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Abstract Due to simplicity, computational cheapness, and efficiency, the Barzilai and Borwein (BB) gra-
dient method has received a significant amount of attention in different fields of optimization. In the first
part of this paper, based on spectral analysis, R-linear global convergence for the BB-method is proven for
strictly convex quadratic problems posed in infinite-dimensional Hilbert spaces. Then this result is strength-
ened to R-linear local convergence for a class of twice continuously Fre¢het-differentiable functions. In the
second part, aiming at problems governed by partial differential equations (PDE), the mesh-independent
principle is investigated for the BB-method. The applicability of these results is demonstrated for three
different types of PDE-constrained optimization problems. Numerical experiments illustrate the theoretical
results.
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1 Introduction

First-order (gradient) methods are progressively getting more attention since it has been realized that for
a suitable choice of the step-length, using the negative gradient as the search direction may give rise to
very efficient algorithmic behavior. As a pioneering work, we can refer to the method proposed by Barzilai
and Borwein in [I0] abbreviated as the BB-method. In this work, the authors demonstrated that choosing
an appropriate step-length leads to a significant acceleration over the steepest descent method. The BB-
method incorporates the quasi-Newton property, by approximating the Hessian matrix by a scalar times
the identity which satisfies the secant condition. Despite the simplicity and cheapness, this method has
exhibited a surprisingly efficient numerical behaviour. This stimulated a significant amount of research. In
the original work [I0], the authors established R-superlinear convergence for two-dimensional strictly convex
quadratic problems. Later, Raydan [70] and Dai and Liao [25] proved, respectively, global convergence and
R-linear convergence rate of the BB-method for any finite-dimensional strictly convex quadratic problem.
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One of the important feature of this method is the nonmonotonicity in the values of the objective function
and gradient norm. To preserve this feature, some authors [34,[71] managed to prove the global convergence
of the BB-method for finite-dimensional unconstrained optimization problems based on the nonmonotone
line search techniques introduced in [33]. A deep analysis of the asymptotic behaviour of the BB-method
was given in [22/[28]. In these works, the surprising computational efficiency of the algorithm in relation to
its nonmonotonicity was discussed and several circumstances were presented under which the performance
of the BB-method (without globalization) is competitive, or even, superior to conjugate gradient methods.
This occurs, for instance, when a low accuracy for the solution of problem is required, or when significant
round-off errors are present, and the objective functions is made up of a quadratic function plus a small
non-quadratic term (near quadratic). Since then, inspired by the BB-method, many authors designed and
analysed several step-length rules for the gradient method by investigating the role and behaviour of the
eigenvalues of the Hessian matrix, rather than the decrease of the function values see e.g., [20L2226]27][29]
47)[851[87]. Due to simplicity and efficiency, the BB step-sizes have been being widely used in various fields
of mathematical optimization and applications, including nonsmooth optimization [12}[T3}46}63L64L69L[8T]
83], inverse problems [18][32L[54,60,65L72L73L[79,84] constrained optimization [17430L44l45]6TL86].

In this work we aim to study the BB-method within the scope of PDE-constrained optimization. For
optimization problems governed by partial different equations, every function evaluation is typically carried
out through solving a partial differential equation (state equation). Hence function evaluations can be
computationally very expensive and it is desirable to avoid them as far as possible. Moreover, due to
numerical discretization, the presence of round-off and truncation errors is inevitable and, depending on the
discretization procedure, the finite-dimensional approximation for the gradient of the original problem need
not coincide with the gradient of the finite-dimensional approximation for the original problem (optimization
and discretization do not commute). A wide range of models arising from industry and natural science
are formulated as optimization problems governed by linear and semilinear partial differential equations.
For these problems, the corresponding reduced formulations lead to infinite-dimensional quadratic and
near quadratic unconstrained optimization problems. In this respect, we mention [7}[8[9] in which the
BB-method was efficiently employed in the context of the model predictive control for PDEs. In view
of the above discussion, we are motivated to study the BB-method for a more general class of problems,
namely, unconstrained problems posed in infinite-dimensional Hilbert spaces. Here we focus on the following
unconstrained optimization problem

min F(u), 1)
where F : H — R is a twice continuously Fréchet differentiable function defined on an abstract Hilbert
space H with the inner product (-,-) and its associated norm | - ||. The Barzilai-Borwein iterations for

solving are defined by

1
Ug+1 = Uk — —Gk, (2)
ay

where Gy, := G(ug) and G : H — H stands for the gradient of F. This gradient is defined by G := R o F/,
where F' : H — H' is the first derivative of F, and R : H' — H is the Riesz isomorphism, with %’ denoting
the dual space of H. Thus for every du € H, we have F'(u)du = (G(u),du), with (-,-) denoting the inner

product in H. Furthermore, the step-size aj > 0 is chosen according to either
aBBL (Skflyykfl)’ or aBP?._ (3)1671,3)1671)7 (3)

(Sk—1,Sk-1) (Sk—1,Vk—-1)

where Si_1 := up — up—1 and YVi_1 := G — Gx—1. With these specifications we are prepared to specify
Algorithm [I] which will be investigated in this paper. As mentioned before, numerous results have been
published on the BB-method, but, to the best of our knowledge, for optimization problems posed in infinite-
dimensional spaces, there still does not exist a rigorous theory. Here we take a step in this direction and,
as a first contribution, we analyse the convergence of Algorithm [} Inspired by the result in [25] and based
on the spectral theorem, we establish the R-linear global convergence of Algorithm [T] when it is applied to
strictly convex quadratic problems defined by bounded uniformly positive self-adjoint operators. Then this
result will be extended to a local convergence result for twice continuously Fréchet differentiable functions.
As the second contribution, we analyse the mesh independence principle (MIP) for Algorithm (I} This
important property roughly states that the algorithm shows a similar convergence behaviour for the infinite-
dimensional problem and its finite-dimensional approximations (discretized problems), independent of the
mesh size. This concept of MIP was initially introduced in [I] for Newton’s method. Since then, MIP was
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Algorithm 1 BB-gradient
Require: Let one of the following initial conditions be satisfied:

— C1: Initial iterates uo,u1 € H with uo # u1 have been given.
— (C2: An initial iterate u1 € H and an initial step-size a1 with o1 > 0 have been given.
. Set k= 1.
: If ||Gk || = O stop.
: If Kk =1 and C2 holds go to Step 4, otherwise choose aj equal either oszBl or akBBQ.
: Set up41 = up — aikgk, k=k+ 1, and go to Step 2.

N

studied for many different optimization algorithms and problem formulations. From these, we can mention
generalized equations [2l[3l4], Newton methods [48l[80], SQP methods [77], shape design problems [57],
constrained Gauss-Newton methods [38], gradient projection methods [52], quasi-Newton methods [49[50]
51, and semi-smooth Newton methods [40,41]. The convergence analysis of Algorithm [1| will show that,
depending on the spectrum of the Hessian, the sequence {||Gx||}x can be nonmonotone. This is the main
reason which distinguishes our analysis from that in [49/[50,51].

Our theoretical framework is supported by three optimizations problems with partial differential equa-
tions as constraints, including linear elliptic (Poisson equation), second-order linear hyperbolic (wave equa-
tion), and semilinear parabolic equations (viscous Burger equation). We show that our results are applicable
to these problems and report our numerical experience for them.

The rest of paper is organized as follows: In Section 2, we first recall some concepts from the spectral
theory for bounded self-adjoint operators. We then deal with the global convergence analysis for strictly
convex quadratic functions defined by bounded self-adjoint operators. Relying on this analysis, the local
convergence of a class of nonlinear functions is discussed. Section 3 is devoted for developing the mesh-
independent principle for Algorithm[I} In Section 4, the PDE-constrained optimal control problems alluded
to above are investigated. Finally, Section 5 presents the numerical results.

2 Convergence Analysis

In this section, we are concerned with the convergence analysis of Algorithm [1l The section is divided in
two parts. The first part deals with strictly convex quadratic problems defined by bounded self-adjoint
operators. In particular, the case in which the operator is a compact perturbation of the identity will
be treated in more detail. Strictly convex quadratic problems are of great importance, not only in their
own right, but also as a model to study the behaviour of the algorithm for twice continuously Fréchet-
differentiable functions in a neighbourhood of strong minima. In the second part, relying on the analysis of
the first part, we discuss the local convergence of Algorithm [I] for twice continuously Fréchet-differentiable
functions with Lipschitz continuous second derivatives.

2.1 Quadratic Functions
2.1.1 General Case

In this subsection, we are concerned with the following quadratic programming in an abstract Hilbert space
H

R 1
min F(u) := i(Au,u) — (b, u), (QP)

where A : ‘H — H is a bounded self-adjoint uniformly positive operator and b € H. In this case G :=
G(ur) = Aug, — b and it can easily be shown that

aBBl (Sk—1, ASk—1) _ (gkfly-Agkfl)’
(Sk—1,S8k-1) (Gk—1,Gk-1)

aBB2 _ (Sk—1, A*Sk—1) _ (Gr—1,A*Gr.—1)

(Sk—1, ASk—1) (Gr—1,AGk_1)’

(4)

Q)
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where we have used that S, = —aikgk. We define the numerical range W(A) C R of A by
W(A) = {(u, Au) : v € H, |Ju]| = 1}.
This set is convex and contains all the eigenvalues of A. Moreover using , , and the fact that

oBB2 _ (Gr—1, A*Gr—1) _ (G§—17A§k—1)
k (Gr-1,AGr_1) (Gk-1,Gk-1)

with G,_1 1= A%gk_l, we infer that akBBl, oszB2 € W(A) for all k > 1. Therefore, if we define the strictly
positive constants dins and dsup by

Oint := Inf W(A), dsup := sup W(A),

we can write
aP B aBP? ¢ [0p, 6eup]  for all k > 1. (6)

To exclude trivial cases we assume throughout that dins < dsup. For the following analysis we recall some
facts from spectral theory. The spectrum o(A) of A is a closed strict subset of the interval [0inf, dsup] With
Sint, 0sup € 0(A) and since A is a normal operator, we have W(A) = conv(c(A)) = [dinf, dsup|, where
conv(S) denotes the convex hull of the set S. Hence the interval [dinf, dsup] is completely determined by
the spectrum o (A).

Further, due to the spectral theorem [37,[82], there exists a unique spectral measure E on R which is
supported on o(A), and whose range is the set of orthogonal projections in #, such that

A= AdE).
o(A)

Moreover, for every bounded measurable function f : o(A) — R, the operator f(.A) is defined by
)= [ fd, ()
o(A)
and for every x,y € H we have

(F(A)z,y) = / FOd(Bxz, y), (8)

a(A)

where d(Exz, y) stands for the integration with respect to the Borel measure A — (Eaz,y) where A C o(A)
is an arbitrary Borel set.
From (2]) we have

Ok+1 = ai(akl' —A)G, forallk=1,2,.... (9)
k
For G1 € H we find
o1 = / By G, and  |IG1]” :/ d(ExG1,G1).
a(A) o(A)

Using and @D, we have

Go = L (a1 — A)G1 = / L (a1 = N dENG,
aq a(A) aq

and, in a similar manner, we obtain

Gr = /
o(A)

Y
H <p7) dE\G1 forevery k=1,2,....
P

«
p=1
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where ngl = 1. Moreover, we can write for k =1,2,...

1Guan]? = (imz— )G, - (T - A)gk)
[e7% Qg

. i o — A 5 (10)
= | (o — A) Gk, G =/ < ) d(E\Gk, Gr).
ag a(A) Ok

Similarly, we have

(k-1 k—1

ap — A ap — A
162 = H( - ) G, H( 2 ) G

| p=1 P p=1 P

- (11)

k—1 2 k—1 2
ap — A ap — A

= H <p7) G1,G1 :/ H (pi) d(E\G1,G1).
~1 p o(A) | =1 Ap
| P= p=
We define v4 := (S‘*‘%_:s“’f and pg := w. These quantities will be used frequently in the proofs. First

we investigate the special case in which dsup < 2dins. In this case, it can be shown that y4 < 1.

Theorem 1 Let dsup < 20int. Then the sequence {uy}r generated by Algorz'thm converges Q-linearly to
the solution u* of (QP) with the rate v.4.

Proof Recall that by , we have for k£ > 1 that

ar — A\ 2
IGussl = [ (’C—) d(ExGr. Gi). (12)
o(A) \ Ok
Since dsup < 20ing, it follows for every k > 1 and A € o(A) that
2 2
o — A Osup — Oinf 2
< = 1. 1
Qg ‘ - ( 6inf TA < ( 3)
Using ([12)) and (|13)), we obtain
2 Ssup — Oint \ 2 2
Gk ” < 5 d(ExGk, Gr) = va |Gk for every k > 1. (14)
in o(A)

Therefore, we can conclude that
1Gr11]1* <AZENGL)1>  for every k> 1,
and this completes the proof. a

If we lift the condition dsup < 2dinf, we attain the following result.

Theorem 2 Let {uy}r be the sequence generated by Algorithm |1| for finding the global minimum u* of
(QP]). Then either ux = u™ for a finite k, or the sequence {uy}i converges R-linearly to u™.

