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ABSTRACT. The approximation of the value function associated to a stabilization problem for-
mulated as optimal control problem for the Navier-Stokes equations in dimension three by means
of solutions to generalized Lyapunov equations is proposed and analyzed. The specificity, that
the value function is not differentiable on the state space must be overcome. For this purpose a
new class of generalized Lyapunov equations is introduced. Existence of unique solutions to these
equations is demonstrated. They provide the basis for feedback operators, which approximate
the value function, the optimal states and controls, up to arbitrary order.

1. Introduction. This work is concerned with feedback stabilization of the 3-D Navier-Stokes
equations around a possibly unstable stationary solution. The approximation is achieved by Tay-
lor series-like expansions of the value function associated to an infinite-horizon optimal control
problem. A related goal was achieved in [13] for the two-dimensional case. But the approach
from [13] cannot be generalized to the 3-D case since it builds on the differentiability of the value
function on the state space. This is not possible in dimension 3 and thus an independent approach
and analysis is required.

Indeed the difficulty that arises is related to the lack of a convenient energy equality for the
Navier-Stokes equations in dimension 3. Such an equality is available in dimension 2 and it is
the basis for proving the uniqueness of weak variational solutions of the Navier-Stokes equations
with initial data in L2(Q), where L2(2) denotes square integrable vector-valued functions over €.
In dimension 3 we must resort to strong variational solutions with initial data in H!(Q). As a
consequence we can expect that the value function associated to optimal control problems of the
Navier-Stokes equations in dimension 3 is well-defined and enjoys certain smoothness properties
in H'(Q) but not over L?(£2). Having in mind that Taylor expansions to nonlinear operators on a
space X involve multilinear forms on product spaces consisting of copies of X, it becomes clear that
X = H() is not a convenient space to work with, especially if ultimately, numerical realizations
are desired. For this purpose X = LL2(Q) is significantly more convenient. Here we aim for an
approximation of the value function with operators constructed in an L%()-setting, in spite of the
fact that the value function is differentiable on H'(£2) only. These operators will be constructed as
the solutions to generalized Lyapunov equations.
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2 TOBIAS BREITEN AND KARL KUNISCH

We next introduce the specific problem of interest. Let 2 C R3 denote a bounded domain with
C%! boundary T', and let B denote a control to state operator. We aim at designing a control u
such that the solution (z, ¢) to the time-dependent Navier-Stokes equations

%:VAZ—(Z-V)Z—VQ—FQO—FBU in Q x (0,7,
divz =0 in Qx (0,7), (1)
— on T x (0,7),
z(0) =z + yo

satisfies tlim z(t) = z for perturbations yo with divyy = 0, which are assumed to be suitably small.
— 0
Here z is the velocity component of the solution (z,q) to the stationary Navier-Stokes equations
—vAZ+(z-V)z+Vi=¢ in{,
divz=0 in Q, (2)
z=1 onl,
for given vector-valued functions ¢ and 4. All regularity assumptions will be specified below.
With the intention of formulating this problem as an infinite-horizon control problem, we define

(y,p) = (z,q9) — (z,q) and, instead of (1), we focus on the following generalized Navier-Stokes
equations

%—i’ =vAy —(y-V)z—(z-V)y — (y-V)y — Vp+ Bu in Qx (0,T),
divy =0 in Qx (0,7), (3)
y=0 on I'x (0,7).
y(0) = yo
Our goal consists in proving that tlirgo(y(t),p(t)) = (0,0). To achieve this, we focus on the following
problem:
. 1 [ a [ . ~
o B | It ace S [ ol an subiect tor (3), (P)

where the spaces D(Ay),Y and U are classical function spaces related to the Navier-Stokes equa-
tions that will be introduced below.

Let us mention some references that address problems similar to the one considered here. Re-
garding feedback control of the (three-dimensional) Navier-Stokes equations, we point to, e.g.,
[3, 4, 6, 7, 8, 18, 26] where different feedback methodologies based on spectral decomposition or
Riccati equations have been analyzed. For (local) exact null controllability results of the (linearized)
Navier-Stokes equations, see, e.g., [16, 19]. The idea of approximating the optimal feedback law by
utilizing a Taylor series expansion of the minimal value function has its origin in finite-dimensional
considerations proposed in [2, 21] which, later on, have been picked up in, e.g., [1, 22]. For a survey
summarizing the approach (and related variants), we refer to [9]. One of the first references dealing
with polynomial feedback laws of infinite-dimensional control systems can be found in [28]. For
the special class of bilinear control systems, Taylor series expansions have recently been analyzed
in detail in [12, 14]. The literature on open loop control of the Navier Stokes equation is quite
rich. Topics such as necessary and sufficient optimality conditions, numerical approximation of
the optimality systems are well investigated, in general. If one focuses on the work dedicated to
time dependent optimal control in three space dimensions the literature is scars, however. Here we
mention [24, 29], for finite horizon optimal control problems subject to the Navier-Stokes equations.

The contents of the paper is structured as follows. Section 2 contains the problem statement
and function space preliminaries. Differentiability properties of the value function are discussed in
Section 3. The subsequent section is devoted to the introduction and analysis of the generalized
Lyapunov equations. This leads to the polynomial feedback laws which are described in Section 5.
Section 6 contains the error estimates for the value function, the optimal states, and controls. We
finish with short conclusions.



N o a s

8
9

10

FEEDBACK STABILIZATION OF THE THREE-DIMENSIONAL NAVIER-STOKES EQUATIONS 3

Notation. For Hilbert spaces V' C Y with dense and compact embedding, we consider the Gelfand
triple V.C Y C V’ where V' denotes the topological dual of V with respect to the pivot space
Y. For vector-valued functions f € (L?(Q2))3, we use the notation f € L2(Q). Elements f € L2(Q)
will be denoted in boldface and distinguished from scalar-valued functions g € L?(Q). Similarly,
we use H?(2) for the space (H?(£2))3. For a closed, densely defined linear operator (4, D(A)) in
Y, its adjoint (again considered as an operator Y') will be denoted with (A*, D(A*)). Considering
A as a bounded linear operator A € L(D(A),Y) its dual A" € L(Y,[D(A)]') is uniquely defined.
Let us recall that it is the unique extension of the operator A* € L(D(A*),Y) to an element of
L(Y,[D(A)]). In fact, we have

(A%p,y)y = (p, Ay)y for all p € D(A*), and y € D(A),
and
(Ay,p)y = (y, A'D)D(A),[D(A)) for all p € Y, and y € D(A).

Since D(A*) is dense in Y, this implies that A’ is the unique extension of A* to an operator in
L(Y,[D(A)]"). For an infinitesimal generator A of an exponentially stable semigroup e on Y, we
consider the space W(0,7;D(A),Y) which we endow with the norm

2

d
lyllw 0,7;D4),v) = (HAZJ%?(O,T;Y) + (ﬂyHQL?(O,T;Y)) , Yy €W(0,T;D(A),Y). (4)
Generally, given T' € R and two Hilbert spaces X C Y, by W(0,T; X,Y) we denote the space
d
W(0,T; X,Y) = {y € L*(0,T; X) | 3 € L*(0,T; Y)}.

For T = oo, the space W(0,T; X,Y") will be denoted by W, (X,Y"). For § > 0, we denote by By (9)
the closed ball in Y with radius § and center 0.
For k > 1, we make use of the following norm:

s ow)llve = max [y, )

on the product space V¥ := V x ... x V. Given a Hilbert space Z, we say that 7: VF — Z is a
bounded multilinear mapping (or bounded multilinear form for Z = R) if for all ¢ € {1,...,k} and
for all (v1,...,v;_1,Vit1,...,v%) € VEL the mappingv € V = T (v1,...,0_1,0,Vi41,...,0%) € Z
is linear and

IT]:=sup [T (v)]z < oo (6)

’UEka (1)

The set of bounded multilinear mappings on V* will be denoted by M(V* Z). For all T €
M(VE Z) and for all (vy,...,v;) € VF, we have

k
T (01, om)llz < 1T T loillv-
i=1
Bounded multilinear mappings 7 € M(V*, Z) are said to be symmetric if for all vy,..., v, € V¥
and for all permutations o of {1,...,k},

T (Wo(1)s- -5 Vo(r)) = T (V1,5 vk).

Finally, given two multilinear mappings 71 € M(V*, Z) and Tz € M(V*, Z), we denote by T1 @75 €
M(VE+HE Z) the bounded multilinear form defined by

7—1 ® 7—2(’01’ s 7Uk+é) = <7—1<'U1, s 7’Uk)77—2(vk)+17 e avk+€)>z-

Throughout the manuscript, we use M as a generic constant that might change its value between
consecutive lines.

2. Analytical preliminaries.
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4 TOBIAS BREITEN AND KARL KUNISCH

2.1. Function spaces. Let us briefly summarize the classical functional analytic framework that
allows us to consider (3) as an abstract differential equation on the space of solenoidal vector fields.
Based on this formulation, we subsequently define our stabilization problem of interest. For more
details on the following well-known decomposition, let us refer to, e.g., [5, 6, 17, 25, 27] for details.
We introduce the spaces

Y = {yG]LQ(QH divy:O,y~ﬁ:OonI‘},

V= {y e H)(Q)| divy =0},
endowed with the canonical inner products and norms. Note that Y is a closed subspace of L?(Q)
which is associated to the orthogonal decomposition

LX) =Y &Y™ (7)
where
Yt={z=Vplpe H(Q)}. (8)

In this context, we recall the Leray projector P: 1L?(Q) — Y which orthogonally projects L2(£2)
onto Y. Consider the nonlinear operator F': H?(Q) NV — Y defined by

F(y)=P((y-V)y). 9)

Let us further define the bilinear mapping N(y,z) := P((y - V)z) for which we recall the following
properties:

Proposition 1. Let Q be bounded domain of class C1' in R3. Then there exists a constant M
such that

(i) IN(y,2)|ly < Mllyllu=@lzlv, fordly e B ( Q)N V.2 €V,

(ii) IN(y,2)ly < M|yllvllzlmz), for ally € V,z € H(Q)NV,
(i) |N(y.2)llv < Myl 1zl for ally,z € (@) N V.

