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Abstract

A learning approach for determining which operator from a class of nonlocal op-
erators is optimal for the regularization of an inverse problem is investigated. The
considered class of nonlocal operators is motivated by the use of squared fractional
order Sobolev seminorms as regularization operators. First fundamental results from
the theory of regularization with local operators are extended to the nonlocal case.
Then a framework based on a bilevel optimization strategy is developed which al-
lows to choose nonlocal regularization operators from a given class which i) are
optimal with respect to a suitable performance measure on a training set, and ii)
enjoy particularly favorable properties. Results from numerical experiments are also
provided.
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1 Introduction

In this work we discuss the use of a family of nonlocal energy seminorms for the regular-
ization of inverse problems governed by partial differential equations. The archetypes for
the considered family are Sobolev seminorms |u|gs () of fractional order s € (0,1). The
corresponding regularized inverse problems are

(1) wedom Sl @) 15 () = ysll72 () + VIulfr(o)-

Here S: dom(S) C L%(Q) — L?(1) is the given forward operator, v > 0 is a regularization
parameter, and y; € L?(Q) is the given measurement. The considered family of nonlocal
energy seminorms (| - |,s)yew,, will differ from Sobolev seminorms only by additional
weighting terms v € W,4. A precise definition of the nonlocal energy seminorms and
the set of admissible weights W,4 will be given in Section [2] below. The corresponding
regularized inverse problem for a particular weight v € W4 is

: ) ,
(2) wedomin o 1900) = UsllLae) + ulss-
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The learning problem To determine which element from this family of nonlocal
energy seminorms is particularly suitable for a given problem we use a learning ap-
proach: We assume to be given ground truth data and noisy measurements, i.e. a set
(!, 0l 5:)1<i< Nryusn suCh that
S(uf) =y,

and ys, are noisy measurements of yj for 1 < ¢ < Nryain. We then determine a weight
~* such that solutions to the corresponding inverse problems represent the ground truth
data particularly well. This is done by choosing v* € W,4 as a solution to

1 NtTrain

i T2
Imin PYvI Uy — Uy, +R
BP)  SWedith @ IV 2 I = wlllia + RO
subject to wu; € arg min IS (u) — Z/éi||2L2(Q) + |U|3Ys
uedom(S)NH*(Q)

Here, R: W,q — R is an added regularization operator. We will favor the choice R as
the L' norm. This has the effect that nonlocality is only utilized if its effect is sufficiently
strong, otherwise it is set to zero. As a side effect of this procedure, we obtain that in the
regularized inverse problem the system matrices, which tend to be densely populated in
the context of fractional order regularization, in fact become more sparse. Except for the
numerical experiments, we only consider the case Ny, = 1. However, generalization of
the analytical results to the case of multiple data vectors is straightforward using product
spaces.

This paper is organized as follows. In Section 2 the necessary background is pro-
vided, and a stability property for solutions to Poisson-type nonlocal equations, which
will be frequently needed throughout this work, is derived. Moreover, the class of weights
considered in this work is introduced. Section 3 is concerned with the case of a linear
forward problem. After deriving some basic properties of the regularized inverse prob-
lem, existence of solutions to the learning problem is proven and an optimality system is
derived. In Section 4 we discuss the nonlinear case. After providing some results, which
can be applied to general nonlinear functions, we discuss in detail the problem of estimat-
ing the convection term in an elliptic PDE. Finally, in Section 5 results from numerical
experiments are presented which demonstrate the feasibility of our approach.

Related work Note that is a bilevel optimization problem, i.e. an optimization
problem, where the constraint involves another optimization problem (referred to as the
lower level problem). A standard reference on bilevel optimization is [I8]. Nonlocal op-
erators have recently received a significant amount of attention in the literature, see e.g.
[23, [19L 17, 2]. A learning problem for determining optimal filter parameters for nonlocal
regularization operators in the context of image denoising problems was recently investi-
gated in [16]. As a particular instance of nonlocal regularization operators, fractional-type
regularization operators are considered in [4, [5]. In terms of learning theory, the prob-
lem of learning regularization operators can be viewed as a supervised learning problem.
The problem of choosing regularization operators from a parametrized class of functions
based on training data, is studied in [24]. Optimal spectral filters for finite dimensional
inverse problems are learned in [12]. Learning strategies for choosing regularization pa-
rameters in the context of multi-penalty Tikhonov regularization are investigated e.g. in
[30, 15l 13, 27]. The problem of learning the discrepancy function is considered in [I4].
In many of the mentioned references, the lower level problem is not differentiable, which
in turn complicates the derivation of optimality conditions. This issue is then often over-
come by smoothing the lower level problem. A different approach is presented in [§],
where instead of smoothing the lower level problem, it is suggested to replace the lower
level problem constraint by a differentiable update rule, which is given as the n-th step in
an iterative procedure to determine approximate solutions to the lower level problem. A
bilevel optimization approach to choosing regularization operators for which no ground
truth training data is needed is considered in [26].



2 Nonlocal energy spaces

2.1 Preliminaries

Throughout this work, unless otherwise stated, we let s € (0,1) and let © denote a
nonempty, open, connected, and bounded Lipschitz domain in RY, where N € N. Fur-
thermore, | -| denotes the Euclidian norm of a vector in RY. Following [19, Section 4], we
introduce the notion of a nonlocal energy seminorm.

Definition 2.1 (nonlocal energy). Let v € L>®(Q2 x Q) be nonnegative and symmetric
a.e. on Q x Q. Foru € L?(Q) define a nonlocal energy seminorm by

)|2 1/2
[h.e ‘(// o |zf \NHS ”(””’y’dydw> ‘
X

The corresponding nonlocal energy space is defined by
Vs(Q) == {v € L*(Q) : [v]y,s < 00}

and endowed with the norm

) 5 \1/2
(3) el = (lulaqey + [l o)
Remark 2.1. If v is equal to 1 almost everywhere on 2 x {2, we write
H(Q) =V (), |ulps) = lulys, and lullgs) = [ullvse@)

With this notation, H*(2) coincides with the usual Sobolev space of fractional order s
(also known as Sobolev-Slobodeckij space), see e.g. [32] and [22] Definition 1.3.2.1].

We now provide a set of assumptions on the weight -y, under which the nonlocal energy
norm ||-[|y~.s () defined by (3)) is equivalent to the fractional order Sobolev norm [|-[| s (0,
which in turn implies that the corresponding nonlocal energy space V7*(2) coincides with
the fractional order Sobolev space H*(£2).

Assumption 2.1. The weighty € L>®(QxQ) is nonnegative and symmetric a.e. on QxS.
Furthermore, there exist constants vy1,v2,9 > 0 such that for almost all (z,y) € Q x Q the
following statements hold:

Remark 2.2. If, given any even function &: Bs(0) — R satisfying 71 < k(z) < 7o for all
z € B;(0), we define v by

—y) if |r—y| <6
ay) = L FE Y eyl S0 st all (2,) € 2 x O,
0 else,

then ~y satisfies Assumption
The following result is a combination of Lemmas 4.1 and 4.2 from [19].

Lemma 2.1. Let vy € L>®(Q x Q) satisfy Assumption and let u € L*(Q). Then
(4) ul} o < v2lulfe)  and |uli o) < o1t Tuly o+ 401677 |ull7e ).
Here, |Q| denotes the Lebesgue-measure of €.

As a direct corollary of Lemma we obtain that if v € L>(0 x ) satisfies Assump-
tion 2.1} then the corresponding nonlocal energy space is topologically equivalent to the
fractional order Sobolev space H*(£).



Corollary 2.1 (Equivalence of norms). There exist constants m, M > 0 such that for all
v € L*®(0 x Q) satisfying Assumption we have

milull -y < lullvo) < Mlullroy,  for all ue LHQ).
In particular, the norms on H*(Q) and V75(Q) are equivalent.

It is straightforward to verify that
(u(z) = u(y)) (v(z) — v(y))
(U, V)5 = Jr//QXQ [z — y|N+2s v(z,y) dedy

defines a symmetric and positive semidefinite bilinear form on V7*(§2). Moreover, if we
let (-, )vrvs) = (5 )p2@) + (5 )q.ss then (-, -)y.s(q) is an inner product on V7*(Q)
that induces the norm || - |ly+.s(q). Since H*(€) is complete, the equivalence of norms
established in Corollary [2.1] now implies that V7*() is also complete. Hence, V7*(Q) is
a Hilbert space. We let

Q) :=={f € L*(Q) | 3c € R: f(z) =c a.e. on Q}

denote the space of functions in L?(f2) which are constant a.e. on Q. We denote by
Q": L*(Q) — 11°(Q) the L%-orthogonal projection on I1°(€2). For u € L?(Q2) we have

Q%u(z) =¢, wherec:= (1/|Q|)/Qu(a:)dx

Lemma 2.2. Let v € L*(Q x Q) satisfy Assumption . Then for u € L*(Q)) we have
|uly,s = 0 if and only if u € TI°(£2).

