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Abstract

A tracking type optimal control problem for a nonlinear and nonlocal kinetic Fokker-
Planck equation which arises as the mean field limit of an interacting particle systems that
is subject to distance dependent random fluctuations is studied. As the equation of interest
is only hypocoercive and the control operator is unbounded with respect to the canonical
state space, classical variational solution techniques cannot be utilized directly. Instead,
the concept of admissible control operators is employed. For the underlying nonlinearities,
local Lipschitz estimates are derived and subsequently used within a fixed point argument
to obtain local existence of solutions. Again, due to hypocoercivity, existence of optimal
controls requires non standard techniques as (compensated) compactness arguments are not
readily available.
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1 Introduction
We consider the following nonlinear nonlocal controlled Fokker-Planck equation

6tf+v'vzf+U*pvf'vvf:U*pfvv'(vvf+vf)+u(a'vvf)
f(O,ZL’,U) = fo(iﬂ,'l)),

where o € L2(R?) N L>°(R?) only depends on z € R, u € L>(0,T) is a scalar time-dependent
control and

(1)

itz = [ fltev)dv, pos(tsa) = / of (t,2,v) do,
R4 Rd

where ps(t,z) € R and p,s(¢,x) € R?. Throughout the manuscript, we shall also consider p ¢ and
pvs as time-independent functions, e.g., when f is fixed for a specific time ¢. For u = 0, equation
(1) has been introduced in [16] and shown to arise as a mean-field limit of the (stochastically
perturbed) particle system

dl’i = dUZ' dt
vi =Y Ullley —will)(v; = vi) dt + |20 U2 — @il]) dW;
i=1 j=1



where (x;,v;) € R? x R4 = 1,...,m model the evolution of the position and velocity of a
collection of particles, e.g., birds that communicate with each other via the distance potential or
communication rate U. The model (2) is a generalization of the classical Cucker-Smale model from
[14] and has been analyzed in [19] for a non-integrable distance potential U. In [16], the noiseless
model from [19] has been augmented by random fluctuations of the particles which depend on the
strength of their underlying density. Here, we follow [16] and assume the potential U = U(z) to
be continuous and to satisfy

Uz) = U(||z]]) > 0, /R Ulz)dz = 1.

It is well-known and can easily be verified that a steady state solution to the uncontrolled equation
(1) is given by the Mazwellian function

lv)12

j= (o) = (2m) 2, (3)

In fact, for initial values fy close to u, the unique solution to (1) with v = 0 asymptotically
converges algebraically to p as t — oo, see [16, Theorem 1.1].

Since its introduction in [14], many works dealing with the analysis, control and numerical sim-
ulation of particle systems, and with the PDEs describing their associated densities have appeared
in the literature [7]. In view of equation (1), let us for example mention the early work [9] where
the authors prove a global existence result for a nonlinear nonlocal Vlasov-Poisson-Fokker-Planck
system which, similar to (1), exhibits both parabolic (in the variable v) and hypberbolic (in the
variable z) behavior, a property often found in so-called hypocoercive equations [28]. We also refer
to [10, 11] where other nonlinear Fokker-Planck type equations have been analyzed w.r.t. global
existence and uniqueness of solutions as well as [22] which, in contrast to (1), however, deals
with nonlinearities not entering the highest order differential operator. For the noiseless version
of (1), an optimal control problem has been studied in [25], and [4] considers deterministic and
non-deterministic control problems for mean-field PDEs depending only on the position variable
x.

In addition to its nonlinear and nonlocal nature, the analysis of (1) is challenging due to the
above mentioned hypocoercivity which does not allow for standard coercivity arguments when
studying the long-time behavior of solutions. For a general overview on hypocoercive equations, let
us refer to, e.g., the monographs [20, 28] as well as the survey article [24]. For linear (uncontrolled)
Fokker-Planck equations, a detailed treatise of hypocoercivity results can be found for example in
[12, 18] and, more recently, also in [5]. In [2] the long time behavior of linear hypocoercive Fokker-
Planck equations is analyzed with a modified entropy method. Recently in a series of papers of
which we cite [1] short and long term decay rates were analyzed using the hypocoercivity index.
In [8], we have considered an (infinite-horizon) control problem for a linear hypocoercive Fokker-
Planck equation which bears resemblance to a linearization of (1) around the Maxwellian y, cf. the
subsequent perturbation discussion below.

With regard to the above literature, our contribution is twofold. On the one hand, the in-
troduction of a control interaction in (2) and thus also (1), e.g., by an opinion leader requires
the analysis of a nonlinear nonlocal nonhomogeneous hypocoercive PDE that is not availabe else-
where. Using the control theoretic concept of admissibility in combination with a fixed point
strategy (cf. also [21] for an abstract bilinearly controlled Cauchy problem), for small (close to the
Maxwellian ) initial data fy and small control u, in Theorem 10 we will obtain the local existence
of a mild solution to (1). In contrast to the existence result (for the uncontrolled solution) from
[16], we do not require smooth initial data but only assume fy square integrable on R2? with
respect to the canonical invariant measure characterized by p. On the other hand we cannot
assert uniqueness for the resulting notion of weak solutions. Our second main result concerns the
existence of a locally optimal solution to a quadratic tracking type cost functional, see Theorem
12, and the uniqueness of the associated optimal state, cf. Proposition 13.

While we concentrate here on a concrete nonlinear kinetic Fokker-Planck equation, some of
the concepts that we employ could be useful for the study of other optimal control problems
for different nonlinear kinetic equations as well. These include the combination of semigroup



and variational techniques, the use of admissible control operators, and the treatment of optimal
control problems where the control to state mapping is not necessarily unique.

The structure of the manuscript is as follows. For the analysis of (1) it will be convenient
to consider variables evolving locally around the Maxwellian . Therefore we next derive an
equation, equivalent to (1), for the perturbation variable y. This section ends with an introduction
of the notation used throughout the remainder of the manuscript. Section 2 analyzes a suitable
linearization by means of semigroup as well as variational techniques similarly as utilized in [8].
The nonlinear equation is studied in section 3. Here, Lipschitz estimates for the nonlinearities
appearing in (1) are derived and the local existence of solutions by a fixed point argument is
established. In section 4, we discuss a quadratic tracking type cost functional for which we discuss
existence of an optimal control as well as uniqueness of its associated state. The manuscript ends
with a conclusion and an outlook of potential future research questions in the context of (1).