Proof. The first two properties follow from the standard Sobolev embedding results H 2(Q) —
C()), HY(Q) — L*(Q), and H?(Q) — W14(Q). For the third one, in addition we use that
P e L(H'(Q)), [11, Proposition 4.3.7]. Here the C™! property of the domain is used. O

We shall also consider N as a bilinear mapping from V' x V to V', which is defined by
NV XV 5V, (N, 2), Wy == ((y - V)z, Wy (10)

We have the following properties, which can again be verified by standard Sobolev embedding
results, and the fact that ((y - V)z,w)y v = ((y - V)w, z)v v, for all (y,z,w) € V3.

Proposition 2. Let Q be a bounded Lipschitz domain in R3. Then there exists a constant M such
that

(i) ING.2)llv < Mlylvliely, for ally,z €V,
(i) [Ny, 2)lv < Mlylzleliy, for ally e HAQ)NV,z € ¥,
(iii) [N (v,2)|lv: < Mylly Izl o). for ally € Y,z € HXQ) N V.

Analogous properties can be obtained for the nonlinear operator F.
The Oseen-Operator is defined by

Ag: (H2 Q)N V) x (HX(Q)NV) =Y, A(y,z):= N(y,z) + N(z,y). (11)

Given a stationary solution z € V', we associate with it the Stokes-Oseen operator A that is defined
as follows
D(A) =H*(Q) NV, Ay =PAy—(y-V)z—(z-V)y). (12)

Considered as operator in L2(f2) the adjoint A*, again as operator in L?(2), can be characterized
by

D(A*) =H*(Q) NV, A*p=P(wAp— (Vz)'p+(z-V)p). (13)
As mentioned before, considering A as an element of £(D(A),Y) its dual A’ € L(Y,[D(A)]') is the
unique extension of the operator A* € L(D(A),Y) to an element in L(Y,[D(A4)]').
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For the control operator B we assume that B € £(U,L%(2)). Let us set B := PB € L(U,Y).
We are now prepared to project the controlled state equation (3) onto the space of solenoidal vector
fields Y. We arrive at the abstract control system

Sy = Ay~ F(y) + Bu, y(0)=yo (14)

where the pressure p is eliminated. Before we state the optimal control problem, we collect some
generalizations of the estimates in Proposition 1 to the time-varying case.

Corollary 1. Lety,z € L?(0,00;D(A)),v € L>(0,00; V). Then

IN(y,2)l|22(0,00v) < MYl 22(0,005m2(02)) 21| £2(0,0012 (2)) (15)
IV (y, Z)”Ll(O,oo;V’) < MHY||L2(0,<><>;H2(Q)) ||Z||L2(O,OO;Y)7 (16)
IN(y,2) [ L1 0,005v7) < MY £2(0,00:v) |2l 220,002 (02)) 5 (17)
||N(Y7 V)||L2(O,c>o;Y) < MHY||L2(O,00;H2(Q)) ||V||L°°(O,00;V)a (18)
IN(v,2) [l L2(0,00,7) < MVl Lo (0,005v) 12l L2 (0, 00582 (02)) - (19)
Corollary 2. For ally,z € L*(0,00; D(A))NL> (0, 00; V') with max(||y |l o (0,00;v)> 12l Lo (0,00:v)) <

8, there exists a constant C' > 0 such that
1F(y) = F(2)[ £2(0,00,v) < 0Cy — 2| £2(0,00:2 () - (20)
Proof. Note that
I1F(y) = F(2)|lL2(0,00v) = IP(N(y,¥) = N(2,2))l| £2(0,00;v)
< C(”N(y - Zvy)HLQ(O,oo;Y) + ||N(Z7y - Z)||L2(0700;Y))
which, together with (18) and (19), shows the assertion. O

2.2. Existence of feasible solutions. Throughout the article we assume that the following as-
sumptions hold true.

Assumption Al. The stationary solution satisfies z € V.

Assumption A2. The linearized system (A, B) is exponentially stabilizable, i.e., there exists K €
L(Y,U) such that the semigroup e(A=BE) 45 exponentially stable on'Y .

Regarding Assumption A2, we refer to, e.g., [5] where finite-dimensional feedback operators
are constructed on the basis of spectral decomposition as well as Riccati theory. Alternatively,
exponential stabilizability of the linearized system also follows from exact controllability results
available in [16].

We immediately obtain the following important consequences that will be used several times
throughout the manuscript.

Consequence C1. There exist two constants A > 0 and 0 > 0 such that
(M — A)v,v)y > 0||v|3 forallveV (21)
———
=—Ay

As is well-known, see e.g., [10, Theorem I1.1.2.12] estimate (21) implies that Ay and, thus, A
generate analytic semigroups et and e, on Y, respectively.

Below we will frequently make use of the spaces W(0,T;D(Ay),Y) and W (D(A,),Y), respec-
tively, endowed with the norm defined in (4). This notation will also be employed for systems
associated to operators A that do not necessarily generate themselves an exponentially stable
semigroup on Y.

Consequence C2. For all (yo,f) € Vx € L?>(0,00;Y) and T > 0 the system
y=Ay+f, y(0)=yo, (22)
has a unique solution'y € W(0,T;D(A),Y). In addition, this solution satisfies
1¥llwo.7:0040).v) < (T)Iyollv + [1£ll 22 (0,00:v))
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with a continuous function c. In the case thaty € L*(0,00;Y), we can replace (22) by the equivalent
formulation

y=A-X)y+y+f£f, y(0)=yo,
——— ——
A,\ f)\

with £y € L*(0,00;Y). Since Ay satisfies (21), from, e.g., [10, Part II, Chapter 1, Section 2] it
follows that it generates an analytic, exponentially stable semigroup on'Y and thus by, e.g., [10,
Theorem I1.1.3.1] there exists My such that'y € W (D(A)),Y) with

¥ W @an),y) < Ma(llyollv + 1] 2(0,00:))- (23)
Here, we use that [D(Ay),Y]1 =V, see [10, Theorem I1.2.1.3].

1
2
Consequence C3. For allyy € V and f € L*(0,00;Y), the system
y=(A-BK)y+f, y(0)=yo,
has a unique solution in Wy (D(A)),Y), see [10, Theorem I11.1.3.1]. In particular, it holds that
I¥llweian,y) < Mi(llyollv + 1€l £2(0,00,v))- (24)

In the next lemma, by A we denote an abstract generator of an exponentially stable, analytic
semigroup on Y. The proof of the assertion is based on a classical fixed-point argument which has
been used in similar contexts in, e.g., [13, 25] and is given in the Appendix A.

Lemma 2.1. Let A, generate an exponentially stable, analytic semigroup es* on'Y, let C' denote
the constant specified in Corollary 2 and let F' be as in (9). Then there exists a constant My such
that for all (yo,f) € V x L*(0,00;Y) with

1
V= ”yOHV + ||f||L2(O,oo;Y) < m
the system
y =Asy - Fly)+f, y(0)=yo, (25)

has a unique solution'y € W (D(As),Y). Moreover, we have the following estimate on y:
1Y lwe (DA v) < 2Msy.

Corollary 3. There exists a constant My > 0 such that for all (yo,f) € Vx € L?(0,00;Y) which
satisfy

= lIvollv + Il < o
Y= Yollv L2(0,00;Y) & 4CM12(
there exists u € L*(0,00;U) such that there exists a unique solution y € Woo(D(A)),Y) to
y=Ay+Bu-F(y)+£, y(0)=yo. (26)

Additionally, it holds that

¥ llweay),y) < 2Miy  and  |ullr2(0,00,0) < 21Kl vy MKy
Proof. Since assumption A2 implies the existence of K such that e(A=B)t is an exponentially
stable analytic semigroup on Y, the result is a consequence of Lemma 2.1 applied to the system
y=(A-BK)y-F(y)+f, y(0)=yo.
The estimate on the control follows from the feedback representation u = —Ky. O

For the next statement, we can w.l.o.g. assume that M) defined in Consequence C2 satisfies
My > 5.
Corollary 4. Let (yo,f) € VxL?(0,00;Y) and u € L*(0,00;U) be such that there ezists a solution
y € L?(0,00;Y) to

y=Ay - F(y)+ Bu+f, y(0)=yo.
If (yo,f,u,y) are such that

1
v = [lyollv + [If + Ay + Bull£2(0,00:v) < 1002
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then y € W (D(AX),Y) and, moreover,
IV llwe (pan)y) < 2My7.

Proof. By assumption it holds that y € L?(0,00;Y). As a consequence, we can focus on the
equivalent system

where f = f + \y 4+ Bu. Application of Lemma 2.1 then shows the assertion. O
With the previous considerations, we can state problem (ﬁ) as the following abstract infinite-
horizon optimal control problem:
inf J(y,u), subject to: e(y,u) = (0, P
vew b T J (y,u) = (0,y0) (P)
u€L?(0,00;U)

where J: Wo(D(Ay),Y) x L?(0,00;U) — R and e: W (D(A,),Y) x L2(0,00;U) — L?(0,00;Y) x
V' are defined by

s =5 [ Ivlpac+ S [Tl o (27)
e(y, u) =(¥ — (Ay — F(y) + Bu),y(0)). (28)

3. Differentiability of the value function on V. In this section, we show the differentiability
on V of the associated value function, defined by

V = inf J , subject to: e = (0 .
(¥o) vewom (v, u) X (y,u) = (0,¥0)
u€L?(0,00;U)
Our arguments are based on an analysis of the dependence of solutions to (P) with respect to the
initial condition yyg.

