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ABSTRACT. A learning approach for optimal feedback gains for nonlinear continuous
time control systems is proposed and analysed. The goal is to establish a rigorous
framework for computing approximating optimal feedback gains using neural networks.
The approach rests on two main ingredients. First, an optimal control formulation
involving an ensemble of trajectories with ’control’ variables given by the feedback
gain functions. Second, an approximation to the feedback functions via realizations of
neural networks. Based on universal approximation properties we prove the existence
and convergence of optimal stabilizing neural network feedback controllers.
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equation, reinforcement learning.
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1. INTRODUCTION

Closed loop optimal feedback control of nonlinear dynamical systems remains to be
a major challenge. Ultimately this involves the solution of a Hamilton Jacobi Bellman
(HJB) equation, a hyperbolic system whose dimension is that of the state space. Thus,
inevitably one is confronted with a curse of dimensionality, possibly first stated in
[1]. In the case of linear dynamics, the absence of control and state constraints and
a quadratic cost functional the HJB equation simplifies to a Riccati equation. This
Riccati equation has received a tremendous amount of attention in the control literature,
both from the point of view of analysis as well as efficient numerical realization. One
of the frequently used approaches to nonlinear problems is therefore based on applying
the Riccati framework locally to linear-quadratic approximations of genuine nonlinear
problems. This can be very effective, but optimal controls based on the HJB equation
differ from their Riccati-based approximation especially in the transient phase. Moreover
linearization based feedback laws are often more expensive or may even fail to reach
the control objective, see e.g. [5, 22]. This suggests the search for deriving methods to
obtain good approximations to optimal feedback solutions for nonlinear systems, which
go beyond local linear-quadratic approximations. In this paper we propose and analyze
such an approach.
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To present the main ideas and features of the methodology we focus on stabilization
problems of the form

w€L2(0,00;R™) 2
st. = f(y)+Bu, y(0)=nyo,

where f describes the nonlinear dynamics, B € R™ x R™, is the control operator, ) > 0,
B > 0, and the optimal control is sought in feedback from. The value function V'
associated to (P), which assigns to each initial condition yy the value of the optimal
cost, satisfies a HJB equation. Once available, the optimal control to (P) can be
expressed in feedback form as u*(t) = —BTVV (y(t)). If M degrees of freedom are used
to discretize the HJB equation in each of the directions y;, then this results in a system
of dimension M™. Except for small dimensions n of the state equation this is unfeasible
and alternatives must be sought. In this paper we propose to replace the control u in
(P) by F(y) and minimize with respect to the feedback F' over an admissible set H. It
can be expected that the effectiveness of such a procedure depends on the location of
the orbit O = {y(t;y0) : t € (0,00)} within the state space R". To accommodate the
case that O does not ’cover’ the state-space sufficiently well, we propose to look at the
ensemble of orbits departing from a compact set Y of initial conditions and reformulate
the problem accordingly. For this purpose we introduce a probability measure i on Yy
and replace (P) by

- 1/~ 2 1 Blu(t)]?
inf /0 (IQy®)F + Blu(t)]*) dt (P)

inf /YO /OOO(!Qy(t;yo)\z+5\F(y(t;yo))2) dt dp

sit. y(yo) = f(y(yo)) + BF(y), y(0) = o,

Mathematical precision to this formulation will be given below. We note that (Py,)
represents a learning problem for the feedback function F' on the basis of the data
Oeat = {y(t; yO) te (07 OO),ZJO € }/E)}

For the practical realization of (Py;) the discretization or parametrization of the
feedback function F' must be addressed. To this end, due to their excellent approximation
properties in practice, we propose the use of neural networks. Let 6 denote the string
of network parameters, and denote by Fy the approximation of F' by the realization of
a neural network. Using this parameterization in (Py,) we arrive at the problem which
represents the focus of the investigations in this paper:

ey [ ] (Que )l + Futyte: ) ) dr

sit. y(yo) = f(y(yo)) + BFs(y), y(0) = yo.

While (Py, ) conceptually represents well the goal of our investigations, some amend-
ments, as for example a properly chosen regularization term, will be necessary. This
will be described in the later sections. matrices and vectors of dimensions d X d and
d, and taking into account the concept of layers and depths of networks, the approach
we propose leads to polynomial complexity, as opposed to the exponential complexity
which typically arises when approaching feedback control on the basis of solving the HJB
equation. One of the main goals of this paper consists in the analysis of the approxima-
tion properties of (Py;) by (Py, ), and in demonstrating the numerical feasibility of the
approach.

(PYO)

(Pyy,0)
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Let us very briefly and with no pretense for completeness mention some of the method-
ologies which have been proposed and analysed to approximate optimal feedback gains.
First, there is the vast literature on solving the HJB equations directly, see e.g. [16, 23]
and obtaining the feedback by means of the verification theorem. With the aim of increas-
ing the dimension of computable HJB equations a sparse grid approach was presented
in [18]. More recently significant progress was made in solving high dimensional HJB
equations by the of use policy iterations (Newton method applied to HJB) combined
with tensor calculus techniques, [12, 22]. The use of Hopf formulas was proposed in e.g.
[28, 8]. Interpolation techniques, utilizing ensembles of open loop solutions have been
analyzed in the work of [29], for example.

From the machine learning point of view, the HJB approach is intimately related
to reinforcement learning (RL). For discrete time systems, overviews on this subject
are presented in the inspiring monographs [3, 36]. See also the survey articles [34, 39].
Reinforcement learning comprises e.g. value function based feedback approaches such
as value and policy iterations, including the Q-factor versions. The concept of RL
rollout algorithms, [2], is closely related to receding horizon control. Another type of
RL methods which do not rely on value function approximation can be summarized
under parametrized policy learning. These include e.g. interpolation of feedback laws
from optimal open loop state-control pairs also known as expert supervised or imitation
learning, [30]. The parametrized policy method which is closest to our approach is
referred to as training by cost optimization, [3, Chapter 4], or policy gradient, [36,
Chapter 13], see also [31]. We also mention structural similarities between (Py; ) and
optimal control problems under uncertainty, [19, 24].

While there are conceptual parallels between our research and selected machine learn-
ing methodologies, here the focus lies on a rigorous mathematical analysis of the approach
sketched above. We shall also provide examples illustrating the numerical feasibility of
the proposed method but we do not aim for sophistication in this respect within the
present paper.

The manuscript is structured as follows. In Section 2 we briefly summarize our
notation, Section 3 contains some aspects of optimal feedback stabilization which are
pertinent for our work. In Section 4 we present the proposed learning formulation of
the optimal feedback stabilization problem. We then aim for an approximation result
of the optimal feedback law by neural networks. For this purpose we collect and derive
necessary results for neural networks in Section 5. Finally, in Section 6, the set of
admissible feedback laws in the learning problem is replaced by realizations of neural
networks. Existence of optimal neural networks as well as convergence of the associated
feedback laws is argued. Amongst other issues, main difficulties that need to be overcome
arise due to the infinite time horizon and the fact that the dynamics of the system as
well as the feedback functions are only assumed to be locally Lipschitz. Some aspects
for the practical realization of our approach are given in Section 7. Section 8 contains
a brief description of numerical examples. The Appendix details the proofs of several
necessary technical results.

2. NOTATION

Let a complete measure space ({2, A, i) as well as a Banach space Y with norm || - ||y
be given. The topological dual space of Y is denoted by Y* and the corresponding duality
paring is abbreviated as (-, -)y,y+. Following [11, p. 41] we call y: 2 — Y p-measurable



or strongly measurable if there exists a sequence {y;};en of simple functions with
lim |yi(w) —y(w)|| =0 for u—a.e.we 2.
1— 00

Here a mapping y;: 2 = Y is simple if y; = Z;V:ZI yjxa, for some y1,...,yn;, €Y and
characteristic functions x4,, A; € A. If the mapping

y:2-Y, Jw)=({yw),y)yy-

is p-measurable for all y* € Y* we term y weakly measurable. Strong and weak mea-
surability are stable under pointwise almost everywhere convergence i.e. if {y;}icn is a
sequence of strong (weak) measurable functions and y is defined by y(w) = lim;_ 0 yi(w)
for p-a.e. w € (2 then y is strong (weak) measurable, respectively, [11, p. 41]. If YV is
separable, Pettis’” Theorem, cf. [11, p. 42], states the equivalence of strong and weak
measurability.

We further introduce L% (2, A;Y), p € [1,00], as the Bochner space of equivalence
classes of strongly measurable functions y: {2 — Y such that the associated norms

1
p
Wlsgioan = ([ V@I au@)”, pe oo

as well as

are finite. If the measure p and/or the o-algebra A are clear from the context we
omit them in the description of the space and simply write L, (£2;Y) and LP(£2;Y),
respectively, for shortage. If Y is reflexive and p € (1, 00) we identify

L2, A )" =~ LI(92, A7),
where 1/¢+1/p=1. For ally € LI,(2, A;Y) and y’ € L (2, A;Y*) we have

V.Y ) rn o) .Lo @y = /Q<Y<W)7y/(w)>Y,Y* dp(w).

If Y is a Hilbert space with respect to the norm induced by the inner product (-,-)y
then LZ(Q, A;Y) is also a Hilbert space with inner product

(Y1, ¥2)2(02,4v) = /Q(y1(w),yz(w))y du(w)  Vy1,y2 € LL (02, A;Y).

For further references see [11, 15].
For a metric space X we denote the space of bounded continuous functions between X
and Y by Cp(X;Y). It forms a Banach space together with the supremum norm

lelle,(xv) = sup le(@)lly  for ¢ € C(X;Y).
xe

Throughout this paper, let Yy C R™ be compact, and set I := [0, 00). Define
Woo = {y € L*(I;R") | § € L*(I;R") }.

Here the temporal derivative is understood in the distributional sense. We equip W
with the norm induced by the inner product

(y17y2)woo = (ylva)Lz(l;R") + (ylayQ)LQ(I;R”) for Y1,y2 € Weo,
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making it a Hilbert space. We frequently use the following properties of functions in
Woo. First, Wy, continuously embeds into Cp(I; R™), i.e. there exists a constant C' > 0
such that

1Ylleyzmny < Cllyllwa, for all y € W, (2.1)

see e.g. [27, Theorem 3.1]. Second, we have

tli)m ly(t)] =0, for all y € W, (2.2)

see [7, pg. 521].

Given two Banach spaces X and Y, the space of linear and continuous functionals
between X and Y is denoted by £(X,Y). It is a Banach space with respect to the
canonical operator norm given by

[Allzixyy = sup [ Azly VA€ L(X,Y).

llzllx=1

We further abbreviate £(X) := £(X, X).

3. PRELIMINARIES

In the following we consider a controlled autonomous dynamical system of the form
y=f(y)+Bu in L*(I;R™), y(0) = yo, (3.1)

where yo € R" is a given initial condition. The nonlinearity is described by a Nemitsky
operator

f: W — LA(I;R™), f(y)(t) = f(y(t)) forae. tecl,

where f: R™ — R™. The requirements on f will be specified in Assumption 1 below. The
dynamics of the system can be influenced by choosing a control function u € L?(I;R™)
which enters via a bounded linear operator

B: L*(I;R™) — L*(I;R"™), Bu(t) = Bu(t) forae. tel
induced by a matrix B € R"*™,

3.1. Open loop optimal control. Our interest lies in determining a control u* €
L?(I;R™) which keeps the associated solution y* € W, to (3.1) small in a suitable sense
and steers it to 0 as t — co. This can be achieved by computing an optimal pair (y, u)
to the open loop infinite horizon optimal control problem

1

inf - )% + Blu(®)]?) dt

it 5 Qe + s P)
st. y=~£(y)+Bu, y(0)=uyo,

for some positive semi-definite matrix Q € R™*™ and a fixed cost parameter 8 > 0. In

the following we silently assume that the infimum in (Pé’o) is attained for every yo € R™.

For abbreviation we further set

J: Wee x L*(L;R™) = R, J(y,u) = ;/(|Qy(t)!2 + Blu(t)]?) dt.
I

(P5°)

The open loop approach comes with several drawbacks. First, open loop controls do not
take into account possible perturbations of the dynamical system. Second, determing
the control action for a new initial condition requires to solve (Pé”o) again.
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3.2. Semiglobal optimal feedback stabilization. The aforementioned disadvantages
of open loop optimal controls serve as a motivation to study the semiglobal optimal
feedback problem associated to (Pgo) and to construct the optimal control (at any time
t > 0) as a function of the associated state at time ¢. More precisely, given a compact
set Yo C R”™ containing the origin, we are looking for a function F*: R” — R" which
induces a Nemitsky operator

F*: We — L*(LR™),  F*(y)(t) = F*(y(t)) forae.tel,
such that for every yo € Yy the closed loop system

y="£(y) +BF (y), y0)=uyvo (3.2)

admits a unique solution y*(yo) € Woo and (y*(v0), F*(y*(v0))) is a minimizing pair
of (Pgo).
As a starting point to its solution we define the value function associated to the open
loop problem (P5°) by
Vv = i J(y, t. oy=f~f Bu, 0) = 3.3
(o) pew I (y,u) st g==£(y)+Bu, y(0)=uyo (3.3)
for yo € R™. If V is continuously differentiable in a neighborhood of y € R™ it solves the
stationary Hamilton-Jacobi-Bellman equation (HJB)

(F ), TV (o)) = 55| B TV (o) P+ 5[Quol? =0 (3.4)

in the classical sense, see e.g. [17, pg 6]. Moreover, once computed, an optimal control
for (Pg‘)) in feedback form is given by the verification theorem as u = —%BTVV(y), see
[17, Theorem 1.7.1]. This leads to the closed loop system in optimal feedback form

J = £(y) — ;BB*VV(y), y(0) = yo, where B*VV(y)(t) = BTVV (y(t)), for ace. t € I,

yielding a function y*(yo) € Ws. Thus

(y*<yo>, —;B*W@*(yo))) € argmin (P)

and the function

F = _1pTyv
s
solves the semiglobal optimal feedback problem as formulated above.

Realizing this closed loop system requires a solution of the HJB equation (3.4), which
is a partial differential equation in R™. This makes the HJB based approach numerically
challenging or infeasible if n € N is large.

In this paper we adopt a different viewpoint for the semiglobal feedback problem
which does not involve the solution of the HJB equation. An optimal feedback law is
determined as a minimizer to a suitable optimal control problem which incorporates
the closed loop system as a constraint. The following assumptions on the dynamical
system (3.1), the open loop problems (Pgo), and the value function V, are assumed
throughout.

Assumption 1. A.1 The function f: R” — R” is continuously differentiable with
f(0) = 0. Its Jacobian D f: R™ — R™*" is Lipschitz continuous on compact sets.
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A.2 There exists a function F*: R” — R™ with F*(0) = 0 as well as the induced
Nemitsky operator F*: W, — L?(I;R™) such that the closed loop system

y="~1(y)+BF(y), y0)=uwo
admits a unique solution y*(yo) € W for every yp € R™. Moreover we have
(" (y0), F*(y" (y0))) € argmin (P5") Vyo € R™.
A.3 There exists a bounded neighborhood N (Yy) C R™ of Yj such that the mapping
Yy N(Y0) = Weo,  yo = y"(%0)
is continuously differentiable. Moreover there is a constant M > 0 with
1" (wo)llwee < Mlyol Vyo € N(Yo). (3.5)
A.4 Let 1: Wy — Cp(I; R™) denote the continuous embedding and define

My, =M sup |yol, M = [lollgowe, cp(rirn) Mye-
Yo €N (Y0)

There holds
F* € C' (B,7(0;R™), DF* € Lip (B,57(0); R™*") .
We close this section with several remarks concerning Assumption 1.

Remark 1. Following the previous discussions, the canonical candidate for the optimal
feedback law in A.1 is given by F* = —%BTVV provided the value function V is
sufficiently smooth. A discussion of the regularity assumptions according to A.4, in this
context can be found in Appendix C.

Remark 2. In A.3 we assume the continuous Fréchet differentiability of the solution
operator y* to the closed loop system. Utilizing the regularity assumptions on f and F*
specified in A.1 and A.4, we conclude the Fréchet differentiability of the induced Nemit-
sky operators f and F* at y*(yo) with yo € N(Yp). Consequently, denoting the Fréchet
derivative of y* at yo € N(Yy) by dy*(yo), the function dy := dy*(yo)dyo € W fulfills

0y = DE(y*(y0))dy + BF*(y*(y0))dy, 6y(0) = dyo (3.6)
for every yo € N(Yp), dyo € R™. Note that there exists a constant ¢ > 0 with
16y (Yo)ll crn W) < ¢ VYo € Yo
due to the continuity of dy and the compactness of Y.

Next we discuss a sufficient condition for (3.5) to hold.

Proposition 1. Assume that A.1 and A.2 hold, and that the value function V associated
to (Pgo) is C1 on R™, and satisfies V (y) < E|y|? independent of y € R™. Further assume

a) f is globally Lipschitz continuous on R™, or
b) there exists Ky > 0, ky € R™ such that V(y) > kily| — k2 for all y € N(Yp).