Proof. Using Fubini’s theorem, it is straightforward to verify that for u € T1°(Q) we have
|ul,s = 0. Conversely, if for v € H*(2) it holds that |u|, s = 0, then

_ 2
Wv(w,y) dy=20 for almost all x € Q.
Q 1T—Y )
This implies that u is constant a.e. on Bs ()N for almost all 2 € Q. Since ) is connected,

the claim follows by standard arguments. O

Remark 2.3. The requirement that € is connected is essential to ensure that for every o
satisfying Assumption and every u € L?(€) the seminorm |ul, s is zero if and only if u
is constant almost everywhere. The fractional order Sobolev seminorm |u] Hs(q, however,
has this property for all open sets €2, connected or not. The reason for this is that while
the weight is equal to 1 almost everywhere for the fractional order Sobolev norm, in
general o(|z — y|) might be zero for |z — y| > 6.

Lemma 2.3 (Poincare-Wirtinger inequality for nonlocal energy spaces). There exists a
constant C' > 0 such that for every v € L>®(Q2 x Q) satisfying Assumption and every
u € H*(Q) with Q°u = 0 it holds that

() lullz2(@) < Cluly.s-

Proof. Let ymin = 71XxA4, Where x4 denotes the characteristic function of the set A =
{(z,y) € OxQ | |z—y| > }. It is easy to show that |u|,, . s < |u|y,s for every u € H?(Q)
and every vy satisfying Assumption [2.1] Consequently, it suffices to prove the claim for
Y = Ymin. We argue by contradiction. If the claim is wrong, then there is a sequence (u™)
in H*(Q) such that
Q°u" =0, |u"r2 =1, and [|u"|y,.s<1/n forallneN.

Using the equivalence of norms established in Corollary it follows that (u") is bounded
in H°(Q). Since H?(Q) is reflexive, (u™) has an accumulation point v € H*()) with



respect to the weak topology on H*(f2). Since H*(f2) is compactly embedded in L?(Q)
(see [22, Theorem 1.4.3.2]), it follows that w is also an accumulation point of (u™) with
respect to the strong topology on L?(Q). Using the continuity of Q° on L?(Q) and the
weak lower semi continuity of the nonlocal energy seminorm we deduce that Q%u = 0 and
[t ypin,s = 0. From Lemma [2.2) ﬂ it is clear that this implies u = 0. However, since u is an
accumulation point of (u™) with respect to the strong topology on L?(£2), we must also
have [|ul|z2(q) = lim, oo [[u™][£2(q) = 1, which is a contradiction. Hence, the proof is
finished. O

2.2 A stability property

Lemma 2.4 (Stability). Let 1 < p,q < oo be such that 1/p+1/q = 1 and H*(Q) is
compactly embedded in LI(Q). Let uv™ — wu in H*(Q), 4" —=* v in L=°(Q x Q), and
p"t — p € LP(Q), where (u™) in H*(Q), (v"™) in L>®(Q x Q), and (p™) in LP(Q) are

sequences related by

(6) (U™, v)ym s = (p", V) Lr(),La() for allv € H*(Y) and all n € N.
Then
(7)) (u,v)5,s = (D, V) Lr(Q),La() for allv € H*(?) and nl;rr;o \u"\gnys = \u|3ys

Proof. The proof is divided into three steps.
Step 1: We show that for all v € C>°(Q)

(u” (x) - _(yy)fﬁﬁ(i) —o(y) _ (ulx) —;@;%@S— YWD i x ).

Since s < 1 we can find € > 0 such that s+& <1 and s’ :== s — > 0. Since s’ < s,
we have H* () is compactly embedded in H*(2) (see 22, Theorem 1.4.3.2]) and
thus v™ — w in H S,(Q). Using Holder’s inequality for the first, and the mean value
theorem for the second inequality below, we estimate

// |(u"(z) = u"(y)) = (ulz) — u())llv(@) = vl 4 dy
QxQ

|z — y[N+2s

v(y))? 1z
s —dxd
H )(// |m—y|N+2<2s 5 y)

1 1/2
< |un — U|Hs/(Q)||DU||LOC(Q) ( //QXQ |l‘ — y|N+2(28—s/—1) dl’dy) ’

<|u"—u

c
where C < cosince 2s —s' —1=s+¢—-1<0.
Step 2: We compute
(8) (Pv)rr()La() = hm <p u>Lp(Q) La(Q)
— lim u (@) (@) —o@)Nn" (@) 4 o
n—00 QXQ |l‘—y|N+25 Y
- //Q Q - ?T;)S)LTJ)V;E’@))W(:E,Z/) drdy for all v € C°(Q).
X

where the result from the first step justifies the third equality. Recalling that C2°(€2)
is dense in H*(Q) (see [22, Theorem 1.4.2.1]) and observing that is continuous
with respect to v on H*(), it follows that (&) holds for all v € H*(€2). This proves
the first equality in .



Step 3: It remains to prove the second equality in . Subtracting the first equality in
(7) with v = u from @ with v = u"™, we obtain

9) w2 o = [ul? o = (0™ u") o), Lo(0) — (s U) Lo (), Lo (@)

Since v — u in L9(Q2) and p” — p in LP(Q) it follows that the right hand side of
@D tends to zero as n — oo. This finishes the proof.

O

2.3 Distance dependent weights

Let d denote the diameter of €, i.e. d = sup, ,cqlz — y[- From now on we restrict
ourselves to v € L>(Q x Q) of the form

(10) (@, y) =o(lz —y|) ae onQxQ,
where o € L*°((0, d)) satisfies the following conditions:

(A1) 0 <o(t) <9 a.e. on (0,d),

(A2) 0 <y <o(t) a.e. on (0,9).

To simplify notation, if o and ~ are related by (10}, then we write |ulo,s = |u|y,s. The
set of feasible weights is defined by

Waa = {a € L>°((0,d)) | o satisfies (A1) and |(A2)|¢,

Some care must be taken, since it is not immediately clear, although intuitively reasonable,
that for every o € L>((0,d)) there is v € L°(2 x Q) satisfying (10)). The difficulty stems
from the fact that L>°((0,d)) consists only of equivalence classes of functions coinciding
in the almost everywhere sense on (0, d). We emphasize that must be understood in
the sense that it holds for all representatives of the equivalence classes o and . In the
following proposition we confirm that the assumption that v € L*°(Q x §2) is well-defined
by for any o € L°°((0,d)) is indeed justified. To avoid confusion between equivalence
classes of functions and their representatives, in the following proposition, we use the
special notation |-] to denote equivalence classes of functions.

Proposition 2.1. For every |¢] € L*>°((0,d)) there exists a unique |7y] € L>®(2 x Q)
such that for all ¢ € |¢] and v € |7]

(11) Y(z,y) = o(|lz —y|) a.e onQxQ.
Moreover, it holds that
(12) |H7JHL°°(Q><Q) < ||L¢J“Loc((0,d)).

Proof. First, we take a particular representative ¢: (0,d) — R of the equivalence class of
measurable functions |¢] € L>((0,d)) to define the equivalence class of functions |vy] as
the set of all measurable functions v : 2 x 0 — R satisfying

Y(z,y) = ¢(|lx —y|) for almost all (z,y) € Q x Q.

We now prove that |y1] € LY(Q x Q) for every [1] € L*(2 x Q). Using that Fubini’s the-
orem and polar coordinates can be employed for all nonnegative and measurable functions
(see |21, Theorems 2.39 and 2.49]), this follows from the estimate

d
v s = /Q / /8 o = )y AS ) az

d
- / / 1) / (e, )] dS@)dr de < [116) 2. 1% @xer-
QJo OB (z,r)NQ



Here and in the sequel S denotes the N — 1 dimensional surface measure on a sphere with
radius 7. Having established that [yy| € L1(Q x ), we use Fubini’s theorem and polar
coordinates for real valued integrable functions to obtain

//QXQV(:U,y)T/J(x,y) dxdy:/ﬂ/odqs(r) /83(xmmﬂ¢(x7y) dS(y)dr dz.

Note that the right-hand side of this equation is independent of the particular represen-
tative of |¢| used to define |y|. Thus, since [¢| € L'(Q x Q) was arbitrary, by the
fundamental lemma of calculus of variations, the definition of |v] is independent of the
particular representative of | @] chosen to define |v]. This implies that || is well-defined
by as an equivalence class of functions on € x . It remains to show . To do
this, we argue as follows: If does not hold, then there exists ¢ > 0 and A C Q x
with |A] > 0 such that for all v € |7]

Iv(z,y)| > ||l L= (0,a)) +€ a.e on A,

where |A| denotes the 2/N-dimensional Lebesgue measure of A. It follows that

(ILe] Nl o= 0,a)) + €)IA]

// Y(@, y)xa(z,y dxdy—// o(r)| xa(z,y)dS(y)dr dz
QxQ OB (z, r)ﬁQ
< el o | / / vale,9) dS()dr de < |16]]1o= (0. AL
QJo JoB(z,r)NQ

However, this can only be true if |A| = 0, which contradicts our assumption. O

Remark 2.4. Note that in the proof of Proposition [2.I] we use a representation in polar
coordinates. Representation in polar coordinates is often seen as a special case of the
coarea formula. Unfortunately, the coarea formula as given e.g. in [20] can not be directly
applied to v, since it has a requirement that v € L1(2 x Q), but this is exactly what
we are proving in the first part of the proof.

It follows from similar arguments as in Proposition that v € L>®(Q x Q) defined
as in satisfies Assumption for all 0 € W,4. Thus, using Corollary there exist
constants m, M > 0 such that for all o0 € W4 it holds that

mfullas0) < llullves@) < Mllullms(o).
Lemma 2.5. The mapping
®: L*((0,d)) = L*®(Q x Q)
¢, such that y(z,y) = ¢(ly — x|) a.e. on Q x Q,
is well-defined, linear, continuous, and sequentially weak™-to-weak™ continuous.

