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1. Introduction. In this work we continue our efforts on the analysis of infinite
horizon optimal control problems for semi-linear parabolic equations. We are mainly
interested in first and second order optimality conditions, since they are the basis
for important subsequent questions, including the sensitivity analysis with respect to
noise or system parameters, and the determination of convergence rates of numerical
discretization techniques. We start with the precise problem formulation. Compar-
isons to earlier work are given at the end of this section. The controlled state equation
under consideration is given by{

∂y

∂t
+Ay + f(x, t, y) = g + uχω in Q = Ω× (0,∞),

∂nAy = 0 on Σ = Γ× (0,∞), y(0) = y0 in Ω,
(1.1)

where Ω is a bounded domain in Rn, 1 ≤ n ≤ 3, with a Lipschitz boundary Γ, ω ⊂ Ω
is a Lebesgue measurable subset with positive measure, g ∈ Lp(0,∞;L2(Ω)) ∩ L2(Q)
with

p ∈
( 4

4− n
,∞
]

if n = 2 or 3 and p ∈ [2,∞] if n = 1.

By χω we denote the characteristic function of ω, and y0 ∈ L∞(Ω). The symbol uχω
is defined as follows:

(uχω)(x, t) =

{
u(x, t) if (x, t) ∈ Qω = ω × (0,∞),

0 otherwise.

A denotes the elliptic operator Ay = −
∑n
i,j=1 ∂xj [aij(x)∂xiy] satisfying

aij ∈ L∞(Ω) for all 1 ≤ i, j ≤ n, and ΛA|ξ|2 ≤
n∑

i,j=1

aij(x)ξiξj ∀ξ ∈ Rn a.e. in Ω
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for some ΛA > 0. With ∂nA we denote the usual conormal derivative associated with
the operator A.

For the nonlinear term f : Q × R −→ R in the state equation we assume that
f = f1+f2, where fi : Q×R −→ R are Carathédory functions of class C2 with respect
to the last component and satisfy the following assumptions for almost all (x, t) ∈ Q

f1(x, t, 0) = f2(x, t, 0) = 0 and ∃Lf > 0 :
∣∣∣∂f2

∂y
(x, t, y)

∣∣∣ ≤ Lf ∀y ∈ R, (1.2)

∃Mf > 0 such that f1(x, t, y)y ≥ 0 and
∂f1

∂y
(x, t, y) ≥ 0 ∀|y| ≥Mf , (1.3)

∀M > 0 ∃Cf,M such that
∣∣∣∂jf
∂yj

(x, t, y)
∣∣∣ ≤ Cf,M ∀|y| ≤M and j = 1, 2. (1.4)

From these hypotheses we infer that for Λf = Cf,Mf
+ Lf we have

∂f

∂y
(x, t, y) ≥ −Λf ∀y ∈ R. (1.5)

Given a measurable set ωs ⊂ Ω with positive measure we introduce the following
control problem

(P) min
(y,u)∈Aad

J(y, u) :=
1

2

∫ ∞
0

‖y(t)− yd(t)‖2L2(ωs)
dt+

ν

2

∫ ∞
0

‖u(t)‖2L2(ω) dt,

where Aad = {(y, u) ∈W (0,∞) ∩ L∞(Q)× Uad satisfies (1.1)} with

Uad = {u ∈ L2(0,∞;L2(ω)) : u(t) ∈ Kad for a.a. t ∈ (0,∞)}.

Above Kad denotes a closed, convex, and bounded subset of L2(ω) containing 0, ν > 0,
and yd ∈ Lp(0,∞;L2(ωs)) ∩ L2(Qs) with Qs = ωs × (0,∞). Possible choices for Kad

include

Kad = Bγ = {v ∈ L2(ω) : ‖v‖L2(ω) ≤ γ}, 0 < γ <∞, (1.6)

Kad = {v ∈ L2(ω) : α ≤ v(x) ≤ β for a.a. x ∈ ω}, −∞ < α < 0 < β <∞. (1.7)

We observe that it is necessary that 0 ∈ Kad to exclude the trivial case. Indeed, if
0 6∈ Kad then ‖u‖L2(Qω) = ∞ ∀u ∈ Uad. Since Kad is bounded in L2(ω) we get that
Uad ⊂ L2(0,∞;L2(ω)) ∩ L∞(0,∞;L2(ω)) ⊂ Lq(0,∞;L2(ω)) for every q ∈ [2,∞].

An important difficulty in studying (P) evolves around the fact that this problem
is posed on an infinite time interval. Hence, existence of global solutions in time
must be taken into consideration both for the original nonlinear equation (1.1) and,
in the course of the treatment of the optimal control problem, also for the linearized
equation and its adjoint.

Compared to our earlier work in [5, 6, 7], we do not assume here that the lead-
ing linear operator A is strictly coercive and there is no assumption on the sign of
∂
∂yf at the origin y = 0. Moreover by including the f2 summand in the structure
of f , genuine Lipschitz continuous linearities are admitted, which was not the case
in our earlier work. These generalizations can be accomplished at the expense of a
stabilizability assumption on the linearized equation. Concerning the nonlinear equa-
tion in (P) we assume the existence of a feasible control-state pair. For both, the
stabilizability problem of the linearized system as well as for the existence of feasi-
ble controls for the nonlinear problem, we can rely on results in the literature where
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such controls are constructed. References given in the appropriate instances further
below. This approach allows us to include polynomials of odd degree with a positive
leading coefficient, as for instance the Schlögl equation with the nonlinearity given by
f(y) = y(y − ξ1)(y − ξ2) with ξ1, ξ2 ∈ R.

A second important difference with respect to our previous papers is that we do
not assume global observation of the state, but rather only local observation on a
subdomain ωs. To deal with this situation we make a detectability hypothesis, which
is dual to the stabilizability assumption; see e.g. [8].

The techniques to establish first and second order optimality conditions for the
nonlinearities considered in the present paper are necessarily different from those
used in the earlier work. There, the optimal control problems were considered in
reduced form, i.e., the state y was considered as variable depending on the control u,
which was the only independent variable in (P). Subsequently the analysis evolved
around the properties of the control-to-state mapping y and its linearization. For the
nonlinearities considered here these mappings are not necessarily well defined. Rather,
here both the state y and the control u need to be treated as independent variables
linked by the state equation (1.1). Subsequently difficulties arise because the operator
appearing in the linearized state equation and its adjoint are not coercive. For the
existence of Lagrange multipliers we therefore have to resort to the Zowe-Kurcyusz
approach which relies on establishing the Robinson’s constraint qualification. We
prove that this constraint qualification holds under our stabilizability assumption of
the linearized equation. For the verification of the uniqueness of the multipliers as
well as for the analysis of the second order conditions it is instrumental that the
adjoint state ϕ(t) tends to zero as t → ∞. This implies that the control constraints
are inactive in both cases (1.6) and (1.7) for t large enough. We also address the
approximability of the infinite horizon problem by families of finite horizon problems.
For this purpose an intricate use of the optimality system must be made, see Step I
of the proof of Theorem 5.3.

The following sections are structured as follows. In Section 2, the existence of
solution to (P) is established. First order optimality conditions and structural prop-
erties which result from these conditions are treated in Section 3. Section 4 is devoted
to second order optimality conditions. The convergence analysis of finite horizon
problems to the infinite horizon problem is covered in Section 5.

The following standard notation will be used along the paper:

W (0, T ) = {y ∈ L2(0, T ;H1(Ω)) :
∂y

∂t
∈ L2(0, T ;H1(Ω)∗)} for T ∈ (0,∞].

2. Existence of a solution for (P). Before addressing the existence of solution
for (P) we need to analyze the state equation. For this purpose we introduce a
hypothesis associated with the domains of control ω and observation ωs, which is
assumed through this paper. First, let us define the operator A : H1(Ω) −→ H1(Ω)∗

by

〈Ay, z〉 =

n∑
i,j=1

∫
Ω

aij(x)∂xiy∂xjz dx ∀y, z ∈ H1(Ω).

Assumption. There exist Π ∈ L(L2(Ω), L2(ω)), K ∈ L(L2(ωs), L
2(Ω)) and σ > 0
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such that for every y ∈ H1(Ω)

〈(1

2
A− ΛfI + χωΠ)y, y〉 ≥ σ‖y‖2L2(Ω), (2.1)

〈(1

2
A− ΛfI)y +Ky|ωs , y〉 ≥ σ‖y‖

2
L2(Ω), (2.2)

where Λf was introduced in (1.5). We observe that (2.1) and (2.2) along with (1.5)
and the ellipticity of A imply that for every y ∈ H1(Ω)

〈(A− ΛfI + χωΠ)y, y〉 ≥ µ‖y‖2H1(Ω), (2.3)

〈(A− ΛfI)y +Ky|ωs , y〉 ≥ µ‖y‖
2
H1(Ω). (2.4)

with µ = min{ΛA
2 , σ}.

Let us comment on the above assumption. If we take Πy = λ y|ω with λ > 0 we
know that

〈(1

2
A+ χωΠ)y, y〉 ≥ ΛA

2

∫
Ω

|∇y(x)|2 dx+ λ

∫
ω

y2(x) dx ≥ σλ‖y‖2L2(Ω) ∀y ∈ H1(Ω)

for some σλ > 0. If σλ > Λf we deduce that (2.1) holds for σ = σλ−Λf . It is easy to
prove that this approach is valid if ω and λ are big enough. An alternative selection
of Π could be Πy = λ

∫
ω
y(x) dx in ω that implies

〈(1

2
A+ χωΠ)y, y〉 ≥ ΛA

2

∫
Ω

|∇y(x)|2 dx+ λ
(∫

ω

y(x) dx
)2

≥ σω‖y‖2L2(Ω) ∀y ∈ H
1(Ω)

for some σω > 0. Once again, if σω > Λf then (2.1) is fulfilled with σ = σω −Λf . For
bigger values of Λf or small domains ω it is still possible to find a feedback operator Π
such that the above assumption holds if ω is selected appropriately; see, for instance
[9, 14], where the construction of finite dimensional, exponentially stabilizing feedback
actuators with appropriate chosen localized supports are described. The focus is
on choosing the control domain ω in such a way that the linearized system can be
stabilized from there. The reader is also referred to [2, 3, 11] and the literature cited
there for further approaches for stabilization.

Analogous comments apply to the operator K. We can define Kz = λ
∫
ωs
sdx or

Kz = zχωs for z ∈ L2(ωs). The method of [9, 14] can also be used to define K for
small domains ωs and large Λf . If ω = ωs then we can simply take K = Π∗.

