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Abstract

In this paper, infinite horizon optimal control problems subject to semi-
linear parabolic equations are investigated. A finite number of only time-
dependent controls localized at disjoint positions in the space domain are
considered. The controls are subject to integral constraints and a term is
included in the cost functional that promotes control sparsity. The existence
of optimal controls is proved, first and second order optimality conditions
are derived, and the approximation by finite horizon control problems is
addressed.
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1 Introduction

In this paper, we study the following control problem

(P) { uMien;/r{I:;ze J(u) := F(u) + aj(u)
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where o > 0,

= ~ T — T 2 X
Fu) —fjﬁ ‘[;|yu< ) — yala, D2 drdr,

JiL 000" =R =) [ ]
i=1 70
Uag = {u € U : ||t r0,00) < 730 1 <0 <},

with yq € L?(Q), U = LP(0,00)™ N L} (0,00)™, m € N, 2 < p < 00, and 0 < ; <
oo for 1 <4 < m. Here y, denotes the solution of the equation:

{ atyu"_Ayu"_f(xvtvyu) :g(xat)"_Bu in Q:Q X (0700),

On,yu =00n X =T x (0,00), yu(0)=1ypin Q, (1.1)

where Bu = Z u;(t)¢i(x) for some functions {¢;}~, C L>(2) with supp(¢;) N
i=1
supp(v;) = 0 for i # j, and A is the linear elliptic operator

Ay == Z amj [a’ij (1‘, t) 89:13/] + a(](ib, t)y,

4,j=1

Assumptions on the coefficients of A and the functions f, g, and yo will be given
in the next section.

We observe that U is continuously embedded in L?(0,00)™, which follows by
interpolation between the spaces L'(0,00)™ and LP(0,00)™. As a consequence
we also have that Bu € L*(Q) N L?(0, 00; L>=(Q)).

By studying (P) we continue our investigations of nonlinear pde-constrained
optimal control problems over infinite time horizons. Such problems have received
little attention, although they arise quite naturally, for example, in the context
of optimal stabilization, or in the case of modeling with finite horizons, where the
length of the horizon is ambiguous and choosing an infinite horizon would be a
safe way out. For infinite horizon optimal control problems related to ordinary
differential equations we cite the monograph [4], and selected papers [1], [3], [19],
where the latter might well be one of the earliest publications on the subject.
In our work we treated infinite horizon problems relate to semilinear parabolic
equations in e.g. [10] and to the Navier Stokes equations in [I2]. The specificity
of problem (P) which is not considered in our previous work consists in the fact
that (P) does not contain a quadratic space-time cost of the control, but rather
the sparsifying term in time only, and that the explicit control constraint is of
energy type in time, rather than pointwise in time as it was in our previous work.
This necessitates a different treatment of the optimality conditions especially the
second order necessary and sufficient optimality conditions. The control action
enters by means of finitely many time dependent controls u;. The spatial
distribution of the controllers is fixed and described by ;. We shall utilize a
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feasibility assumption guaranteeing that there exists at least one control vector u
satisfying the constraints and rendering the corresponding cost J finite. Such an
assumption is justified by stabilizability results which guarantee that for properly
chosen m and 1);, there exists a control in feedback form for which the associated
state decays exponentially, see e.g. [2]. The sparsifying term j in the cost then
guarantees that optimal controls will individually shut off an remain shut off from

times T3 on.

The paper is organised as follows. Section [2| presents properties of the state
equation needed for the analysis that follows. In the following section [3] we prove
the existence of a solution for (P) and establish the first order necessary conditions.
Second order necessary and sufficient optimality conditions for (P) are presented
in Section [4] where special attention is paid to the fact that the gap between these
two conditions is small. Finally, section [5|is devoted to the approximation of the
infinite horizon control problem by finite horizon control problems.

2 Analysis of the state equation

In this section, we are concerned with the existence, uniqueness, and regularity
of the solution of (|1.1)). To this end we make the following assumptions:

Assumption 2.1.

We assume 1 < n < 3, yo € L®(Q) and g € L"(0,00; L*(Q)) N L3(Q) with
I

The function f: Q xR — R is measurable with respect to (x,t) € Q and of class
C? with respect to y € R and satisfies the following hypotheses

f(xvta 0) =0, (21)
of
307 €10,1) : a—y(x,t,()) > —drap(z,t), (2.2)
of
My >0: f(z,t,y)y >0 and a—y(m,t,y) >0 Yy > My, (2.3)
vM >0 3C 0_8jf t <C Viy <M, j=1,2 2.4
> M > . ‘aiyj(xj ay)‘ > UM |y| = , J=1,4 ( . )

Vp >0 and VM >0 de > 0 such that
0% f 02

f . .
Tyg(x7tvy2) - @(x7tay1)‘ < P v|y1| < M77' = 1a2a Zf|y2 - yl‘ < g, (25)

for almost all (x,t) € Q.



4 E. Casas and K. Kunisch

The coefficients of A satisfy a; j,a0 € L=(Q) and

JA>0: Z ai j(z, )€€ > AE[? VE € R™ and for a.a. (x,t) € Q, (2.6)
ij=1
ag(xz,t) >0 for a.a. (z,t) € Q, and ag £ 0. (2.7)

We mention that (2.3) and (2.4) imply that

g—gjj(x,t,y) > —Cyu, Yy € R and for a.a. (v,t) € Q. (2.8)

Hereafter, we will follow the standard notation
W(0,T) = {y € L*(0,T; H'(Q)) : 0,y € L*(0,T; H*(Q)*)} for 0 < T < oc.

A function y is called solution of (1.1)) if y € W(0,T)NL>®(Qr) for all 0 < T < o0
and it satisfies the following equation in the variational sense

=g(z,t)+ Bu in Qr =Q x (0,7), (2.9)
On,y=0o0nXr =T x (0, '

T)7 y(o) =Yo in Qa

We know that admits a unique solution y, in W(0,7) N L*>(Qr) for
every u € LP(0,00) and all T < oo. Moreover, if u € U and y, € L?(Q) then
the regularity y,, € W(0,00) N L°°(Q) holds. Further the following estimates are
satisfied:

yulle < K (||yu||L2(Q) +llvollz2() + llg + Bu||L2(Q))7 (2.10)
[Yull L= (@) < K2 (||yu||L2(Q> + lyollze= (o) + lg + BullL2(q)
+ 1191l 27 (0,00, 25 (2)) + 1Bl Lr (0,00;25¢ () + Mf>7 (2.11)

where

[N

Iyl = (I9ulEeo.cier o) + vl 0.00z2)
see [] for the proof. Using (2.1)), (2.4), and the mean value theorem we infer
of
£ty )] = [5Gt 00 ) ()] < Coely(a 1),
where M = ||y, || (g) and 0 < O(z,t) < 1. Since y, € L*(Q)NL>*(Q), the above
inequality implies that f(-,-,v,) € L*(Q) N L>=(Q) and the following estimates

hold

1 G va)llee@) < CraeM and [[f(, - yu)ll20) < Crmllvullizg)-  (2:12)
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Using these properties we deduce from the equation (1.1)) that y, € W(0,00) N
L>(Q). Moreover, from (2.10) and (2.12) we get

Iyallwio.00) < K ((1+ Cranlvallz@ + ol 2@y + llg + Bullzzg) ) (2:13)

We define the set
A={uecL*0,00)™ :y, € L*(Q)}.

Now we introduce the mapping G : A — W (0, 00) N L (Q) define by G(u) = ys.
The following theorem was proved in [I0, Theorems 2.2 and 3.1].