A perturbed version of (1). Subsequently, we will derive an equation equivalent to (1) by

d 2
considering the dynamics in relation to the steady state u(v) = (27)” 2e™ = For this purpose

as well as for several calculations throughout the manuscript, let us mention the following useful
property of p:

_d e, _d _je)?
Vop+vp=(2m)"2e” 2 - (%) +v-(21) 2¢ 2 =0. (4)

Similar to [16] but with a different form of the perturbation, let us consider
f=n+ny (5)

with the goal of deriving an equation for y from (1). In the following, we address all terms in (1)
individually. We obviously have that

O f = 0c(p + py) = popy. (6)
The second term on the left hand side then is given by
v-Vof =v-Vao(u+py) = Vay. (7)

Before we turn to the convolution operators in (1), observe that

Pvf:/ vfdv=/ v(u+uy)dv=/ vudv+/ oy dv =
R4 R4 Rd Rd
—
- (®)
Pf:/ fdv:/ M+uydv:/ udv+/ pydv =1+ ppy
Rd Rd Rd Rd
=1

where in the first line we used that p is positive symmetric and v is antisymmetric w.r.t. the
origin. We continue with the third term on the left hand side

Uspop-Vof =U%*puoy - Vol + py) = U * puvy - (Vopr +yVop + 1Vyy) (©)
= U * puvy - (—pv — gy + pVyy).

Finally, we use (4) to derive

Vo (Vof +0f) =V (Volp+ py) +o(p+ py) = Vo - (Vo(py) + poy)
=V (uWVoy +yVop + pvy) =V, - (uVyy)
= pAyy + Vop - Voy = plAyy — pv - Vyy.
This, together with (8) now yields

UxprVo (Vof +0f) =Ux (14 puy)u(Avy —v-Voy)

=1+ U*puy) p(Apy — v - Vyy) (10)



where in the last step we used that U x 1 = [;, U(x)dz = 1. Combining (6),(7),(9),(10) and
eliminating the common factor p, for u = 0, we arrive at

8ty+'U'wa+U*vay'(vvy_yv_v)

(11)
=0y —v-Voy+U*puy(Ayy —v-Vyy).
In particular, the above system takes the form
Oy = Ay + Dy — ha(y) — ha(y) (12)

where A, D, hy and ho are given as
Ay:Avy—U'Vvy—U'wa, Dy:U*puyv'Ua

hl(y) =U=x PuyRoy, h2(y) =U x Puyv * (vvy - yv), (13)
Roy = _Avy +v- Vvy'

In particular, note that Ry is formally self-adjoint and non negative w.r.t. the Li inner product,
see [8, Remark 2.2]. For later reference, we point out that the formal Li adjoint of A is given by

A'y=Ay—v-Vyy+v- V. (14)

Now we turn to the control operator in (1). For fixed u, the transformation corresponding to
(5) is given by

u(or- Vo(p+py)) = ula - Vop+yo- Vop + pa - Vyy)
=pu(—a-v—ya-v+a- V).

Consequently, the controlled analogue of (12) is given by
Oy = Ay + Dy — hi(y) — ha(y) + uNy + Bu (15)
where N € L(Y,V))), see [8, Eq. (3.4)] and B € Y are defined as
Ny=—-ya-v+a-Vyy, B=-a-v, (16)

and the mappings h; were defined in (13). In section 2 we start by first analyzing the linearization
of (12).

Notation. By C5°(R?¢) we denote the set of all functions in C>°(R?¢) with compact support in
R?4, For a linear closed, densely defined operator A with domain D(A) in a Hilbert space Z, we
write A: D(A) C Z — Z. For D(A) endowed with the graph norm and the Hilbert space adjoint
A* of Ain Z, the associated duality pairing (:,-)p(a«),p(a=) Will simply be denoted as (-, -)p.
Throughout the paper, we will extensively use the weighted (Hilbert) spaces

1
2
v=L2R*) = {y: B SR | by € 2@}yl = (/ o dxdv) ,
R

[N

V=H,R*)={y: R* =R |y e Y,Vy e Y} |lylv=(llyl3 + [Vyll324) ",

1
Vo=H) (R*N={y: R* =R |y €Y, Vyy € Y} lylv.=(lyl5+Voyll3a)® .

-
where V,y = (ﬂ .. ﬂ)

61}1 ) ? 8’Ud



2 The linear equation
In this section we focus on the abstract linear system
y(t) = (A+ D)y(t) +g(t), y(0) =y €Y (17)
with g € L?(0,T;V,). Later on g will be replaced by the control terms and the nonlinear terms
h1,h2, cf. (15)
From [13, Theorem 2.1] for vanishing potential (® = 0 in the notation used therein), it follows
that A generates a contraction semigroup on Y. In the following lemma it will be argued that

D € L(Y). Consequently A + D as well generates a semigroup e(A+D)t see e.g., [15, Theorem
3.2.1].

Lemma 1. For Dy =U % p,y, - v it holds that D € L(Y).

Proof. Let us first consider p,y, for which we have

%
ool 22y = ( [ 1@l dx) - < /
R Rd

An application of the Minkowski integral inequality yields

%
lomnlasns < [ ([ Tontonte o dx) @
R4 R4
1
2
= [ @l ([ @t P ) a

The Cauchy-Schwarz inequality for the v variable now leads to

sl = ([ Tdogean) ([ [ ibneop o)
d R

| vutohte. vy

1
2 2
dz .
]Rd

(18)
2
<Va( [ [ e asar) =Vl
where we have used that
/ ||vp%|\]§d dv = / v-ovpdo = —/ v Vypudo = / div, (v)p dv = d.
R4 R4 R4 R4
Consequently, with Young’s convolution inequality we obtain
U # puyoll 2 rayys < U@l puyoll(z2maye < Vallylly -
=1
Finally, we arrive at
1D = [ [ 105 ) @) - o0 o
Rd JRd
= / / 1T * Py @I - llo]2a(v) de do
Rd JRd
— [0 p@)Pde [ olute)do < ol
Rd Rd
O



On C§°(R??), let us consider the operator R defined by
Ry :=—-Ayy+v-Vyy+y.
Note that utilizing (4) we obtain
(Ry,y)y = /M —uyAoy + pyv - Voy + py* da dv
R
- /2d Vo(py) - Voy + pyv - Voy + py® de dv
R

= / 1V oy - Voy + yVop - Voy + pyv - Voy +py” dodo
2d
R 5
= IVoylya + IYl13 = llyll¥, = (v, Ry)y

showing that R is symmetric and coercive on C§°(R2?). Tt is therefore closable as an operator
in Y, see [17, Chapter II, Proposition 3.14 ], and we may consider R. In fact, this operator R is
self-adjoint in Y. This can be verified utilizing [23, Problem V.3.17]. For this it suffices to show
that range(R — i¢) is dense in Y, for some positive and some negative (. For the case of the
classical Fokker-Planck operator with y only depending on one variable and a smooth potential
V (v), given by V(v) = 1||v||* in our case, we can refer to [6, Corollary 3.2.2, Appendix A.5]. The
desired density in the case with y a function of z and of v can then be obtained by observing that

for {p;}52, dense in L7 (R) and {¢x}32, dense in Hj(R), the set {377, ¢;(x)x(v) : n €
N, m € N} is dense in V,, .
From, e.g., [15, Examples A.4.2/A.4.3] and [23, Problem V.3.32, Theorem V.3.35] it is well-

known that B = € L(Y) is also a (uniformly) posmve self-adjoint operator for which there ex1sts
a (umformly) p031t1ve self-adjoint square root R L. (R_l) In fact, we also have that R L
(Eg)_ , Where R is the unique (uniformly) positive self-adjoint square root of R, i.e., Ry =
R°R’y and D(R ) > D(R).