Before addressing the existence of a solution for problem (P), we establish some
properties of the state equation (1.1).

Definition 2.1. We say that (y, u) satisfies the state equation (1.1) if (y, u) ∈
W (0, T )× Lp(0, T ;L2(ω)) for every 0 < T <∞ and{

∂y

∂t
+Ay + f(x, t, y) = g + uχω in QT = Ω× (0, T ),

∂nAy = 0 on ΣT = Γ× (0, T ), y(0) = y0 in Ω,
(2.5)

holds in the variational sense.
Due to the property (1.5) and the regularity properties of (g, u, y0), the existence

and uniqueness of a solution y ∈W (0, T )∩L∞(QT ) is standard; see, for instance, [6].
In addition we have the following result.
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Theorem 2.2. Let us suppose that (y, u) satisfies (1.1). If y|Qs ∈ L
2(Qs) and u ∈

Lp(0,∞;L2(Qω))∩L2(Qω), then y ∈W (0,∞)∩L∞(Q) and f(·, ·, y) ∈ L2(Q)∩L∞(Q)
hold. Moreover, the following estimates are satisfied

‖y‖Q ≤ K1

(
‖y0‖L2(Ω) + ‖g + uχω‖L2(Q) + ‖y‖L2(Qs)

)
, (2.6)

‖y‖L∞(Q) ≤ K2

(
‖y‖L2(Q) + ‖y0‖L∞(Ω)

+ ‖g + uχω‖L2(Q) + ‖g + uχω‖Lp(0,∞;L2(Ω)) +Mf

)
, (2.7)

‖f(·, ·, y)‖L∞(Q) ≤ CK∞‖y‖L∞(Q), ‖f(·, ·, y)‖L2(Q) ≤ CK∞‖y‖L2(Q), (2.8)

‖y‖W (0,∞) ≤ K3

(
‖y0‖L2(Ω) + ‖g + uχω‖L2(Q) + ‖y‖L2(Q)

)
, (2.9)

lim
t→∞

‖y(t)‖L∞(Ω) = 0, (2.10)

where Mf is given by (1.3), K∞ = ‖y‖L∞(Q), CK∞ as in (1.4) with M = K∞, and

‖y‖Q =
(
‖y‖2L∞(0,∞;L2(Ω)) + ‖y‖2L2(0,∞;H1(Ω))

) 1
2

.

Proof. Let K be the operator introduced in (2.2). It is obvious that y is the
solution of{

∂y

∂t
+Ay +Ky|Qs + f(x, t, y) = g + uχω +Ky|Qs in Q = Ω× (0,∞),

∂nAy = 0 on Σ = Γ× (0,∞), y(0) = y0 in Ω.

Testing this equation with y, using that f(x, t, 0) = 0, (1.5), (2.4), and that y|Qs ∈
L2(Qs) we get for every t ∈ (0,∞)

1

2
‖y(t)‖2L2(Ω) + µ

∫ t

0

‖y‖2H1(Ω) dt ≤ ‖g + uχω‖L2(Q)‖y‖L2(0,t;L2(Ω)) + ‖K‖‖y‖2L2(Qs)
,

which implies (2.6). Now, the statement of the theorem and the estimates (2.7)-(2.8)
follow from [7, Theorem A2] applied to the equation{

∂y

∂t
+Ay + y + [Λfy + f(x, t, y)] = (1 + Λf )y + g + uχω in Q,

∂nAy = 0 on Σ, y(0) = y0 in Ω,

where Λf is given in (1.5). Estimate (2.9) is a straightforward consequence of (2.6)
and (2.8). Let us prove (2.10). For T > 0 we define the mapping ηT : [0,∞) −→ [0, 1]
by

ηT (t) =

 0 t ∈ [0, T ],
t− T t ∈ [T, T + 1],

1 t ∈ [T + 1,∞),

and set wT (x, t) = ηT (t)y(x, t). The we have{
∂wT
∂t

+AwT = ηT (t)
(
g + uχω − f(x, t, y)

)
+ η′T (t)y in Ω× (T,∞),

∂nAwT = 0 on Γ× (T,∞), wT (T ) = 0 in Ω.
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Applying the first part of the theorem and taking into account that Mf = 0 for the
above equation we infer the estimate

‖wT ‖L∞(T,∞;L∞(Ω)) ≤ K2

(
‖g + uχω − f(x, t, y)‖L2(T,∞;L2(Ω)) + ‖y‖L2(T,∞;L2(Ω))

+ ‖g + uχω − f(x, t, y)‖Lp(T,∞;L2(Ω)) + ‖y‖Lp(T,∞;L2(Ω))
)
→ 0 as T →∞.

The result follows from the inequality ‖y(T + 1)‖L∞(Ω) ≤ ‖wT ‖L∞(T,∞;L∞(Ω)) → 0 as
T →∞.

The following result on the solvability of (P) can be proved as in [7] using Theorem
2.2. The assumption that Aad is not empty holds, for example, if there exists a
stabilizing control in feedback form. Such stabilizing controls for nonlinear systems
were analyzed in [1, 9, 13], for instance.

Theorem 2.3. Let us assume that Aad is non empty. Then, (P) has at least one
solution (ȳ, ū).

Since the problem (P) is not convex we focus on local solutions. We say that
(ȳ, ū) ∈ Aad is a local solution or a local minimizer of (P) if there exists r > 0 such
that

J(ȳ, ū) ≤ J(y, u) ∀(y, u) ∈ Aad such that ‖y− ȳ‖L2(Q) + ‖u− ū‖L2(Qω) ≤ r. (2.11)

3. First-order optimality conditions. In this section, (ȳ, ū) denotes a local
solution of (P). The goal is to prove first-order optimality conditions satisfied by
(ȳ, ū). For this purpose we introduce an auxiliary optimal control problem. For
M = ‖ȳ‖L∞(Q) + 1 we define the C1,1 function ηM : R −→ R as follows

ηM (s) =


M + 1 if s > M + 1,

s+ (M − s)2 + (M − s)3 if M ≤ s ≤M + 1,
s if −M < s < +M,

s− (M + s)2 − (M + s)3 if −M − 1 ≤ s ≤ −M,
−M − 1 if s < −M − 1.

It can be easily checked that 0 ≤ η′M (s) ≤ 1 for every s ∈ R. Now, we set fM (x, t, s) =
f(x, t, ηM (s)). It is obvious that fM is of class C1 with respect to the last variable
and (1.5), (1.2), and (1.4) imply

∂fM
∂y

(x, t, y) =
∂f

∂y
(x, t, ηM (y))η′M (y) ≥ −Λf ∀y ∈ R, (3.1)

fM (·, ·, 0) = f(·, ·, 0) = 0, (3.2)∣∣∣∣∂fM∂y (x, t, y)

∣∣∣∣ ≤ Cf,M+1 ∀y ∈ R, (3.3)

for almost all (x, t) ∈ Q. Associated with fM we consider the equation{
∂y

∂t
+Ay + fM (x, t, y) = χωu in Q,

∂nAy = 0 on Σ, y(0) = y0 in Ω.
(3.4)

This equation is a particular case of (1.1) where f1 ≡ 0 and f2 ≡ fM . Hence, Theorem
2.2 applies to this equation. Now we introduce the control problem

(PM ) min
(y,u)∈AadM

J(y, u) :=
1

2

∫ ∞
0

‖y(t)− yd(t)‖2L2(ωs)
dt+

ν

2

∫ ∞
0

‖u(t)‖2L2(ω) dt,
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where AadM = {(y, u) ∈W (0,∞) ∩ L∞(Q)× Uad satisfies (3.4)}.
Theorem 3.1. The local solution (ȳ, ū) of (P) is also a local solution of (PM ).
Proof. First we recall that ‖ȳ‖L∞(Q) + 1 = M , therefore fM (x, t, ȳ(x, t)) =

f(x, t, ȳ(x, t)) for almost all (x, t) ∈ Q. As a consequence we get that (ȳ, ū) ∈ AadM .
Now, we proceed by contradiction and assume that (ȳ, ū) is not a local minimizer of
(PM ). Then, for every k ≥ 1 there exists an element (yk, uk) ∈ AadM such that

‖yk − ȳ‖L2(Q) + ‖uk − ū‖L2(Qω) <
1

k
and J(yk, uk) < J(ȳ, ū). (3.5)

From Lemma 3.2 below, we infer that limk→∞ ‖yk − ȳ‖L∞(Q) = 0. Hence, there
exists an integer kM such that ‖yk − ȳ‖L∞(Q) < 1 for all k ≥ kM . This implies
that ‖yk‖L∞(Q) ≤ 1 + ‖ȳ‖L∞(Q) = M and thus fM (x, t, yk(x, t)) = f(x, t, yk(x, t)) for
almost all (x, t) ∈ Q and all k ≥ kM . Therefore we get that {(yk, uk)}k≥kM ⊂ Aad.
This and (3.5) contradict the local optimality of (ȳ, ū).

Lemma 3.2. Let {(yk, uk)}∞k=1 ⊂ Aad or {(yk, uk)}∞k=1 ⊂ AadM satisfy that

lim
k→∞

‖yk − ȳ‖L2(Q) + ‖uk − ū‖L2(Qω) = 0.

Then, we have that limk→∞ ‖yk − ȳ‖L∞(Q) = 0.
Proof. As mentioned above, equation (3.4) is a particular case of (1.1). Hence

it is enough to make the proof for the case {(yk, uk)}∞k=1 ⊂ Aad. Applying Theorem
2.2 to the equation satisfied by (yk, uk) we infer that {yk}∞k=1 is uniformly bounded
in L∞(Q). Setting zk = yk − ȳ and vk = uk − ū, we obtain zk → 0 in L2(Q) and
vk → 0 in L2(Qω) ∩ Lp(0,∞;L2(ω)). For the last claim we have used that {vk}∞k=1

is bounded in L∞(0,∞;L2(ω)). Subtracting the equations for (yk, uk) and (ȳ, ū) we
infer {

∂zk
∂t

+Azk + zk = f(x, t, ȳ)− f(x, t, yk) + vkχω + zk in Q,

∂nAzk = 0 on Σ, zk(0) = 0 in Ω.

Setting M0 = max
{
‖ȳ‖L∞(Q),maxk≥1 ‖yk‖L∞(Q)

}
we deduce from (1.4)

|f(x, t, yk)− f(x, t, ȳ)| ≤ Cf,M0 |zk|.