The proof requires several lemmas and will be given in the remainder of this subsection. First, we need
to define some quantities that will be used throughout the results. For any given n > 0, we denote a; :=
int + (4 — 1)n for every ¢ with 1 <14 < nj, and

by = Oinf +in  for 1 <i<ny —1,
Osup for i =ny),

where n; = L@J + 1. Then, clearly, b;_1 = a; for every i = 2,...,n, and we can define the following
family of pairwise disjoint intervals

I — {[ai,bi) for 1 <i<my —1, (15)

[any,bnu]  for i =mng.
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By construction it is clear that |I;| < n for every i = 1,...,n,, and
O'(.A) Q [5inf,5sup} = [1'. (16)
i=1
Fori=1,---,ny, we define
b la A2
(9717 12/ H( > > d(ExG1,G1), (17)
L | p1 Qp
and attain
b fap — A2 San | B M — A2
1Gr111? =/ 1T ( K ) d(ExG1,G1) :/ 11 ( E > d(ExG1,G1)
o(A) | p=1 Qp Sint | p=1 p
. . (18)
Ty k an — \ 2 Ty ft 112
:Z/ H( - ) d(BxG1,G1) =Y (g; )%
im1/L | pZ1 N 9P i=1
Moreover, we define
‘
G(k,2) := Z(gf)2 for every k> 1 and 1 < £ < ny, (19)

i=1
where n, is defined with respect to an interval length n > 0, and g¥ is defined in (I7)). Then it is clear that

u
n

G(k,ny) = XZ(gf)2 = ||Gx||*  for every k> 1.
i=1

In the following lemma we show that there exists an index nil such that the sequences {gf}k with1 <17 < nﬁl
converge to zero Q-linearly as k tends to infinity.

Lemma 1 For everyn € (0, padint], there exists a positive integer n% with 1 < nﬁ, < ny such that for every
1< < n% , the sequences {gf}k converge to zero Q-linearly with the factor pa as k tends to infinity.

Proof Choose nﬁ, € {1,--- ,n;} as the largest integer such that

nl
U i € [int, (14 pa)dini]-
i=1

Observe that this is well-defined since 17 < padins. Moreover, for every A € I; with 1 <3 < n% and every
p > 1 we have the following two cases:

1. If ap — A > 0, then we have

- A
Qp

ap — )\‘ ap
Qp

2. If ap — A < 0, then clearly both of «p and A belong to [dinf, (1 + p.4)dint] and we can write

=pa.

Qp Qp 5inf

ap—A‘ _ A —ap < (1 + pa)dint — Oint

Therefore, we obtain

(95*1)2:/1 ﬁ(apaf)g d(EAgl,gl)g/Il ("‘;AY ]ﬁ(%a;kf d(FxGr,G1)

i |p=1

(20)

9 i ap— A\ 2 k2
<o [ I d(ExG1,G1) = palol)?.

This concludes the proof. a
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Next we prove the following useful lemmas, which will be used later.

Lemma 2 For any interval length n € (0, 5‘2‘“ ), every integer £ with nf7 <l < ny, and k > 1, the following
property holds:
If the following condition
Gk +35.0) <ClIGell*  forallj>T (21)

holds for some positive 7 € N and € Ry, then there exists an mtegerj' e{r,--- , 7+ O + 1} such that

k+7\2 —= 2
(g7:7)° < 211G,

where © = O((,7) 1= [%—‘ with ¢ := max{pa, 5 + s
Proof Supposing that ' B
(g01)* > 20| Gl|*  forall j € {7, .7+ O}, (22)

we will show that B 3
(90172 < 2C)1Gx I

Due to , we have for every k > 1 that

k474142 pasy ap — A 2
(941 ) :/I H —_— d(ExG1,G1)
£41

p=1 *p
_k+? 2_ k—1 2
ap — A ap — A
= / II (”—) 1T ("—) d(ExG1,G1)
Iepa | pp Qp =1 Qp (23)
Y 2(7+1) k—1 . 2
< (M) / <L>‘) d(ExG1,G1)
inf Tepr | p1 Qp
=74 i) <A XN
Due to Algorithm [1} for every j € {7,---,7+ ©} we have one of the cases ay4; = a,?fjl or Qpyj = a,lfff.

Further, using @, the fact that A is self-adjoint, and the spectral property (8]), we have for every k > 1
and ¢ =0,1,2, that
> G

Rt « A 2 kot o A 2 (24)
= | A? (7]0_ ) G1,G6 :/ A\ (p_ ) d(ExG1,G 24
H o 1,61 i pl;[l o (ExG1,G1)

a2 2
:/u”“ (1 (pT> d(ExGy,G1).
g - P

Now, by using , , and , we can write for j € {F,--- ,7+ O} that

k—1 k—1
_ ap — A ap — A
oo~ ([T (%) oo 11 (5

P

v N[ (222 2} d(ErG,
aBBl (k455 AGkt5) _ fU,:”l I I,5 ( o, ) (ExG1,6G1) o)
+7+ gk+j»gk+j) Fbj—1 ((ap—A 2 R
fUnle H ( P ) d(EAglvgl)

p=1 @

and
2

» ktj—1 (ap=A 2} d(ExG1,G
BB2 (gk+j,A2gk+j) _ fUi:nlIi Hp:1 ( ap ) ( AY1, 1)' (26)

Qgtjt+1 = _ . ; 2
Gr+tjr AGrk45) fU"% . A [rﬂji{*l (‘1'&_’\) ] d(ExG1,G1)

P
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Moreover, due to and , we have

k+j—1

k+j—1 o — A\ 2 L ar — N\ 2
/ H (pi> d(ExG1,G1) = Z/ H (pi) d(ExG1,G1)
‘I Qp i1/ | p=1 Qp

i=1 11 p=1

) (27)
_ k4+j\2 _ : = 2 e
=Y (g5 =Gk +4,0) <Gkl forallj € {F,-- 7+ 6O}

i=1

For every \ € Ule I;, we have A < ayq1. Thus, by (27), we can write

k+j—1 o A 2 k+j—1 an — \ 2
A P d(ExG1,G1) < / ( P > d(ExGh,
//Z . H ( ) (EAG1,G1) < artr U H o (ExG1,G1) (28)

« .
i=1 "1t p=1 p i=1 1i p=1

=ar1G(k+5,0) < arpall|Gel®  for all j € {F,--- ,7+ O},
From and (27)), we obtain

w2 bt < dsup  forall j € {7,--- 7+ 6}, (29)

Cllgell> + 2 ~

[t (ee=2)?
p=1 ap

every \ € UZZZ—H I;, it follows that

where Z := fUn;u, d(E2G1,G1). From , , and the fact that A\ > agy1 for

I

i=f41 1

. 2
aer fye A [H’;Z{‘l (22 } d(BxG1,G1)

2
al+1Z a£+12 i=e41 14

= — <
I 2 2 = _ , a2
CIGell* + 2 areadliGell® + 0o 2 ag+1€|GkI? +fu”*v‘ L [HkJrrl ( : k) } d(ExG1,G1)
i=L+1 7%

p=1 ayp

<ok Pl <Oeup forallje{F,--- 746}
(30)

Now, using the fact that

k+j—1

2
<L—A) d(BxG1,G1) = (9577)%,
Qp

Zz/
Ipta

and by (22), (29), and (30), we infer that for a chosen ajx4j+1 = akajl_H O Qftjt1 = affﬁ_l that

p=1

a[+12 ag+12 ag+12 . — —
Sapr1 = < : < = < Qptjr1 <0 for all j € {7,--- ,7+O0}. (31)
3 SZHZ T Mgz TGPz T T T
Now for A € [as+1,bey1] and for j € {7, - ,7+ O} we have the following two cases:

1. If aggj+1 — A > 0, then by @ we have

:(1— A >§pA<1.
Qk+j+1

2. If ap4j41 — A <0, then by and using the fact that A < by41 < agq1 +n for A € Iy41, we obtain

1_ A - A 1] < bevr 1] < Gepr +1m 1
Ak4j+1 Ap+j+1 Ak4j+1 Ap+j+1
3 n 1,
<5+ —1<g+ <1,
-2 Q4541 2 Oint

where in the last inequality we have used that n < 5‘2‘“ .
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Hence, by the fact that ¢ = max{p, 3 + 5.}, we have for every j € {7, -+, 7+ O} and A € [ar41,bet1]
that

1—

<ec< 1. (32)

Qk+j+1

Finally, by using and we obtain for every j € {F,--- ,7+ O} that

eyions k+j+1 oy — A\ 2
(9077 = /I 11 d(ExG1,G1)
241

(0%
p=1 P
/Izﬂ

k+j
2 4 ap — A 2 2/ k44142
<c IT(=5 ") | dBaGG) =7 ™)
Toyn

p=1 P

kS

2 +J

Qktj+1

1—

(O‘Z—;A) : d(ExG1,G1) (33)

p=1

Using , , and the definitions of @, we obtain

k+T74+6O+1\2 260 k+7+1,\2 20 2(7+1 k 2 20 2(7+1 2 — 2
(gEiTHOTH2 < (2O (ghTH1)2 < (202D gk )2 < 22040 16,12 < 2C)|Ga|

and the proof is complete. a

Lemma 3 Let dsup > 20ins. Moreover, assume that for any n € (0, 6‘2"f), integer £ with n% <L < ny, and

k > 1, there exist o € N and (s € R4+ such that the condition

G(k+34,0) < CllGrl>  for all j >y (34)
holds. Then we show that for the choice of
Cor1 = (1 +294)C,  and  rey1 =10+ 00 +1,
with Oy := O({g,r¢) defined as in Lemma@ we have
Glk+34,+1) < CeulGrll®  for all j > reya.

Proof First, observe that _
Gk +j.+1) = Gk +5.0) + (97)*

Therefore, using (34)) we only need to show that for every j > rpq1
(957)% < 29ACell Gl (35)
Due to Lemma for ¢ = ¢; and 7 = ry, there exists an integer j1 € {ry,--- ,r¢ + O + 1} such that
(9037 < 261Gk ]1”

Now let us introduce a shifting variable which we initialize by js = ji1. Assume that jo > js = j1 is an
index, for which we have

(9,50)? < 2¢|1GkII>  for all j1 < j < jo, (36)

and .
(02112 > 2¢11Gx 11 (37)

Note that if this case does not arise, clearly, holds for all j > js = j1 and since y4 > 1 the proof is
finished. Further, we can write

(957112 > 2C)|Gel®  for all ja < j < js — 2, (38)

where j3 > j2 4 2 is the first integer greater than j2 for which we have

(g57%)% < 2¢e1Gr I (39)
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Existence of such an index is justified using Lemma [2| for 7 = j2 and ¢ = ;. Now, by (38) and using the
same argument as in the proof of Lemma where we have shown that from implies (31)), we can infer
that

2 . . .
30e+1 < apyjte <Osup  for every jo < j < j3—2.

Continuing the argument from the proof of Lemma [2| we infer that

k+74+3\2 2/ k+j5+2\2 . . .
(957772 < (g HT?)?  for every jo < j < js — 2, (40)

where ¢ := max{pa, % + 5”—{} < 1. Finally, using and , we have for r = 1,2

_ [Btjotr—1 o — A 9]
(9§:f2+r)2 :/ H <P7) d(E,\g1,Q1)
Tota p=1 Qp
[ktjotr—1 2] [k+ia—1 2
= / H <L_>‘) H (L_’\) d(ExG1,G1)
o «
et [ p=htis P [ »=1 P (41)
L. 1_)\2 Btia=l ;o y\\2
— / H <+J2+P> H (L) d(ExG1,G1)
Iyi | p=1 Ak +ja+p—1 p=1 Ap
r k+j2—1 2
5u 7(Sinf 2 op — A 2r/ k+7j2\2
< () [ () | ooy =i
041 p=1
Now since ¢ < 1 and 7.4 > 1 due the fact that dsup > 2din¢ , we obtain from , , and that
o ot . . .
(5732 < 34(g872)% < 20vAllGul®  for every jo —2 < j < jz — 2, (42)
and as a consequence, we obtain
(967)% < 20vallGkl?>  for every jo +1 < j < js + 1. (43)

From and (36) we conclude that (35) holds for every j € {j1,- - ,j3}. Finally, by setting js = j3 and
restart the process for j3 justified in nd repeating the same argument, it can be shown that holds
for every j > ji. Recall that ji1 € {re, -+ ,r¢ + ©¢ + 1}. Therefore holds for every j > r¢41 and the
proof is finished. a

In the next lemma, we investigate both of the cases dsup < 26ins and dsup > 20ins.

Lemma 4 Let {ur}r be the sequence genmerated by Algorithm (1| for (QP)). Then there exists a positive
integer m depending on dins and dsup such that we have

1
|Gktmll < S I1Gkll - for all k > 1, (44)

or equivalently,

* 1 *
[uktm —u™]] < §Huk —u"|| forallk>1, (45)

for all initial iterates uo,u1 € H with uo # w1 in the condition C1, or every initial iterate ui € H and
every wnitial step-size a1 > 0 in the condition C2.

Proof If dsup < 20int, then y4 < 1 and, by in the proof of Lemma we have

[Gk+1ll < vallGkll  for every k > 1.