Proof. We have already seen in Proposition that ® is well-defined and continuous.
Clearly, ® is also linear. It remains to show weak*-to-weak* sequential continuity. To do
this, we let (¢™) be a sequence in L>°((0,d)) and ¢ € L>°((0,d)) be such that

@" =" ¢ in L*((0,d)).

Let v € L (Qx Q) and the sequence (™) in L (Q x Q) be defined by v(x,y) = ¢(Jx—y]|)
and v"(x,y) = ¢"(|x — y|), respectively, for almost all (z,y) € @ x Q and all n € N. We
must show that v —* v in L>°(Qx ). For this purpose, let 1 € L' (Qx ) be arbitrary.
Using Proposition and Fubini’s theorem, the integrals

/ (@, )l )| dy  and / (e, )] dy
Q Q



exist and are finite for almost all x € € for all n € N . Employing polar coordinates and
Fubini’s theorem, we obtain that for almost all x €

d
/Q 2@, 9z, y) dy = / /8 g @IS ds

d
- / 6" (s) / (a,y)dS(y) ds,
0 OB (z,5)NQ

and that the map s — fan 9NQ Y(x,y)dS(y) is in L1((0,d)). Using that ¢" —* ¢ in
L>((0,d)), we deduce that

(13) lim [ " y)e(y) dyde = /Q (&, (e, y) dyde

n—oo Q

for almost all z € 2. We now define
() = / e y)b(a,y) dy and fx) = / () e, ) dy.
Q Q

Equation shows that f™(z) — f(z) a.e. on Q. Since moreover

@) < 16|00 /Q iz, y)| dedy < C /Q (i, )| de dy

and  — fQ |(x,y)| dy is integrable, Lebesgue’s dominated convergence theorem asserts

that
nllnéo//g Qv”(%y)w(%y) drcdy://Q Qv(:&y)w(m,y) dz dy.

Since ¢ € L'(Q x Q) was chosen arbitrarily, this is precisely what we needed to show. [

Remark 2.5. It can be of interest to take a note of the interpretation of nonlocal energy
seminorms for = R using Fourier analysis. Here, .#: L?(R) — L?(R) denotes the usual
Fourier transform, see e.g. [0, Section 4.12]. Similarly as in [32] Proposition 3.4], for
u € C.(R) we compute

dz

2= [ 7 (M oga) e

-/, </ |e|z:1+21|2 (121)17 ((s»ng) a-
/(/ Ie“’|1+218|2 (lv/ENIEN* 7 (u(€ ))ng) dv

Here we use Plancherel’s theorem (see [0, Satz 4.16]) and the fact that translation in the
time domain corresponds to modulation in the frequency domain (see [0, Lemma 4.5]) for
the first and second equality, respectively. If we let

2

o 1 2
o) = [ WU@/@) du

then it follows that

ul2,, = / pl€)[E1.7 (u(€)) 2 de.

This shows that nonlocal energy seminorms behave similar as the fractional order Sobolev-
Slobodeckij seminorm (see [32]). The only difference is an additional weighting term p
depending on the frequency.



3 Linear case

3.1 Problem setting

For ¢ € W,4, we consider the lower level problems

(P()) Lmin |50 =) + 2.

where S € L(L?(12)), and ys € L%(Q) is a noisy measurement of the ground truth state.
The solution set of the lower level problems is denoted by

F ={(o,u) € Waq x H*(Q) | u solves (P(a))} .
We address the following learning problem

1

BP min —
( ) 0EWaq,ucHs(Q) 2

[l — uT||%2(Q) + R(o) subject to (o,u) € F,

where uf € L?(Q) is the ground truth control and R: L*°((0,d)) — [0,00) is a given regu-
larization operator. We emphasize that when showing existence of solutions we specifically
include the case R =0, i.e. we do not require additional regularization of the weights.

Example 3.1. As an example let S be the solution operator to an elliptic PDE with
Neumann boundary conditions. More precisely, for (y,u) € L?(2) x L?(Q) let

Su =y if and only if —pquLy:uand%:OonaQ,
n

where p is a positive constant. Clearly, rg (S) C H(€2). As a straightforward consequence
of the Lax-Milgram lemma and the standard Sobolev embedding, it follows that S is a
compact operator on L?(£2). Moreover, it is easy to see that S is injective.

3.2 Preliminaries

Proposition 3.1 (Uniform convexity). Let S be injective on My(Q). Then there exist
¢,C > 0 such that for every o € Wyq and every u € H*(Q2) we have

(14) cllufFe ) < 1SullF20) + ull s < CllullFe -

Proof. The second inequality follows from the continuity of S on L?(€2) and Corollary
To prove the first inequality, first note that for all ¢ € W4 it holds that

[t opin,s < |ulo,s  for all u € H*(Q),

where omin = Y1X(0,5)- Thus, it suffices to prove the first inequality for o = opi,. We
begin by showing that there exists ¢; > 0 such that

(15) crllullia(q) < ISullZao) + luls,,,, s forallu € H*(Q).

To do this, we argue by contradiction. If there is no ¢; >0 such that holds, then
there exists a sequence (v") in H*(Q) such that

|u™||L2(0) =1, and HS’u"H%z(Q) +u"Z o <1/n forallneN.

Using Corollary we deduce that (u™) is bounded in H*(€2). Since H*() is reflexive,
it follows that (u™) has an accumulation point with respect to the weak topology on
H*(2). Moreover, H*(Q2) is compactly embedded in L?(£2), and consequently it follows
that u is also an accumulation point of (u™) with respect to the strong topology on L?((2).
Standard arguments show that

lullp2) =1, weker|:|o,..s =1o(Q2) and Su=0,



This contradicts the assumption that S is injective on IIy(£2). Hence we have proven that
there is ¢; > 0 such that holds. Since by Lemma we already know that

[ulre (o) < mlulz,,,.o + 4177 lulf2 ),
the claim follows by straightforward computations. O

Proposition 3.2. Assume that S is injective on Ig(Q). Then (P(o)) has a unique
solution.

Proof. Since (P(c))) is a convex minimization problem, it follows that u* € H*(Q) solves
(P(o)) if and only if u* satisfies the first order optimality condition

(16) (Su®, Sv) 20y + (U, v)0,s = (Y5, Sv)12(q) for all v € H*(Q).

Existence and uniqueness of solutions to (16 can be easily proven using the Lax-Milgram
lemma (the required coercivity is a direct consequence of Proposition [3.1)). O

Optimality conditions for the lower level problem To simplify notation, we define
L£5(o): H*(Q) — H*(Q) by

QxQ |3U yl
for (u,v) € H*(Q) x H*(Q).

Note that £%(c) is a bounded operator from H*(Q) to H*(Q)". Since (P(o)) is convex,
P(o)

we obtain the following necessary and sufficient optimality condition for (P
Proposition 3.3. An element u € H*(Q) solves (P(o)|) if and only if
S*Su — S*ys + L3(0)u =0 in H*(Q)".

Remark 3.1. An optimality system for (P(c)|) with S as in Example can be obtained
by standard Lagrangian methods. Indeed, let u € H*(Q2) be a solution to (P(o)]) with S
as in Example Then there exists p € H}(Q) such that

(optimality) [L£%(o)u]w + / p(z)w(z) de =0, forall w e H*(Q),
Q

(adjoint eq.) /Q[y( —ys(z)|v(z) + Vp(x) - Vo(z) dz =0, for all v € Hy(Q),

(state eq.) / Vy(z)-Vz(z) —u(z)z(z) de =0, forall z€ HL(RQ).

3.3 Existence of solutions

To prove that has a solution, we apply the direct method of the calculus of variations.
The crucial step in the proof is the argument proving that the feasible set is sequentially
closed with respect to weak™ convergence. Since the feasible set is defined by the lower
level problem, this is related to stability of the lower level problem with respect to the
weight function.

Proposition 3.4. Assume that S is injective on I1y(Q2) and that R is weak® sequentially
lower semi-continuous. Then has a solution.

Proof. First of all note that as a consequence of Proposition the feasible set F is
nonempty. Thus, we can take a minimizing sequence for (BP)), i.e. a sequence (¢™,u™) € F
such that

1 1
nlglgo §||u" —UTHiz(Q) +R(O’n> = inf f||u—uT||%z(Q) +R(O’)

(uva)eFad 2
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It is easy to prove that W4 is sequentially weak® compact. Consequently, (¢™) has a
subsequence, again denoted by (¢"), such that ¢ —* ¢ in L*((0,d)) for some o € Wyq.
Lemma ensures that in this case 0”(x,y) = o™(Jx — y|) converges to o*(x,y) =
o*(|x — y|) with respect to the weak* topology on L>®(£2 x ). Using that

| Su™ — y5||%2(9) + w20 < llysllz2@) for alln €N,

it follows from Proposition that (u™) is bounded in H*(2). Since H*(Q) is reflexive,
this implies that (u™) has a subsequence, which we again denote by (u™), such that
u™ — u* in H*(Q) for some u* € H*(Q). Note that if we set

p" = 8"Su" — S*ys forallneN,

then (p") is a bounded sequence in L?(Q), and thus it has a weakly converging subse-
quence, which we again denote by (p™), such that p®* — p in L*(£2). As a consequence of
Lemma [2.4] we now obtain |u* 3*’5 = lim,, 00 U ?,s From this, and using that u"™ solves

the lower level problem (P(o)f), with ¢™ in place of o, to justify the second inequality
below, we deduce that

1~ sl3aqy + 0l o < Tminf [ Su™ — g3 + [u" B,

< lim (1w — sl + 2., = |Su — sll3a(q) + ul2

for all uw € H*(Q2). Note that the last equality follows from the weak® convergence of
o*(|x —y|). This shows that (o*,u*) € F. Due to the weak* lower semi continuity of the
involved functions we have

1. ., . N S n
5”“ — M |72y + R(o )Snlljgo§||u — T ||72(0) + R(0™).