Using this fact and applying (2.6) to the above equation we obtain that

‖zk‖L∞(0,∞;L2(Ω)) ≤ K1

(
(1 + Cf,M0

)‖zk‖L2(Q) + ‖vk‖L2(Qω)

)
→ 0 as k →∞.

This yields that ‖zk‖Lp(0,∞;L2(Ω)) → 0 as k → ∞. Applying (2.8) and taking into
account that Mf = 0 for the above equation, limk→∞ ‖zk‖L∞(Q) = 0 follows.

To establish the first-order optimality conditions fulfilled by (ȳ, ū) we follow the
abstract result [15]; see also [10] and [4, Theorem 3.9]. For this purpose we formulate
the problem (PM ) in the following way

min{J(y, u) : (y, u) ∈W (0,∞)× Uad and GM (y, u) = (0, 0)},

for J : W (0,∞)× L2(Qω) −→ R and

GM : W (0,∞)× L2(Qω) −→ L2(0,∞;H1(Ω)∗)× L2(Ω)

GM (y, u) =
(∂y
∂t

+Ay + fM (·, ·, y)− g − uχω, y(0)− y0

)
.
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Lemma 3.3. The mapping GM is of class C1 and we have

DGM (y, u)(z, v) =
(∂z
∂t

+Az +
∂fM
∂y

(·, ·, y)z − vχω, z(0)
)
. (3.6)

Proof. Obviously, it is enough to prove that FM : W (0,∞) −→ L2(Q), defined by
FM (y) = fM (·, ·, y(·)), is C1 and DFM (y)z = ∂fM

∂y (·, ·, y)z. Looking at the definition

of ηM and (1.4) we obtain that∣∣∣∂fM
∂y

(x, t, y2)− ∂fM
∂y

(x, t, y1)
∣∣∣ ≤ 5Cf,M+1|y2 − y1| ∀y1, y2 ∈ R. (3.7)

Using this Lipschitz property and (3.3) we get with the mean value theorem and the
Hölder inequality

‖FM (y + z)− FM (y)−DFM (y)z‖2L2(Q)

=

∫
Q

∣∣∣fM (x, t, y(x, t) + z(x, t))− fM (x, t, y(x, t))− ∂fM
∂s

(x, t, y(x, t))z(x, t)
∣∣∣2 dxdt

=

∫
Q

∣∣∣∂fM
∂s

(x, t, ŷ(x, t))− ∂fM
∂s

(x, t, y(x, t))
∣∣∣2z2(x, t) dxdt

≤ 2Cf,M+1

∫
Q

∣∣∣∂fM
∂s

(x, t, ŷ(x, t))− ∂fM
∂s

(x, t, y(x, t))
∣∣∣z2(x, t) dxdt

≤ 2Cf,M+1

∫ T

0

∥∥∥∂fM
∂s

(·, t, ŷ(t))− ∂fM
∂s

(·, t, y(t))
∥∥∥
L4(Ω)

‖z(t)‖L4(Ω)‖z(t)‖L2(Ω) dt

≤ 2Cf,M+1

∥∥∥∂fM
∂s

(·, ·, ŷ)− ∂fM
∂s

(·, ·, y)
∥∥∥
L2(0,∞;L4(Ω))

‖z‖2L2(0,∞;L4(Ω))‖z‖L∞(0,∞;L2(Ω))

≤ 10C2
f,M+1‖z‖3L2(0,∞;L4(Ω))‖z‖L∞(0,∞;L2(Ω)) ≤ C‖z‖4W (0,∞),

where ŷ(x, t) = y(x, t) + θ(x, t)z(x, t). This implies

lim
‖z‖W (0,∞)→0

‖FM (y + z)− FM (y)−DFM (y)z‖L2(Q)

‖z‖W (0,∞)
≤ C 1

2 lim
‖z‖W (0,∞)→0

‖z‖W (0,∞) = 0,

which proves the Fréchet differentiability of FM . Let us prove the continuity of the
derivative function DFM : W (0,∞) −→ L(W (0,∞), L2(Q)). Let {yk}∞k=1 ⊂W (0,∞)
be a sequence converging to y in W (0,∞). We have to prove that

lim
k→∞

sup
‖z‖W (0,∞)≤1

‖[DFM (yk)−DFM (y)]z‖L2(Q) = 0. (3.8)

Let us take z ∈W (0,∞) with ‖z‖W (0,∞) ≤ 1. Using (3.3), Schwarz’s inequality, (3.7),
and the continuous embedding W (0,∞) ⊂ L2(0,∞;L4(Ω)) we get

‖[DFM (yk)−DFM (y)]z‖L2(Q)

≤
√

2Cf,M+1

∥∥∥∂fM
∂y

(·, ·, yk)− ∂fM
∂y

(·, ·, y)
∥∥∥ 1

2

L2(Q)
‖z‖

1
2

L2(0,∞;L4(Ω))

≤
√

10Cf,M+1‖yk − y‖
1
2

L2(Q)‖z‖
1
2

L2(0,∞;L4(Ω)) ≤ C‖yk − y‖
1
2

L2(Q) → 0 as k →∞,

which proves (3.8).
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According to [15], the existence of a Lagrange multiplier associated with the
constraint GM (y, u) = 0 is satisfied if (ȳ, ū) is regular, i.e. if it satisfies Robinson’s
constraint qualification [12]:

(0, 0) ∈ int{DGM (ȳ, ū)(z, u− ū) : (z, u) ∈W (0,∞)× Uad}. (3.9)

Theorem 3.4. Robinson’s constraint qualification (3.9) is fulfilled by (ȳ, ū) if
one of the following conditions holds

1. There exists γ > 0 such that the L2(ω) ball Bγ(0) is contained in Kad.
2. Π ∈ L(L2(Ω), L∞(ω)) and the L∞(ω) ball Bγ(0) is contained in Kad.

Part 1 of the theorem is applicable to the case where Kad is given by (1.6). Part
2 is thought for the case (1.7). We also mention that the feedback operator defined
by Πy = λ

∫
ω
y(x) dx and the one constructed in [9] are elements of L(L2(Ω), L2(ω)).

Proof. Let ε be a positive scalar to be fixed later and let (h, z0) be an arbitrary
element in L2(0,∞;H1(Ω)∗)×L2(Ω) satisfying ‖h‖L2(0,∞;H1(Ω)∗) +‖z0‖L2(Ω) < ε. We
need prove the existence of (z, u) ∈W (0,∞)× Uad such that DGM (ȳ, ū)(z, u− ū) =
(h, z0). This is equivalent to the existence of (z, u) satisfying the equation
∂z

∂t
+Az +

∂f

∂y
(x, t, 0)z + [

∂f

∂y
(x, t, ȳ)− ∂f

∂y
(x, t, 0)]z = h+ (u− ū)χω inQ,

∂nAz = 0 on Σ, z(0) = z0 in Ω,
(3.10)

where we have used that ∂f
∂y (x, t, 0) = ∂fM

∂y (x, t, 0) and ∂f
∂y (x, t, ȳ) = ∂fM

∂y (x, t, ȳ).

Let ρ satisfy 0 < ρ < min{µ2 ,
√
µγ

4‖Π‖} with µ given by (2.3). Here ‖Π‖ denotes the

norm in L(L2(Ω), L2(ω)) or in L(L2(Ω), L∞(ω)) according to the cases 1 or 2 stated
in the theorem.

We select Tρ > 0 such that

‖ū‖L2(Tρ,∞;L2(ω)) +
∥∥∥∂f
∂y

(x, t, ȳ)− ∂f

∂y
(x, t, 0)

∥∥∥
L∞(Tρ,∞;L∞(Ω))

< ρ. (3.11)

This is possible because ū ∈ L2(0,∞;L2(ω))∥∥∥∂f
∂y

(x, t, ȳ)− ∂f

∂y
(x, t, 0)

∥∥∥
L∞(Tρ,∞;L∞(Ω))

≤
∥∥∥∂2f

∂y2
(x, t, θȳ)

∥∥∥
L∞(Tρ,∞;L∞(Ω))

‖ȳ‖L∞(Tρ,∞;L∞(Ω)) ≤ Cf,M‖ȳ‖L∞(Tρ,∞;L∞(Ω)),

where we have used the mean value theorem and (1.4). The existence of Tρ satisfying
(3.11) follows from this inequality and (2.10). We define z ∈W (0, Tρ) as the solution
to 

∂z

∂t
+Az +

∂f

∂y
(x, t, ȳ)z = h in Ω× (0, Tρ),

∂nAz = 0 on Γ× (0, Tρ), z(0) = z0 in Ω.

By using (1.4) and (1.5) the proof of existence and uniqueness of z is standard as well
as the estimate

‖z‖C(0,Tρ;L2(Ω)) ≤ CTρ(‖z0‖L2(Ω) + ‖h‖L2(0,∞;H1(Ω)∗)) ≤ CTρε. (3.12)
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Let us denote zTρ = z(Tρ). Next we extend z to (Tρ,∞) by the solution of the
following equation

∂z

∂t
+Az +

[
χωΠ +

∂f

∂y
(x, t, 0)

]
z + [

∂f

∂y
(x, t, ȳ)− ∂f

∂y
(x, t, 0)]z

= h− ūχω in Ω× (Tρ,∞),

∂nAz = 0 on Γ× (Tρ,∞), z(Tρ) = zTρ in Ω.

(3.13)

From (1.5), (2.3),(3.11), and the fact that ρ < µ
2 we infer

〈(A+
∂f

∂ȳ
(x, t, 0)I + χωΠ)z + [

∂f

∂y
(x, t, ȳ)− ∂f

∂y
(x, t, 0)]z, z〉

≥ µ‖z‖2H1(Ω) − ρ‖z‖
2
L2(Ω) ≥

µ

2
‖z‖2H1(Ω).

Hence, it is immediate to check that (3.13) has a unique solution z in W (Tρ,∞).
Testing (3.13) with z, integrating between Tρ and t, and using (3.11) and (3.12) we
get

1

2
‖z(t)‖2L2(Ω) +

µ

2
‖z‖2L2(Tρ,t;H1(Ω))

≤
(
‖h‖L2(0,∞;H1(Ω)∗) + ‖ū‖L2(Tρ,∞;L2(ω))

)
‖z‖L2(Tρ,t;H1(Ω)) +

1

2
‖zTρ‖2L2(Ω)

≤ 1

µ

(
‖h‖L2(0,∞;H1(Ω)∗) + ‖ū‖L2(Tρ,∞;L2(ω))

)2
+
µ

4
‖z‖2L2(Tρ,t;H1(Ω)) +

1

2
‖zTρ‖2L2(Ω)

≤ (ε+ ρ)2

µ
+
µ

4
‖z‖2L2(Tρ,t;H1(Ω)) +

C2
Tρ
ε2

2
.