Therefore, follows for the choice of m := [;);ij—‘.
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Now, we consider the case in which dsup > 2din¢. In this case we have for p 4 that % < pa < 1. First

we decompose the interval [0inf, dsup| into the finite family of intervals {Ii}?" defined by with a fixed
length 7 € (0, %) C (0, pAdint]. Then due to and (19)), we have for every k > 1

u
n
m

G(k,ny) = > (9)° = I1Gxll*,

i=1

where (gi-‘“)2 is defined by . Moreover due to in the proof of Lemma there exists an integer n% >0
such that for every £ with 1 < /¢ < n%, we have

(g;fﬂ)2 < pi{(gf)z for every j > 0 and k > 1.
By summing over all £ with 1 </ < n%, we obtain

G(k +j,nf7) < p%G(k,n%) < pi‘ngkHQ for every j > 0 and k > 1.

log ¢ 1

Now for the choice of Tnl 1= [m—‘ for any given <an1 > 0, we have

G(k + 7, nﬁ,) < Cn£7||ng2 for every j > 7,1 and k > 1,
and thus, by choosing C"i, = %(1 + 2,%14)—(#—715,) we are in the position to use Lemma By using this
lemma we have for ¢ with n% </< n% — 1 that

1 .
Cor1 = (1+274)C = 1(1 +29) T M, and  rep =1+ O+ 1,

where ©y = ©(({g, r¢) has been defined as in Lemma [2} To be more precise, by applying Lemma [3[ once, for
the first iteration, we obtain

. 1 Cu L
Gk + .y +1) < Gut allGrl® = (1+ 292)Cat Gk 17 = (1 +29%) =™ 1Gi1®

for all j > Tni1 i= Tpt Qn; + 1. Applying this lemma repeatedly we conclude after (n, — n%) -1
iterations that 1
IGk511* = Gk + 5.1y < CualIGal® = L11Gk]1* for all > 7y

By putting m = T, holds.
Moreover, the equivalence of with is justified due the fact that, similarly to @ for Gy, it can
easily be shown that

* 1 *
(Upgy1 —u™) = a—(akI— A)(up, —u™) forallk=0,1,2,.... (46)
k
Hence, the same machinery can be used to derive (45) and this completes the proof. a

Proof of Theorem [2 We need only to consider the case in which for every k > 0 we have ux # u*. In
this case, we will show that ur — u* R-linearly. Due to (46) and with a similar argument as in (10]), we
can write

ks — 'l = [ . (£2) st~ ). — )
’ (47)

S'yi/ d(Ex(up —u*), (ur —u*)) =~4 | ur fu*HQ for every k > 1.
o(A)
Moreover, due to in Lemma we obtain

[ujm+1 —u™|| < (5) llur = w’|| - for all j >0, (48)
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where m has been defined in Lemma [4} Now for every k > 1, there exists an integer j such that 1 + jm <
k < 14 (j + 1)m. Therefore, it follows that k — (jm + 1) < m and j > % — 1. Using and , we
obtain

* 1 5 * 1 £71
lur =™ < V& Nfugmer =’ <AL (G) lur = ™| <AL G Hlus — 7|
= c1ch|jur — || for all k > 1,

where ¢ := yﬁl(%)_l and cg := (%)i < 1, and this completes the proof.
Remark 1 If o(A) is finite, we can infer that o(A) = {\;:i=1,...,m} with A\sp1 > A fori=1,...,m—1,

A1 = inf, and Ay, = dsup. Then for every arbitrary n > 0 and partitioning {Ii};!l of [dinf, dsup], We obtain
for k > 1 that

2 L ap — A 2 o b ap — A 2
|Gk+1]] =/ H —_— d(Ex\G1,G1) = Z/ H - d(ExG1,G1)
op i=1"1i [p=1 %p

Sinf p=1
49
N L N (49)
inf
=> H (—) 1B G2 =Y (gh )2,
i=1 | p=1 &p i=1
2
where (g’“+1) = [HI;:1 (%;75‘“) } HE{M}Q1||2. Then the statements of Lemma [1| is true for nﬁ, = 1.

Further, Lemma [4| and Theorem [2[ are applicable. Moreover, in the proof of Lemma [2| similarly to ,
all the integrations are replaced by finite sum and it follows that ¢ := max{pa, 1}. See [25[70] for more
details.

Remark 2 Note that, due to Theorem [l the numerical behaviour of Algorithm [I] is strongly depending
on o(A). In fact, this relation can be explained based on the value of the spectral condition number
K(A) = || Al AT = %. It can be seen that y4 = k(A) —1and pa =1-— ﬁ < 1. Further, depending
on the value of k(A), we can summarize the following cases:

1. k(A) < 2 : In this case, due to Theorem [I| Algorithm [1]is Q-linearly convergent with the rate v4 < 1.

Moreover, from (T4), we infer that the sequence {||Gi ||}« in monotone decreasing.
2. k(A) > 2 : This case is more delicate. Recall from that for every fixed n € (0, ‘5‘2’“)7 and k > 1, we

have ||Gri1]|? = ZZ 1(gf"'l) where the values (gFt1)? with i =1,... ,ny are defined by
k—1 2
A\ ap — A
(ght1y? = / (1 - 7) 11 (1’7) d(ExG1,G1). (50)

I, Ok _ Qp

i p=1
Due to Lemma |1} there exists an index nl,, > 1 such that the sequences {|gF|}x with i = 1,.. .,ni,
are Q—linearly monotonically decreasing with factor p4 < 1. Therefore it remains only to consider the
values of |gz | for i = n + 1,...,ny. From (50)), it can be shown that for every interval I; with oy € I;
it holds that |gF!| < o | gk | < 11gF|. On the other hand, if for an interval I; it holds that a; > 2au,

| ket

9
k1 > |gF|. Further, for the last interval Inu, we have B —— ] < k(A) — 1. These facts

then we obtain |g;
explain the potential nonmonotonic behaviour of the sequence {||Gx||}x and its dependence on x(A).

Remark 8 (Preconditioning) Due to Remark |2} the convergence of Algorithm |1 I depends strongly on x(A).
Analogously to the case of the conjugate gradient methods, the problem can, by using an appropriate
uniformly positive, self-adjoint, and continuous operator C : H — H, be transformed to the following
equivalent problem

o1 -
min F(z) := 5(.,4z7 z) — (b, 2),

where A := C_%.AC_%, b:=C2band z := C2u. Clearly, o(A) = o(C™1A) and, as a consequnce, the
spectrum of A is completely determined by C and A. Thus, the operator C can be chosen such that the
application of Algorithmyields faster convergence. In [67], preconditioning has been studied for Algorithm
in the case of the Euclidean space R". For the case of infinite-dimensional Hilbert spaces, preconditioning

methods have been studied for the conjugate gradient methods. Among them we can mention [516311[39]
66].
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2.1.2 The Case of a Positive Compact Perturbation

In many situations of practical importance, we are faced with problems of the form , in which A :
H — H is a compact perturbation of the identity. Therefore, it is of interest to consider this case separately.
Here, we have

A=T+pZ (poco)

with a positive self-adjoint compact operator 7 : H — H and a constant 5 > 0. In this subsection we
show how the special form of the spectrum of operators with the form allows us to simplify the
proof of Theorems [1| and [2| of the previous section. For 7 as above we have o(7) = {0} U X, where
Y7 :={d; : i € N} admits an enumeration for a countable set N. This set contains an ordered sequence
of nonzero pairwise distinct eigenvalues, i.e, d;y1 < ; for ¢ € N. Moreover §; = ||T|| and for every i € N,
we have dim(ker(d; — 7)) < oo where ker(L) := {u € H : Lu = 0} for a given linear operator L : H — H.
Further, if N is infinite, d, — 0 and N can be taken to be N:={1,2,3,...}. Then we have

T = Z 0iEs,y,
1EN

where Eys,} is the orthogonal projection to the space ker(7 —4;). In the case that IV is finite, the convergence
can be proven as explained in Remark [I} therefore we assume here that N is infinite. Then, due to spectral
mapping Theorem, we have

o(A) ={BrU{Ni: \i=6;+p forie N}, (51)

where [ is a cluster point of the spectrum with A\, — 3, and ;1 < A; for ever ¢ > 1. Then, for every
measurable function f : o(A) — R, the operator f(A) is defined by

f(A) = / o TV =32 SO B+ F9)E s,

where Eygy is the orthogonal projection to the space ker(7"). Note that Ezy = 0 unless zero is an eigenvalue
of 7. For convenience in notation, we denote Ao = . Then we have

FA) =D F)Ey, (52)
1=0
and similarly, for every z,y € H we have
(FAz9) = [ FNd(E) = D FO)Enp.0) (53)
a(A) i=0

Due to structure of A and the definition of dins and dsup, we have
dinf = Ao =0, Osup=2X1 =TI +5. (54)
Moreover, due to and , for G1 € H we can write

Gi=Y EnyGi and  GilP =) (B 391,G1) = > IIE G
=0

i=0 i=0
Using @D and 7 we have

1
— (o1 = M\)Ex 16,
al(al JE(x1 61

Go=—(a1—A)G1 =)
=0

a1
and, in a similar manner by induction, we obtain for every k£ > 1 that
oo

oo k—1 e — s k—1 Y 9
g =>_ |11 (7” ) EpgG and G2 =Y | T < v > IEpnGil2.  (55)
=1

e e’
i=0 | p=1 P i=0 |p P
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For every i > 0 and k > 1 we define

kN2 g ap—/\i 2 2 g OCp—/\z' 2 1,2
¢ =11 - I1ExaGil* =] e (9i)7 (56)

«
p=1 p=1

and conclude that

G417 = (ot ana <gf+1>2:(a‘“a—‘k”) (g)2. (57)

Using @ and (b9), we can write for every kK > 1 and any chosen «ap, = afBl or ap = oszZ with

p=1,2,...,k that

2 k ap — A 2 2 2 — s ap — A 2 2 2 2
Gr+1l” = — IEGa G2 <4 £ 391017 = vallgell”. (58)
P i=0 | p=1

(% o
=0 | p=1 P P

Hence, analogously to Theorem [1} we can conclude that for (QP] with an operator A of the form (pocol),
Algorithm [1] is @-linearly convergent, provided that dsup < 26ins. Next we consider the general case. In a
similar manner as in the previous subsubsection, we define

G(k,0) := Z (gf)2 for every £,k > 1.
ie{0}u{ii> e}

Then, by we have

Glk,1)= > ()= _(g")° =Gl for every k> 1. (59)
ie{0}u{i:i>1} i=1

First, analogously to Lemma [l| we will show that that there exists an index n" depending on dins and dsup
such that the sequences {g¥}) with i > n* converge to zero Q-linearly.

Lemma 5 There exists a positive integer n* such that for any i € {0} U {i : i > n"}, the sequences {gF}
converge to zero Q-linearly with the factor pa as k tends to infinity and we also have

lim G(k,n*) = 0. (60)

k— o0

Proof Since {\;}; is a positive and decreasing sequence and \; — B = Jint, there exists a positive integer
n" such that for every i > n" we have A; — Jins < pading. For every i € {0} U {i: i >n"} and k > 1, we
have the following two cases:
)\,
:(1——1) <pa<l.
(073

2. If a; — Ay < 0 then we have ay, € [dinf, As) and thus

1. If ap — A; > 0 then we have
A — )\i
Qg

k= Ai| _ A < Ai — Ginf

< < pA-
oy oy Oint

Therefore, by using and (57), we can infer for every k > 1 and i € {0} U {i : i > n"} that

ok — A\’
@ = () ) < ) < e < D (61)

Now due to , we conclude that the sequences {g¥}; converge to zero Q-linearly for all i € {0} U {3 : i >
n*}. Moreover, using and summing up for every ¢ € {0} U {i : 4 > n"} we obtain for every k > 1 that

G(k+1,n") = > (gr ™% < ot > (9)* = X 1IG1I1.
ie{0}U{i:i>nu} ie{0}U{i:i>nu}

Thus follows. O
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Next, we consider results which are analogous to Lemmas [2[ and |3| for the special case (poco)).