3.1. Existence of a solution and optimality conditions. This section is devoted to existence
of solutions to (P) with small initial data and associated first-order necessary optimality conditions.

Lemma 3.1. There exists 61 > 0 such that for all yo € By (d1) problem (P) possesses a solution
(¥,@). Moreover, there exists a constant M > 0 independent of yo such that

max(||a| 2(0,00;0): 17 lwe (Dar),v)) < Mllyollv. (29)

Proof. For now, let us define 6; = W with C' as in Corollary 2 and My as in Corollary 3. By
K

Corollary 3 (with f = 0) there exists a control u € L?(0,00; U) with associated state y satisfying

max(|[ul| 2 (0,00:0)5 1Y W (D(a2).v)) < Mlyollv,

where M = 2M g max(1, || K| zcy)). Let us now take a minimizing sequence (yy,, %, )nen which we
can assume to satisfy J(yn, un) < M?|lyol/?,(1 + «). Consequently, for all n € N we obtain

21+«
I¥oliz0mcir) < Mlvolly VETF Q) and Junllzoony < Mlyolv 2552 0

After possible reduction of §;, we can assume that

1Bl cw,y) 1

Ay, + Bu, ov) < |1+ My/2(1 A+ ———= 01 < ,

[¥ollv + 1% + Bl 0ociry < |1+ MyETF0) (A+ 120580 ) |6y < 2o
where M) is as in Consequence C2 and Corollary 4. Hence, the sequence (y,)nen is bounded in

Ws(D(AL),Y) with sup ||y.|| < 2M,|lyollv. Extracting if necessary a subsequence, there exists
neN

(¥,1) € Woo(D(AN),Y) x L?(0,00; U) such that (yn,un) = (¥,0) € Wao(D(Ax,Y) x L?(0,00;U),
and (y,u) satisfies (29).

We are going to prove that (y,u) is feasible and optimal. Note that for each T > 0 and an
arbitrary z € H1(0,T;Y), we have for all n € N that

T T
/0 <§tyn(t),z(t)>ydt/0 (Ay,(t) — F(yn(t)) + Bun(t),z(t))y dt. (31)
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From the convergence %yn — %y in L2(0,T;Y), we can pass to to the limit in the Lh.s. of the
above equality. Similarly, using that Ay, — Ay € L?(0,T;Y) it follows that

T T
| avao.aw)y at — [ tayo.a0)y
0

n—oo 0

With the same argument, we find that

T T
/ (Bun(t),2(t)y dt — | (Ba(t), z(8))y dt.
0

n—oQ 0

From the definition of F' and Proposition 1(i)-(ii), it follows that

/0 (F(ya(t) — F(y(t)).2(t))y dt

T T
< / (N (yn(t) — 908, ya)2(0))y | dt + / (NG ynlt) - 9(0)), 2(0) vy dt
< / INa(t) = 7). ya(®) Iy | 20y dt + / ING ), yul) — 70) | 20)]1y dt

T T
SM/ [yn(®) =@l Iy )z [12()]ly dt+M/ 1y Oz (@) [y (t) = y(@)llv [l2(2)]]y dt
0 0

<M (||Yn||L2(O,T;D(AA)) lyn = ¥llz200,7:v) 2] Lo (0,75v) + 17| 2200,0:004,0)) 1Y — Tl 200,70 ||Z||L°°(O,T;Y)) .

Since D(A,) is compactly embedded in V, by the Aubin-Lions lemma it follows that ||y, —
Yllz2(0,7;vy — 0. Passing to the limit in (31) yields
n— oo

T T
/ <§ty(t),z(t)>ydt= | (490 = Py(e) + Ba(o).2(e)y .

Since H'(0,T;Y) is dense in L?(0,T;Y), it holds that e(y,u) = (0,yo). From weak lower semi-
continuity of norms we finally obtain

J(y,a) <liminf J(y,,un).

n—oo

1 This shows that (y, @) is optimal.
2 Note that the bound (29) can be shown to hold for arbitrary optimal solutions since they
s necessarily have to satisfy (30) from which we can argue as above. O

4 Remark 1. For the previous proof, Corollary 4 was essential. It is not available in dimension 3
5 with yg € Y and y € W (V,V’). For this reason, we cannot expect differentiability of ¥ on Y.

Lemma 3.2. Let G € L(Woo(D(Ay),Y), L?(0,00;Y)) be such that |G| < ﬁ, where ||G|| denotes
the operator norm of G. Then, for all f € L?(0,00;Y) and yo € V, there exists a unique solution
to the following system:

y = (A= BK)y(t) + (Gy)(t) + (1), y(0) =yo.

Moreover,

Mg
< ——(|If . .
1V lwe (D(an).y) < 1= Mg|G] (€]l 2(0,005v) + [I¥0llv)

6 Proof. The assertion is a variant of [12, Lemma 2.5] and follows by the arguments provided in the
7 latter reference. O

Proposition 3. There exists 62 € (0,81] such that for all yo € By (d2), and for all solutions (y, @)
of (P), there exists a unique costate p € Woo (Y, [D(AN)]) satisfying

—p—A'p—P((y-V)p—(V¥)'p) =5 (in L*(0,00;[D(AN)]")), (32)
a4+ B*p = 0. (33)
8 Moreover, there exists a constant M > 0, independent of (y,u), such that

Ipllwee (v, pan) )y < M (171 220,00y + ll@ll £2(0,00507)) - (34)
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1 Remark 2. Equation (32) is satisfied in the sense that

<p’ 2>L2(0’002Y) - <p7 Az — P((}_’ : V)Z + (Z : V)S’)>L2(O,OO;Y) = <y7 Z>L2(0700;Y)a (35)
2 for allz € W (D(A,),Y), where
W2 (D(A)),Y) = {2 € W (D(AN),Y) | 2(0) = 0} (36)

Proof. For now, let us assume that do = §;. Then problem (P) has a solution (y, %) by Lemma 3.1.
We are going to derive optimality conditions by proving that the linearization of e is surjective.
Since F(y) = PN(y,y) and by Corollary 1, we conclude that N and F' are Fréchet differentiable.
Hence, e is Fréchet differentiable with

De(y,u): W (D(Ay),Y) x L*(0,00;U) — L*(0,00;Y) x V
De(y,u)(z,v) = (z — (Az — P(N(y,z) + N(z,y)) + Bv),z(0)).

We are going to show that De(y, @) is surjective for do small enough. For an arbitrary pair
(r,s) € L?(0,00;Y) x V, we consider

z— (Az — P(N(y,z) + N(z,y)) + Bv) =r, z(0)=s.
From Corollary 1 and Lemma 3.1, it follows that
IP(N(¥,2) + N(2,3))llL20,00v) < M llwe o) ) l1Zlwe piar).y) £ Mé2llzllw (piay).y)-

By possibly reducing 2, we can w.l.o.g. assume that the operator G € L(Woo(D(Ay),Y), L?(0,00;Y))
defined by

(Gz)(t) :== DF(y(1))(2(t)) = P(N(y(t), z(t)) + N(z(1),¥(1)))

satisfies ||G]| < ﬁ Lemma 3.2 implies the existence of a unique solution z € W, (D(A,),Y) to
the system

z— ((A— BK)z+ P(N(y,z)+ N(z,3))) =r, z(0)=s.

The surjectivity of De(y,u) follows by setting v = —Kz € L?(0,00; U). Moreover, we additionally
have that

Izl pa)y) < M ([Irllzz,00v) + lIsllv) (37)

3 where the constant M is independent of (r,s) and yg. The surjectivity of De(y,u) implies the
4+ existence of a unique pair (p,u) € L?(0,00;Y) x V' such that for all (z,v) € W (D(A),Y) x
5 L%(0,00;U)

DJ(yu ﬂ/) (Z, /U) - <(p7 M)? De(y7 a) (Z7 v)>L2 (0,00;Y)x V/,L2(0,00;Y)xV — 0. (38>

6 In the following, we use (38) to derive the costate equation (32) and relation (33). Note that J is
7 differentiable with

_ _ _ y V]
D‘](yv u) (Za U) = <Y7 Z>L2(O,oo;Y) + a<u7 U>L2(O,OO;U) = < <o?,u) ’ (U) >L2(0 505Y)x L2(0 oo‘U)' (39)
s Moreover, for all (z,v) € W (D(A)),Y) x L2(0,00;U)

(P, 1), De(y,1)(2,v))) £2(0,00;Y) x V7, L2(0,00:Y) x V (40)
= (Ps2)12(0,00:Y) — (Ps A2Z) 12(0,00:v) + (Ps GZ) £2(0,00:v) — (Ps BV) 12(0,00;0) + (1, 2(0)) v+ v
Taking z = 0 and letting v vary in L?(0, 00; U), from (38), (39) and (40), we obtain
ati+ B*p = 0 in L*(0,00;U),

o and, hence, relation (33).
10 Taking v = 0, we conclude that for all z € W2 (D(A,),Y), we have

(Ps2)12(0,00) = (P, AZ — GZ) 12(0,00;v) + (¥, 2) L2(0,00:Y) - (41)
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With Proposition 1(i) and (ii) we obtain for all z € W2 (D(A,),Y)
(Ps2)12(0,00:) < (Ps AZ) 12(0,00:v)| + (P, GZ) 12(0,00:v) | + [(¥52) £2(0,00,v)
<M ([Ipll22(0,005v) + 1¥ 1 22(0,003v)) 121l £2(0,005m2(02)) + (P2 P(N(F,2) + N(2,9))) 22 (0,00:)]

< M (|lpll 20,007y + 131l 22(0,0057)) 1121 20,0052 (52)) +/O [(p(t), N(y(1),2(t)) + N(z(t), y(£)))v | dt

%)
< M (|IPllz20,005v) + 151122 (0,00:7)) 1]l 22 0,00582 (02)) + M/O @y 1y @O)llv 12(8) [m2(e) dt
<M (”p”Lz(Opo;Y) + ||y||L2(O7oo;Y) + ||p||L2(07oo;Y)||y||L°°(0,oo;V)) HZHLQ(O,OO;HQ(Q))
< M ([Ipll2(0,00v) + 1¥0llv) 2]l 22 (0,005m2(02)) -

Since W2 (D(A,),Y) is dense in L?(0, 0o; H2(Q)) for the L?(0, co; H?(2))-norm, we can extend p to
a bounded linear form on L?(0, co; H?(12)), i.e., p can be extended to an element of L?(0, oo; [D(A,)]’),
moreover the following bound holds true:

1Bl 22 0.001p 400y < M ([Pl 22 (0,002(02)) + I¥0llv) - (42)
Tt follows that p € W (Y, [D(A))]’) and that the costate equation (32) is satisfied.