This yields

‖z‖L∞(Tρ,∞;L2(ω)) ≤
(√ 2

µ
+ CTρ

)
ε+

√
2

µ
ρ <

(√ 2

µ
+ CTρ

)
ε+

γ

2‖Π‖
.

Now we fix ε in the following way: 0 <
(√

2
µ + CTρ

)
ε < γ

2‖Π‖ . This implies that

‖Πz(t)‖L2(ω) < γ for every t > Tρ for the first case of the theorem.
In the second case, the situation is analogous simply using that ‖Πz(t)‖L∞(ω) ≤

‖Π‖‖z(t)‖L2(Ω). Choosing

u(t) =

{
ū(t) if t ∈ (0, Tρ),
−Πz(t) if t ∈ (Tρ,∞),

we have that (z, u) ∈ W (0,∞) × Uad and it satisfies (3.10). Hence, the identity
DGM (ȳ, ū)(z, u− ū) = (h, z0) holds, which proves (3.9).

Now we are ready to prove the first-order optimality conditions satisfied by (ȳ, ū):
Theorem 3.5. Let (ȳ, ū) be a local solution of (P). Under the assumptions of

Theorem 3.4, there exists a function function ϕ̄ ∈W (0,∞) such that −
∂ϕ̄

∂t
+A∗ϕ̄+

∂f

∂y
(x, t, ȳ)ϕ̄ = (ȳ − yd)χωs in Q,

∂nA∗ ϕ̄ = 0 on Σ, limt→∞ ‖ϕ̄(t)‖L2(Ω) = 0,
(3.14)

∫
Qω

(ϕ̄+ νū)(u− ū) dx dt ≥ 0 ∀u ∈ Uad. (3.15)
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Proof. According to Theorem 3.4 the pair (ȳ, ū) satisfies Robinson’s constraint
qualification. Hence, applying [15, Theorem 3.1] we deduce the existence of (ϕ̄, ψ̄) ∈
L2(0;∞;H1(Ω))× L2(Ω) such that for all (z, u) ∈W (0,∞)× Uad∫

Qs

(ȳ − yd)z dxdt+ ν

∫
Qω

ū(u− ū) dx dt

−
∫ ∞

0

〈∂z
∂t

+Az +
∂f

∂y
(·, ·, ȳ)z − (u− ū)χω, ϕ̄〉dt−

∫
Ω

ψ̄z(0) dx ≥ 0. (3.16)

Taking u = ū above, we infer that∫
Qs

(ȳ − yd)z dx dt−
∫ ∞

0

〈∂z
∂t

+Az +
∂f

∂y
(·, ·, ȳ)z, ϕ̄〉dt−

∫
Ω

ψ̄z(0) dx = 0 (3.17)

holds for all z ∈W (0,∞). From here we deduce that ϕ̄ satisfies the partial differential
equation in (3.14) in the distribution sense. This yields ϕ̄ ∈ W (0,∞) and therefore
limt→∞ ‖ϕ̄(t)‖L2(Ω) = 0; see [5, Theorem 2.4]. Integrating by parts in the second
integral of (3.17) we deduce that ϕ̄(0) = ψ̄. Setting z ≡ 0 in (3.16) and letting u vary
in Uad, inequality (3.15) follows.

Corollary 3.6. Let (ϕ̄, ū) satisfy (3.14) and (3.15). If Kad is given by (1.6),
then the following properties hold for almost all t ∈ (0,∞)∫

ω

(ϕ̄(t) + νū(t))(v − ū(t)) dx ≥ 0 ∀v ∈ Bγ , (3.18)

if ‖ū(t)‖L2(ω) < γ ⇒ ϕ̄(t) + νū(t) = 0 a.e. in ω, (3.19)

if ‖ū(t)‖L2(ω) = γ ⇒ ū(x, t) = −γ ϕ̄(x, t)

‖ϕ̄(t)‖L2(ω)
a.e. in ω. (3.20)

In the case that Kad is given by (1.7), then we have

ū(x, t) = Proj[α,β]

(
− 1

ν
ϕ̄(x, t)

)
a.e. in Qω. (3.21)

In both cases we have that ū ∈ L∞(Qω) and

‖ū‖L∞(Qω) ≤
1

ν
‖ϕ̄‖L∞(Qω) and ‖ū(t)‖L2(ω) ≤

1

ν
‖ϕ̄(t)‖L2(ω) a.e. in (0,∞). (3.22)

The reader is referred to [7, Corollary 2.1] for the proof of this corollary except
for (3.22). The first inequality of (3.22) was also proved in [7, Corollary 2.1] for
Kad given by (1.6). If Kad is given by (1.7) the same inequality is a straightforward
consequence of (3.21). The second inequality of (3.22) follows from (3.21) if Kad is
given by (1.7). For (1.6) the inequality follows by observing that (3.18) implies that
ū(t) = ProjBγ

(
− 1
ν ϕ̄(t)

)
for almost all t ∈ (0,∞), where the projection is taken in the

L2(ω) sense.
Theorem 3.7. Let ϕ̄ ∈ W (0,∞) satisfy (3.14). Then, ϕ̄ ∈ L∞(Q) and the

identity limT→∞ ‖ϕ̄(T )‖L∞(Ω) = 0 holds.
Proof. To prove that ϕ̄ ∈ L∞(Q) we observe that it satisfies the equation{

−∂ϕ̄
∂t

+A∗ϕ̄+ ϕ̄ = h in Q,

∂nA∗ ϕ̄ = 0 on Σ, limt→∞ ‖ϕ̄(t)‖L2(Ω) = 0
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with h = (ȳ − yd)χωs −
∂f
∂y (x, t, ȳ)ϕ̄ + ϕ̄ ∈ L2(Q) ∩ Lp(0,∞;L2(Ω)). Hence, the

boundedness of ϕ̄ follows from [7, Theorem A.4]. Moreover, for every T > 0 we have

‖ϕ̄‖L∞(Ω×(T,∞)) ≤ C
(
‖h‖L2(Ω×(T,∞)) + ‖h‖Lp(T,∞;L2(Ω))

)
→ 0 as T →∞,

where we have used that ‖ϕ̄‖Lp(T,∞;L2(Ω)) ≤ ‖ϕ̄‖
p−2
p

L∞(Q)‖ϕ̄‖
2
p

L2(Ω×(T,∞)). This con-

cludes the proof.

Theorem 3.8. Let us assume that Kad is given by (1.6) or (1.7). Then, there
exists at most one adjoint state ϕ̄ ∈W (0,∞) satisfying (3.14) and (3.15).

Proof. Let us assume that ϕ1 and ϕ2 are two functions in W (0,∞) satisfying
(3.14)–(3.15). Set ϕ = ϕ2 − ϕ1. From Theorem 3.7 we deduce the existence of
0 < T0 < ∞ such that ‖ϕi(t)‖L2(ω) < νγ and ‖ϕi(t)‖L∞(ω) < νmin{|α|, β} for

t ∈ [T0,∞) and i = 1, 2. If Kad is given by (1.6), then ū(t) = ProjBγ
(
− 1
νϕi(t)

)
for

almost all t ∈ [T0,∞) and, consequently, ‖ū(t)‖L2(ω) < γ a.e. in [T0,∞). If Kad is
given by (1.7), then (3.21) and the choice of T0 imply that α < ū(x, t) < β for almost
all (x, t) ∈ ω × (T0,∞). Recalling (3.19) and (3.21) we infer that in both cases we
have that ϕ̄i + νū = 0 in ω × [T0,∞) for i = 1, 2. This yields ϕ = 0 in ω × [T0,∞).
Moreover, we have that −

∂ϕ

∂t
+A∗ϕ+

∂f

∂y
(x, t, ȳ)ϕ+ χωΠϕ = χωΠϕ in Ω× (T0,∞),

∂nA∗ ϕ̄ = 0 on Γ× (T0,∞), limt→∞ ‖ϕ(t)‖L2(Ω) = 0 in Ω.

Testing this equation with ϕ, integrating in [T0,∞), and using (2.3) we obtain

1

2
‖ϕ(T0)‖2L2(Ω) + µ

∫ ∞
T0

‖∇ϕ(t)‖2 dt ≤
∫ ∞
T0

∫
ω

Πϕϕdxdt = 0,

which proves that ϕ vanishes in Ω× [T0,∞). Further we observe that ϕ satisfies the
equation  −

∂ϕ

∂t
+A∗ϕ+

∂f

∂y
(x, t, ȳ)ϕ = 0 in QT0 ,

∂nA∗ ϕ̄ = 0 on ΣT0
, ϕ(T0) = 0 in Ω.

This implies that ϕ also vanishes in Ω× [0, T0], which concludes the proof.

4. Second-order optimality conditions. In this section we limit ourselves to
the case where Kad is given by (1.6) or (1.7). The goal is to investigate second-order
conditions for problem (P). For this purpose we assume the following additional
hypothesis on f :

∀ε > 0 and ∀M > 0 ∃ρε,M > 0 such that for almost all (x, t) ∈ Q∣∣∣∣∂2f

∂y2
(x, t, y2)− ∂2f

∂y2
(x, t, y1)

∣∣∣∣ ≤ ε ∀|y1|, |y2| ≤M with |y2 − y1| ≤ ρε,M .
(4.1)

The analysis of the second order optimality conditions is carried out in the next
two subsections. Throughout this section (ȳ, ū) ∈ Aad stands for a pair satisfying (1.1)
and the first order conditions (3.14) and (3.15) along with ϕ̄ ∈W (0,∞) ∩ L∞(Q).
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4.1. Case I: Kad = Bγ = {v ∈ L2(ω) : ‖v‖L2(ω) ≤ γ}. For this case we consider
the Lagrange function

L : W (0,∞) ∩ L∞(Q)× L2(Qω)×W (0,∞)× L∞(0,∞) −→ R

L(y, u, ϕ, λ) = J(y, u)−
∫ ∞

0

〈∂y
∂t

+Ay + f(x, t, y)− g − uχω, ϕ〉dt

−
∫

Ω

ϕ(0)(y(0)− y0) dx+
1

2γ

∫ ∞
0

λ(t)‖u(t)‖2L2(ω) dt.

