M+s)?—(M+s)3 if —-M—-1<s<-M,
-M -1 ifs<—-M—1.

It can be easily checked that 0 < n},(s) < 1 for every s € R. Now, we set fa(x,t,s) =
f(x,t,ma(s)). It is obvious that fys is of class C! with respect to the last variable
and (1.5), (1.2), and (1.4) imply

of of
Sy @ty) = @t )i (y) = —Ar Yy € R, (3.1)
fM('a'aO) :f(aao) =0, (32)
Ofm
a—y(a:,uy) < Cym+1 Yy €R, (3.3)
for almost all (z,t) € Q. Associated with fj; we consider the equation
@—FA + fu(z,t,y) = xou in Q
{ ot Yy M\T,0,Y) = Xw 5 (34)
On,y=0o0n %, y(0) =y in Q.

This equation is a particular case of (1.1) where f; = 0 and fo = fas. Hence, Theorem
2.2 applies to this equation. Now we introduce the control problem

. 1 [ v [
(Pr)  min J(y,u) = 5/0 ly(t) — ya(®)l|72 (. dt + 5/0 Ju()]|72 (. dt,

(y,u)€EAaam
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where Agan = {(y,u) € W(0,00) N L®(Q) X Uyq satisfies (3.4)}.
THEOREM 3.1. The local solution (g,a) of (P ) is also a local solution of (Pyr).
Proof. First we recall that ||y||Loo(Q) + 1 = M, therefore far(x,t,5(x,t)) =
f(z,t,g(x,t)) for almost all (z,t) € Q. As a consequence we get that (7,4) € Aganm-
Now, we proceed by contradiction and assume that (7, %) is not a local minimizer of
(Par). Then, for every k > 1 there exists an element (yg, ux) € Aqqns such that

1
lye — llz2(@) + llur — tllz2(q.) < % and J(yr,ux) < J(y, ). (3.5)

From Lemma 3.2 below, we infer that limy .o ||yx — ¥llz(@) = 0. Hence, there
exists an integer ks such that [[yx — ¥llr=(g) < 1 for all & > kp;. This implies
that |yxll L~ (@) < 1+ [|7lle~(q) = M and thus far(z,t,yx(z,1)) = f(,t,yx(2, 1)) for
almost all (z,t) € Q and all k > kj;. Therefore we get that {(yx, k) o>k C Aad-
This and (3.5) contradict the local optimality of (g, @). O

LEMMA 3.2. Let {(yr, ur)}72; C Aaq or {(yr, ur)}32, C Acan satisfy that

Jim e = ll2@) + luw — @l L2(qu) = 0.

Then, we have that limy o [|[yx — ¥ll (@) = 0.

Proof. As mentioned above, equation (3.4) is a particular case of (1.1). Hence
it is enough to make the proof for the case {(yg, ur)}3o, C Aaq. Applying Theorem
2.2 to the equation satisfied by (yx,ur) we infer that {yx};2, is uniformly bounded
in L>®(Q). Setting zx = yx — ¥ and vy = up — U4, we obtain z;, — 0 in L?(Q) and
v — 0in L3(Q,) N LP(0,00; L?(w)). For the last claim we have used that {vj}?2,
is bounded in L>°(0,00; L?(w)). Subtracting the equations for (yx,uy) and (¥, 4) we
infer

ot

0
i +Azk+zk f(xat7g)_f(z7tayk)+Uka+Zk in Qa
On,2=0 on X, z,(0) =0 in Q.

Setting My = max{ngHLm(Q),makal Hy}cHLoo(Q)} we deduce from (1.4)

|f(xvt»yk) - f(xatay)‘ < Cvao‘Zk|'

Using this fact and applying (2.6) to the above equation we obtain that

|25 [ Lo (0,00;2(02)) < Kl((l + Cr o) I2ell 22(@) + ”UkHL?(Qw)) —0as k — oo.

This yields that ||zx||Lr(0,00;22(0)) — 0 as k& — co. Applying (2.8) and taking into
account that My = 0 for the above equation, limg oo [|2k|| £ (q) = O follows. O

To establish the first-order optimality conditions fulfilled by (g, @) we follow the
abstract result [15]; see also [10] and [4, Theorem 3.9]. For this purpose we formulate
the problem (Pys) in the following way

min{J(y,u) : (y,u) € W(0,00) X Uyq and Gps(y,u) = (0,0)},
for J: W(0,00) x L*(Q.,) — R and
Gar: W(0,00) x L*(Qu) — L?(0,00; H(Q)*) x L*(Q)

Crrly ) = (24 Ay + Jurlr9) — 9 — uxe,u(0) o).
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LEMMA 3.3. The mapping G is of class C' and we have

DGl u)(ee) = (5 + At TEC s —vxn0). (39

Proof. Obviously, it is enough to prove that Fys : W(0,00) — L?(Q), defined by
Fu(y) = far(s, - y(0), is Ct and DFy(y)z = af—M( ,,y)z. Looking at the definition
of nys and (1.4) we obtain that

fm

(x,t,y2) — Ty(fﬂ;tvyl) <5C m+1ly2 — 1l V1,42 € R (3.7)

dy

Using this Lipschitz property and (3.3) we get with the mean value theorem and the
Hoélder inequality

1Fa(y +2) ~ Fuy) ~ DEw(9):13s(q)
= [ [ty 4 560,00 = oty ) = 2 ottt e
= [ |5ttt - 2w )|+

Ofm
0s

2(z,t)dxdt

<2Cparr [ |2 i) = 2 oty )]0t
Q

L) l2(t) || Lacollz(t)|| L2 (o) dt

<20pnn [ 20500 - 2 )

|2 gy 2Ry

< 100_?,M+1HZ||%2(O,OO;L4(Q))||ZHLOO(O)OO§L2(Q)) < CHZ”%/V(O,OO)?