Since B ' € L(Y), we know that R € L(Y). We even have R’ € L(Y,V,). Indeed, for
y €Y, consider z = E_%y and note that

2 *% *% 85} (19) 2 *—% 2
lylly = (. m)y = (R*z, R*2)y = (Rz,2)y = |lzlly, = [R “ylly, -
— 1 — 1 —1 —1 —1
We then also obtain (R ?)" € £(V,Y) which, since (R ?)' = ((R*)™!) = ((R?))~! and R? is
1

self-adjoint finally implies R 2 € L(V,Y).
Let us return to (17) which after the above considerations we interpret as

l\)\»—‘

y(t) = (A+ D)y(t) + R*w(t)

where w(t) = R ?g(t). In particular, we emphasize that w € L%(0,T;Y) and R? € L(Y,V]).
1

The following result asserts that while R* is not bounded w.r.t. the state space Y, it is never-

theless compatible with the semigroup generated by A + D in the sense of admissibility. For an

introduction to this control theoretic concept, we refer to, e.g., [27].

1
2

Lemma 2. R? is an admissible control operator for etA+P)t,

—1
Proof. Since D € L(Y), with [27, Theorem 5.4.2] it follows that R* is admissible for e(A+P)* if
1

and only if R? is admissible for e(A=*Dt for any o € R. Since infinite-time admissibility implies
admissibility, we may use [27, Theorem 5.1.1 (d)] to prove the assertion. For this purpose, observe



that for arbitrary z € C§°(R??) it holds that
(2, A%2)y = (Az,z)y = / (2Apz — 20 - Vyz — 2v - Vyz)pdae dv
R2d
= / —,u||sz||D2Qd —2Vyz - Vo —pzv - Vyz — pzv - Vyzdr do
R2d SN~
—ou

1 1
= —/ | Voz|za + spzv - Vez + —pzv - Vezdredo
ra 2 2

1 1
= —/ | Voz|za + spzv - Vez — ~u(Vez - v)zdodo
e 2 2

= —/ 1| Voz||3a dz do,
Rd

1
where in the second to last step we used that p and v are independent of z. For R* € L(Y,V)),

1

consider (R*)" € L(V,,Y). From [8, Lemma 2.3, Lemma 3.2] (applied with G = 0) we have that

D(A*) C V, and that C§°(R2?) is dense in D(A*). With the above computations we thus obtain
1

for o = ||(E§)'||%(me) and for all z € D(A*) that

1
v, < IR 2)3

(az, (A= D2y = —a(lz]} +IVezlTa) = —allzl}, = =IIR*) 2, v)ll2

Since al > 0, [27, Theorem 5.1.1 (d)] shows that (R?) is an infinite-time admissible observation
1

operator for e(A=2D"t  Consequently, (R?)" is an admissible observation operator for e(A+D)"t

and with [27, Theorem 4.4.3] this is equivalent to R? being an admissible control operator for
(A+D)t O
e .

Following [27, Definition 4.1.1], for g € L?(0,T;Y_1), we refer to y as a solution of (17) in
Y_1:=D(A*) ify € L(0,T;Y) N C([0,T];Y-1) and it satisfies for every t > 0

y(t) — yo = / (A+ D)y(s) + g(s)ds in Yoy, (20)

which is equivalent to

W(E) — o, vyp = / [(y(s), (A + D)y + {g(s), ¥)p] ds (21)

for every t > 0 and every ¢ € D(A*), see [27, Remark 4.1.2]. If y is a solution in Y_q, then y is
given by

t
y(t) = APy 4 / D9 g () ds, (22)
0

see [27, Proposition 4.1.4].
Corollary 3. For every yo € Y,g € L?>(0,T;V.!) the initial value problem
y(t) = (A+ D)y(t) + g(t), y(0) =yo (23)

has a unique solution y € C([0,T);Y) N H(0,T;Y_1). Moreover, there exists a constant C, only
depending on T such that

Iyl 0,1:v) < Cllvolly + llgllz2c0,:vr))-



Proof. First, we observe that V] C D(A*)’. This follows from [8, Lemma 2.3] by setting G = 0
- 1
and £ = A* therein. Since R* € L(Y,V,) is admissible, we can consider the controllability map

t 1
O w s Olw = / eAFDIE=IRZ 4 (s) ds
0
1
which satisfies ®* € L£(L?(0,tY),Y). Setting w(t) = R 2g(t), this implies that (23) admits a
unique solution with the specified regularity properties, see [27, Proposition 4.2.5].
Since a solution y € Y_; is also a mild solution, we obtain

t 1
y(t) _ e(AJrD)tyO +/0 6<A+D)(t75)g(s) ds = 6(A+D)ty0 + (I)t(R 29)

1
with R * € L(V,,Y) as before. It is known that controllability maps are non decreasing [27,
Proof of Proposition 4.2.4] in the sense that

12 |2z20,00).7) < 127l 2(z2(0,02),v) (24)
for all t; < ty. We therefore arrive at

1
2

ly®)lly < [P yolly + [|94(R

< ”e(A-i-D)t

Dy
wolly + 19 ez IR * o2y
< aillyolly + T ey ol oy
where in the last step we used (24). O
For the remainder of the manuscript, we define
Iyl = llyllz20,7;v,) + 1YllLo 0,77

Proposition 4. éet y/\denote the solution to (23) from Corollary 3. Then, for all T > 0 there
exists a constant C = C(T) s.t.

max(lyll, 3] 2 0.rv-1) < € (Iwolly +llgllzzrvy) (25)

Proof. For the proof, we can follow the arguments provided in the proof of [8, Proposition 3.3].
For this purpose, we define A, € L(V,V’) as

A=A+,

where € > 0 and recall from [8] that it generates an analytic semigroup in Y which in particular
satisfies

(Acy,v)vrv = =IIVoylly — el Vaylly (26)
for all y € V. We next consider the perturbed equation
Ue(t) = (Ac + D)ye(t) + 9(t), v(0) = yo. (27)

Taking the inner product with py., integrating over R?? and following similar calculations as in
[8], utilizing (26), we arrive at

sailvely < —3lIVoyell¥ — el Vayell® + 1Dl ey vy + 3 llg
This implies that

e O + IVoyellZ2 0,07y + 26N Vorell720.0v)
< NlyO)II + CIDlleevy + DlIYellZ2 0,y + 191 F 200,000
By Gronwall’s inequality this implies that
max(||yel Lo (0,17v), | Vovellz20,75v)) < Clllyolly + lgllzzo,7:v2))-

Now we can pass to the limit € — 0 as in [8] and we arrive at the assertion. O



3 The nonlinear equation

In this section existence of a solution to the nonlinear equation (11) and the controlled equation
(15) completed with the initial condition y(0) = yo are proven. We first provide estimates for hq
and hs.