Since (o™, y™,u™) was chosen as a minimizing sequence of , and (o*,u*) € F, this
implies that

Lo « . 1
Sl = By + Rl = inf Sl =l + (@)
which shows that (o*,u*) is a solution to (BP). O

3.4 Optimality conditions

In the following we derive optimality conditions for the bilevel problem. Recall that the
Lagrange function L: W4 x H*(Q) x H*(2) — R of the bilevel problem is such that

1
(o, u,q) — §Hu - uT||2L2(Q) + R(o) + [L%(0)ulq + (Su — ys5, Sq) 12(0)-

Proposition 3.5 (optimality system). If (u,0) € Foq is a solution to , then there
exists ¢ € H*(Q) such that

(optimality) R(o)[w—o]+[L¥(w—0o)ulg >0 for allw € Wyq,
(adjoint) u—ul + L(0)g+S*Sq=0 in H(Q),
(constraint) S*Su— S*ys + L3()u=0 in H*(Q).

Proof. Since as a consequence of Proposition the lower level problem is uniformly
convex for all o € W4, this follows using the standard Lagrangian based approach. [
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4 Nonlinear case

In this section we study how nonlocal regularization operators can be learned for the
inverse problem of determining parameters in partial differential equations. In this con-
text, the forward problems is often nonlinear and additional constraints on the parame-
ter set are needed to ensure that the forward problem is well-posed on the feasible set.
We only consider scalar pointwise constraints on the parameters. More precisely, for
Unin, Umax € [—00, 00] such that umin < umax we let the feasible set be given by

Uga = {u € H*(Q) | tmin < () < Umax a.e. on Q}.

We are interested in the case where the forward operator is only defined implicitly as
the solution operator to a PDE which depends on the sought-after parameters. We let
the function describing the PDE be denoted by e: Y x U,y — Z. Here Z is a general
Hilbert space, and Y is a Hilbert space that is continuously embedded in L?(Q). If for
every u € U,q there exists a unique y € Y such that e(y,u) = 0, then the corresponding
forward operator S: U,q — Y is such that u — y, where y satisfies e(y,u) = 0. In the
following we prefer to state our hypotheses directly in terms of the function e in order to
facilitate the use of the presented results in practice. A detailed discussion of a particular
choice of e, for which no constraints are required to obtain a well-posed forward problem,
is provided in Section The lower level problems are given by

(P@) iyl ull, st w € Usg and e(y.u) =0.

Here, ys € L?(Q) is a noisy measurement of the ground truth state. We let
Foa={(y,u) €Y x H*(Q) | u € Upq and e(y,u) = 0}
denote the feasible set of the lower level problem. Moreover,

F={(o,y,u) € L>((0,d)) x Y x H*(Q) | 0 € Waq and (y, u) solves (P(o))}

denotes the solution set of the lower level problems. The learning problem is

1
(BP) o u)egvliglxny ) =flu— uT||2L2(Q) + R(o) subject to (o,y,u) € F.

As in the linear case, uf € L?(Q) is the ground truth parameter and R: L*°((0,d)) —
[0, 00) represents an additional regularization operator for the weight.

4.1 Existence of solutions

Definition 4.1 (Stability). We say that {P(0)}}sew,, is stable (resp. weak*-to-weak
stable) if the following holds: )| has a solution for every o € Wyq, and for every
sequence (™) in Weq such that o™ % o in L*=((0,d)) (resp. o™ —=* o in L>((0,d))) for
some o € Wy, it follows that every sequence of corresponding solutions to has a
strong (resp. weak) accumulation point, and every such accumulation point is a solution

to .

Theorem 4.1 (Existence of solutions). Assume that|P(c)|is weak*-to-weak stable and R
is weak® sequentially lower semicontinuous. Then (BP|) has a solution.

Proof. Since W,q is clearly weak* sequentially compact, weak*-to-weak stability of
implies that F is weak*-weak sequentially compact. The claim now follows from the well-
known fact that a function which is sequentially lower semicontinuous with respect to
some topology, attains a minimum on a nonempty set which is sequentially compact with
respect to the same topology. O

12



4.2 Optimality conditions

We derive necessary optimality conditions for the learning problem . Here we es-
sentially follow the discussion provided in [27, Section 5]. Throughout this section it is
assumed that there exists an open neighborhood V of U,4 such that the function e de-
scribing the state constraint is well defined and at least once continuously F-differentiable
on Y x V. We begin by recalling the Karush-Kuhn-Tucker conditions of the lower level
problem.

Definition 4.2 (Karush-Kuhn-Tucker conditions). We say that (y,u,\) € Y X Uyq x Z'
satisfies the Karush-Kuhn-Tucker (KKT) conditions of (P(o)) if

(19a) —[£*(0)u+ ADye(y,u)] € Uaa(u)",
(19b) <y —Ys, w>L2(Q) + <>‘Dye(y7 u)a 'LU> =0, fO?” allw €Y,
(19¢) e(y,u) =0, in Z.

Here Ugq(u) == {\v—u) | X\ > 0,v € Uyq} is the conical hull of Uyg — {u} and Uyq(u)® ==
INe B (Q) | (f,w) <0 for all w € Uyg(u)} is the polar cone of Uaq(u).

The KKT conditions constitute a system of first order necessary optimality conditions
provided a suitable regularity assumption is met. More precisely, if (y,u) € Y X Uuq
solves and Dye(y,u) € L(Y, Z) is bijective, then there exists a unique A € Z’ such
that (y,u, A) satisfies the KKT conditions of (P(c)). Here existence of A follows from [3T],
Theorem 3.1] and proving uniqueness is straightforward. Next, we recall the Lagrange
function L: Waq XY X Uyg X Z' — R of the lower level problem given by

(O-vyvu’ )‘) = Hy - y&”%ﬂ(ﬂ) + |u|§,s + )‘e(y7u)

for (o,y,u,\) € Waq XY X Uuq x Z', which enables us to write second order sufficient
optimality conditions in a compact form. Second order sufficient optimality conditions
have many important practical implications, see e.g. [I1] and the references given therein.
In particular, they are closely related to stability properties of the solution mapping, see
[29, Chapter 2]. It is thus of no surprise that second order sufficient conditions of the lower
level problem are important for the derivation of optimality conditions for the learning
problem. From now on, we assume that e is at least twice continuously F-differentiable
in an open neighbourhood of Y x Ug.

Definition 4.3 (second order sufficient optimality condition). We say that a point (y,u) €
Y x U,q satisfies the second order sufficient optimality condition of if Dye(y,u) €
L(Y,Z) is bijective and there exist A € Z' and p > 0 such that (y,u, A) satisfies the KKT
conditions, and

D(zy,u)L(Uv Y, u, )‘)[(5% 5u)7 (5?}7 5“)] > /‘”(dyv (5u) ||%{1(Q)><HS(Q)
for all (8,,0,) € ker De(y, u) N (Y X (Ugg — Uad))-

The constraint that feasible points must be solutions to a lower level problem prevents
the direct use of Lagrangian based approaches for obtaining optimality conditions. To
overcome this issue, at least to some extend, one usually considers the KKT reformulation
of bilevel optimization problem, in which the lower level problem is replaced by its KKT
conditions, see e.g. [I8, Section 5.5]. The KKT reformulation of the learning problem is
given by

o1
min §||u - uT||2L2(Q) + R(0)
subject to (o,y,u, A) € Waq x Y x Uuq x Z' satisfies (19al)-(19d).

In general, the constraints of (BP*) are easier to handle than the constraints of the
original problem (BP). For example, if there are no control constraints in the lower
level problem, then the constraints of the KKT reformulated problem consist only of

(BP¥)
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equality and convex constraints. In order to use the KKT reformulation to obtain
optimality conditions for the learning problem , the relation between both problems
needs to be investigated. Clearly, if the lower level problem is convex for every weight
o € Wyq, then both problems are equivalent. In general, this is not the case since points
satisfying the KKT conditions of the lower level problem need not be solutions to the lower
level problem. Note, however, that we are only interested in to obtain optimality
conditions for the learning problem. Consequently, for our purposes it is sufficient to
know under which conditions a solution to the learning problem is guaranteed to be a

local solution to .

Theorem 4.2. Let (o*,y*, u*) be a solution to and assume that the following state-
ments hold:

(A1) {(P(o))}sew,, is stable with respect to the weights,
(A2) (y*,u*) satisfies the second order sufficient optimality condition of (P(o))) for o =

g,

(A3) (y*,u*) is the unique solution to (P(o)|) for o = o*.
Then there is a unique \* € Z' such that (o, y*, u*, A*) is a local solution to (BP™).

