TRACKING OPTIMAL FEEDBACK CONTROL UNDER
UNCERTAIN PARAMETERS

PHILIPP A. GUTH?!, KARL KUNISCH2, AND SERGIO S. RODRIGUES!

ABSTRACT. Optimal control problems of tracking type for a class of linear systems
with uncertain parameters in the dynamics are investigated. An affine tracking
feedback control input is obtained by considering the minimization of an energy-
like functional depending on a finite ensemble of training/sample parameters. It is
computed from the nonnegative definite solution of an associated differential Ric-
cati equation. Simulations are presented showing the tracking performance of the

computed input for trained as well as untrained parameters.

1. INTRODUCTION

Tracking problems over a finite time-horizon T' > 0 for linear autonomous control

systems in the form
y=Ay+Bu,  y(0)=y.,

are investigated, with state y(t) € H, for time ¢ € [0, 7], and ¢ := %y. The state space H
is a separable Hilbert space, A is the infinitesimal generator of a semigroup S(t)¢>o,
and B: U — H is a bounded linear operator. The control space U is another separable
Hilbert space. The initial condition y, € H is given and the choice of the control
input w € L2(0,T;U) is at our disposal.

In many situations the dynamics depends on uncertain or unknown parameters. Thus,
we address the design of a robust feedback control operator for parameter-dependent

systems of the form

Yo = AsYo + Bu, Yo (0) = Yo, (1.1)

with an uncertain/unknown parameter ¢ in a given set & € R, for some positive
integer S. More precisely, we aim at driving the state y, as close as possible to a given

target function g. For this purpose, if we knew the exact value of o, we could follow a
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classical strategy by considering the minimization of energy-like functionals as

1

T
Filwr) = 5 [ (o) = gy + [u0) dt+ 5o (1)~ oD (12

subject to (1.1). In this way we would obtain a feedback control input u(t) = K (¢, y,(t)),
with the input feedback operator K = K, depending on o, arriving at

ya(t) = Aayo(t) + BKo(t7yU(t))’ ya(o) = Yo.

If we do not know o, we could try to use a guess (or an estimate) & for it. Applying

the feedback corresponding to the guess, we would arrive at
Jo () = Aoyo (t) + BEZ(t, Yo () = Asyo(t) + BKz(t,y0 (1)) + (Ao — Az)yo(t)

If our estimate is good enough so that A4, — Az is small, then, we can hope that this
feedback input will provide good tracking properties.

However, finding a good estimate and subsequently computing the optimal input
feedback Kz can be a time consuming task and can be impractical for real time appli-
cations. So, we propose to design an input control operator K = K5, depending on an

a priori fixed finite subset X' C &, but independent of a particular realization of o.

1.1. Related literature. We could not find works, in the literature, on finite time-
horizon (i.e., 0 < T < +00) tracking optimal feedback control problems for a general
target g under uncertainty. Here we propose and analyze a feedback input control
operator inspired by the strategy in [II], for the case ¢ = 0 in the case of infinite
time-horizon, T' = +o0.

The strategy in [11] applies classical optimal control theory for linear systems to an
auxiliary extended system depending on an ensemble of sample parameters Y. In the
context of tracking objectives we use the optimal control theory developed, for example,
in [I4] and [23, Ch. 8.3]. As we shall recall later, after a change of variables as z = y—g,
the problem of tracking g, under linear dynamics for y, is reduced to the problem of
tracking 0, under affine dynamics for z, leading us to the theory in [3, Part IV, Ch. 1,
Sect. 7.1].

The addressed problem falls into the larger class of optimization under uncertainty,
see, for example [T}, 10, [16, [20] treating open-loop optimal control problems or station-
ary optimization problems. The present work focuses on optimal control problems in
feedback form.

We underline that the uncertainty enters the system through the operator A, thus it
does not necessarily enter in an affine manner as A,y = Ay + n(o). Noise n(o) entering
the dynamics in an affine manner is for instance investigated in [I7, Ch. 3.6] and [8]
Ch. I11].

Controlled systems with uncertainties entering the system operator A, arise, for
instance, in the case of parabolic equations with uncertain diffusion, reaction, or con-
vection coefficients. Another case is that of damped wave-like equations with uncertain

damping coefficients.
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In the context of stabilization (i.e., T = +00), examples of research towards feedback
controls for parameterized systems include [25], where robustness criteria for linear sys-
tems, and error bounds are obtained for the perturbed system and control matrices
under which a Riccati based nominal feedback law remains stable. In [I2} [I5] online-
offline strategies are proposed to stabilize a parameter-dependent controlled dynamical
system. See also [4], where stabilizability is investigated for an ensemble of Bloch equa-
tions, and [2I], where a bilinear stabilizing feedback is constructed for an ensemble of
oscillators.

In the context of controllability, at/in a given time 7', 0 < T' < 400, the concept of
ensemble controllability (controllability of ensembles of systems; simultaneous control-
lability), is discussed in [6, 13| 1], [I9, Ch. 5], [24, Ch. 11.3]. In [26] the notion of
averaged controllabity, is discussed and a Kalman-type rank condition is derived; see
also [5].

1.2. Contents and notation. The manuscript is structured as follows. In Section [2.1
we consider an extended system with N copies of the dynamics corresponding to the
parameters in a finite training ensemble X' C & and construct a time-dependent feedback
input operator Ky : [0,7] x HY — U for this extended system in Section Then,
in Section we use Ky to construct a feedback control Kyx: [0,T] x H — U for
the original system. Subsequently, we compare the cost of this later feedback with the
optimal one in case we knew the uncertain parameter in Section |3} see Corollary
Besides, in Section [4 we also compare the corresponding trajectories and control inputs;

see Corollary Finally, results of numerical experiments are reported in Section

Concerning notation, given real numbers r < s and separable Banach spaces X and Y,
the space of continuous functions from [r, s] into X is denoted by C([r, s]; X) and the
Bochner space of strongly measurable square integrable functions from the interval (r, s)
into X is denoted by L?(r,s; X') and we also denote the subspace W (r, s;X,)) = {v €
L3(r,s;X) | © € L?(r,s;))}. Since the time horizon T > 0 will be fixed throughout

this manuscript, to shorten the exposition, sometimes we shall denote
Xr=L*0,T;X) and Wr(X,)):=W(0,T;X,)). (1.3)

By L(X,)) we denote the space of linear continuous mappings from X" into ), and
in case X = ) we use the shorter L(X) := L(X, X).

2. FEEDBACK CONTROLS FOR TRACKING OBJECTIVES

We fix a positive integer N and a finite ensemble X = (o), C &. Further, we

consider a more general version of (1.2)) as follows; see [3, Part IV, Ch. 1, Eq. (1.2)].
We fix two more separable Hilbert spaces, Y and Z, and two bounded linear opera-
tors Q: H — Y and P: H — Z. Then, we look for a control input v € L?(0,T;U),
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which minimizes

(M1 s 1 & B )
J(ys,u) = / SN+ 537 D Qo (s) — Qo) ) ds

N
1
+ ﬁz ||Py0'7,(T) - Pg(T)||2Z7
=1

with ¥5 = (Yoys Yops - - - » Yon ) and each pair (y,,,u) subject to with o = o;.