Let us bound p € L?(0,00;Y). For this purpose, consider r € L%(0,00;Y) and assume that
(z,v) satisfy De(y,@)(z,v) = (r,0) and the bound (37) (with s = 0). From (38), the expression
(39) of DJ(y,u), estimate (37), and estimate (29) on (y, @), we derive:

(P1) £2(0,00;7) = (P 1), (15,0)) £2(0,00:¥) x V7, L2(0,00:Y ) x V/
= <D€(}_’7 ﬂ)/(p’ M), (Za U)>WOO(D(A,\),Y)’><L2(0,oo;U),Woo(D(AA),Y)XL2(O,00;U)
=DJ(y,u)(z,v)
< M (”yHLQ(O,oo;Y) + Ha||L2(O,oo;U)) (HZHL2(O,OO;Y) + HU||L2(0,OC;U))
< MlyollvIllirll2(0.00:v)-
Since r was arbitrary and M is independent of r, we obtain that ||p||z2(0,00;v) < M||yollv. Com-
bining this estimate with (42), we finally obtain (34).

3.2. Sensitivity analysis with respect to yg. We define the space
X :=V x L*(0,00;Y) x L*(0,00; [D(Ay)]') x L*(0,00;U), (43)

endowed with the /o, product norm. Consider now the mapping ®, defined from W, (D(Ax),Y) x
12(0, 00, U) x Wao (Y, [D(A3)]') to X by

y(0)
_ y — Ay + F(y) — Bu
2 uP)=| 5 ap— Py V)p— (Vy)"p) —y (44)
au + B*p

The well-posedness of ® follows from the considerations on e(y,u) and the costate equation (32)
that have been given in the proof of Proposition 3.

Lemma 3.3. There exist 635 > 0, 65 > 0, and three C*°-mappings
Yo € By (d3) = (V(¥0),U(¥0), P(¥0)) € Was(D(Ax),Y) x L*(0,00;U) x W (Y, [D(AN)])
such that for all yo € By (03), the triplet (y(yo),u(yo),’P(yo)) 1s the unique solution to
D(y,u,p) = (¥0,0,0,0), max ([[¥lw..p(ar),v)s |ull£20,00:0): [Plwe viipanyy) <05 (45)

in Weo(D(Ay),Y) x L2(0,00; U) x Wao (Y, [D(AN)]'). Moreover, there exists a constant M > 0 such
that for all yo € By (03),

max (Hy(YO)HWOO(D(A;),Yp ||U(YO)||L2(o7oo;U)’ HP(}’0)||WOQ(Y,[D(AX)]')) < M|lyollv- (46)

Proof. Let us show the statement by means of the inverse function theorem. For this purpose, note
that ® only contains polynomial terms and thus is infinitely differentiable. It further holds that
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$(0,0,0) = (0,0,0,0). Let us prove that D®(0, 0, 0) is an isomorphism and take (wy, Wa, W3, ws) €
X and (y,u,p) € Woo(D(A4)),Y) x L?(0,00;U) x Wao (Y, [D(A))]"). We have

y(0) = wi
vy — Ay —Bu = w
D(I)(Ovovo)(yvua p) = (Wl,WQ,Wg,’IU4) <~ y y, ? (47)
p-Ap-y = w;
au+ B*p = wy.

By Proposition 6, the linear system on the left-hand has a unique solution (y,u, p), moreover

(5 1 P) W (D(AL),Y) x L2 (0,00:0) x W (Vi [D(AN)])) < M|[(W1, Wa, W3, w4)]|x.

Hence, D®(0,0,0) is an isomorphism and, with the inverse function theorem, we have d3 > 0,
0% > 0, and C*°-mappings Y, U, and P satisfying (45).

With regard to estimate (46), let us (possibly) reduce d3 such that the norms of the derivatives
of the three mappings are bounded on By (d3) by some constant M > 0. As a consequence, the
three mappings are in particular Lipschitz continuous with modulus M and estimate (46) follows
from the fact that (Y(0),4(0), (P(0)) = (0,0,0). O

Proposition 4. There exists 04 € (0, min(d9, d3)] such that for allyy € By (d4), the pair (Y(yo),U(yo))

is the unique solution to (P) with initial condition yo. Moreover, P(yo) is the unique associated
costate.

Proof. For now, assume that 0, = min(da,d3) and consider yo € By (d4). Then, there exists
a solution (¥,u) to (P) with associated costate p due to Lemma 3.1 and Proposition 3. This
solution has to satisfy

max([[¥|lw.. o4,y 18l 20,0000 [Pllwe (v, ipanyn) < Mllyollv.
A (possible) reduction of d4 ensures that
max([|[¥|lw.. o), v)s 18l 220,000 IPllwee (v, iDCAN)))) < 05

Since ®(y,u4,p) = (¥0,0,0,0), Lemma 3.3 implies that (y,%,p) = (Y(yo),U(y0),P(yo)) which
proves the assertion. O

Corollary 5. The value function V is infinitely differentiable on By (04).

Proof. Note that by definition we have V(yo) = J(J(y0),U(yo)). Since J is infinitely differentiable,
differentiability of V is a consequence of the composition of infinitely differentiable mappings. [

Lemma 3.4. There exists 05 € (0,04] such that for all yo € By (0s5), |V(y0)llzo(0,00;v) < 04 and
p(t) = DV(y(t)), Vt=0 (inV’) (48)
where 'y = Y(yo) and p = P(yo). Additionally, it holds that DV(y(-)) € L*(0,00;Y).

The proof is given in Appendix A.
Using the optimality condition (33), we obtain the optimal control in feedback form.

Corollary 6. For all yo € By (J5),
1
u(t) = —aB*DV(y(t)), for a.e. t >0,

where 'y = Y(yo) and v =U(yo).

In the two-dimensional case, see [14, Proposition 16], an approximation of the value function was
obtained by investigating the equations which can be derived by successive differentiation of the
Hamilton-Jacobi-Bellman equation for the optimal solution with respect to V. The HJB equation
associated to (P) is given by

DV(y)(Ay = F(¥) + 51y} = 5B DY) =0 for y € D(A) (49)

In the 2-D case this equation is rigorous, in the 3-D case, however, it is only formal. In fact, the
term B*DV(y) is not well-defined for B € L£(U,Y) since V is not differentiable on Y.
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4. Multilinear Lyapunov operator equations. The purpose of this section is to analyze a
sequence of certain multilinear operator equations. In the two-dimensional case, in [13] it is shown
that these equations can be derived by successive differentiations of the HJB equation. Moreover,
their solutions are multilinear forms that represent the derivatives of the value function in zero. In
[13], this enabled us to derive a polynomial feedback law via a Taylor series expansion of the value
function. In contrast to the 2-D case, at this point we cannot follow the arguments provided in [13].
In particular, so far we only know that V is differentiable on By (d4) but not necessarily on By (d4).
As will be shown below, it is nevertheless possible to derive a unique sequence of multilinear forms
that result in a polynomial feedback law which locally approximates the optimal control.
Let us begin with the algebraic operator Riccati equation

1
<Z2,A*HZ1>Y + <HAZ1, Z2>y + <Z2, Z1>Y — E<B*HZ1,B*HZ2>U =0, Vzy,2z5 € D(A) (50)

A general treatment of (50) for abstract linear control problems has been given in, e.g., [15, 20]. We
emphasize that the stabilizability assumption A2 and (21), which implies exponential detectability
of (A,id), ensure the existence of a unique nonnegative stabilizing solution IT € L(Y) to (50). In
the following, we use the notation

A =A— lBB*H
o

for the closed-loop operator associated with the linearized stabilization problem. Since A, generates
an analytic exponentially stable semigroup e=* on Y, for trajectories of the form y(-) = ey, y €
V it follows that ¥ € W (D(A,),Y). Similarly, for y € V’, [10, Corollary I1.3.2.1], we have that
¥(-) = ety € Wo (Y, [D(A})]'). Note, that [10, Corollary 11.3.2.1] is stated for T' < co. But we can
follow its proof and apply [10, Theorem II1.1.3.1(i)] instead of [10, Theorem II.1.3.1(ii)] to arrive at
the conclusion for T' = oo.

From Corollary 5 we already know that V is infinitely differentiable on By (d4). We shall relate
its k-th derivative D*V(0) in zero to a multilinear form 7 € M(V* R). Below, we study such
multilinear forms and show that they additionally satisfy

k
Ti € SV, V') o= (Y MV x V! x VETLR), (51)
=1
i.e., the form T can be extended from V to V' as bounded multilinear form separately in each
coordinate. For Ty € Sk(V, V'), we introduce
k
‘77€|:Z sup |77C(V17"'7VZ713VZ7VE+17"WV]€)|‘
=1 lvellyr<1
lvillv <1,i7¢

Let us illustrate the definition of Sk(V,V”) in the case that k = 2. For 75 € M(V x V,R), we can
define an associated operator II via

I: V= V', II:ve Ov:=Ty(v,-) forallvelV.
Indeed, we have II € £(V, V') since

vl = sup [(@.Iv)vyr| = sup |Ta(v,9)| < Mllv]y.
9l <t 9l <t

The following considerations further clarify the additional regularity which can be gained if 75 €
So(V, V'), rather than M(V x V,R) only. For T3 € S3(V,V’) and hence Tz € M(V x V' |R) we
have that vi — T2(v1,-) can be represented by an operator II; € £(V') such that

Ta(vi,va) = (vo,II1vy)yr vy for all vi € V,vo € V. (52)
Similarly, since To € M(V’ x V,R) we have that vi — T2(vy,+) can be represented by an operator
II; € L(V') such that

Ta(vi,va) = (va,Havy)yys for all vi € V' vo € V.