Then (3.5) holds.
Proof. The HJB equation associated to (Pgo) is given by
L o 2 L o n
(FW), VV(@))ar = 55| B VYV )"+ 5lyl” = 0 for y € R™. (3.7)

For yo € N(Yp) the optimal closed loop system is given by
y = fly)+BF(y),y(0) = o, (3-8)
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with F(y) = —%BTVV(y), where y = y(t),t > 0 (and we drop the superscript *).
Testing (3.8) with VV (y(t)), we obtain

GV W) = (), VY () - o BTIVO)P - BTV GO)E. (39
Utilizing (3.7) this implies that
iV( (t) = —%Iy(t)l2 - ;ﬁIBTVV(y(t))IQ- (3.10)
from which we deduce that
/ ly(s)2ds + = 3 / |BTVV (y(s))%ds < 2V (yo), (3.11)

for all t > 0. If f is globally Lipschitz with Lipschitz-constant L then by (3.8) and (3.11)
(e.¢] (o.¢] 1 (e.¢]
| atwra< 22 [P 5 [T 18579V )R
0 0

(e’ 2
<22 [l dt+”§2" / BTV (y(t) Pt

1 1
L2 B 2 2 - BT 2
< sup(%, 5 B /0 () + 3BTV (0P
<2 sup(L?, ;HBH?W@(».
This implies that
o0 1
¥ (o) 3, = /0 (P + 1)t < 200+ sup(L%, 5[ BIP)V uo)

_ 1
< 2&(1 +sup(L?, EIIBII2)|yo\2),

which gives the desired estimate for A.3 to hold with M = \/2/%(1 + sup(L?, %HBHQ)
Under condition (b) from (3.11)

sup £ [y(t)] — 59 < V(yo) <V =sup{V(yo) : yo € N (Yo)}.
t€[0,00)
We choose L as the Lipschitz constant of f on the ball with radius ?(V + Ky), and
center 0. Now we can proceed as for condition (a) to arrive at the desured estimate. [

In the case of a linear-quadratic optimal control problem a lower bound as in assump-
tion (b) above is satisfied with V (y) > k1||y||? if the control-system is observable.

4. OPTIMAL FEEDBACK STABILIZATION AS LEARNING PROBLEM

This section leads up to the formulation of the optimal feedback problem as ensemble-
optimal control problem. For this purpose we choose a complete probability space
(Yo, A, ) for the initial conditions. The choice of the measure p allows to treat the cases
when all the elements yy € Yy contribute to the learning of F or only a pre-selected,
possibly finite number, of initial conditions. This corresponds to the choices of u as a
Lebesgue measure or as finitely many Dirac measures. We further set

Yaa = {y € Weo | [yllwe, <2My, }
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which we endow with the norm of W,. By A.4 every y € Vg fulfills [|y|lc, 1rn) < 2M.
According to Proposition 21 in Appendix A, every function F' € Lip (327\4\(0); Rm)with
F(0) = 0 induces a Lipschitz continuous Nemitsky operator on Y,4. Following this
observation the set of admissible feedback laws is defined as

H={F: Yaa = LH(;R™) | F(y)(t) = F(y(t)), F € Lip (B,7(0;;R™), F(0)=0}.
We further introduce the closed loop system associated to F € H as
y=f(y) +BF(y) in LLRY), y(0) = yo, (4.1)

where yy € Yy and the state y will be searched for in W,. By the Gronwall lemma it is
imminent that (4.1) admits at most one solution in Y,4.

In order to facilitate the analysis, we will work with an equivalent variational reformu-
lation of (4.1) which couples the closed loop dynamics and the initial condition. That is
we require the state y € W, to fulfill

a(F)(y,y0,¢) =0 Vo € W, (4.2)
where the semilinear form a(-)(-,-,): H X Wy x R" x W, — R is defined by

a(F) (Y90, 9)
= (9, ¢)L2(I;Rn) — (£(y), ¢)L2(I;Rn) — (BF(y), ¢)L2(I;Rn) + (¥(0) — 0, 9(0))gn -

The next proposition establishes the equivalence of (4.1) and (4.2).
Proposition 2. Let yo € Yy and F € H be given. A function y € Vaq fulfills
§=f(y) + BF(y) in L*(I;R"), y(0) = yo,
if and only if
a(F)(y,y0,¢) =0 Vo € We.
In particular, (4.2) admits at most one solution in Vuq.
Proof. First note that for fixed y € W, yo € Yy and F € H the mapping
h: LR = R, 60 (5= £(y) = BF(Y), &) r2(n)

defines a linear and continuous functional on L?(I; R™). Obviously, if y € W, fulfills (4.1)
we have

h(¢) =0,  (y(0) = 4o, #(0))gn =0

for every ¢ € W,. Therefore (4.2) holds.
Conversely assume that y € W, satisfies (4.2). Choosing a test function ¢ € C*>°(I; R"™)
with compact support we have ¢(0) = 0 and consequently

0=a(F)(y,v0,9) = (9, 9) 2y — EW)s @) 2(1rn) — (BF(Y), ) p2(1:mm)-
By a density argument we conclude
0= (y, ¢)L2(I;Rn) - (£(y), ¢)L2(I;Rn) — (BF(y), ¢)L2(I;Rn)
for every ¢ € L?(I;R™). This proves
j=f(y)+BF(y) in L*(I;R).
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Due to Wy, — L%(I;R"™) we now obtain

0= (y(0) =50, 9(0))gn V¢ € Wee.

Since the mapping ¢ — ¢(0) from W4, to R™ is surjective, y(0) = yo has to hold. This
finishes the proof of the first statement.

If (4.2) admits a solution in V,q it is unique due to the equivalence of (4.1) and (4.2).

O

Observe that the variational formulation (4.2) and thus also its solution, are param-
eterized as functions of the initial condition yy € Yy. We introduce a suitable solution
concept for the closed loop system which takes this dependence into account. For this
purpose consider the mapping

a: M x L7(Yo; Wao) x L2(Yo; Woo) — R
with

a(F)(y.®) = /Y a(F) (y (40), o0, B(30)) dpa(yo),

for every triple (F,y,®) € H x Li(Yb; W) X LZ(Y(); Weo)-
Given a feedback law F € H, an element y € Li®(Yo; Woo) with [[y || 1o (vyywa) < 2My,
is called an ensemble solution of (4.1) iff
a(F)(y,d) =0 Vb e L?(Yo; Wao). (4.3)
We next argue that ensemble solutions are unique and fulfill (4.2) in an almost everywhere

sense.

Proposition 3. Let F € H be given and let Assumption 1 hold. Then there exists at
most one ensemble solution y € L5 (Yo; Wos) with [y pee(vo;wa) < 2Myy, to (4.3). If it
exists then

a(F)(y(y),¢) =0 V¢ € Wi (4.4)
for p-a.e. yo € Yo. Vice versa if we have 'y € L7°(Yo; Weo) such that ”yHLﬁO(Yo;WOO) <

2My, and y(yo) satisfies (4.4) for p-a.e. yo € Yy, then it is the unique ensemble solution
to (4.3).

Proof. Let F € H be given. We first prove the second claim and assume that (4.3) admits
an ensemble solution y € L3°(Yp; Wx). Consequently there exists O € A, u(0) = 0,
with y(yo) € Vaq for all yo € Yo\ O. Utilizing the Lipschitz continuity of f and F on Vg,
see Proposition 21, as well as f(0) = F(0) = 0 we estimate

|(£(y(y0)), &) r2(1:rm) + (BF(¥(%0))s @) 2 (1:mm)]
< (L o7 + IBIL o) Iy (00 L 2rm 6l
for yo € Yo \ O and ¢ € W4, This implies that for u-a.e. yp € Yy the mapping
¢ a(F)(y(vo), Yo, ¢) for ¢ € W

defines an element of the dual space W . Further note that

P YO — Wo*cﬂ Yo — a(}—)(Y(?JO)ayO, ')7

defined in a p-almost everywhere sense, is p-measurable and

(D% (o), P)wz weo = a(F)(¥(0), @) < clly(yo)llwe |9 llwee -
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with a constant ¢ > 0 only depending on B, the Lipschitz constants L F2F and L, 77
of f and F on BQJ\//](O), but not on yg. Thus &* € Li(Yo; WZ). Since y is an ensemble

solution to (4.3) we get
(D", D) = /Y a(F)(y(y0): Y0, 2(y0)) dp(yo) = a(F)(y,®) =0 V& € L3 (Yo; W)

where (-, -) denotes the duality pairing between L2 (Yo; Woo) and L7 (Yo, WZ,). In partic-
ular, we conclude

0= (2"(y0), Phwz wee = a(F)(¥(10): ) Vo € Weo

and pra.e. yo € Yp. This gives (4.4).
Next we prove the uniqueness of ensemble solutions. If y; € L;jo(Yo; W), i = 1,2,
are two ensemble solutions of (4.3) there exist sets O; € A, u(0;) =0, i = 1,2, with

a(F)(yi(yo),#) =0 Vo € W, yo € Yo\ O;.
From Proposition 2 we thus conclude y1(yo) = y2(yo) for all yo € Yy \ O1 U O2. Since
we have (01 U Oz) = 0 this yields y; =y in LEO(YO; Ws).
The last statement follows immediately from the definition of the form a(-)(-,-). O

Ezample 1. Let (F*,y*) denote the pair of optimal feedback law and solution mapping
to the associated closed loop system according to (A.2) and (A.3). Due to (A.3)
and (A.4) we have y* € Cy(Yo; W) and F* € ‘H. Thus y* is p-measurable and there
holds y* € L (Yo; Wao) with ||y*||Lﬁo(y0;Woo) < My,. Moreover for every yo € Yy we
have

a(F) (¥ ()90, 0) =0 Vo € Wi,

see Proposition 2. In particular, for an arbitrary & € LZ(YO; Wso), this implies

a(F*)(y*(yo), Yo, P(yo)) =0 for p a.e. yo € Yo,

i.e. y* is the unique ensemble solution to (4.3) given F*. [J

We are now prepared to introduce the optimization problem which constitutes the
learning of the feedback function F. This will involve the ensemble of initial conditions
Yo.

For this purpose we define the ensemble objective functional

Jr Ly (YosWoo) x H = R, j(y, F) :/y J(y(y0), F(y(v0))) d(vo),

which is understood as an extended real valued functional, and the associated constrained
minimization problem

min iy, F)
FeH,yeL (Yo;Woo)

st a(F)(y,®) =0 Vb€ L2(Yo; Weo), [[¥llieeviswes) < 2My,.

Problem (P) together with a particular choice for the approximation of the elements
F € H constitutes the approach that we propose to determine semiglobal optimal
feedback laws.

By Lemma 23 the cost j is finite on the admissible set. We next address the existence
of a solution to (P), and verify that every minimizing pair to (P) solves the semiglobal
optimal feedback stabilization problem for p a.e. yg.

(P)
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Proposition 4. Let Assumption 1 hold. Then the pair (F*,y*) € H x L7°(Yo; W) is a
global minimizer of problem (P). Vice versa, if (F,y) € H x L2 (Yo; Weo) is an optimal
solution of (P), then there holds

(¥(y0), F(3(30))) € argmin (P5°)
for p-a.e. yp € Yo.
Proof. By (A.2) we have
J(y* (o), F*(y"(0))) = V(yo) Vyo € Yo.

The optimality of (y*, F*) thus follows directly from

56 F) = [ I 00 Fiy o)) dutoo) = [ Viow) dutan) =i, ) (45)
0 0
for every admissible pair (y, F) € LY (Yo; Weo) x H.
The second statement is obtained in a similar way. If (F,¥) is an arbitrary but fixed
minimizing pair of (P), then we immediately get

| 17650 F5 ) ~ Viao)] ) =0

as well as

J(¥ (o), F(¥y(0))) = V(yo) foryo €Yy p—a.e.

from (4.5), Proposition 3 and the definition of the value function. Thus, there holds

J(¥(yo), F(¥(v0))) = V(yo) for yo € Yo pn— a.e.

This yields the optimality of (¥ (yo), F(¥(yo))) for (Pgo) and p-almost every yp € Yp. O

For the following considerations we need to recall the notion of support for the measure
1L

supp o = Yo \ | J{O € A| 4(0) =0, O is open }

where we assume that 4 contains the Borel g-algebra on Yy. Then the support of p is
compact. In fact, by assumption, u is a regular Borel measure. Hence its support is
closed, see e.g. [35, pg. 252-254]. Since supp pu C Yy and Yj is bounded, the compactness
of supp u follows.

Let us note that the explicit form of j arising in (P) is given by

5.7 =5 [ [ (@u) O + BLF (o) 0) Pt o).

Thus for each yy € suppu the feedback function is learned along all the trajectory
{y(yo)(t) : t € I'}. In view of the Bellman principle this can also be interpreted in such a
manner that for each yg € supp u separately, the cost described in the training of F by
means of the functional j is influenced by the whole trajectory {y(yo)(t) : t € I}. The
following corollary expresses these observations in a formal manner, and shows how the
optimal solutions to (P) naturally can be extended to the set of all points which are met
by optimal trajectories starting in Yj.
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Corollary 5. Let (F, y) be an optimal solution to (P) and assume that A contains the
Borel o-algebra on Yy. If y € Cy(supp p; Weo) the set of trajectories

Yo := {¥(y0)(t) |yo € suppu, t € [0,+00) } C B,(0)

is also compact. Furthermore there exists a unique function

§ € CFosWeo)s 1900y v < 2M
which fulfills
a(F)(¥(y0):y0,¢) =0 Yo € Weo,  (F(y0), F(¥(30))) € argmin (Pf°) (4.6)

for every yo € f’o.
If moreover (370,.21\, ﬂ) is a complete probability space, then 'y € Lzo(ffg; W) is the
unique ensemble solution to

A(F)(§. ) = /Y a(F)(§(50). v0, B(y0)) dilyo) =0 Vb € L2 (Vo: W),

The pair (F,y) constitutes a minimizer to

iy /Y T(y(50), F(y(50))) d7i(yo) )
yeLZ® (Yo; W)

subject to A(F)(y,®) =0 0 L2(Toi Wao), Il 7m0y < 2V

)

Proof. We first show the compactness of Y. Let an arbitrary sequence {yrtren C Yo
be given. Then there exists {yf, tx}reny C supp p x I such that v, = y(y&) (), k € N.
From the compactness of supp u we further get the existence of a subsequence, denoted
by the same symbol, as well as an element gy € supp ¢ with yé“ — 9o-

We distinguish two cases. First assume that {¢; }ren is bounded. Then, possibly again
by selecting a subsequence, there exists ¢ € I with (y§,tx) — (Jo,t) as k — oo. Thus
we also conclude y(yo)(tk) — y(ij0)() € Yo in R™. Second, if {t),}ren is unbounded, we
claim y(y§)(t;) = 0 € Yo. By

[ (u6) (1) < [3(56) (t) — ¥(50) (1) + 17 (50) (t)|
< 1y (6) = ¥(@0) e, (rmm) + 15 (o) (t)].
The first term on the right hand side vanishes due to y € Cy(supp p; Cp(I; R™)) while the
second term goes to 0 since y(¥o) € Wos. Since {yrren C Yy was chosen arbitrarily
we conclude that every sequence in Yo admlts a convergent subsequence whose limit is
again in YO Thus YO is compact in R™.
Let §o € Yo be given. Then we have gy = y(§o)(f) for some o € supp p and £ € I.

Define the function (7o) = ¥(70)(-+t). Clearly, there holds (7o) € Yaq. Moreover ¥(7o)
is the unique solution in ),4 to

g =~£(y) +BF(y), y(0) =7,
and the mapping
¥: Yo = Woo, 0+ ¥(%0)

is continuous. By Bellman’s dynamical programming principle, we conclude that
(¥(%0), F(¥(10))) € arg min(P§°)
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for every yo € Yo and thus (4.6) holds.
If (Yp, A, i) is a complete probability space we further deduce

HyHLE"(%;Ww) < 2My;,

as well as

A(F)(F,P) =0 Vo€ L} (Yo; Wao).

The optimality of (F,¥) for (73) follows now by the same argument as in the proof of
Proposition 4. O

Ezample 2. To close this section we briefly discuss two canonical examples for the measure
space (Yp, A, ). In both cases we assume that Yy C R” is the closure of a non-empty
domain containing 0.

a) As a first example, choose A as the Lebesgue o-algebra and u = A(- NYy)/A(Yo),
where A denotes the Lebesgue measure on R™. Then (Yo, A, p) is complete and supp p =
Yo. Consequently, any minimizing pair (F,y) € H x L;°(Yo; W) to (P) fulfills

(¥(%0), F(¥(y0))) € argmin (P5°)
for all yo € Yy with the exception of a Lebesgue zero set. If the prerequisites of
Corollary 5 are met, that is if y € Cp(Yp, Wso), we can extend y to a continuous
function y € C(Yp; W). The pair (¥(yo), F(¥)) provides an optimal solution to (Pgo)
for every ygo € i}Q. Note that Yy C f’o where the inclusion can be strict since the optimal

trajectories y(yo), yo € Yo, possibly leave the set Y.

b) Next we consider a measure p given by a convex combination of finitely many Dirac
delta functions on Yj i.e. u = Zf\il 041'5%, a; > 0, yé € R™ as well as sz\il o; = 1. This
example is of particular importance for the numerical realization of (P), see Section 7.
We choose A as the completion of the Borel o-algebra on Yy with respect to p. Then we
have supp = {y§}¥,. We point out that Li(YO; Woo) = WX as well as L (Yo; W) =
Cp(supp p1; Weo). In particular, given a feedback law F € H, a function y € Li°(Yo; W)
is an ensemble solution to (4.3) if and only if the vector (y(yd),...,y(yd)) € W&
fulfills ||y (v)|lw.. < 2My, and

a(F)(y (W) v, ¢) =0 Vo € Wi

fori=1,...,N. Thus, problem (P) can be equivalently reformulated as

N o
. (673 2 9
min 3 [ /0 (IQui()? + BIF (wi())P) dt
Yi€Vad, i=1,...,N =1
subject to
a(F) (i, v, 6) =0 Vo€ Wa, i=1,...,N.