It is obvious that L is a C2 function and we have the expressions

∂L
∂u

(y, u, ϕ, λ)v =

∫
Qω

(ϕ+ νu)v dxdt+
1

γ

∫ ∞
0

λ

∫
ω

uv dxdt, (4.2)

∂L
∂y

(y, u, ϕ, λ)z =

∫
Qs

(y − yd)z dxdt−
∫ ∞

0

〈∂z
∂t

+Az +
∂f

∂y
(x, t, y)z, ϕ〉dt

−
∫

Ω

ϕ(0)z(0) dx, (4.3)

∂2L
∂u2

(y, u, ϕ, λ)(v1, v2) =

∫ ∞
0

(ν +
1

γ
λ)

∫
ω

v1v2 dxdt, (4.4)

∂2L
∂y2

(y, u, ϕ, λ)(z1, z2) =

∫
Q

[
χωs −

∂2f

∂y2
(x, t, y)ϕ

]
z1z2 dxdt. (4.5)

Associated with (ū, ϕ̄) we define the Lagrange multiplier λ̄(t) = ‖ϕ̄(t)+νū(t)‖L2(ω)

corresponding to the control constraint, and denote

Iγ = {t ∈ (0,∞) : ‖ū(t)‖L2(ω) = γ} and I+
γ = {t ∈ Iγ : λ̄(t) 6= 0}.

Let us check that λ̄ is really a Lagrange multiplier. For this purpose we prove the
following lemma.

Lemma 4.1. The identity λ̄(t) + νγ = ‖ϕ̄(t)‖L2(ω) holds for almost every t ∈ Iγ .
Proof. If t ∈ Iγ \ I+

γ , the identity follows from the definitions of λ̄ and Iγ . For
t ∈ I+

γ we get with (3.18)

λ̄(t) = sup
v∈Bγ

−1

γ

∫
ω

(ϕ̄(t) + νū(t))v dx ≤ −1

γ

∫
ω

(ϕ̄(t) + νū(t))ū(t) dx ≤ λ̄(t).

These inequalities and (3.20) yield

λ̄(t) =
−1

γ

∫
ω

(ϕ̄(t) + νū(t))ū(t) dx = ‖ϕ̄(t)‖L2(ω) − γν,

which proves the lemma.
The previous lemma implies that ‖ϕ̄(t)‖L2(ω) > νγ if t ∈ I+

γ . Using (4.2), (3.19),
and Lemma 4.1, we infer for every v ∈ L2(Qω)

∂L
∂u

(ȳ, ū, ϕ̄, λ̄)v=

∫
Qω

(ϕ̄+ νū+
1

γ
λ̄ū)v dx dt

=

∫
I+
γ

∫
ω

(
ϕ̄− νγ ϕ̄

‖ϕ̄(t)‖L2(ω)
+

1

γ
[‖ϕ̄(t)‖L2(ω) − νγ][−γ ϕ̄

‖ϕ̄(t)‖L2(ω)
]
)
v dx dt = 0,
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where we have used (3.20) and the Lemma 4.1. We also have that ∂L
∂y (ȳ, ū, ϕ̄, λ̄)z = 0

for every z ∈W (0,∞). This follows from (4.3), an integration by parts, and (3.14).
To formulate the second order conditions we introduce the cone of critical direc-

tions as follows

C(ȳ,ū) = {(z, v) ∈W (0,∞)× L2(Qω) satisfying (4.6)− (4.8)},

∫
Qω

(ϕ̄+ νū)v dx dt = 0, (4.6)∫
ω

ū(t)v(t) dx ≤ 0 for a.a. t ∈ Iγ , (4.7)
∂z

∂t
+Az +

∂f

∂y
(x, t, ȳ)z = vχω in Q,

∂nAz = 0 on Σ, z(0) = 0 in Ω.
(4.8)

We observe that for every (z, v) ∈ C(ȳ,ū) the equality
∫
ω
ū(t)v(t) dx = 0 holds for

a.a. t ∈ I+
γ . This follows from (4.2), (4.6), (4.7), and the identity ∂L

∂u (ȳ, ū, ϕ̄, λ̄)v = 0.

Theorem 4.2. Suppose that D2
(y,u)L(ȳ, ū, ϕ̄, λ̄)(z, v)2 > 0 for every (z, v) ∈

C(ȳ,ū) \ {(0, 0)}. Then, there exist ε > 0 and δ > 0 such that

J(ȳ, ū) +
δ

2

[
‖y − ȳ‖2L2(Qs)

+ ‖u− ū‖2L2(Qω)

]
≤ J(y, u) (4.9)

∀(y, u) ∈ Aad : ‖y − ȳ‖L2(Q) + ‖u− ū‖L2(Qω) ≤ ε.

Proof. We argue by contradiction assuming that (4.9) is false. Then, for every
integer k ≥ 1 there exists (yk, uk) ∈ Aad such that{

J(yk, uk) < J(ȳ, ū) + 1
2k

[
‖yk − ȳ‖2L2(Qs)

+ ‖uk − ū‖2L2(Qω)

]
‖yk − ȳ‖L2(Q) + ‖uk − ū‖L2(Qω) <

1
k .

(4.10)

We set ρk =
[
‖yk − ȳ‖2L2(Qs)

+ ‖uk − ū‖2L2(Qω)

] 1
2 and (zk, vk) = 1

ρk
(yk − ȳ, uk − ū).

We split the proof into four steps.

Step I - There exists a subsequence, denoted in the same way, such that (zk, vk) ⇀
(z, v) in W (0,∞) × L2(Qω) and (z, v) satisfies (4.8). Since {vk}∞k=1 is bounded in
L2(Qω), the convergence vk ⇀ v in L2(Qω) obviously holds for a subsequence. Now,
we prove that the boundedness of {zk|Qs}

∞
k=1 in L2(Qs) implies its boundedness in

W (0,∞) as well. For this purpose we subtract the equations satisfied by yk and ȳ
and divide by ρk to obtain with the mean value theorem

∂zk
∂t

+Azk +
∂f

∂y
(x, t, ŷk)zk = vkχω in Q,

∂nAzk = 0 on Σ, zk(0) = 0 in Ω,

where ŷk(x, t) = ȳ(x, t)+θk(x, t)[yk(x, t)− ȳ(x, t)] and θk : Q −→ [0, 1] is a measurable
function. From Lemma 3.2 we know that limk→∞ ‖yk − ȳ‖L∞(Q) = 0, hence {ŷk}∞k=1

enjoys the same property. Rewriting the above partial differential equation in the
form

∂zk
∂t

+Azk +Kzk|Qs +
∂f

∂y
(x, t, ŷk)zk = vkχω +Kzk|Qs in Q,
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observing that the right hand side of this equation is uniformly bounded in L2(Q) and
using (1.5) and (2.4) we infer the boundedness of {zk}∞k=1 in W (0,∞). This leads the

existence of a subsequence such that (zk, vk)
∗
⇀ (z, v) in W (0,∞) × L2(Qω). Now it

is easy to pass to the limit weakly in the above equation and obtain that (4.8) holds
for this limit (z, v).

Step II - (z, v) ∈ C(ȳ,ū). We have to prove (4.6) and (4.7). To establish (4.7) we
simply use that ‖uk(t)‖L2(Qω) ≤ γ to obtain∫

ω

ū(t)vk(t) dx ≤ 1

ρk

(
‖ū(t)‖L2(Qω)‖uk(t)‖L2(Qω) − ‖ū(t)‖2L2(Qω)

)
=

γ

ρk

(
‖uk(t)‖L2(Qω) − γ

)
≤ 0

for almost every t ∈ Iγ . Then, passing to the limit as k →∞ inequality (4.7) follows.
To obtain (4.6) we first use the optimality condition (3.15) as follows∫

Qω

(ϕ̄+ νū)v dxdt = lim
k→∞

1

ρk

∫
Qω

(ϕ̄+ νū)(uk − ū) dxdt ≥ 0.

To prove the converse inequality we make a first order Taylor expansion and use (4.10)

J(ȳ, ū) +
ρ2
k

2k
= J(ȳ, ū) +

1

2k

[
‖yk − ȳ‖2L2(Qs)

+ ‖uk − ū‖2L2(Qω)

]
> J(yk, uk)

= J(ȳ, ū) +

∫
Qs

(ỹk − yd)(yk − ȳ) dxdt+ ν

∫
Qω

ũk(uk − ū) dx dt,

where (ỹk, ũk) is an intermediate function between (yk, uk) and (ȳ, ū) and, conse-
quently, it converges strongly to (ȳ, ū) in L2(Q)×L2(Qω) as k →∞. Hence, dividing
the above inequality by ρk and passing to the limit we get∫

Qω

(ϕ̄+ νū)v dxdt =

∫
Qs

(ȳ − yd)z dx dt+ ν

∫
Qω

ūv dxdt ≤ 0,

where we have used (3.14) and (4.8) to get the first equality. Thus we conclude the
verification of (4.6).

Step III - D2
(y,u)L(ȳ, ū, ϕ̄, λ̄)(z, v)2 ≤ 0. Since (yk, uk) and (ȳ, v̄) satisfy (1.1) and

λ̄(t)‖uk(t)‖2L2(ω) ≤ λ̄(t)γ2 = λ̄(t)‖ū(t)‖2L2(ω) we get from (4.10)

L(yk, uk, ϕ̄, λ̄) < L(ȳ, ū, ϕ̄, λ̄) +
1

2k

[
‖yk − ȳ‖2L2(Qs)

+ ‖uk − ū‖2L2(Qω)

]
.

By a second order Taylor expansion of L(yk, uk, ϕ̄, λ̄), using the established identity
D(y,u)L(ȳ, ū, ϕ̄, λ̄)(z, v) = (0, 0) for all (z, v) ∈W (0,∞)×L2(Qω), and dividing by ρ2

k

we infer from the above inequality∫
Q

[
χωs −

∂2f

∂y2
(x, t, y̌k)ϕ̄

]
z2
k dx dt+

∫
Qω

[
ν +

1

γ
λ̄
]
v2
k dxdt

= D2
(y,u)L(y̌k, uk, ϕ̄, λ̄)(zk, vk)2 <

1

2k
,

where y̌k(x, t) = ȳ(x, t) + θ̌k(x, t)[yk(x, t)− ȳ(x, t)] for θ̌k : Q −→ [0, 1].
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To conclude the proof of this step it remains to check that

D2
(y,u)L(ȳ, ū, ϕ̄, λ̄)(z, v)2 ≤ lim inf

k→∞
D2

(y,u)L(y̌k, uk, ϕ̄, λ̄)(zk, vk)2 = 0. (4.11)

For this purpose we first observe that the convergence (zk, vk) ⇀ (z, v) in L2(Q) ×
L2(Qω) implies∫
Qs

z2 dxdt+

∫
Qω

[
ν +

1

γ
λ̄]v2 dxdt ≤ lim inf

k→∞

(∫
Qs

z2
k dxdt+

∫
Qω

[
ν +

1

γ
λ̄]v2

k dxdt
)
.