Lemma 5. Let y,z € V,,. Then it holds that

171 (y) = ha(2)]
1h2(y) = ha(2)]
The proof is given in the appendix. The following lemma follows easily from the previous one.

Lemma 6. Fory,z € L?(0,T;V,) N L>(0,T;Y) the following estimates hold:

v S Ul 2@y (lylly ly = zllv, +lly = zlvlIzllv, ),
v, S VAUl 2@y (lylly Iy = 2lly +lly = zlv I1=]ly).

1h1(y) — hl(z)||L2(07T;VJ) < ||UHL2(JRd) (Hy”L‘”(O,T;Y)Hy - Z||L2(0,T;VU))
+ly = zllze 0, 7:v) 121l L2 0,7;v3,))
< NU z2eay (lyll + iz ly — 211,
1h2(y) = h2(2)ll20,mv) < \/g”U”L?(Rd) (9l =0,y + 2l Lo 0,0%)) Iy = 2llz20,7:v)
< \/gIIUHLZ(Rd)(IIIyIII +lzIHly — 2.

We are now prepared to assert the existence of a solution to the nonlinear equation under a
smallness assumption on the initial data.

Proposition 7. For yo € Y such that ||yolly < p = there exists a solution y €

C([0,T);Y) N L2(0,T;V,) NWH2(0,T;Y_1) to
y(t) = (A+ D)y(t) — ha(y(t)) — ha(y(t), y(0) =yo (28)
which for every t € [0,T] satisfies

-3
32V/d||U||C?

y(t) —yo = /O ((A+ D)y(s) = (ha(y(s)) + ha(y(s)))) ds in Y. (29)

Proof. The statement will be shown utilizing a classical fixed point argument. For this purpose,
let us define the set

1
F =y e L*0,T;V,)nC0, T;Y) [liyll < k := ——=———= 5.
{ 8Vd||U||C

We further define the mapping 7: F — L2(0,T;V,)NC([0,T];Y), z + y., where y, is the solution
to

yz(t) = (A + D)yz(t) - hl(z(t)) - h2(z(t))7 yz(o) = Yo-

It is well-defined by Proposition 4 with ¢ = —(h1(2) + ha(2)), using that Lemma 6 implies
hi(z) € L?(0,T;V]),i = 1,2. In addition, by the choice of u and x we have the estimate

Nyl < C(llyolly + 2Vd|UIz01?) < C(u + 2vVd||U||x?) < &.
Next, for z1, 22 € F, the difference e := y,, — y., satisfies
é(t) = (A+ D)e(t) — (hi(z1(t)) — ha(22(t))) — (ha(21(1)) — ha(22(1))), €(0) =0
which, again by Proposition 4 and Lemma 6 yields
MYz, — yeoll < 4\/&6HU||/<;IIIZ1 — 220l < 4z — 22l

Consequently, 7 is a contraction on F and implies the existence of a unique solution to (28) in
the set F.

Since y € L%(0,T;V,), we know that hy(y) + ha(y) € L*(0,T;V,) such that Corollary 3 yields
y € WH2(0,T;Y_1). O



We now turn to the controlled nonlinear equation (15). It will be convenient to introduce the
space

X :=C([0,T];Y) N L*(0,T;V,) nWH2(0,T; Y_1). (30)

Definition 8. We call y a solution to (15) in Y_1 if y € X and it satisfies

y(t) —yo = /O (A+ D)y(s) + Ny(s)u(s) + Bu(s) — (hi(y(s)) + ha(y(s))) ds (31)

m Yfl.

The following result will later be used for the optimal control problem and builds upon the
existence of solutions to (15) satisfying an L?(0,7’;V,) bound.

Proposition 9. Foryg € Y, with ||yo|| < ko, u € L*(0,T) with ||u|| o< (0,7) < k1, andy € X a solu-

tion to (31) with ||yl z2(0,13v,) < ka2, for constants ko, ki1, ka2 € there exist C(ko, k1, k2), C(ko, k1, k2)
such that ||y|| e o,1r;v) < C(ko, k1, k2) and ||y|lwr20,7:v_,) < C(ko, k1, k2) with the property that
for each ko > 0 fized, C(ko,k1,ke) — 0 for kg + k1 — 0.

Proof. Similar to the proof of Corollary 3, we consider the following controllability maps

t 1
Pl w s Phw = / eATDIE=IR2 y(s) ds
0

t
QL u s Olu = / eATD)E=5) By (s) ds
0

1
and recall that since R* € L(Y,V/) and B € L(R,Y) are admissible we have ®¢ € £L(L?(0,t;Y),Y)
and ®% € L£(L%*(0,t),Y). With reference to (31), we set w = Nyu + h1(y) + h2(y) and estimate
for t € [0,T

ly@)lly < [P tyqlly + [ OLR* Nyully + |94R by (y)lly
+ LR *ha(y) |y + | @hully
< Me*!lyolly + 01||§7%N||E(Y)||yu||L2(o,t;Y> + callullz2(0,)
+ ClHﬁ_% v vy UPa @)l 22 0.6v2) + P2 22 0,45v7))

for constants ¢; and c¢o independent of y and u.
Applying Lemma 5, we obtain

1
ly®)lly < Me“ |lyolly + crllR > Nl 2oy lwll 20,60 1ull oo 0,0y + c2llull 2(0,0)

Nl

1 t
+2e0VA|UINR [l vy vy (/0 ly ()13 ly ()17, d8>

2

< Ot kroka) +.© [ 1ot 13 I, 05

Squaring both sides yields

t
ly(@®)13 < 2C(ko, k1, k2)® + 202/0 ly () ()7, ds
and by Gronwall’s inequality we obtain

2 2
ly()13 < 2C(ko, by, ko)2e™ WIezc0.mivy

for all ¢ € [0,T]. The estimate on the W2(0,T;Y_1) norm of the solution can now be obtained
by Proposition 4 and Lemma 5. O

10



In the following theorem a sufficient condition on u and g is given under which existence of
a solution to (31) is guaranteed.