Let an optimal feedback pair (F,y) obtained by solving (P) be given. Due to the
dynamic programming principle, see Corollary 5, the associated closed loop system (4.2)

admits a unique solution y(yo) for every yo € Yy = Ufil Urer ¥(w6)(t) which further
fulfills

(¥(y0), F(F(y0))) € argmin (PZ°).
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5. PERTINENT RESULTS ON NEURAL NETWORKS

In order to solve the semiglobal feedback stabilization problem (P), we replace the
set of admissible feedback laws H by a family of finitely parameterized ones. For this
purpose we use neural networks. In this section we summarize the concepts which are
relevant for the present paper.

5.1. Notation and network structure. Let L € N, L > 2, as well as N; € N, ¢ =
1,...,L —1 be given. We set N9 = n and Ny = m. Furthermore define

R = >L< (RN>Nim1 5 RN
i=1
Note that the space R is uniquely determined by its architecture
arch(R) = (Ng, Ny, ..., Np) € NEFL
An L-tupel of parameters 6 € R given by
0= (Wi, by,...,Wr,bp)

is called a neural network with L layers. We equip the space R with the canonical
product norm

L
l6llr = | D_[IWill2 + [b:?] V6 e R
i=1
where || - || denotes the Frobenius norm. Moreover let o € C(R) with o(0) = 0 be given.

A function Fg : R™ — R™ is called the realization of 6 with activation function o if
Fy(z) = fg,e o fi‘—w 0:--0 ff,o(x) - fg,e o fZ—1,9 0:--0 ffa(o) vz € R" (5.1)
where
flo(x) =Wz +by, VaeRV-
as well as
flo(a) =o(Wiz +b;) Ve eRV— i=1... L-1

Here the application of ¢ should be understood componentwise i.e. given an index i €
{1,...,L — 1} and = € R we set
o(z) = (o(x1),...,0(xN,))"

By construction we have that F§(0) = 0. Subsequently, we define the set of associated
neural network feedback laws as

HE = { F: Yoa — LAIR™) | Fly)(t) = FS(y(1), 0 € R}
The following standing assumption is made throughout this paper.
Assumption 2. There holds o € C}(R).
The next proposition is imminent.

Proposition 6. Let Assumption 2 be satisfied. Then there holds HG C H.
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Proof. Let an arbitrary 6 € R be given. Denote by Fy the realization of § with activation
function o € C'(R). We already observed that Fg(0) = 0. Next note that every
layer s is either affine linear or the composition of the vectorized function ¢ and a
continuous affine linear mapping. Due to the smoothness of o we particularly conclude
the Lipschitz continuity of fz-‘f@, 1 =1,...,L, on compact sets. Since compactness is
preserved under continuous mappings it is straightforward to verify that F§ = fgﬁ o
<e-0 fﬁ ¢ is also Lipschitz continuous on compact sets. Thus, in particular, we have Fj €

Lip(B,57(0), R™). This finishes the proof. O
As a consequence elements in H% have the same Lipschitz properties as those in H.

5.2. A neural network density result in C!. The aim of this subsection is to ascer-
tain the following approximation result for the optimal feedback law F* appearing in
Assumption 1 by realizations of bounded neural networks.

Theorem 7. Let Assumptions 1 and 2 hold. Let n1 > 0,12 > 0, and assume that
the activation function o is not a polynomial. Then for each € > 0 there exist L. €
N, arch(R.) € Nf<*! and a neural network

95 = (Wle7 iv aWieabig) € Re
such that [[W5|leo <, [b5|loc <m2, i =1,...,L, as well as
[F™ () — Fg_ ()] + [| DF*(x) — DFg (z)|| < €
for all |x| < 2My,.

The proof depends on several preparatory steps and will be given at the end of this
section. For ¢ : R — R we define the set of functions

Yn = span{p(w-e+b):weW\O0,be B}

where W C R™ contains the origin in its interior, and B C R contains an open interval
By = (b,b). Below C'(R",R) is endowed with the topology of uniform convergence of its
elements and its derivatives on compact subsets of R™. Further we call a set of functions
F C W/llo’coo(R",R) dense in C*(R™, R) if for every f € C*(R",R) and every compact set

K C R” there exists a sequence of functions {f,} € WH*(R",R) such that
Jim I fr = fllwree k) = 0.

We note that the approximation of Cl-regular functions f needs to be achieved by
functions which are possibly only Wl’OO(R", R)- regular.

loc

Proposition 8. If ¢y € WY®(R) is not a polynomial, and if there does not exist a
nontrivial homogenous polynomial vanishing on W, then X, is dense in C*(R™, R).

Since the proof of this universal approximation property is rather technical we postpone
it to Appendix D. Proposition 8 allows to derive the following approximation result for
neural networks. Unless specified otherwise the vector norm in R" is the Euclidean
one and the matrix norm for W € R™*"™ is chosen as the square root of the maximal
eigenvalue of WTW. For v € R" we denote by |v|;= = sup{|v;| : i = 1,...,n}, and
||W||;ee is the matrix norm subordinate to R™ and R™ endowed with the || - ||;oo-norms.

Proposition 9. Let L > 2,11 > 0,12 > 0, and let the assumptions of Proposition 8 hold.
Then for each € > 0, K C R"™ compact, and f € C'(K,R™) there exist {NZ-}Z-L:_I1 and a
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neural network 0 = (Wy,b1,...,br.—1,Wr,0) € R with arch(R) = (n, N1,...,Np_1,m),
and ’Wl‘loo S m, ‘bi’l‘x’ S n2, 7= 1, N ,L — 1, such that

|f = floo - ofigo fTaller(xrm) <e (5.2)

Proof. Step 1. Here we treat the case L = 2. By Proposition 8 there exist dimensions
(k1,..., km) and Wi € RF> W5 € Rk b1 € RR with |[W] [0 < 1, || 100 < 12,5 =
1,...,m, such that

€

W8 oW - +8) = fillerae) < = (5.3)

In fact, for j = 1, for example, we obtain from Proposition 8 the existence of m; and
(WHE e R™, (bY);, where i = 1,...,mq, and (W3)! € R™ with |[[(W)i]lie < m1, |(b1)i] <
12 such that
€
Wy o (W} - +b1) — filerkr) < T’ (5.4)
and Wi = col(Wi)1,...,(W{i)m,). Since this holds for all coordinates of the vector-
valued function f we have (5.3).

To treat the vector-valued case we define
Ny = IT}2 Ky, Wi = col(W{,...,Wm) € RMxn,
by = col(b},...,b7") € RN Wy = col(Wy, ..., W) € RmxNi,
Wi = ((0))8, (W), ..., (W3, (OR)),

5

k", and

where O]L is the vector of zeros in Rnf;lki, Og% is the vector of zeros in RYi=i+1
I k; = II™, . 1 k; are empty sets. By construction (5.2) follows from (5.3).

Step 2. We proceed by induction and suppose that the result has been verified
for all levels up to L — 1 with L > 3. The proof is inspired by [21, Corollary 2.6].
By induction hypothesis there exists for arbitrary ¢ and each compact subset K in
R™ a space Rp_1 with arch(Rp—1) = (n,N1,...,Np_2,m) and a network 071 =
(Wl,bl, .. .,bL_Q, WL_l,O) S RL—I, with HW1HI°° < i, ’bz‘|l°° < 79, 1 =1,.. .,L — 2,
such that

ro o o o €
If = fl_1p0fl-a90 0o figo flgllerxrm) < 2 (5.5)

where fg_w(x) = Wr_1z, flo(x) = o(Wiz + b;) for @ = 1,...,L — 2. Without loss
of generality we may assume that the norm on C'(K,R™) is chosen as || f|lc1(x rm) =
| fllecxrm) + ”JNHC({{,R’”)- R

Let us set @1 = f7_ 140 f7 5500 ff,0 f7gand K = 1(K) U ¢} (K), which is a
compact set in R™. By induction hypothesis there exist Ny_;, W; € R™*Ne—1 1y, ¢
RNz-1xm b € RVL-1 with |by_y| < 12 such that

= €
[ 1d — fi g0 fi'—z,eHcl(f(,Rm) < 6 (5.6)

where f7 o(v) = Wz, fg_w(x) = o(Wp_12 +by_1) and we set py = figo0 f‘L’_w.
Next we concatenate the networks ¢; and @2 to a network ¢ = 2 o 1 with

arch(R) = (n, N1, Np_1,m). By construction its elements satisfy the dimensions and
bounds specified in the theorem and Wy_o = Wy_oWy_y € RNe—2XN—1 By (5.5) and
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(5.6) we have the estimate
I f=ellerxrmy < If = eiller g rmy + [[(Id = 2) o p1llcr(xrm)
< 5+ 1d = @allogi gmy + 1(1d = @2)eh loueam) + lehellogcam) < e
as desired. U

Proof of Theorem 7. Fix € > 0 and choose an arbitrary but fixed L. € N, L, > 2.
According to Proposition 9 there exist an architecture arch(R.) € N1 as well as a
neural network

O = (Wi, b5,..., Wi, b%) € Re
satisfying ||W5|leo <M1,y [B5]oo <2, i =1,..., L, as well as

Wl M

HF* o f‘LT€706 0---0 fgﬁs o fﬂ95|’C1(B2M(0),Rm) <

In particular this implies
€

IDE(2) — DFg (2)]| < 3

and, utilizing F*(0) = 0 and (5.1),
[F*(z) — Fg_(x)] < [F7(0) = ff_p. 00 f3p. © fT5.(0)]
€
F* _ ag s ag (e _ -
+[F*(x) = fi.g. 0 -0 f59.0 fTg.(7)] < 3 + 37 3

for all x € BQM(O). This finishes the proof. O

5_25

6. APPROXIMATION OF THE LEARNING PROBLEM BY NEURAL NETWORKS:
WELL-POSEDNESS & CONVERGENCE

We commence this section by defining neural network based approximations to (P).
Let us observe that by construction the feedback laws in ‘H%, can be parameterized as a
function of the associated finite-dimensional neural network 8 € R. For this purpose we
introduce the surjective mapping

F?: R — H% where Fg(y)(t) = Fg (y(t))

with y € W and t € I. Fixing constants 71, 172 > 0, and choosing a number of
layers L € N as well as an architecture arch(R) € N**1 we propose to approximate (P)
by
i i(y, Fg 0
min 3y, 75) + Gr(0)
yELEF (Y0Wee) (P%)
st a(FF)(y, ) =0 VD€ Li(Yo; Weo), (1Yl a0 (vorw) < 2Myy.-
Here we introduced an additional regularization term Gr : R — RU{+o00} in the objective
functional. It is used to guarantee existence for (P%). It involves the set of admissible
controls, reflecting the bounds suggested by Theorem 7, given by

Raqg :=1{0=Wi,b1,...,Wr,br) € R | [[Willoo <1, |bioc <12, i=1,...,L} CR,
and a penalty on the remaining network parameters:

L
GR(0) = Ir,,(0) + ar Y _ |[Wil]* = Ir,,(0) + Gr(0) (6.1)
=2
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where ag > 0, and Ir,,: R = R U {oo} denotes the convex indicator function of Req
ie.

0 0 € Raa
IR, (0) = { +o00 else

Remark 3. In contrast to 71,72, the regularization parameter g depends on R. This
will be crucial to show convergence of the proposed approximation scheme. For further
details we refer to Section 6.3.

The remainder of this section is dedicated to the investigation of the connection of
(P) to (P%). In particular we prove the existence of a sequence {Lc}.~o € N and
architectures arch(R.) such that (P%_) admits an optimal solution (07,yZ) € R. x
L2 (Yo; Weo) with ( g;,y:) approximating minimizers of (P) as ¢ — 0. We proceed
in three steps. First, in Section 6.1 we establish the existence of admissible points
to (P%) for suitable architectures based on Theorem 7 and nonlinear perturbation
results. Next, in Section 6.2 the existence of optimal solutions to (P%) is argued. Finally
their convergence behavior as € — 0 is studied in Section 6.3.

6.1. Stabilization by deep neural network feedback laws. In this subsection well-
posedness results for (3.2) with the feedback operator F* replaced by a neural network
based approximation are established. For this purpose we require an additional assump-
tion concerning the linearization of (3.2).

Assumption 3. There exists a constant C' > 0, such that for arbitrary yo € N (Yp) and
every dyo € R” and v € L%(I; R"™) there exists a unique function dy € W, satisfying

0y = Df(y*(y0))dy + BDF*(y*(y0))dy + 6v, 6y(0) = dyo
and

16yllw.e < Cll0v]L2(rmm) + [6%0])-

For € > 0 let 8. € R. be the neural network obtained from Theorem 7. Subsequently
we consider the following family of closed loop systems

Ue = £ye) + B}—ge (Ye),  ve(0) = o (6.2)

where F¢ with € > 0 is induced by Fy . Before we turn to the main theorem of this
section we establish two preparatory results.

Lemma 10. Let € > 0 as well as y1, yo € Vaa be given. Then there holds
I F*(y1) = Fg_(y1) — (F*(y2) — Fo_ (w2l r2rmmy < €llyr — v2llwa. -
Proof. Set h = y2 — y1 € Wx. By applying the mean value theorem we obtain
| F*(y1)—Fg. (y1) — F*(y2) + Fg_(y2) |l L2 (1;mm)

< up [DF*(y1 + sh) — DFg_ (y1 + sh)| cown L2rmmylllwee - (6.3)
se|0,
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We note that y; + sh € Y,q for all s € [0,1]. Using Theorem 7 we estimate for
every s € [0,1] and 0y € Wy

I[(DF*(y1 + sh) — DFF (y1 + sh))0yl| L2 (1.mm)

_ \//ooo (DF*(y1(t) + sh(t)) — DF (y1(£) + sh(t)))dy(t) [2dt

< \/ /ooo IDF*(y1(t) + sh(t)) — DE (4y1(t) + sh(t))Bsn |0y(0)[2dl

< elldyll 2 rimny < elloyllwa,

where we utilized |y1 (£) + sh(t)| < 2M for all ¢ € I. Combining this estimate with (6.3)
yields the result. O

Corollary 11. Let € > 0 and y € Vyq be given. Then there holds
IF* () = Fo. Wl 2 (1mm) < €llyllwa-

Proof. The statement immediately follows by applying Lemma 10 with y; = y and y» =0
as well as using 7*(0) = Fg (0) = 0. O

We are now in the position to prove the following theorem.

Theorem 12. Let Assumptions 1-3 hold. There exists €1 > 0 such that (6.2) admits a
unique solution Y. = y<(yo) in Vaq for all yo € Yy and 0 < € < 1. Moreover there holds

1y (y0) — ye(wo)llwee < ce
with a constant ¢ > 0 independent of yo and €. The mapping

Ye: Yo = Wos, 9o+ y=(0) (6.4)
fulfills
3
<o) lhw.c < 3MIyol Vo € Yo (65
In particular we have y. € Ly (Yo; Woo) with ||y€”Lzo(Yo;Woo) < 3 My,.

Proof. The proof is based on a classical fixed-point argument. Let yy € Yy be arbitrary
but fixed. Define the set

3
w={y €W Il < 5001l | © i

On M we consider the mapping Z: M — Wy, where z = Z(y) € Y,q is the unique
solution of

2 =1f(2)+BF*(2) + BFg.(y) — BF*(y), =2(0)=yo. (6.6)

To see that this mapping is well-posed we first note that the perturbation function v =
BF§ (y) — BF*(y) fulfills

[0l 22 (r5my < IBIIIF*(y) = F5. ()]l 2(0,00mm)

3 3
< el Blllyllw.. < 5MelBlllyol < 5 MyiellBl-
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Note that the right hand side of the final inequality is independent of y € M and yg € Yp.
Thus by choosing £ > 0 small enough we may invoke Theorems 25 and 27, respectively,
to get the existence of a unique solution z € YVyq to (6.6) with

Izl[lwee < Mlyo| + cllv]lL2(rmm)

3 3
< Mlyo| + C§M5||B||L(L2(I;Rm),LQ(I;Rn))|?/0| < §M|y0\'

From this we conclude Z(M) C M for all yo € Yj and £ > 0 small enough. It remains
to prove that Z is a contraction. To this end let y1, yo € M be given. Applying
Corollary 26 yields

1Z2(y1) = Z2(y2)lwee < cllF (y1) — Fo.(y1) — F(y2) + F4.(y2) | L2 (0,00mm)
< cgllyr — vellwa
with a constant ¢ > 0 independent of y;, y2 € M as well as of yyp € Yp. Note that we
also utilized the Lipschitz result of Lemma 10 in the final inequality. Choosing € > 0

small enough we conclude that Z admits a unique fixpoint y. = Z(y.) € Wy on M.
Clearly, the function y.(yo) := y. satisfies (6.2), (6.5) as well as

. 3
ly=(yo) =¥ (wo)llwee = 12(y=(30)) — Z2(0)||wo < cellyellwa, < ce 5 My,

where the constant ¢ > 0 is independent of yg. Last, we mention that the solution to
equation (6.2) is unique due to Gronwall’s lemma. It remains to proof the py-measurability
of the mapping y. given in (6.4) for all € > 0 small enough. Let yg € Yj as well as an
arbitrary sequence {ylg teen C Yo with yg — yo be given. By construction we have

a(FE) (ye(uk) vk, 0) =0 Vo € Wi

and all k € N. Since {y.(y§)}ren C Vaa we can extract a subsequence, denoted by the
same symbol, with yg(y’g) — y € V,q. Passing to the limit as £ — oo we conclude

a(F§)(7,90,0) =0 Vo € Wee.