< 2Cf,MJrl

1o(0morn VN2 izt 2l 0.00:22(c0)

where §(x,t) = y(x,t) + 0(z,t)z(x,t). This implies
F +2z)—F — DF
1Fa(y + 2) — Fu(y) m(Y)z] 2@ <% lim [ —

llllw (0,00) =0 211w (0,00) ll2llw (0,00) =0

which proves the Fréchet differentiability of Fj;. Let us prove the continuity of the
derivative function DFy; : W(0,00) — L(W(0,00), L*(Q)). Let {yx}32, € W(0,00)
be a sequence converging to y in W (0, 00). We have to prove that

lim  sup  [[[DFum(yx) — DFyv(y))2ll L2 @) = 0. (3.8)

k=00 |l 2]l (0,00) <1

Let us take z € W (0, 00) with ||z|lw(0,00) < 1. Using (3.3), Schwarz’s inequality, (3.7),
and the continuous embedding W (0, 00) C L?(0, 00; L4(2)) we get

[[DFwm (yr) — DFyv(y)]2]l L2

0 (9 3
\/2Cf]\/f+1H f]” Y af;[(~,y)

L*(Q)

12022 0 seszicy
1 1 1
< V10Cs arallyr — y”fﬂ(@)||Z||f,2(o,oc;r,4(0)) < Cllyr — y||f2(Q) — 0ask — oo,

which proves (3.8). O
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According to [15], the existence of a Lagrange multiplier associated with the
constraint Gy (y,u) = 0 is satisfied if (g, @) is regular, i.e. if it satisfies Robinson’s
constraint qualification [12]:

(0,0) € int{ DG ps (7, @) (z,u — @) : (z,u) € W(0,00) X Uzq}- (3.9)

THEOREM 3.4. Robinson’s constraint qualification (3.9) is fulfilled by (g,u) if
one of the following conditions holds
1. There exists v > 0 such that the L?(w) ball B+(0) is contained in Kq.
2. Il € L(L?*(R), L= (w)) and the L>°(w) ball B(0) is contained in Kaq.
Part 1 of the theorem is applicable to the case where K,q4 is given by (1.6). Part
2 is thought for the case (1.7). We also mention that the feedback operator defined
by Ily = A [ y(z) dz and the one constructed in [9] are elements of L(L?(Q), L?(w)).
Proof. Let € be a positive scalar to be fixed later and let (h, zp) be an arbitrary
element in L*(0, oo; H (Q)*) x L*(2) satisfying ||k £2(0,00: 11 (2)) + | 20| L2 (2) < €. We
need prove the existence of (z,u) € W(0,00) X Ugq such that DG (7, 4)(z,u — @) =
(h, z0). This is equivalent to the existence of (z,u) satisfying the equation

0 0
a—i—A +a—(x t O)z—l—[ag(x,t,g)— l( ,6,0)z=h+ (u—12)x, inQ,

0y
On,z2=0 onE z2(0) =29 in Q,

9z of
(3.10)

where we have used that 8f 2 (2,t,0) = 8fM (2,t,0) and 2 (x t,9) = 35;” (x,t,9).

Let p satisfy 0 < p < rmn{ z 4HHH} w1th  given by (2 3). Here ||II|| denotes the
norm in £(L?(Q2), L?(w)) or in £(L?*(), L>(w)) according to the cases 1 or 2 stated

in the theorem.
We select T, > 0 such that

) of . . of
00; w a. ’t7 T 9y 7t’0 H ' S
lllz>(7, 00:L2(w)) + Hay (@.,9) Ay (,¢,0) Lo (T oL @) (310

This is possible because @ € L?(0, 0o; L?(w))

|55 -5,

8y(m t O)H

Lo (T,,00;L>(£2))

<—,t,0’H Tl oo ooeroeccan < CrarllFllLoe ez soiros s
_Hayg (w,t,0y) L°°(T,,,oo;L°°(Q))Hy||L (T, 002 () < Cr |l Loo (T, 002 (92))

where we have used the mean value theorem and (1.4). The existence of T}, satisfying
(3.11) follows from this inequality and (2.10). We define z € W (0,T,) as the solution
to

0z af

E+AZ+ 3y( z,t,9)z =hin Q x (0,T,),

On,z2=0 onT x(0,T,), 2(0) =z in Q.

By using (1.4) and (1.5) the proof of existence and uniqueness of z is standard as well
as the estimate

Izl cco,,:2()) < O, (|20l L2 (02) + Al L2 (0,005 (2))) < O, (3.12)
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Let us denote 2y, = z(T,). Next we extend z to (7,,00) by the solution of the
following equation

0z af af . of
E + Az + [XwH + @(xat70)}z + [aiy(xata y) - Ky(xatvo)}z
=h—ax, in Q x (T,,00), (3.13)

Onaz=0 onT x (T,,00), 2(T,) = 21, in Q.
From (1.5), (2.3),(3.11), and the fact that p < & we infer

0 0
((A+ a—g(x, t,0)I + x 1)z + [a—g

1
> =l ) = plllie@) = Sl @)

(z,t,9) — %(w,t,O)}z,z)

Hence, it is immediate to check that (3.13) has a unique solution z in W (T, c0).
Testing (3.13) with z, integrating between T, and ¢, and using (3.11) and (3.12) we
get

I
HZ(t)H%z(Q) + §||Z\|%2(Tp,t;ﬂl(n))

IA DN =

) 1
(1Pl 20,0051 (%) + 8l 27, 00:L2())) 121 2T, im0 (2) + §||ZT,J||i2(Q)

IN

1 _ 2 W 1
;(||h||L2(0,oo;H1(Q)*) + |l 2 (7, 00522 ()~ + Z"Z”%?(Tp,t;Hl(Q)) + §||ZTP||%2(Q)
(e +p) C7,€?

K2
< + ZHZHL?(T,,,t;Hl(Q)) + 2

This yields

D) 2 2 Y
12l Lo (1, 00522 (w)) < (\/;+ T 5*\/;p< \/;“L R AT

Now we fix € in the following way: 0 < (\/% + CTP)E < ﬁ This implies that

[IT2(t)|| 2 (W) < v for every t > T, for the first case of the theorem.
In the second case, the situation is analogous simply using that |[TIz(t)|| e () <
ITL[12(#)]| 22 () - Choosing

a(t) ifte(0,T)),
u(t) = { ~TI2(t) ift € (T, 0),

we have that (z,u) € W(0,00) X Uyq and it satisfies (3.10). Hence, the identity
DG (g,u)(z,u — 1) = (h, zp) holds, which proves (3.9). O
Now we are ready to prove the first-order optimality conditions satisfied by (7, @):
THEOREM 3.5. Let (g,u) be a local solution of (P). Under the assumptions of
Theorem 8.4, there exists a function function @ € W(0,00) such that
S A+ G e = (7w, in Q