Proof. The proof is the same as for [27, Theorem 5.1] if one replaces a* and the interval
[a, @] by o* and W4, respectively. O

As a direct consequence of the above theorem, we get the following: Any solution to
, for which the assumptions of Theorem hold, satisfies the optimality conditions
to be a local solution to . Unfortunately, the derivation of optimality conditions for
which are convenient for numerical realization, are still impeded by the presence of
control constraints in the lower level problem, which in turn lead to set valued constraints
in (BP¥). Issues involving such constraints seem to be not yet fully resolved (at least in
the infinite dimensional case) and are subject to ongoing research, see e.g. [25]. For this
reason, we only consider the case without constraints in the following lemma.

Lemma 4.1. Assume that Usq = H*(Q). Let (o*,y*,u*, \*) be a local solution to
with (y*,u*) satisfying the second order sufficient optimality condition of (P(c)) for o =
o*. Then there is a unique (p*,q*,z*) € Y x H*(Q) x Z' such that

(20a) D,R(o™)[o — "]+ [L(0c — ™) u"]¢* >0, Vo & Wsq,
(20Db) P4 ANeyy (Y™, u™)p" + XNeyu (y™, u™)g" + 2%ey (y", u*) =0,
(20c)  w —ul + Newy (v, u)p" + L(07)q" + Newu(y™, u™)q" + 2 eu(y*,u*) = 0,
(20d) ey(y",ut)p" +eu(y™, u")g" =0

Here we write ey, (y*,u*) == Die(y*,u*), ey = DyDye(y*,u*) and analogously for the
other partial derivatives.

Proof. The proof is the same as for [27] Lemma 5.1] if one replaces a* and the interval
[a, @] by o* and W4, respectively. O

4.3 Estimation of the convection term

We consider the problem of estimating a vector valued convection term bf € H S(Q)N

in an elliptic PDE based on a noisy observation ys € L?(Q) of the ground truth state
y" € HE(R). The function e: H(Q) x L1(Q)Y — H~(Q) describing the PDE is in its
weak form given by

(21) e(y,b)w:/Vy-Vw—i—b-(wa)—i—cyw—fwdx,
Q

for (y,b,w) € HL(Q) x LYQ)N x HL(Q). Here f € L2(Q) is a nonzero given source
term, ¢ € L>®() is a given potential term, which is assumed to be nonnegative almost
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everywhere, and 1 < ¢ < oco. We restrict ourselves to dimension N € {1,2,3}. As we will
see (Proposition , we need to require ¢ > 2 if N € {1,2} and ¢ > 3 if N = 3 to ensure
that e is well-defined, and that the PDE e(y,b) = 0 has a unique solution y € H}(Q)
for every b € L(Q)". Since we are interested in the case b € H*(Q)", we often require
that H*(f2) is compactly embedded in LI(Q) for g satisfying the above requirements. To
achieve this, we frequently make the following assumption:

(B) If N € {1,2} then s € (0,1) and if N =3 then s € (1/2,1).
We emphasize that making use of results from [10] we neither assume that divd = 0 nor

that b is small in the L>(£2)"Y norm. The lower level problem is given by

Puaele)) min -y gl B2 sublect to e(y,0) =0
) 0

The definition of the nonlocal energy seminorm ||, s is thereby extended to vector valued
functions b = (by,...,bx)T € H*(Q)" by letting b2, = Zfil |bi]2 .. The learning
problem is

1
(BPagv) min —||b— bT||2L2(Q) + R(0) subject to (o,y,b) € F.

(0,y,b)EWaa x HE (Q)x He ()N

We begin by verifying that e is well-defined and stable with respect to the state and
convection term.

Proposition 4.1. Let e be as in with g > 2 if N € {1,2} and q > 3 if N =3. Then

i) e is well-defined, infinitely many times F-differentiable, and (weak, strong)-to-weak
sequentially continuous as a mapping from H}(Q) x Lq(Q)N to H=1(),

i) for every b e LY(Q)" there is a unique y(b) € HL(Q) such that e(y(b),b) = 0,
iii) Dye(y,b) is bijective for every (y,b) € H} () x L)~
iv) the mapping b — y(b) such that e(y(b),b) = 0 is continuously F-differentiable as a
mapping from L) to HE().
Proof.

Since the affine part of e, which depends only on the state, is clearly well-defined,
infinitely many times F-differentiable, and (weak, strong)-to-weak sequentially con-
tinuous, it remains to verify [i)] with e replaced by the bilinear part B: H}(Q) x
L9(Q)N — H=1(Q) of e, which is given by

N
B(y,b)w :/QZbl(x)w(x)&y(z) dz

for every (y,b,w) € HE() x LI(Q)N x H} (). Using classical Sobolev embeddings
(see e.g. [I, Theorem 4.12]) and the assumption on ¢, there exists 1 < p < oo with
1/q + 1/p = 1/2 such that H}(Q) is continuously embedded in LP(Q). Applying
Hoélder’s inequality, we estimate

N
1By, byw| <> [Ibill oy 10l 2o 1w oo

i=1

< Clbll a) Iyl a2 @ lwll 52 (),

for a suitable constant C' > 0. This proves that B is well-defined and continuous.
Since bilinear continuous functions are always infinitely many times F-differentiable
and (weak, strong)-to-weak continuous, this concludes the proof of
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iii)| This follows from [I0, Theorem 2.1].

Using the first three assertions, the claim follows from the implicit function theorem
(see e.g. [, Theorem 4.7.1]).

O
Corollary 4.1. Let e be as in and let (N, s) satisfy[(B)} Then

i) e is infinitely many times continuously F-differentiable and (weak, weak)-to-weak
sequentially continuous as a mapping from H}(Q) x HS(Q)N to H=Y(Q),

ii) for every b € H*(Q)" there is a unique y(b) € HE(Q) such that e(y(b),b) =0,
iii) Dye(y,b) is bijective for every (y,b) € H} () x Hs ()N,

iv) the mapping b — y(b) such that e(y(b),b) = 0 is continuously F-differentiable as a
mapping from H*(Q)" to H-1(Q),

v) the mapping b — y(b) such that e(y(b),b) = 0 is Lipschitz continuous as a mapping
from H5(Q)N to H} () on every bounded subset of Hs ().

Proof. It N € {1,2}, then for all s € (0,1) there is ¢ > 2 such that H*(Q2) is compactly
embedded in L4(Q). If N = 3 and s € (1/2,1), then there is ¢ > 3 such that H*()
is compactly embedded in L9(£2). Combining this observation with Proposition the
first four assertions follow easily. To prove it suffices to prove that the mapping is
Lipschitz continuous on every ball B,.(b) := {b € H*(Q) | ||b— l;”Hs(Q) < r } with radius
r > 0 and center b € HS(Q)N. Observe that due to and the compactness of the
embedding of H*(Q)" into LI(Q)" we have M = suPye g, () 1DYO) £(La)™ 110 18
finite. Moreover, it is easy to see that

Dy (O) | 2(zs (), 11 (@) < CsgIDY(0) | 2(pa),mr (o)) < CsgM  for all b € B, (r)

where C; , denotes the embedding constant of H*(£2) into L(2). It now follows from [9J]
Theorem 3.3.2] that b — y(b) is Lipschitz continuous on B, (r) (with Lipschitz constant
bounded by Cs (M). O

The following technical result is needed for the existence proof in Proposition [4:2]

Lemma 4.2. Lety € H} () and v € RN \ {0} be such that v-Vy =0 a.e. on Q. Then
y=0.

Proof. Let §j denote the zero extension of y to the complement of € in RY. It is well-
known, see e.g. [I, Lemma 3.27 on p. 71], that § € H'(RY) and

Vi(z) =0 ae. on RY\Q.

Consequently, we have v - V §(x) = 0 a.e. on RY. Let (p") in C>(R") be a sequence of
mollifiers as defined in [7, p. 109]. Define the sequence (w™) by w™ = p™ x g for every
n € N. It follows from [7, Proposition 4.20 on p. 107 and Lemma 9.1 on p. 266] that
w"™ € C®°(RY) and

v-Vuw" =p"x(v-Vg)=0.

Moreover, w™ has compact support, since p™ and § have compact support (see [7, Propo-
sition 4.18 on p.106]). Consequently, for arbitrary z € R there exists a > 0 such that
x4 av ¢ supp(w™). We have

0:/0 v-Vu(x+sv)ds =w"(z+ av) —w"(z) = —w"(x).

Since x € RN was arbitrary, this proves that w™ is zero on R™V. Since (w™) also converges
to g in L?(RY) as n — oo (see [T, Theorem 4.22 on p. 109]) this implies that y is zero. [J
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Proposition 4.2. Let (N,s) satisfy . Then (Paay(o)) has a solution if and only if
there exists (y,b) € Foq such that

(22) ly = wsll72() + 15,5 < lvsll72()-

Proof. To prove that the existence of (y,b) € F,q satisfying (22]) is necessary for existence
of solutions, it suffices to show that

(23) ” bi)lf}efF . 1y = wsll72 () + 1015,5 < llyslZ2(0)-

To do this, let (b™) be a sequence of constant functions in H*(Q)" such that 167 £+ ()
diverges to oo as m — co. Interpreting (b") as a sequence of vectors in RY, we have
[b™] — oo. Using that divd™ = 0 for every n € N, it is straightforward to prove that (y")
is bounded in H(£2). Let v™ = b™/[b"|. Then there exists subsequences of (y") and (v"),
again denoted by (y") and (v™), such that

y" = yin HY(Q) and o™ — vin RV,

Let ¢ € D(Q) be arbitrary. Testing e(y™, b™) with w™ = ¢/|b"™| yields

1
v- (¢ Vy)dr = lim " (pVy")dr = lim ——

/Vy”-V¢+cy"¢—f¢dx=O.
Q

Consequently, by the fundamental lemma of the calculus of variations it follows that
v-Vy=0ae. onQ By Lemma[4.2] we deduce that y = 0. It follows that

: 2 2 : n 2 _ 2
(24) (y,bl)nefFad ly — Z/6HL2(Q) + |b|a,s < nh_{{)lo ly" — y5||L2(Q) = ||y5||L2(Q)7

where we use that for every n € N we have |b"|, s = 0 (since b™ is constant). This proves

(23]), which in turn implies that the existence of (y,b) € F,q4 satisfying is necessary
for the existence of solutions to (Paqv(0)).