We can find the minimizing control input in feedback form u,(t) = K(t,y,(t)), t €
[0,T], where K = Ky is affine on the difference y,(t) — g(t), with a translation part
depending on the residual of the target g when plugged into the uncontrolled system.
We aim at a robust feedback K, in the sense that by applying K for parameters o € X,
we should observe the desired tracking property towards g. With such a feedback input,
for any given fixed o € &, system reads

Yo (t) = Aoyo (t) + BK (t,y,(t)), Yo (0) = yo,

We shall assume that the state space H is a pivot space, that is, we will identify
it with its continuous dual, H = H’. Further, we assume that U is isomorphic to
a closed subspace of H, so that we can consider U as a pivot space as well, U =
U’. These identifications are common and convenient in (optimal) control applications
(cf. introductory notation in [24, Ch. 4]).

2.1. Extended system. For each o € &, it is assumed that A, is the infinitesimal
generator of a Cy-semigroup S, (t);>¢ of bounded linear operators on H. The adjoint
operator to A, in H is denoted by A%. Equipping the domain D(A,) of A, in H with
the inner product (u,v)p(a,) = (u, v) g +(Asu, Asv) i, u,v € D(A,), with the topology
induced by the graph norm, D(A,) becomes a Hilbert space, and A, € L(D(A,), H).
Next, let us consider the Cartesian product HY = Xi]\il H with the usual inner
product (h,h) g~ = Eil(hi,ﬁi)m for h = (hy, hs,...,hy) and h = (hy, ha, ... hy).

Further, we define the extension operator £ := €y as
E:H— HY, 20 (2,2,...,2).

Its adjoint £* : HY — H is given by
N
g*ZHN—>H, (wl,wg,...,wN) szl
i=1

Using the ensemble of operators A,,, o; € X, we introduce the ensemble operator
As :DAx) CHY - HY,  we (Ag,wi, Asywa, . .., Asywn), (2.2)

where D(Ay) = Xf\LlD(Aai). We also define, for a given Hilbert space X and an
operator L € L(H, X),

L. € L(HN, XN), (wy,ws, ..., wyn) = (Lwy, Lws, ..., Lwy).
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Now, we can reformulate the problem of minimizing (2.1)) with each (y,,,u) subject
to (1.1)), for all 0 € X, as:

e . r 1 2 1 2
minimize J(ys,u) = /0 <2||u(s)||U + N |Qey = (s) — Qegg(s)HYN) ds

+ Peys(T) = PoEg(T)|ln (2.3a)

1
sl
subject to yx(t) = Asys(t) + Bu(t), vx(0) = yo, (2.3b)
where yo = Eyo € HY and B=E6B: U — HV.
We observe that A x;, defined in (2.2)), is the infinitesimal generator of the Cy-semigroup

Sx(t) : HN — HN, Z = (Sgl (t)zl,ng(t)ZQ, .. .,SUN (t)ZN)

of bounded linear operators on HY.

2.2. Optimal control input for the extended system. Based on existing results for
Riccati equations, in this section we ensure the existence and uniqueness of a feedback
control for problem .

For this purpose we introduce the cone Q(HY) of bounded, linear, self-adjoint, and
nonnegative operators in HY endowed with the norm of £(H). The Riccati opera-
tors will be sought as strongly continuous operator-valued functions in the set S =
Cs([0, T, QQ(HY)), which is endowed with the topology of strong convergence, i.e., F,, —
F if and only if Vo € H” there holds F,,z — Fx in C([0,T]; HY), see e.g., [3, Part IV,
Section 2.1]

For simplicity, we shall transform our problem of tracking g to a problem of tracking 0
(subject to an inhomogeneous state equation). In this manner we can more directly profit
from existing theory on Riccati equations.

Let the target satisfy g € W12(0,T; H) (N L*(0,T; ﬂfil D(A,,)). Denoting

xy=yy—&g and f=AxEg—E&g, (2.4)

problem ({2.3]) becomes the problem

T 1
minimize J(xz,u) = / <||u(s)||(2j + — ||Qex;(s)||§,N) ds
o \2 9N
1
ToN 1Pex 5 (T) [ (2.5a)
subject to Xx(t) = Asxs(t) + £(t) + Bu(t), x5(0) = Xo, (2.5b)

with x, =y, — £g(0).
Consider, for time ¢ € (0,7, the operator differential Riccati equation

. 1 1
My =MyAy + ATy ~TsBB I + 2QiQe,  Mx(0) = w PP (26)



6 P.A. GurH, K. KUNISCH, AND S.S. RODRIGUES

The dynamics equation in (2.6) is understood in the sense that for any x,y € D(Ax)
the function t — (IIx(t)x,y) g~ is differentiable and satisfies for almost all ¢ € (0,7),

d

&(Hx(t)?@WHN = (Iz(t)Asx,y)gy + (s(t)x, Asy) g~

— (B (t)x, B s (t)y)r + %<Qex7 Qey)yn .

From [3] Thm. 2.1, Part IV, Ch. 1] we know that admits a unique solution in S.
In the following theorem we recall from [3, Thm. 7.1, Part IV, Ch. 1], how to construct
the optimal pair of feedback control and corresponding state of subject to
(and thus for subject to (2.3b))).

Theorem 2.1. Let Iy denote the unique solution of (2.6) in S. Then, there exists a
unique minimizer (x,u) for (2.5)). This optimal pair satisfies, for t € (0,T),
1. u(t) is given in feedback form by
u(t) = —=B* (IIx(T — t)x(t) + h(t)); (2.7)

2. x s the mild solution to the closed-loop system

x(t) = (Ay — BB*IIg(T — t))x(t) — BB*h(t) + f(t),  x(0) = x; (2.8)
where
—h(t) = (A% — (T — t)BB*)h(t) + (T — t)f(t), h(T)=0; (2.9)

3. the optimal cost is given by

T 1) = (TP xa) + (B(0), %)
. , (2.10)
[ (0160~ JIB B ) as

2.3. From the extended system to the original one. By construction of the feed-
back ITy, we expect that ||QeX2HiQ(O’T;YN) = |Qeys — Qeé’gHQLg(O’T;YN) will be small.
Consequently, we can expect that the component Q(y, — g) of the difference y, — g to
the target g will be small for all ¢ € X. By solving the extended system we obtain a
tracking control input for all ¢ € Y. In our context this input is of auxiliary nature,
indeed this auxiliary extended state is not available in practice. Rather the goal of this

section is to propose a feedback depending only on the state of the original unknown

system.
We define the feedback input operator Kx: [0,7] x H — U which is constructed by
means of Kx(t,z) = —B* (IIx(T — t)z + h(t)) : [0,7] x HY — U computed for the

extended system, by

Kx(2) = Kx(t,z) = —-B* (IIg(T —t)éz +h(t)), for te]0,T]. (2.11)

Remark 2.2. In (2.11)), the “definition Kx(z) = Kx(t,2)” simply means that some-

times, for simplicity of the exposition, we will omit the dependence of K5; on t.
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Therefore, we arrive at the closed-loop system
tyo=Asts s+ BKs(zy )+ Asg — g, rx.4(0) = zo. (2.12)
Defining ys » =25, + g, we find §x » = Aoys,c + BKx(ys.o — ¢g), hence
50 = Asys.o + BEYys . + BEY,  yx..(0) =y, (2.13a)
with
KW= BTg(T - 1) and K :=B* Mx(T - t)Eg(t) — h(t)), (2.13b)

Since the linear part BKE] of the affine feedback is strongly continuous, that is,
—BB*x(T — )z € C([0,T); H) for each z € H, and the translation term BK;)]
is in L2(0,T; H), the above closed-loop system has a unique solution ys, €
C([0,T); H) for each o € X, (see, e.g., [3, Prop. 3.4, Part II, Ch. 1]). Consequently,
there is a unique solution zx , € C([0,T]; H) for system , for any given o € X.