For (vq,va) € V x V we have from (52) that T2(vy,va) = (va,II1vi)y v = (vo,IIavy)yvr, and
thus for each vi € V'
<V27 (H]_ — H2>V1>V7vl =0forall vy € V.
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Thus (II; — II3)|y = 0, and since V is dense in V', and II; € L(V'), the operator IIy is the
unique continuous extension of IT; from V to V'. We denote both II; and Il by II. Since
IT € L(V)NL(V’) interpolation implies that II € L(Y"). For (vq,va) € Y x V we have Ta(vy,va) =
(vo,IIvi)yvr = (vo,IIvy)y. By continuity in the first coordinate of the inner product in Y
therefore T3(vy,va) = (vo,IIvy)y for all (vi,vs) € Y X Y. As a consequence, if T3 € So(V, V'),
then 75 € M(Y?2,R).

We turn to our first results on the existence of solutions of generalized Lyapunov equations.

Theorem 4.1. Let k > 3 and F € Sk_1(V,V'). Then, there exists a unique T € Si(V, V') such
that for all (zy,...,2z;) € D(A)*,

k
ZT(zl, ey Zio1, AnZiyZig,y .. 28) = G(Z1, ..., 2Zk), (53)
i=1
where:
k—1k—j
g(Zl, e ,Zk) = Z ZF(AO(Zjvzj-H)a Zy,... ,Zj_l, Zj+1, e 7Zj+i—lazj+i+1; ey Zk).
j=11i=1

Moreover, if G is symmetric, then T, considered as an element ofM(Vk,R), 18 also symmetric.

Proof. The main idea of the proof relies on an explicit integral representation of the solution to

multilinear operator equations. For the Lyapunov operator equation, this can be found in, e.g.,

[15, Chapter 4], for multilinear equations arising in bilinear control problems, we refer to [14].
For arbitrary ¢ € {1,...,k} assume that z € V' and z; € V for j # . Let us define

(21, ey ik) = (eA"tzl, ey eA’“tzk)
as well as

T(zl,...,zk):—/Ooog(il,...,ik)dt. (54)

As mentioned before, since z; is the unique solution of y = A,y with y(0) = z; we have z; €
Woo(D(AN),Y) if j # € and 2y € Woo (Y, [D(A})])). In particular, it holds that

12w (pian),y) < Mllzjllv,  Zellw. (v ipag)y) < Mllzellv-.

Well-posedness of T. Let us show that T as defined in (54) satisfies 7 € Si(V,V’). For this, we
first consider terms of the form

o0
/ |.7-"(A0(2J, ij-i—i); 217 ey ij—la ij+1, Ce ,ij+i_1, Zj+i+1; ce ,2]€)|dt
0
for which j # £ and j + i # £. In this case, we obtain

oo
/|]:(A0(ijvij+i)aily~--azj—laij—&-la-~-aij+i—1vij+i+1a-~-aik)|dt
0

o
<M [t zlvlad (T laaly |
0 m¢{j.j+i.t)

o0
< M||Ze|| o (0,00,v7) T lzml=©s) / 140(25,2;+:)||v dt
me {j,j+i,} 0

< M||zellv H |Zm || / | A0(Z;,25+4)|lv dt.
m¢{j.j+i,0} 0

Utilizing (15) yields

oo
/ 1 A0(Z5, Zj+4)lv dt < M |25 L2 (0,00522 () |2+ ]| 2 (0,005m2 (2)) < M |25V |12+ lv,
0
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which shows

o0
/ \F(Ao(j,Zj4i)s 21,3 i1, i1 Bygiots Byigts - 2) | dE < Mzgllvr [ zmllv-
0

m#L
(55)
1 For the terms with j + ¢ = ¢, we utilize (16) to obtain
/ |F(Ao(Zj,20), 21,y Zj—1,Zj41, - Bo—1,2041,---,25)| dt
0
<M Zn || Lo (0 oo / Ao(z,7)| v dt
[T lalimomy | [ 14020 0

me{j,L}

<M [ TT lMzmllv | 1250220 00m2 0 17l 120,00y < Mlzellve T ll2mllv-
me (5.0} oy

Analogue estimates based on (17) yield
o0
/ \F(Ao(Ze, Z4i), 21, Bo 1, Bas1s - Bei 1, Zaigns - - 2)| dE < Mzl T I2mllv
0

m#L
(57)

From (55), (56), (57) together with (54) we obtain
k(k—1
‘T(Zh s Zgy . azk)l < M%HZA‘V/ H ||Z77LHV~
m#L

2 Since ¢ was arbitrary this shows that 7 € Sg(V, V).
T is a solution. Let us now show that T solves (53). For (zy,...,2zx) € D(A?)* we define

fij:t€10,00) = F(Ao(Zj,2j44), 21, - -, 21525415 -+ Bjpim1s Bjpitls - - - > Zk)

where 7 € {1,...,k — 1} and i € {1,...,k — j} are arbitrary and Z,,(t) := e4~'z,,. By the
previous considerations, we know that f;; € L'(0,00). Note that we have the decomposition

fij(t) = F o fi;(t), where
.F(Vl, e ,Vk) = F(AO(A;IVj,A;IVj+i),V1, e 7Vj—1yvj+17 e 7Vj+i—1avj+i+17 e ,Vk)7
fij(t) = eA“t(Zl7 . ,ijl,Aﬂ—Zj,ZjJrl, vy L1, Aﬂ—Zj+i, Zjtitly--- ,Zk).

Observe that since F € Sk_1(V, V'), we have for (vi,...,vy) € V¥

F(vi,-o vl < MIA(A v, ALl [T Ivallv

mg{ji+s}
< MIATY v A Vsillezy [T Ivmllv < MIvilivIvisilly T Ivmliv.
me{j.j+i} me{ji+i}
s Hence, F € M(VF* R). Moreover, since (z, zi,) € D(A?)F we have A et~ A,z; € LY(0,00; V),

4 see [23, Theorem II 6.13( )], and thus f” € W1 10, 00; V¥). From [14, Lemma 9], it follows that
s fiy € WH(0,00) and f};(t) = DF(fi; (1))} (0)-
Let us now define the function

k—1k—j
= f Zh PN ,ik).
j=11i=1
We obviously have g € W11(0, 00) and g(T') fo t)dt. Moreover, there exists a sequence

{tx} with t; = oo and |g(tx)| — 0 for k — oo. Thus

oo

ot) = glte) + / ¢'(s)ds = g(t)] < lg(te)] + / 19/(5)] ds.

ty tr
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Since ¢’ € L(0, 00), it follows that ftio lg'(s)|ds — 0 for t;, — oo. This implies g(¢) — 0 for t — oo.
It can be verified that
k

g'(t) = Zg(ih ey Zi1, Ay Zig s Z)-

=1

Asymptotically, this leads to

g(Zl, e

N
=
~—
Il
Q
—~
=}
N
I

0 oo k
—/ g,(t)dt:—/ Zg(il,...,Zi_l,Aﬂ-Zi,iﬂ_l,...,Zk-)
0 0 =1

k
= T(21,- .21, An2i Zig1, -, %)
i=1

which shows that T given in (54) solves (53) for z; € D(A?). By density of D(A?) in D(A), the

equation remains valid for z; € D(A) by continuity.
Uniqueness of T. The uniqueness can be shown with the same arguments provided in [14] and
is therefore skipped at this point. O

Remark 3. In the estimates of the previous proof it was used in (56) and (57) that only one
coordinate belongs to V' and the others are in V.

With regard to a result similar to (53) but for a different right hand side in (53), consider
F € Si1(V,V'). For z1,...,2z; € V, the definition of S;11(V,V’) yields that F(-,z1,...,2;) €
L(V',R). We particularly have that F(-,21,...,2;) € L(Y,R). Identifying the last term with its
Riesz representative in Y, we can define B*F(-,21,...,2;) € U. With the same technique used in
the proof Theorem 4.1, we obtain the following result.

Theorem 4.2. Let k > 3,i € {2,...,k =2}, F1 € $ia(V,V') and Fo € Sk—ix1(V,V'). Then,
there exists a unique T € Sk(V, V') such that for all (zy,...,zx) € D(A)*,

k
Z:I7V(Z17 e ,Zi_l,Aﬂ-Zi,ZH_l, e ,Zk) = g(Zl7 - ,Zk)7 (58)

i=1
where:
g(Zl, ey Zk) = <B*.F1(‘,Z1, e 7Zi), B*.FQ(’,Zi+1, e 7Zk)>U~

For what follows, let us briefly recall a symmetrization technique introduced in [14]. Let i and
j € N, consider
Sij = {U €Sitjlol)<---<o(i)and o(i+1) <--- < U(i+j)},

where S is the set of permutations of {1,...,i+ j}. A permutation o € .S; ; is uniquely defined
by the subset {c(1),...,0(i)}, therefore, the cardinality of .S; ; is equal to the number of subsets

of cardinality ¢ of {1,...,¢ 4+ j} and, hence, |S; ;| = (l —l.—j . For a multilinear form 7 of order

1+ 7, we set

Sym, ;(T) (21, -, 2iy5) = (z‘ﬂ‘)—l[ > Ty Zotiry)]- (59)

(3
oc€S;j

Theorem 4.3. There exists a unique sequence of symmetric multilinear forms (Tg)k>2, with Ty, €
Sk(V, V') and a unique sequence of multilinear forms (Ri)k>3, with Ry € M(D(A)*,R) such that
for all (z1,22) € V2,

T2(21,22) := (z1, Hza)y (60)
and such that for all k > 3, for all (21, ...,z;) € D(A)*,

k
ZE(Zl, ey Zj_1, AﬂZi, Zi+1, ...,Zk) = Rk(zl, ...,Zk), (61)
i=1
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where
12k
Rk(Zh e 7Zk') = % ; (Z) Symi7k_i (C,L ® Ck—i) (Zl7 e 7Zk-)
k—1k—j (62)
+ Ti—1(A0(Zj,2j4i), 215+ Zj15 2t 1y -+ o5 Zjbio1s Bjbitls - - - > Zk)
J=1i=1

with Ci(z1,...,2;) = B*Tix1(~ 21, ...,2;), and >, =0 forr < 2.