We now prove that the existence of (y,b) € Foq satisfying (22]) is also sufficient to
guarantee existence of solutions. It follows from Corollary that the feasible set
F,q is nonempty. Consequently, we can take a minimizing sequence (y™,b") in Foq to

(Paav(0)). We divide the proof into three steps.

1. In the first step we prove that (y™) is bounded in H'(Q). Since (y™,b") is a mini-

mizing sequence to (P,4v(0))), using the cost functional in (P.qy (o)), it can be easily

derived that
(25) (16"|s,s) and (||y"]|z2()) are bounded.

For every n € N we can write ™ as the sum of a constant function and a function
with mean value zero, i.e. b = b7 + b2 in 11°(Q)) + I1°(Q)~+. It then follows from
([25), the fact that [b"|ss = [b5]s for all n € N, Lemma and Corollary

that (b%) is bounded in H*(2)". Using the chain rule and integration by parts we
moreover have

(26) /le“(y”Vy”) dz = 1/Ql>§L~(V(y”)2) dz = 1/{my?(b?-u)dN* =0,

2 2
since b} is constant and y € H} (). Using (26), testing e(y™, b™) = 0 with y" yields
/ |Vy"[5 dz = —/ (b5 - (" V") +y? = fy") da
Q Q

Applying Poincaré’s and Holder’s inequality, and using that (y™) is bounded in
L?(Q), we deduce that

(27) cHy“H%p(mS/QWy"%dx=—A(b§~(y"Vy”>+cy2—fy") de

< N3 lLally"™ e 19" | 21 () + C,
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where ¢,C > 0 are suitably chosen constants and 1 < p,q < oo are such that
1/p+1/q=1/2, H*(Q) is compactly embedded in L?(Q), and H}(Q2) is compactly
embedded in LP(Q). If (y™) is bounded in LP(2), then it follows from that
ly™[| 11 () is bounded and the first step is finished. If (y™) is not bounded in L?(),
it has a subsequence, again denoted by (y"), such that ||y"| 1»q) tends to oo as

n — oo. If we define 2" : then ||z 1»(q) = 1 and

= Ty lle oy’
cllz" 13y < 051 a2 L @) + D™,

where D" — 0 as n — oo. Dividing this inequality by [|2" | g1 (q), it follows that
(2™) is bounded in H'(£2). Consequently, there exists a subsequence again denoted
by (2") such that 2™ — z in H}(2). Since H}(f2) is compactly embedded in LP(£2)
we have 2" — z in LP(Q). It follows that ||z|[z»(o) = 1. However since (y") is
bounded in L?(2) we also have

12"l 2) = 1" 2@ Iyl Lr)) ™' = 0 as n— oo,

which implies that z = 0. This is a contradiction, and consequently (y™) must be
bounded in H!(£2). Hence, (y™) has a subsequence, again denoted by (y") such that
y" — y in H}(Q) for some y € H ().

. We now prove that (b}) has a bounded subsequence. Here we interpret the sequence
of constant functions (b}) as a sequence of vectors in RYY. We argue by contradiction
and assume that there is a subsequence, again denoted (b}'), such that b} # 0 for all
n € Nand |b}| — oo as n — oco. If we let v™ := b} /|b}], then (v™) has a subsequence
converging to some v € RY. Let ¢ € D(Q) be arbitrary. Testing e(y",b") with
w' = % we deduce

/Qv~(¢Vy)=nli_>Hgo/QU"'(¢Vyn)

1

= lim _T/ Vy* - Voé+b5- - (6Vy")+cy"w— fwde =0.
n—o [b7] Jg

Consequently, by the fundamental lemma of the calculus of variations it follows that

v-Vy=0a.e. in Q. By Lemma[f.2] we deduce that y = 0. Consequently, we must

have

: 2 2 2 2 2
28) it =l B = " = vl + 107 > sl
Now if really holds, then existence of solutions follows from and the proof
is finished. If does not hold, then our assumption must have been wrong and

consequently (b7) must be bounded.

. In the first two steps we have established that either existence of solutions holds
trivially or (3™, b") is bounded in H} (€2) x H*(2)". In the second case, the sequence
(y™,b") has a weak accumulation point (y, b) in HZ () x H*(Q)". The (weak,weak)-
to-weak sequential continuity established in Corollary implies that e(y, b) = 0.
Since the cost functional in ' is sequentially weakly lower semicontinuous,
it follows that (y,b) is a solution to (BPagy|). This finishes the proof.

O

Remark 4.1. A sufficient condition for to be satisfied is that there exists a state cor-
responding to a constant convection coefficient, which lies in a ball with radius ||ys|z2(q)
and center ys.

Proposition 4.3 (Existence of solutions to the learning problem). Assume that R is

weak® sequentially lower semicontinuous on L°((0,d)). Then (BP.ay) has a solution if
and only if there exist 0 € Woq and (y,b) € Fuq such that

ly — yﬁ”%(ﬂ) + |b|§,s < ||y5||2L2(Q)'
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Proof. As a straightforward consequence of Proposition[4.2] we obtain that the feasible set
F of is nonempty if and only if there exist 0 € W4 and (y,b) € F,q satisfying
. This proves that the condition above is necessary for the existence of solutions. To
prove that it is also sufficient, note that if the above condition holds, then the feasible
set F is nonempty. Consequently, we can take a minimizing sequence (¢, y™,b") in F to
. It follows from the minimizing sequence property that (b") is bounded in L?(Q)
and from the feasibility that (|b"|2. ) is bounded. In combination with Corollary this
yields that (") is bounded in H*(Q)". By Corollary the boundedness of (b") in
H*(Q)" in turn implies that (y") is bounded in H} (). Since W, is weak* sequentially
compact, it follows that (o™, 3™, b"), has a subsequence, again denoted by (o”,y™,b"),
such that (o™, y™, b") converges to (o,y,b) € Waq x H(Q) x Hs ()" in the (weak”,
weak, weak) sense in L2 ((0,d)) x HE(€) x H*(2)". As a consequence of Corollary
moreover we have (y,u) € Foq. Our next aim is to prove that (y,u) solves the lower level
problem with o. To do this, first note that it can be derived from the KKT conditions
in Definition [4.2| that for every i € {1,..., N} there exists a sequence (A?) in H{ (£2) such
that for every n € N

[£°(a™)b} v + /Q v(@) A" (2)0;y" (z)de =0 for all v € H*(Q)

/(yn —ys)w + VA" - Vw+b" - (A\"Vw) +cA\"wdr =0 forallw e H}(Q)
Q

Arguing similarly as in Corollary ﬂ one can prove that (A7) is bounded in H}(Q).
Now let p?'(z) == AP'(z)0;y" (). We must now distinguish between two cases.

1. If N € {1,2}, then (p}) is bounded in L2~%(Q2) for arbitrary 0 < § < 1.

2. If N =3 and s € (1/2,1), then (p}) is bounded in L3/2(Q) and H*(Q) is compactly
embedded in L3(12).

In either case, however, it follows from Lemma [2.4] that

(31) lim [b}|sn,s = |bils,s for every n € N.
n—oo

This implies that

Iy = wsl3aqey + B = Tim [y = usl3ay + 0" 20 s

< lim (0"~ yall3agqy + 0By = 0~ vsll3a + [0

for all (w,v) € Fuq. This shows that (o,y,b) € F. Since by assumption the cost functional
is weak*-weak-weak sequentially lower semi continuous, it follows that (o,y,b) solves
(Pagy (o)), which finishes the proof. O

4.3.1 Sufficient optimality conditions and uniqueness of solutions of the lower
level problem

In view of Theorem [£.2] it is important to know under which circumstances a computed
KKT point of the lower level problem is the lower level problem’s unique solution and
satisfies a second order optimality condition. A satisfactory answer to this question is
beyond the scope of this paper. Nevertheless, in order to gain at least some insight
into the problem, in the following we provide conditions which are sufficient (but not
necessary) to ensure that a computed KKT point of the lower level problem is indeed
its unique solution and satisfies a second order sufficient optimality condition. These
conditions are essentially smallness assumptions on the adjoint state. We remark that the
provided estimates are of qualitative nature and quantification would require additional
arguments. Conditions similar to ours, which are sufficient for the uniqueness of solutions
to a class of semilinear elliptic equations with the controls entering linearly have been
discussed in [3].
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For the sake of simplicity, our discussion is limited to the case of a constant weight
with value a > 0 and ¢ =0 in . In this case, the lower level problem can be written
as

(32) (yb)eH%r;st(m||yfya||%z<m+a|b\%s(m subject to  e(y,b) = 0.
’ 0

Throughout this section (7,b, A) denotes a KKT point of (32). Recall that (7, b, A) is said
to satisfy the second order sufficient optimality conditions of if there exists u > 0
such that

Dy ) L0, 5.5, M)[(8y, 0b), (8y, 8)] = pill(8y, 00122 () 11+ (22

for all (6y,dy) € ker De(g,b). Straightforward computations show that

(33) D(Qy,b)L(U7?7>Ea5\)[(67;7517)’(6y’5b)]:”(Sy”zL?(Q)Jra”(sb”%—IS(Q)Jr/ﬂ(sb'(j‘vgy)dx'

The following technical result will be needed later on.