(3.14)
On @ =0 0n X, im0 [|@(t)| £2() = 0,

/ (p+va)(u—a)dedt >0 Yu € Ug. (3.15)

w
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Proof. According to Theorem 3.4 the pair (g, u) satisfies Robinson’s constraint
qualification. Hence, applying [15, Theorem 3.1] we deduce the existence of (@, ) €
L2(0;00; HY(2)) x L?(£2) such that for all (z,u) € W(0,00) X Uaq

/(g_yd)dedt—Fl// a(u —u)dxdt

s w

- [ G A - v gat - [ z0)dez0. (39

Taking u = u above, we infer that

/ (g—yd)zdmdt—/o (gj+Az+g‘z(-,-,y)z,@dt—/ng(o)dx:O (3.17)

s

holds for all z € W(0, 00). From here we deduce that @ satisfies the partial differential
equation in (3.14) in the distribution sense. This yields @ € W(0,00) and therefore
limy o0 [|P(t)[|2() = 0; see [5, Theorem 2.4]. Integrating by parts in the second
integral of (3.17) we deduce that @(0) = . Setting z = 0 in (3.16) and letting u vary
in Uy,q, inequality (3.15) follows. O

COROLLARY 3.6. Let (@,u) satisfy (3.14) and (3.15). If Kuq is given by (1.6),

then the following properties hold for almost all t € (0, 00)

/(@(t) +vu(t))(v—a(t))de >0 Vv € By, (3.18)
if |a(t)]| 2wy < v = @(t) +va(t) =0 a.e. in w, (3.19)
f ||u = u(x =—7¢($’t) a.e. inw

if la(t)) 22wy = v = alz,t) Mo@lme “¢ ™ (3.20)

In the case that Kaq is given by (1.7), then we have

1
u(z,t) = Proji, g (— ;(ﬁ(a:,t)) a.e. in Q. (3.21)

In both cases we have that 4 € L (Q.) and

_ 1 _ L .
lallze=@uy < S llellie(qu) and @) 2wy < l@@Olr2(w) a-e. in (0,00).  (3.22)

The reader is referred to [7, Corollary 2.1] for the proof of this corollary except
for (3.22). The first inequality of (3.22) was also proved in [7, Corollary 2.1] for
Koq given by (1.6). If K,4 is given by (1.7) the same inequality is a straightforward
consequence of (3.21). The second inequality of (3.22) follows from (3.21) if Kgq is
given by (1.7). For (1.6) the inequality follows by observing that (3.18) implies that
u(t) = Proij(—%gZ)(t)) for almost all ¢ € (0,00), where the projection is taken in the
L?(w) sense.

THEOREM 3.7. Let g € W(0,00) satisfy (3.14). Then, ¢ € L™(Q) and the
identity limr_, o ||@(T')|| Lo () = O holds.

Proof. To prove that @ € L*(Q) we observe that it satisfies the equation

{ —%—erA*@Jr@:hin Q,
a,LA*(ﬁ =0on X, lim; s ||§5(t)||L2(Q) =0
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with b = ( — Ya)Xw, — g—i(a:,t,gj)cﬁ + ¢ € L*(Q) N LP(0,00; L*(Q2)). Hence, the
boundedness of @ follows from [7, Theorem A.4]. Moreover, for every T > 0 we have

1Pl Lo (@x (1,00)) < C(||h||L2(Qx(T,oo)) + ||h||LP(T,oo;L2(Q))> —0 as T — oo,

p—2 2
where we have used that ||@[1r(7,00;22(0)) < ||‘»5||L£C(Q)||95H£2(Qx(T,oo))' This con-
cludes the proof. O

THEOREM 3.8. Let us assume that Kqq is given by (1.6) or (1.7). Then, there
exists at most one adjoint state ¢ € W(0,00) satisfying (3.14) and (3.15).

Proof. Let us assume that ¢ and @9 are two functions in W(0, 00) satisfying
(3.14)—(3.15). Set ¢ = @3 — ¢1. From Theorem 3.7 we deduce the existence of
0 < Typ < oo such that [l@;(t)||r2w) < vy and |@i(t)||L=() < vmin{|al, 3} for
t € [Tp,00) and ¢ = 1,2. If K,q is given by (1.6), then @(t) = Proij(—%gai(t)) for
almost all t € [Tp,00) and, consequently, ||a(t)|/z2(,) < 7 a.e. in [Tp,00). If Kuq is
given by (1.7), then (3.21) and the choice of Ty imply that o < @(x,t) < g for almost
all (z,t) € w x (Tp,00). Recalling (3.19) and (3.21) we infer that in both cases we
have that @; + v = 0 in w X [Ty, 00) for ¢ = 1,2. This yields ¢ = 0 in w x [Tp, 00).
Moreover, we have that

0 0
—af(tp + A%+ 6—5(%%@)90 + Xwllp = xwllp in Q x (Tp, 00),

On @ =0o0nT x (Tp,00), lims o0 [lo(t)]|L2(0) = 0 in Q.

Testing this equation with ¢, integrating in [Ty, o), and using (2.3) we obtain

1 oo oo
e+ [ IVe@IPaes [ [ Hppdede=o,
TO T() w

which proves that ¢ vanishes in Q x [T, 00). Further we observe that ¢ satisfies the
equation

Op . Of I
_E_FA o+ 8y(:c,t,y)gp—0m Qr,,

On e p=0o0n X7, o(Tp) =0in Q.

This implies that ¢ also vanishes in Q x [0, Tp], which concludes the proof. O

4. Second-order optimality conditions. In this section we limit ourselves to
the case where K,q is given by (1.6) or (1.7). The goal is to investigate second-order
conditions for problem (P). For this purpose we assume the following additional
hypothesis on f:

Ve > 0 and VM > 0 Jp. s > 0 such that for almost all (z,t) € Q
52 52 . 4.1
O ()~ T e ty)| < & Vil ool < M with g2 — ] < pens. )
dy dy
The analysis of the second order optimality conditions is carried out in the next
two subsections. Throughout this section (g, 4) € Auq4 stands for a pair satisfying (1.1)
and the first order conditions (3.14) and (3.15) along with @ € W (0, 00) N L>(Q).
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4.1. Case I: K,y = By = {v € L*(w) : ||[v12(s) < ~}. For this case we consider
the Lagrange function

L:W(0,00) NL>®(Q) x L*(Q.) x W(0,00) x L>(0,00) — R

© 5
E(y,u,%k):J(y,u)—/ <6*‘1;+Ay+f(x,t,y)—g—uxw,@dt
0

- / £(0)(y(0) — o) dz + % / TAO Nl dt.