Theorem 10. For all yo € Y and u € L?(0,T) sufficiently small in the respective norms, there
exists a solution y € X to the nonlinear controlled equation (31).

Proof. We follow the proof of Proposition 7. Let us thus define

k= min((CAVA|U| + 1)), (16Va|U | C) )
and

Fi={y e L*(0,T;V,) N C([0, T Y) [yl < r }

endowed with the norm of the space L?(0,T;V,) N C([0,T];Y). We further define the mapping
T:F — L*0,T;V,)NC([0,T);Y), z + y., where y, is the solution to

9=(t) = (A+ D)y=(t) + Nz(t)u(t) + Bu(t) — hi(2(t)) — ha(2(1)), -(0) = %o

We now apply Proposition 4 and Young’s inequality to estimate
~ 1
Iyl < C(p+ VAUl + 5)x?)
with

1
1= llyolly + [[Bull2(0,7,v) + §HN||2£(Y,V’)”uH%Z(O,T) < (32)

il
2C"
By definition of x we observe that

~

1 . 1 . 1
Cu+ Vd|U| + 3)K°) < Clp+ @Vd||U] + 5)(4ﬁllU|| +1)7ICT ) =Cut GRS

and consequently 7 is mapping F to itself. For z;,29 € F and the difference e = y,, — y., we
then obtain

é(t) = (A+ De(t) — (ha(21(t)) — hu(22(1))) — (ha(z1(t)) — ha(22(1))) + Ne(t)u(t),
e(0) =0

for which we estimate
lell < C(Va||U||45 + |[ull 20,0 IN | 2evvn)liz — 22l

1 ~
< Mo =zl + Cllullzz o0 IN [ eorvplize = 220 < ellzy — 22|l

with ¢ < 1 provided that aHuHLz(&T)||N||£(y}vvf) < %. Hence, T is a contraction in F.
Summarizing, Banach’s fixed point theorem is applicable if

1
lyolly + [ BullL2(0,7:v) + §|\N||2c(y,v')||UH2L2(0,T)

L min(CEAVAU] + 1)~ A6VAUIC) )
N 2C

and é”UHLQ(O,T)”NHE(Y,VU’) < % H

11



4 An optimal control problem

The objective of this section is to show that the solution concept for the state equation is appro-
priate to consider certain optimal control problems. Concretely we shall investigate the problem

T T
nf Twi= g [l a0l ar 5 [ a2 (33)

UEUq
where y(u;-) is a solution to

y = Ay + Dy — h1(y) — ha(y) + uNy + Bu, in Y_q, with y(0) = yo, (34)

Unq := {u € L=(0,T) | ™™ (t) < u(t) < u™™(t) for a.e. t €[0,T]},

and yq € L?(0,T;V,,), u™ and u™* € L°°(0,T) with «™(¢) < 0 < u™3*(t). We also recall the
definitions of the operators N and B from (16) characterizing the control action of the system.
Further, throughout this section we assume that

Assumption 11. U € WL (RY) 0 H¥(RY) for s > 4.
We have the following existence theorem.

Theorem 12. If Assumption 11 holds and vy is sufficiently small, then there exists an optimal
control @ to (33).

The proofs for this theorem and the following result are given in the appendix.

While the previous theorem asserts existence of an optimal control for (33) there is no guarantee
for its uniqueness due to the nonlinearity of the state equation. Moreover the state y associated
to an optimal may not be unique globally. The following result, however, guarantees that the
state associated to an optimal control-state pair is unique.

Proposition 13. Let Assumption 11 hold and let @i be an optimal control of (33). If u™®, y™max
and yo are sufficiently small, in the sense that

lyoll < n

UOO = HlaX(||U/nlinHLoc(()’T)7 ||’LLDO||Loo(O’T)) S 1

_ . 1
8ACZ||U |2 ey (1 + INT) 2lyall + 1) C(llyoll, >, 5 + 2llyall) < 5
1

AVAC?||U | 2oy (1 + [N (lgoll + 2llyall + #)u>[[N]]) <

N

where C, p, C and k denote the constants from Proposition 4, Proposition 7, Proposition 9 and
Theorem 10, then there exists exactly one solution § = y(u) to (34) with minimal cost.

We now commence with the analysis which is required to obtain the existence result. For the
following results, for given y, we introduce the notation

u(s,2) = (U % ) (&) = /
0(5,2) = (U % pay(eyo) () = /

R

Ul — 7) / y(s, %, v)u(v) dv di, (35)
d Rd

U(x — j)/ y(s,Z,v)p(v)v dvdz. (36)
d Rd
Similarly, we use u,,v, for a given y,. First some continuity properties of the functions h;

characterizing the nonlinearities are obtained.

Proposition 14. Let {y,} be bounded in X and let Assumption 11 hold. Then there exist y,, and
y such that y,, —y € L*(0,T;V,)NW12(0,T;Y_1) and fg(hz(ynk(s)) —hi(y(s)), ¥)vsv, ds — 0
for every o € V,, with ¥(x,v) = 0 for x ¢ Q, for arbitrary compact subsets  C R%, and every
tel0,T].

12



The proof of this proposition depends on the next lemma, whose proof is also provided in the
Appendix.

Lemma 15. Under the assumptions of Proposition 14, it holds that u, — u in L?(0,t;C(Q)) and
0ni — 0 in L2(0,4;,C(Q)),i =1,...,d for every pre-compact subset Q@ C R% and every t € [0,T).