Finally, note that the feedback K5, can also be applied if the true parameter is not a
member of the training set X, provided that ¢ € WY2(0,T; H) N L?(0,T; D(A,)) (cf.,

(2.4)). This will be the generic case in the following sections.

2.4. Order of sequence of training parameters. By construction the matrix Ay,
defining the free dynamics of the extended auxiliary system as in 7 depends on the
order of the training parameters in the sequence X = (0;)¥ ;. In spite of this fact, we
show that the resulting feedback input Kx(z) as in (2.11)), for the original system, is
independent of that order. In this sense, we can speak about set of training parameters,
instead of sequence of training parameters. Indeed, let ¥ € RV>*Y be a permutation
matrix 9: RY — RY and let © = ©(9) € L(H)V*Y be the permutation ©: HY — HY
constructed as follows: the entries 1 of ¥ are replaced by the identity operator 1 = 1p
in H and the entries 0 are replaced by the zero operator 0 = 0 in H.

As an example, in case N = 3,

0 0 1 Og Oy 1g
if 9=11 0 0 y then @(19) = ]-H OH OH
0 1 0 Op 1y Oy
Identifying the sequence X with a column vector in RV X1, we permute the parameters

as X — 9¥X. For the permuted/reordered vector, the extended matrix will read
Ay =0OA50"

where O := ©(97). Recall that, since ¥ and © are permutations we have 9 = 91
and ©7 = ©7!. By (2.6) we find that Ry := OIIxO T solves

. . 1
Ry =OII50" =OMsAs0" + OALIIs0" — OIIsBB 0" + N@Q:QeGT
1
=RyAys + ARy — RyOBB*O 'Ry + N@Q;QQGT,

1
Ry(0) = N@PJPEGT.



8 P.A. GurH, K. KUNISCH, AND S.S. RODRIGUES

Now, observe that ©€ = £, which gives us the analogue of (2.6)

. 1 1
Ry = RyAys + A:;ZR@ —RyBB*Ry + NQ:QQ, Rg(O) = Npe*Pe'

Therefore Ry is the solution of the Riccati equation for the permuted sequence of param-
eters. Consequently, the feedback input in (2.11)) will read, since we also have ©T& = &

Kys(z) = =B" (Ry(T — t)€2 + hy(t)) = =B (ILo(T — t)€z + hy(1))
where hy satisfies the analogue of ,
~hy(t) = (Ajz — Ry(T = )BB ) hy(t) + Ry(T — O)fy(t),  hy(T) =0, (2.14)
with the analogue of f in ,
f9 =AysEg—Eg.
Thus, to show that Kyx(z) = Kx(z), it is enough to show that B*hy = B*h.
By (2.14), using ©B=0£B=¢6B=B and ©'B=0"EB =B = B,
—0Thy(t) = (0T A}x — O Ry(T — t)BB*) hy(t) + © TRy (T — t)fy (1),
= (ALOT —Mx(T — )0 "BB*) hy(t) + s (T — )0 ' f,(¢),
= (A% — (T — t)BB*) O "hy(t) + T (T — t)f(1). (2.15)
Now, by and , we find that d := © "hy — h solves the linear system
d(t) = — (A% — T (T —t)BB*)d,  d(0)=0,

hence © Thy(t) — h(t) = d(t) = 0 for ¢ € [0, T], which implies B*hy = B*©Thy = B*h.

3. OPTIMAL CONTROLS AND COSTS

In this section we investigate the cost associated with the feedback and compare
it to the optimal cost associated with the input for the extended system (A y, B).
Further, we consider a comparison with the optimal cost for system (A,, B), correspond-
ing to the case that the true parameter o is known. For such comparisons, we shall make
additional assumptions on the family of operators {A, | o € &}.

We will assume that we have another separable Hilbert space V' that is continuously
and densely embedded in H, which leads to the Gelfand triplet V. C H C V'. We
also assume to be given a family of continuous bilinear forms a(o; -, ), parametrized

by o € 6, each form being V-H coercive, more precisely,

there exists (p,) € R x Rt such that, for all (o,v) € & x V,

(3.1)
there holds a(o;v,v) + pllv]|% > 0|v||%.
We associate with a(o; -, -) the operator A, defined as
D(A,) ={v eV | ww a(o;v,w) is H-continuous}, 52)
3.2

(Asv,w)g = —a(o;v,w), YveDA,), YweV.
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The operators A, are closed and densely defined in H and can be uniquely extended to
operators A, € L(V,V’). For each 0 € &, A, generates an analytic semigroup S, ()
on H, which is exponentially bounded (i.e., ||Sy(t)||z(m,m) < €7).

The following assumption will be made throughout the remainder of the paper.

Assumption 3.1. There exists a family a of bilinear forms satisfying (3.1)) such that the
operators A, are characterized by (3.2)). Furthermore, D(A,) is independent of o0 € &
and D(Ay) =D(A%) forallo € 6.

By Assumption [3.1] we can introduce the common domain
Dy =D(A,) =D(AL), forall o€, (3.3)

In particular D(Ax) = DY is independent of the ensemble ¥ C &.

Now, recalling the short notation in , it is known (see, e.g., [3, Thm. 1.1, Part
II, Ch. 2]) that for f € V] and z, € H there is a unique solution z € Wp(V,V’) —
C([0,T);H) of y= Ay + f. From Eg € WT(Dﬁ,HN) (as assumed in Sect. we find

f=Asg—ge L*0,T;H) and f=AxEg—Ege L*0,T;HY). (3.4)
Recall that (from, e.g., [3, Thm. 1.1, Part II, Ch. 2]), we have that
Y= (v = Asy,y(0), Wr(VY,(V)Y) = (V') < HY (3.50)

is an isomorphism. Hence, there exists a constant Cyy > 0 such that

¥ llwr v (vmvyy < Cwll(y — Asy, y(O) vy scmn- (3.5b)

3.1. Comparing optimal costs. Let us fix ¢ € & and consider the problem:
winimize  J(Eag.u,) = 5 | (1Qua Ol + lua ) dt + LIPa (D, (302
subject to &, (t) = Aszs(t) + Bus(t) + f(t), 25(0) = Zo. (3.6b)

In the following we will use the notation A, to denote the operator defined as in (2.2))

with the same parameter o; = ¢ in each component.

Lemma 3.2. Given a parameter o € S, let (z,,u,) be the unique minimizer of prob-
lem (3.6) and let (x5,ux) be the unique minimizer of problem (2.5)). Then, there holds

J(xz = Exq,us —us) < Cil|[As = Aol Zyw (vry,s
where
&= 2 Cw (14 €+ CwOH Bl + 2620w ) @0 + 0.0 3y (37)
with Cw as in B.5), Cu = ||1]|c(un (v and
€ = max{1, Ov||Qecll e~ v~y Crll Pell (v, zv) }

where Cl = ||1HC(WT(VN,(VN)’),C([O,T],HN) and CV = ||1HL'(VN,HN)'
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Proof. Given x, € H, the optimality conditions for (2.5)), with x, = £z, are

x5 = Axxy +f+ Buy, xx(0) = &, (3.8a)
by = ~ALps — 1 QiQuxs pu(l) = P Pxs(T),  (3.8))
uy = —B*py, (3.8¢)
and for , they are
to = Aso + f + Bu,, 25(0) = o,
bo = —Asps — Q" Qo po(T) = P"Pzo(T),
Uy = —B*p,.