Lemma 6 For each integer £ with 1 < £ < n", and k > 1, the following property holds:
If the condition B
G(k+35,0) <ClIGkl*  for all j =7 (62)

holds for some positive 7 € N and { € Ry, then there exists an integer j € {F,-++ , T+ O + 1} such that
(9i4)? < 2|,
where © = O((,7) is defined as in Lemma@ with ¢ := max{pa, 1 }.
Proof Similarly to the proof of Lemma [2] we assume that
(9,79)% > 2C||Ge|®  for all j € {F,--- ,7+ O}, (63)

and we show that
k+74+O0+112 = 2
(9077791 < 201Gl

By Algorithm for every j € {7,--- r—l—@} we have either agq; = akﬂ or Qpyj = akﬂQ Using (4] .
and (53)), we can write for every j € {r -, T+ O} that

ARty = —;’oo(gfﬂ) A d  aiii = —0(gk+]) a (64)
1= ) i1 T S
Zz 0(91 +j)2 Zz O(gz +J)2>\
Using (62)) and (64), we obtain for every j € {7, - ,7 4+ O} that
)V k+j
D=1k MNP I (65)

= - <
Clige? +zf 1)
Moreover, using and the fact that Ap_1 > A; for every ¢ € {0} U {i: i > £}, we obtain

> @A <M1 Gk+ 5, 0) < XeaClIGk|? for every j € {F,-- T+ 6O} (66)
ie{0}u{ii> e}
Then by using and , we have for every j € {7,--- ,7 4+ O} that
Aeo1 37555 (g )? Moo e e )
CIGR7 + X @) A @UIGHIE + ST 6ET)2) T AemiClGl + S (0F )2 (67)

BB2
S Qe j+1 S 5sup-

From (63), (65), (67), and the fact that ZZ ] (gl) > (gF_)?, it follows, with a computations similar to
those in the proof of Lemma I 2( which leads to for a chosen a1 = akﬂJrl O Qptjt1 = ak+J+1
that

g)\z_l < Oftj+1 < 6sup for all] S {77 e, T+ @} (68)
. . Aot Ae—1 :
Moreover, considering separately the cases Fywewey < 1 and — > 1, we obtain due to that
A1 S _
1-———|<ec<l forallje{r, ---,7+ 6}, (69)
Qktj+1
where ¢ = max{3, pa}. Using and we conclude that
lgpti 2 =1 - A1 ST < c|ght Y for all j € {7, .-, 7+ O). (70)
Ok j+1

Finally, by and we obtain
7 7 2(7+1 2(7+1 —
(gr 779 < (gt T < PO (90 < OGN < 200G,

and the proof is complete. a
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Next since we have
Glk+j,L—-1)=G(k+j,¢) + (g?jlj)z for every k,j > 1,
with a similar argument as in the proof of Lemma [3} the following lemma can be proven.

exist positive numbers Ty and (¢ such that holds for ¥ = 1y and { = ;. Then for the choice of
Co—1:=(1+ 2’}6\)@ and ro_1 =14+ Op + 1, we have

Lemma 7 Let dsup > 20ins. Moreover, assume that for any integer £ with 1 < £ < n“, and k > 1, there

Gk +j, 0 —1) < C—1||Gkll?  for all j > re_1.

Finally by using Lemma [f] and [7] we can prove Lemma [ for the special case in which A is a compact
perturbation of the identity. For the case of dsup < 2d;nf the proof is similar to the proof of Lemma
El Here we give some hints about the other case, namely, dsup > 20in¢. First, due to Lemma for
Cnv = 2 (1 + 472) ™" there exists an integer 7« > 0 such that

G(k,n") < Cou|Gr]]?  for all k > rpu,

where n" = n"(dint, dsup) > 0 is defined in Lemma Then, similarly to the proof of Lemma by induction
and using Lemmam we have for £ with 2 < ¢ < n" that

1 _(r—
Coo1 = (1+294)¢ = 1(1 +2yi)t ¢ D and rei=re+ 6,41

Therefore, due to , holds for m := 7.
Now we can conclude that Theorems [1| and |2| hold for .

Remark 4 The explanations in Remark [2| also apply for operators A of the form (poco)). Due to , the
case k(A) < 2 is analogous to that in Remark 2] For the case r(.A) > 2, we can gain more information since
the spectrum of o(A) is discrete. Due to the right equality in we have

k+1) _

lgi | = |97 (71)

A — )\i
(673

Therefore, for i = 0,1, ... we obtain gf""l = 0 if ay, = A;. Moreover, due to Lemma there exists an index
n“ > 1 such that the sequences {|gF|}x with i € {0} U {i : i > n*} are Q-linearly convergent with factor
pa < 1. Therefore, we need only to consider the values of |gf| withi=1,...,n" — 1. From , for any \;
close to ay we have a significant reduction and |gF™!| < |gF|, while for A; > 2ay,, we obtain [gFT!| > |gF|.
These facts clarify the potential nonmonotonic behaviour in the sequence {||Gx| }x. In fact, for ay close to
A1, the coefficients g; decrease in modulus, but the changes in g; with ¢ € {0} U {i : ¢ > n"} are negligible
provided that x(A) is large. Furthermore, small values of ay, tend to diminish the components | gf| for

small i # 0 and thus, enhance the relative contribution of components for large i.

2.2 General Objective Function

In this section, we will prove the local R-linear convergence of Algorithm [1} in the case that this algorithm
is applied for finding a local minimum «* € H of a not necessarily quadratic function F : X — R. More
precisely, F is twice continuously Fréchet-differentiable at u* with Lipschitz continuous second derivative F"/
in a neighbourhood of u* € H. Then if we identify the first derivative F’ by its corresponding representation
G, we have the following first-order optimality condition

Gu")=0 inH. (EP)
Due to the continuity of the bilinear map F”(u*), the exists a positive constant dsup such that
F'(u*)(v,u) < Ssup||vl||ul|  for all u,v € H. (72)
Moreover, we assume that the continuous bilinear map F"'(u*) is uniformly positive, that is

Sinel|lv)? < F'(w*)(v,0) < Seup|v||®  for all v € H, (73)
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where dsup > dins > 0. Then, due to the Riesz representation theorem, there exists a unique self-adjoint
bounded operator A7. (see [I9][Theorem 2.2, page 31] ) such that

F'(u")(v,u) = (Af.v,u) for all v,u € H.

Similarly to the analysis of [241[62], the R-linearly convergence result is proven by comparing the sequences
{uk}r and {dy}, which are generated by Algorithm [I] applied to, respectively, F and its second-order
Taylor approximation F defined by

Fw) :f(u*)—i-%(Af«(u—u*),u—u*). (74)

Throughout this section, all notations with the accent “ = 7 are related to the quadratic approximation

. For instance with Q() and &y, we denote the gradient and the step-sizes of Algorithm |1 applied to
F, respectively.

Since F" : H — L(H, L(H,R)) is locally Lipschitz continuous and F"'(u*) : H x H — R is continuous
and uniformly positive, there exist a ball B (u") centered at u* with a radius 7, positive constants ajpf,
asup depending on 7, and L such that

1G (u) — AL (u—u")|| < L|ju— u*||2 for all u € B, (u"), (L1)

and
aint||v]|? < F' () (v,0) < aswplv||*  for all v € H and u € B, (u*). (L2)

Moreover, due to the mean value theorem we have

BB1 _BB2
Oinf S Qg , O S Qsup, (75)

provided that uj and ug_1 belong to B, (u*). Moreover if the iterations of Algorithm [1{applied to F lie in
Br(u*), we will also have

~BB1 .BB2
Oint < Oins < G, Gy < 5sup < Qsup. (76)

Further, by the fundamental theorem of calculus, we infer that
aingllu — v’ < IG(w)[| = G(u) — G(u")|| < asupllu —u™||  for all u € B (u"). (77)

In the next lemma we study the distance of the sequences {uy }r and {d }x.

Lemma 8 Let u* be a local minimizer of F with F € C*(H,R) and assume that and hold for
a radius T and constants ains and asup, and for the bilinear form F'(u*) estimate (73)) holds with the
constants dsup and ding. Further, let {u;}; be a sequence generated by Algorithm applied to F, and {af}]
be the sequence generated by Algorithm applied to the quadratic approximation of F at u* with an
initial iterate uy and an initial step-size ay with k > 1. Then for any fized positive integer m, there exist
positive constants n < 7 and A such that the following property holds:

If up € By(u™), o € [tint, asupl, and if for some £ € {0,...,m}, the following condition holds

||ﬁ;€—u || > EHuk_“ I forallje{0,...,max{0,¢—1}}, (78)
then we have
Ukt € Br(u*) and  |lugyy — a5 < Ajug — || (79)
for all 5 €{0,...,¢}.
Proof The proof is given in Appendix [A7]] O

In the next theorem, we present the main result of this section which is the local R-linearly convergence
of Algorithm [I] applied to twice continuously Fréchet differentiable objective functions.
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Theorem 3 Let u* be a local minimizer of a twice continuously Fréchet differentiable function F, with a
locally Lipschitz continuous second-derivative. Further suppose that the bilinear mapping F''(u*) satisfies
estimate for constants dsup and dins. Then there exist positive constants ¢, A1, A2, and 0 < 1 such that
the sequence {uy}r, generated by Algorz'thm satisfies

luk — u*|| < M0%|jur —u®||  for all k> 1, (80)

and
Gkl < X20"|Ga||  for all k> 1, (81)

for all initial iterates uo,u1 € Be(u*) € H with ug # 1.

Proof The assumptions on F imply that [LT] and [L2] are satisfied for a radius 7 and constants ains and
@sup- The proof relies on Lemma [ and Lemma [§] in an essential manner. By Lemma [4] which we use for
the sequences {ﬁ?}j, for every initial iterate ﬁ'g := ug, and initial step-size 6/3 = o with

Qinf < g = dlg < Qsup, (82)

we have )
~k * *
[am —u™ll < 5 llux —u”|. (83)

Given the constants 7 < 7 and A from Lemma [8| we define ¢ := min{n, 71}, where 71 is chosen such that
co = % + A71 < 1. Then, due to Lemma for the fixed integer m, if uy € B¢ (u"), if ay satisfies , and
if
* ]- * - .
af —u*| > gllur — || forall j € {0, max{0,£ — 1}} with £ < m, (84)
then we have

Uty € Br(u*) and |Jugy; — af|| < Alug, —u*||>  for all j € {1,---,£}. (85)

Next we show by induction that there exists a subsequence of indices {k;}; with k1 = 1, for which we
have
ki+1 - kl <m and ||U’ki+1 - U*H < CQHuki - U*”a (86)

foralli=1,2,....
For any uo,u1 € Be(u™) C B-(u") and k1 = 1, due towe obtain

~1
Qlinf S a1 = Qg S Olsup -

Due to Lemma and , there exists a smallest integer j1 < m such that
~k * 1 k 1 .
i =il < Flla" —w'll = Fllu, — "Il (87)

Defining k2 := k1 + j1 > ki1, and using and , we have

Lk ok
by = w™ll = lluk, g0 — 0l < kg g — a5, 11+ 145 — w7

* 112 1 ~k *
< My = u™|7 + 5 llgo" — o7l (88)
* 1 * *
< AT lug, —u”|| + §HUk1 —u’| < eaflug, —u,

and hence follows for ¢ = 1. By and the fact that up, = u1 € B¢(u”), it follows that ug, €
Be(u*) C Br(u™). Together with the inclusion in we obtain that ug € B-(u*) for all k € {0,1,...,k2}.

To carry out the induction step we assume that for an index k; we have uy, € B¢ (u™) and, ug, € B (u™)
for all k € {0,1,...,k;}. We will show that there exists an index ki1 > k; with k;+1 — k; < m such that
Uk, € Be(u*), up € Br(u*) for all k € {0, 1,..., kiy1}, and holds.

Since ug,, uk,—1 € Br(u*) we have oy, € [tint, sup). Moreover, due to (83), there is an integer j; < m
with the property that

k

~k; * 1Ak‘L *_1 *
e e I ey
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Due to , by defining k;+1 = k; + ji > ki and using the similar argument as in , we can show that
holds and, consequently, we have ug,,, € B¢(u*), and uy € B, (u*) for all k € {0,1,...,kiy1}.
Now, due to (163)), there is a positive constant c¢; such that

luk+; —u'|| < arlluy —u®|| forall j€{1,...,m}, (89)

where c¢; depends only on m and the constants asup and ajns which have been defined in Further, for
every k > 1, there exists an integer ¢ > 1 such that k; < k < k;y1 withk < k;+m—1and k; <m(i—1)+1.
Therefore, 7 > % and also by 7 we obtain

. ko
e —u"|| < exllun, — u[| < ex(e2)'™ Hlun, — u[| < ex(e2) ™~ lug, — .

By setting 0 := (c2)™ w <1, and )\1 := ¢, we can conclude (80).
We turn to verification of (81). By using the fact that for every k € N the sequence {ug }y lies in B, (u™),

the property ., and (80)), we obtam

asupAl

0" (|G .

1G]l < asupllur = u” || < @supAf*{lur — u|| <

By setting Ao := %“7"?1 we complete the proof. a

(&34

3 Mesh Independence Principle

In this section, we investigate finite-dimensional approximations of Algorithm [I| More specifically we inves-
tigate the dependence of the iteration count of the algorithm to achieve a desired accuracy of the residue
under finite-dimensional approximations. We note that our objective here is not to estimate the error
between the solutions of the discretized problem and continuous one.

Thus let {’Hh}h be a family of finite-dimensional Hilbert spaces indexed by some real number h > 0,
and endowed with inner products and their associated norms denoted by (-, ), and || - ||, respectively. Let
G" . H" — H" denote continuous nonlinear mappings which will be required to approximate G in a sense
to be made precise in Assumption A2 below. We then consider the family of problems:

Find u*" € #" such that G"(u*") = 0. (EP™)
Throughout this section we pose the following assumption:

A0: The assumptions of Theorem |3[in Section hold and we denote by {ur}r the sequence generated by
Algorithm [I] which enjoys the properties asserted in Theorem

In particular, it is assumed that ||ug — v*|| and ||ur — u*| are sufficiently small (< ¢ with ¢ defined in
Theorem unless F is a strictly convex quadratic function. For the case of strictly convex quadratic
functions, uop and w1 can be chosen from the whole of H.