Proof of Theorem 12. First we observe that by Proposition 7, for y sufficiently small v = 0 is
a feasible control. Let {u,} € U.q denote a minimizing sequence for (33) with associated states
Yn = y(un). The feasibility of u,, implies the boundedness of u,, in L>°(0,T). Thus u, — @ for
a subsequence denoted in the same manner and @ satisfying u™"(t) < @(t) < u™*(t). By the
choice of J, y, is bounded in L?(0,T;V,,) so that with Proposition 9, ,, is bounded in X" as well.
Therefore there exist a weakly convergent subsequence, also denoted by y,, and § € X such that
Yn — Y in L2(OaT; ‘/v) N Wl’Q(O’T; Y—l)'

Next, we argue that § = y(u), the solution to (34) with uw = @. For this purpose, we pass to
the limit in

<yn(t) — Yo, 7;[}>D = A <yn(s)’ (A + D)*Q/J>Y + <Nyn(s)un(s) + Bun(s)a 7/}>D (37)

— (h1(yn(8)) + ha(yn(s)),¥)p ds

for every ¢ € [0,T], and every ¥ € D(A*) with ¢(z,v) = 0 for x ¢ Q, and Q C R? an arbitrary
compact subset. Since y, — ¥ in W2(0,T;Y_1) it follows that (y,(-),¥)p — (H(-),%)p in
Wh2(0,T). By compactness of W2(0,T) in C([0,T]), we obtain

(Un (), ¥)p = (), ¥)p in C([0,T1). (38)

Recall that N € L(Y,V,)). By density of D(A*) in Y, there exists g5, € D(A*) such that g, — N'¢
in Y. We estimate

|G, N'Yy — (Yns N'¥)| 20, 1)
<7, N = ge)y|r20,m) + T = Yns 98)v I L20,1) + [ Wns gk — N')y | 120,17

Taking first the limit w.r.t. & and subsequently w.r.t. n and using (38) for the second term on the
right hand side, we obtain

(G, N'd)y = {yn, N'9) in L*(0, 7). (39)

Clearly this convergence also holds in L?(0,t) for every t € [0,7T]. Similarly, we have y,, — 7 in
L?(0,t;V,) and u, — @ in L?(0,t) for every t € [0,T]. Utilizing (38) and (39) and Proposition
14, we can pass to the limit in (37) to arrive at

(F(t) = yo, ¥)p = /0 (9(s), (A+ D))y + (Ny(s)u(s) + Bu(s), ¥)p (40)

= ((g(s)) + h2(5(s)), ¥)p ds,

for every t € [0,T], and every v € D(A*) with ¢(z,v) = 0 for x ¢ Q, and Q C R? an arbitrary
compact subset.

Due to the fact that C§°(R??) is a core for D(A*) and N’ € L(D(A*),Y), a density argument
implies that (40) holds for all ¢ € D(A*).

Finally, since y € L?(0,T;V,) N L>(0,T;Y) and @ € L?(0,T), we can apply Corollary 3 with
g = —(h1(y) + h2(y)) + Nyu + Bu € L?(0,T;V,) to obtain § € C([0,T];Y). Thus § = y(u;u) is
a solution corresponding to .

13



Concerning optimality, we have the following estimates

T T
T@ =5 [ lo=va)l s+ 5 [ a2
T

1 T
< liminf - / Y — ya(s)||¥ ds + liminf p / un(s)?ds
0 v n—oo 2 0

n—oo 2

n—oQ

< lim inf 1/Tn-— UW<1+B/T (5)2ds | = inf J(u)
< lim in 2/, Yn —Yals)|ly, ds > Ouns s _u»lerzi{ad u).

Consequently, @ is an optimal control for (33). O

Proof of Proposition 13. From Theorem 12, it follows that there exists at least one optimal control
@ to (33). Assume there were two solutions y; (@), y2(@) with minimal cost Jmin. Since @ = 0 is
a feasible control, for i = 1, 2 it follows that

1 B B 1 -
5”%(“) - de%Q(O,T;Vv) + §||UHL2(0,T) < 5”19(“) - de%?(O,T;Vv)
so that |ly; —yallz2(0,13v,) < ly(@) — yallz2(0,1;v,)- By Theorem 10 we therefore also obtain
lyi(@llz20.1:v,) < 19:(@) — yallzzo.1v,) + lyallzzorv,) < K+ 2[lyallzzo,rv,) (41)
for ¢ = 1,2. By Proposition 4 for i € {1,2}
i@ < Cllyolly + 13l z20,5v7)+ (42)
holds, where § = —h1 4+ ho + ulNy;, and hence by Lemma 5
lha(wi)llz20,m3ve) < Ul L2aylyilleo,mysvy il 2 0,75v,)
< VAU || 2 @aylyill e om0 il £20.73v2)
||h2(yi)||L2(0,T;Vu’) < \/g”U”L?(]Rd)”yi”C([O,T];Y)||yiHL2(O,T;Y)
< VAU || 2 @y lyill oo, 1ill 2 0,7:v7, ) -
Thus by Proposition 9, for i,j € {1,2}, we have
17 (i)l L20mvry < VallU| g2 gayCIlyoll, u*, & + 2llyal) il L20,75v2) -
From (42) and ||y;(@)| z20,7;v,) < &+ 2|y allz2(0,7;v,) it thus follows

ly: (@) < C(lyoll +2Vd|| U]l p2@ayCllyoll, w2, & + 2llyal) lvill L2(0,7:v:)
+u [Nl £v,vr

yiHLQ(O,T;Vu))
< Cllyoll + (5 + 2lly all z20.7:v:,)) VAU | 2 ey Cllyoll, u™, 5 + 2]y all)
+UOO||N||L(Y,VU')))

where in the last inequality we used (41). We now set e = y; — y2 and observe that e satisfies
é(t) = Ae(t) + De(t) + g(t), €(0) =0,

with
9(t) = = (h1(y1(t)) = Pa(y2(t))) + ha(y1(t)) — ha(ya(t)) + a(t) N (y1(t) — ya(t)).
By Lemma 6 we find

I9llz2 0,77y < 2VA|U || ey Myl + N2 (el + N || 2ev,vyullell 2,75 )-
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Proposition 4 implies that

llell < GHQHLQ(O,T:VU/) < ZﬂIIUIILz(Rd)é(HIm I+ My Mel (1 + [N £cv,vyu™).
Combining this estimate with (43) yields

el < 2vd||U| 2 (rayCllell (1 + [Nl 2v,v))-

26(90” + (k+ 2llyall 2 0,7:v)) VAU || 2 mey Cllyo |, w2, 5 + 2]y all) + U°°|N||£(Y,w))>

where we used u> < 1. This, together with the assumptions

~ - 1
8ACZ||U |2 gray (1 + INT) 2lyall + 1) C(llyoll, u™, £+ 2llyall) < 5
~ . 1
4VAC?|U | 2y (1 + INID (lgoll + @llyall + #)u|[N]) < 3
implies the uniqueness claim. O

5 Conclusion

We have analyzed local existence of solutions to a specific nonlinear and nonlocal kinetic Fokker-
Planck equation. Due to a lack of coercivity of the underlying operators, standard (variational)
solution techniques were not directly applicable and we instead resorted to the concept of admis-
sible control operators and suitable Lipschitz estimates for the nonlinearities which were utilized
in a fixed point technique. We subsequently introduced and analyzed a quadratic tracking type
cost functionals for which we showed the existence of a local solution and the uniqueness of its
associated state.