The reader is reminded that the factor %, in (3.8b)), accounts for taking the sum over
the ensemble X' = {o; |1 < i < N}; see (2.5a)).
Defining

1
0x = x5 — Ex,, op = pg—ﬁfpg, U = Uy — Ug, 0A =Ayx — A,

we obtain
ox = Agdx + 0AE (2, + g) + Béu, 6x(0) = 0, (3.9a)
op = —A%dp —0A Nc‘fpg - NQeQe(SX,, op(T) = NPe P.ox(T), (3.9b)
du = —B*0p. (3.9¢)

Moreover, we have x5 € Wr(VY, (VYY) and z, € Wr(V, V'), and due to §x(0) €
VN we obtain dx € Wp(DY,HY) c C([0,T);VY), and thus ép € Wp(DY,HY) C
C([0,T); V) (cf. [3 Thm. 1.4, Part II, Ch. 2]).

Hence, we find the identity

: x w1 1

_<6p, 6X>H,1]y = <A26p’ 6X>H71Y +<6A ngo'a 6X>(V’1{V)/7VZI{V +N||Qe(sx||§/¥v (310)

and, using (0p(0), 6x(0)) y~ = 0, we also have
. . 1
= (0%, 0P) iy = (9%, 0P) sy — 37| Pe0x(T) || (3.11)
= (Axdx,0p) gy + (0AE (2o + 9),0P) vy vy + (Bou, 0p) g
1
IR

Subtracting (3.10) from (3.11), and using (3.9¢)), lead us to

1 1
57 1= o1 Qubxly + I6ullt, + - IPbx(T)] (3.12)

t
— <6A. ngo'7 §X>(V,1{V)/,V:,1y + <6A5(£Ug— + 9)7 6p>(V,1{V)/,V7{V

IA

1
1Al evn v (IE@s + )l 10Pllvs + 1 1€pallvp Idxlvs ). (3.13)

Next, we use a duality argument to estimate the norm of 6p. Let us denote by BY =
{h € & | ||h]lx <1} the unit ball in a given Hilbert space X. Let b € B(VT) be arbitrary
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and let y = y(b) be the solution of

y=Agy+b, y(0)=0,
for time ¢ € (0,T). Then, we have

16pllvy = sup (6P, b)yy vy =

sup (0, ¥y — Asy)yy vy
beBVr)’

beB(Vr)’

sup  ((—0p — A%, y) vy vy + (Op(T),y(T))rv)
beBVT)

1 1
- OA" +EDo, vy 7 (QeQedx,
bezz(\I/)TV (< NP Y) vy vy N<Q Qe0%,y)

+ (3 P RAX(T), y(T)) v ),

where we used (3.9b). Since Wr (VN (VN)) < C([0,T); HY) (see, e.g., [T, Thm. 1,
Ch. XVIII]), we have |ly(T)||g~ < Cillyllw, (v~ vy, for some constant Cy > 0. By
noticing that [[v][v;. < [[v|lwy.(v,v/) and recalling the isomorphism in (3.5), we obtain

[6pllvy < sup

”b”(vqu)/ <1

1
ol omy (1A eqs v 1Epali
1 1
+ NHQeéX”YTN + NHPeJX(T)HZN

1
< Ncwetp(||6A||L(VN,<m> 1ps Iy + 1Qebxllyx + Pe6x<T>||ZN), (3.14)

where Cyy is as in (3.5)) and €, = max (1, Cv||Qe|l o~ vy vy, Cl| Pell g~ zvy) with Cy ==
Ll v amy.-

Using (3.9a)), we will next estimate the term || dx|[yy in (3.13):

[0y < l6x[lw (0, 7v v (vvy) < Cwll(Ax — Ag)E (x4 + g) + Béul| ) (3.15)
< CwldAllcovny, winllE(@e + 9)llvy + CwCrlBllcw,mv)ll0ullus,

with Cy = [|1||z(g~ (v~y). By combining (3.13), (3.14)), and (3.15), we find, with
Csa = [|6A |l zevn vy,

1 1
8T < C3a N%CW 1€ (2o +9)HVTN H5p0||vTN + O(SANHgPaHVTN”éXHVTN

1
+ s 1€ CwllE (s + g)llvy (1Qebxllyy + I Pex(T) v )
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that is, after multiplication by N and using Young inequalities,

N6 < GO lIE@o + 9y 1E€ps vy + C2aCw €Dl 1o + 9) lvx

+ CsaCw Cxl|lEpo|lvx 1Bl v,z l10ul[ vy
+ Coalp OwllE(ws + g)llvy (10Xl + 1Pedx(T)] 2 )
< 2y Cw (@ + 1) €0 + )l [Epo
1
+ ﬁchCIQA/C%IngaH%/NHBH% UHN) T C(?A(’:f) CivllE(zo + 9)”%/7{V
N
+ 5 lIoullg, + ||Qe5X||yN +5 HP 3% (T)|I~-
Recalling (3.12)), we find
N
N 5T < Ca Cw (€ + 1) EGs + D)l IEpollvy
1
+ ﬁchCI%VCIQ{”gpoH%/%V HBH%(U,HN) + C(?Aﬁf, CIQ/VHE(JCU + Q)H%/Tz\u
therefore, for J(0x,6u) = £6.7 we find

20T < 5 Cov (€ + ) (€0 +9),Epa) g oy

1
+ chAC%VO%HBH%(U,HN)||6pa|\2VTN + OGO 1€ (o + 9)II7
1
= 5C3a Cw (€ + 1) |20 + 9.90) [V v
+ ﬁogAO{%VC?{HB”%(U,HN) P63, + C3a€h Civllzo + gl13,

1
< 3C3aCw (1+ € + CwCHIBIE .11y + 250w ) @0 + 9.00) v

which ends the proof. O

Next, we compare the value of the optimal costs associated with the ensemble optimal
control problem ([2.5) and the single parameter optimal control problem (3.6]).

Corollary 3.3. Let (xz, uy) be the minimizer of (2.5)) and let (z,,u,) be the minimizer
of (3.6) with xx(0) = £x,(0). Then, there holds

0 < J(Ex5,us) — T (x5,us) < [[As — Aol zovn vy €2v/ 38,
with €1 as in (3.7) and with
Co =T(xx + Ex0,usx + uy), (3.16)

where I(z,v) = | Poz(T)|| 7 (3.17)

\[” ||UT FHQE HY +\/7
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Proof. The inequality 0 < J(£z,,us)—T (X5, ux) holds because (x5, ux) minimizes 7.

To obtain the upper bound we estimate

Ts =T (Exs,us) — T (x5, ux)

1
<'LL2 —Ug, Ux + U0'>UT + ﬁ<Qex2 - Qegxcn QexZ] + Qegxa>yji\f

N =

1
+ ﬁ<Pex;(T) — Plxo(T), Poxs(T) + Pelxo(T)) zn

1 1
< 2 lus — gl s + ol + 5 1Qeen — E20)lyp Qe(xs +E20)
1
+ o IPe(x2(T) = E20(T) | zx | Pe(x2(T) + Exo(T)) | 2v,
hence, recalling (3.17)), it follows that

Ts <T(xx + Exyusy +us) I(Xy — Exp,ux — Uy)

<I(xyx+Exy,us + ug)\/3j(xE —Exy usy — Ugy).