To describe the family of approximating sequences we choose ug, u? € H" and update uZ, fork=1,...
by

uk+1 = Uk gk, (90)
where GI' := G"(ul') and the step-size a} is chosen according to either

BB1,h ,__ (Sl’cl—byl}cl—l)h BB2,h ,__ (y£—17y£—1)h

=" ora«a = 91
C SISt % (S Vi D ®D

Here we have set Sp'_; :=ull —ul'_; and Y} | := G — GI' ;. We should point out that the inner product

on H" will typically reflect the norm on #. It should not be thought of as the canonical inner-product in
RN,

Let us now formulate some additional notation and assumptions that we require for the main result of
this section. Suppose that {Ph} n is a family of linear ‘prolongation’ operators

L VLN Ty
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We use the following notion of convergence in the space H. A sequence u” € H" is H-convergent to u € H
if

lim [|[P"u/ — u|| = 0.

R0

We have to assume that the discrete inner products approximate the original one in the following sense:
AL Ifu" X yand 22 5 2 for u,z € H, then

lhi%(uh,zh)h = (u, 2). (92)

Moreover we need the following approximation property of G by the family G".

A2: Suppose that G(u*) = 0. Then, if u" X w with v in a neighborhood of u*, then

G" (") % G(u). (93)

Remark 5 In applications it can occur that the convergence specified in requires additional regularity
of u and G(u). In this case one assumes the existence of a subspace W in H of more regular functions, and
one needs to assure that the limit of the iterations remains in W. In this case Assumption A2 is replaced
by A2’ below. For details we refer to [49], for instance.

A2: There is u* € W with G(u™) = 0, such that G is well-defined for all v € W sufficiently near v* with

respect to the H-norm. Moreover, if u € W with ||u —u*|| sufficiently small and u" Gt u, then G(u) € W
and

G" (") % G(u).

Theorem 4 Suppose that Assumptions A0-A2 hold. Moreover, let ul? * u; fori=0,1 with u1 # uo and
ul #ul. Then for any k' > 1, we have

lim max ||P"uj — ug| = 0. (94)
h10 1<k<k’

Proof Using and the triangle inequality we obtain

1

1
I ks — el < 1B = el + | = e+ | L el - Gl (95)
k

_ b
ay,

for every k > 1. Then, proceeding by induction, using and , and passing the limit in and (95)),
it can be shown that is true for every k' > 1. a

The termination condition for is based on the norm of the gradients for the approximated and the
original problem. Thus for € > 0 the iteration is terminated according to

IGR1In < e and |G|l <€ (96)

where € is a sufficiently small positive number. In order to investigate the behaviour of convergence of the
approximated problem with respect to the original problem, we consider the following quantities:

k" (e) := min{k € N : ||Gx| < €}, ki (€) ;== min{k € N : |G}'||n < €},

where k™ (e) and k7, (€) are the smallest iteration numbers for which the norm of corresponding gradients is
less than e. In the following we study the relation between k™ (¢) and kj, (¢).

Theorem 5 Suppose that Assumptions A0-A2 hold. Further, let ul X u; for i = 0,1 with u1 # wo and
u? #* ug. Then for any given numbers e > 0 and § > 0, there exists a number hsc > 0 such that

k" (e+0) < kx(e) < k™(e) (97)

for every h € (0, hs,e].
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Proof Due to and A2, we have for every k that

gr % g, (98)

and by Al, we obtain
. hy
lim |G lln. = 11k (99)

Now, we show that ||G||;, < € for a sufficiently small h > 0, provided that [|Gi|| < € holds for an iterate k.
Since [|Gr+(o)ll < €, there exists a positive number ¢ := ((¢) such that [|Gp«(¢)|| + ¢ < e. Moreover, due to
, there exists a positive number he > 0 such that for every h € (0, he] we have

h
19k (&) In = G-y I} < ¢ (100)
Hence, for every h € (0, he], we obtain

1G1 o In = Gk | + 1188y I = Gk () | < 11Gh-(o)l| + ¢ < e,

and, thus, we have
kn(e) < k™(e) for every h € (0, he],

which implies the second inequality in @ Now assume that § > 0 be given. Then due to we have

lim  max [IGE ]~ Gull| = 0. (101)
h10 1<k<k*(5+€)

By the definition of k*(§ + €), we have
IGkll > 6 +¢ forall k < k™(5+e). (102)

Moreover due to (101)), there exists a positive number hs such that

h h *
— < ’ — ’ < .
‘||gk IF8 ||gk||‘ < 1<k'I<nI§*X(6 o Gk ln — |Gk |I| <6 forall h € (0,hs] and k < k™ (6 +€) (103)

Using (102)) and (103)) we infer for every h € (0, hs] and k < k™ (6 + €) that
IGkln > 1Gkll =0 >6+e—6=c¢,

and, thus, kj(e) > k™ ( + ¢€) for every h € (0, hs]. Now for the choice of hs. := min{hs, h}, the relation
holds for every h € (0, hs ] and we are finished with the proof.
O

Theorem 6 Suppose that Assumptions A0-A2 hold. Further assume that u? * w; fori = 0,1 with u1 # uo
and ul # ul. Then for each € > 0 there exists he > 0 such that

k*(e) =€ < kj(e) < k™(e)  for every h € (0, he],
where the integer £ > 0 is independent of h and €.

Proof Theorem [3] implies R-linear convergence of uy — u*. It can be shown as in the proof of Theorem
[ that there exist a positive integer m, positive numbers c2 < 1 and ¢ < 7, and a subsequence of indices
{ki}: € N with k1 = 1, for which we have

up € Be(u™)  for every k > k1, (104)

and
ki1 —ki<m and |luk,, —u"| < c2llup, —u”||, for all i > 1. (105)

Moreover, as mentioned in the proof of Theorem [3] there exists a number ¢; > 0 such that

lukt; —u”|| <ciflux —u”|| forall j €{1,...,m} and any k > k. (106)
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Let us first denote the integer ¢* as the smallest integer for which cg* < a“‘f holds. The existence of

such ¢* is guaranteed since co < 1. Next, we show for every k > ki that there exists a positive integer
(k) <m(g* +1) — 1 =: £ such that
IGkrit )|l < 1G]l (107)

For every k > ki1, the exists an index ¢ such that k; < k < k;4+1. Due to , (105)), (106]), and the definition
of ¢*, we obtain

||gki+q*+1H S asup‘luki+q*+l - U*” S aSUPCg* ||uk1‘,+1 - u*” S asuPclcg* ||u’k - U*H

.
QsupC1C
< S Gl < (Gl
By setting it (k) := kitq++1 — k, we have i1 (k) < £ and we are finished with the verification of (107)).
Now, due to the definition of k*(¢), we have ||Gg|| > € for every k < k*(¢). We will next show that for
every k*(e) > ¢ that
IGk]| > € for every k < k™ () — £. (108)

Suppose on contrary that there exists an index k < k*(e) — £ with ||Gz || = €. Then due to (I07) there exists
an integer i (k) < £ such that we have ||gk Z+(k)|| < ||Gzll = € with k +4iT(k) < k+¢< k*(e) and this
contradicts the deﬁmtlon of k*(€). Hence, (108]) holds.

Due to (T08), for k < k*(e) — £ there ex1st strictly positive numbers {0y} such that |G| = € + ) for
k<k*(e) — Z. By setting 0 < § := min{dy : k < k™ (e) — £}, we obtain

Gkl > e+ 6 for every k < k™(e) — £.

Therefore we conclude that k*(¢) — £ < k™ (e 4 §). Due to Theorem [5| for ¢ > 0 and ¢ > 0, there exists a
number he > 0 such that we have

E*(e) =€ < k™(e +6) < kp(e) < k™(e) for every h € (0, h]. (109)
This concludes the proof. a

Remark 6 In the case of quadratic functions , due to Lemma inequality (109) holds for £ = m and
all initial iterates uo,u1 € H with ug # u1. In particular, if also dsup < 26ins, then (109)) holds for £ = 1.

Remark 7 In general, the sequence {||Gx||}x corresponding to Algorithm [I]is not monotonically decreasing.
This is the reason why we have to introduce ¢ in Theorem [6] which can possibly be larger than 1. In the
case that dsup < 20int, {||Gk||}x is monotone decreasing and as a consequence ¢ = 1.

4 Application to Optimal Control Problems with PDEs

In this section, we will apply Algorithm |1 to optimal control problems which are governed by three types
of partial differential equations, including an elliptic, a hyperbolic, and a parabolic problem. We introduce
these problems in reminder of this section. For the sake of brevity, finite-dimensional approximation is only
discussed for the elliptic case.

4.1 Dirichlet Optimal Control for the Poisson Equation

4.1.1 Continuous Problem

In this subsection, we consider the following elliptic Dirichlet boundary control problem

2 B 2
uEHngI(lF) J(u,y) = *||y —Yallz2(0) + §||U||L2(F)7 (110)
—Ay = in 2
subject to { y=; & (111)
Yy=1u on I
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on an open convex bounded polygonal set 2 C R? with boundary denoted by I' := 92. We assume that
frya € L*(£2) and B > 0. Then, for a given (u, f) € L*(I') x L*(£2), the solution y(u, f) € L*(Q) of (T11)
exists in a very weak sense and it satisfies the following variational equation

(Y, —A¢) 12002y + (W, 009)r2(r) = (¢, f)12(0y  for all p € H?(2) U Hy(R2).

The corresponding solution operator defined by (u, f) — y(u, f) is a continuous operator from L?(I") x
L?(2) to L*(£2). See e.g., [35,36]. Moreover, the linear operators £ : L*(I") — L*(§2) defined by u ~ y(u, 0),
and IT : L*(2) — L?(R2) defined by f + y(f,0) are continuous. Then by defining X := L*(2), H := L*(I")
and ¢ := —II f 4+ y4, we can express the optimal control problem - as the following linear least
squares problem

. 1
min F(u) = 2l cu~ ik + Dl (15)

By a short computation, it can be shown that the problem (I10)-(I1I)) can be written in the form of (QP)),
where A := L*L + BT with £L* : X — H defined as the adjoint operator of £, and b := L. Clearly, the
operator A is uniformly positive, bounded, and self-adjoint on the Hilbert space H and thus the existence
and uniqueness of the solution to the problem — can be obtained due the fact that .4 has a
bounded inverse.

Remark 8 According to [I1][Theorem 4.2], for each pair (f,u) € L*(£2) x L*(I"), the solution y(f,u) to

(111)) belongs to the space H %((2), which is continuously and compactly embedded to L?(£2). Therefore
the linear operator £ : H — H is compact, and we conclude that A has the form (poco)).
For every u € H, the derivative of F at w in direction du € H can be expressed by

F'(u)du = (L*(Lu — ) + Bu, Su), (112)

and the gradient of F at u is identified by G(u) = L*(Lu—1)+ Bu. Alternatively, if we consider the solution
p(u) € H*(2) N H($2) of the adjoint equation

{Apy(u7f)yd in ‘Qa

- (113)
p=0 on I,

where y(u, f) € L?(£2) is the solution of , then the directional derivative and the corresponding
gradient G at point u can be rewritten as
F'(u)du = (8up(u) + Bu,du) for all du € H, and  G(u) = dup(u) + Bu in H. (114)
For the global minimizer u* € H to , the first-order optimality condition can be expressed as
(L*L+ BT)u™ = LMY, (115)

which can be rewritten, equivalently, as the following systems of equations

v =y, f) in L?(£2),
dp* = —pBu* in L?(I),
—Ap* =y* —yq in L?(2),with p* =0on I

4.1.2 Discretized Problem

For the discretization of —, we use finite elements. Let us consider the regular family of triangu-
lations {75 }n>0 of 2 with £2 = Ure7;, T and the mesh-size defined by h := max{diam(T) : T € Tp}. Let
{zj}1<j<n(n) be the nodes which lies on the boundary with the numbering which starts at the origin in
the counterclockwise and xn(x)11 = z1. Then we define the space of discretized control by

H' = {u" € C(I) 1wy, 0,,,) P for j=1,...,N(h)},
and, we consider the space V" ¢ H'(£2) defined by

vh.— {yh cC(): yh|T € P! for every T € T},
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where P! is the space of polynomials of degree less than or equal to 1. Further we set Voh =Vhn Hé(ﬂ).
The space H" is formed by the restriction of the functions of V" to 812. Clearly, we have H" C H and, as a
result, the finite-dimensional space H" is endowed with the inner product and the norm introduced by the
space H = LZ(F). Then, naturally, the prolongation operator P" : %" — H is defined to be the canonical
injection operator i.e., Ph(uh )= u” for every u" € H". Let us consider the orthogonal projection operator
" : H — H" defined by

(", 0™y = (v, u)y for all u* € H".