Since solutions to (6.2) are unique in V,q we get ¥ = y-(yo). Due to the arbitrary choice
of the sequence {yf }ren, the weak continuity of y. follows. We finish the proof by noting
that weakly continuous functions are u-measurable. O

6.2. Existence of optimal neural network feedback laws. Let us now return to
the study of problem (P%). In this section we shall prove the following two existence
results.

Theorem 13. Let Assumption 1 and 2 hold and assume that Noq # (). Then there exists
at least one global minimizer (0%, yp+) € Raa X L7 (Yo; Weo) to (PF).

Theorem 14. Let Assumption 1-3 hold and denote by arch(R.), € > 0, the family of
architectures from Theorem 7. Then there exists €1 > 0 such that (Pg_) admits a global
manimizer for every 0 < € < e;.

We require several technical results.

Lemma 15. Let L € N and an architecture arch(R) € NE+1 be given. Consider neural
networks 0, 0 € R, k € N, with 0 — 0 in R. Denote by ]-"gk and F§ the Nemitsky
operators induced by the corresponding realizations. Then there holds

lim sup 175, () = F§ D122 0215y = 0-

=200 |y oo (v W) S2Myy
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Proof. We proceed in several steps. First let Ny, No, N3 € N, gi“, let g1 € CH(RN; RN2)
as well as g§, go € CH(RN2;R™N3), k € N, with

. k. k,
klljglo[nm - 91||CI(K1;]RN2) + gz — 92||01(K2;RN3)] =0

for all compact sets K1 C R and Ky C R™2, respectively, be given. Set g¥ = gk o g¥
and g = go 0 g1. By a compactness argument it follows that

klgf)lo lg" — 9”01(1{1;RN3) =0. (6.7)
Now let us return to the proof of the stated result. We estimate
|Fy, (x) — Fy ()| = |Fy, (x) — Fy (z) — Fg, (0) + F7 (0)]

< sup ||DFy (z) — DFy ()| ||
&]<2M

for every z € R", |z| < 2M. Utilizing Assumption 2 as well as 6, — 6 in R it is
straightforward to show

kli)H;o Hfgg - ngkHCl(KifuRNi) = 0, for i = ]., e ,L

and arbitrary compact sets K; 1 C RYi-1. We apply (6.7) repeatedly to conclude

lim sup ||DFg (%) — DFJ (@)
k—o0 |5C\|S2]\7

= lim sup [[D(ffg0---0fip0 fT)(T) = D(fL g, 0039, © 1)@ =0.
k—o00 |/x\|§2]/\4\

For abbreviation define the null sequence

my = sup |[DFg (7)) — DFj(z)]| VkeN.
<20

Next consider an arbitrary y € Vyq. We have [[yllc,1rn) < 2M and therefore

175, () = F§ Wl Z2immy = | 1F5, (1) = F§ ()P dt <mi | [y(6)]* dt < 4miMg,.
(L;R™) T T

Finally let y € L;°(Yo; Weo) with HYHL,?S(Yo;WOO) < 2My, be given. Note the existence
of a p-zero set O € A such that y(yo) € Vg for yo € Yy \ O. Thus we can estimate

175, (y) = Fg(Y)”%E(YO;Lz(I;Rm)) = /Y 175, (v (10)) — Fg(Y(yO))H%Q(I;]Rm) dp(yo)
0

< [ ) ey diton) < A0,
0
Since the right hand side tends to 0 as k — oo independently of y € L;° (Yo; Wxo), this
completes the proof. O

Remark 4. Along the lines of the previous proof we also conclude that

lim - sup |75, (y) = F§ ()l 2(zmm) = 0

k—oo YE€EVad

Lemma 16. Let {0;}reny C R be a given sequence of neural networks satisfying 0 —
0 € R. For every k € N assume that there exists an ensemble solution yj € LZO(YO; Woo)

fulfilling
a(Fg, )(yr,®) =0 Vo€ Li(Yb;Woo)a ¥kl 2o (vos W) < 2My,-
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Then there exists y € LZ(Y(); Woo) with yr, — y in Li(Yb; W) as well as
a(fg)(Y7¢) =0 VPe Li(YD, Woo)a HyHLﬁo(Yo;Woo) < 2MY0‘

Proof. Since {y} }ren is bounded in LZO(YO; W) there exists a subsequence, denoted by
the same symbol, as well as an element y € LZ(YO; W) with yx — y in Li(YO; Ws)-
Invoking Proposition 3, let O € A denote a i zero set such that

a(Fg ) (Ye(o)syo, @) =0 Vo € Woo, [lyr(vo)llw., < 2My,

for all k € N and all yop € Yy \ O. Fix an arbitrary yo € Yy \ O. Note that the
sequence {y(yo)}ren is bounded in We. Let {y, (v0)}ien denote an arbitrary but
fixed subsequence with y. (yo) — ¥(yo) for some y(yo) € Woo as @ — co. Due to the
weak lower semicontinuity of the norm on Wy, we immediately get ¥(yo) € Vaq. Next
fix ¢ € W. Utilizing the weak convergence of {yx, (yo) }ien yields

Jim (¥, (10), &) L2 (r:mmy — (F(W0), 6) 12 (1mmy] = 0
and
Jim | (yx: (40)(0), 9(0))gn — (¥(30)(0), (0))gn | = 0.
Furthermore, applying Corollary 22 (with F replaced by f) , we conclude
Zliglo |(£(yw,; (40))s d’)L?(I;Rn) — (£(¥(%0)), ¢)L2(I;Rn)| =0.
Last we split
Fo, ki (W0)) = F§ (¥(y0)) = Fi, (¥ (0)) — F§ (¥ (0)) + F§ (¥r: (90)) — F5 (¥ (0))

to get

Zlggo ((BFg,. (¥r:(¥0)), @) 2 (1mmy — (BFF (¥(y0)), @) L2(1mm)| = 0.

Here we again used the weak convergence of {yg,(yo)}ien, Corollary 22, as well as
Remark 4 and 6y, — 6 in R. Recalling that ¢ € W, was chosen arbitrarily we arrive at

0= le)rgoa(fgkz)(}’lﬁ(?/o)a Yo, ¢) = a’(‘/—:@a)(§(y0)7y07 ¢) v¢ € Woo

Thus ¥(yo) € Yaa is the unique solution to the closed loop system (4.1) associated
to FJ € H and yo € Yy \ O cf. Proposition 2. Combining this conclusion with the
arbitrary choice of the subsequence {yx, }ieny we get the weak convergence of the whole
sequence i.e. yi(yo) — ¥(yo). Last note that the previous argument can be repeated for
every yo € Yp \ O i.e. there exists a family {7(y0)}y,evo\0 C Vad With

ye(yo) = ¥ (o), a(Fg)(¥(¥0),90,0) =0 Vo € Wi
and every yp € Yy \ O.
Summarizing our previous findings we therefore have ||yx|| L50 (YoiWoo) < 2My, yr —y
in Li(Yg; W) as well as yr(yo) — ¥(yo) in Wo for p-a.e. yo € Yy. In particular, the
requirements of Lemma 24 are met implying that y € L7°(Yo; Wao) with ||y||Lﬁo(Y0;Woo) <

2My, and y(yo) = ¥(yo) for p-a.e. yo € Yy. Moreover it is evident that y is an ensemble
solution to (4.3) given FJ € H i.e.

a(F)(y,2) =0 Vo € Lj(Yo; W),

see Proposition 3.
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Finally note that the weakly convergent subsequence of {y}ren was chosen arbitrary
in the beginning and ensemble solutions are unique, see again Proposition 3. Thus we
obtain y; — y in Li(Yb; Wso) for the whole sequence. This completes the proof. U

For further reference define the sets of pairs fulfilling the equality constraints in (P%)
as

NE ={(0,y) e R x L (Yp; W) | a(F§)(y,P) =0 V& € L2 (Yo; Woo) }

eq
as well as those fulfilling the bound constraints by
Nt = { (0.3) € R X L (Y0 Woe) | 0 € Raay ¥l ) < 2V -
Finally we get the set of admissible pairs to (Pg) as
Nai = NG N NGt © R L (Yo W)

The product space is endowed with the norm

169 lrx 22w = 4/ 161% + 19123 vawe-
We make the following observations.
Lemma 17. There holds:
o Weak closedness: The set NS is weakly closed in R x L2(Yo; Weo).
e Radial unboundedness: For every sequence {(0k,y)}ken C Nag we have

1O Yi)llRx L2 (vo;we) = 00 = (Y Fi ) + Gr(Ok) — 0.

e Lower semicontinuity: For every sequence {(0k,yi)}ken C Nag we have

(O, y&) — (0,y) = j(y, Fg) + Gr(0) < hkrggjf[j(}’k’fgk) + Gr(0k)].

Proof. In the following {(0k, yx)}ken C N always denotes an arbitrary sequence. Let
us prove the first statement. Assume that

{0k, yi) ren = {(0, ) }ken 0 R x L2 (Yo; Woo).

Clearly, this is equivalent to 6, — 6 in R and y; — y in Lz(YO; Ws). By definition
of Ryq we immediately get 6§ € R,q. Applying Lemma 16 we further conclude

a(fg)(Y7¢) =0 Voe LZ(Y(M WOO)’ HYHLZO(Y();WOO) < 2MY0,

ie. (0,y) € Nag. Thus Ny is weakly closed. By Remark 4 and (A.2) of Lemma 24 we
conclude that

Fi (ye) = Fg(y) in Ly(Yo; L*(I;R™)).
Next we introduce the linear and continuous mapping
Q: Ly (Yos Woo) = L7 (Yo; Weo),  where  (Qy)(vo)(t) = Qy(yo)(?)
for p-a.e. yo € Yoy and t € I. We rewrite j(yk,]:gk) as

. o 1 /3 (o
J(kafok) = §||QYk||%3(yO;L2(1;Rn)) + §||}—9k (Yk)H%ﬁ(YO;L?(I;Rm))'
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Since the squared norm is convex and continuous it is weakly lower semicontinuous
on LZ(YO; Wso). As a consequence we get

liminf j(yg, 75,) = j(y, 7§).
—00

Together with Gr (0;x) — Gr(0) this yields the third statement.
It remains to comment on the radial unboundedness of the objective functional on Ngg.
Assume now that we have ||(0, Yk)HRxL,%(Yo;Woo) — 00. This is equivalent to

L
Jim Gr(0x)/on k;n;ogllwl > = 400

We finish the proof noting that

0
0<ag gZ(Rk) < j(yr, F4,) + Gr(Or) — 00, for k — oo.

O

Based on the results of the previous lemma the existence of at least one solution
to (P%) is imminent if the set of admissible pairs is not empty. This verifies the assertion
of Theorem 13.

Proof of Theorem 14. For every ¢ > 0 denote the set of admissible pairs to (P%_) by N,
We show that N, is nonemtpy for all ¢ > 0 small enough. The existence of a global
minimizer then follows from Theorem 13. Let 6., € > 0, be the family of neural networks
from Theorem 7. According to Theorem 12 there exist €1 > 0 and functions y. €
L2 (Yo; Weo) with

a(Fy )(y:,?) =0 VP c LZ(Y(); Woo)s 1¥ellLoe (vowe) < 2My,

for every 0 < e < 1. Since 6. € R g4, € > 0, by construction we conclude that (0.,y.) €

Remark 5. To close this subsection we again point to the explicit form of the objective
functional j in (P%) which is given by

i F) =5 [ [ 1@y + BIF ) 0) Pt dun).

In particular recall that the parameter (3 is strictly positive. This is, in the absence of
further control constraints, often required to show existence of minimizers to the open
loop problem (Pgo) for yo € Y. Since we parametrize admissible feedback laws by neural
networks whose weights are additionally regularized this is not necessary to guarantee
existence in the approximating problem (P%). In fact all results derived in this section
remain valid for 5 = 0.

6.3. Convergence & a priori estimates. This subsection addresses the convergence
of feedback controls induced by realizations of optimal solutions to (Pg_) as € — 0. For
this purpose we again point to the additional regularization term Gr_ which was added
to the objective functional in (P%) in order to ensure the existence of global minimizers.
Since no similar term appears in the original problem (P) it should vanish at a certain rate
as € > 0 goes to zero. This will be achieved by choosing the regularization parameter o,
in dependence on the admissible set of neural networks. For preparation we make the
following observation.
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Corollary 18. Let 6. = (Wf,b‘i,...,WfE,bis), e > 0, denote the family of neural
networks from Theorem 7. Then there exists 0 < ey < €1 such that ZZL:EQ [WE|? >0 for
all 0 < e < ée9.
Proof. Assume that there exists a sequence {ex}reny C Ry \ 0 with g — 0 as well
as Zfzsg |W:*||2 = 0 for all k € N. Then by definition the realizations associated to 6,
are constant i.e.

Fy. (z) =Fg (0) Va € Byg(0)
and all £ € N. Moreover due to Theorem 7 we have

lim  sup ]F*(az)—F(j‘Ek(x)\zo.

T 2eB,5(0)
This gives a contradiction since F'* is not constant on 321/\4\(0). (]

The preceding corollary justifies the following assumption on the regularization pa-
rameter.

Assumption 4. Let Assumption 1-3 hold and denote by arch(R.) and 6. € R., € > 0,
the families of architectures and neural networks according to Theorem 7. The family
of regularization parameters {ag_}c>0 is chosen such that

€

L, ’
25 5 IWEIP

We first derive an a priori estimate for the optimal objective function values.

0<agr, < 0<e<e.

Theorem 19. Let Assumption 1-4 hold. For 0 < e < e let (0%,yqx) be a minimizing
pair to (Pg_). Then we have

0 < j(yosr, Foe) + Gr.(02) — j(y", F*) < ce
for some constant ¢ > 0 independent of €. In particular we have
](YO:;a]:g;) — ](y*vf*)
as € — 0.

Proof. First recall that the considered approximation scheme is conforming i.e. H%, C H
for every £ > 0. Thus for the family {6.}.>¢ from Theorem 7 and ¢ > 0 small enough
we get

0 < j(yor, Foe) — 3y, F*) < j(yor. Foe) + Gr(02) — 5(y", F7) (6.8)
<j(ye., Fp.) + Gr.(0:) — j(y", F)

due to the optimality of (F*,y*) for (P), the optimality of (0%,ys:) for (P3_) as well
as Gr.(0) > 0. Let 0 < £ < &2 be given. We further estimate the difference on the right
hand side of the last inequality. For this purpose we proceed similarly to the proof of
Lemma 17 and rewrite

J(ye., Fg.) —i(y*, F*)/2 = D1 + D
where
2 * 12
D1 = [1Qyellzz (vo:r2rmny) = 1QY 122 (v 22 (1))

Dy = 5(”}-55 (YE)H%g(YO;H(I;Rm)) - H]:*(y*)H%z(YO;B(I;Rm)))-
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The first term is estimated by

2 * (12
"‘QYE“La(YO;L2(I;R")) - 1Qy "Li(YO;LQ(I;R”))‘
< Qyellge (voswee) + QY e (vo;woe) QY el L2 (vos 2 (15mm)) — QY [ 12 (vos 22 (157
< 4|QI* My, |ly- — Y llz (vosz2(1mny) < 4[| QII* My, |ly- — Y oee (voswee) < 4[| Q|I* My ce,

where we used

max{ [[yellLoe (vo ;W) 1Y | Lo (voswe) } < 2My

in the second inequality and the convergence result of Theorem 12 in the last one. To
bound the second term we first point to

1F5. (ve) = F* () ez (vo;£2(r;rm))
< ||-7'—ei (ye) — ]'-*(Ye)HLﬁ(YO;L?(I;Rm)) + [[F*(ye) — f*(y*)HLg(YO;L?(I;Rm))
< ellyellzge (voswa) T Lpe 037ll¥e = ¥ lnge (voswne) < 2Myge + ce.
Here we utilized again Theorem 12 as well as Corollary 11 and the Lipschitz continuity
of F* on B,7(0). Similar to the first term we estimate
|H]:gg(yé)H%ﬁ(YO;LQ(I;Rm)) - H]:*(y*)H%ﬁ(YO;LQ(I;Rm))|
< (”]:35(Ye)”Lg(Yo;m(];Rm)) + Hf*(y*)||LE(YO;L2(I;R’")))|"Fgg(3’6)_f*(y*)”LZ(YO;LQ(I;Rm))
< ce

where we used the last estimate as well as
su;g{H}“gE (}’a)HLg(YO;m(I;Rm))} < 0.
>

Summarizing the previous observations we conclude
0 < j(yes, Foz) + Gr.(02) — j(y", F7) < ce + Gr.(6:)

for some constant ¢ > 0 independent of €. The first part of the proof is now finished by
noting that Gr_(0:) < € due to Assumption 4. From (6.8) we finally get

0 S](YG;afgg) _](y*af*) <ce
yielding j(ygg,]-"g;) — j(y*, F*) as e — 0. O

The following convergence result is a direct consequence of the a priori estimate on
the optimal objective functional values.