The claim follows from Lemma O

3.2. Cost of the proposed performant feedback control. We compare the minimal
cost associated with the minimizer (xy,uy) of the extended system problem (2.5) to
the cost associated with the solution x5 , of (2.12)) resulting from the feedback control

ux,, =Kx(t, x5 -(t)) given in (2.11]).
The following result quantifies the difference of this feedback control associated to the
single unknown parameter o compared to the optimal control associated to the ensemble

of training parameters X' in the sense of the associated costs.

Theorem 3.4. Assume that xo € V, let (xx,ux) be the minimizer of (2.5) with x, =
Ex,. Further, let 0 € & and let x5, be the solution of

ixo(t)=Aszxo(t) + BKs(t,2x0() + Azg(t) — §(t), 25,(0) =z,  (3.18)
and let us »(t) == Kx(t,zx +(t)). Then, there holds

0 é j(&vz,muz,a) - j(XE;UZ) S quboptHAZ‘ - AU”[,(D%,HN)a
with  €upopt = [TLe| | X gy (IX1py), + 1€l px),)
+ [l gy (X, + €9l py),)- (3.19)

Proof. We commence by commenting on the regularity of x5 , and h which will be used
throughout the proof. Due to , we have that D(Aé) =V, forallo € & (see, e.g., [3]
p. 183]). Consequently, it follows by maximal regularity theory that h € W (DY, HV);
see and [3, p. 187]. Further, since z, € V, we have Ezx. , € Wy (DY, HV) as well.
Next, recalling , the minimal cost is given by
1

j(xz,uZ') = §<H2(T)XO,XO>HN =+ <h(0),Xo>HN

T 1 * 2
+/0 ((h(t),f(t))HN —-5IB h(t)|U> dt. (3.20)
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We observe that

1
(%o, Mz (T)xo) un =(E25,0(T), M (0)2,0(T))uy —F1 = & IPef .o (T) 7w — %1

T
with % ::/ %(536270(75),1_[2(T—t)Exg}g(t))Hth (3.21)
0

and, denoting Il (¢) .= IIx(T — t), we find

T =%1+TF12+ %13, (3.22a)
T
with Ty, = / (Ed5r.0 (1) T ()Ex 5o (1)) gy dt (3.22b)
0
T
%12 32/ (r5,0(t), Me(t)Eixy,q () prdt (3.22¢)
0
T .
Tygim / (€50 (1), Ly ()€ (£)) vl (3.22)
0

Using €&y o = Apzy,, — BB*(llx€xx » + h) + f,, where we have abbreviated
fo‘(t) = Aa'gg(t) - ‘Sg(t)a (323)
we obtain

T+ T =%+ T3, (3.24a)
T
with Ty = / (Ay — BB*IL)Exs0 (£), ()2 57.0 (1)) vt
0
T
n / (Ex5.4(t), My (t)(Ay — BB ILu (1) Exs o () yndt  (3.24b)
0
T
and T3 = / (£,(t) — BB*h(t), Iy ()5 o (1)) g dt
0
T
b [ (€ (0, Lo(0) £ (6) — BB h(e)) o (3.240)
0
With X :=€zyx , and A = Ay — A, we find
T
52— [ (X0, 0A"ILy + IS A)X (1) vl
0
T
+/ (X(#),(ASDy + Ay - 2IIg BB I ;) X (1)) g di
0
and, recalling ,
T
T = —/ ((X(1), (A ILg + I 6 A) X (2)) gy — (X (1), () X (¢)) g )dt
0
T 1
- [ X0, BB L + Q0 X () e
0
and, from (3.22)) and ,
T
T =T34+ T+ F13="T3— / (X(t), Ay, + I 0A)X (t)) g dt
0

1
=27 (X,vx) + 55 [PeX(T) 7 -
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with vx = —B*II X (t). Next, recalling (3.20)) and (3.21]),

27 (ks us) = 3 | PX(T) [ — T,
T
+2(h(0), xo) g~ + / (2(h(t). £(1)) i~ — [B*h(0)[3) dt

S / X (1), (GATLy 4 TLu0A) X () yrdt 27 (X, vx)

+2(h(0), xo) v + /OT (2(h(t),£(t)) g~ — B h(t)|[) dt.
Hence, with uy , = ux == —B*(Ilx X + h) = vx — B*h, we use
luxllZ; = llox |7 — 2(vx, B*h)i + [Bh]],
to obtain
20T5.0:x =2T(Exx o uxs) — 2T (xx,ux) =2T (X, ux) — 2J (x5, ux)

T
— T, - /O (X (1), (FA*TLy. + TLo6A) X () v d — 2(h(0), x0) o

T
- 2/ ((0(s), £ + (vx, B'B) = [B RO} ) ds.
0
For T3 as in (3.24), we find, using the symmetry of IIy,,
T T
T3 = 2/ <fa(t),ﬂz(t)X(t)>Hth+2/ (B*h(t),vx(t))g~dt
0 0
which leads to

2075 015 = — / T(X(t)7 (SA™IL. + IL0A)X (1)) grdt — 2(h(0), xo) v (3.25)
0

T
2 [ (0 T X 0) i = (b(0).£0) v+ [BB(O)) .
Recalling system 7 satisfied by h, we find

T q
— (B(0), x0) g~ = /0 (), X(1) gt = Ty + T (3.26a)

T T
with %4 ::/ (h(t),X(t))Hth and Ty ::/ <h(t),X(t)>Hth. (3.26Db)
0 0
‘We observe that

T, = _/O (A% — I 5(t)BB*) h(t) + I (H)(t), X (t)) g dt,
T
T5 = / (B(t), (Ay — BB (ILy ()X (1) + ) + £) vt

T
:/0 (A5 =I5 (t)BB )h(t), X (£) u~ + (B(t), £, (1)) gv — [|B*h(t)|[7; dt,
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and

T
51405 == [ (6ARO. X Ot = (0.0 + BB )

T
- [ @, X @)
0
This relation combined with (3.25)) and (3.26|) gives, with 6f = f — f,,

2T 5005 = — /T<X(t), (SA*TLy: + TI6A) X (1)) v dt + 2(T4 + Ts)
0
2 [ (80 oOX s — (0.0} + [BBO)IE) a
. / X (1), (BATL,, + TL.0A)X (8) i + 2AB(E), X (1)) v
0

T
- 2/ (6£(t), I (¢) X (8)) g~ + (h(2), 6£(2)) g ) dt
0
From and (3.23), we have that 6f = §A,Eg(t), hence

2075005 = —2 / T(X(t), I 0AX (1) g + 2(h(t), SAX () gyt
0

~2 [ (BAEG(0). TLo()X (1) ~ h(t)) vl
0

Finally, denoting [IIs| = |Ix|;«q7.cm~) and by recalling the notation for A7
in (|1.3), we obtain the estimate

5JZ,U;E < Qtsubopt ||6A||L(DX7HN)

with Cauopt = [TLs| [|[ X | g (1X | oy + 1€l iy )+l v (XM oy, HIEGH (D))
O

The following result is an immediate consequence of Corollary and Theorem [3.4]

Corollary 3.5. Given a parameter o € &, let (x,,us) be the minimizer of (3.6) and
let Ex s the solution of (3.18) with ux +(t) = Kx(t,zx,(t)). Then, there holds

T (€2, ue) = T (€50, une)| < €3G 0A|Lovr (vry) + Cubopt[0A | oy ),
with A = As — A, and with the constants €1, €3, Csypopt, as in (3.7), (3.16)), (3.19).