THEOREM 2.2. Let us assume that A is not empty. Then, A is an open subset
of L?>(0,00)™ and the mapping G is of class C%. Moreover, given u € A and
v,v1,v2 € L*(0,00)™ we have that z, = G'(u)v and zy, v, = G” (u)(v1,v2) are the
unique solutions of the equations

ar _ .
&gz + Az + Dy (IL’,t,yu)Z BU m Q’ (214)
Ouiz =0 on S, 2(0) =0 in €,
. 52 .
atZ + Az —+ %(.Z,t,yu)z = 7%(x’t,yu)zvlzv2 m Q’ (215)
Onyz=0o0n%, 2(0)=0inQ

3 Existence of a solution and first order optimal-
ity conditions for (P)

To address the existence of a solution of (P) first we observe that there exists a
unique solution g, of for every u € U,q. However, it could happen that the
solution y,, does not belong to L?(Q) and, consequently, J(u) = co. In the sequel,
we say that u is a feasible control for (P) if u € U,q and the associated state y,,
belongs to L?(Q), or equivalently u € U,q N.A. We point out that U,q N A is not
necessarily convex. Hence, regarding the existence of a solution for (P) we have
the following result.

THEOREM 3.1. If there exists a feasible control ug for (P), then it has at least one
solution.

Proof. Let {u}72; be a minimizing sequence of (P) formed by feasible controls
with associated states {yx}72 ;. Since J(uy) — inf (P) < J(up) < oo we deduce
that {uy}52, and {y;}32, are bounded in & and L*(Q), respectively. From
and we get that {yp}72, is bounded in W (0,00) N L>°(Q). Moreover,
the continuous embedding & C L?(0,00) implies that {ug}°, is bounded in
L?(0,00)™. Therefore, taking a subsequence we obtain that (ug,yx) — (4,7) in
L%(0,00)™ N LP(0,00)™ x W(0,00) N L>°(Q). This implies that Buj, - Ba in
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L2(Q) N LP(0,00; L>®(€)). Using these properties one can pass to the limit in
the state equation and deduce that g is the state associated with @; see [10]
Theorem 2.1] for details. Moreover, since up — @ in LP(0,00)™ we deduce that
@ satisfies the control constraints. It remains to prove that @ € L'(0,00)™ and
J(@) = inf (P). To this end we proceed as follows. For every T < oo, using the
compact embedding W (0,T) C L?(Qr) and the weak convergence uy — i in
LY(0,T)™ we obtain

1 T m T
5/ /|g—yd|2dxdt+az/ | dt
o Jo = o

1 e
< lim inf (7/ Yk —yd\zdxdt—i-aZ/ |ukj|dt) < liminf J(uy) = inf (P).
2 QT j=1 0 ’ k—oo

k—o0

Taking the supremum as T — oo we infer that 4 € L'(0,00)™ and J(u) < inf (P),
which concludes the proof. O

Next we derive the first order optimality conditions satisfied by a local mini-
mizer @ of (P). If nothing is specifically said, @ is called a local minimizer of (P)
if J(#) < oo and there exists € > 0 such that J(a) < J(u) for every u € U,q such
that |ju — ullys < e. By interpolation we have that ¢/ is continuously embedded in
L1(0,00)™ for every q € [1,p]. Therefore, if % is a local minimizer of (P), then it
is also a local minimizer in the L?(0,00)™ sense.

To write the optimality conditions satisfied by a local minimizer we need to
analyze separately the functions F' and j defining the cost functional J. Regarding
the functional F' we make the following assumption on yg:

Assumption 3.2. yq € L2(Q) N L"(0,00; L*(Q)) with + + 2 < 1.

As a straightforward consequence of this assumption and Theorem [2.2] we get
that F : A — R is of class C? and for all v,vy,vo € L?(0,00)™ we have the
following expressions

F’ = WBuvdzdt = - wi(Bv(t) dt, 3.1
e = [ euBvda Z/ bui(tyi(t) (3.1)

2

F"(u)(v1,v9) = / (1 — g—yﬁ(x,t,yu)@u)zvlzvz dx dt, (3.2)

Q

where ¢y i(t) = [, pu(t)th;dz and @, € W(0,00) N L>®(Q) is the adjoint state
associated with u satisfying

{ —Ohp+ A"+ 5Lzt y.)p = yu —ya 0 Q,

. . 3.3
Onyep=00n%, Jim [lo(t)]ze) =0 in Q. (3.3)

For the proof of (3.1) and (3.2) the reader is referred to [0, Theorem 2.3 and
Corollary 3.1]. The existence and uniqueness of a solution of (3.3)) was established
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in [10, Theorem A.4]. We observe that the identity lim; o [[@u(t)|£2(0) = 01is a
consequence of the fact that ¢, € W(0,00); see [9, Theorem 2.4].

The functional j : L'(0,00)™ — R can be written in the form j(u) =
> jol(ug), where jo : L'(0,00) — R is defined by jo(w) = [Jw]|L1(0,00)- It is
clear that jg is Lipschitz continuous and convex. Hence, the convex subdifferential
djo(w) # O and the directional derivatives j(w;v) exist for all w,v € L1(0, 00).
The following properties hold:

=+1  ifw(t) >0,

Nedjow) i AD L  —-1  iwt) <0 (3.4)
€[=1,41] ifw(t) =0,
jb(wiv) = /z; o(t) dt — /1 o(t) dt + /I ()] dt, (3.5)

;fohere{ljg (g {t) € ((OSOO)O}i w(t) > 0}, I, = {t € (0,00) : w(t) < 0}, and
w =1t € (0,00) : w(t) = 0y.

We define the sets
Ll;d = {v € LP(0,00) N Ll(O,oo) llzr,00) vt 1< <m

and observe that U,q = []/~, U:,. We have the following necessary optimality
conditions.

THEOREM 3.3. If @ is a local minimizer of (P), then there exist \; € 0jo(u;) for
i=1,...,m satisfying

/ (fs(t) + aXi(t))(ut) — w;(t))dt >0 Yu €Uy, (3.6)
0
where ¢;(t) = [, §(t)v; dz and @ is the adjoint state associated with .

Proof. Using the convexity of U,q and j we get for every u € Uyq

0 < lim J(@+ p(u —a)) — J(a)

liny - < F@(u—)+aliw - j@). (37

Let us fix i € {1,...,m} and take u € Uaq with uy =ty if k # i and u; = v € U,
Then using (3.1)) and the definition of ¢; we infer from the above inequality

/OOO ¢i(t)(v(t) — w;(t)) dt + afjo(v) — jo(@:)] >0 Yo € Uy

Denoting by Iy - LY(0,00) N LP(0,00) — [0,00] the indicator function of the
convex set L{; 4 We obtain that @; is the minimizer of the convex function

J() = /000 ¢i(t)o(t) dt + ajo(v) + I (v).
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This implies the existence of \; € jo(;) such that
0e QZZ +a\; + aIl/léd(ai)’
which is equivalent to (3.6). O

COROLLARY 3.4. Let = {u;}~; and {(Xi, ¢s)}~, be as in Theorem . Then,
{(N\i, i)} 4 are continuous functions in [0,00) and the following relations hold
for allt € [0,00) and alli=1,...,m

If ||’L_[/1;||Lp(07oo) <Y, then Q_Sl(t) + Oéj\l(t) =0, (38)
_ ' 1_
Ai(t) = Proj_; ( - E@(t)). (3.9)
If p € [2,00) and ¢; + a); = 0, then for almost every t € [0,00) we have
if wi(t) > 0, then ¢;(t) = —a,

if w;i(t) <0, then ¢;(t) = +a, (3.10)
if |6i(t)] < v, then u;(t) = 0.