Several questions remain open and deserve a further detailed analysis. For example, while
the existence of optimal controls obviously calls for first order necessary optimality conditions,
a corresponding sensitivity analysis appears to be far from straightforward as the uniqueness of
solutions (other than the ones corresponding to the optimal control) is not clear at this point.
Furthermore, a study of the optimal control problem on an infinite-horizon or the construction of
feedback controls seem interesting follow up research questions. Similarly, discretization strategies
both of the uncontrolled equation as well as the optimal control problem apparently have not
received particular attention for hypocoercive problems and could be the focus of future work. It
would further be of interest whether Assumption 11 concerning extra regularity of the potential
U could be overcome by the velocity averaging effect of the first order hyperbolic operator d;y +
v- VY, see, e.g., [26]. This would be the case if the nonlocal operators p,, and p,,, had local
support in the v variable.

Appendix

Proof of Lemma 5. Assume that w,w € V,,. We consider U * p,,,, Row and begin with an estimate
for U * p,. Young’s inequality for convolutions yields

1U * ppwllLoe ey < U 22 eyl P || 2 (a)-
We further have that

%
1Pyl 22 () = (/ Ipﬂw(ﬂc)lzdx> = </
R4 Rd

1
2 2
dx) .
With the Minkowski integral inequality, we then obtain

lomalizr < [ ([ Intohute o ar) a0 = L ([ uo)ueoar) .
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Applying Cauchy-Schwarz w.r.t. the v variable shows that

lPuw()ll L2 ray < / / / )|w(z,v)|*dedv) . (44)
R4 Rd JRE

=llwlly

Up to this point, we conclude that
NU * ppwll oo rey < U || L2 ey llwlly (45)

which then implies that

||U * puwROwHVg =

/Rd /Rd YU * puw) (@) Row (z, v)p(2, v) dz dv

vau—l
<NU * ppwll ey sup  [{(Row, ¥)y|
[lellv, =1
<ULz ey llwlly stuup |(Row, 1) y|.
V=

For almost all ¢ € C§°(R??), let us note that with (4) we have

(Row,v)y = / (v - Vo — Ayw) da do
R2d

= / v - Vo + Vi - Vi () de do
R2d

= / /“ﬁv . VU"D + ,U’V’Uw . Vuw + wvuw . vu,udx dv
R2d

= / uVo - Vb do dv = (V,, Vyth)y2a.
R2d

By density of C§°(R??) in V,,, which can be argued by classical approximation techniques, see for
instance [3, Section 3], the above equality holds for all ¢ € V,,. We finally arrive at

1U * ppaw Bow|lvy < U] z2@ey wlly Wi [(Row(t), ¥)v|
Yllv, =1

<NUle@eyllwlly  sup [[Vow(#)lly2el|Voiplly=a

l¥llv, =1

< U z2@ay lwlly [[ Vo] y-
The first assertion now follows from

h1 (y) —hy (Z) =U=x puyRO.y —Ux pquOZ
=Ux*puyRoy — U * puyBRoz + U * pyyRoz — U * p,. Roz
= U puyRo(y — 2) + U * pp(y—z) Roz.

Let us next turn to U py,p. - (VW —1wv). We observe that with Young’s inequality for convolutions
and (18), it holds that

U % pops | oo @etyya < MU L2 @) | oo | 2 @ayys < VAU 2y llw]y- (46)
Before we continue, recall that with (4) we have the identity

IV (pad) = pmH @V pp + pVo) = pH(—dvp + pV o) = Vi — .
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Hence, we obtain

U * popw - (Vo — w0) ||y

/ / V(U * popw) (@) - (Vo (z,v) — w(z,v)v))(z,v) de dv
Rd Rd

IWJHVv—l

/ / (U * popw)(x) - Vy(p(v)d(z,v))Y(z,v) de do|.
Rd Rd

Hll)”vvfl
Using (46) we find that

||U * Popw (vvw - ’LT}’U)”VU/

< |IU * popw | oo ey~ sup

/]Rd v”(‘u(v)w(z?l}))d}(x,v) dz dv

1llv, =1 Ra Rd
< VAU oy oy sup / V¥, ) da do
‘ ”va1 R4 Rd R4
1 1
< f“U||L2 ray||wly sup () 2w(z,v)| - ||p2 (v)Vrh(z,v)||ge dz do.
[y, =1JRd JRE

Applying Cauchy Schwarz on L?(R29) allows to conclude that
U * Popw - (Vo — ID'U)”VJ
1 1
< VAUl z@allwlly  sup |2 @] L2ee) 1102 Vodbll 12 @2y

1o llv, =1

=lwly =Votllya
< VAUl 2@y llwlly @]y -
Finally, we obtain the second assertion since

ha(y) = ha(2) = U * puyo - (Voy = yv) = U * ppzo - (Voz — 20)

= U puyo - (Voy —yv) = U s puyo - (Voz — 20)

+ U * puyo - (Voz —20) = U * ppzy - (Voz — 20)
= U P (Vuly = 2) = (= 2)0) + U % pgy—syo - (Vo2 — 20).
O

Proof of Proposition 1. The assumed boundedness of {y,} implies the existence of a weakly
convergent subsequence y,, — y in X. Subsequently, the second subscript k& will be dropped.
Step 1. We first consider hy. Let ¢t > 0 and ¢ € V,, be as announced. It then holds that

/0 (1 (4n(3)) — B (y(s)), D)y, ds

t
= / <U * p,u(yn(s)fy(s))Ryn(s)v 'L/)>V7J’,Vv ds + / <U * pp,y(s)R(yn(S) - y(s))7 w>V1j7Vq, ds
0 0

- / (14 () — u(s)) By (), ¥v.v, ds + / Flyn(s) — y(s)), u(s)d) vy, ds.

=I =II

We already know from (45) that

[[n (s, )| oo may < U L2@a)llyn (8)lly

for all s € [0,7T]. Since {y,} is bounded in L*°(0,T;Y), we can find a constant C such that
lun(s,z)| < C for all (s,x) € [0,T] x R% Analogously we obtain |u(s,z)| < C for all (s,z) €
[0,T] x R
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Now we turn to II. First, we observe that ui) € L2(0,T;V,). Since y, — y in L?(0,T;V,), it
follows that Ry, — Ry in L?(0,T;V,!) and consequently II tends to 0 as n — co.