3.3. Remarks. Within the statement on Corollary we use two operator norms
for the difference 6A, namely, ||6A[zqy~ vy and ||5A||£(DX’HN). We may wonder
whether these norms are equivalent in the intersection space L(VY, (VN)) N L(DY, HY).
We can provide a condition which ensures equivalence as follows.

Let 0 € & be as in Corollary [3.5] and assume that A, commutes which each operator
with index in the training set 2. Define A, := A, —2pI, with p as in . This operator

generates an analytic semigroup satisfying || exp(A,t)|[c(m) < exp(—pt), thus A, is an
1

operator of type (w, M) for some w < § and M > 0, and the fractional power (—AP) 2
can be expressed as contour integral in the resolvent set of (—.A,); see [3, p. 167]. From
here it follows that (pr)*% commutes with every A, with o € X.
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As a second preliminary for the following computation we recall that since D(A,) =
D(A}) the mapping (pr)% is an isomorphism between H and V' as well as between
D(A,) and V. Thus, there exist constants C;, i € {1,2} such that

1 1 1 1
—lwla < (A, wllv < Cillwlla, and = |wlp, < [(-4,)Fw]y < Collwllp,.
4 P Cy »
For v € V and ¢ € ¥ U {0} we have
Ay < Cll(=4,) 2 Acvllg = C1llA(—4,) " 2v]|m
_1
< CillAcllea,mll(=A4,) " 2v|lp, < C1Ca||Adl 2D a1 V] Vs

Wthh implies that ||~A<||[,(V,V’) S ClC2||A<||L(DA7H).
On the other hand, for v € D4, there holds

Az < Cill(—A,)2 Ay = C1[|A(—A,) 2]y
< Gl AN cvn l(=4,) 2ollv < C10|l Al v 0]l

which giVGS ||Ag‘||£('DA’H) < 0102”./4{”5(\/,‘//). Hence, for 51&g =Ay— AQ, we find

1
m“éAcHﬁ(Dﬁ,HN) < 0Al ey, vy < CLOI6A £py mny.-

4. COMPARING STATE TRAJECTORIES
We compare the state trajectories associated to problems (2.5) and (3.6]) and to the
system ((3.18)) under the proposed feedback ([2.11).

4.1. Trajectories associated to (2.5) and (3.18]). We have the following result.

Theorem 4.1. Let z, € V, let (x5, ux) be the minimizer of problem (2.5) and let x5 »
be the solution of (3.18) with ux +(t) = Kx(t,xx,,(t)). Then, fort € [0,T], we have

[xs() = Exo,o(®)llay < [|[As — Aclloioy mv)Crl€2s,0 + Egll20mpy),  (41)

where &7 = /T max (1, e=PT)eT (P+Cui) with €y == | BB*ILg|| oo (0,72 (N)) -

Proof. With Wy (X,Y) as in (1.3)), we have x5, € Wr(DY,HY), due to 2, € V.
Denoting 0x == x5 — x5 4, 0A = Ax — A,, and f, .= A,Eg — £g, there holds

5x(t) = Agdx(t) + 0AExs ,(t) + £(t) — £,(t) + Bug — Ks(t, 25 (t))),
for t > 0 and 6x(0) = 0. Using and (2.11)), we obtain
us(t) — Kyt x5.,(t) = —B*Tg(T — t)0x(t). (4.2)
Thus, recalling and (8.23), we have that f(t) — f,(t) = JAEg(t), and we obtain
0x(t) = (Ax — BB (T — t)) 0x(t) + A€z 5, (t) + 6AEY(t).

We can represent the solution (see, e.g., [3, Prop. 3.4, Part II, Ch. 1]) as

ox(t) = /Ot Sx(t—s) (BB g (T — 5)0x(s) + 0A (Exx +(s) + Eg(s))) ds,
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leading to the estimate

t
(Ol < [ (1850 = )l ) IBB (T = 8) g |3x(5) ) d
t
+ / (IS0t = 9)llcem) 10l ey ) 1€25.0(5) + Eg(s)lpy ) ds

t
< [ (e ax()lv ) ds

0

t
+ / (oAl cpy ) €25, (5) + Eg(5) I py ) ds

where we took Cuni = |BB*IIx||pe o rcmyy and used [[Ss(t — )|l zar) < er(t=s),
Multiplication by e~*¢ gives

t
e~ 8x(t)lms < [ (€alle*5x(5) ) ds
0

t
1Al gy [ (185 0() + Ealo)log ) ds

Then, Gronwall’s lemma gives

t
e ax(0) 1 < e 1A ez vy [ (7w o(o) + Egl)lny ) ds

and finally we obtain

t
||5X(t)||HN S <||5A||£(D%,HN) /O (efpsngxgﬁ(s) -+ 5‘9(5)”1)1)‘7) d8> et(p+¢ur;i)

t 3
< H(SAHL('DX,HN) (/ e_QPSdS) ||g.’L'2’g- + €g||L2(07t;DX)et(P+Quni)
0
< HJAH/:(DQ,HN)\/TmaX (Le"N) x5, + 59||L2(0,T;D§)CT(p+€“"i)a

where we used the Cauchy—Schwarz inequality in the second step. O

A close inspection of (4.2)) reveals the following bound on the difference of the controls.

Corollary 4.2. Under the assumptions of Theorem there holds, fort € [0,T], that
[us(t) —uso@)lv < [As = Asll iy av) Cuni€rl|€x 5.0 + E9l 120, 7:DY)-

with the uniform bound Cuniz = ||B*Is || Lo, 7;,c(aN vy, and €1 as in Theorem .
4.2. Trajectories associated to (2.5) and (3.6). We have the following result.

Theorem 4.3. Let (xx,uy) be the minimizer of (2.5)) and let (x4, u,) be the minimizer
of (3.6). Then, we have

[xz(t) = Exo(t)||gy < max (1, 6(%+’J)T) Craf|As — Agll vy (vnyy,

with Cpy = (0_%”5(:&, + 9l 220,177 +\/2¢||B||£(U’HN)), where p and 0 are as
in (3.1), and € is as in (3.7).



TRACKING OPTIMAL FEEDBACK CONTROL UNDER UNCERTAIN PARAMETERS 19

Proof. Let now 6x = x5 — x4, 0u = uy — Uy, and 0A = Ay — A,. Recall that ix
satisfies (3.9a]). Thus, with 6 and p as in , we find

1d

2dt

= (Axdxy,0xx)gn + (0AE (2, (t) + g(t)), 0xx) vy vy + (Bous, 6Xs) g~

0% (|3~

1
< plléxs i = Olloxs % + [SAI v, vy 55 1o () + g(8) [Fx
0 2 2 1 2 1 2
+ 2165w + 1B v 5 1usl + S10x5 )3,

where we used Young’s inequality ab < % + % for a > 0,b > 0. Furthermore, with

Gronwall’s lemma and dxx(0) = 0, we obtain
¢
Joxs(Olf < [ e (1AL o vy 16 (s) + oD ) ds
¢
+ [ (1B gy Ius ()]) ds
‘1
< IBA o crnyy mase (1,720 [ 21800 (9) + 9(5)) s

t
B gy mae (1,720T) [ s ()] .
0

Furthermore, with ¢; as in Lemma we have fot dus(s)|Zds < 2J(6x,6u) <
2€1||5A||2£(V1V (vnyy- Finally, we conclude that, for all £ € [0,T7,

x5 (8) [ in < max (1,307 )€ |A | cn vy

with &ry = <9_% 1€(@e + 9lL20.1vy) + v 20:1HB||£(U7HN))~ U

A similar estimate holds for the difference du of the corresponding controls, as follows.