Theorem 20. Let Assumption 1-4 hold. Denote by {ek}ren C (0,€1) an arbitrary null
sequence. For each k € N let (0% yg;k) € Rex Ly (Yo; Wao) be a minimizing pair to (P2, ).

gL’
The sequence { (yg;k , Fe (yg;k)) teen admits at least one weak accumulation point (¥, Q)
€k
in L2(Yo; Woo) x L2(Yo; L*(I;R™)). Each such point fulfills 190 2o (vos W) < 2My, as
well as
¥(y0) = £(¥(30)) + Bu(yo), F(y0)(0) =0, (¥(30),U(y0)) € argmin (P5°)

for p-a.e. yg € Yp.

If Q) is invertible every weakly convergent subsequence of {(yg;k,]—"g* (yg*k)) bren

£k €

in Li(YO; W) X LZ(YO; L2(I;R™)) also converges strongly.
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Proof. First note that Hyg;k [ L5e (vo; W) < 2My;, as well as

g j(yegk ' ‘ngék (Yng )
H]:egk (YG;k ) HL%L(YO;LQ(I;R"L)) < ﬁ

for every k € N. Since the right handside of this inequality converges as k — oo, the
sequence (yg;k,]—'g* (yg;k)) is bounded in L°(Yp; W) x LZ(YO;LQ(I;R’”)) and thus
€k
admits a weakly convergent subsequence in Li(Yg; W) % Li(Yg; L?(I;R™)) denoted
by the same symbol. Let (y,u) € Li(Yo; Woo) % Li(YO;LQ(I; R™)) be its weak limit.
Due to the boundedness of {yggk been in LiP(Yo; Weo) there holds y € Li°(Yo; W)
with [[¥]] e (vowee) < 2Mys-
By arguing similarly as in the proof of Lemma 16 we conclude

0=li 7 Nye: D
Jim a(Fg. )(yo:, . )

= /Y [(¥(0) — £(F (o)) — Bii(yo), P(0)) r2(rrn) + (F(50)(0) =30, D(50)(0))gn] dpa(y0),
0
for every @ € Li(Yb; W). Repeating the arguments of Propositions 2 and 3 this implies

(¥(w0) — £(F(y0)) — Bi(yo), &) r2(1.zn) + (F(50)(0) — 40, 3(0))pn =0 Vo € Wog
and thus
¥(yo) = £(F (o)) + Bii(yo), F(10)(0) = yo

for p-a.e yo € Yp. Due to the weak lower semicontinuity of the norms on Li(Yo; L2(I;R™))
and L7 (Yp; L*(I; R™)), respectively, we arrive at

J(¥ (o), u(yo)) dulyo) < liminf j(ye; , Fg. ) =j(y", F") =/ V(yo) du(yo)-
Yo o0 k Yo

According to the previous discussions the pair (¥(yo),U(y0)) € W € L
admissible for (Pgo) for p-a.e. yo € Yp. Therefore we have V(yo) < J(¥(yo),u(yo))
for u-a.e. yo € Yy and

/ V(o) dulyo) < / J(5 (o), (o)) dpu(yo).
Yo Yo

Thus we finally get J(¥(yo), U(yo0)) = V(yo) as well as

(¥(%0), W(yo)) € argmin (P5°)

for p-a.e. yo € Yy by definition of the value function.
Last if @) is invertible the mapping

7: L2 (Yo; LP(I; R™)) x L2 (Yo; L*(I;R™)) — R
with

4B

2
5”“”L3(Y0;L2(I;Rm>)

j\(y7 \/ HQYHLz Y() L2 I]Rn

defines a norm on L2 (Yo; L*(I;R™)) x L2(Yo; L*(1;R™)) which is induced by an inner
product and equivalent to the canonical norm

||(Y7 u)HL%(YO;L2(I;R"))XL%(YQ;LQ(I;R"L)) = \/HYH%E(Yo;LQ(I;R")) + ||u”%i(Y0;L2(I;Rm))'
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Clearly LZ(YO; L3(I;R")) x LZ(YO; L?(I;R™)) is complete with respect to 7 making it a
Hilbert space. Moreover, from Theorem 19 we get
ﬂyegk7-7:ggk (y;;k))Q = j(Yegk,fg;k (y;;k)) —j(y,u) =73y, ﬁ)2~
Utilizing the weak convergence of the sequence as well as convergence of the norms of
its elements we conclude
li o =V, Fp « )—1u)=0.
i v, .7, (ve:,) ~ ) =0
Finally the equivalence of 7 and the canoncial norm yields
klggo ||(y9;k,]:gggk (vee, ) = (8, W2 (vo;z2(1mm) x L2 (vos2(15mm)) = O
Last we again apply Lemma 23 to conclude
H}"agk = Yllr2 (vo;z2(1rm))
< C(||f(}’9;jk) - f(§)||L,2L(Y0;L2(1;Rn)) + ”]:g;k (YO;k) - ﬁ||L3(Y0;L2(I;Rm)))
< cllyez, = Yllezoore ey + 156 (Voz,) = ullzz posz2zmmy))-

Thus yor, = y in Lz(Yo; Ws). The proof is finished noting that the weakly convergent
subsequence was chosen arbitrarily in the beginning. O

Remark 6. Note that the previous theorem does not ensure the existence of a Nemitsky
operator F € H such that

Y (%) = £(F(y0)) + BF(F (o)), ¥(%0)(0) = yo, G(yo) = F(F(%0)) (6.9)

for p-a.e. yg € Yp. In practice, however, we can only solve instances of the approximating
problem (P%_) for small but nonzero ¢ > 0 yielding controls in feedback form. Neverthe-
less, sufficient conditions on the considered neural networks which ensure the existence
of an operator F fulfilling (6.9) would be of great theoretical interest. We postpone a
thorough discussion of this question to future research.

7. PRACTICAL REALIZATION

We address selected topics for the computational realization of the learning problem.
First the infinite time horizon in (Pg_) is replaced by a problem with finite time horizon.
Together with its first order optimality conditions it is discussed in Section 7.1. These
first order conditions are subsequently used within a gradient based algorithm. Combined
with a discretization approach this is described in Section 7.2.

7.1. Finite time horizon problem. We fix ¢ > 0 and 7' > 0, and set I = [0, T]. For
every 9o € Yy and 0 € R. we consider the finite time horizon learning problem given by

min jrly, Ff) + Gr. (0)
€,ad>
yeLyr (Yo;Wr)

st ar(Fg)(y,®) =0 Ve L:(Yo; Wr), |1yl vowr) < 2Myy,

(Pk...r)

where
i) =3 [ [ 1@y O + BLF () ()Pt ).

and Wr and ar(F§) denote the canonical restrictions of W, and a to I7.
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It is straightforward to argue existence for a minimizing pair (6% 7, ye: ,.) of (Pz__r)

if (Pre) admits a minimizer. We next present necessary optimality conditions which
are satisfied by such a minimizer provided a regular point condition e.g. the following
linearized Slater condition holds: There is 0, € N (GS’T) N Rade and v > 0 with

16z, + St (02 ) (O — 622) || e (voswr) < 2Myy — .
It is quite straightforward to formally derive the following first order conditions, a
detailed proof, however, goes beyond the scope of this paper.

Let (Hz’T,yng) € Rade X Ly (Yo; Wr) with 07 = (W7, by,..., W}, b7 ) denote a mini-
mizing pair to (P%__ 7). Then there exist pg- . € Ly (Yo; Wr) and pg- € Ly (Yo; Wr)*
such that

(¥or, = Eyor ) = BFG: (vo: 1) @) (vosr2 (riwn)) + (¥or . (0) = y0, 2(0)) 22 (v )

=0 Ve L2(Yo; Wr), (7.1)

(I')(;:’T + Df(Y@Z,T)*PG;,T + Dw;%,T (ye* )*B*pe* 7@)L2 (Yo:L2(I;Rn)) — (pg;T (T)7 é(T))Lﬁ(YO;R”)
—(Q"Qyo: . + BD TG (vo: ) Fi-  (Y0: 1) Pz vosrrmny) VP € Ly (Yos Wr),

(7.2)
10: o zee voswr) < 2Myos (Y0r 10 ¥0 1) oo (Yoswr) e (Yorwr)* = 2Mivo vz 1 M| e (vowrr)»
(7.3)
as well as
(O + S (020 vz, + VORAO). 0~ 02p) 20 V0 € Ruge (T4)
where
VGRr(0: 1) = 2ar.(0,0,W5,0,--- ,W},0) € Re
and

T
T = [/0/0 [Defé«’T(yog,T)*B*pag’T +BDeFg- (vor )" o (vor )| dt dp(yo)-

7.2. Discretization & Algorithmic Solution. In order to compute a minimizer of
(P%EE,T) we also have to approximate the integrals with respect to the probability mea-
sure p as well as the closed loop system and the adjoint equation. While a thorough
discussion of different discretization schemes including a rigorous analysis of their conver-
gence is postponed to future research we nevertheless briefly outline our chosen approach.
First replace the measure i by a suitable convex combination of Dirac Delta functions

N N
MN:Zwiéyé’ Zwizl, w; >0
i=1 =1

for i =1,..., N, supported on a finite set }Afo C Yp. Without loss of generality we may
assume 0 € Yj.
The new ensemble objective functional is then given by

vy, F sz [ / (1Qy (w0) (DI + BIF (y(yo) (1)) Pdt |
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Due to the finite cardinality of Yo we identify

Ly, (Yo; Wr) = (W || - lwr2)s Iyllwe =

N

S willyili,
i=1

as well as

L, (FosWr) = (W |- lwoe)s Ilwroo = max Jyillwr oo

=1,...

Further there holds L7, (}/}0; Wr) ~ Cb(?o; Wr). This leads to the learning problem which
we treat numerically

0 Re s, [ sz [/ (1Qyi(®)? +5|F90(Yi(t))|2dt] +g7€5(9)] : (7.5)

yEWN
subject to the constraints
§i= £y + FF ). vi0) =wh lyillwe <2My,, i=1,...,N.

We put ourselves in the situation when there exists a minimizing pair (6*,y*) €
Rade x WH for (7.5) with

0* € int Raae, |yillwy <2My,, i=1,...,N,
satisfying
Vi =f(yi) + F5(vi), yi(0)=vs, i=1,...,N. (7.6)

These assumptions together with (7.1)-(7.4) imply the existence of p* € Wi such that
the triple (0*,y*, p*) is a solution to

yi = f(yi) + F§ (vi), yi(0) =y (7.7)
= Df(y;)*p; + D,Fg (yi)*B*pi + Q" Qy: + BD.Fg (y:)*F§ (yi), pi(T) =0
foralli=1,...,N and

N T
VGr.(0) + Y wi /0 [DoFg (yi)*B*pi + BDoFg (yi)" Fg (yi)] dt =0. (7.9)

In practice we compute a triple (6,y,p) satisfying (7.7)-(7.9) by applying a gradient
descent method to the reduced problem

min
0eER.

sz [/ (1QS®)(t) +B|Fé’(5(9)i(t))l2dt] +9R5(9)] :

where S denotes the operator mapping neural networks to the vector of solutions to
system (7.6). The procedure is summarized in Algorithm 1. Concerning the choice
of the stepsize s* in step 5. we note that each evaluation of the reduced objective
functional requires the solution of N nonlinear ordinary differential equations. Hence
implicit stepsize rules such as Armijo backtracking are infeasible for the problem. In our
implementation we select s* according to the Barzilai-Borwein stepsize rule. Concretely
this method is based on

Sk-1,Ek—1) (Ek-1,E-1)R
PR G U R S (2 P D)
BB (S 1, Sk 1)r R. BB (S 1, & 1)m Re
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Algorithm 1 Gradient descent feedback learning

1. Let 0! € R..
while not converged do
2. Fori=1,..., N solve

VE=1fy") + Fo.(vF), yF0) =y

as well as
—plF = Df(y¥)*p¥ + D, F5. (y¥)* B*pf + Q" QyF + BD. F5. (y¥) F (yF)

with p¥(T) = 0.
4. Compute

N T
0 = VGr.(6") + > i [ [DaFpvh) BBl + BDUFR (v 5] at.
=1 70

5. Choose s* > 0 and set #¥+1 = g+ — skgF,
end while

with Sp_1 = 0% —9F 1 and &, = ok — pk—1, Subsequently we either choose
sF = max {smin, min {5113]3, smax}} or s"=max {smin, min {SQBB, smax}} .

where Smin, Smax > 0 are fixed constants independent of £ € N. At the same moment we
have to mention that the computation of the reduced gradient in steps 2.-4. requires the
solution of N nonlinear closed loop systems and N linear adjoint equations per iteration.
While only a moderate number N of initial conditions is considered in our numerical
experiments we propose a stochastic version of Algorithm 1 and/or the use of inexact
gradients for large N.

8. NUMERICAL EXAMPLES

In the last section we report on three examples which illustrate the practical applica-
bility of the proposed approach. It is based on (7.6)-(7.9) where the state dynamics are
replaced by a continuous Galerkin approximation of order one and all arising temporal
integrals are treated by the trapezoidal rule. This corresponds to a Crank-Nicolson
scheme for the closed loop system. Accordingly we derive first order necessary optimality
conditions for the discretized learning problem. Finally a neural network feedback law
is obtained from Algorithm 1.

The finite time horizon 7', the number of layers L as well as the activation function o
vary between the considered examples and are chosen based on numerical testing. We
set Ny =n,1=1,...,L —1 and slightly depart from the presentation in Section 5 by
considering layers of the form

oy(x) =o(Wiz+b)+2 VzeR" i=1,...,L—1

including an additional identity mapping. Such skip or shortcut connections, [14, 20],
prevent the Jacobians of the individual layers from vanishing for small weights and thus
greatly help in the training of deep neural networks.

Special attention is paid to comparisons between effects of the neural network feedbacks
and the feedback laws obtained by the linear-quadratic regulator (LQR) applied to the
linearized system. It is given by Fiqr(y)(t) = —(1/8)BTIIy(t), where IT € R™"
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denotes the unique positive-definite solution to the algebraic Riccati equation
ATII + TA— (1/B)IIB"BII + Q=0 where A= Df(0). (8.1)
Comparisons are also carried out to the power series expansion type controller (PSE)

Fese(y)(t) = —(1/8)B " (Iy(t) — (A" — (1/8)IIBB " II) "' 1L fi(y(1))

with f; describing the nonlinear part of the state dynamics. Such feedback laws can be
related to formal Taylor approximations of first and second order for the value function
around zero. For further reference see e.g. [37].

While we do not aim here at a quantitative comparison among different feedback
methodologies with respect to e.g. approximation capabilities and computational effort,
we nonetheless point out that, at least for the examples considered in the following, even
with only a moderate number of initial conditions for the learning problem and with
early stopping after few iterations of Algorithm 1 the NN-based feedback gain provides
competitive results. There are cases when it is successful, while the Riccati- or the
PSE-controllers fail. We point out that the computations in step 2. can be parallelized
leaving the overall computation time in the range of minutes. Finally the application
of NN-feedback laws only require the computation of matrix-vector products as well as
the application of the nonlinear activation function which can be efficiently realized. All
computations in this section have been conducted in Matlab 2019a.

LC-circuit. As a first example consider a LC-circuit con-
sisting of two inductors of unit inductivity and a capaci-
tator of unit capacity see [40, Example 4.2.1]. The setup
is schematized in Figure 1. The magnetic fluxes in the
left and right hand side inductor are described by time- = g
dependent functions ¢1 and ¢9, respectively. Moreover Q)
denotes the charge stored on the capacitor at any given
time. Set y = (¢1, ¢2,Q). We assume the linearity of all T
involved elements. As a consequence the combined mag-
netic and electric energy in the circuit at time ¢ € [0, 00) is o
given by % ly(t)|2. The system can be influenced by apply- FIGURE 1. LC-circuit
ing a voltage u through the generator at the lower left side.

According to Kirchhoff’s laws the vector-valued function y thus follows

01 —1 0
y=| -1 0 0 |y+| 1 |u, u(0)=uyo, (8.2)
10 0 0

where yo € R? is the initial distribution of magnetic fluxes and charge. We stress that in
the absence of a voltage u the system is norm-constant i.e. |y(t)| = |yo| for all ¢ € [0, 00).

Given gyg our aim is to drive the energy stored in the circuit to zero by applying a
voltage u in feedback form. We set @ = Id € R3*3, and 8 = 0.1.

Since (8.2) is linear the value function of the associated open loop optimal control
problem is V(yp) = 1/2 yoT 1Iyg, where II denotes the solution of the corresponding
Riccati equation (8.1). Thus as described in Section 3.2 an optimal feedback law is given
by F*(yo) = —1/8 BT ITyg, and W* = —1/8 BT IT € R'*3 is the Riccati feedback gain.

Clearly in this case it suffices to consider linear feedback laws in the learning problem
i.e. L is set to one and we only optimize Wy, € R'*3. The finite time horizon is chosen



34

as T = 20 and the training set of initial conditions solely contains the first canonical
basis vector (1,0,0)". Algorithm 1 stops with

W, = —(3.567,4.137,0.331)

after 38 iterations with gradient norm smaller than 107%. As a comparison the true
Riccati feedback gain is computed using the icare routine in Matlab. This results in

W* = —(3.571,4.140,0.332).