Lemma 4.3. Let (N,s) satisfy . Then there is a constant C (depending on b) such
that for all (8,,0s) € ker De(y,b) we have

10yl 21 (2) < ClIV yll 2 ()~ |96l s (0)-
Proof. Note that (d,,d,) € ker De(y,b) if and only if (6,,d) is a weak solution to
—ASy +b-V,=—0,-Vy in H Q).
Consequently, by [I0, Theorem 2.1] there is C; > 0 (depending on b) such that

(34) oyl ez oy < Cilldy - VGl a—1(0)-

Since N and s satisfy there are p,q > 1 such that 1/p + 1/q¢ = 1/2, and H*(Q)
and H'(Q) are continuously embedded in L%() and LP(), respectively. Using Holder’s
inequality, it follows that

(35) 196 - Vylla-1(2) < CspCrall VIl L2(0yn 106 22 0

where Cs , and C ;, denote the embedding constants of H*(2) and H'(2) into L4(£2) and
LP(Q), respectively. Combining and yields the desired estimate. O

We now formulate a criterion on the adjoint state, which implies that (7, b, \) satisfies
the second order sufficient optimality conditions.

Proposition 4.4. Let (N, s) satisfy and let p,q > 1 be such that 1/p+1/q = 1/2 and
H*(2) is continuously embedded in L(2). Let (i,b,A) be a KKT point of (2). Then
there exists a constant C' > 0 (depending on (§,b)) such that if

I (o) <)
then (i,b) satisfies the second order sufficient optimality conditions of .
Proof. We divide the proof into several steps.

1. We begin by showing that there is a constant x; > 0 such that for every v €
o(Q) and w € HY(Q) with (w,v) € ker De(y,b) we have ||wH%2(Q) > fi1||v||2Lz(Q).
Since I1y(2) is finite dimensional and the mapping v — w(v) such that (w(v),v) €
ker De(y, b) is linear, it suffices to show that v # 0 implies that w(v) # 0. Note that
v - Vy # 0 since otherwise y would also have to be zero. Since w satisfies

—Aw+b-Vw=—-v-Vy,

it follows that w is not equal to zero.
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2. In the second step we prove that for every ¢ > 0 there exists a constant x > 0 such
that for all (J,,0s) € ker De(y, ) it holds that

(36) 16117200y + €lOblFrs 0y = EllGbl1 Frs (-
We can write &, = 0} + 67, where (6},687) € Io(Q2) x IIo(Q2)*. Denote by 4, and
62 the unique elements in Hg(Q) such that (d,,d,) € ker De(y,u) and (57,67) €

ker De(y,u), respectively. By linearity we have §, = &, + d2. From the first step,
we know that there exists a constant k1 > 0 such that

16,1720y = R1l105 1720 -
Moreover, combining Lemma [£.3] and Lemma [2.3] we also have
16511720y < Rall V oyl 120y 107 |12 ()

where ko > 0 is independent of (J,,d,). For 5 € (0,1) we now estimate

16,117 20y + €l0bl7r- (0
= 165122 + 1621220 +2(v/B6L, (1/v/B)82) r2c@y + cl6F | (e
> (1= B)[16411 gy + (1 — 1/8) 16220y + €ldZ o
> (1= A)ral|0} 320y + (1= 1/8) w2l Vg3 + ) 6 312

> (1= )l 3e) + (1= 1/8) 52l T yl32gqy + €) DIl q.

The estimate with £ := min {(1 — B)k1, (1 —1/8) kol VyHi?(Q)N + c} now

holds for 8 € (0, 1) chosen sufficiently close to 1 in order to have k > 0.

3. Using Holder’s inequality and Lemma [£.3] we obtain

/951: ~(AV6y) da < |6yl Lage) I e @) | V Oyl L2(0)
< Cy g DIl Lo (@) 1077 0

where D = C|| Vyng(Q) for C as in Lemma and C; , denotes the embedding

constant of H*(Q) into L()). Taking ¢ = 2« and k > 0 such that holds, we
compute

D{y ) L(0,5,0, N)[(8y, 85), (3, 6)]
= (164172 () + 0b|Fre ey + /Q & - (AV6,)dzx
> (1/2)110y 172 () + (5/2 = CsaDINILo@) 18]I+ -
This proves the claim for r = k/(2C; D).
O

Proposition 4.5. Let (N, s) satisfy and let p,q > 1 be such that 1/p+1/q = 1/2
and H*(Q) is continuously embedded in LI(SY). Assume that there exists (y,b) € Fuq such
that holds with strict inequality. Let (,b,)\) be a KKT point of , Then there
exists a constant C' > 0 such that if

Al Le (o) < C,

then (y,b) is the unique solution to (32).
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Proof. Tt follows from Proposition that has a solution. A look at the proof of
Proposition reveals that under our assumption all solutions to must be contained
in a norm ball with finite radius in H}(Q) x H*(Q). In the following we denote this ball
by B. The proof is heavily based on the observation that

(37) ey(@b)[y—?ﬂ +eb(g7b)[b_b]+eyb[y_g7b_b] =0 in H_I(Q)7

for all (y,b) € F,q, which in turn follows from the fact that e is the sum of a bilinear
and an affine linear function. Moreover, we use that since f # 0 as a consequence of [10]
Theorem 2.1] we know that § # 0. The proof itself is divided into three steps.

1. Let b € H*(Q)\ {b} be such that b— b is constant and let y € H}(Q2) be the unique
element in H}(Q) such that e(y,b) = 0. We claim that y # 3. To prove this, we
argue by contradiction: If y = g, then implies that

(b—b)-Vy=0 inH ().

Since by assumption b — b is a nonzero and constant, by Lemma it follows that
y = 0. This is a contradiction.

2. We now show that for arbitrary ¢ > 0 there exists x > 0 such that for all (y,b) €
F,q4 N B we have

(38) Iy = Fll72() + clb = blFe ) = Kb = bl 720

We begin by proving that there exist k1 > 0 and M > 0 such that with Kk = K
holds for all (y,b) € Faq N B with [|b — b||r2(0) < M. To do this, we argue by
contradiction: If this is false, then there is a sequence (y",b") in (Foa N B)\{(9,b)}
with [|b™ — b||z2(q) — 0 as n — oo and a nullsequence (k™) in (0, 00) such that

(39) y"™ — Z7||%2(Q) + b = b

?‘IS(Q) < KM[p" = bH%Z(oy

It follows that [|b™ — b|| =) — 0 as n — oo. We define a sequence (67') in He ()N
by setting & = (0" — b)/||b™ — b||12(q) for every n € N. By definition we have
165 |2 () = 1. Moreover, it follows from that 07| g+ () — 0 as n — oo. Hence
(67) has a subsequence, which converges weakly in H*(Q2) and strongly in L?(Q) to
a constant and nonzero element &, of H*(Q2). Additionally, for the sequence (dy)
defined by 67 := (y™ — 7)/[b" — bl L>(2) we have

c? (||bn — b7y + 0" — B3 s(o))
o = e

165117 () < < C*(1+ k" /o),

where C' > 0 is the Lipschitz constant of the solution operator b — y(b) on B.
Consequently, (6;') has a weak cluster point d, in Hg (). Let ¢ € D(2) be arbitrary
and ¢" = ¢/[|b" — b|| (). Testing for (y,b) = (y™, b"™) with ¢"™ we obtain

(40) AV&Z«V¢+(RV6$)¢+(5{,‘~ng)¢+[5§~V(y”fy)]¢dx:0.

Taking the limit n — oo in and we deduce that (d,,0,) € ker De(y, b)
and [|0y]/z2() = 0. This is a contradiction since the mapping &, ~ J, such that
(0y,05) € ker De(y, b) is injective on the space of constant functions.

It remains to show that thgre exists ko > 0 such that with k = ko holds for all
(y,b) € Foq N B with ||b — b[[z2() > M. For this, it suffices to prove that

41 min -9 + c|b — |2
4D ()€ FaaNBs [b=bl 12y >M ly = dllz +elb = blireo)
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has a solution, and that the optimal function value K in is strictly larger than
zero, since then we have

ly = Gl 72) + clb = b3 () = & > (R/r?)[|b = b7

for all (y,b) € FoaN B with [|[b—b| 12(0) > M, where r == sup{[|b—b|| 2(q) | (y,b) €
F.q N B}. Proving existence of solutions to is straightforward since

{(y7b) EFadﬂB ‘ ||b—6||L2(Q) ZM}

is weakly sequentially compact; a fact which can be easily proven using that H* ()
is compactly embedded in L?(2) and Corollary It now follows from the first
step that the optimal function value is positive, as claimed above.