Corollary 4.4. Under the conditions of Theorem[{.3, there holds

Jus(t) —ueOllv < [|Bllew.m€rsl|As — Asllcivn (vay

T

with €3 == max (1,e2 (HQC”L<HNny>+2p))\/2€1 + 0= po (5)|13,., where p € R and 6 >

0 are as in (3.1), and € is as in (3.7).

Proof. Let 0x = xy—Ex,, 0u = Uy —1Uy, and 0A = Ax,—A,; further, let 0p = px—Ep,-
From ({3.9b)) we find, for ¢ € (0,7,

d .
2 10P(T ~ 7y = 2(A%6p(T — 1), 6p(T — 1)) v

+ 20047 =Epo (T = 1) + 5 QeQex(T — 1), 6p(T — 1)) .
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Then, by (31), B2),
d
10T = )l[5w < 20l|0p(T = 1)|[57x = 20/10p(T = 1)][3
2
+ y I6All e~ vwy l€ps (T = )y~ [6p(T = 1) [~
2
+ y1Qedx(T = )iy~ |Qell e,y ) 10P(T = ) v
and, by Young’s inequality,
d
0110p(T = )lI5n + 10P(T = )5 < (1QellZ vy )+ 20)10R(T = )[fyn +T(T = 1),
with I'(T" = 1) := ﬁH(SAH%(VN,(VN),)||EpJ(T - t)”%/N + ﬁ”QeCSX(T - t)”%/zv Then,
with 2R = HQQH%(HN y~y + 2p, Gronwall’s lemma and (3.9b) give

T
10p(T — t)][ 7~ < max (1,277 <||5P(T)qu +/O (T - 8)d8>

1 T
< mase (1,217 <N2|P:||%<ZN,HN>||Peax<T>|%N + r(s)ds> ,
0

for ¢ € [0,T]. Further, using Lemmal3.2] we find [ £ Qeox(s) 12 xds+ & | Poox(T) [ %x
2J (0, 0u) < 2€1||§A||%(VN (v, which leads to

IN

)’
T
1
NISP(T = ) < max (1,e77) (2& -/ Wns]oa(sn%ds) 1A vy

= max (1,e*") (21 + 07 [po (s)I15;) IFANZ v vy

Finally, (3.9¢) gives [[0us(t)|u < |B*[|z(a~,0)ll0p(t)|| g, for all ¢ € [0,T]. Hence,
the claim follows from ||B*|| 2z~ vy = IBllzw,mv) < VN|B|l cw,m)- O

4.3. Trajectories associated to (3.18)) and (3.6). The following result is an immedi-
ate consequence of Theorems [4.1] and and Corollaries and

Corollary 4.5. Let x, € V, let (z,,uy) be the minimizer of (3.6)), and let Exx » the
solution of (3.18) with us ,(t) = Kx(t,€xx t)). Then, we have the estimates

[€26(t) = Exso () my < C3l|0A| £epy mny + CalldAl vy vy,
[ue(t) —uso()llv < Csl0Al oy mrvy + CellSAl v vy,
fort €[0,T], where A = Ay — A, and
€5 =Cr|€2s0 + Egll20m:0) ¢4 = max (17 e(%ﬂ))T) 1o,
€5 = Cuni2Cr €250 + €9l 120,10 s = 1Bl cv,m)Crs,

with € as in Theorem [[.1}; €12 as in Theorem[{.3; Cuniz as in Corollary[{.3; and Er3
as in Corollary and p € R as in (3.1).



TRACKING OPTIMAL FEEDBACK CONTROL UNDER UNCERTAIN PARAMETERS 21

5. NUMERICAL EXPERIMENTS

We present numerical experiments supporting our theoretical findings discussed in
Section [8] Moreover, for a given target state g, and given a parameter ensemble ¥ =
(0:), the performance of the feedback Ky, as defined in (2.11]), is compared with the
optimal feedback K for the ensemble average ¢ := % vazl o; of the parameters, that

is we compare the closed-loop systems

Uo(t) = Aoyo (t) + BK(t,yo(t) — 9(t)),  45(0) = yo, (5.1)

for test parameters o € &, and for K € {Kx, K5}, in [0,T] given by
Ks(t,yo(t) — g(t) = —B*(ILs(T — t)E(yo(t) — g(t)) + h(?)), (5.2)
Ko (t,yo(t) — g(t)) = =B (Is(T — t)(yo (1) — g(t)) + h(t)), (5.3)

where II, solves T, (t) = II5(t)As + A%T1, (t) — 115 (t) BB*IL5 (t) + +Q*Q, t € [0,T] with
I1,(0) = II,, and h solves —h(t) = (A% — II5(T — t)BB*) h(t)+115 (T —t)(Asg(t)— (1)),
t€10,T), with h(T) = 0 (cf. Section note also that Iz = Ily5y).

Given a parameter 0 € &, we denote the solution of with K = Kx by ys,q,

and the solution of (.1) with K = Kz by vz 0.

5.1. Oscillator. Let us consider the differential equation

O(t) = —0(t) — ob(t) + u(t), te0,T], (5.4)

0(0) =0,, 6(0) =0o,. (5.5)

Thus, the damping parameter o is allowed to be uncertain. We consider an ensemble X' =

(o)X, of possible values of o, and write the second order equation (5.4), for each o;, as
Yo, (t) = A, x5, (t) + Bu(t), t€[0,7], 1<i<N,

(5.6)
Yo (0) = ¥o, 1<i<N,
. 0 1 of ... . o 9 .
with A,, = 1 , B = nE initial condition y, = € R*, and corresponding
-1 -0 0,1

a7 .o T
states y,, = [9 0] = {901. 901-] . The target function g, is chosen to solve (5.6 with

T T
o = 1 and initial condition y, = {1 0} . Further, we set T =5, QQ = {\/10 O} , and
P = 1y, where 12 denotes the identity matrix in R2.

The parameter ensembles will be described as
2
SR+ ::{(—HET)NOSTSR},

where R+ 1 denotes the cardinality of the ensemble, i.e., the number of parameters o, €
Ef“, 0 <r <R, and ¢ > 0 determines the range of the parameter set, and hence
resembles the level of uncertaintiy in the problem. The feedback K5 in is not
affected by changes in ¢ or R € N, since ¢ = 0.

In Figure [1| the feedback control is compared to the feedback control
along with the corresponding closed-loop state trajectories yx , and ys o, respectively.
Here, the feedbacks and are constructed based on the training ensemble X3,
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FIGURE 1. The feedback controls are computed using X3 and tested
on X¢. Left: state trajectories corresponding to the feedback con-
trol (5.2) (left) and the feedback control (5.3) (middle left). Right:
feedback control (5.2)) (middle right) and feedback control (5.3 (right).
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FIGURE 2. Increasing training parameter interval X7, and increas-

ing test parameter interval ZSK for £ € {071—10,%,1,%,2}. Left:
tracking cost 3(|Q(y, — g)||2L2(0 r.vy- Middle: feedback control

cost %||u||%2(07T;U). Right: terminal tracking cost || P(yo — 9)%-

and then tested in the systems with parameters o € X9, ie., 6 test trajectories for
each component (position and velocity) are displayed. It is observed that the feedback
control is much more robust with respect to parameter variations than : the
feedback leads to worthless controls, which fail to track the target for the two most
unstable test parameters ¢ = —4 and ¢ = —2.4, whereas the feedback still steers
the respective states close to the target.