It satisfies the following estimate

Ju — ITul|3 < ch? |ul (116)

H3(I)’

for every u € H: (I'), see, e.g., [LTTI6]. For every u € H we consider the unique discrete solution y" (u) € V"
satisfying

(Vy", V") = (f,¢") for all " € V", a1
yh\p = 1.
Then we can define the discrete objective function in H by
h h N T 2 B2 1
I, y" () = Slly" (w) = yallz2 ) + S llullzecry. (118)
The finite-dimensional approximation of (110])-(111) can be expressed as
min F"(u") = min J"(u",y" (u")). (119)

uheHh uheH

Existence of a solution to (119) follows by similar arguments as for the continuous problem. Given u € H
we consider the adjoint state p"(u) € V§' as the solution of

(Vph(u)7 th)Lz(Q) = (yh(u) — yd7¢h)L2(Q) for all ’l/)h S Voh. (120)

In order to compute the gradient of F", analogously to the expression (114)), we need to characterise a
discrete normal derivative 8p™(u). For every u € H, similarly to [16][ Proposition 4.2], d2p™(u) € H" is
characterized as the unique solution of the following variational problem

@0p" () "2 = (VP" (), V") r2(0) = (4" (w) = ya, ©") 12(0) for all 9" € V",
where p(u) € V& is the solution of (120)). Next, we prove the following useful estimate.
Lemma 9 There exists a constant ¢ depending on f and yq, and independent of h such that

18up(u) — p" (W)|l2 < € (Hu —vlla +h3(1+ ||UHH)) for all u,v € H. (121)

Proof This proof is based on the results from [16], where u € L°°(§2) was used in the context of semilinear
elliptic equation. First, using a similar argument as in [IIL[16], one can show that

1
ly(w) = 4" (W)ll3 < e(1+ [[ull2)*R2, (122)
where the constant ¢ depends on f. From (122), it follows that
() — 5" @)l < e (lhu—vllze + R (1 + Jullz) for all u,v € H,

Next, we show that
10, () — Olip" (Wl < k3 (1 -+ [lullpe) for all u € M. (123)

Recall that p(u) € H*(£2)N Hg (£2) and therefore 9, p(u) € H: (I"). For the left hand-side of (123)) we obtain

— oM (w112, =
18p(u) — 89" (w2, /F

P h 2 h hohy N2 e
vp(u) — IOy p(u)| dS + I"0up(u) — Opp™(u)| dS =1 +1I>. (124)
r
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The last term can be equivalently be expressed as
I = / (@vp(u) — Opp™ (w) (1" Dyp(u) — O p" (u))dS. (125)
r

Let w" € V" be the solution of the following variational equation

(Vwh, V¢h) = 0 for all ¢" € V", (126)
w"|p = I"d,p(u) — ) p" ().
Then, by referring to [I4][Lemma 3.2], we have the following estimate for (126))
1" |y < el 1" Bup(u) = Bup" (W) 14 - (127)

with a constant ¢ independent of h. Using the definition of d7p"(u) and Green formula for d,p(u), we
obtain

(@up(u) = p" (), "1 = (V(p(u) — p" (), V") L2 () + (" (1) — y(w),6") L2(a) (128)
for every ¢"" € V". Using , , and , we find
I = (V(p(u) — p"(w), V™) 120y + (" () — y(u), w™) 120

Moreover, we have
(Vp" (u), vwh)L2(Q) = (VIhp(u),th)Lz(m =0, (129)

where 7, € L(C(12), V') stands for the classical interpolation operator, see e.g., [I5]. Due to (129) and the
definition of w” from (126)), we obtain

I = (V(p(u) = Tnp(u), Ve ) 20y + (" (u) — y(u), w") L2(0). (130)
Using (127)), the interpolation estimate, and the following inverse estimate (see e.g., [11])

< Ch™2||[u”||5 for all u”* € H",

"y <
HZ(I)

we infer that
[(V(p(w) = Tup(w), V') 2| < IV (p(u) = Znp(w) ]| 2 () 0" || 11 (2)
< chllp@llr el |l o
< ch (1 [lullao)lw” |l
< chi (14 Julls) VT,
where the constant c¢ from the third line of depends also on y4. Moreover, due to , we can write

(131)

1
(" () = y(w),w") 2| < Y™ () = y(@)ll 20 [0 |20y < bz (1+ ulln) VEa. (132)
From ((130), (131), and (132), it follows that
I < ch(1 + ||ul|2). (133)
Further, using (116]) we obtain
Iy < kol o < P < eh(1+ ulle)® (134)

Now, from , , and , we conclude . Finally, using we can write that
10 p(u) = 0 p" (v)ll2¢ < 10up(u) = Bup()ll3 + 10up(v) — Oyp" (v) I
< ellp(u) = p(v) | 2(2) + ch? (1 + |[vll)
<c(llu=vlw+h3 1+ loln)),

for every u,v € H and we are finished with the verification of (121)). a
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Now we are in the position in which we can verify the assumptions A1-A2 of Section [3| A1l follows from

the definition of H" and P". To verify A2, assume that u” X u with u € H. Similarly to (114)), the
directional derivative and its corresponding gradient of F h of the discretized problem (|119)) at point u” can
be rewritten as

]-'h/(uh)éuh = (01" (W) + Bu”, 6u") for all su" € H", and  G"(u") = 8Lp" (W) + Bu in H". (135)
Then by (114)), (135), and (121)), we obtain
1
1G(w) =P"G" (u")ll2 < 10up(u) = Oup" (u") o + Bllu—u" |l < (c+B)llu—u" |2+ ch? (1+[Ju"|l). (136)
Hence, G"(u") * G(u) follows by sending h to zero in ([130]).

Remark 9 Due the fact that d,p(u) € H%(F) for every u € H, using and Step 4 in Algorithm |1} it
is easy to see that for every wo,u1 € H%(F), the sequence {uy}x stays in the space H%(F) Moreover, for
given yq, f € LP (£2) with p* > 2, we have y € W1P(£2) and p(y, yq) € WP(R2) for p € (2,p*] depending
on (2, see e.g., [16][Theorem 3.4]. Hence, {uy}r C Wl_%’ﬁ(F) C C(I") provided that uo,u1 € Wl_%’ﬁ(F).
In this case ul,u} can be chosen as I} uo, Z{ u1 € H" where I} € £(W17%’5(F),Hh) is the standard
interpolation operator.

4.2 Neumann Optimal Control for the Linear Wave Equation

Let us consider the optimal control problem

. 0 2 a2 2 1 2
webh J(w,y) = o lly = yallz2 @) + 5 19(T) = zallzz(0) + S llullzecs,), (137)
yie — Ay = f in Q,
Boy = 5.,
subject to y=u Ot e (138)
y=20 on X,

y(0) =y5, w(0)=y3 on £,

where a1, a2, and 3 are positive constants, the desired state y4; and the desired finial state z; are smooth
enough, Q := (0,7) x 2, ¥ :=(0,T) x I, Xo := (0,T) x Ip, and 2 € R"™ is a bounded domain with the
smooth boundary 042 := I'. U I. Further, two disjoint components Iz, Iy are relatively open in 9f2.

Before investigating the optimal control problem, we recall some useful results for equation .
The operator A : L?(2) D D(A) — L?() defined by Ah = —Ah is a positive self-adjoint operator with
D(A) := {h € H*(22), k|1, = O,h|r, = 0}. Thus, we define the spaces Hp (02) = D(A%) for 0 < a < 1, and
by (Hg,(£2))" we denote the corresponding dual space. These spaces are used throughout this subsection.
We use the following notion of solution [58//59].

Definition 1 (Very weak solution) Let T > 0, and (y§,v3,u, f) € L*(2) x (HF, (£2))* x L3(X.) x
L2(0,T; (H}O((Z))*) be given. A function y € L?(Q) is referred to as the very weak solution of (138)), if the
following inequality holds

()20 1smh, (2)0). L2013} (2)) = (139)
(9, ¥)12(@) + (W0, ¢t (0)) 122y — (U3, P00 ((at, (2))- 12, (2)) = (W P)L2(30)

for all g € L*(Q), where ©(g) € C°([0,T); H}O(Q)) NCY([0,T]; L*(£2)) is the weak solution of the following
backward in time problem

pre —Ap=g in Q,
O =0 on X,
p=0 on X,

o(T)=0, @(T)=0 on 2.

We have the following existence and regularity results from [55,66L[75] for the solution of (138).
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Lemma 10 For every (yo,y3,u, f) € L*(2) x (HF, (2))* x L*(£c) x L*(0,T; (Hp, (£2))*), equation (I38)
admits a unique very weak solution y(y5,ys3,u, f) in the space C°([0,T]; L*(£2)) N C*([0,T]; (Hr, (£2))%)
satisfying
lyllco(o,1);22(2)) + Hyt||c°([o,T];(H;0(n))*)
(140)
<c (||y3HL2(Q> + ||y(2>||(H;n(Q))* + [lullz(z.) + Hf||L2(o,T;(H;U(n))*)> :

where the constant c1 is independent of ys, y3, u, and f. Moreover, the solution operator L : L*(X.) —
1 1

co([0, T7; HE (£2))N CH([0,T); H2(R2)) defined by u — y(0,0,u,0) is bounded. Furthermore, the mapping

I = L*(02) x (HE,(2))" x L*(0,T; (Hp, (2))*) — C°([0,T]; L*(52)) N C' ([0, T; (HE,(2))*) defined by

By considering the following continuous embeddings
i1 : CO([OvT];HIE"O(Q)) — LQ(Q)? ig CO([OvT];LQ(Q)) — LQ(Q)’

and the continuous operator o7 : C°([0,T]; L*(2)) — L*(£2) defined by y — y(T), we can rewrite the
optimal control problem (137)-(138) in the form (LS), where H := L*(X.), X := L*(Q) x L*(£2), and the
linear operator £ : H — X and ¢ € X are defined as follows

_ [ ea(iroL)(u) _ [ caya — ai(iz o 1) (yg, v, f)
Lu = <a2(5T ) L)(u)> Y= (agzd — az(ér o H)(y%,y%7 f)) ‘ (141)

Similarly to the previous subsection, the optimal control problem —, can be also rewritten in the
form of , where A := L*L + ST with L* : X* — H, and b := L. In addition, due the fact that the
operator A is uniformly positive, bounded, and self-adjoint, the existence and uniqueness of the solution
to optimal control problem — can be justified due the fact that A has a bounded inverse.

Remark 10 In the optimal control problem (|137))-(138]), the operator A is a compact perturbation of the

identity, since £ : H — H is compact. Indeed, due to [74][Corollary 5.], the continuous embedding from the
1

space C°([0,T7; HP (£2))N c*([o,T); H_%(.Q)) to the space C°([0,T]; L?(£2)) is compact and this implies

the compactness of d7 o L and i1 o L. Therefore, due to (141]), £ is compact with respect to the product

topology L?(Q) x L*(£2).

Now assume that u* € H is the optimal solution of the optimal control problem (T37)-(I38). Then, the
first-order optimality condition can be expressed as where the operator £ and the function ¥
were defined in (141]). Moreover, it can be shown (see [53,58,68]) that is equivalent to the condition
Bu* = p* on X., where p* € C*([0,T]; L*(22)) n C°([0, T7; H}O(Q)) is the weak solution of the following
linear wave equation

pir — Ap* = —a1(y" — ya) in @,
Oup* =0 on X,
p"=0 on Xy,

p (1) =0, pi(T)=o2(y*(T) —z4) on {2
and y* = y(yd, v, f,u*) is the very weak solution of (I3§)).

4.3 Distributed Optimal Control for the Burgers Equation

Here we consider the following optimal control problem which consists of minimizing the performance index

a a2 /8
J(y,u) := 7”31 — yallT2(0) + 7||?J(T) — zdl2200,1) + §||U||ia@), (142)
subject to the Burgers equation with homogeneous Dirichlet boundary condition.
Yt — Wax +yyz = Bu+ f,  (t,7) € Q,
y(t,0) = y(t,1) =0, L€ (0,T), (143)
y(oﬂr) = yo(x)a T € (0’ 1)
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where ¥, 8 a1, a2, and T' are positive constants, y(t) = y(t,z),u(t) = u(t,z), Q := (0,T) x (0,1), and
Q = (0,T) x £ where (2 is an open subset of (0,1). Moreover, yo € L*(0,1), f € L?(O,T;Hﬁl(o, 1)), the
desired states y4 and z4 are smooth enough, and the extension operator B € £(L*(£2), L*(0,1)) is defined
by

B u(z), =€ Q,
(Bu)(e) = {0 x € (0,1)\ 2.

Considering the space
W(0,T) :={¢: ¢ € L*(0,T; Hy(0,1)), ¢+ € L*(0,T; H'(0,1))}.

as the space of solutions, we have the following notion of weak solution.