It is obvious that £ is a C? function and we have the expressions

a—ﬁ(y,u,ap, /\)vz/ (<p—|—1/u)vdxdt—|—l/ /\/uvdxdt, (4.2)
au w Y Jo w
oL _ > Oz of
5y e Nz= [ opzdedr— [ (G Aot Btz gt
- [ o020 dz, (43)
Q
%L o0 1
W(y,u,gﬁ,)\)(vl,vg):/ (v+ ;A)/Ul’l}g dx dt, (4.4)
0 w
0L 2 f
aiyg(yauﬂpa)‘)(zlvzé) = /Q |:st ayg (x,t,y)(p} 2122 dx dt. (45)

Associated with (i, ¢) we define the Lagrange multiplier A() = ||@(¢)+vu(t)| 12(w)
corresponding to the control constraint, and denote

I ={t€(0,00) : [|u(t)|| 12y =7} and I} ={t €I, :At) #0}.

Let us check that X is really a Lagrange multiplier. For this purpose we prove the
following lemma.

LEMMA 4.1. The identity A(t) + vy = [|¢()||L2(w) holds for almost every t € I.,.
Proof. If t € I, \ L‘)‘ , the identity follows from the definitions of A and I,. For
t € I7 we get with (3.18)
- ~1

30 = swp = [ (60 + vl da < ‘71 / (B(8) + va())a(t) dz < A(L).

These inequalities and (3.20) yield

Alt) = ‘71 / (@(t) + va(t)a(t) dz = |50 20w — 12,

which proves the lemma. O

The previous lemma implies that [|@¢(#)||z2() > vy if t € I Using (4.2), (3.19),
and Lemma 4.1, we infer for every v € L*(Qy)

_ 1-
— (g, @, @, \)v= / (p+va+ —Au)vdadt
o v

= [ [ o=t + o0l — il

— ————J)vdzdt =0,
Olew 3 Ol
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where we have used (3.20) and the Lemma 4.1. We also have that %(g, U, @,\)z =0

for every z € W(0,00). This follows from (4.3), an integration by parts, and (3.14).
To formulate the second order conditions we introduce the cone of critical direc-
tions as follows

Ciyay = {(z,0) € W(0,00) x L*(Q.,) satisfying (4.6) — (4.8)},

/ (g +vua)vdedt =0, (4.6)

/ a(t)v(t)de <0 for a.a. t € I, (4.7
0z of N .
E‘i‘AZ‘i‘aiy(m,t,y)Z—'UXw m Qa (48)

On,z2=0 on 3, z(0)=0 in Q.

We observe that for every (z,v) € C(y, 4 the equality [ @(t)v(t)dz = 0 holds for
a.a. t € IF. This follows from (4.2), (4.6), (4.7), and the identity 9L (g,u, ¢, \)v = 0.
THEOREM 4.2. Suppose that D?  L(y,4,p,\)(z,v)? > 0 for every (z,v) €

(y,u)
C,a) \1(0,0)}. Then, there exist ¢ >0 and 6 > 0 such that

) _ _
T@0) + 5 [Ily = ll70, + lu—alliz )] < J(yu) (4.9)

V(y,u) € Aaa : |1y = llz2(@) + lu —ullL2q.) < e

Proof. We argue by contradiction assuming that (4.9) is false. Then, for every
integer k > 1 there exists (yg, ux) € Aqq such that

lye — 9llz2(@) + llur — @llz2(.) < %
1
We set pr, = [llyr — 9ll72(q.) + lluk — @llF2(q.]” and (zr, k) = o= (yp — §suk — ).
We split the proof into four steps.

Step I - There exists a subsequence, denoted in the same way, such that (zj,vg) —
(z,v) in W(0,00) x L*(Q.) and (z,v) satisfies (4.8). Since {vx}32; is bounded in
L?(Q.,), the convergence v, — v in L?(Q,,) obviously holds for a subsequence. Now,
we prove that the boundedness of {2z, }32, in L?(Q,) implies its boundedness in
W(0,00) as well. For this purpose we subtract the equations satisfied by y, and g
and divide by pj to obtain with the mean value theorem

0 . .
- + Azk + 875(‘1:’267?-//6)2’% = Vg Xw 111 Q7
On,zk =0 on %, z(0) =0 in Q,

where §i(z,t) = g(z, t)+ 0k (x, t) [yr (2, t) —F(x,t)] and b : Q@ — [0, 1] is a measurable
function. From Lemma 3.2 we know that limy e |[yx — ¥ll (@) = 0, hence {jx}3,
enjoys the same property. Rewriting the above partial differential equation in the
form

8zk

0] . .
2t Az + Kzy),, + %(xatvyk)zk = UkXw + Kzp),, in Q,
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observing that the right hand side of this equation is uniformly bounded in L?(Q) and
using (1.5) and (2.4) we infer the boundedness of {z;}72, in W (0, 0c0). This leads the

existence of a subsequence such that (zj,vg) — (2,v) in W(0,00) x L*(Q.,). Now it
is easy to pass to the limit weakly in the above equation and obtain that (4.8) holds
for this limit (z,v).

Step II - (z,v) € Crz.4). We have to prove (4.6) and (4.7). To establish (4.7) we
simply use that [[ux(t)| r2(.) < 7 to obtain

_ 1/ _
[ atn®ds < (la®lee la®leo.,) - a0,
w Pk
)
=L —~) <
(s Dlz2 =) <0

for almost every ¢ € I.,. Then, passing to the limit as k — oo inequality (4.7) follows.
To obtain (4.6) we first use the optimality condition (3.15) as follows

1
/ (¢ +vu)vdedt = lim —/ (¢ + vu)(up —a)dzdt > 0.
k—oo Pk Qu

w

To prove the converse inequality we make a first order Taylor expansion and use (4.10)

2
o oy _ 1 _ _
J(y,u) 2]]; = J(y,u) + ﬁ[”yk - y||iz(QS) + flur — U||%2(Qw)] > J(Yk, uk)

=J(?J,@)+/ @k—yd)(yk—?)dmdt—i—u/ g (ug, — ) dz dt,

s w

where (g, Ur) is an intermediate function between (yi,ur) and (7,u) and, conse-
quently, it converges strongly to (7, %) in L?(Q) x L?(Q.,) as k — oco. Hence, dividing
the above inequality by pr and passing to the limit we get