Remarkably the learning based approach with a single initial condition yields a good
approximation to the true Riccati feedback feedback gain. The optimal and neural
network feedback controls for yo = (—1,2,1)" as well as the evolution of the norm of
the closed loop states are depicted in Figure 2.

: :
---uncont.
—1LQR

Of - e — NN =

F(y(t))

(A) State norm vs. time ¢ (B) Feedback controls

FIGURE 2. Results for yg = (—1,2,1)".

Van-der-Pol like system. The second example addresses the stabilization of a non-
linear oscillator whose dynamics are described by

Y (t) = 1.5(1 = Y2(£)Y(t) — Y () + 0.8Y3(t) +u, (Y (0),Y(0)) = o, (8.3)
for some 3o € R2. This corresponds to the governing equation of a Van-der-Pol oscil-

lator with an added cubic nonlinearity which destabilizes the system. We equivalently
rewrite (8.3) as a two-dimensional system

. 0 1 0 0
V= ( -1 15 )1“ ( ~1.5y2ys — y1 + 0.8y3 > + ( 1 )u y(0) = yo,

where y = (Y,Y) € Wa. We set Q = (1,0)7(1,0). Further we fix
£ =0.001, T = 3, and o(z) = max(z',0).

A set of 20 initial conditions is obtained by sampling frgm a uniform distribution on Yy =
[—10,10]? . Subsequently it is equally split into a set Yy = {y§}12; used as training data
in the learning problem with equal weights w; = 1/10, i = 1,...,10, and its complement
on which we validate the computed results. In order to stabilize the system we trained
neural networks with L = 3 and 5 layers, respectively. Since both lead to very similar
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—e— Training set
—e— Validation set |-
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(A) Uncontrolled system (B) LQR feedback
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—e— Training set —e— Training set
—e— Validation set | | 8 —e— Validation set |

— Orbit — Orbit

Y2
o
Y2
o

Y1 Y1

(¢) PSE feedback (D) Neural network feedback

FIGURE 3. Orbits of the closed loop systems

results we only report on those for the smaller network to avoid ambiguities in the
following.

We illustrate the effect of the different feedback controllers on the system. For this
purpose the orbits of the associated closed loop dynamics originating from the test and
validation sets are plotted in Figure 3. In Table 1 the state and feedback control norms
as well as open loop objective functional values, approximated by a suitably large time
horizon, are summarized for several initial conditions in the validation set.

As we can see from the results presented in Figure 3 as well as Table 1 the uncontrolled
trajectories diverge rapidly. This is due to the presence of the cubic nonlinearity. In
contrast the linearization based feedback stabilizes the system in most of the considered
test cases but fails for initial conditions with relatively large y; component. Last, while
both nonlinear feedback laws succeed for all sampled initial conditions the computed
trajectories remarkably differ, especially in the transient phase. In fact the neural network
feedback controller first drives the state almost in parallel to the ys-axis towards a curve
crossing the origin. On this lower dimensional manifold the trajectories are controlled
to the origin. We point out that none of the initial conditions considered in the learning
problem (indicated by blue dots in the Figures) lie directly on this curve. Again, in view
of the Bellman principle, this highlights the influence of the whole trajectory, and not
just the initial condition, on the learned feedback controller cf. Corollary 5.



36

The initial changes in the y» component of the PSE closed-loop state differ from the
neural network dynamics both in magnitude and, in some cases, in sign. In particular
note that the neural network states do not leave Y while this occurs for the PSE
dynamics if the first component of the initial condition is too large or small.

Comparing the computed results in Table 1 we observe that the LQR and PSE feedback
controllers lead to smaller objective functional values if the first component of yq is
relatively close to zero. This can be expected since both feedback laws are constructed
based on a polynomial expansion of the value function around the origin. Moreover,
in contrast to LQR, the PSE controller efficiently stabilizes for initial conditions with
relatively large/small first component. However, we observe substantially larger control
norms in comparison to the neural network feedback and thus also larger open loop
objective functional values.

yo = (—7.37,-9.17) yo = (2.04, —4.97)
FoooQyllee [[FWlzz J(y, Fy)) FoooQyllee [[FWlzz J(y, Fy))
uncont. +o00 0 +o00 uncont. +o00 0 +o00
LQR +00 +o00 400 LQR 0.82 7.85 0.37
PSE 3.7 494 129 PSE 0.72 14.7 0.37
NN 5.76 379 88.5 NN 0.87 6.66 0.4
yo = (5.81,2.03) yo = (—3.31,—-7.61)
F 1Qylle I FWlzz J(y, F(y)) F 1Qyll2 IFWlzz J(y, F(y))
uncont. +00 0 +00 uncont. +00 0 +00
LQR 7.32 205 47.8 LQR 2.26 52.4 3.91
PSE 2.7 240 32.4 PSE 1.75 68.7 3.89
NN 3.46 200 25.88 NN 1.71 81.0 4.74

TABLE 1. Results for different yg

Viscous Burgers’ equation. The final example is dedicated to the stabilization of a
one dimensional Burgers’-like equation given by

WY (z,t) = 0.20,:V(x,t) + Y(2,1)0,Y (z,t) + VP + xw(x)u(t)
Y(-1,t) =Y(1,t) =0
y(ﬂj‘7 0) - y07
for all (z,t) € (—1,1) x I, § > 0, p € {1,3} and initial datum ). The time-dependent
control signal u € L?(I) acts on the subset w = (—0.5,—0.2) of the spatial domain,
with x,, denoting its characteristic function.
To fit this setting into the perspective of the manuscript we approximate the state

by Vn(z,t) = E;V:Oyj(t)@(x) where N € N, z; = cos(jn/N), j = 0,...,N, are the
Chebyshev nodes, and {gbj}é-vzo is the set of Lagrange basis polynomials associated

to {z; }évzo. The time-dependent coefficient function y; corresponds to an approximation
of the state ) at the j-th collocation point x;. In more detail, we set yo = yny = 0, and
require y = (y1,...,yn—_1) " to fulfill

y(t) = D1y(t) + y(t) * Day(t) + 0 y* + Bu, (8.4)
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where the matrices Dy, Dy € RV-DX(N=1) are pseudospectral approximations of the
first and second derivative with respect to x, y? denotes the coordinate-wise p-th
power of y, and yo = (Jo(x1),...,Yo(xn-1)). The control operator is given by B =
(x(z1),...,x(xNn-1)), and the symbol * denotes the Hadamard product between two
vectors. We approximate the L?-norm of ) by

/I/_l1 |V(z,t))? dz dtz/I|Qy(t)|2 At

where (@ is a diagonal matrix containing the square roots of the Clenshaw-Curtis quad-
rature weights. Further we fix

f=0.1T=20,0(x) =In(l +exp(x)), and N = 14.

Our network-based feedback laws for (8.4) are obtained based on a four layer neural
network on the set Yy = [-3,3]'3. A set of 40 random training initial conditions is
randomly sampled in Yy. We apply equal weights w; = 1/40 and first train a neural
network controller for § = 2, p = 1. As in the previous example, initial conditions that
were not part of the training set are used to compare the neural network feedback with
the LQR and PSE controllers.

Turning to the validation of the computed results, Table 2 summarizes the norm
of the states and feedback controls as well as the open loop objective function value
approximated with a finite time horizon of T' = 50. The entries "+oo*" indicate that
the closed-loop state does not converge to zero while "+o00" marks finite-time blowups.
Additionally we plot the temporal evolution the logarithm of the norm of the state, as
well as the feedback controls for two particular initial conditions in Figures 4 and 5.

While all considered feedback laws stabilize initial conditions yg and y& increasing
the magnitude of the latter one, cf. Y2, causes blowups of the LQR and PSE closed-loop
states. This emphasizes the local nature of these controllers. Moreover the nonlinear
PSE feedback is unable to stabilize yg and leads to the largest open loop objective
functional values for all initial conditions. On the contrary the neural network feedback
stabilizes the dynamical system at an exponential rate in all test cases and admits the
lowest open loop objective functional value among the considered controllers. Such a
behavior can be expected since the neural network controller is found as an approximate
solution to a minimization problem involving the nonlinear closed-loop system. We also
point to the difference in magnitude between the LQR optimal controls and the neural
network feedback which is a well known drawback of linearization based feedback laws.
It is also reflected in the smaller norm of the nonlinear feedback controls compared to
the linear ones. Last we highlight the remarkably different transient behavior of the
neural network feedback in Figure 4 especially in comparison to the PSE controller.

The final set of results are obtained for the choice d = 0.5 and p = 3, while leaving
all other specifications unaltered.

The obtained results are depicted in Table 3. While the uncontrolled system is stable
for yg and yg , the additional cubic term leads to a finite time blow up for larger initial
conditions. Since the Fréchet derivative of the cubic nonlinearity vanishes at zero the
same behavior can be observed for the linearization based feedback. In contrast, the
nonlinear controllers take this destabilizing effect into account and drive the state to
zero at an exponential rate for all considered initial conditions. It is worth mentioning
that the neural network closed loop state is the smallest, in the L? sense, in all test cases.
This comes at the cost of larger control norms and objective functional values. A possible
explanation for this behavior can be found in the early termination of Algorithm 1 after
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V3(x) = cos(2mz)cos(mx) + 1.5

FoooQyllee [[FWlzz J(y, Fy)) F oo Qyllee [[FWlzz J(y, Fy)
uncont. +oo* 0 +o0* uncont. +oo* 0 +o0*
LQR 1.0 5.28 1.9 LQR +00 +00 400
PSE 1.38 4.56 1.99 PSE +00 +00 400
NN 1.12 4.86 1.81 NN 2.34 11.6 9.47
V(z) = —2sign(z) Vi(x) = 2.5(x — 1)%(x + 1)?
FoooQyllee [[FW)lle J(y, F(y)) F oo Qullze [FWle J(y, F(y))
uncont.  +oo* 0 +o0* uncont.  —+oo* 0 +o00*
LQR 2.67 5.5 5.08 LQR 1.85 13.1 10.3
PSE 3.49 7.04 8.57 PSE +00 +00 400
NN 2.5 1.36 3.23 NN 1.93 11.9 8.94
TABLE 2. Results for 6 =2, p=1.
e | o

—PSE
—NN

[Qu(t)? + BIF(y(t)?

(A) Running cost vs. time ¢
20

(1Qy(®)[*)

—PSE
—NN

(B) State norm vs. time ¢

T T
----uncont.
—LQR
— PSE
—NN

F(y(t)
o

(c) Feedback controls

FIGURE 4. § =2, p=1, Yy = —2sign(z)

only few iterations. However this was particularly crucial in the present example since
the use of explicit stepsizes in the gradient method occasionally led to iterates with
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T T
-~ -uncont. -~ -uncont.
—LQR 60 f —LQR
120 |- —NN h —PSE
50 —NN

log(|Qy(t)[*)

[Qu()? + BIF (y(t)[*

—20 -

-30

I L I I I I I
0 2 4 6 8 10 12 14

(B) State norm vs. time ¢

T T
----uncont.
—LQR
—NN

(c) Feedback controls

FIGURE 5. 0 =2, p=1, Yy = 2.5(z — 1)?(x + 1)?

finite-time blow ups on the training set. A more sophisticated and rigorous algorithmic
treatment of systems with exploding behavior in the context of the proposed feedback
setting is subject to future research.

APPENDIX A. RESULTS ON NEMITSKY OPERATORS

In this section we provide several auxiliary results on superposition operators.

Proposition 21. Let M > 0 and F € Lip (Bp(0); R™), By (0) C R™, with F(0) =0
be given and define the induced Nemitsky operator as

[Flt) = Fy@t)) Yy € Weo, [lylle,(rirny <M, t €I
Then F(y) € L*(I;R™) NCy(I;R™) for all y € W, lylle,(r:rn) < M, and we have
1F(y1) = F(y2)llL2(rrmy < LEnmllyr — vellz2mn),
as well as
IF(y1) = F(y2)lle,rmmy < Lrmllyr — velle, (zrm)

for all y; € Weo, |lille,(rrny < M, i@ = 1,2, where L is the Lipschitz constant of I
on By (0).



Vi(x) = cos(2mz)cos(rx) + 0.5

40

V3(x) = cos(2mz)cos(mx) + 1.5

FoooQyllee [[FWlzz J(y, Fy)) F oo Qyllee [[FWlzz J(y, Fy)
uncont. 0.98 0 0.48 uncont. +00 0 400
LQR 0.67 1.19 0.26 LQR +00 400 400
PSE 0.59 1.32 0.26 PSE 1.73 6.79 3.81
NN 0.46 2.56 0.43 NN 1.53 8.03 4.4

V(z) = —2sign(z) Vi(x) = 2.5(x — 1)%(x + 1)?

FoooQyllee [[FW)lle J(y, F(y)) F oo Qullze [FWle J(y, F(y))
uncont. 1.85 0 1.72 uncont. +00 0 +00
LQR 1.84 0.28 1.7 LQR +00 400 400
PSE 1.86 0.52 1.75 PSE 1.86 8.01 4.94
NN 1.82 1.25 1.74 NN 1.59 9.2 5.49

TABLE 3. Results for 6 = 0.5, p = 3.

If F' is continuously Fréchet differentiable on By(0) and DF € Lip(Bys(0); R™*™),
with Lipschitz constant Lpry on Ba(0), then F @ Weo to L?(I;R™) is differentiable
aty € Wee, |ylle,(rrny < M. Its Fréchet derivative DF(y) € L(Woo; L*(I;R™)) satisfies

[DF(y)oyl(t) = DF(y(t))oy(t) oy € Weo
and almost every t € I. Moreover we have
I(DF(y1) — DF (y2))0yll 2 (rrm) < loll cowee co(riry Loral[y1 — y2ll L2 (1m0 109l
for all yi € Weo, l¥ille,(rirmy < M, i = 1,2, and 6y € Weo.

For the sake of brevity we leave the proof of this Proposition and Lemma 23 to the
reader.

Corollary 22. Let yp — y in W, with ||ykllc,rny < M, and assume that F €
Lip (Ban(0); R™), with F(0) = 0. Then we have F(yz) = F(y) in L*>(I;R™).

Proof. Let ¢ € L*(I;R"™) with ¢ = 0 on [T}, o0) for some Ty > 0. By compactness of
HY(0,T4;R™) in L?(0,Ty; R™) and the first assertion of Proposition 21 we deduce

(&, F(y)) r2(rimmy = (&, F(Y) L2(1;m7)-

Since the set {¢p € L?(I;R"™) : ¢ = 0 on [T}, 00) for some T > 0} is dense in L?(I;R"),
the claim follows. O

A result analogous to Proposition 21 also holds for superposition operators on L;° (Yo; Woo).-

Lemma 23. Let F € Lip (By(0);R™), with F(0) = 0, and y € L (Yo; Weo), with
HyHLﬁo(YO;LQ(I;Rn) < M be given. Define the induced Nemitsky operator by

[F)I(yo) () = F(y(yo)(t))
Then F(y) € Ly°(Yo; L*(I; R™)) and

for yp—a.e. yo €Yy, t €l (A.1)

1F(y1) = Fy2)ll L osezmmy < Loarllyr = vall e voz2ammy)
IF(y1) = Fy2)ll ez (vo;r2(rirm)) < L llyr — yall 22 (vo; L2 (r;rm))



41

for all'y; € L7 (Yo; Woo), 1¥ill Loe (vos e (1rm)) < M_, i=1,2. i

If F is continuously Fréchet differentiable on Bpr(0) and DF € Lip(Bp(0); R™*™),
then F : LoP(Yo;Weo)) — L2 (Yo; L*(I;R™)) is differentiable at y € L (Yo; Woo)
with Hyi||Lzo(yo;cb(I;Rm)) < M. Its Fréchet derivative satisfies

DF(y) € L(LY (Yo; Wao), LY (Yo; L*(I;R™))),  [DF(y)éyl(t) = DF(y(t))dy(t)
for all 0y € L/Of(YO; W), almost every t € I, and p-a.e. yo € Yo. Moreover we have
I(DF(y1) = DF(y2))0y |l Lo (vi; L2 (15rm))
< LDF,M”ZHz(WOO,cb(J;Rn))||Y1 - Y2||L;:°(Y0;L2(1;R"))||5Y||L30(Y0;Woo)

fOT' all yi € LZO(YEL Woo)a ||yiHLz°(YO;Cb(I;]Rm)) <M,i=1,2, and 6y € LZO(va WOO)

Next, we discuss the relation between weak and pointwise almost everywhere limits
in L2(Yo; W)

Lemma 24. Let {yi}ren C L7 (Yo; Weo) be given. Assume that there exists a con-
stant My > 0, an element 'y € LZ(Y(); W) such that:
(i) 11ykll Lo (voswae) < Mo Vk €N,
(it) yr =y in L2(Yo; Weo),
(iit) there exists a family {Y(yo)}yoevy, C Woo such that yi(yo) — ¥(yo) in W
for p-a.e. yo € Yp.
Then yo — F(y0) belongs to L3 (Yo Wao), |l (o) < Mo, and § = y p-almost
everywhere. ~
If, moreover, F € Lip (Ba(0); R™), with F(0) = 0 and M = Moll|| zow.. c,(1:r7))
then
Flyr) = Fly) in Lj(Yo: L*(I;R™)). (A.2)
Proof. For arbitrary ¢ € WZ define

¥7: Yo =R, o= (¥(W0), ©) W W,
as well as
i Yo =R, o (¥Ye(¥o) @) weowz
for k € N. Clearly, the mapping y}, is u-measurable for every k € N. By assumption (iii)
there exist u-zero sets O, 0 € A, k € N such that
yi(yo) = ¥(yo) Vyo € Yo\ O
as well as
Iy wo)llw. < Mo Vyo € Yo\ | O
keN
Setting O = O U ey Ok, we have u(O) = 0 as well as

Vi), ©)wae,wz — (YE(W0), ©)woo,wr Vyo € Yo\ O
and by (i)
15 (yo) W < likfgggf |v&(yo)llwe < Mo Vyo € Yo\ O. (A.3)

Since O is a p-zero set, the mapping y¥ is the pointwise almost everywhere limit of
a sequence of p-measurable functions. Thus it is y-measurable. Since ¢ € W2 was
chosen arbitrarily, this implies the weak measurability of ¥. Due to the separability
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of Wy and Pettis’ theorem we conclude its p-measurability. From (A.3) we further
get § € L2 (Yo Woo) and |13 e vy < Mo

Next we verify that the weak limit y of {yx}ren coincides p-a.e. with'y . Let @ €
Li(YO,W;O) be given. Set

Op =0U{yo €Yy | P(yo) € Wes }-
Noting that ©(Og) = 0, the mappings
YE Yo =R, yo = (o), D(40))wae,we,
k € N, as well as
YO Yo o R, yo = (F(%0) D(yo))we wis

are -measurable and integrable. We immediately conclude [y$(yo)| < Mo|P(yo)|w=
for all k € N and yp € Yp \ Og. Furthermore we have

i (o) = ¥% (o) ¥ yo € Yo\ Og.
Denote by (-,-) the duality pairing between LZ(Y(); W) and LZ(Yo; WZ). Since p is

finite we may now apply Lebesgue’s dominated convergence theorem to conclude

(Y&, P) :/Y<Yk(y0)7¢(y0)>woo,wgo du(yo) — Y(?(yo)@(yo»ww,w;o du(yo) = (¥, 9).