Proof. The statement follows by induction over k. We begin with & = 2. By definition and
well-known results for linear quadratic control problems, see, e.g., [15, 20], we obtain that 75 €
M(Y x Y, R). Moreover, the operator II is the unique stabilizing solution to the algebraic Riccati
equation. Hence, T2 is unique. Let us show that 75 € So(V, V). For this purpose, note that the
Riccati equation (50) can be rewritten as a Lyapunov equation for the closed-loop system:

<Z2,A Z1>y + <A Z1,Z2>y + <Z2,Z1>Y + — <B HZl,B HZ2>U =0, Vzy,2z9 € D(A)

Similar as in the proof of Theorem 4.1, we have the explicit integral representation
To(z1,22) = —/OOQ<ZQ,Z1>Y + - ! (B*T1z, B*1zs)y dt,
where z;(t) = e?vz;,i = 1,2. This implies the estimate
|T2(z1,22)| < M/OOO 1y [|Z2ly dt < M||Z1][22(0,00;v) 122/ L2(0,00:v) < M||Z1 v/ |22V

We thus have T3 € M(V’ x V' R) which in particular implies T3 € Sy(V, V’).

For k > 3, the equations (61) are linear and existence and uniqueness of 7 € Si(V,V’) and
R € M(D(A)*, k) follow from Theorem 4.1 and Theorem 4.2. Symmetry follows from the explicit
integral representation of Ty as well as from the symmetry of Rj which is a consequence of the
relation

k—1k—j
ZZE—l(AO(zj7Zj+i)7Z17"'7zj—17zj+17"'7Zj+i—1yzj+i+17"'7zk‘)
j=11i=1
k—1k—j
=3 (Tea(oz1, 121,201, Bty Ziints - Zk), Ao(24,25400))y
j=11i=1
k k—1
( 5 )Symk 2.2 (Th—1 ® Ao) (21, - - -, Z).

O

Remark 4. We point out that it is essential to allow that 7, € S(V,V’) rather than M(V* R).
In fact, since B* € L(Y,U) the first summands on the right hand side of (62) would otherwise not
be well-defined, though it would suffice to demand 7 € S(V,Y’). Similarly the second summands
would not be well-defined, since they contain the terms Ag(2z;,z;4:).

Remark 5. For the analysis of the polynomial feedback law below it will be convenient to note
that for the special case z; =y € D(A) for i =1,...,k with k > 3, we obtain
k-1

1 k " *
Z () <B 7;+1('aY7-~'aY)?B 77€—i+1('aYa---aY)>U

20 4 (]
=1

k(k - 1)72?—1(F(Y)3y7 s 7y)

ETe(Ay,y,....y) =

5. Polynomial feedback control. Let us next analyze the polynomial feedback law ug: V — U
obtained by

d
Z B*E('aydauwyd)a (63)

k:2

QM—‘
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with Ty given in (60) and (61). We then obtain the following closed-loop system
Ya = Aya — F(ya) + Bua(ya), ya(0) =yo. (64)

The subsequent proofs rely on local Lipschitz continuity estimates for the nonlinear part of the
feedback law. It will therefore be convenient to introduce

1
=————BB*Ti.(.y, ...
for each k > 3 such that we have
1 1
Vg = A,yqa—F - = BB*Te(,v4, ...,
Va=Axys— F(ya) az(k_l)! Te(Yds - Ya)

k=3 (66)

d
= Axya — Flya) + > Gr(ya)-
k=3
As mentioned before, for T, € Si(V,V’) and for fixed y € V, the term Tx(-,y,...,y) € L(Y,R).
With gx(y,...,y) € Y let us denote its Riesz representative. Hence, we obtain

gy V)ly = sup  [Ta(z,y,...,y)| < Mly|& "
ZGBy(l)

One can easily show the following local Lipschitz estimate for Gy which extends the 2-D result
given in [13].
Lemma 5.1. For all k > 3, there exists a constant C(k) > 0 such that for ally andz € V,
1Gr(y) = Gr(@)ly < CR)|ly — 2llv max(|lyl|v, [l2llv)*>.
Moreover, for all 6 € [0,1], for all y and z2 € W (D(Ax),Y) such that ||y|lw. (pcay),y) < 0 and
12l w.. (D(Ax),Y) <6,
1Gk(¥) = Gi(Z)|L2(0,00:v) < C(R)OIY — 2w (D(a2),v)-
As a consequence, we obtain the local well-posedness of the closed-loop system.

Theorem 5.2. Let C' and C(k) denote the constants from Corollary 2 and Lemma 5.1. There
exists a constant Mg > 0 such that for all yo € V' with

1
d
A(C + 33 C(R) M)
the closed-loop system (64) has a unique solution yq € Woo (D(AN),Y), which satisfies

lyollv <

[yallw. (pay).y) < 2Masllyollv. (67)

Proof. Similar to the proof of Lemma 2.1, we obtain the existence of a solution y € W, (D(A,),Y),
satisfying (67). Let us therefore focus on uniqueness and denote by y and z two solutions to (64)
in Weo (D(A)),Y). We set € =y —z. Again, as in the proof of Lemma 2.1, there exists M > 0
such that

d
1d _
sqlle®ls < M<1 Iy (D)) + 120 [F2(y + Y Ck)? max(|ly (8)]v-, 12()|v)** 2)) le(®)15,
k=3
for all ¢ > 0. Since y and z € W (D(4,),Y) and e(0) = 0, we obtain with Gronwall’s inequality
that e = 0. O

6. Error estimates. In this section, we analyze the feedback law (63) and compare it to the
optimal value V(yq). We follow a strategy used in [14] which is based on a polynomial function V,
of the form

d
1
Va: V=R, Valy) =) Eﬁ(}f,--.,y)- (68)
k=2

The motivation for the specific definition of V; is that in the 2-D case, the sequence of multilinear
forms T coincides with derivatives D¥V(0) of the value function considered as continuous multi-
linear forms on Y*. Hence, in that case the expression for V; represents a Taylor series expansion
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of V around 0 in the Y topology. In the 3-D case we utilize the structure of the 2-D case to propose
approximating feedback controls based on the generalized Lyapunov equations from Theorem 4.3.
Using that V is differentiable on V', we can eventually derive error estimates analogous to those
obtained in [13].

We begin by showing that V; as defined in (69) satisfies a perturbed HJB equation. For this
purpose, consider the following polynomial term for y € V:

| 2= d—1
BT
=d+1 t=k—d+

1
m <B*72+1(’7ya s 7y)aB*77€7€+1('7ya s ay)>U .

L (69)
—T4(F e y).
e 1)!721( (¥),¥:--u¥)
Before stating the announced result, note that V,; is Fréchet differentiable on V' with
S
DVa(y) = Zmﬁ(w}’wna}’)o (70)
k=2 ’

Moreover, by Theorem 4.3, we know that DV, can be uniquely extended to an element in L(Y,R).
As an element in £(Y,R) it satisfies the announced perturbed HJB equation.

Proposition 5. For all d > 2 and all'y € D(A), we have

DVu(y)(Ay ~ F(y)) + 3 Ivl — 5o (B DValy), B DVay)yw +raly) =0. (71

Moreover, for all d > 2, there exists a constant C' > 0 such that for ally € V,

2d
ra)l < C Y Iyl (72)

i=d+1

Proof. Let us prove (71). We fix y € D(A). Since T3 is characterized by IT which satisfies the
algebraic Riccati equation 50, we obtain for d = 2

— DValy)(Ay — F(y) = 5 I¥IF + 5 (B DValy), B DVa(y))u
= ~Ta(dy — F(7),y) = Iy + 5 (BT(.y). B Tal )

= T4y, y) — 5 IV} + o= (B Ta(,9), BTy +Ta(F(3),y) = 7a(y)

=0

Now let d > 3. Our proof is based on Theorem 4.3. From Remark 5, we know that the expressions
of the multilinear forms can be simplified when the mappings are evaluated at (y,...,y) € Y* and
(y,...,y) € Y* respectively. In particular, we have

k—1
]. k ® *
kﬁ(AyaY7ay):2aZ<Z> <B 7;+1('7ya"'aY)vB 77cfi+1('7Ya"'ay)>U

i=1
+ k(k - 1)77671(F(y)7Yv e 7Y)

We are now ready to prove (71). By (70) we have

(73)

d+1

d
1
DVa(y)(Ay — F(y Z Tk (Ay, y7~-~,y)—z(k 21 T+ L(F(y),y,--y),  (T4)
k:2 k=3
and in a similar manner
) d 1 ) -1, )
B DVd(y) = Z (l— 1)'B 72(7}’77}’) = HB 7;+1('7Ya"'aY)'
=2 : i ’
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1 As a consequence, we obtain

d*ll d—1 1
<B*DVd(y),B*DVd(y)>U = < 53*7—i+1 7 ;B* +1 Y. ,y)>
i=1 j=1 U
d k-1
= <B*7—2( ) B* 7-2 U+ZZ£| k E 72+1< Ya"'7y)’B*77c7€+1('ay7"'ay)>U
i B k=3 /¢=1
+ ) Z (B T (5550 ¥), B T (59509 )y -

k=d+1{l=k— d+1

From (74) and (75), we conclude that

~

)