If p € [2,00) and ¢; + a); # 0, then U is a continuous function and we have for
all t € [0, 00)

ai(t) >0 iff ¢i(t) < —a,
w;(t) <0 iff ¢i(t) > +a, (3.11)
ui(t) =0 iff |¢i(t)] <
If p = 0o, then we have for almost all t € [0, 00)
if 9i(t) < —a then u;(t) = +;,
’Lf g?)z(t) > 4« then l_Lz(t) = —Yi, (312)
if |0i(t)| < a then u;(t) = 0.
Finally, the multipliers {\;}", satisfying (3.6)) are unique.
Proof. Since ¢ € W(0,00) C C([0,00); L*(2)), we deduce from the definition of

¢; its continuity in [0,00). The continuity of \; is a consequence of the identity
(3.9), which will be proved below.

We start assuming that ||| 1r(0,00) < 7: and set &5 = v; — || 6| Lr (0,00)- Given
T < oo, for every © € LP(0,T) with [|9||z»o,r) < €; We put

o(t) +a;(t) ift e (0,7T),
v(t) = { a(t)  ift>T.

Then, it is evident that v € !, and, consequently, we deduce from (3.6) that

T 00
/ (i +a)))odt = / (¢i + aXi) (v — ;) dt >0 for every [|8]|1r(0,1) < &i-
0 0
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This implies that ¢; + a\; = 0 in (0,7). Since T was arbitrarily large, (3.8)
follows.

The relations are an immediate consequence of (3.4). Let us prove
. Since ¢; + a); Z 0, the equality [|@;||Lr(0,00) = i follows from .
Then, there exists To < oo such that ¢; +aX; # 0 in [0, Tp] and [|@;]| 1 (0,7,) > 0
by ([3.6). For every T > Ty we put vi,r = ||@ ze(0,7) > 0. For all v € LP(0,T)
such that |[v||zro,r) < vi,r We define

ﬁ(t):{ v(t) ift € (0,7),

a(t) ift>T.

We observe that o € LP(0,00) N L'(0,00) and ||| 1r(0,00) < |l £r(0,00) = i and
thus © € U’ ;. Then, for 7; = ¢; + a\;, (3.6) leads to

T
/O 7; () (v(t) — u;(t)) dt > 0.

This yields

T T
- / Dt < / it dt < (7l 0.1 1l 0.y = 1 1 2ot 0.0

Taking the supremum over all elements v € LP(0,T) such that |[v||Lr0,7) < vi,7
we obtain

T
il o oy < — / (0 (8) dt < 727l o1
This implies the representation formula

|6:(t) + aXi ()P 724 (t) + aXi(t))

e
16 + Xl o )

u;(t) = —vi,r a.e. in (0,7). (3.13)

Since T' > Ty is arbitrary, from the above formula and (3.4]), the relations (3.11))
follow. Moreover, if p € [2,00) then (3.9) is deduced from (3.8) and (3.11)) by

simple computations. The continuity of \; is consequence of the continuity of ¢;
and (3.9). Finally, the continuity of @; is consequence of (3.13)) and the continuity
of \; and ¢;.

For the proof of (3.12)) and the associated representation formula (3.9) the
reader is referred to [5]. The uniqueness of the multipliers {\;}12, is an immediate

consequence of (3.9). O

COROLLARY 3.5. Let u € Uyq satisfy the optimality conditions (3.6), then there
exist times {T; }; C (0,00) such that ;(t) = ¢;(t)+aX;(t) =0 for every t > T,
1<1<m.
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Proof. Since lim; o [|@(t)| £2(q) = 0, we deduce that
Tim [6,(8)] < lim [16(0) 2ol = 0, 1< i <m.

This leads the existence of T < oo such that |¢i(t)| < a for every t > T;*. Then,
the equality u;(t) =0 follows from - Finally, it is enough to use the
representation formula ) to deduce that ¢;(t) + aX;(t) = 0 for every ¢t > T
as well. O

COROLLARY 3.6. Let t € Uaq satisfy the optimality conditions (3.6) and assume
that ¢; +aX; Z 0 for some 1 < i < m. Then, the following representation formula
for u; holds:

[9:(8) + aXa(OP 2 (i(t) + adi(1))
16: + aXill 7 g

a;(t) = = for a.e. t €]0,00). (3.14)

o)

Proof. We use - ) for T > T. As a consequence of Corollary we have
that v, 7 = i and ||¢; + a\i| L 0,1) = = |¢i + aXi| 1 (0,00)- Hence, 1_} implies

B-14). O

4 Second order optimality conditions for (P)

In this section we address the second order optimality conditions for problem (P).
We will distinguish the cases 2 < p < 0o and p = c.

4.1 Case I: 2 <p < o0.
We associate the following Lagrangian functions to the control problem (P)

LF: AxR™ —R

m

1 .
Flup)=Fu)+ =Y 5 il and L) = Flu ) +aj(w)
=1

According to (3.1) and (3.4) we have the following directional derivative

oL
% (’LL7 /1/7 U)

au(uu)eraJ( v)
=30 ([t + B2l -+ a0 (@)

m
=1
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where ¢;(t) = [, pu(t)¥idz. The second derivative of F with respect to u is
given by the expression

62]:' 2

0
W(u,u)(vl,vg) = /Q (1 — a—yf(x,t,yu)g@u>zylzv2 dxdt

+(-1) Z 57 /OOO i () [P~ 201 (t)va(t) dt. (4.2)

Let @ € U,q be a control satisfying the first order optimality conditions (3.6]).
Associated with @ we define the Lagrange multipliers

i={a:}izy with fii = %i]l0: + aXill Lo (0,00 - (4.3)

Since ¢;, \i € L>=(0,00) and ¢;(t)+a;(t) = 0 for t > T}, we have that ¢; +a); €
L%(0,00) for all ¢ € [1,00] and every 1 < i < m. The choice of i is justified by
the next lemma.

PROPOSITION 4.1. Let u satisfy the first order optimality conditions (3.6) and let
i be defined by (4.3). Then, the following properties hold:

i) i >0 and [i(|UillLe0,00) = 7)) =0 for i=1,...,m,
it) %(ﬂ,ﬂ;v) >0 Wwel,

iii) g—c(ﬁ,ﬂ;v) =0 iff lvi(t)] = Mi(t)vi(t) a.e. in IO for i=1,...,m.
u 7

Proof. The statement 3) is an immediate consequence of the definition (4.3|) of f;

and (3.8). Let us prove 4i). If i; = 0, then the definition (4.3) along with ((3.4)

and (3.5) imply
| @0 + Bl aue)6) dt + o ais)
0 i

= fa/oo X (b () dt + g (s vi) = a/ [Joi ()] — Ai()vi(£)] dt > 0. (4.4)
0 I

0
u

Now we consider the case where fi; > 0. Using the representation formula ((3.14)
we get

b (t Ai(t
|ﬂi(t)‘p_2ﬂi(t) _ _,yzpfl _(b ( )"__Oé ( ) )
9i + @Al Lo (0,00)
Combining this with the definition of fi; we obtain
B o - N
?Wi(t)lp 2ui(t) = —(di(t) + ai(t)).

Therefore, the same expressions as in (4.4) apply in this situation. Finally, (4.4))
yields i) O
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Remark 4.2. We observe that it was established in the above proof that

/Om[¢,(t) + %|ﬂi(t)|p_2ﬂi(t)]vi(t) dt + Oéj(/)(’l]i; ’Ui) >0 Yvel (45)

i

and for alli=1,...,m.

Now we address the necessary second order conditions. To this end we define
the cone of critical directions as follows

Cu = {v ceU: J' (@) =0 and / s (8) P2 (t)vs (£) dt < 0 Vi € So},
0

where So = {i € {1,...,m} : |ti]|1r(0,00) = Vi}. We also define Sf” = {i € S :
ii; > 0}. We have the following property on Cj.