/(@+Vﬂ)vdxdt=/ (gj—yd)zdxdt—i-y/ avdzdt <0,

w s w

where we have used (3.14) and (4.8) to get the first equality. Thus we conclude the
verification of (4.6). B

Step IIT - D(Qy’u)ﬂ@,ﬁ, 5,A\)(z,v)% < 0. Since (y,ur) and (7, v) satisfy (1.1) and
AONue(®) 22 ) € A0 = MO a(8) ) we get from (4.10)

_ 5 5 1 _ _
L(yr, uk, 8, A) < L(Y, U, @, A) + % [y — Gl720.) + llux — @ll720,)]-

By a second order Taylor expansion of LY, Uy Py 5\), using the established identity
D) L(7, 1,9, M) (z,v) = (0,0) for all (z,v) € W(0,00) x L*(Q.,), and dividing by p7
we infer from the above inequality
0% f L 1<
/ [st - W(x, t, yk)go} 22 drdt + / [v+ =Xvp dz dt
Q Y Y

w

= D(2y,u)£<gkauk,@75\)(Zk7vk)2 < ﬂ?

where g, (x,t) = §(x,t) + 0 (x, t)[yr(x, t) — §(x, t)] for 6), : Q — [0, 1].
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To conclude the proof of this step it remains to check that

D(Qy,u)‘a(g7 ﬂ7 @a /\)(Za v)Z < 1lkn_1>£f D(zy,u)‘c(y/w Uk, @a X)(Zlﬁ Uk)2 =0. (411)

For this purpose we first observe that the convergence (z,vx) — (z,v) in L?(Q) X
L?(Q.,) implies

1.
/ z2d:vdt+/ v+ )\]v dxdt<hm1nf(/ z,%dxdt—l—/ [u—&—f)\]v,%dwdt).
k—oo y

s w s w

Now we prove that

2 2
lim / ggg(m,t,gk)cpzidxdt:/cggy{(x,t,y)gszdmdt, (4.12)

k—o0 Q

which will end the proof of Step III. First, we infer from Lemma 3.2 and Theorem
3.7 that limg o |Gk — gHLQc(Q) — 0 and limp_, ||¢||L00(T700;L<>Q(Q)) = 0. Then, there
exists a constant C' > 0 such that

. ,t;H <C Vk>1.
H U HLoe +H6 y) L>(Q)

We also know that {z;}72, is bounded in W(0, 00), which implies the existence of a
constant C” such that sz”%z@) + HzH%z(Q) < (. Then, for every T > 0 we have

[e’e) 82 o0 82
/ / ‘—{(~7~,yk)¢z,%)dxdt+/ / ‘%(w,t,gj)@zﬂdxdt
T Ja!Oy

0% f

2 Tl 2 %,

[H )] o el | Gz o ] g 1o ] I (it o
<o’ HSOIILoo(T,oo;Lw(Q»

Now, given ¢ > 0 we select T. € (0,00) such that ||@[| L (1. ,00;2(Q)) < 56707
From the compact embedding W (0,7.) C L?(Q x (0,7%)), assumption (4.1), and the
boundedness of ¢ we infer that

2 2
St > gt pe? i L@ X (0.1.)

Therefore, an integer k. exists such that

Te 82 Tg
’/0 /Qay t, Yk @zkdzdt / /82 x,t,9)pz dxdt’< VE > k..

Combining the established estimates we get

2 2
‘/ %(Jt,t,ﬂk)sﬁzidxdt—/ g—yf(m,t,g])@fdxdt‘ <e Vk>ke,
Q Q

which proves (4.12) and, consequently, (4.11).

Step IV - Contradiction. The statements proved in Steps II and III and the
second-order condition assumed in the theorem imply that (z,v) = (0,0). Hence,
(4.12) yields

2

. o°f
thrEO o Oy (1 k) @zi dadt = 0.
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Therefore, utilizing this identity, that ”zk”%?(Qs) + ||”k||2L2(Qw) =1, and (4.11) we

infer the following contradiction

0 < min{1,v} < hminf( [x I )@} 2dedi+ [ [v+ Lo da:dt)
) = Do Q Ws 8y2 s Uy Yk k ’Y k

= lim inf D, oy (Frs uny @, A) (25, 0g)? < 0.

w

4.2. Case II: K, = {v € L*(w) : a < v(z) < B foraa. x € w}, —00 < a <
0 < B8 < oco. For this K4, the cone of critical directions is defined by

Cigay = {(z,v) € W(0,00) x L*(Q.) : (4.6), (4.8), and (4.13) holds},

et { 20 far) =y (1.13)

Then, we have the following theorem on sufficient second order optimality conditions.

THEOREM 4.3. Suppose that D(2y7u)J(7j,ﬂ)(z,v)2 > 0 for every (z,v) € Cya) \
{(0,0)}. Then, there exist £ > 0 and § > 0 such that (4.9) holds.

The proof of this theorem follows by contradiction as in the proof of Theorem
4.2 by replacing the Lagrangian function £(y,y,®,\) by the cost functional J(y,u).
The proofs of (4.6) and (4.8) are the same. The proof of (4.13) is a straightforward
consequence of the fact that every vy satisfies (4.13), the set of functions v satisfying
(4.13) is convex and closed in L?(Q,), and vy — v in L*(Q,,).

5. Approximation by finite horizon problems. This section is dedicated
to proving the convergence of solutions of finite horizon problems to solutions of the
infinite horizon problem (P). One motivation for this analysis is the numerical real-
ization which is typically carried out on finite time horizons. We assume throughout
that Agq # 0. Then, Theorem 2.3 assures the existence of a solution to (P).

For every T € (0,00) we define the control problems

. 17 9 v [T 5
Pr), min el =5 [ 10 - waOlsp e+ 5 [Tl dr

where A7 qq = {(y,u) € W(0,T) N L®(Q) X Ur qq satisfies (2.5)} with
Ur aq = {u € L*(0,T; L*(w)) : u(t) € Kuq for a.a. t € (0,T)}.