Now we prove that

lim
k→∞

∫
Q

∂2f

∂y2
(x, t, y̌k)ϕ̄z2

k dx dt =

∫
Q

∂2f

∂y2
(x, t, ȳ)ϕ̄z2 dx dt, (4.12)

which will end the proof of Step III. First, we infer from Lemma 3.2 and Theorem
3.7 that limk→∞ ‖y̌k− ȳ‖L∞(Q) → 0 and limT→∞ ‖ϕ̄‖L∞(T,∞;L∞(Ω)) = 0. Then, there
exists a constant C > 0 such that∥∥∥∂2f

∂y2
(·, ·, y̌k)

∥∥∥
L∞(Q)

+
∥∥∥∂2f

∂y2
(x, t, ȳ)

∥∥∥
L∞(Q)

≤ C ∀k ≥ 1.

We also know that {zk}∞k=1 is bounded in W (0,∞), which implies the existence of a
constant C ′ such that ‖zk‖2L2(Q) + ‖z‖2L2(Q) ≤ C

′. Then, for every T > 0 we have∫ ∞
T

∫
Ω

∣∣∣∂2f

∂y2
(·, ·, y̌k)ϕ̄z2

k

∣∣∣dxdt+

∫ ∞
T

∫
Ω

∣∣∣∂2f

∂y2
(x, t, ȳ)ϕ̄z2

∣∣∣dxdt

≤
[∥∥∥∂2f

∂y2
(·, ·, y̌k)

∥∥∥
L∞(Q)

‖zk‖2L2(Q) +
∥∥∥∂2f

∂y2
(·, ·, ȳ)

∥∥∥
L∞(Q)

‖z‖2L2(Q)

]
‖ϕ̄‖L∞(T,∞;L∞(Ω))

≤ CC ′‖ϕ̄‖L∞(T,∞;L∞(Ω)).

Now, given ε > 0 we select Tε ∈ (0,∞) such that ‖ϕ̄‖L∞(Tε,∞;L∞(Ω)) <
ε

2CC′ .
From the compact embedding W (0, Tε) ⊂ L2(Ω× (0, Tε)), assumption (4.1), and the
boundedness of ϕ̄ we infer that

∂2f

∂y2
(x, t, y̌k)ϕ̄z2

k →
∂2f

∂y2
(x, t, ȳ)ϕ̄z2 in L1(Ω× (0, Tε)).

Therefore, an integer kε exists such that∣∣∣ ∫ Tε

0

∫
Ω

∂2f

∂y2
(x, t, y̌k)ϕ̄z2

k dxdt−
∫ Tε

0

∫
Ω

∂2f

∂y2
(x, t, ȳ)ϕ̄z2 dxdt

∣∣∣ < ε

2
∀k ≥ kε.

Combining the established estimates we get∣∣∣ ∫
Q

∂2f

∂y2
(x, t, y̌k)ϕ̄z2

k dxdt−
∫
Q

∂2f

∂y2
(x, t, ȳ)ϕ̄z2 dxdt

∣∣∣ < ε ∀k ≥ kε,

which proves (4.12) and, consequently, (4.11).

Step IV - Contradiction. The statements proved in Steps II and III and the
second-order condition assumed in the theorem imply that (z, v) = (0, 0). Hence,
(4.12) yields

lim
k→∞

∫
Q

∂2f

∂y2
(x, t, y̌k)ϕ̄z2

k dxdt = 0.
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Therefore, utilizing this identity, that ‖zk‖2L2(Qs)
+ ‖vk‖2L2(Qω) = 1, and (4.11) we

infer the following contradiction

0 < min{1, ν} ≤ lim inf
k→∞

(∫
Q

[
χωs −

∂2f

∂y2
(x, t, y̌k)ϕ̄

]
z2
k dxdt+

∫
Qω

[
ν +

1

γ
λ̄
]
v2
k dx dt

)
= lim inf

k→∞
D2

(y,u)(y̌k, uk, ϕ̄, λ̄)(zk, vk)2 ≤ 0.

4.2. Case II: Kad = {v ∈ L2(ω) : α ≤ v(x) ≤ β for a.a. x ∈ ω}, −∞ < α <
0 < β <∞. For this Kad, the cone of critical directions is defined by

C(ȳ,ū) = {(z, v) ∈W (0,∞)× L2(Qω) : (4.6), (4.8), and (4.13) holds},

v(x, t)

{
≥ 0 if ū(x, t) = α,
≤ 0 if ū(x, t) = β.

(4.13)

Then, we have the following theorem on sufficient second order optimality conditions.
Theorem 4.3. Suppose that D2

(y,u)J(ȳ, ū)(z, v)2 > 0 for every (z, v) ∈ C(ȳ,ū) \
{(0, 0)}. Then, there exist ε > 0 and δ > 0 such that (4.9) holds.

The proof of this theorem follows by contradiction as in the proof of Theorem
4.2 by replacing the Lagrangian function L(y, y, ϕ̄, λ̄) by the cost functional J(y, u).
The proofs of (4.6) and (4.8) are the same. The proof of (4.13) is a straightforward
consequence of the fact that every vk satisfies (4.13), the set of functions v satisfying
(4.13) is convex and closed in L2(Qω), and vk ⇀ v in L2(Qω).

5. Approximation by finite horizon problems. This section is dedicated
to proving the convergence of solutions of finite horizon problems to solutions of the
infinite horizon problem (P). One motivation for this analysis is the numerical real-
ization which is typically carried out on finite time horizons. We assume throughout
that Aad 6= ∅. Then, Theorem 2.3 assures the existence of a solution to (P).

For every T ∈ (0,∞) we define the control problems

(PT ) min
(y,u)∈AT,ad

JT (y, u) :=
1

2

∫ T

0

‖y(t)− yd(t)‖2L2(ωs)
dt+

ν

2

∫ T

0

‖u(t)‖2L2(ω) dt,

where AT,ad = {(y, u) ∈W (0, T ) ∩ L∞(Q)× UT,ad satisfies (2.5)} with

UT,ad = {u ∈ L2(0, T ;L2(ω)) : u(t) ∈ Kad for a.a. t ∈ (0, T )}.

Let us denote QT,s = ωs × (0, T ) and QT,ω = ω × (0, T ). For every u ∈ L2(QT,ω ∩
Lp(0, T ;L2(ω)) the state equation (2.5) has a unique solution yu ∈W (0, T )∩L∞(QT ).
Hence AT,ad 6= ∅ and the existence of a solution to (PT ) follows in the classical
way. If (yT , uT ) is a local solution of (PT ), then there exists an adjoint state ϕT ∈
W (0, T ) ∩ L∞(QT ) satisfying −

∂ϕT
∂t

+A∗ϕT +
∂f

∂y
(x, t, yT )ϕT = (yT − yd)χωs in QT ,

∂nA∗ϕT = 0 on ΣT , ϕ(T ) = 0,
(5.1)

∫
QT,ω

(ϕT + νuT )(u− uT ) dx dt ≥ 0 ∀u ∈ UT,ad. (5.2)
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If Kad is given by (1.6) we introduce the Lagrange multiplier associate with the
control constraint λT (t) = ‖ϕT (t) + νuT (t)‖L2(ω) and the Lagrangian function

LT : W (0, T ) ∩ L∞(QT )× L2(QT,ω)×W (0, T )× L∞(0, T ) −→ R

LT (y, u, ϕ, λ) = JT (y, u)−
∫ T

0

〈∂y
∂t

+Ay + f(x, t, y)− g − uχω, ϕ〉dt

−
∫

Ω

ϕ(0)(y(0)− y0) dx+
1

2γ

∫ T

0

λ(t)‖u(t)‖2L2(ω) dt.

Arguing as we did in Section 4.1 we infer that

D(y,u)LT (yT , uT , ϕT , λT )(z, v) = 0 ∀(z, v) ∈W (0, T )× L2(QT,ω). (5.3)

The next two theorems show that problems (PT ) provide a good approximation to
(P).

Theorem 5.1. Let (yT , uT ) ∈ AT,ad be a solution of (PT ) for every T > 0.
Then, the family {χ(0,T )(yT , uT )}T>0 is bounded in L2(Q) × L2(Qω). Each weak
accumulation point as T → ∞ is a solution of (P). Moreover, if Tk → ∞ and
χ(0,Tk)(yTk , uTk) ⇀ (y, u) in L2(Q) × L2(Qω) as k → ∞, then we have for every
p ∈ [2,∞)

lim
k→∞

(
‖yTk − y‖W (0,Tk) + ‖yTk − y‖L∞(QTk ) + ‖uTk − u‖Lp(0,Tk;L2(ω))

)
= 0. (5.4)

Proof. Let (ȳ, ū) be a solution of (P). Since its restriction to QT × QT,ω is a
feasible pair for (PT ) we infer that JT (yT , uT ) ≤ JT (ȳ, ū) ≤ J(ȳ, ū). This implies
the boundedness of {χ(0,T )(yT , uT )}T>0 in L2(Qs) × L2(Qω). Hence, there exists a
sequence {Tk}∞k=1 converging to ∞ such that χ(0,Tk)(yTk , uTk) ⇀ (y, u) in L2(Qs) ×
L2(Qω). Given T <∞ we take kT ≥ 1 such that Tk > T for every k ≥ kT . Theorem
2.2 yields the existence of a constant C such that

‖yTk‖W (0,T ) + ‖yTk‖L∞(QT ) + ‖uTk‖L2(QT,ω) ≤ C ∀k ≥ kT . (5.5)

Altogether this leads to yTk
∗
⇀ y in W (0, T ) ∩ L∞(QT ) for all T < ∞. The com-

pactness of the embedding W (0, T ) ⊂ L2(QT ) also implies the strong convergence
yTk → y in L2(QT ). By taking a further subsequence, we get that yTk(x, t)→ y(x, t)
for almost all (x, t) ∈ QT . Using these properties it is immediate to pass to the limit in
the equation satisfied by (yTk , uTk) in QT to deduce that (y, u) satisfies (2.5) for every
T < ∞. Due to the fact that y|Qs ∈ L