ProprosITION 4.3. If v € Cy then we have
o
i) / 2 (0) P2 (£)vs () dt = 0 Vi € S,
0

oL,
w) 2 (@, ;) = 0.

Proof. Using Proposition (4.1)), the definition of Cy, and (4.1)) we have that
0< %(a o) = J'(w0) + iﬂ- /Oo | () [P~ (t)v; () dt
— 8’([, ) ) bl (2 0 7 7 ?

i=1

= Z i | (£)[P 21, (t)vs (t) At <0,

This implies the statement of the proposition. O

THEOREM 4.4. If @ is a local minimizer of (P), then gif(a;ﬂ)ﬁ >0 Vo e Cj.

Proof. First we take an element v € Cy N L>°(0, 00) satisfying the following prop-
erty
36 > 0 such that v;(t) =0 if 0 < |G ()] < for 1 <i < m. (4.6)

We will get rid of these assumptions later. Let us denote
By={ieSo: / 3 ()8 (2)oi(0) dt = 0}
0

If i ¢ Ep we define the mappings h; : R — LP(0,00)NL(0,00) and o; : R —
R by h;(p) = 4; + pv; and o;(p) = ||hi(p)H’£p(0 ooy i & So, then 0;(0) < 77 and,
consequently, there exists ; > 0 such that o;(p) < 7? for every |p| < &;.



Sparse controls for infinite horizon equations 13
If i € Sy \ Ep, then 0;(0) =¥ and

T
o1(0) = p /O i (£) P2, (£)vi (t) dt < 0.

Again, this implies the existence of ¢; > 0 such that o;(p) <~ for all p € (0,¢;).
In both cases we have that h;(p) € U, for every p € (0,¢;). In all cases, we
5

assume that ; < SToT -
[lvillLoo (0,00)

If © € Fy, then there exists €; > 0 such that
_ _ Yio.
1@ + pvillLr(o,00) 2 |UillLr(0,00) = Pllvillro,00) 2 5 i |p] <ei.
U + pu;

Vi :
A @i + pvill v (0,00)
This choice also implies that h,;(p) € U},. For i € Ey we define

We define h; : (—e;,&;) — LP(0,00) N L1(0,00) by h;(p) =

1 i 1)
0<eg <= min{ i , }
2 lvill L (0,00)  1Vill Lo% (0,00)

For 0 < e < min{g; : 1 <4 < m} the mapping h : [0,6) — U,q given by
h(p) = (hi(p))7; is well defined and of class C2. We observe that h;(0) = @; and
h'(0) = v; for every i = 1,...,m and, as a consequence, we get that h(0) = @ and
h'(0) = v. Associated with this function we set w : [0,&) — R by w(p) = J(h(p)).
From Propositions [4.3}4i) and [4.}4ii), using and the choice of ¢ it follows
that |h;(p) ()] = Xi(¢)hi(p)(t) for almost all ¢ € (0, 00). Hence we have

Therefore, w is of class C? and satisfies w(0) = J (%) and
W' (0) = F'(@)h'(0) + QZ/ A (0) dt = J' (i v) = 0.
i=170

Since @ is a local minimizer of (P), then 0 is a local minimizer of w, hence w” (0) >
0. Let us compute this derivative. First we observe that

w(o) = P () +a ) [ T Xi(p) dt.
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Derivating this expression we get

w” (0) = F"(@)v® + F'(a)h" (0) + « Em: / h bl (0)dt
i=170
= F"(a)v? + i /Oo(gz_ﬁz + aX)hY (0) dt

= F"(a)v +Z/ (¢ + XY (0) dt,

zESJr

where we have used that ;|¢; + aA||Lr(0,00) = it = 0 if i & S . Let us compute
R!(0) for i € S§ C Ep. The first derivative is given by
i Jo |G + pvilP~3 (@ + pvi)v; dt

i i
h/( ) . — (Ui + pvi).
12: + pvill e (0,00) 17+ pvill7E o 00

Now we use Proposition z' ) to deduce

;P22 dt
Hi(0) = (p— 1)l 1Bl Pvidt L

Inserting this expression in the obtained formula for w”(0) we infer with Holder

inequality, (4.3]), (3.2 , and (4.2 @ ) that

pr vZdt -
0< w//(o) F//( Z fo |u ‘ / ((bi‘f'a)\i)ai dt
z€S+ 0
16 + aXill 1o (0,00 >

<F'@p+(p—1) Y 4| 1 0,00) / [P 207 dt

. + ’Y’L 0

1€S)
<F”( U +(p—1) Z NZ/ ||~ 2 2

i€ S’+ i

=F'(@)v*+(p—1) Z / |a;|P~20f dt = gf(ﬁ7ﬁ) 2

To conclude the proof we prove that all element v € Cj can be approximated
in the norm of U by a sequence {v}32, C Cz N L>(0,00) satisfying (4.6)) for
appropriate d; > 0. By doing this we obtain that

PF, PF,
W(u,u) = lim —— BN (4, B)vj; = 0.
Let us construct such a sequence {v;}72 ;. Given v € Cy, for every i = 1,...,m

and every integer £ > 1 we introduce the functions

. 0 if0<|u(t)| < 1,
R wi(t)  otherwise.
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Now, we set So = {i € Sp : Jo~ laslP~2t;v; dt = 0}. For every i € Sy we put

9, = @;|P~ %4, Proj,_ ;) dt and ;5 = / [P~ 2 dt.
ik /O |~ s Proji_y 4 (t:) 0k Jo [l 14 1|00k
Finally we define

V4 k(t) . _ ep . A
Ty — ik PrOji_p g (@i(t)) if i € So,
vig(t) = § TEIAOT T Rk

— otherwise.
144 95,0 (t)]

It is obvious that 6;; — ||ﬁi||1£p(0)oo) = 4P for all i € Sp. We also have that

’L’),;’k(t)
L4+ 194,k (8)]

LP(0,00) N LY(0,00). Hence
a consequence we get

— v;(t) pointwise in (0,00) and the sequence is dominated by v; €

— v; strongly in LP(0,00) N L'(0,00). As

Vi k
P 1440 k]

1 [ .
Eik — 7/ |'L_l/i|p72’L_LiUi dt=0 Vie So.
Y Jo
Setting vy, = (v; k)7, we deduce from these facts that vy — v strongly in I/ and
by the choice of 0, ;, and ¢; , we find for k large enough

>~ =0 ViesS
— P—2= ... dt 0 R
/0 [l i { <0 Vie S\ S

Further, by construction it is obvious that {v;}72, C L*(0,00)™. It remains to
prove that J'(@;v,) = 0 to conclude that {v4}7;2, C Cgz. To this end we first
observe that since v € Cy, Propositions [4.3}4i) and [{.1}ii1) imply that |v;(¢)] =
Ai(t)v;(t) for almost all ¢ € (0,00) and all ¢ = 1,...,m. By construction, it is
immediate to check that the property is satisfied by the functions v; ;. Using
again Proposition 15t we infer that g—ﬁ(ﬂ, i;vg) = 0 for every k. This leads to

oL i [ o _
0= %(ﬂ,ﬁ;vk) = J'(u;vx) + Z %/ |2 ()P~ () v o (t) At = J' (@5 vg),
i=1 't 70

where we have used that the above integral vanishes if i € 30 and g; = 0 if
i€ So. O

Now we address the second order sufficient optimality conditions. We limit
this study to the case p = 2. In infinite dimension optimization, it is well known
that we cannot consider the same cone Cj for the second order necessary and
sufficient conditions. In general an extended cone is necessary to deal with the
sufficient conditions; see, for instance, [I3], [15], [I8], or [20]. Given a control
U € Uyq satisfying the first order optimality conditions , we define for every
7 > 0 the extended cone

_ R <0ViesS
CT:{ ceU:J(wv) < ad/ ”dt{— . },
=y (@ v) < 7|20/ 12(q) an o S 1zl Vi€ S
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where z, = G'(@)v is the solution of (2.14) with u replaced by @. Using Proposi-
tion [.1}ii we get for every v € CF

0< g—i(ﬂ,ﬂ; v) = J' (4v) + Z %/ wi(t)vi (t) dt < J'(w;v).
i€Sy P70

Thus, for every small 7 > 0 and all v € CF the terms J'(#;v) and [ @v; dt

for i € SSL are not necessarily zero, but they are small. Taking into account
Proposition [4.3}i), we observe that C; C Cf for all 7 > 0 and Cf is a small
extension of Cy if 7 is small.