Let us denote Qr,s = ws X (0,7) and Q7 = w x (0,T). For every u € L*(Qr, N
LP(0,T; L*(w)) the state equation (2.5) has a unique solution y,, € W (0, T)NL>®(Q7).
Hence A7 qq # 0 and the existence of a solution to (Pr) follows in the classical
way. If (yr,ur) is a local solution of (Pr), then there exists an adjoint state pr €
W(0,T)N L*®°(Qr) satisfying
788% + A%pr + %(matvyT)wT = (Y1 — Yd)Xw, in Qr, (5.1)
Onpetpr =0 0n X7, o(T) =0,

/ (pr +vur)(u—urp)dedt >0 Yu € Up 4q. (5.2)
Qr,w
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If K,q is given by (1.6) we introduce the Lagrange multiplier associate with the
control constraint Ar(t) = || (t) + vur(t)||L2() and the Lagrangian function

Lr:W(0,T)NL>®(Qr) x L*(Qr.) x W(0,T) x L>=(0,T) — R

T
0
ET(y,u,sa,/\):JT(y,U)*/ <*8‘Z+Ay+f(x,t,y)*gfuxw,w>dt
0

1 /7
- [ WO =)+ 5 [N e
Arguing as we did in Section 4.1 we infer that

Dy wyLr(yr, ur, o1, Ar)(2,v) =0 V(2,v) € W(0,T) x LQ(QTM). (5.3)

The next two theorems show that problems (Pr) provide a good approximation to
(P).

THEOREM 5.1. Let (yr,ur) € Ar.aa be a solution of (Pr) for every T > 0.
Then, the family {x(or (yr,ur)}r>o is bounded in L*(Q) x L*(Q.). FEach weak
accumulation point as T — oo is a solution of (P). Moreover, if Ty — oo and
X 0,10 (Wrun,) = (y,u) in L*(Q) x L*(Qu) as k — oo, then we have for every
p € [2,00)

Jm (||ka = yllweo,r) + 1y — yllee(@r,) + llun, — uHLP(O,Tk;LQ(w))) =0. (54)

Proof. Let (§,u) be a solution of (P). Since its restriction to Qr X Qr,, is a
feasible pair for (Pr) we infer that Jr(yr,ur) < Jr(g,a) < J(g,u). This implies
the boundedness of {x(o,7)(yr, ur)}r>0 in L*(Qs) x L?(Q.,). Hence, there exists a
sequence {T}}72, converging to oo such that x(o.7,)(yz,, un,) = (y,u) in L*(Qs) X
L?(Q.). Given T < oo we take kr > 1 such that T}, > T for every k > k7. Theorem
2.2 yields the existence of a constant C' such that

lyzellwo,7) + lyrill e (@r) + vz L2 (@r) < C Vk > kr. (5.5)

Altogether this leads to yp, — y in W(0,T) N L=(Qr) for all T < co. The com-
pactness of the embedding W (0,7) C L?*(Qr) also implies the strong convergence
yr, — y in L2(Qr). By taking a further subsequence, we get that yr, (z,t) — y(z,1)
for almost all (x,t) € Q7. Using these properties it is immediate to pass to the limit in
the equation satisfied by (yr,,ur,) in Q1 to deduce that (y,u) satisfies (2.5) for every
T < oco. Due to the fact that y, € L?(Q,) and using again Theorem 2.2 we infer
that y € W(0,00) N L*>°(Q) and (y,u) satisfies (1.1). In addition, since Uy,q is convex
and closed in L*(Qy) and {x(0,Tx)ur, }3°; C Uzq we conclude that (y,u) € Agq.
Now, using the optimality of (yr,,ur,) and (¥, %) we obtain

. . 1 o0 v oo
J(y,u) < limin (5/0 X, vz, = vall 2o, dt + 5/0 X 0,10 1 ll72 ) dt)
. 1 [~ 9 v [ 9
< limsup (* X111 = YallT2w,) At + 5 [ Xm0 lukllz2(w) dt)
k— o0 2 0 2 0

= limsup Jr, (y7,, ur,) < limsup Jz, (7,4) < J(7, a).
k—o00 k—o00
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This proves that (y,u) is a solution of (P). Hence, J(y,u) = J(g,u) and the strong
convergence x (0, T ) (yr, , ur,) — (y,u) in L?(Qs) x L*(Q.,) holds. It remains to prove
(5.4). For this purpose we define 2, = xo,1,](y1, —¥) and vy = ug, — u. Subtracting
the equations satisfied by(yr, ,ur,) and (y,u) in Qp, we infer

azk 3f ~ .
E + Azk + KZMQ.; + Fy(‘rvuyk)zk = Ve Xw + -[{ZIC\Q9 m QTk7 (56)
On,2t =0 onXp,, 2(0) =0 in Q,

where §i(z,t) = y(z,t) + O (z, t)[yr, (z,t) — G(z,t)] for 0 : @ — [0,1]. Using (1.5)
and (2.4) and that z;, — 0 in L?(Q,) we deduce from the equation (5.6) that

szHW(O,Tk) < ClHUka + szlcys ||L2(QTk) —0 ask— oo.

Therefore, the convergence ||zx|zo(0,7,;22(0)) — 0 follows from the continuous em-
bedding W (0,Ty) C C([0,Tx], L?(2)) with a uniform embedding constant. Moreover,
since {X(0,7)Ut, 721 C Uaa, we have that ||vi||pee(o,1;020)) < C”. As a conse-
quence, we get that

k—oo

12k | Lo (@) < C’"(Hvk + K2k N 22(Qry) + vk + K2k, HLT’(O,Tk;LQ(Q))) — 0.

This ends the proof. O

THEOREM 5.2. Let (§,u) be a strict local minimizer of (P). Then, for every
sequence {T}}7°2 | converging to oo there exist an integer kg > 1 and local solutions
{(yry, ur, )}, of (Pry,) converging to (y,u) in the sense of (5.4).

Proof. Since (g, ) is a strict local minimizer of (P) there exists p > 0 such that
J(g,u) < J(y,u) for every (y,u) € Aqq with ||y — §llr2(@) + llu — @l L2¢.) < p. Let
us consider the control problems

(Pp) min{J(y,u) : (y,u) € Aqq and |ly — Yllz2q) + lu — @llr2(q.) < p}
(Pr,,p) min{Jr, (y,u) : (y,u) € Az, aa and |y — gllr2(@r,) + llu — @llz2(Qr, ) < P}

It is obvious that (7, @) is the unique solution of (P,) and that (P, ,) has at least
one solution (yr,,ur,). Then, it is enough to argue as in the proof of Theorem 5.1
to obtain that {(yr,,ur,)}72, converges to (g, u) in the sense of (5.4). Moreover, the
convergence |lyr, =¥l z2(Qr, ) + lun, —@ll2(@r, ) — 0 implies the existence of ko > 0
such that [lyr, — ¥llr2(Qr,) + llurn. — tllr2(Qq, ) < p for every k > ko. This proves
that (yr,,ur,) is a local minimizer of (P, ) for every k > ko. O

In the sequel we assume that K,q is given by (1.6) or (1.7) and suppose that (g, @)
is a local solution of (P) satisfying the second order sufficient optimality condition
stated in Theorems 4.2 or 4.3. We also assume that the feedback operator II belongs
to L(L2(2), L™ (w)) if Kuq is given by (1.7).