Definition 2 Let (yo,u, f) € L?(0,1)x L*(Q) x L*(0, T; H~1(0,1)) be given. Then, a function y € W (0, T)
is referred as a weak solution to (143)) if y(0) = yo is satisfied in L?(0,1) and for almost every t € (0,7T),
the following equality

(ye(®), o) 1 my + (1), 0)my +b(y(t),y(t), ) = (Bult) + f,9) g1 my  for all p € Hy(0,1)

holds, where the continuous trilinear form b : H3(0,1) x Hg(0,1) x H(0,1) — Ry is defined as
! 1
bo,0) = | e forall .6 € HY(O,1).
0

It is known that, for every triple (yo,u, f) € L?(0,1) x L2(Q) x L2(0,T; H='(0,1)), equation (T43) admits
a unique weak solution y(yo,u, f) € W(0,7T) and for this weak solution we have the following estimate

2
lyllwo.r) <C (||yo||L2(n) + llull 20y + ||f||L2(O,T;H*1(O,1))) ) (144)

where the constant C' depends only on T and 9. Now, by setting X = W (0,T) x H with H := L*(Q), and
Y := L*(0,T; H '(0,1)) x L?(0,1), we define e : X — Y by

(Yt —VYzz +yyo — Bu— f
““W’( y(0) — w0 >'

The mapping e : X — Y consists of a sum of continuous linear terms and a continuous bilinear term. Hence
it can be shown that it is infinitely Fréchet differentiable. Moreover due to the unique solvability of ,
for every u € H there exists a unique element y = y(u) € W(0,T) satisfying e(y(u),u) = 0 and estimate
holds. Therefore the control-to-state u € H — y(u) € W(0,T) is well-defined. Then we can rewrite
the optimal control problem — in the following form

i = min J = min {J . subject t =0} 145
min F(u) = min J(y(u), u) (yg};gx{ (y,u) : subject to e(y,u) = 0} (145)

Further, due to estimate and the compact embedding from the space W (0,T) to the space L*(Q), it
follows from standard subsequential limit arguments that the optimal control problems - admits a
solution, see e.g., [T6L78]. Before dealing with the optimality conditions, we refer to the following linearized
Burgers equation at y € W(0,T) and its corresponding backward in time adjoint equation

Gt — 9z + (Yq)z = ¢ (t,) € Q, —pt — Iz —ypz =¥ (L,x) €Q,
q(t,0) =q(t,1) =0 te (0,7), (146) p(t,0) =p(t,1) =0 te (0,7), (147)
Q(O) = qo T e (07 1)» p(T7 $) =PT S (07 1)'
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It can be shown that for every pairs (¢, qo) and (¢, pr) in the space Y, the solution operators SY, :Y —

W(0,T) of , and Sgdj ;Y - W(0,T) of defined by (¢, q0) — v and (¢, pr) — p, respectively,
are well-defined and continuous. See e.g., [T6,[78].

Due to the definitions of S%*) and e, (y(u),u), we can infer that ey H(y(u),u) = S¥) and, as conse-
quence, ey (y, u) is continuously invertible. In addition, since e is infinitely continously Fréchet differentiable
[43], the implicit function theorem implies that the control-to-state operator u — y(u) is infinitely contin-
uously Fréchet differentiable and its Fréchet derivatives of all orders are Lipschitz continuous on bounded
sets. Now we are in the position to derive the first-order optimality conditions. First, by using the implicit
function theorem, the first derivative of the mapping u — y(u) at u in direction of an arbitrary du € H is
given by

y' (u)du = —egl(x)eu (z)du, (148)

where z := (y(u),u) € X. Then, by the chain rule we obtain
F(u)du = (G(u), 0u) = ((y (u)" Jy(z) + Ju(z), 6u),

where (y'(u))* stands for the adjoint operator of y’(u). Since du is arbitrary, the first-order optimality
condition (EP)) can be written as

G(u™) = Ju(z") — en(x)ey " (x)Jy(z™) = 0. (149)

where z* := (y(u"),u"). Moreover, by setting (p*,p) := —e, " (x)Jy(z*) with (p*,p) € Y™ and p = p*(0),
the first-order optimality condition (149)) can be expressed as the following system of differential equations

{B*p* =pu" i 13(Q),
P = S (—an (y(u*) — ya), —aa((y(w))(T) — za)).

Next, we compute the second derivative of F. Let (du,dv) € H x H be arbitrary, then using the implicit
functions theorem, the second derivative of the operator u +— y(u) from H to W(0,T) can be written as

Y (u) (0u, 0v) = —ey " ()eyy (2)(y' (u)du, y' (u)ov). (150)
Now, by using the chain rule and (150)) as in [42[43], we obtain

F' (u)(du, 6v) = (Jyy () (u)du,y (u)dv)

. , , (151)
+ (—ey " (@) Jy (2), eyy (2) (y (w)du, y (w)dv)) + (Juu(x)du, 60) 4.

Furthermore, due to the first estimate in (151) and the fact that J : H x W(0,7) — R and the control-
to-state operator are infinitely Fréchet differentiable, it follows, clearly, that F” : H — L(H,L(H,R)) is
locally Lipschitz continuous. Then, the uniformly positiveness of F'/(u*) can be expressed as

F'(u")(v,0) : = a1]lg"[|22(q) + a2lla” (T)l[720,1) + (07, 207 ¢2) L2(0) + Bllvll5

2 (152)
> Oint||v||7; for all v € H,

where dins > 0, p* := Sgé;*)(—al(y(u*) —yd), —a2((y(u))(T) — z4) and ¢* := Slzglu*)(v, 0).

Remark 11 Clearly, the only term in (152)) that can spoil the uniformly positiveness of F”/(u*) is the term
involving p*. This term originates from the nonlinear convection term in the state equation. Since

’(p*72q*q;)L2(Q)’ < C”p*||L2(O,T;L°<>(O,1))”q*”%/V(O,T)

for a constant ¢, the uniformly positiveness of F”(u*) holds, provided that ||p*||12(0, 1,5 (0,1)) is small
enough. Indeed, for p* = 0, inequality (152]) holds for din¢ := S . For instance, by setting yq = z4 = f =0,
inequality (152]) holds for every initial function yo with sufficiently small ||yol|2(0,1)-
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5 Numerical Experiments

In order to validate our theoretical findings in the previous sections, we report numerical results correspond-
ing to the optimal control problems introduced in the previous section. We investigate the application of
Algorithm [ with respect to different strategies for selecting step-sizes and different choices of the discretiza-
tion parameter h, the control cost parameter 8, and the tolerance ¢ in the termination condition . For
Algorithm [I} we consider the cases:

BB1: af := a,]fBl for every k > 1.
BB2: af = akBBQ for every k > 1.
aPPl for odd k > 1,

ABB: oy = {akBB2 for even k > 1.

The last case, which is known as the alternating strategy, has already been introduced by e.g., [21}[34] in the
context of finite-dimensional unconstrained optimization. Moreover, [23] reports numerical results for the
case of finite-dimensional bound-constrained optimization problems which show that projected ABB works
somewhat better than projected BB1. According to the value § in all the optimal control problems of
the previous section has a direct influence on the spectral condition number of A7. corresponding to F.
To be more precise, as the value of [ increases, the value of /@(Af*) is getting smaller. Therefore, as its
has been discussed in Remarks [2] and [4] one expects a larger total number of iterations for a smaller value
of B and a fixed tolerance e. Moreover, according to Remark [f} the number ¢ depends on the behaviour
(monotonicity versus nonmonotonicity) of {||Gx||}x, and consequently also on x(AZ.). Hence, the smaller
B is chosen, the larger the value of ¢ is expected to be. We report the total number of iteration of the
optimization Algorithm for different levels of discretization, or equivalently, different values of mesh-sizes.
Then, for every example and fixed tolerance ¢, ¢ is reported as the maximum of the pairwise differences of
kn(e) for different choices of h. We have chosen ug = 0 and ap = 1 (u1 := —G(0)) as the initial iterates. All
computations were done in the MATLAB platform.

Ezample 1 (Dirichlet optimal control for the Poisson equation) We consider the problem introduced in
Subsection which is posed on the domain £ := (0,1)%. For the discretization a uniform mesh was
generated by triangulation. Then over this mesh, the discretization was done by a conforming linear finite
element scheme using continuous piecewise linear basis functions as described in Subsubsection We
set f(z) = 10sin(n(z1 + x2)) and yq(z) = (zF + x%)% where z := (21, 22) € £2. Tableshows the number
of required iterations k7 (¢) for different step-size strategies, and different values of 8, €, and the mesh-size
h. From Table [T} it can be observed that:

1. For every fixed h, €, and choice of step-size, decreasing in the value of 8 implies that the number
of required iterations kj (e) becomes larger and, thus, the convergence is getting slower. This is in
accordance with the fact that there is a trade-off between the magnitude of § and the value of k(A)
where A = L*L + SZ with L specified in Subsubsection E} More precisely, k(A) = % with
Oint = Inf(c (L7 L)) and dsup := sup(c(L*L)). Hence a larger value of g yields a smaller value of x(.A).
That is as expected from the theory, for a larger S Algorithm [1| requires fewer iterations kj, (¢) for every
fixed h and e. This behaviour is clearly illustrated in Figure [1| which depicts the convergence of ||GI||5
for the choice of BB1 step-sizes, h = 272v/2, and different values of 8. As can be seen from Figure
the convergence for the cases § = 0.5 and 8 = 0.2 is Q-linear. For these cases we might conjecture
that k(A) < 2 with a smaller value of convergence rate y4 for 8 = 0.5 compared to 5 = 0.2. However,
for the rest of the cases, nonmonotonic behaviour occurs, which corresponds to k(A) > 2. Apparently,
as 8 decreases, the nonmonotonic behaviour in the sequences {||Gx||}x and, consequently, in {||G2||n}x
becomes stronger. As discussed in Remarks [2[ and |4} if k(.A) becomes larger, then the changes in the
decreasing components |gF| (for instance i € {0} U {i : i > n"}) are getting smaller compared to
the nondecreasing components. This explains why a decrease in the value § leads to an increase in
nonmonotonicity.

2. Mesh-independence can be observed from Table [I More precisely, we can see that for every fixed S, e,
and step-size strategy, the iterations ky,(¢) stay almost constant and do not change as the discretezation
levels changes. Moreover, for 5 = 0.2, 8 = 0.05, and 8 = 0.01 we can state that £ ~ 1, { ~ 3, and ¢ =~ 6,
respectively. This is also due to the dependence of the spectrum of A = £*L + SZ on the magnitude of
B (see Remark [6]).
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Fig. 1 Convergence of ||g£Hh for Algorithm |1| applied to Example |1/ with BB1 step-sizes, h = 2791/2, and for different
choices of 3

To further study the behaviour of Algorithms [I} we consider Table [2] which summarizes the values of
|G|, for the choice of B = 0.01, at the iterations k = 37, ...,45, and different levels of discretization. It
can be seen that in any case the sequence {||GF||r}r has a nonmonotonic behaviour. For every case the
members of {||G'||x}x at which the monotonicity of the sequence is violated, are indicated by bold type.
With the superscript star we denote the members corresponding to k7, () with e = 1le — 8.

Ezample 2 (Neumann optimal control the for the linear wave equation) In this example, we deal with the
optimal control problem -. Here, the spatial discretization has been done similarly to the previous
example on the domain 2 := (0, 1)2 with the mesh-size h. Further, for the temporal discretization of the
state equation we used a Petrov-Galerkin scheme based on continuous piecewise linear basis functions
for the trial space and piecewise constant test functions. By doing so, the resulting discretized system is
equivalent to the system first discretized in space followed by the Crank-Nicolson time stepping method
with a step-size At. Since the temporal test functions have been chosen to be piecewise constant, it is
natural to also discretize the adjoint equation and also control by these functions. This implies that the
approximated gradient is consistent with both continuous functional and the discrete functional. Here we
set T =1, y§(x) = sin(nz1) sin(nzz), yd(x) = 0, f(t,x) = 72 sin(wx1t) sin(mx2t), zq(x) = 0, and

(2,1) —z1 1 < 0.5,
Z, =
Yd T Tl Z 0.5,

where z := (z1,22) € 2. The Neumann control is applied on the subset I C 912 given by {(1,z2) : z2 €
(0,1)}U{(z1,1) : z1 € (0,1)}. In Figure 2| we report the behaviour of the gradient norm for Example [2| for
the choice of BB2 step-sizes, (At, h) = (0.0064,2~71/2), and for different values of 8. To illustrate the mesh-
independence, we reported the values of £}, j (¢) for different levels of temporal and spatial discretization.
As it is reported in Table [3] we decreased the mesh-size h and step-size At simultaneously. Clearly, similar
observations as in the previous example are also valid for this example, with the difference that here for
B =0.5, and 8 = 0.05, we have £ =~ 0 and ¢ = 6, respectively.