THEOREM 4.5. Let 4 € Uy,q N A satisfy the first order optimality conditions (3.6))
and the following second order condition:
82‘7'. — -\ 2 2 T
36 >0 and It > 0: W(u,u)v > 6|20 l72(q) Vv € CF, (4.7)

where z, = G'(@)v. Then, there exist € > 0 and k > 0 such that

_ K _ _ _
J(U)+§Ilyu—yH%z(Q) < J(u) Vu € Uaa : [yu =3l 2@+ lu =3l Lo (@) < & (4.8)

Before proving this theorem we establish two auxiliary lemmas.

LEMMA 4.6. Assume that 4@ € Uyg N A. Then, there exist 1 > 0 and M > 0
such that for every u € Uaq with ||y, — YllL=(q) < €1 we have that u € A and
lyullw (0,000 < M. Moreover, the following inequalities hold

Y — (7 + 2zu—a)ll22(@) < Killyu — Yllo=@) 1yu — Ull2(@)> (4.9)

19w = FllL2@) < 2llzu—allz2(q), (4.10)
3 _

| zu—allz2(@) < §||yu —9Yllr2(@)> (4.11)

1Zuw — 20ll2(Q) < Kallyu — Hll(@)llzolliz@) Vo € L?(0,00)™, (4.12)

qu,vHLZ(Q) < 2||Zv||L2(Q) Vo € LQ(OaOO)m7 (4.13)

where zy ., = G'(Wv, z, = G'(@)v, and zy—yz = G'(4)(u — @).

Proof. Let u satisfy the assumptions of the lemma and set w = y,, —y. Subtracting
the equations satisfied by v, and 7 and performing a Taylor expansion of f around
1 we obtain

2 .
8tw+Aw+g—£(x,t,g)w:B(u—ﬂ)—%gyé(x,t,yg)(yu—gj)Q mn Q7 (414)
Op,w=0o0n3% w(0)=0inQ,
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where 0 < 0(z,1) < 1 and yp = §+0(yu—7). Since [[yg|r=q) < M = [|7llr=@) +
e1, we infer from assumption (2.4) and [I0, Theorem A.3]

lwllwo.r) < C(Cy + Craeillyn = lizzen ) VT < oo,

where C,, depends on the parameters {; }/~,. This implies that ¢; can be chosen
small enough such that |w||w 0,7y < M for every T < oo and some constant M.
Hence, the inequality ||/ ||y (0,00) < M = M—i—ngHW(om) holds and, consequently,
we have that u € A.

Now we set W = y,, — (§ + 2u—u) = W — zy—g. Subtracting the equations
satisfied by w and z,_g it follows

2
{ O + AW + g—i(x,t Yy = —%g—y{(m,t,yg)(yu —7)? in Q,

Arguing as we did for w we deduce (4.9). Now, we redefine 1 = min{e, ﬁ}
Then, using (4.9) we infer

N

1yu = 9ll22@) < 1y — (U + zu—a) | 2(@) + 2u—allL2(@)

IN

1 _
§|Iyu = llz2@) + llzu-allz2(@)>
which implies (4.10]). Inequality (4.11)) follows in a similar way:

_ _ 3 _
lzu-allz2(@) = Iyu = (4 + 2zu-a)llz2(@) + Iy = ¥ll2@) = Sllyu = ¥ll2@)-

Now, we prove (4.12). Setting z = z,, — 2y, subtracting the equations satisfied
by 2y, and z,, and using the mean value theorem it follows

2 A — .
Ouz+ Az + 2L (.t y)s = — 32 (0,8,55) (g — D)z in Q,
On,z2=00n%, 2z(0)=0in Q.

Then, (4.12)) is consequence of [I0, Theorem A.3] applied to the above equation
and the assumptions on y,,.

Finally, we redefine again £y = min{ey, %2} Then (4.13) is an immediate
consequence of (4.12)). O
LEMMA 4.7. Let u e UN A and €1 be as in Lemmal[].6 Given p > 0, there exists
€, € (0,e1] such that

F(u) ~ (i) > F'(@)(u— )+ s F'@)w- 0" - Slaulisg ~ (415)

for every w € U such that ||y, — §l =) < €p, where zy_q = G'()(u — ).
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Proof. As in the proof of Lemma [£.6] we set w = y,, — §. Then, using the adjoint
state equation (3.3)) associated with @ and (4.14) we get

_ _ _ 1 _
Pl = F@ = [ @~ p)drat 5 [ @) aras
= [ (mopr a0+ Gty - dnar+ 5 [ - arar

_ of _ 1 _ 5
/ng(@tw—l—Aw—l—ay(x,t,y)w)dxdt—i—Z/(y—yu) dx dt

Q
:/ @pB(u—a)dxdt — = (22‘2@ t,90)@(yu — §)? dx dt + %/ (7 — yu)? da dt
Q Q
2
= F'(@)(u — @) + ;/Q [1 - g—yJ;(x,t,yg)Q] (yu — )% da dt. (4.16)

From here and (3.2) we deduce

Flu) ~ Fa) = F'()(u — ) + 5 F"()(u — )
- i(/Q 1 ?925(9” 10)p )2 dedt —/Q = fyf(x,t,yw} (g — )" ddt).

To prove (4.15)) we have to estimate the difference of the last two integrals. To
this end we proceed as follows:

2

‘/ 1——mty)cp} ﬁdxdt—/Q[l—gy‘z(ﬂc,t,yg)ap}(yu—y)gdxdt‘

<,

82
+/ ‘ain(%t»ye)Q“zifa — (Yu —9)?|dadt = I + I + I.
Q

82
22— ‘da:dt—&—/ ‘8 5 (2,1, 90) ayé(x,t,gj)‘\ﬂzifﬁdxdt

For the first term we have with (4.9) and (4.10)

1| < lyu — (7 + 2zu—a)llz2 Q) (1zu—allz2(@) + 1Yu — Tllz2(@))
. p
< 6K1[[yu — Jllze (@) l2u-alliz(g) < g”ZU—EH%Q(Q)

if [y = gllL=(@) < &p1 = min{er, g7 }-
To estimate I we use (2.5) and the fact that ||yg — 7|l Q) < [|Yu—FllL~(@) <

€1. Hence, we deduce the existence of £,2 € (0, 1] such that for ||y, —7|[L~(0) <
€p,2 We have

2f

_ _ P 2
I < H t 7t7 H R u—u 7 < u—1u .
|12 D2 (z,t,90) — 9y2 (z,t,7) Loo )||90||L (Q)||Z HL?(Q)_ 3||Z HL?(Q)
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The term I3 is estimated almost as I

L) < Crtll @l /Q 2 (yu— )| deat

. _ p

< 6Cs M@l (@) Kllyu — Ul (@) | 7u—allZ2(q) < 3
if [|[yu — 9l (Q) < €p,3 = min{ey, m}. Then, it is enough to take
ep =min{e,1,€p,2,6p,3} to deduce (4.15)). O

Proof of Theorem[4.5 Let &1 be the number given in Lemma[4.6] From (4.16])
and (4.10) we infer

F(u) — F(a) > F'(

> F'(a)(u— @) = (1+ Crumll@llLe @) 2u-alF2(q)
= F'(@)(u - 1) - K] 2u-all72(0) (4.17)

_ 1 N _
) =) = 51+ Cpmllol (@) lyu — 9ll72 o)

<

<

Big _ - i . Hig _
S2 = Mgy T We put ¥ = min{1, = } and 79 = vT.
i0 i iQ

Let i € Sy satisfy

We take e € (0,¢1] such that 22 — K3 > 2, where § satisfies (4.7). We also
assume that € < ¢, and p = $, where ¢, was introduced in Lemma

Given an element u € Uy,q such that ||y, — yllz2(Q) + lyu — FllL~(@) < €, we
distinguish two cases to prove (4.8)).