In the following theorem we consider the situation where a sequence of local
minimizers {(yr,,ur, )}, of problems (Pr,), after extension by zero to @ x Q.,
converges to a strict local minimizer (7,u) weakly in L*(Q) x L?(Q.). Then, we
prove that Jr, (yr,, ur,) < Jr, (7, a) for every k large enough. This extends the result
of the previous theorem where a particular selection of local minimizers (yr, , ur, ) was
taken enjoying this property.

THEOREM 5.3. Let {(yr,,un,)}3>, be a sequence of local solutions of problems
(Pr,) such that Ty, — oo and X (0. 1,) (Y1, ur,) = (¥, 0) in L*(Qs) x L*(Qu,) as k — co.
Then, there exists kg > 1 such that Jr, (yr,,ur,) < Jr, (4, @) for every k > kq.
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Proof. First, we observe that arguing as in the proof of Theorem 5.1 we deduce
that x(o,7,) (1., ur,) = (¥, ) in the sense of (5.4). We shall utilize the adjoint states
o1, and @ associated with (yr,,ur,) and (g,u). Since 7, (T) = 0, its extension by
zero to @, denoted in the same way, is a function of W (0, 00) N L*°(Q).

We proceed by contradiction. If the statement of the theorem is false, then there
exists a subsequence denoted in the same way such that

_ ~ 1
pr = vz = Gll32(gn, .+ lum = ll3aon, )] < 7 (5.7)
JTk (g7’a) < JTk (ka7uTk)' (58)

We set (zk,vi) = iX(QTk)(ka — g, ur, — ). Following the same arguments utilized
in Step I of Theorem 4.2 proof, we obtain the existence of a subsequence such that
X(0,1) (Z> vk) = (2,0) in L?(Q) x L*(Q.). We now split the remaining part of the
proof into three steps.

Step I - limg_ oo (”(PTk = ?llw(,00) + o1 — @HLoc(Q)) = 0. For the verification
we use a duality argument. Set ¢, = @1, —®. We denote the extension of (yr, , ur, )
to @Q X @, by zero in the same way. Let us set

Moz o, U HKad I8 given by (1.6),

vEmin{|o|,B} : S
G pypr— if Kqq is given by (1.7).

Since (yr,,ur,) = (7,4) in L*(Q) x L*(Qu.) and [|¢(t)| 12 — 0 as t — oo (see
Theorem 3.7) there exists kg > 1 such that for every k > ko and T" > Ty, the
following inequalities hold

luz, — @l 2200022 () + [l L2074, oes22(@) < Co and [ @(T) 2@ < %
From these inequalities and Corollary 3.6 we infer that
H’U,Tk ||L2(Tk0,oo;L2(w)) < Cy and @(T) + Vﬂ(T) =0 Vk>koand VI > Tk()' (59)

Subtracting the equations satisfied by @7, and ¢ we get

—agtT’“ + A%Y7y, + %(96, t, Y1 )V,
= (g — DX, + [Zet.9) — Lo tym)]e i Q. (5.10)
Onputbr, =0 on X, limye0 [[¢07, ()| £2(02) = 0.
For every k > ko we define z7, as the solution of the following equation
82? + Azq, + xoller, + %(z’ t,yr, )T,
= XoUr, Covr, i Qx (Ty,00), (11

© Tz ry, .o

On,2m, =0 on T x (Ty,,0), zr, (To) =0 in Q.

Testing this equation with z7, , using (1.5) and (2.3), and integrating in [T}, ¢] with
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t € (Ty,,o0] we infer
HZ H ||uTkHL2(w><(Tk0,oo)) +CO < 200
T l| Lo (Ty, ,00;L2(Q)) = e
e (Thy () NG NG
|y | L2 (wx (Thy 00)) + Co _ 2Co
1 p
Testing equation (5.11) with ¢, and using (5.10) we get
CollYn, || L2 (x (14, ,00)) =/ /(UTk — Hzg, )b, do dt —/ / (yr, — 9)2r, dodt
Tko w w

Tko s

(5.12)

HszHLZ(wX(TkO,oo)) < (513)

- /:’/Q [%(x’t’ y) — %(m,t,ka)]¢sz dz dt. (5.14)

Let us study the three terms of the right hand side of the above identity. From the
choice of Ty, the definition of Cp, and the estimate (5.12) we deduce that Ilzq, (t) €
Kgq for t > Ty,. Then, (5.2), (5.9) and (5.13) imply

/ /(uTk — HZTk)’(/JTk dx dt
TkO w

< V/ /(Hsz — up, )ug, de dt — / /(uTk — 27, )pdedt
TkO w Tk w

0

= 1// /(Hsz_ —up,)(up, —a)dedt + / /(Hsz —up, ) (¢ + va)dedt
Tk(J w TkO w
k—o00

< V(|2 [l 22 (2x (Thy i00)) F 10T 1 L2 (@ (T v00)) ) 103, = Tl L2 (@ (T3 100)) — O

where ||IT|| stands for the norm in £(L?(€2), L?(w)). For the second term we get with
(5.13)

k—o0

’/ / (yr, — 9)2m, dxdt‘ < lzm L2 @x (1hg oo 17 — Ul L2 (@0 x (T3 0v00)) — 0 -
Thy Jws

Regarding the third term, we observe that (1.4) and (5.4) imply that Hg—i(x,t,g) -

g—i(x,t,ka)HLoc(Q) — 0 as k — co. Then, using again (5.13) we deduce

‘ /T: /Q [%ch(x’t’g) - %ch(xvt’yn)}@zn dxdt‘

of

of _
< ‘ aiy(x7tay) - @($,t7ka)

‘LMQ)”QHLQ(Q)HZ%HLQ(Qx(TkO,oo)) —0 as k— oo,

Thus (5.14) leads limg_ o0 |91, ||L2(QX(TkO,OO)) = 0. Using this fact and the equation
satisfied by 91, in Q x (Tj,,00) we infer with the aid of [7, Theorem A.4] that

Jim (HZ/JTk W (7, ,00) + %7 HLoo(szx(TkU,oo))) =0.