The superior robustness against parameter variations of compared to is also
reflected in the associated costs, which are displayed for different levels of uncertainty
¢ e {0, %, %, 1, %,2} in Figure Here, the feedbacks and are constructed
based on the training ensembles X7, and then tested in the systems with parameters o €
X8,. Tt is observed that, with increasing level of uncertainty ¢, the feedback leads

to rapidly increasing tracking cost for the two most unstable test parameters o = —4
and 0 = —2.4, whereas the tracking cost associated with (5.2)) grows much slower.

For ¢ = 2, the largest tracking costs in the parameter test set X5, are 3[|Q(ys,—1 —
Q)H%Q(O,T;Y) = 552870 and %HQ(Z/Z‘?A -
costs are 1[|Q(ys,—4 — g)[|% = 2115000 and %HQ(yE?A - g)H%Z(O,T;Z) ~ 1.4.

g)||%2(07T;Y) ~ 51.0, and the terminal tracking
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FIGURE 3. Fixed training parameter interval X7, and increas-
ing test parameter interval Xf for ¢ € {1,1,2,3,4}.  Left:
tracking cost 3[|Q(y, — 9)||2L2(0 ry)- Middle: feedback control
cost %HUHQLQ(O,T;U). Right: terminal tracking cost || P(yo — 9)%-

For less extreme test parameters, which result in more stable systems, the tracking
performance of both feedbacks is similar, while the robust feedback in this case comes
at higher control cost, see Figure 2] However, for the two most unstable test parame-
ters 0 = —4 and 0 = —2.4, the feedback also leads to smaller control cost than the
feedback .

In Figure the feedbacks and are compared for a fixed training parameter
interval X} and increasing test parameter interval X¢ for ¢ € {0.5,1,2,3,4}. A similar
relationship is observed: for larger levels of uncertainty ¢, the cost associated with the
feedback (in red) is much larger for unstable systems than the cost associated with
the feedback (in blue). For stable systems, the tracking performance of the both
feedbacks is again similar. Overall, for this example the robustness of the feedback
comes at the possible expense of higher control cost.

Finally, in accordance with Corollary the costs converge as the difference of the

test parameters tend to zero, i.e., as £ tends to 0, see Figure

5.2. Convection-diffusion-reaction equation. Let us consider the parameterized

convection-diffusion-reaction equation under Neumann boundary conditions as follows

Na
o — V- (oVYo) + cyo + V- (byo) = > _uilo, (t,s) € (0,T] x D,
=1
%:o (t,s) € [0,T] x 0D,
Yo = Yo (t,S)G{tZO}XD7

where T' = 5, D = (0,1) with boundary 0D = {0,1} and the functions 1¢, represent
the support of the actuators, which are modelled as the characteristic functions related
to open sets O; C D for 1 <i < N,. It is assumed that the reaction coefficient ¢ and the

convection coefficient b are given constants, and that the parameter o = (01,...,0n.) €
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FIGURE 4. Five realizations of the random diffusion coefficient ([5.7)).
Left: training set. Right: test set.
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FiGURE 5. Cost for a set of N = 5 test parameters. Left:

tracking cost %HQ(% - g)||2L2(0 i) Middle: feedback control
cost %||u|\%2(07T;U). Right: terminal tracking cost || P(yo — 9)%-

R¥s enters the diffusion, that is
N
o) =a(s)exp (L ovs(0)). (57)
j=1

for a € C°(D) and ¢; € L>=(D) for all 1 < j < N,. Assuming that a(s) >0 Vs € D, it

follows that there exist @ min and @, max depending on o such that
0 < @omin < 66(5) < @omax <00 forall s € D and o € RN,

The representation is called a lognormal parameterization, if the parameters ¢ =
(O’j)évzsl are independently and identically distributed (i.i.d.) standard normal random
variables, that is (crj)j»\[;‘l ~ P = ®éV:1 N(0,1), see, e.g., [2]. Parameterizations of
this form have origins in Karhunen—Loeve expansions of lognormal random fields, see,
e.g., [22].

In the numerical experiments N, = 3 actuators are used as O; = [0.1,0.3], Oy =
[0.4,0.6], and O3 =[0.7,0.9]. In the mean field is set to @ = 0.1 and it is assumed
that the diffusion depends on N, = 100 realizations of i.i.d. standard normal random
variables, and parametric basis functions 19;(s) = (24) ™" sin(jns) and 19;_1(s) = (2j —

1)7¥ cos(jms) with v = 3, cf. [9]. Further, a constant reaction coefficient ¢ = —1
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FIGURE 6. Without convection b = 0. Five realizations of state tra-
jectories corresponding to the feedback control (5.2) (bottom) and the
feedback control (5.3]) (top).
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Ficure 7. Cost for a set of N = 5 test parameters.  Left:
tracking cost 3[Q(y, — g)||2Lz(0 1) Middle: feedback control
cost 3 |ull72(g .- Right: terminal tracking cost || P(ys — 9)[%-

is assumed, and we set Q = /10 - P, where Pp is the orthogonal projection in H
onto span(F'), where F = [1 cos(7s) cos(27rs)]T, and P = 1p in , where 1g
denotes the identity operator in H, as well as the initial condition y.(s) = sin(2rs) — 1.
The target g solves the heat equation § = 0.1Ag with the same boundary and initial
data.

To construct the feedbacks, 5 training vectors, each containing N, = 100 realizations
of i.i.d. standard normal random variables, are drawn. In order to investigate different
variance levels in Figures [f] and [7] the training vectors are multiplied by a scalar ¢ €
{0, %0, %, 1,2}. The feedbacks are then tested with 5 different test parameters, each of
which consists of Ny = 100 realizations of i.i.d. standard normal random variables.

Results without convection are displayed in Figure [5] and Figure [f] and results with
convection b = 0.1 are displayed in Figure[7]and Figure[8] In the case without convection
the feedback (in blue) has smaller terminal tracking costs than the feedback
(in red) for all tested diffusion coefficients, see Figure In addition, it has smaller
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tracking cost for some of the tested diffusion coefficients. The more robust tracking
performance comes at the expense of higher control cost for .

Similarly, in the case with convection b = 0.1, the feedback tracks the target
better than the feedback (5.3): while clearly fails to track the target for agzs)t, Uggs)t,
and aéss)t, the feedback tracks the target much better for the tested realizations of
the diffusion coefficient 7 see Figure The improved tracking performance of
is reflected in the associated costs in Figure[7] and again comes at the expense of higher
control cost. The control costs are insensitive to changes of the test parameters, such
that no difference between the cost for different test parameters can be seen in Figure 7}
The same phenomenon is observed in Figure

In summary, in both cases the feedback is more robust against variations in the
diffusion coefficient at the cost of higher control costs.

Finally, in accordance with Corollary the costs converge as the difference of the

test parameters tend to zero, i.e., as ¢ tends to 0, see Figures [f| and [7]
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