Case I: J'(u)(u — 1) > 7ol|zu—all22(@)-

Using the convexity of j, (4.17)),(4.10)), and the assumption ||y, —¥l/z2(q) < €
we obtain

J(u) = J(@) > J' (5w — @) — Ks|lzu—all72q) = Tollzu-allz2@) — Ksllzu—alliz(o
( 27’0
3Nyu — 7l L2(0)

Y

0
— Ks)llzu-allizg) = Zlzu-altao)-

Case II: J'(u)(u — @) < 10l|zu—allL2(Q)-

Under this assumption we have that u—u € C7. Indeed, since 75 < 7, we have
that J'(u)(u — 4) < 7||zu—allr2(g).- Moreover, since u € Uyq we have for every
i €Sy

/o () (ug (t) — 1 (t)) dt < || || 2 0,00) 14 | 2 (0,00) — ||ﬂi||2L2(o,oo)

= %(Huz‘HLz(o,oo) - %) <0.

Now we check the last condition to prove that u — u belongs to the critical cone
C7. From Proposition 4.1}ii we get

0< %(a,ﬁ;u —a) =J (a;u —u) + 'r% a; () (u;(t) — u;(t)) dt,
ou _ i Jo
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which implies with the definition of v

> — 71‘2 (= — To
[ a0 -am) dt > -2 @) > - 2alisg = ~rlacdie)
7

for every i € S§. Thus u—u € CJ holds. Using that ||u;|12(0,00) — 1%i]| 12(0,00) < 0
for all i € S, the convexity of j, Proposition iz’7 (4.7), and (4.15)) with p = %
obtain

oL

J(u) = J(u) = L{u, p) = L(u, p) = 5=

1 _ _ 1) )
+ 57:”(“)(“ —a)? - ZHZu—ﬂ”%z(Q) 2 ZHZH—EHQL?(Q)
Finally, using (4.10) we infer for both cases that

B 5 1) _
) = J@) > Ylaualiag > 5l ~olie O

Remark 4.8. The inequality 1s a key issue in the proof of Theorem .
The way in which is proved here is different from the usual procedure; see
[16] or [T])]. Here, the main difficulty to follow the approach of [16] or [T]|] is
that we cannot perform a Taylor expansion of F(u) around u for arbitrary u € A
since it is not known whether ug = @ + 0(u — ) is an element of A. Despite the
fact that y,,,§ € L>®(Q), we do not know if y,, belongs to L>=°(Q).

COROLLARY 4.9. Under the assumptions of Theorem [[.5] there exist € > 0 and
0 > 0 such that

_ R _ _
J(U) + §||yu - y||%2(Q) S J(U) VU (S uad n Bé(u),
where Bz(1) C A C L?(0,00)™ is the ball centered at 4 and radius é.

This corollary is an immediate consequence of Theorem [4.5|and the continuity
of the mapping G : A — W(0,00) N L>=(Q).

4.2 Case II: p = oo.

In this case, the control constraints are linear, consequently the second order anal-
ysis is simpler. We start by establishing the second order necessary conditions for
optimality. Assuming that @ € U,q satisfies the first order optimality conditions
, we define the associated cone of critical directions as follows:

Ca={vel:J(uv)=0 and v satisfies (4.18)}
with 0
vl(t){ 20 it =g lSism (4.18)

The proof of the following lemma can be found in [7].
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LEMMA 4.10. The following properties hold:
i) J'(@;v) > 0 for every v satisfying the sign conditions (4.18)).

i) For every v € Cy we have

T T
0 0
i11) Cy 1is a closed, convex cone in U.

Since u — @ satisfies the sign conditions (4.18)) for every u € U, 4, the statement
i) implies that J'(@;u — @) > 0 for all u € Uygq.

Now, we formulate the second order necessary optimality conditions.

THEOREM 4.11. Let @ € Uya N A be a local minimizer of (P), then F"(i)v? > 0
for every v € Cy.

Proof. Given v € Cy we define for every integer k£ > 1

0 if v — + <) <,

vik(t) = { Proji_g 1 (vi(t)) otherwise, lsism

It is immediate that vy — v strongly in U and there exists pi > 0 such that
u+ pug, € A for every p € (0, pi). Following the steps of the proof of [6, Theorem
3.7], we obtain that F”(@)vi > 0. Then, we pass to the limit as k — oo and get
the desired result. O

As we did for p = 2, we need to extend the critical cone Cy to formulate the
second order sufficient optimality conditions. For every 7 > 0 we define

Cr={vel:J(uv) <7z r20) and v satisfies ([.18)}.
Then we have the following result.

THEOREM 4.12. Let 4 € U,q N A satisfy the first order optimality conditions (3.6))
and the following second order condition:

2

8F — -\, 2 2 T
36 >0 and 37 >0: W(u,u)v > 6[|zo|72¢q) Vv € CF, (4.19)

where z, = G'(a)v. Then, there exist € > 0 and k > 0 such that

R _ _ _
J(U)+§||yu*y\|%2(cg) <J(w) Yu € Uaa : 1Y — Tl 2 @) HIYu — 3l (@) < € (4.20)

The proof of this theorem follows the same steps as the one of Theorem [1.5]
with some simplifications. Given u € U,q N A, we know that u — u satisfies the
sign conditions (4.18). Hence, v — 4 € C7 holds if and only if J'(a;u — @) <
|| zu—all£2(@)- Then, we distinguish two cases as in the proof of Theorem but
with 79 = 7. Then, the proof is the same just replacing £ by J and F by F.
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5 Approximation by finite horizon problems

In this section we consider the approximation of (P) by finite horizon optimal
control problems and provide error estimates for these approximations. For every
0 < T < oo we consider the control problem

(Pr) L Jr(u),

where Ur g = {u € LP(0,T)™ : [Jwil| r0,7) < Vil

1

m T
Jr(u) = Fr(u) + ajr(u) = 2/@ (Yr.u — ya)? dz dt +aZ/O lu; (¢)] dt,

and yr,, is the solution of

ot

(5.1)
On,y=0o0n X7 =T x(0,7), y(0) =yp in Q.

0
{ Y ¢ Ay+ay+ f(o.t,y) =g+ Buin Qp = 2 x (0,T),

For every control u € L?(0,T)™ with associated state yr, and adjoint state
w7, we define extensions to (0,00) and @, denoted by @, yr.,, and $r, by
setting (4, o) (x,t) = (0,0) if t > T and §r,, is the solution of for u = dr.
It is obvious that if u € Uy 4, then @ € Ugq holds. Given a local minimizer ur of
(P7), we denote by yr and o its associated state and adjoint state, respectively.
Arguing as in the proof of Theorem [3:3] we have that ur satisfies the following
optimality conditions

T
/O (r.4(8) + QA () (u(t) — urs (D) At >0 Vu €U,y (52)

where ¢r;(t) = fQ er(t)Yide and Ap,; € 9jro(ur,), 1 < i < m. Hereafter,
jr0 : L'(0,T) — R denotes the mapping jro(uv) = ||ul|11(0,7)-

As a consequence of , Corollary is also satisfied with (0,00) and
(@, \, ¢) replaced by (0,T) and (ur, Ar, é7).