Now, we observe that 17, satisfies the equation

_ 31/)Tk

0
o + A"Yr, + l(mvt’yT)wTk

dy
= (ka - Q)st + [%(!L}t,g) - %(x7tvka):|¢ inQTk07
On .Y, =0 on ZTkO'
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Finally, taking into account that the right hand side of this equation converges to
zero in LQ(QTkO) N L>(Qr,,) and ||, (Tk, )| L) — 0 as k — oo, we infer that
limg o0 o7, = Pllw(0,00) + o1 — BllLe2 (@) = 0

Step II - (z,v) € C(ya)- The remaining part of the proof is done for the case
where K4 is given by (1.6), the second case is analogous and even simpler. This step
is proved in the same way as Steps I and II of the proof of Theorem 4.2 with the
unique difference of the inequality

/ (¢ + vu)vdz <0.

w

To establish this inequality we use (5.2) to get

/ (o1, +vap,)vpde <0 Vk > 1,

w

where we have used that ¢, and @p, vanish for ¢ > Ty. Now, using the strong
convergence @7, — ¢ proved in Step I, we pass to the limit above to deduce the
desired inequality.

Step III - Contradiction. We observe that
Az ONE@) | 22wy < A ()7 = Az, () luz, ()] 22 (w)-
Using this fact, (5.8), and that (7, @) satisfies (1.1), we infer
ﬁTk (17, U, T, )\Tk) < ’CTk (kavuTkv<PTk7)\Tk) Vk > 1.

Then, performing a second order Taylor expansion around (yr,,ur,), taking into
account that £ is a quadratic function with respect to u, and using (5.3) we obtain

0> ‘C’Tk (?7 U, LTy, 5 )\Tk) - ‘CTk (ka » WTyy PTy >\Tk)

- D yu ‘CTk(ka7uTk7g0Tk))\Tk)( ka7 uTk)

+ iD%y,u)LTk (QTMUTMCPTM AT}c)(g - ka,fL - IUIT;C)2
1 N _ _

= iD?y,u)ﬁTk (G, urys P13, A1y ) (F — Y130, @ — Uy ),

where g, is an intermediate function between g and ka. Dividing the above inequal-
ities by p we get D( VLo (I, vt o105 A ) (2 vk)? < 0. Now, the contradiction
is achieved as in Step IV of the the proof of Theorem 4.2. O

THEOREM 5.4. Let {(yr,,ur, )}, be a sequence of local minimizers of problems
(Pr,) satisfying

A (yn = glr2@n, o) + llun = @llr2@r, ) = 0- (5.15)
Then, there exist an integer kg > 1 and a constant C such that
lyr. = Ulle2(@q,) + lun. — Gllr2(Qq, o)
< O (llyr @)l @) + 9] 20 (1,000 + Iall 2200 (11000

holds for all k > ko, where limy_.oo |lyz, (Tk)||L2(02) = O.
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Proof. Arguing as in the proof of Theorem 5.1 and using (5.15) we infer that

Jim <||ka. —Yllwo,r) + llyr, — Z7||Loo<o,Tk;L°°(Q))) =0.

From this equality we get
1y, (Ti) = 9(Te) |22 () < llyn. — Ulleo.maiL2 )
< VI, — Gl 1) — 0 as k — oc.

Moreover, from (2.10) we infer that ||(T%)||z2(q) — 0 as & — oo. Therefore we also
have that |lyz, (Tx)||z2(q) — 0 as k — oo. Now, we consider the equation

0z
b + AZk + Xszk + f(x,t,Zk) =g in Q x (Tk,OO), (516)

ot
{ Ona2t =0 onT x (T, 00), zk(Tk) = yr,(Tx) in Q.
Using that f(z,t,0) = 0, the mean value theorem, (1.5), and (2.3) we infer the

existence of a unique solution of (5.16) satisfying

2kl Loo (Th00s2 () + 128 L2 (73, 00;H1 ()

< Cl(\lka(Tk)HLz(Q) + ”g”L?(Qx(Tk,oo))) — 0 as k — oo.
Then, we can select k1 > 1 such that for every k > k; and t > T} we have

MLz ()] 22wy < T2 ()| L2() < v if Kaq is given by (1.6),
Mz (8[| oe ) < T2k ()| 22 (@) < min{[al, B} if Kaa is given by (1.7),
where ||II|| stands for the norm in the space £(L?(Q), L?(w)) in the first case and in

L(L2(2), L>°(w)) in the second. Now, we set
_ Yy, (.’E, t) if ¢ < Tk, _ ury, (.’E, t) if ¢ < Tk,
yk(m’t) o { Zk(l',t) if t > Tk7 Uk([ﬁ,t) o —sz(l',t) if t > Tk

Thus, we have that (yp,ur) € Agq and (yg,ux) — (7,%) in L*(Q) x L?(Q.). Then
using Theorem 4.2 respectively Theorem 4.3 and Theorem 5.3 we deduce the existence

of kg > k1 such that for all k£ > kg we have
_ 0 _ _
J(y,a) + 5(”?/1« —9ll72(q,) + llux — u”%,Q(QW)) < J(yr, ur),
']Tk (ka ) uTk) < ‘]Tk (ﬂ, ﬂ)

These inequalities imply

1 [ v [~
5 [ 10—l a4 5 [ IO
Tk Tk

SJTk(ka7uTk)7‘JTk(ga 71)+ 9

* T
< [ a0+ Ia®l,) de+ ——SEEBEED [y ) 0 ar.
k k

J _ _ _
5 (lym = 9320, .+ luz = @lEeon, ) < Il ue) = 15, 0)
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We conclude the proof by obtaining an estimate of |y, — Jl7s(q, ) in terms of
k

llyr, — ZJH%z(QTM) + ||lur, 76”%2@%,“})' For this purpose we observe that wy, = yp — 7

satisfies the equation

8wk 8f ~ _ .
2 Awy, + Kwpg,, ,+ @(x7tvyk)wk = (ur, — W)xw + Kuwp)q,, . nQmn

Testing this equation with wy and using (1.5) and (2.4) the desired estimate follows.
O
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