Due to the arbitrary choice of the test function & € L?(Yp; W) we thus get yr — ¥
in LZ(YO; W). Since weak limits are unique there holds y = y p-a.e, with y given in

(ii).
To verify (A.2), let an arbitrary ¥ € Li(Yo; L%(I;R™)) be given and set

Op =0U{y €Yy | ¥(yo) & L*(I;R™) }.
By construction and Corollary 22 there holds pu(Og) = 0,

(Y (o), F'(yk(¥0))) L2(rirm) = (¥ (%0): F(¥(%0))) L2(1;rn)  V¥0 € Yo \ Oo

as well as

(@(yo), F(yk(y0))) 2 (r;rny < MLpm||P(yo)||lL2(1rny) VYo € Yo \ Os, k € N.

Since p is finite, the right hand side in this estimate is p-integrable independent of k£ € N.
Lebesgue’s dominated convergence theorem thus yields

/Y@(yo)aF(yk(yo))LZ(I;Rn) dp(yo) — g (@(v0), F(y(¥0))) 2(r;rmy dit(¥o)-

Due to the arbitrary choice of & € Li(YO; L?(I;R™)) we conclude
Flys) = F(y) i Ly(Yo; LA(I;R")),

as desired. O
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APPENDIX B. PERTURBATION RESULTS

B.1. A perturbation result for the nonlinear closed-loop equation. In this sec-
tion we study the behavior of solutions to (3.2) under additive perturbations of the
dynamical system. In more detail we consider

Yo = f(yo) + BF (y) +v,  4:(0) = 1o (B.1)
where v € L2(I;R") is a given function.

Theorem 25. Let Assumptions 1 and 3 hold. Then there exist an open neighbour-
hood Vi C L*(I;R™) of 0 as well as an open neighbourhood Yo of Yo such that (B.1)
admits a unique solution y, = y*(yo) € Vaa for every pair (v,y0) € Vi x Yo. Moreover
the mapping

y*(): Vi x Yo = Yua,  (v,90) = ¥"(v0) (B.2)

is at least continuously Frechet differentiable.

Proof. The proof is based on the application of the implicit function theorem to
G: Vg X N(Yy) x L*(I;R™) — L*(I;R") x R™

G(Y,y0,v) = ( v f(yy)(o)li}"y*o(y) - )

Given an arbitrary 7o € Yp and the associated unique solution y = y*(yo) € int Vaq

(according to Assumption 1 A.3) to the unperturbed closed loop system, G(y, 40,0) = 0
holds. Moreover G is at least of class C! in a neighborhood of (7,0,0) and there holds

_ ( 0y — Df(y)oy — BDF*(y)dy
DyG(y’ Yo, 1))(5y — < 5y(0) ) .
Assumption 3 now ensures that DyG(¥y, yo,0) is boundedly invertible. Hence applying
the implicit function theorem yields the existence of positive constants k1 = x1(¥, J0)
and k2 = K2(Y, Yo), which may depend on ¥, %o, such that for every yy € R™ with |yg —
Yo| < k1 and |v] < kg there exists y*(yo) € Vaa With G(y"(y0),%0,v) = 0 i.e. ¥’ (yo) is
the unique solution to (B.1) in ),4. Moreover, the mapping

¥ (1) By (0) X By, (0) = ¥, (v,90) = ¥"(yo)

is of class C'. choose k1 (¥, 7o) < K1 for every 4o € Yo, 9o # 0. Observe that repeating
this argument yields an open covering of Yj i.e.

Yo € | Bayggo) (o)
YoE€EYp

with

Since Y[ is compact there exists a finite set of initial conditions {gg}i]\il C Yy, including 0,
such that

N
Yo < Yo:=J By, (i,5i) (%0)-
i=1
N
Set V == mz:l BK/2(gz,g6)(
the existence of a C'-mapping

v ():VxYo—= Vua, ¥'(yo) uniquely solves (B.1) in V,q4.

0) C L?(I;R™). Collecting all previous observations now yields
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Denote by dy” (o) € L(V1xY(, Wso) the Fréchet derivative of y'(-) at (v, yp) € Vi x Y.
It is evident that dy = 0y (yo)(0v, dyp) € W fulfills
oy = DE(y"(y0))dy + BDF*(y"(y0))8y + 6v,  y(0) = dyo (B.3)

for every dv € L?(I;R™) and dyo € R™.
To establish an a priori estimate for the solution to the perturbed closed loop sys-
tem (B.1) we require the following auxiliary result.

Corollary 26. There exists an open neighborhood Vo C Vi C L*(I;R™) of 0 as well
as ¢ > 0 such that

1y (yo) = ¥ (Wo) [wae < cllvr — vallp2(0,00;r7)
holds for all vi,vy € Vo and yo € Yp.

Proof. Let vy, va € V1 be given. By the mean value theorem we obtain

1y (wo) = ¥ (o) [lwee < sup 16" (40) (-, 0) | £(z2(1mm) W) 01 = 02| L2(152)
se|0,

< sup max dev(s)(yo)('aO)Hﬁ(L?(I;R"),WOO)HUl - 'U2”L2(I;R")7
s€[0,1] Yo€Y0

where v(s) = v1 + s(va —v1) € Vi, s € [0,1]. Let us now consider the mapping

h:V — R, UV — max H5yv(y0)(, O)H»C(L2(I;R"),Woo)'
Yo€Yo

Note that h(v) < oo for all v € V3. We now prove that h is continuous at zero. To this
end let an arbitrary sequence {vi}ren with vy — 0 be given. Since the mapping y'(+)
is C! there exists a sequence {y’g}keN C Yy as well as an element yg € Yy with

h(vg) = Inax 16y (y0) (- O)|| £ (L2 (rRn), W) = ||5yvk(yg)('a0))||£(L2(I;R”),Woo)
and h(0) = [|6y°(%0) (-, O)|l£(L2(1;r), W) By cross-testing we obtain

9", 50) = 18y (50) (-, O)ll (z2(rrmy, Wy — 1Y (50) (5 O)| (2 (1) Wiy < h(0F) = h(0)
as well as

h(v*) = h(0) <16y (6) (- Ol £(z2(rmmy, W) = 116Y° (W6) (- O) | £er2(rmmy W) == (0", 4)-
Therefore we may estimate

— k
‘h(?)k) - h(o)’ S max{g(vk, y0)7 g(’l)k7 yO)}

Due to the continuity of dy the righthand side of this inequality converges to 0 for k& — oco.
Thus we get h(vg) — h(0). Since the sequence {vg }ren was chosen arbitrarily we conclude
the sequential continuity of h at 0. Finally, we note that L?(I;R") is a metric space.
Hence, sequential continuity and continuity in the e—¢ sense are equivalent. In particular,
this implies the existence of K > 0 as well as ¢ > 0 such that

sup max

s€[0,1] Y0€Y0
for all v1, ve € Vi with ||vi| p2(1;rny < K, @ = 1,2. Setting V5 := V1 N B,(0) finishes the
proof. O

163" (50) (-, 0) | 2 1mm) i) < €

Theorem 27. Let Assumptions 1 and 3 hold. There exists a constant ¢ > 0 such that

1y*(o)lllwee < Mlyol + cllvllLzrny Voo € Yo, v € Va.
Here M denotes the constant from A.3.
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Proof. We first point to y°(yo) = y*(yo) for all yo € Yy. Let v € Vo be given. We
estimate

1y (o) lwa < 1Y (w0)llwee + 1Y" (w0) = ¥° (0) ll e
< Mlyo| + cllv[| L2 (1mm)

Here we used Assumption A.3 as well as Corollary 26 in the second inequality. O

APPENDIX C. SMOOTHNESS OF THE VALUE FUNCTION

Here we provide sufficient conditions which imply A.4 from Assumption 1 as well as
Assumption 3 in a neighborhood of the origin. Throughout this subsection we assume
that A.1 from Assumption 1 holds.

We shall assume that A = Df(0) is exponentially stabilizable, i.e.

there exists £ € R™™ such that e B! i exponentially stable on R". (C.1)

Then it follows, see e.g. [10, Theorem 6.2.7], that the algebraic Riccati equation

ATIT+ TA+1 = ;HBBTH (C.2)

has a unique nonnegative solution IT € R"*".
Our first goal will be to show that the value function associated to (Pgo) is smooth if

f is smooth. It will be convenient to express (Pé’o) in the form

min L [* |y(t)[2dt + 5 [ u(t)|? dt -

subject to e(y,u) = 0, 75
where e : Wy x L?(I,R™) — L?(I,R™) x R" is given by

e(y,u) = (§ = f(y) — Bu,y(0) — yo)-
Note that e is C!, with De(y,u) : Wao x L2(I,R™) — L?(I,R"™) x R" given by
De(y,u)(z,v) = (¢ — Df(y)z — Bv, 2(0)).
We further introduce g : Wy, — L%(I) as
9(y) = f(y) — Ay.

Here and below, contents permitting, we shall frequently write L2(I) in place of L?(I;R™)
or L?(I;R™). Moreover balls in R™ of radius § and centered at the origin are denoted
by Bs.

Lemma 28. There exists a constant C' > 0 such that for all 6 € (0,1], and for all y and
z € Weo with |ylw,, <0 and |z|lw,, <, we have

l9(y) — 9(2)|L2(r) < 0Cy — 2|w., -

Proof. Due to the continuous embedding Woo — C(I;R™) there exists 6 such that
ly(t)|mn < 0 for all t € I and y € Wy with |ylwe < d. Let Lz denote the Lipschitz
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constant of g on the ball B; in R” and let us define g : R” — R™ as g(2) = f(2) — D f(0)=z.
For all ¢ > 0 we have, with y, z as in the statement of the lemma,

9(®) — 9(=(t) len = |F((®) — F((8) — DFO)(y(E) — 2(8)) e
= / (Df(sylt) + (1 — £)2(1) — DFO)y(t) — ()]s

< S Lalyt) — 2Ol (y(Olien + 120 < ol oo Mo Ldly() — 2(1) e,

where ¢ is the continuous embedding of W, into C(I; R™). The claim now follows the
integration of the above inequality. O

The following result can be verified by a fixed point argument. For a proof in a Hilbert
space setting, we refer to [6].

Lemma 29. Assume that the spectrum of E € R™"™ lies in the left half plane and let

C be as in Lemma 28. Then there exists a constant Cg such that for all yo € R™ and

all h € L*(I) with [yolgr + || 2y < @, the system
J=Ey+9(y)+h, y(0) =,

has a unique solution in W satisfying |y|we < 2Cg(|yolrr + [h|r2(p))-

This lemma will be applied with two different choices for E.

Corollary 30. There exists a constant Mg > 0 such that for all yo € R™ and all
h e L*(I) with |yolgn + |h|r2(r) < CQ there exits a control u € L?(I) such that the

system

— 4C

y = f(y) + Bu+h, y(0) = yo, (C.3)

has a unique solution y € W satisfying

71| (1yolrn + |Rlp2(r))-

Proof. We recall that f(y) = g(y) + Ay, and that by (C.1) there exists [ such that

A+ BF is exponentially stable. Now we can apply Lemma 29 to
j=(A+BEF)y+g(y) +h, y(0) =y,

and, setting u = —F y, we arrive at the conclusion. U

Corollary 31. Let A > ||A|| and (yo,h) € R™ x L?(I). There exists Cy > 0 with the
property: if for u € L*(I) the system

y = fy+ Bu+h, y(0) = yo,
has a solution y € L*(I) satisfying |yo| + [h + Ay + Bul 25y <
ylwae < 2Mx(|yol + |k + Ay + Bul2(1)) holds.

[ylwee < 2Cx(|yolrn + [Rlz2(r)) and |u[gzr) <

4002 , then y € W, and

Proof. For A > ||Al| the matrix A — AI is exponentially stable. This suggests to consider
§=(A=ADy+g(y) +h,

with h = h + \y + Bu € L?>(I;R"). We can now apply Lemma 29 with E = A — A to
assert the claim. 0

Lemma 32. There exists 1 > 0 such that for every yo € Bs, problem (Pg”) possesses
a solution (y,u). Moreover there exists C1, such that max(|u|r2(py, [9]z2(r)) < Cilyo|rn-
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The proof follows standard calculus of variations arguments using Corollaries 30, 31,
and a-priori estimates which are implied to hold for minimizing sequences due to the
structure of the cost functional. The smaller the choice of A for the use of Corollary 31,
the larger M), and the smaller §; will be, compare [6, Lemma 8]. To pass to the limit in
the state equation, which is satisfied by the elements of weakly convergent subsequences
of state-control pairs, one uses that W12(0, T') embeds compactly into C([0,T]), for every
T > 0.

Proposition 33. There exists 62 € (0,01] such that for all yo € Bg,, and for all solutions
y,u) of (PY°), there exists a unique Woo satisfying
B

—p—Df(y)'p =9, limyop(t) =0
(C.4)
Bu+ B*p=0.
Moreover there exists a constant Cy such that
plwe < Calyol, for all yo € Bs,. (C.5)

Proof. We recall the formulation of problem (Pgo) at the beginning of the subsection
and choose Cy as in Lemma 32. Then

sup sup |y(t;y0)| < CrCiéu,
t>0 yocB,,

where C; denotes the embedding constant of W, into C'(I), and y(-;y0) denotes a
solution to (Pg“) with initial datum yo € Bs,. Let L denote the Lipschitz constant of

Df on the ball B¢, c,s5,- We next argue that De(y, u) is surjective, provided that ds is
sufficiently small. We choose an arbitrary pair (r,s) € L?(I,R") x R", and verify that
there exists (z,v) € Wso x L2(I,R™) such that

z2—Az—(Df(y) —Df(0))z— Bv=r, 2(0)=s. (C.6)

By the Lipschitz continuity of Df on B¢, s, we have

IDf(y) = Df(O)|gwo,r2(1,rm)) < LCI|?7!WOO-/O |Df(y) — Df(0)]|6y]dt|y|we [0Y]we. -
Thus by Lemma 32 there exists do such that

_ 1
DY) = DFO)le(wee,L2(1rmy) < LCIO2 < 570, (C.7)
I3

with M from Corollary 30. We search for a solution to (C.6) with v = Fze L*(I,R"),
ie.
i — (A4 BF)z— (Df(y) — Df(0))z = r, 2(0) = s. (C.8)
With (C.7) holding we can apply [4, Lemma 2.5] to conclude that (C.8) admits a unique
solution z € W, satisfying
21w < M(Ir[ 21 8m) + I5]) (C.9)

for a constant M independent of (r,s) € L*(I,R™) x R™, and yo € Bs,. The surjectivity
of De(jj, u) implies the existence of a unique Lagrange multiplier (p, 1) € L?(I;R") x R"
such that for all (z,v) € Wy x L2(I;R™)

DJ(Q? /L_L)(Z7 U) - ((pa H)a De(ga ﬂ)(z, 7)))LQ(I)X]R” = 0. (C]'O)
Choosing z = 0 and v € L?(I;R") arbitrarily, we obtain the second equation in (C.4):
B+ B*p =0 in L*(I;R™).
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Setting v = 0 we find
(0, 22y = 0 DFW())2) 2y + (U, 2) p2(py for all z € W (C.11)
We observe that t — D f((t)) € L=(I;R™ ") and thus t — Df(y(t))z(t) is in L?(I;R")
for every z € L%(I;R"). Moreover S = {z € W, : suppz C I} is dense in L?(I;R"™).
Thus (C.11) implies that p € W, and the first equation in (C.4) follows.
Finally we need to derive a bound on p in L?(I;R"™). Let » € L?(I) and choose (z,v)
such that De(y,u)(z,v) = (r,0). Then, using (C.10) we obtain
() r2(1) = (P, 1), (1,0)) L2 (1yxen = (De(, @) (p, 1), (2,0)) L2(1)x
= DJ(y,u)(z,v) = (4, 2) + (@,v) < |Ylr2ny|zle2y + |l 2ol 2
< CAY|Z/0|RH|7“|12(1),
for a constant C' independent of yg € Bs,, and v € L?(I;R"). Here we used Lemma 32

and (C.9). This implies that [p[z2(;) < Clyo|gn, for all o € Bs,. Now we use the first
equation in (C.4) and the last assertion in Lemma C.9 to deduce (C.5). O

Next we carry out a sensitivity analysis for the optimality system. For this purpose
we introduce

$: X =We x LA(I;R™) x Woo — Y =R" x L*(I;R") x L*(I;R") x L*(I;R™)
by

1)~

_ | 9= /)~ Bu
D(y,u,p) = —p—Df(yp—y |’

Bu+ B'p

and endow X and Y with the L*-product norm.