The next two theorems establish the convergence of the approximating prob-
lems (Pr) to (P) as T — oc.

THEOREM 5.1. For every T > 0 the control problem (Pr) has at least one solution
ur. If (P) has a feasible control ug, then the extensions {ir}r=o of any family
of solutions are bounded in LP(0,00)™. Every weak limit 4 in LP(0,00)™ of a
sequence {trp, }72, with T, — oo as k — oo is a solution of (P). Moreover, the

weak convergence G, — @ in L9(0,00)™ for q € (1,p] and the strong convergence
g1, — ¥ in L*(Q) N L*(Q) hold.

Before proving this theorem, we establish the following lemma.
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LEMMA 5.2. Let u € U N A salisfy that such that u(t) = 0 for t > T* with
T* € (0,00). Let us denote by 5§ € W(0,00) N L™(Q) its associated state. Then,
for every T € [I™*,00) there exists € > 0 such that for all ¢ € L>*(Q) with
|l () < € the problem

{ Oy + Ay + f(a,t,y) = g(x,t) in QT = Q x (T, 00),

O, y=00nXT =T x (T,00), y(T)=y(T)+ ¢ inQ (5.3)

has a unique solution y € W (T, o0) N L>®(QT). Moreover, there exists a constant
C independent of ¢ such that

lyllw (1,00) + Yl Lo (@r) < C(Hy||L2(QT) +19(T) + ¢l ()

+ llgllzziry + gl ercroe, ooy + My). (54)

Proof. We are going to deduce this result by applying the implicit function theo-
rem. First, we define the space

Y = {y € W(T,00) N L=(QT) : 0y + Ay € L™ (T, 00; L*(Q)) N L*(QT)}

and the function G : Y x L°(Q2) — [L"(T, 00; L*(2)) N L2(QT)] x L>=(Q) by
G(y,8) = (9w + Ay + I (-+,9) = 9.u(T) = (6 + 5(T)))

Endowed with the graph norm, Y is a Banach space and G is of class C'. For
every z € Y we have

0 7]

1)z = @12+ A2+ S e,
Obviously, we have that G(7,0) = 0 and %(g,O) Y — [L"(T,00; L°(2)) N
L2(QT)] x L>=(RQ) is a continuous linear mapping. To prove that it is an isomor-
phism we have to check that the equation

Oz + Az + %(z,t,y)z =h in Q7,
On,z =0 on xT, 2(T) = zp in Q

has a unique solution z € Y for every (h,2zr) € [L"(T,00; L*(2)) N L2(QT)] x
L*>(9). This follows from [I0, Theorem A.3] and [8] Then, the statement of the
lemma follows from the implicit function theorem:. O

Proof of Theorem , Since Ur qq is not empty, the existence of solution for
(Pr) is a classical result. Actually, one can easily adapt the existence proof of
solution for (P) to (Pr). Let y° be the solution of (1.1)) corresponding to ug. By
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definition of feasible control we have that J(up) < co. Using the optimality of uyp
we obtain
JT(UT) < JT(U()) < J(UO) VT > 0.

This proves the boundedness of {ii7}r~o in L'(0,00)™ and the existence of a
constant K such that |lyr|r2(q,) < K for every T. Moreover, from the fact
that {Gr}rso C Usq we deduce the boundedness of {47}~ in LP(0,00)™. By
interpolation between the spaces L!(0, 00)™ and LP(0, 00)™ we infer that {i7 } 10
is a bounded sequence in L%(0, 00)™ for every ¢ € [1,p]. Let {(dz,,y7, X (0,1)) } o1
be a sequence with T}, — oo as k — oo converging weakly to (@, 7) in LP (0, 00)™ x
L?*(Q). This implies the weak convergence of {dr, }3°, in L(0,00)™ for every

€ (1,p]. Since {G7, }32, C Uyq and Uyg is closed in LP(0,00)™ and convex, we
infer that @ € U,q. Moreover, we can apply [I0, Theorem Al] to the equation
and deduce the existence of a constant M; such that for all £ > 1

lymellz2(ozusm o) + Il @ny) < Mi = C(llg + Biir, |l 12y
+ lgll 270,005 () + Bl || Le (0,002 (2)) + o0ll () + K + Mf)-
From this estimate and we get the existence of a constant Ms such that
1fCs s ymllez@a) + 1F G ym)llne @r) < M2 VE 2 1.
The two above estimates and imply that
lyrllw om0 + yrellL=(Qr,) < M5 Vk >1 (5.5)

for a new constant Mjz. Using the convergence of yr, — ¢ in L?(Qr) for every
T < oo, the compactness of the embedding W(0,7) C L?(Qr), and the above
estimate, it is straightforward to pass to the limit in the equation

9 ' .
{ gzk + Aka + ayr, + f(.’l?,t,ka) =9 + BuTk m QT’ (56)
6nA?J =0 on ET? ka(O) =Y in 2

for each Ty, > T, and to deduce that ¢ is the solution of associated to @ for
arbitrary 0 < T < oco. This proves that g is the solution of corresponding
to @ and [|7]lw(0,00) + |7l (@) < Ms. This implies that @ € A. Let us prove
that  is a solution of (P). Using the convergence uz, — @ in L'(Qr)™ for every
T < o0, we get for every feasible control u of (P)

Jr(u) < liminf Jp(up,) < liminf Jg, (ur,)
k—o0 k—o0
< limsup Jr, (ur,) < limsup Jp, (u) = J(u).
k—o00 k—o0
Hence, the inequality J(@) = supp_,o Jr(%) < J(u) holds, which proves that @
is a solution of (P). Moreover, replacing « by @ in the above inequalities we infer

. 1 . 1 ) o
lim (*/ (v, —ya)® dxdt—ka]Tk(uTk)) = 7/ (5 — ya)? dz dt + aj(a).
2 JQr, o

k—oc0 2
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This is equivalent to the identity

. 1 R 1 _ L
lim (5 /Q(ka — ya)*Xo.1,) dffdtJrOéJ(uTk)) = 2/Q(y —ya)? dadt + aj(a).

k—oco

Once more, using the convergence ur, — @ in LY(Qr)™ for every T < oo we
obtain
Jr(a) <liminf jr(ur,) < liminf j(dr,).
k—o0 k— o0

Taking the supremum in 7' we deduce j(u) < liminfy_,o j(@7, ). This convergence
along with the weak convergence yr, X(0,1;,) — ¥ in L?(Q) and the above equality
yield the strong convergence limy_, o ||y, — g”LQ(QTk) = 0; see [11, Lemma 5.2].
It remains to prove that gr, — ¥ in L?(Q)NL>(Q). The proof of this convergence
is split in several steps.

Step L-limg 00 |97, =9 Lo (@) = O for every T < oo. Let us set wy, = 7, —7.
Then, we have for every Ty, > T

ow 0 .
aitk + Awk + %(xvta ka)wk = B(uTk - ﬂ) m QT?

On,wr =0 on Xr, wi(0) =01in Q,

(5.7)

where yg, = ¥+ 0x (Y7, — 7) and 0 : @ — [0, 1] is a measurable function. Since
{wy}?2, is bounded in L*(Q7) N L>(Q7), we get with that B(ug, —u) —
g—g(x,t,ygk)wk is bounded in LP(0,T; L>°(2)). Then, we deduce from [I7] the
boundedness of {wy}22, in C%#(Q7) for some B € (0,1). Using the compactness
of the embedding C%#(Qr) C C(Qr) along with the strong convergence yz, — ¥
in L2(Qr), we infer the strong convergence wy — 0 in C(Q7) and §7, — ¥ in
L>(Qr) as k — oo for every T < oo.