Next, we turn to I and observe that for ¢ € L%(0,T;V,) with (s, z,v) = 0 for x ¢ €, it holds
that

| 0 0) = ) B (9.0 s
:/ / (un(s,z) —u(s,z)) [ ¥(x,v)Ryn(s,z,v)u(v) dzdvds
0 Jre R4

— / /ﬂ(un(s, z)—u(s,z)) [ (@, v)Ryn(s, 2, v)u) dvdeds

Rd

/ lun(s) — ||C(Q)/ / [¢(z,v) Ryn (s, 2, v)pu(v)| dv dx ds
< [ Il w6Vl Fon ), 00w,
0

< Jwn = wll 220,700 1911V, 1 RYn | L2 0,75v) -

Since from Lemma 15 we have u,, — u in L?*(0,7;C(Q)) and Ry, is bounded in L?(0,T; V), I
tends to 0 as n — oc.
Step 2. Next we consider hy. From (46) we conclude that

llon (s, ‘)H(Loo(JRd))d < Cllyn(s)ly

which, together with the boundedness of {y,} in L>(0,T;Y") ensures the existence of a constant
C such that [|v, ;(s,7)|| < C for almost all (s,z) € [0,7] x R? and i = 1,...,d. An analogous
estimate holds true for v;,i =1,...,d.

For what follows, we introduce the notation Sy = V,y — yv. With derivations similar to the
ones in the proof of Lemma 6, one can show that (Sz); € L(Y, V). Indeed, observe that

lei- Szllvy = sup [ei- Sz,4)vy v, |
1 llv, =1
= sup / / e; - Vo(u()z(z,v))(z,v) de dv
l¥llv, =1 /R JRE
= sup / / z(x,v)y, (xz,v)dz dv
l&llv, =1 1JR SR

< sup / 1(0) % 2(2, )| - o (2, 0) ()] da o
[1¥]lv,=1JRe JRE

< sup |lzlly - [[Votdllye < 2]y

l&llv, =1

With these preparations, we obtain for ¢ € V,,

t
[ o) = ra(y) 0z, ds
t t
= [) <U * Puv(yn(s)—y(s)) * Sy(s)a ¢>VJ,V1, ds + /O <U * Puoy(s) S(yn(s) - y(s)), ¢>V15,Vu ds
t

:/0 ((0n(s) —0(s)) - Syn(s), Y)vi v, d3+/0 (0(s) - S(yn(s) —y(s)),Y)vs v, ds.

=I =II
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Let us focus on II first. Note that we have

t d ot
|05 S = (6D v ds = 3 [ toutslec Slunle) = (5D Vv ds

d  pt
= Z/o (e; - S(yn(s) — y(s))’ui(3)¢>vv,7vv ds.

Since v;10 € L*(0,T;V,),yn — y € L*(0,T;V,) and e; - S € L(Y,V.), we conclude that II tends
to 0 as n — oo.
Let us turn to I. It holds that

/0 (0a(5) — 0(5)) - Sya(s), ¥)vyv, ds
d t

=3 [ (i) = wils))es - Sl v, s
i=170
Fori=1,...,d, using ¥(x,v) =0 for = ¢ Q, we find that
t
[ 00 = i)es - S5 v e s
t
= / / (bp,i(s, ) — (s, x)) U(x,v)e; « Syn(s,z,v)u(v)de dvds
o Jra Rd
t
= / /(nn)i(s, x) —v;(s,x)) (z,v)e; - Syn(s, z,v)u(v) dvdrds
0 Ja Rd
t
< [ oasts) = witsllo [ [ 1 v)es Sl o)) dodads

t
S/O [05,i(5) = vi(s)lc@yl{ei - Syn(s), V) v, v, ds

< |lon: — Uz‘||L2(o,T;C(Q))||1/JHVU lle; - S?/n”L?(o,T;wy

From Lemma 15, we know that v,, ; — v in L2(0,7;C(2)). This completes the proof. O
Proof of Lemma 15. At first we show that {v, ;} is bounded in W12(0,T; L?(R%)). Indeed we
estimate
T 2
Ht’n,i”%Z(o,T;L?(Rd)) :/ / / U(:c—:i)/ Yn(t, Z,v)u(v)v; dvdZ| dadt
0o Jrd|Jre Rd
T 2
= / <U */ Yn(t,v)p(v)v; dv) ) dt
0 Rd L2(R4)

2
dx dt

T
< U124 g / / / (b, 2, 0) 22 () () do
0 R4 Rd

Wi [ [ ([ @) ([ aontar)ara

T

<N ooy [ [ e dvasdr
0 Rd JR4

= ||U||2L1(Rd)||HU¢2||L1(R4)||yn||2L2(o,T;Y)-

If U € W*(R%), the previous computations can be repeated, using differentiation of convolutions,
to obtain

(2% 2LZ(O,T;HS(W)) < HUH%/VSJ(]Rd)HMUZ‘QHLl(]Rd)HynH%?(O,T;Y)'
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For the temporal derivative of v, ;, we continue with

T
|%2(O,T;L2(Q)) :/0 /Q
T 2
- / Ga(®), (): - Ulz — ))p[? dedt
0 Q
T 2
< / / sip (Gn(t), B
0 JQ |[¢€D(A*),llollpax<1

T
< [ [ i@ 108Ul = g ot

= 1Q9n 720,17 sup ()i - U@ = llpas-

2
/ U(x — 2)Yn(t, Z,v)u(v)v; dodz| daxdt
R2d

Ht’n,i

Let us set f*(%,v) := v;U(z — &) for (#,v) € R?? and observe that from (14)
g =A== AT —v- Vo f*+v - Vif® =—vU(x—2%)—vv- ViU(x — Z).

If U € HY(RY), then {f*},cq and {¢g*}.cq are uniformly bounded in Y. Together with the
uniform boundedness of {g, } in L*(0,T;Y_1) in n, we obtain that ||0, || £2(0,7,(12(q))e) is uniformly
bounded in n.

Next, again differentiation of convolutions allows to repeat the computations to obtain uniform
boundedness of ©,, in L2(0, T; (H*(2))%) provided that U € H*+!(R%).

Let us now argue that v,,; — v; in L2(0,7;C(12)). By (18) and Young’s inequality for convolu-
tions it can be argued that y — v; = U * p,y., is an element of £(L2(0,T;Y), L2(0,T; (L?(R%)))).
Since y, — y in L?(0,T;Y") this implies that v, ; — v;.

Now let us choose s > 4 and utilize that U € W*+11(R?) N H*(R?). Then due to the compact
embedding of L?(0,7; H*™1(Q))nW2(0,T; H*~1(Q)) in L?(0,T; H*(2)), we have that v,, ; — v;
in L2(0,T; H*(1)), by the Aubin-Lions lemma, and consequently in L?(0,T;C(Q)) since s > 4.
Since this holds for each i € {1,...,d}, we have v,, — v in L%(0,T; (H*(Q))4).

The convergence of u,, — u can be shown with almost identical arguments, replacing f by
f(#,v) = 1,U(z — &) where 1,(v) =1 for all v € R? and using (45) instead of (46). O
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