. Using , for every (y,b) € F,q N B we compute

(42)  |Xey(5,0)ly — 5] + es(5,0)[b — b]| = | — Aeyply — 5,0 — b]|
< CsgllM e 1y = Fllar @)1 = bl s (@) < Cs g DI A e ) |1 — bHiIS(Q)v

where Cj , is the embedding constant of the embedding of H*(Q2) into L9(£2) and
D > 0 is the Lipschitz constant of the solution operator b — y(b) on B. Let
F(y,b) = |ly— y5||2L2(Q) + a|b|%{,§(ﬂ) for every (y,b) € F,q. Moreover, let ¢ = 2 and
let k be the corresponding constant in . We have

F(y,b) = F(5,0) = Fy(5,b)(y — §) + Fo(5,0) (b = b) + ly = §ll72(0) + lb = bl F2 ()
= Mey (5,b)(y — §) + es(5,0) (b — b)] + |ly — ?H%%Q) +afb - B\?{s(n)
> (1/2)lly = 9ll720) + (5/2 = Cs ¢ DI o)) 16 = bl -

Here we used that (7,b, \) is a KKT point for the second equality and the estimates
in and for the last inequality. It follows that if

Il Le (o) < 5/(2Cs4D),
then (7, ) is the unique solution to .

5 Numerical experiments

In this section we present results of numerical experiments where we solve the learning
problem for the linear forward problem from Example Here we let = (0,1) and
p = 0.1. As a regularization operator for the weights, we consider the particular choice

d
R(U) = ﬁ/ odr+ a‘0|%2((0’d)) for 0 € Wyy,
0

where «, 8 > 0. The obtained results are compared to results obtained for choosing the
optimal regularization parameter v in by solving a similar learning problem.

5.1 Data

We let w = (wi,...,wn)T be an m-dimensional random variable following a uniform
distribution on [0, 1]™. We distinguish between two cases.

(A) In the first case, we let m = 3 and

ul(z,w) = sin(20w; ) 4 w3 cos(40wqz) for z € (0,1).
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(B) In the second case, we let m = 3 and

u' (2, w) = 3ws cos(6mz + 10wy ) + 2wy for x € (0,1).

To create data for training and validation, we take samples w’ from w and let uf* =
ul(-,w?). We discretize the problem using linear Lagrange elements for equidistant grid
points 0 = 1 < -+ < &y, = 1, where Ng = 128. The corresponding (discrete) ground
truth state y™? is computed by solving the discretized forward problem. Noisy data
measurements are generated by point wise setting

ys' (x) = yPi(ay) + €&,

where &; ; € R are samples drawn from a normally distributed random variable with mean
0 and standard deviation 1, and € is the noise level. In order to discretize the weights, we
use piecewise constant FEM. We let (uq,...,un,) and (o1,...,0N,+1) denote a basis for
the control and the weight FEM spaces, respectively. The integrals

£lonuy = [ [ LA =00 5y vy

lo — y[i+2s

QxQ

are computed analytically using symbolic integration.

5.2 Applied methods

Recall that the lower level problem has a unique solution for every regularization weight
0 € Wyq. Using this, we define the reduced cost functional F: W,4 — R by

1
F(o) = §||u(o) - uT||%2(Q) + R(0), for every o € Wyq,

where u(c) is the unique solution to the lower level problem with weight o. The learning
problem can then be written as follows

(43) grenlen F(o) subject to omin < 0 < Omax
ad

where omin = Y1X([0,5] @0d Omax = 72. A necessary optimality condition for o* to be a

solution of is
(44) (F'(0*),0 —0*) >0 forall o0 € Wy,
If F'(0*) has a Riesz representative V F(o*) in L?(12), then is equivalent to
c* =Py, (6" —cV F(c")),
for arbitrary ¢ > 0, where Pyy,, is the L?-minimal projection on W,4. We define
(o) = 0 — Py, (0 — eV Flor),
which can be interpreted pointwise almost everywhere on (0,d) as
O(0)(z) = o(x) — max [omin (), min[omax(z), 0(x) — ¢V F(o)(z)]] .

In order to solve the reduced learning problem we use a non-linear primal-dual active set
method provided in [2§]. To solve the unconstrained problems on the inactive set we use
a globalized quasi-Newton method accompanied by an Armijo line search (compare [33]
algorithm 11.5 on p 60]).

Strictly speaking the convergence analysis provided in [28] does not apply to our
setting. In practice the algorithm performed satisfactorily.
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5.3 Results

We tested the algorithm in MATLAB for various choices of s. We create Nipain training
and Ny, validation data vectors. The training set is divided into Npatcn training batches.
Each training batch then consists of batchsize = Niyain/Npaten training vectors. For
1 < i < Npatches an optimal regularization weight o** is computed for the i-th batch by
solving the associated learning problem. Subsequently, the optimal weights are tested on
the validation set. Thus for each validation vector (y',uf,ys) and each optimal weight o***
we compute a solution u,«,: to the corresponding lower level problem. We then compute
the validation error given by [jug-i — uf||%. (- The average validation error is obtained

by averaging the validation error over all validation vectors and weights ¢**. We then
repeat the same training and validation procedure, but instead of the optimal weight,
we only learn the optimal regularization parameter v for regularization with a fractional
order Sobolev seminorm (corresponding to a weight ¢ = 1 ). The obtained training and
validation errors for different batchsizes are provided in Tables [1| and We notice the
following behaviour:

1.) In all tested cases, both the training and the validation error for the optimal weight
o are smaller than the training and validation error for the optimal regularization
parameter v (see Tables [I] and [2)).

2.) Overall, the benefits of being able to choose a distance dependent weight o over
choosing only a scalar regularization parameter were less pronounced for larger
values of s than for smaller ones (compare Table [la] with Table and Table
with Table [2b)).

3.) Note that for s = 0.1 the optimal weight in case has distinct peaks around 1/3,
2/3, and close to 1 (see Figure[l)). This can be explained by the fact that functions
created as in are always periodic with a period 1/3.

4.) In case the influence of the weight was much larger compared to case The
validation error was significantly decreased for s = 0.1 (see Table . We attribute
this to the fact that in case both the training and validation functions were
periodic with the same period. This constitutes a case where in our opinion the
impact of being able to choose a nonlocal weight is clearly visible.

5.) Large batch sizes improve estimates for v as well as o. In fact, the results for smaller
batch sizes (even after taking several smaller batches involving the same amount of
training data in total) can not reach the results obtained for one batch consisting
of the total training set (compare the rows).

In general, whether the additional computational effort when using fractional order reg-
ularization is justified, depends on the structure of the data. It should be noted that
the significant improvement reported in case is not surprising. In fact, case |(B)| was
intentionally designed to provide an example where one would expect that being able to
choose a distance dependent weight improves the reconstruction quality.
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Table 1: Average training and validation error for optimal regularization parameter v*
(second and third column) and optimal weight o* (fourth and fifth column) in case [(A)]

The training set and the validation set both consisted of 512 data vectors.

Table 2: Average training and validation error for optimal regularization parameter v*
(second and third column) and optimal weight o* (fourth and fifth column) in case |(B)]

batchsize | train error (v*) | val error (v*) | train error (c*) | val error (o*)

8 1.81 x 102 2.19 x 10~2 1.41 x 102 2.04 x 10~ 2

64 1.88 x 102 2.11 x 10~ 2 1.61 x 102 1.86 x 102

512 1.90 x 102 2.09 x 10—2 1.65 x 10~2 1.82 x 102
(a) s=0.1

batchsize | train error (v*) | val error (v*) | train error (c*) | val error (o*)

8 1.53 x 102 1.98 x 10~2 1.51 x 102 1.97 x 102

64 1.63 x 102 1.85 x 10~2 1.61 x 10~2 1.84 x 102

512 1.65 x 10~2 1.82 x 10~2 1.64 x 102 1.80 x 102
(b) s =10.9

The training set and the validation set both consisted of 512 data vectors.
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batchsize | train error (v*) | val error (v*) | train error (c*) | val error (c*)

8 2.03 x 1072 2.12 x 1072 1.02 x 102 1.09 x 102

64 2.05 x 10~ 2 2.09 x 10~2 1.02 x 102 1.04 x 102

512 2.06 x 10~ 2 2.08 x 10~ 2 1.14 x 102 1.15 x 102
(a) s=0.1

batchsize | train error (v*) | val error (v*) | train error (c*) | val error (c*)

8 1.37 x 102 1.44 x 10—2 1.33 x 102 1.41 x 102

64 1.38 x 102 1.42 x 10~2 1.35 x 102 1.38 x 102

512 1.39 x 10—2 1.41 x 102 1.35 x 10—2 1.38 x 10—2
(b) s=10.9
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Figure 1: Optimal weights for linear state equation in case (first row) and case
(second row). 1% additive noise was used. The training set consisted of 512 data vectors.

——ground truth

——ground truth

——rec. for optimal weight ——rec. for optimal weight
5] 1 -15] ]
0 0.2 04 0.6 0.8 o0 0.2 0.4 06 08 1
(a) With optimal weight for s = 0.1 (b) With optimal weight for s = 0.9

Figure 2: Ground truth and reconstructed controls for one data vector from the validation
set for linear state equation in case[(A)l 1% additive noise was added to create noisy the
measurements. The training and validation set both consisted of 512 data vectors.
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