Step II.- There exist T* < oo and k* > 1 such that Gr, (t) =0 for all k > k*

and almost all t > T™. Indeed, we have that the adjoint states ¢, satisfy the
adjoint state equations

{ _at¢Tk + A*Qka + %(x’t7ngX(Oka))¢Tk = (ng - yd)X(O,Tk) in Q7 (5 8)

8nA*95Tk =0on X, tlggo H@Tk (t) ‘LQ(Q) =01in Q.

Given € > 0, the convergence limg—oo [|yr, — ¥llL2(Qr,) = 0 and the fact that
7 —ya € L*(Q) imply the existence of k. and T. such that for k > k. and Ty, > T.

(@1, = ya)X 0,10 | L2(T2 ,00s22(0)) < 1910 = Fll2(Qr, ) + 17 = WallL2(T. j00s22(02)) <€

Using this, we deduce from (5.8) and [10, Theorem A.4] that ||@r, || Lo (7. 00;2(02)) <
Ce for every k > k.. For every 1 < i < m, this yields

|7 i ()] < o7, (D)l 220 Vil 2 (0) < CllWillL2)e Yk > ke and for a.a. t > Te..

Selecting € > 0 such that C||v;]|12(0)e < « and applying Corollary we infer
that 4, (t) = 0 for every k > k. and almost all t > T..
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Step III.- ko > 1 such that {7, te>k, C W(0,00) N L>®(Q) and the conver-
gence limy_, oo (ngTk — llzzQ) + 91 — UllLe(Q) = O) holds. Without loss of

generality we can assume that T* > T} for 1 <4 < m, where {T;'}7*, are given
in Corollary Thus, we have that B(ur, — @)(t) = 0 Vk > k* and for almost
all ¢t > T*.

We take T > T*. Since wy — 0 in C(Q7), we have that wy(T) — 0 in C(Q).
Then, applying Lemma we infer the existence of kg such that {gn, ti>k, C
W(T,00) N L>=(QT) and it is uniformly bounded in this space. Combining this
with we infer that {7, x>k, C W (0, 00) N L>®(Q). Moreover, applying [10]
Theorem A.3] along with [8] to the equation

% + Awk + AWy + %(x7t7y9k)wk =0in QTa

Op,wp =0 on X7
we obtain
[willw (7,00) + Wil L= (@) < Cllwg(T) || @) — 0 as k — oo.

Combining this with Step I we get the desired convergence. O

Now we address a kind of converse theorem for strong local minimizers. We
say that @ is a strong local minimizer of (P) is there exists £ > 0 such that

J(u) < J(u) Yu € Uaa N A satistying ||y, — 7ll2(@) + 1Yu — UllLe@) < €. (5.9)

If the above inequality is strict for u # @, then we say that @ is a strict strong
local minimizer.

THEOREM 5.3. Let @ be a strict strong local minimizer of (P). Then, there exist
Ty € (0,00) and a family {ur =T, of strong local minimizers to (Pr) such that
the weak convergence tr — @ in L1(0,00)™ for all ¢ € (1,p] and the strong
convergence g7 — i in L2(Q) N L>®(Q) hold as T — oo.

Proof. Let us @ satisfy (5.9). We consider the control problems

(P:)  min J(u) and (Pr.) min Jr(u),

u€Us, uells. .,

where
ad = U €Usa VA Yy — TllL2(@) + Yu — YllL= (@) < €},
UT wq = U €Ut aa : |Yu — Tl 22(Qr) + 1V — Ul Lo (@r) < €}

Obviously @ is the unique solution of (P.). Regarding the problem (Pr ) we first
observe that 4, ., € Uf 4. Moreover, it is easy to check that if {uy}72, C U5 4

and uy — w in LP(0,T)™, then y,, — y, in L>°(Qr). Hence, UF ,q 18 nonempty,
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bounded, and sequentially weakly closed in LP(0,7)"™. Then, for every T the
existence of a solution ur of (P ) can be proved as usual by taking a minimizing
sequence. Now, arguing as in the proof of Theorem and using the uniqueness
of the solution of (P.), we deduce the convergence 4r — @ in LP(0,00)™ as
T — oo and 7 — ¢ in L?(Q)NL>°(Q). This implies the existence of Ty such that
97 — ll2(Qr) + 197 — UllLe (@) < € for all T' > Tj. Hence, ur is also a strong
local minimizer of (Pr) for T' > Tp. Indeed, let us set er = ||g7 — ¥l £2(Q,) 97—
Yl L= (@r)- Then, for every u € Ur,qq With |[yr—yrullr2(@r) +yr—yrull Lo (@r) <
€ — e we have

lyru = Gllz2(Qr) + YT — Tz (@r) < YT — yrullL2@r) + 197 — Y7 ullLe(@r)
+ lyr — Ullz2@r) + lyr — Ullz=(@qr) <&

Since up is a minimizer of (Pr.) and u is a feasible control for (Pr.), the in-
equality Jr(ur) < Jr(u) follows. O

In the previous theorem we proved the existence of strong local minimizers
{ur}r>T1, of problems (Pr) weakly converging to @, assuming that @ is a strict
strong local minimizer of (P). Moreover, the strong convergence of the associated
states g7 — ¥ in L?(Q) N L*>(Q) was established. In addition, the inequality
Jr(ur) < Jr(a) holds for every T > Ty. In the next theorem we provide an
estimate for the difference of the corresponding states.

THEOREM 5.4. Suppose that p = 2 or p = co and that @ is a strong local minimizer
of (P) satisfying the second order sufficient optimality condition. We assume that
g—i(x,t,y) > 0 holds for all y € R and almost all (z,t) € Q. Let {ur}rsr1, be
a sequence of local minimizers of problems (Pr) such that tp — @ in L9(0, 00)™
Vg € (1,p], 97 — § in L*(Q) N L>=(Q), and Jr(u) < Jr(ur). Then, there erist
T* € [Ty, 0) and a constant C' such that for every T > T*

97 =9l L2@) < C(||yT(T)||L2(Q)+Hyd||L2(T,oo;L2(Q))+||9||L2(T,oo;L2(Q)))- (5.10)

Proof. We use the inequalities (4.8) or (4.20). For this purpose, we take T €
[Ty, 00) such that [|Jr — §llr2(q) + |97 — FllL~(g) < € for all T > T*. Then, we
have

K. _ N _ _
Sz~ T3a() < Jar) — J(@) < Jr(ur) — Jr(a)
1 [ 1 [ .
4y [ 100 = wa Oy e < 5 [ 100) =~ ga Ol
T T

which leads to

1
97 — 9l r2(@) < ﬁHﬁT = Yall L2(7,00:22(02))- (5.11)
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To prove (5.10]) we observe that §r satisfies the equation

9 . . .
% +AyT+f($7tayT) =gm 1 x (T,OO),

anAQT =0onI x (T7OO)7 QT(T) = yT(T) in Q.

Testing this equation with g7, and using that f(z,¢,gr)jr > 0 due to the
monotonicity of f with respect to y and ([2.1)), it follows that

1, . o 1 > .
§||Z/T(t)||2L2(Q) +/ (Agr, yr) dt < §||yT(T)||%2(Q) +/ /ngT dz dt.
T T
From this inequality we infer
97 M| L2(7 00;2 () < C/(HyT(T)||L2(Q) + ||9||L2(T,oo;L2(Q)))~

This inequality and (5.9) imply (5.8]). O
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