~ DValy)(Ay ~ F(¥)) = 5I¥l1} + oo (B DValy), B*DValy))y
;[25<ﬁyow+|yM~—;u¥7xyyx3“5my»U]

kE(AY7y7 cee vy) - k(k - 1)77671(F(Y)7y7 v 7y)

1
’;k!

k—1
1 AN )
_%Z (e) <B 72+1('aY7~"7Y)7B 77<:z+1(~,y,...7y)>U]
(=1
2d—2 —
+ 2 Z (B Tor(¥s ) B Toia (5,30
k= d+1€ k—d+1 ‘o
+@jﬁnwwywww

The terms in brackets in the above expression are equal to zero by (50) and (73). This proves (71).
For the estimate (72), we use E € Sp(V, V’) and the definition (69) to obtain

2d—2 —

|rd |<M Z Z k‘ g HﬁJrl("yv"'7y)||Y||77€*5+1('7ya"'aY)HY

k=d+1 {=k— d+1
+ M|Ta(F ()y7~-~,y)l

2d—2
(Z Z Iy 1V + 1F(y )IIV/IIYI?/‘1>.

k=d+1 f=k—d+1
2 The assertion now follows with Proposition 2. O

Lemma 6.1. Let d > 2. Then, there exists 6 > 0 and a constant M > 0 such that for all
Yo € By (do),

oo

| ra@rat < Clylli and [ ratvae) < Clloli
0 0

s where y is the optimal trajectory for problem (P) with initial value yq.

Proof. By Proposition 4 and Theorem 5.2, for § > 0 sufficiently small there exists a constant Cy
such that for all yq € By (9),

max (||lyallw.. o,y 1¥lwe@an,yy) < Cillyollv

4 Since we can assume that ||yo|lv < 1, the statement is a consequence of Proposition 5. O

Let us now consider a perturbation Jy of the cost function J of the form

1 o0 o o0 oo
Ty =g [l e+ G [l des [ty a

5 Next, we show that the polynomial feedback law ug(yq) = —éB *DVy(yaq) with the correspond-
6 ing trajectory y4 performs better than (y, ) with regard to the perturbed cost function Jy.
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Lemma 6.2. Let d > 2. Then there exists 6 > 0 such that for all initial values yo € By (do)
Va(yo) = Ja(ya, ua) < Ja(y,w)

where (y,@) is the optimal solution for problem (P) with initial value yyq.

Proof. By Lemma 6.1, it follows that Jy(y,4) and Ji(ya4,uq) are finite. We have that y €
H'(0,00;Y) and, hence, for all T > 0, it holds that y € W11(0,7;Y). We can apply a chain
rule established in [14] to each of the bounded multilinear forms which appear in Vy(y(-)). Omit-
ting the time variable in what follows, we obtain

%vd(y) = DV4(y)(Ay — F(3) + Ba).

By Proposition 5,
_1
2
= —La(y,8) + 5 (B DValy), B DVa(3))ur + DValy) (B + 2l

CVul9) = —raly) — 913 + o (B DVay), B DVals))o + DValy)(B)

dt

where (4(y,u) :== S|lyl|3 + $||lull¥ + ra(y). Hence, it follows that
2

d _ o oalf_ 1_, _
an(Y) = —Ly(y,u) + 7 ||@ + EB DVy(y) ., (76)
We deduce that
T
Valy(T) = Valyo) = = | talsa) (77)
0
With a similar derivation for u = ug4, we infer that
T
Valya(T)) = Vatyo) == [ falya,ua)dt, (78)
0

since for this control, the squared expression vanishes. We have limr_, o, y(T') = 0 and limy_,o ya(T) =
0 in V. Since Ti € Si(V, V'), this implies that

T—00

Vd(}_’(T)) — 0 and Vd(yd(T)) T—> 0.

— 00

Finally, passing to the limit in (77) and (78), we obtain

Ja(y,u) = /000 Ly(¥,a) > Valyo) = /000 La(ya,uq) = Ja(yd, ua)-

The lemma is proved. O

We now prove that V; is a Taylor expansion of V and analyze the quality of the feedback law
uq in the neighborhood of 0.

Theorem 6.3. There exists 6 > 0 and a constant M > 0 such that for all yo € By (9)

V(yo) < J(ya,ua) < V(yo) + 2M|yol &, (79)
V(yo) = Va(yo)l < Mllyol7+ (80)
Proof. The following inequalities follow directly from Lemma 6.1 and Lemma 6.2:
Va(yo) = J(ya,ua)| < Mllyoll7, Va(yo) < Ja(y,w),
V(yo) — Ja(y.@)| < M|lyolli, V(yo) < J(ya, ua),

where @ is the unique solution to (P) with initial value yo. Therefore,
T(yasua) = 2M|[yo |7 < Va(yo) — Ml|yoll{*" < Ja(y, @) — M|yoll5
<V(yo) < J(ya,ua) < Valyo) + M|lyollF™,

which proves inequalities (79) and (80). O
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Theorem 6.4. Let d > 2. There exist §g > 0 and M > 0 such that for all yo € By (dg), it holds
that

17 = yallw. oan vy < Mllyoll¥,
1% — wall£2(0,00;0)5 < Mlyoll{,

where (y,0) = (V(yo),U(y0)), Ya is the solution of the closed-loop system (64) with initial condition
Yo, and uq is the associated control.

The proof follows in part the arguments provided in [14] for the 2-D case. But it also requires
some changes and thus it is given in the Appendix.

7. Conclusions. An asymptotic expansion for the value function to an optimal control problem
associated to the Navier-Stokes equation in dimension three was developed. The terms of the
expansion are multilinear forms arising as the solutions to generalized Lyapunov equations. To
achieve the desired approximation properties it is essential to consider the domains of these multi-
linear forms as an appropriate combination of H*(£2) and IL?(2) spaces. In future work the impact
of the generalized Lyapunov equations for the numerical realization of feedback mechanisms is of
interest. This will require an independent effort, however.

Appendix A. Proofs.

Proof of Lemma 2.1. From [10, Theorem I11.1.3.1] it follows that for all (yq,g) € V x L?*(0,00;Y)
the system

z=Asz+ g, Z(O) =Yo
has a unique solution z € W (D(A;),Y). Additionally, there exists a constant My such that
I2llw.pa.).v) < Ms(llyollv + 18|22 0,00:v))- (81)

Let us without loss of generality assume that Mg > % Similar to [13, Lemma 5], we are going to
apply a fixed-point argument to the system (25). For this purpose, let us define

M= {y € Weo(D(A:),Y) | |¥llwe (D(a.),y) < 2Mev}
as well as the mapping Z: M 3y — z = Z(y) € W (D(As),Y), where z is the unique solution of
z=Az—F(y)+£f, z(0)=yo.

If there exists a fixed point of Z, then it is a unique solution of (25) in M. With C' and M, given,
we shall use Corollary 2 with § = 2My < ﬁ <1 and (81) to obtain

lzllw.. (D), y) < Ms(IF ()|l 22(0,00:v) + Il 220,007y + l¥0llv)
1
<M, [ —— < 2M,n.
< M, (g W lhvotan +7) < 23

This implies Z(M) C M. For y;1,y2 € M consider z = Z(y1) — Z(y2) solving
z= Az — F(y1) + F(y2), 2(0)=0.
Again by (81) and Corollary 2, it follows that
12(y1) = Z(y2)lwe(p(a0).v) = IZllwe(an),v) < Ms(1F(y1) = F(y2)ll20,000v))

1
< MoC|ly1 — yallwe (pay),y) < 5“3’1 —yallw. (>, v)-

Hence, Z is a contraction in M and there exists a unique y € M with Z(y) = y. Regarding
uniqueness in W (D(4s),Y), consider two solutions y,z € Wy, (D(As),Y). The difference e :=
y — z then satisfies
é=Ae—F(y)+ F(z), e0)=0.
Multiplication with e and subsequent integration yields
1d

sgllelly = (Ase.e)y —(F(y) = F(z),e)v v
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Note that A satisfies an expression analogous to (21). We thus have

1d
s lells < allelly = Bllelli + 1F(y) = F(z)lv-llellv,
with @ > 0 and 8 > 0. From Proposition 1 and Young’s inequality we conclude that

1d

sqplleld < allel = Bllel? + M (lelly Iylla ) + el Izl ) llellv
M M.
< allell} — Bl + llellt + - llelld (vl + Izl )

Choosing ¢ large enough, this yields

1d M.
gttt < (0t v + el ) -

Since y,z € W (D(As),Y) and e(0) = 0 we can apply Gronwall’s inequality and obtain that
e(t) = 0 for all ¢ > 0. This shows uniqueness of solutions in W (D(4;),Y). O

Proof of Lemma 3.4. By continuity of the mapping ), there exists d5 € (0,d4] such that for all
Yo € By (35), |Y(yo)ll £ (0,00;v) < 04

We now claim the following: for all yg € By (d5), we have p(0) = DV(yq), where p = P(yp). To
verify this claim, let yo and yo € By (d5), and set (y,u,p) = (V(yo),U(yo), P(yo)) and (y,a) =
(V(30),U(F¥0)). We have

50) — — (Lisz + Srane) = (Livnz + S
V(50) = Viyo) = (31512 + Slal?) = (512 + Sllul?)
<pa (Ay F( ) + Bﬂ’)>L2(0,oo;Y)
+ <pa y - (Ay - F(y) + Bu)>L2(0,Do;y)‘ (82)

Indeed, u and @ are optimal and the last two terms vanish. The following four relations can be
easily verified:

1.1 N 1.
§||y|\2 - *Ilyllz = (V¥ = Y)1z000) + 515 - yl?,

Q. Q.
Sl — Sl = o, — )0 e + 2,
_ _ (83)
F(Y)— Fly)=FFy-y)+Ny -y, y) +N(y.y —v),
=((-y)VI-Y+F-y) Vy+y V)T -v)
—(P,Y = V) r2(0.00:v) = (P(0), 50 — Y(O)v/v + (B ¥ — ¥) 12(0,00:[D(Ax)]),L2(0,00:D(Ay)) -
Combining (82) and (83) yields
- B 1, . o
V(¥o) = V(yo) = (p(0).5(0) = y(0))vrv + Sy — vl + PLe ull?;
— (P, F(y - y)>L2(0,oo;Y) +(ou+B"p,i— u>L2(0,oo;U)
=0
. T ~
+ <p + A/p + y + P((y ! v)p - (VY) p)7 y - y>L2(O,OO;[D(AA)]’,L2(O,OO;'D(A>\)))'

=0

For yo = yo + h, we have ||y — y|lw. (pa,),y) < M|h|v and ||& — ul|12(0,00,0) < M |||y, by the
Lipschitz-continuity of the mappings Y and U. It follows that the three quadratic terms in the
above relation are of order ||h||#, and thus that

V(¥0) = V(yo) — (P(0),¥0 — yo)v',v|
1 . o B
= 515 = ¥I3 + S1a = ully = (0, FG = 9)) 10 ey | < MBI

This proves that DV(yo) = p(0), as announced.
Let yo € By (05), set (y,u,p) = (Y(¥0),U(y0),P(yo)) and choose t > 0. To verify (48), we
define
V:s>0—=y(t+s), a:s>0—ult+s), p:s>0—pt+s).
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By the dynamic programming principle, @ is the solution to problem (P) with initial condition
¥(0) = y(¢). The associated trajectory and costate are ¥ and p. Since ||y (¢)||v < d4, we can use
the above arguments to obtain that DV(y(0)) = p(0) and finally that DV(y(t)) = p(¢) in V'.
Since p € L?(0,00;Y), this equality also holds in L?(0,00;Y). O

Proof of Theorem 6.4. The main idea is to express the dynamics of the error e(t) := y(t) — ya(¢)
in feedback form by utilizing classical results on remainder terms for Taylor approximations. Let
us detail the most important steps. First, for dg sufficiently small, from Corollary 5 we know that
V is smooth and, hence, can be approximated by a Taylor series around 0. From Theorem 6.3 it
also follows that

d
V() = D0 iy 3 = olllyld), vy € By (Go).

Since the T}, are multilinear forms on V¥, the uniqueness of Taylor expansions implies that indeed
D*V(0) = Ti. Consequently, with [30, Theorem 4A], we also obtain a Taylor series expansion of
DYV of the form

d
DV(y) = kZ_Q C ,1 1)!7%(-73'7 --,y) + Ra(y), Vy € By(d)

where the remainder term Ry is given by

11— pyd-1
Rd(y)=/0 (1(d_)1)!Dd+1V(Ty)(wy,-~-,y)dT~

In particular, along the optimal trajectory y(-) = Y(yo)(+) it holds that

d
p(t) = P(yo)(t) = = Z

k:2

VO)(,¥ (@), -, y(#) + Ra(y(1).  (84)

By Proposition 3 we know that p € L?(0,00;Y). Similarly, since ¥y € W, (D(A),Y) from Theorem
4.2 it follows that

DkV(O)(,y(), s ;}_’()) € L2(Oa 003 Y)

d 1
=

Using (84) we then obtain R4(y(-)) € L?(0,00;Y). Consider now the error dynamics which satisfy

d
1
o — A — F - 7BB* y
e ~e—F(y)+ F(yaq +z§:3 - Gir(ya)) o Rqa(y),

with G as in (65). Defining a forcing term f via
d 1
f.=-F F( — Gg( — —BB*Ry(y
(¥) + F(ya) + l;) k(Ya)) o a(¥)

yields a system of the form € = A e + f,e(0) = 0. Moreover, for dg sufficiently small, we have the
following estimate

(£l 22(0,00,v) < M(Slleflw(pay,y) + Iyoll{-),
where the constant M is independent of yy and 4 can be made arbitrarily small by reducing the

value of d¢. This shows the first estimate. The estimate for the controls @ and ug then follow
exactly as in the proof of [14, Theorem 22]. O
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Appendix B. Linear optimality systems. Here, we analyze a class of linear optimality systems
that arise in the proof of Lemma 3.3. With the space X defined as in (43), for a given (yo,f,g, h) €
X, we consider:

i Jle, h(y, bject to: elf, u) =0, L
L min g hl(y.w) subject tor eff.yol(y.u) (LQ)

u€L?(0,00;U)
where J[g, h]: Woo(D(AN),Y) x L2(0,00;U) — R and e[f,yo]: Weo(D(A)),Y) x L%(0,00;U) —
L?(0,00;Y) x Y are defined by
1 [ a [ 5
Jg, hl(y,u) = 3 ; Y1y At + (8, ¥) £2(0,00:1D(42))),L2(0,00D (A1) T 5 ; [ullgr dt + (B, u) £2(0,00,0)
e[f.yol(y,u) == (¥ — (Ay + Bu+£),y(0) — yo) € L*(0,00;Y) x V.

1 Proposition 6. For all (yo,f,g,h) € X, there exists a unique triplet (y,u,p) € W (D(A),Y) X
2 L%(0,00;U) x Wao (Y, [D(AN)]') such that

y—(Ay+Bu)=f in L?(0,00;Y)
y(0) = yo inV (85)
-p-Ap-y=g¢g in L?(0, 00; [D(A)])
au+ B*p= —h in L?(0, 00; U).
3 Moreover there exists a constant M > 0, independent of (£,g,h,yo), such that
(3, % P IWee (D(Ax),¥) % L2(0,00:0) x Woe (v, [D(AN)]) < M[(¥0, £, 8, h) | x- (86)

Proof. For finite horizon problems the proof would be standard. For the infinite horizon case the
result cannot readily be obtained from the literature, and thus we decided to provide a proof here.
We prove the assertion with the help of the following two auxiliary statements.
Claim 1. There exists a constant M > 0 such that for all (f, g, h,yo) € X, the linear-quadratic
problem (L) has a unique solution (y, ) satisfying the following bounds:

® N o o N

1¥llwe (oan),y) < M[(yo, £, g, h)Ix  and  lullz2(0,00:0) < M||(yo,f,8,7)|x- (87)

Proof of Claim 1. Due to Consequence C3, problem (LQ) is feasible. Let us now consider a
minimizing sequence (Y, U, )nen. We can assume that for all n € N,

T[g. Bl(yn: un) < M|[(yo. £, 8,h)[%- (88)
Let us show that the sequence (y,,u,) is bounded in W, (D(Ay),Y) x L*(0,00;U). By Young’s
inequality, for all € > 0 it holds that

1
J(g, h)(yn, un) > §||y7’LH%2(O,oo;Y) = I8l £2(0,00: a1 1Y ll 22 (0,000 (1)

«
+ 5”“’””%2(0,00;U) - Hh||L2(0,oo;U)Hun”L?((),oo;U)
1 1 €
§||ynH%2(O,oo;Y) - 27€Hg||%2(07oo;[D(AA)]’) - §||yn||2L2(0,oo;D(A>\))
||h||L2(O,oo;U) 2 . ”h’H%Q(O,oo;U)
« 20

Y

@ 2
T3 l[unllZ2(0,0050) —
o Combining this estimate with (88), we obtain that

max({|ynll £2(0,00;v)s [[Unll £2(0,00;,0))
1 (89)
<M (|[(yo,f,8,2)lx + VellynllL2(0,00(45)) + %Hgllm(o,m;[b(mm .

Consequence C2 now implies that

1¥nllw. oan.y) <M (lyollv + Il 20,007y + Y01l 22(0,00v))

1
<M (II(in’ g, M)l x + VellynllL20,00p(45)) + ﬁllgllm(o,oo;w(m)]')) .
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for some constant M independent of (yo,f, g, h) and e. Choosing ¢ sufficiently small, this yields

Iynllw. dan.y) < Ml(yo, f,g,h)|x.
Utilizing (89) we further arrive at

[unll 20,000y < MlI(yo. £, 8, h)] x-

It follows that the sequence (y.,,u,) is bounded in W (D(A,),Y) x L?(0,00;U) and has a weak
limit point (y,u) satisfying (87). One can prove the optimality of (y,u) with the same techniques
as those used for the proof of [14, Proposition 2]. The uniqueness of the solution directly follows
from the linearity of the state equation and the strict convexity in u of the cost functional.

Claim 2. For all (yo,f,g,h) € X, there exists a unique costate p € W (Y, [D(4))]’) satisfying
the following relations:

-p-Ap-y=g (90)
au+ B*p= —h. (91)

Here (y,u) denotes the unique solution to (LQ). Moreover, there exists a constant M > 0 inde-

pendent of (YOa f7 g, h) such that Hp”Woo(Y,[’D(A)\)],) < M”(yOa f7 g, h)HX
Proof of Claim 2. The mapping elf,yo] is continuous and affine, and thus its Fréchet derivative
is given by

De: Wao(D(AY),Y) x L*(0,00;U) — L*(0,00;Y) x V
De(z,v) = (z — (Az + Bv), z(0)).
Let us argue that De is surjective: Let (r,s) € L?(0,00;Y) x V and consider
z— (Az + Bv) =r, z(0)=s.
By Consequence C3 there exists w € W (D(A)),Y) such that
w=(A—-BK)w+r, w(0)=s.

Setting v = —Kw € L%(0,00;U) we have solved De(z,v) = (r,s). The remaining arguments are
similar to those provided in the proof of Proposition 3 and are thus omitted here.
O
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