2(Qs) and using again Theorem 2.2 we infer
that y ∈W (0,∞) ∩ L∞(Q) and (y, u) satisfies (1.1). In addition, since Uad is convex
and closed in L2(Qω) and {χ(0, Tk)uTk}∞k=1 ⊂ Uad we conclude that (y, u) ∈ Aad.
Now, using the optimality of (yTk , uTk) and (ȳ, ū) we obtain

J(y, u) ≤ lim inf
k→∞

(1

2

∫ ∞
0

χ(0,Tk)‖yTk − yd‖2L2(ωs)
dt+

ν

2

∫ ∞
0

χ(0,Tk)‖uk‖2L2(ω) dt
)

≤ lim sup
k→∞

(1

2

∫ ∞
0

χ(0,Tk)‖yTk − yd‖2L2(ωs)
dt+

ν

2

∫ ∞
0

χ(0,Tk)‖uk‖2L2(ω) dt
)

= lim sup
k→∞

JTk(yTk , uTk) ≤ lim sup
k→∞

JTk(ȳ, ū) ≤ J(ȳ, ū).
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This proves that (y, u) is a solution of (P). Hence, J(y, u) = J(ȳ, ū) and the strong
convergence χ(0, Tk)(yTk , uTk)→ (y, u) in L2(Qs)×L2(Qω) holds. It remains to prove
(5.4). For this purpose we define zk = χ[0,Tk](yTk − y) and vk = uTk − u. Subtracting
the equations satisfied by(yTk , uTk) and (y, u) in QTk we infer

∂zk
∂t

+Azk +Kzk|Qs +
∂f

∂y
(x, t, ŷk)zk = vkχω +Kzk|Qs in QTk ,

∂nAzk = 0 on ΣTk , zk(0) = 0 in Ω,
(5.6)

where ŷk(x, t) = ȳ(x, t) + θk(x, t)[yTk(x, t) − ȳ(x, t)] for θk : Q −→ [0, 1]. Using (1.5)
and (2.4) and that zk → 0 in L2(Qs) we deduce from the equation (5.6) that

‖zk‖W (0,Tk) ≤ C ′‖vkχω +Kzk|Qs ‖L2(QTk ) → 0 as k →∞.

Therefore, the convergence ‖zk‖L∞(0,Tk;L2(Ω)) → 0 follows from the continuous em-
bedding W (0, Tk) ⊂ C([0, Tk], L2(Ω)) with a uniform embedding constant. Moreover,
since {χ(0,Tk)uTk}∞k=1 ⊂ Uad, we have that ‖vk‖L∞(0,Tk;L2(Ω)) ≤ C ′′. As a conse-
quence, we get that

‖zk‖L∞(QTk ) ≤ C ′′′
(
‖vk +Kzk|Qs ‖L2(QTk ) + ‖vk +Kzk|Qs ‖Lp(0,Tk;L2(Ω))

)
k→∞−→ 0.

This ends the proof.
Theorem 5.2. Let (ȳ, ū) be a strict local minimizer of (P). Then, for every

sequence {Tk}∞k=1 converging to ∞ there exist an integer k0 ≥ 1 and local solutions
{(yTk , uTk)}∞k=k0

of (PTk) converging to (ȳ, ū) in the sense of (5.4).
Proof. Since (ȳ, ū) is a strict local minimizer of (P) there exists ρ > 0 such that

J(ȳ, ū) < J(y, u) for every (y, u) ∈ Aad with ‖y − ȳ‖L2(Q) + ‖u − ū‖L2(Qω) ≤ ρ. Let
us consider the control problems

(Pρ) min{J(y, u) : (y, u) ∈ Aad and ‖y − ȳ‖L2(Q) + ‖u− ū‖L2(Qω) ≤ ρ},
(PTk,ρ) min{JTk(y, u) : (y, u) ∈ ATk,ad and ‖y − ȳ‖L2(QTk ) + ‖u− ū‖L2(QTk,ω) ≤ ρ}.

It is obvious that (ȳ, ū) is the unique solution of (Pρ) and that (PTk,ρ) has at least
one solution (yTk , uTk). Then, it is enough to argue as in the proof of Theorem 5.1
to obtain that {(yTk , uTk)}∞k=1 converges to (ȳ, ū) in the sense of (5.4). Moreover, the
convergence ‖yTk− ȳ‖L2(QTk ) +‖uTk− ū‖L2(QTk,ω) → 0 implies the existence of k0 > 0

such that ‖yTk − ȳ‖L2(QTk ) + ‖uTk − ū‖L2(QTk,ω) < ρ for every k ≥ k0. This proves

that (yTk , uTk) is a local minimizer of (PTk) for every k ≥ k0.
In the sequel we assume that Kad is given by (1.6) or (1.7) and suppose that (ȳ, ū)

is a local solution of (P) satisfying the second order sufficient optimality condition
stated in Theorems 4.2 or 4.3. We also assume that the feedback operator Π belongs
to L(L2(Ω), L∞(ω)) if Kad is given by (1.7).

In the following theorem we consider the situation where a sequence of local
minimizers {(yTk , uTk)}∞k=1 of problems (PTk), after extension by zero to Q × Qω,
converges to a strict local minimizer (ȳ, ū) weakly in L2(Q) × L2(Qω). Then, we
prove that JTk(yTk , uTk) ≤ JTk(ȳ, ū) for every k large enough. This extends the result
of the previous theorem where a particular selection of local minimizers (yTk , uTk) was
taken enjoying this property.

Theorem 5.3. Let {(yTk , uTk)}∞k=1 be a sequence of local solutions of problems
(PTk) such that Tk →∞ and χ(0,Tk)(yTk , uTk)→ (ȳ, ū) in L2(Qs)×L2(Qω) as k →∞.
Then, there exists k0 ≥ 1 such that JTk(yTk , uTk) ≤ JTk(ȳ, ū) for every k ≥ k0.



20 E. CASAS AND K. KUNISCH

Proof. First, we observe that arguing as in the proof of Theorem 5.1 we deduce
that χ(0,Tk)(yTk , uTk)→ (ȳ, ū) in the sense of (5.4). We shall utilize the adjoint states
ϕTk and ϕ̄ associated with (yTk , uTk) and (ȳ, ū). Since ϕTk(Tk) = 0, its extension by
zero to Q, denoted in the same way, is a function of W (0,∞) ∩ L∞(Q).

We proceed by contradiction. If the statement of the theorem is false, then there
exists a subsequence denoted in the same way such that

ρk =
[
‖yTk − ȳ‖2L2(QTk,s)

+ ‖uTk − ū‖2L2(QTk,ω)

] 1
2

<
1

k
, (5.7)

JTk(ȳ, ū) < JTk(yTk , uTk). (5.8)

We set (zk, vk) = 1
ρk
χ(0,Tk)(yTk − ȳ, uTk − ū). Following the same arguments utilized

in Step I of Theorem 4.2 proof, we obtain the existence of a subsequence such that
χ(0,Tk)(zk, vk) ⇀ (z, v) in L2(Q) × L2(Qω). We now split the remaining part of the
proof into three steps.

Step I - limk→∞

(
‖ϕTk − ϕ̄‖W (0,∞) + ‖ϕTk − ϕ̄‖L∞(Q)

)
= 0. For the verification

we use a duality argument. Set ψTk = ϕTk − ϕ̄. We denote the extension of (yTk , uTk)
to Q×Qω by zero in the same way. Let us set

C0 =


√
µγ

2‖Π‖L(L2(Ω),L2(ω))
if Kad is given by (1.6),

√
µmin{|α|,β}

2‖Π‖L(L2(Ω),L∞(ω))
if Kad is given by (1.7).

Since (yTk , uTk) → (ȳ, ū) in L2(Q) × L2(Qω) and ‖ϕ̄(t)‖L2(Ω) → 0 as t → ∞ (see
Theorem 3.7) there exists k0 ≥ 1 such that for every k ≥ k0 and T ≥ Tk0

the
following inequalities hold

‖uTk − ū‖L2(0,∞;L2(ω)) + ‖ū‖L2(Tk0
,∞;L2(Ω)) < C0 and ‖ϕ̄(T )‖L2(Ω) <

γ

ν
.

From these inequalities and Corollary 3.6 we infer that

‖uTk‖L2(Tk0
,∞;L2(ω)) < C0 and ϕ̄(T ) + νū(T ) = 0 ∀k ≥ k0 and ∀T ≥ Tk0

. (5.9)

Subtracting the equations satisfied by ϕTk and ϕ̄ we get
−∂ψTk

∂t
+A∗ψTk +

∂f

∂y
(x, t, yTk)ψTk

= (yTk − ȳ)χωs +
[
∂f
∂y (x, t, ȳ)− ∂f

∂y (x, t, yTk)
]
ϕ̄ in Q,

∂nA∗ψTk = 0 on Σ, limt→∞ ‖ψTk(t)‖L2(Ω) = 0.

(5.10)

For every k ≥ k0 we define zTk as the solution of the following equation
∂zTk
∂t

+AzTk + χωΠzTk +
∂f

∂y
(x, t, yTk)zTk

= χωuTk −
C0ψTk

‖ψTk‖L2(Ω×(Tk0
,∞))

in Ω× (Tk0
,∞),

∂nAzTk = 0 on Γ× (Tk0 ,∞), zTk(T0) = 0 in Ω.