Lemma 34. Assume that f € CF' (W, L>(I;R™)) with k > 1. Then there exist
63 <0, 85, M >0, and a C*-mapping

Yo € Bs, — (V(0),U%0), P(0)) € Woo x L*(I;R™) x W
such that for each yo € Bs, the triple (Y(yo),U(yo0), P(y0)) is the unique solution to

D(y,u,p) = col(yo,0,0,0) with |(y,u,p)|x < 5, (C.12)

and
[(Y(y0),Uwo), P(yo))|x < Mlyolr- (C.13)
Proof. We note that ©(0,0,0) = col(0,0,0,0) and that & € C¥. We argue that D&(0, 0, 0)
is an isomorphism. For this purpose it suffices to verify that for each col(w,...,wy) € Y

there exists a unique (y,u,p) € X such that

y(0) = wy

y— Ay — Bu = wy

D®(0,0,0)(y,u,p) = col(wy,...,wy) < (C.14)

—p—A'p—y=w;
Bu + B*p = wy.
This is the necessary and sufficient optimality system to the linear-quadratic problem
min § [ |y + ws|? dt + g Jo7 ful? dt — f3° ulwy dt
(C.15)
subject to y = Ay + Bu + wa, y(0) = wy.
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By the stability assumption (C.1) it is standard to show, compare [4, Proposition 3.1]
that (C.15) has a unique solution, (which is the unique solution to (C.14)) and that

|(y7 u,p)‘x < M|(w17 w2z, w3, w4)|Y7
for some M independ of w € Y. The inverse function theorem implies the local existence

of the C¥-mapping (,U,P) and (C.12). Possibly after further reduction of 3, estimate
(C.13) follows form the fact that ¢(0,0,0) = 0, and Lipschitz-continuity of @. O

Theorem 35. Assume that (C.1) holds and that f € CKTY (W, L2(I;R™)) for k > 1.
Then the value function V associated to (Pgo) is C* on Bj, for 65 = min(da,d3).

Proof. By Lemma 32 and Proposition 33 there exists d > 0 such that for all yy € Bs,
problem (Pgo) admits a solution (y,u) with associated adjoint p such that |(y,u,p)|x <
max(C1, Ca)|yo|rn, and @(y,u,p) = col(yo,0,0,0). For yo € Bs, we deduce from Lemma
34 that (y,y,p) = (V(vo),U(yo), P(yo)) is the unique solution to ¢(y, u, p) = col(yo, 0,0, 0).
Hence the mapping yo — (4(v0), @(yo)) is C¥ on Bs, and the value function V is C* on
Bs,. O

Finally we turn to justify Assumption 3 in a neighborhood of the origin.

Proposition 36. Let Assumptions 1 and as well as the assumptions of Theorem 35 hold
with k = 2. Then there exists p > 0 and C > 0 such that for every yo € B, the linearized
closed loop system

0 = Df(y"(yo))v + BDF*(y*(v0))v + dv, ©v(0) =1wvp (C.16)
with vg € R™, dy € L?(I;R™) admits a solution v € Wy and ||v||w,, < C(16v]l £2(0,00;r7) +
|0yol|). Here y*(y0)) € Woo denotes the unique solution to (3.2).

Proof. For the linearized state equation with linearization at the origin, the optimal
feedback law is provided by —%BTH , with IT given in (C.2). In particular the linear
closed loop system is exponentially stable and we have for some ¢ > 0 that

((A— ;BBTH)y,y)Rn < —clyl}n, for all y € R™, (C.17)
For this ¢ > 0 we determine p > 0 such that
[D(f(y"(yo)(t) + BE*(y*(yo)(£)) ) — D(f(0) + BF*(0))| < 5 (C.18)

for all t > 0 and yo € B,. This choice is possible due to the a-priori estimate (3.5). We
next use the relationship between the Riccati operator and the second derivative of the
value function as

D(£(0) + BF*(0)) = D(f(0) — ;BBTVV(O)) = A— ;BBTH.

Finally we turn to the estimate the asymptotic behavior of the solutions to (C.16). Taking
the inner product of (C.16) with y(t) we obtain by (C.17) and (C.18), for yo € B,

sl < (DF(y* (yo)(t) + BDF*(y* (y0) () v(t), v(1)) + (du(t), v(t))
—5lu()]> + (dv(t), v(t)).
Hence we have $4|v(t)|> < —£|v(t)|? 4 |6v(t)[. This implies that |v(t)|? < ef%tlvo|2 +

2]0 e |6v(s)|?ds, for all t > 0, all yg € B,, and all vy € R", dv € L*(I;R"), and
hence MLQ (Rny < 2 (Juo|® + 2]51)\%2(1;]1@)). From here the desired estimate follows. O
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APPENDIX D. UNIVERSAL APPROXIMATION PROPERTY

In this last section we give the technical proof of Proposition 8.

Proof of Proposition 8. In many aspects we can profit from [25, Theorem 1], and its
proof, and from [32] adapted to our purposes. Here, however, we only require a mild
regularity assumption for ¢, and w and b are restricted to subsets rather than allowed to
vary in all of R™ and R. These situations are also commented on in the cited references
but not treated in detail.

Step 1. We recall that the set of polynomials in n-variables is a dense linear subspace
of CL(R™,R), i.e. for every ¢ € C}'(R™,R) and every compact set K C R" there exists a
sequence p,, of polynomials in (21, ...,z,) such that lim, o | — pullcr(xr) = 0, see
[38, pgl69].

Step 2. We introduce
MW) = span{p(w - ®) : ¢ € C'(R,R),w € W} c C'(R",R).

Following [26] we introduce the set of homogenous polynomials of degree k:
Hp = Zcmsm:cmER ,

as well as the set of all homogenous polynomials in n variables,

oo
H" = | | HY,
k=0
where the usual multi-index notation is used with m = (mq,...,m,) € Z",|m| =

Yo my, and s™ = s ...s'. In [26, Proof, Theorem 2.1] it is verified that H}' =
span{(d -x)¥ : d € W} € M(W) for all k. Here the assumption that there does not
exist a nontrivial homogenous polynomial vanishing on W is used. Thus M (W) contains
H™ and thus all polynomials. By Step 1 we have that M(W) is dense in C!(R",R) in
the C'-norm.

Step 3. Let x be in C§°(R, R), the space of C*°(RR, R)-functions with compact support.
Since v is not a polynomial, x can be chosen such that ¢ x = [¥(- — y)x(y) dy is not
a polynomial as well. This follows from Steps 6 and 7 of [25, proof of Theorem 1]. Let
us set 1) = 1) * x. Then ) € C®°(R,R).

We verify in this step that X7 = span{(A\z +b) : A € A\ 0,b € B} is dense in
C!(R,R). Here A is an open neighborhood of the origin with the property that A € A
implies that Aw € W for all w € W, a property, which will be used in Step 6 below.

Note that

1 - ~

= ﬁ(w(()\ +h)z+0b) — (A= h)z+b)) € X

for every A € A,b € B, and |h| sufficiently small with h # 0. Moreover
d , 1
AT

and thus limy,_,. d"(z) = %1[)()@ + b) in the C'-norm on compact subsets of R. We

have -L4p(Az + b) € cl(Xg), where cl(Z) denotes the closure of X with respect to the

d"(x)

(A + PP (A +h)z +b) = (A= h)d' (A = h)z + b)),
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Cl-topology. Note moreover that L LAz +b) = ¢/(A\z +b) + A\ay"(Ax +b). In a
similar way we argue that

d

(X

for all £k = 1,2,..., A € A and b € B. We calculate further (%)(k)zﬁ()\x +b) =

2kp B Az +b), and L (L)Fp(Az + b) = ket DPE Az + b) + 2FAPEFD Az + b) for

k =2,.... In particular we have
2*p®) (b) € cl(%y), forall k=1,2,...,b€ B, (D.1)

a property which will be used in Step 5 below.
_ Now we utilize that ¢ is not a polynomial and hence there exist by € B such that
D) (bg) # 0, see [9, 13],[32, pg.156], for all k. Consequently we find that

VB (Ax + b) € el(Z5)

50 (b0) = () EFOw + D)lsco o € cA(5)

for all k = 0,1,. .., where we have set 35 = span{i(Az+b) : A € A,b € B}, which differs
from X; only with respect to the element A = 0. Thus ¢/(%;) contains all polynomials.
Since they are dense in C*(R, R), we have that 55 is dense in C*(R, R) as well. Thus for
each g € C}(R,R) and each compact set K € R we have the following property: For all
e > 0 there exist m € N, and \; € A, b; € B such that |lg — 327" () - +b0i)llcr (ke r) < €

Since ¢ € C®(R,R) and in particular ¢) € C'(R,R), it follow that X is dense in
CY(R,R). In fact, if in the above expansion there are terms with \; = 0, they can be
replaced by nontrivial, sufficiently small );, such that ||g— Y27, ¥(\;-e+b;) e m) < 26

As a final note to this step, we point out that if ¢» € C*°, then the regularisation by
convolution is not necessary, the last estimate holds with zﬁ replaced by ¥, and we can
directly continue the proof at Step 6.

Step 4. Let us choose o € (0,b — b, and define B_, = (b + a,b — a). Then B_,
is a nontrivial interval contained in By. Further we choose a sequence of mollifiers
Xn € C3°(R,R) with the properties that

e Y xx, = ¢ in LP(K,R) for some p € [2,00) and every compact set K C R, and
e with the support of x, contained in (—a, «).
We show in this step that ¥ * x,, € cl(span{¢(- +b) : b € By}), for each n. For this
purpose we verify that for each n € N, for each compact set K C R, and each € > 0,
there exist m € N, {b;}I"; C By, and {p;}/*; C R such that

[ xn — D it (- = bi) [ (rcim)
i=1

- . (D.2)
= | P(- = E)xn(§)dE — E,uﬂﬁ(' = bi)lwee(kim) < 3e.
@ i=1
We set b; = —a—i—%, for:=0,...,m,
A = [bi—1,bi],  pi = Aixn(bi), fori=1,...,m, (D.3)
and choose § = () such that
10019 || oo (ki) IXnll (R R) < €5 (D.4)

where Ko = {s =51+ s2: 51 € K,s2 € (—a,a)}. By assumption there exist 7(6) € N

intervals {; };Q with u(U) < 6, such that 9 is uniformly continuously differentiable on
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K, \U. Here u(U) denotes the Lebesgue measure of U = U;‘i‘? I;. Next we choose m
sufficiently large such that

ar(0)

m

< 4,

and for £ and & € K, with |§ — & < %0‘

)| < -
204H¢HWL°°(KQ;R)

’Xn(fl) - Xn(€2

)

€

[P(&1) —¥(&2)| <

= 2allxnll e r,R)

9

[ (&1) — ¢ (&) , if more over &1,& € K, \U.

| < o—no
X2l 21 (R )

To estimate (D.2) we first use the triangle inequality

where we used (

195 X0 — imw(- ST —

<l [ vt - a6 - il R G I
I3 /. D= B0 ~ X hwrmac

<13 [ 196 =) = 0= Bl M e

)y [ =9 = 0= b0l b1 =

Iy / (¢ =5+ 9 — b)) xn(€) — xn(b2)|dE [l iz
i=1 Ay

1
< —me+ T+ —me=2e+1,
m

S S\Hl-

6), (D.7), and |4;] = 22. Thus we have

|19 * Xn — Zﬂzw( - bi)”vvlyoo(K;R) <2+1,

=1

(D.5)

(D.6)

(D.7)

(D.8)

(D.9)

where I denotes the next to the last equality in the above estimate. To estimate I we
proceed as follows. For a.e. x € K we consider the set of intervals characterized by
indices i € 7 if and only if (x — A;) NU = 0. Then for i € Z by (D.8)

and thus

"z — — ' (x — {2 n d L n d
[ 16 =6 = i@l < i | @i

Z/A_ [ (@ — &) — ' (x — bi)l|xn(§)|dE < €.

1€L
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For the complementary index set Z¢ = {1,...,m}\Z, with the property that (x — A;) N
U # 0 for i € I we find that the measure of such intervals satisfies p(;ezc Ai) <
§ + 427 (8) < 58, where we used (D.5). Using (D.4) we obtain

Z /A’ [ (= &) — ' (@ — bs)|[xn(E)dE < 10010 || oo (ki) [ X | Lo (m.R) < €

i€Z¢

Thus I < e and together with (D.9) we obtain (D.2).

Step 5. We establish that Xy = span{(\-+b) : A € A\0,b € B} is dense in C! (R, R).
We start by observing the following inclusions, which hold for each n:

(Y % xn) B (b) C cl(spanf{i % xn(A-4b) : A € A\ 0,b € B_,})
C cl(span{tp(A-+b) : X € A\ 0,b € By}) (D.10)

C c(span{p(A-+b): A€ A\ 0,b € B}),

where the first inclusion one holds for each b € B_, and each k = 0,1,.... The last
inclusion in (D.10) is obvious. The second inclusion is a consequence of Step 4. For
kE =1,2,... the first one follows from (D.1) in Step 3 with B replaced by B_, and
¥ = 1 % xn. Note that in Step 3 the requirement that v is not a polynomial, is only
used after (D.1), and hence is applicable for Y = 1 % xn. For k = 0 the first inclusion
can be achieved by appropriate choice of small A # 0.

If £ = span{y)(\- +b) : A € A,b € B} is not dense in C*(R,R), then z* is not in %,
for some k’. From (D.10) we conclude that (1 % x,,)*)(b) = 0 for all b in B_, and all
n. This implies that 1 * x,, is a polynomial of at most degree ¥’ — 1 for all n. By the
choice of the sequence Yy, in Step 4, this implies that v itself is a polynomial of at most
degree k' — 1. This gives a contradiction and hence X is dense in C*(R,R).

Step 6. Now we show that X, is dense in C*(R",R). Let g € C}(R",R) be arbitrary
and let K C R™ be an arbitrary compact set. By Step 2 for every € > 0 there exists
k= k(e), ; € CL(R), and w; € W,i = 1,...,k such that

k
€
(o) = > _eilwi - ®)lerrem) < 5- (D.11)
i=1

Since ¢ € C*(R,R) we can choose w; # 0 for each i. Moreover, since K is compact there
exist intervals [oy, 5], = 1,...,k such that {w; -2z : x € K} C [oy, Bi].

By Step 5 there exist indices m;, and constants c;;, A\j; # 0, and b;;, with ¢ =
L...,kj=1,...,m; and (XN, b;) € A x B such that

1 €

_— . D.12
max(l,\wilg) 2k ( )

|pi — Zcijw()\ij(') + big) oo (s prm) <
=1
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We next consider (D.12) with 1 € W1°(R, R) replaced by a representative ¥ € v, where

now ¢’ € £L2(R,R). By (D.12) there exists a set S; C R with u(S;) = 0 such that

sup [y chzp ij () + bij)|

z€lai,bi]\S;
(D.13)
d - 1 €
+ |%(¢i($) - ; cijp(Nig () + bij))| < max(1, [wnls) 2k

We set S; = {z € R"|w; - = € S;}. Since w; # 0 it follows that u(S;) = 0, see e.g. [33].

We therefore have

sup |901(w7, Zczﬂp ijWi - $+sz)|+|v (901 Wi - T chjw ijWi * x+bz])|
z€K\S; j=1 j=1
my mg €
< S[upﬁ](|<Pi(y)—zcij¢()‘ij?/+bij)’+|wi|2 @i (y) =D cijhiji (A ”y+bu)|) 2%
Yye|ay, 0 j=1 j=1

where we used (D.13). This estimate together with (D.11) imply

k. m;
sup  |g(x) — Z Z cij¥(Aijw; - x + bij)| < e. (D.14)
IEK\U?:l S; i=1 j=1
From our choice of A we conclude that A\jjw; € W for all (4, ). Since p(UJ;_;) = 0 and
¥ € ¢ was arbitrary, inequality (D.14) implies the desired result. O
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