(5.11)

Testing this equation with zTk , using (1.5) and (2.3), and integrating in [Tk0
, t] with
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t ∈ (Tk0
,∞] we infer

‖zTk‖L∞(Tk0
,∞;L2(Ω)) ≤

‖uTk‖L2(ω×(Tk0
,∞)) + C0

√
µ

<
2C0√
µ
, (5.12)

‖zTk‖L2(ω×(Tk0
,∞)) ≤

‖uTk‖L2(ω×(Tk0
,∞)) + C0

µ
<

2C0

µ
. (5.13)

Testing equation (5.11) with ψTk and using (5.10) we get

C0‖ψTk‖L2(Ω×(Tk0
,∞)) =

∫ ∞
Tk0

∫
ω

(uTk −ΠzTk)ψTk dxdt−
∫ ∞
Tk0

∫
ωs

(yTk − ȳ)zTk dxdt

−
∫ ∞
Tk0

∫
Ω

[∂f
∂y

(x, t, ȳ)− ∂f

∂y
(x, t, yTk)

]
ϕ̄zTk dxdt. (5.14)

Let us study the three terms of the right hand side of the above identity. From the
choice of T0, the definition of C0, and the estimate (5.12) we deduce that ΠzTk(t) ∈
Kad for t ≥ Tk0

. Then, (5.2), (5.9) and (5.13) imply∫ ∞
Tk0

∫
ω

(uTk −ΠzTk)ψTk dxdt

≤ ν
∫ ∞
Tk0

∫
ω

(ΠzTk − uTk)uTk dx dt−
∫ ∞
Tk0

∫
ω

(uTk −ΠzTk)ϕ̄dx dt

= ν

∫ ∞
Tk0

∫
ω

(ΠzTk − uTk)(uTk − ū) dxdt+

∫ ∞
Tk0

∫
ω

(ΠzTk − uTk)(ϕ̄+ νū) dxdt

≤ ν
(
‖Π‖‖zTk‖L2(Ω×(Tk0

,∞)) + ‖uTk‖L2(ω×(Tk0
,∞))

)
‖uTk − ū‖L2(ω×(Tk0

,∞))

k→∞
−→ 0,

where ‖Π‖ stands for the norm in L(L2(Ω), L2(ω)). For the second term we get with
(5.13)∣∣∣ ∫ ∞

Tk0

∫
ωs

(yTk − ȳ)zTk dxdt
∣∣∣ ≤ ‖zTk‖L2(Ω×(Tk0

,∞))‖yTk − ȳ‖L2(ωs×(Tk0,s
,∞))

k→∞
−→ 0 .

Regarding the third term, we observe that (1.4) and (5.4) imply that
∥∥∂f
∂y (x, t, ȳ) −

∂f
∂y (x, t, yTk)

∥∥
L∞(Q)

→ 0 as k →∞. Then, using again (5.13) we deduce∣∣∣ ∫ ∞
Tk0

∫
Ω

[∂f
∂y

(x, t, ȳ)− ∂f

∂y
(x, t, yTk)

]
ϕ̄zTk dx dt

∣∣∣
≤
∥∥∥∂f
∂y

(x, t, ȳ)− ∂f

∂y
(x, t, yTk)

∥∥∥
L∞(Q)

‖ϕ̄‖L2(Q)‖zTk‖L2(Ω×(Tk0
,∞)) → 0 as k →∞.

Thus (5.14) leads limk→∞ ‖ψTk‖L2(Ω×(Tk0
,∞)) = 0. Using this fact and the equation

satisfied by ψTk in Ω× (Tk0 ,∞) we infer with the aid of [7, Theorem A.4] that

lim
k→∞

(
‖ψTk‖W (Tk0

,∞) + ‖ψTk‖L∞(Ω×(Tk0
,∞))

)
= 0.

Now, we observe that ψTk satisfies the equation
−∂ψTk

∂t
+A∗ψTk +

∂f

∂y
(x, t, yT )ψTk

= (yTk − ȳ)χωs +
[
∂f
∂y (x, t, ȳ)− ∂f

∂y (x, t, yTk)
]
ϕ̄ inQTk0

,

∂nA∗ψTk = 0 on ΣTk0
.
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Finally, taking into account that the right hand side of this equation converges to
zero in L2(QTk0

) ∩ L∞(QTk0
) and ‖ψTk(Tk0

)‖L∞(Ω) → 0 as k → ∞, we infer that
limk→∞ ‖ϕTk − ϕ̄‖W (0,∞) + ‖ϕTk − ϕ̄‖L∞(Q) = 0.

Step II - (z, v) ∈ C(ȳ,ū). The remaining part of the proof is done for the case
where Kad is given by (1.6), the second case is analogous and even simpler. This step
is proved in the same way as Steps I and II of the proof of Theorem 4.2 with the
unique difference of the inequality∫

Qω

(ϕ̄+ νū)v dx ≤ 0.

To establish this inequality we use (5.2) to get∫
Qω

(ϕTk + νūTk)vk dx ≤ 0 ∀k ≥ 1,

where we have used that ϕTk and ūTk vanish for t > Tk. Now, using the strong
convergence ϕTk → ϕ̄ proved in Step I, we pass to the limit above to deduce the
desired inequality.

Step III - Contradiction. We observe that

λTk(t)‖ū(t)‖L2(ω) ≤ λTk(t)γ = λTk(t)‖uTk(t)‖L2(ω).

Using this fact, (5.8), and that (ȳ, ū) satisfies (1.1), we infer

LTk(ȳ, ū, ϕTk , λTk) < LTk(yTk , uTk , ϕTk , λTk) ∀k ≥ 1.

Then, performing a second order Taylor expansion around (yTk , uTk), taking into
account that L is a quadratic function with respect to u, and using (5.3) we obtain

0 > LTk(ȳ, ū, ϕTk , λTk)− LTk(yTk , uTk , ϕTk , λTk)

= D(y,u)LTk(yTk , uTk , ϕTk , λTk)(ȳ − yTk , ū− uTk)

+
1

2
D2

(y,u)LTk(ŷTk , uTk , ϕTk , λTk)(ȳ − yTk , ū− uTk)2

=
1

2
D2

(y,u)LTk(ŷTk , uTk , ϕTk , λTk)(ȳ − yTk , ū− uTk)2,

where ŷTk is an intermediate function between ȳ and yTk . Dividing the above inequal-
ities by ρk we get D2

(y,u)LTk(ŷTk , uTk , ϕTk , λTk)(zk, vk)2 < 0. Now, the contradiction
is achieved as in Step IV of the the proof of Theorem 4.2.

Theorem 5.4. Let {(yTk , uTk)}∞k=1 be a sequence of local minimizers of problems
(PTk) satisfying

lim
k→∞

‖yTk − ȳ‖L2(QTk,s)
+ ‖uTk − ū‖L2(QTk,ω) = 0. (5.15)

Then, there exist an integer k0 ≥ 1 and a constant C such that

‖yTk − ȳ‖L2(QTk ) + ‖uTk − ū‖L2(QTk,ω)

≤ C
(
‖yTk(Tk)‖L2(Ω) + ‖g‖L2(Ω×(Tk,∞)) + ‖yd‖L2(Ω×(Tk,∞))

)
holds for all k ≥ k0, where limk→∞ ‖yTk(Tk)‖L2(Ω) = 0.
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Proof. Arguing as in the proof of Theorem 5.1 and using (5.15) we infer that

lim
k→∞

(
‖yTk − ȳ‖W (0,Tk) + ‖yTk − ȳ‖L∞(0,Tk;L∞(Ω))

)
= 0.

From this equality we get

‖yTk(Tk)− ȳ(Tk)‖L2(Ω) ≤ ‖yTk − ȳ‖C([0,Tk];L2(Ω))

≤
√
|Ω|‖yTk − ȳ‖L∞(0,Tk;L∞(Ω)) → 0 as k →∞.

Moreover, from (2.10) we infer that ‖ȳ(Tk)‖L2(Ω) → 0 as k → ∞. Therefore we also
have that ‖yTk(Tk)‖L2(Ω) → 0 as k →∞. Now, we consider the equation{

∂zk
∂t

+Azk + χωΠzk + f(x, t, zk) = g in Ω× (Tk,∞),

∂nAzk = 0 on Γ× (Tk,∞), zk(Tk) = yTk(Tk) in Ω.
(5.16)

Using that f(x, t, 0) = 0, the mean value theorem, (1.5), and (2.3) we infer the
existence of a unique solution of (5.16) satisfying

‖zk‖L∞(Tk,∞;L2(Ω)) + ‖zk‖L2(Tk,∞;H1(Ω))

≤ C1

(
‖yTk(Tk)‖L2(Ω) + ‖g‖L2(Ω×(Tk,∞))

)
→ 0 as k →∞.

Then, we can select k1 ≥ 1 such that for every k ≥ k1 and t ≥ Tk we have

‖Πzk(t)‖L2(ω) ≤ ‖Π‖‖zk(t)‖L2(Ω) < γ if Kad is given by (1.6),

‖Πzk(t)‖L∞(ω) ≤ ‖Π‖‖zk(t)‖L2(Ω) < min{|α|, β} if Kad is given by (1.7),

where ‖Π‖ stands for the norm in the space L(L2(Ω), L2(ω)) in the first case and in
L(L2(Ω), L∞(ω)) in the second. Now, we set

yk(x, t) =

{
yTk(x, t) if t ≤ Tk,
zk(x, t) if t > Tk,

uk(x, t) =

{
uTk(x, t) if t ≤ Tk,
−Πzk(x, t) if t > Tk.

Thus, we have that (yk, uk) ∈ Aad and (yk, uk) → (ȳ, ū) in L2(Q) × L2(Qω). Then
using Theorem 4.2 respectively Theorem 4.3 and Theorem 5.3 we deduce the existence
of k0 ≥ k1 such that for all k ≥ k0 we have

J(ȳ, ū) +
δ

2

(
‖yk − ȳ‖2L2(Qs)

+ ‖uk − ū‖2L2(Qω)

)
≤ J(yk, uk),

JTk(yTk , uTk) ≤ JTk(ȳ, ū).

These inequalities imply

δ

2

(
‖yTk − ȳ‖2L2(QTk,s)

+ ‖uTk − ū‖2L2(QTk,ω)

)
≤ J(yk, uk)− J(ȳ, ū)

≤ JTk(yTk , uTk)− JTk(ȳ, ū) +
1

2

∫ ∞
Tk

‖zk(t)− yd‖2L2(ωs)
dt+

ν

2

∫ ∞
Tk

‖Πzk(t)‖2L2(ω) dt

≤
∫ ∞
Tk

(
‖zk(t)‖2L2(ωs)

+ ‖yd(t)‖2L2(ωs)

)
dt+

ν‖Π‖2L(L2(Ω),L2(ω))

2

∫ ∞
Tk

‖zk(t)‖2L2(Ω) dt.
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We conclude the proof by obtaining an estimate of ‖yTk − ȳ‖2L2(QTk ) in terms of

‖yTk − ȳ‖2L2(QTk,s)
+‖uTk − ū‖2L2(QTk,ω). For this purpose we observe that wk = yk− ȳ

satisfies the equation

∂wk
∂t

+Awk +Kwk|QTk,s
+
∂f

∂y
(x, t, ŷk)wk = (uTk − ū)χω +Kwk|QTk,s

in QTk

Testing this equation with wk and using (1.5) and (2.4) the desired estimate follows.
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