Ezample 8 (Distributed optimal control for the Burgers equation) We consider the optimal control problem
— posed on the interval (0,1). The spatial discretization was done by the standard Galerkin
method based on piecewise linear basis functions with mesh-size h. For temporal discretization, we used
the implicit Euler method with a step-size denoted by At. Moreover, the resulting nonlinear systems after
the temporal discretization were solved by Newton’s method with the tolerance e, = 107 '3. Here the
control acts on the open interval 2 = (0.1,0.4). Moreover we set ¥ = 0.01, yo(z) = 5exp(—20(z — 0.5)?),
and yq(t,x) = zq(x) = f(t,z) = 0. Similarly to the previous example, we compute the values of £}, j (¢)
for different levels of temporal and spatial discretization. These results are gathered in Table [l Further,
Figure [3] shows the convergence of Algorithm [I] applied to Example [3] for the choice of ABB step-sizes,
(At,h) = (277,27®), and different values of 8. As can be seen from Table 4| and Figures [3| despite the
nonlinearity the observations 1 and 2 from Example [I] hold also true for this example.
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32
The number of required iteration kj; ()
B=0.2
. h 275\/5 27()\/5 277\/5 278\/5 279\/5 2710\/5
le — 2 3 3 3 3 3 3
BB1 le—4 6 6 6 6 6 6
le — 6 9 9 9 9 9 9
le—8 12 13 13 13 13 13
. h 252 | 2-6y3 | 273 | 2-8v3 | 2-9v3 | 2-103
le —2 3 3 3 3 3 3
BB2 le—4 6 6 6 6 6 6
le—6 9 9 9 9 9 9
le -8 11 12 12 12 12 12
. h 252 | 2763 | 27y | 2-8v3 | 2-9v3 | 2103
le — 2 3 3 3 3 3 3
ABB le—4 6 6 6 6 6 6
le—6 9 9 9 9 9 9
le -8 12 12 13 13 13 13
B =005
. h 2752 | 276y | 2772 | 2782 | 279v2 | 2102
le —2 4 4 4 4 4 4
BB1 le—4 9 9 9 9 10 10
le — 6 14 16 16 16 16 16
le—8 21 21 21 21 21 21
. h 252 | 2-6y3 | 2732 | 2-8v3 | 2-9v2 | 2-103
le —2 4 4 4 4 4 4
BB2 le—4 9 9 9 9 9 9
le—6 14 15 15 15 15 15
le —8 19 21 21 21 22 22
. h 252 | 2763 | 2-7vZ | 2-8v3 | 2-9v3 | 2103
le —2 4 4 4 4 4 4
ABB le—4 9 9 9 9 9 9
le—6 14 14 15 16 ] 6
le—8 18 21 21 21 21 21
=0.01
. h 2752 | 276y | 2772 | 2782 | 279v2 | 2102
fe—2 | 4 1 1 5 5 5
BB1 le—4 16 16 16 16 16 16
le — 6 24 28 27 27 27 27
le—8 38 39 38 40 38 39
. h 252 | 2-6y3 | 273 | 2-8v3 | 2-9v3 | 2-103
le —2 4 4 5 5 5 5
BB2 le—4 13 15 15 15 15 15
le—6 26 26 30 31 31 32
le — 8 39 44 43 45 45 44
. h 275\/5 27(»\/5 277\/5 278\/5 279\/5 2710\/5
le —2 4 4 5 5 5 5
ABB le—4 15 15 16 16 16 16
le—6 24 24 28 28 28 28
le—8 43 38 43 43 43 40

Table 1 Numerical results for Example

A Appendix

A.1 Proof of Proposition

For every k > 1, we consider the sequence {(fv;c }; associated to {ﬁ?} 4, which is defined by

; _ BBl
if agy; = QR

: _ BB2
if apqj = gl

°N
(O
o

(153)
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The value of |GI'|| at an iteration k

& h 2752 2762 277V2 2782 2792 27102
37 1.29¢ — 8 1.59¢ — 8 3.96e — 8 5.25e — 7 1.90e — 7 1.98e — 7
38 9.22e — 9" | 1.05e —8 | 4.26e —9* | 1.03e —7 | 9.69¢ — 9" | 1.39¢ —8
39 2.93e—8 | 5.17e —9" | 3.78¢ —9 5.93e — 8 3.88¢ —9 | 8.75e — 9"
BB1 40 1.05e —7 | 1.38¢—-9 2.38¢—9 | 7.2le—9" | 3.25¢—9 3.46e — 9
41 1.43e — 8 1.08¢—9 | 6.90e —9 | 4.30e —9 2.02e — 9 1.90e — 9
42 1.46e —8 | 1.69e —9 | 4.72¢e—9 | 5.76e —9 | 2.66e —9 1.28¢ -9
43 7.26e —10 | 1.26e —8 | 3.74e —9 1.12¢ -9 2.47e -9 6.74e — 9
44 6.24e —10 | 1.55e—9 | 2.63e — 10 | 8.49¢ — 10 | 8.46e — 10 | 1.84e — 8
45 4.09¢e —10 | 1.43e—9 | 1.74e —10 | 7.33e — 10 | 1.11le — 9 | 4.10e — 10

A h 2-5y2 2-6/3 273 2-83 2-9/3 9-10./3
37 5.94e — 8 2.91le -8 7.59e¢ — 8 3.38¢ — 7 7.83e -8 2.40e — 7
38 2.52e — 8 2.7le — 8 4.59¢ — 8 219e -7 | 6.2le—8 1.95e -7
39 4.97e —9* | 1.78¢ — 8 1.28¢ — 8 2.08e — 7 5.32e — 8 3.46e — 8
BB2 40 4.06e—9 | 2.87Te—8 | 1.38e —7 | 1.7le—7 | 4.72¢e—8 | 2.6le—-T7
41 3.52e —9 | 6.00e —8 | 4.12¢—8 6.06e — 8 1.77¢ - 8 4.37e -8
42 4.08e -9 | 2.13e—-38 2.63e—8 | 1.13e—6 | 2.12¢e -7 | 1.40e—38
43 3.36e — 9 1.23¢ —8 | 1.02e — 9" | 9.80e —8 6.14e — 8 1.00e — 8
44 2.38¢ —9 | 1.88¢ —9* | 7.07e — 10 | 4.43e—8 1.64e —8 | 2.19¢ — 9"
45 2.67e — 9 1.78¢ —9 | 4.10e —10 | 9.39e — 9" | 7.97e — 9™ | 2.00e — 9

. RN 2762 27va 2753 2792 27102
37 5.10e — 8 1.57¢ -8 2.93e -8 3.44e — 8 3.83e — 8 2.55e — 8
38 2.70e — 8 | 7.44e — 9" 1.96e — 8 2.49e — 8 2.94e — 8 1.55e — 8
39 2.37e -8 579 —9 | 3.70e —8 | 4.67e —8 | 2.20e—8 1.15e — 8
ABB 40 2.50e —8 | 4.6le—9 | 7.85e —8 | 1.50e — 7 | 9.20e — 8 | 2.21e — 9*
41 1.50e —7 | 1.25e —8 | 8.04e—8 | 9.7le—8 | 1.81le—7 | 5.17e — 8
42 1.3le—8 | 1.39e — 8 | 1.06e —8 1.08¢ -8 1.17¢ - 8 3.26e — 8
43 9.26e — 9" | 8.82¢—9 | 2.66e —9* | 6.73¢ —9* | 6.90e — 9" | 1.36e —8
44 8.76e — 9 1.06e — 9 1.75e — 9 1.90e — 9 6.11e — 9 2.33e -9
45 4.43e —9 | 9.25e —10 | 7.39e — 10 | 1.29¢ —9 5.62e — 9 1.90e — 9

Table 2 The values of |G}||;, related to Examplefor B = 0.01 and iterations k = 37,...,45
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Fig. 2 Convergence of ||g,ft'h||m,h for Algorithmapplied to Examplewith BB2 step-sizes, (At, h) = (0.0064,2~7/2),
and for different choices of 8

for all j > 1. We will show by induction that for every g € {0, ..., m}, there exist positive constants Ay and 74 such that

{ If ug, € By, (u*), ak € [aint, asup|, and if for some £ € {0, ..., ¢}, the property holds, P,)
q

then we have ug4; € Br(u*), and  ||ug4; — ﬂfH < Agllug — u*|2 for all j € {0,...,£}.

For the case that ¢ = £ = 0 and the choice of no = 7 and arbitrary Ao > 0, property (Pg)) holds clearly since ﬂlg = Uu.
For the case that ¢ = 1, by using and (77)), we have

1+
Xinf
¢ =1. For £ = 0, holds trivially. Therefore, we need to investigate for £ = 1. By and using the facts that

1 [
luggr — w*|] < Jlug — || + 1Skl < lue — w*|| + = I1Gk]l < 1+ —2)[Ju — u*]],
in
Jovk| Qint
where Sy, := ug41 — ug. Hence, for 01 := —F55, we obtain up4; € Br(u*). In the case ¢ = 1 we have either £ = 0 or
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The number of required iteration kJ, j, (€)
B=05
(At, h) L, s 6 - _
. (0.01,274V/2) | (0.04,27°/2) | (0.016,276/2) | (0.0064,277v/2) | (0.0026,273v/2)
le —2 3 3 3 3 3
BB1 le — 4 7 7 7 7 7
le—6 9 9 9 9 9
le—8 11 11 11 11 11
(At, h) _ . L o o
. (0.01,274v/2) | (0.04,275v/2) | (0.016,276/2) | (0.0064,277v/2) | (0.0026,278v/2)
le — 2 3 3 3 3 3
BB2 le—4 7 7 7 7 7
le—6 9 9 9 9 9
le -8 11 11 11 11 11
) (At h) (0.01,2-4/3) | (0.04,2-5v/2) | (0.016,2-6y/3) | (0.0064,2-7v/2) | (0.0026,2-5+/2)
le —2 3 3 3 3 3
ABB le —4 7 7 7 7 7
le—6 9 9 9 9 9
le—38 11 11 11 11 11
B =005
(At, h) _ B B . B
. (0.01,274v/2) | (0.04,275v/2) | (0.016,276/2) | (0.0064,2-7/2) | (0.0026,273v/2)
le —2 7 7 7 7 7
BB1 le—4 14 14 14 14 14
le—6 21 21 21 24 24
le — 8 28 29 28 29 29
(4t h) . _ 6 _ _
. (0.01,274V/2) | (0.04,27°/2) | (0.016,276/2) | (0.0064,2-7/2) | (0.0026,273v/2)
le—2 5 5 5 5 5
BB2 le — 4 12 15 15 15 15
le—6 19 21 21 21 21
le — 8 24 25 25 26 26
(At.h) N - - - -
. (0.01,27%v/2) | (0.04,275v/2) | (0.016,276/2) | (0.0064,2-7v/2) | (0.0026,2~3+/2)
le — 2 5 7 7 7 7
ABB le—4 14 14 14 14 13
le—6 21 22 24 23 23
le -8 28 31 34 29 28
Table 3 Numerical results for Example
» B=1
10 k-3 = 0.5 |3
2 o= 0.1 |]
10 —~B=005
103 -e-3=0.01/]
104 ]
5& 5 3
5 ®
~ 4pb SRR 11 ]
10 o“mé '
107 .
(Y )
-8 &4\ o]
10 & 6
100 . Y
0 70 80

Fig. 3 Convergence of Hg,ft’h

for different choices of 3

ug, = 4f € B-(u*) and oy, = &f, we can infer that

1
~k ~k
llugt1 — a7l < flug — ag(uk) —(4g —

where G(u) = A7, (u—u*). This ends the justification of the induction basis by choosing A := QL and

1

|k |

IN

G (ur) — G(a

k (iterations)

)l

N

At.p for orithm (1| applied to Example |3| wit step-sizes, t, =(27",27°%), an
. for Algorithm [1| applied to Example [3{with ABB step-si At h 2-7,2-8 d

1 L
—— G (ur) = AL (ug —u)|| £ ——|luy —u*||?,
Ainf Qinf

pp— T
M= g

“inf

inf
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The number of required iteration kJ, j, (€)

B=0.5
TG gy | s | @ | @y | e
le —2 4 4 4 4 4
BB1 le — 4 8 8 9 9 9
le—6 11 11 11 11 11
le — 8 13 14 14 14 14
T gy | ey | o2y | @y | e
le —2 4 4 4 4 4
BB2 le—4 8 8 8 8 8
le—6 10 11 11 11 11
le—8 14 14 14 14 14
Tl gy | s | e | @ | @ne)
le —2 4 4 4 4 4
ABB le —4 8 8 9 9 9
le—6 11 12 10 10 10
le — 8 13 13 14 14 14
5=1005
T gy | @ | @ | @ | et
le —2 12 12 12 12 12
BB1 le—4 25 24 23 25 24
le—6 36 32 32 33 32
le — 8 43 40 44 42 39
. (At7h> <2—4‘275) (2757276) (2761277) (2777278) (2781279)
le — 2 9 9 9 9 9
BB2 le —4 23 21 24 23 23
le — 6 31 29 33 34 35
le — 8 35 41 41 38 40
T gy | @) | o | @ | et
le —2 13 13 13 9 9
ABB le—4 24 26 21 21 21
le — 6 30 32 29 31 35
le — 8 36 38 42 44 40

Table 4 Numerical results for Example

Now, let p be an integer with 2 < p < m such that Property (Pg]) holds for ¢ = p and, constants A, and n,. We will
show that this property holds for ¢ = p + 1, a positive constant Ap11 > Ap, and for the choice of

1 Qsu —(p+1)
Np+1 :=min{ —, 7 (1 + —p) , (154)
4>‘p Qinf

where due to , we obtain np11 < np.

Now assume that uy € By, ., (u*) and ay € [ainf, asup). First we investigate Property forq=p+1and £ < p.
That is, we assume that holds for any given ¢ < p and we show that holds. In this case, since np11 < 71p, we can
use the induction hypothesis (Property for ¢ = p ) and conclude, for every j € {0,...,¢} and Apy1 > Ap, that

uptj € Br(u*) and lugy; — @51 < Apllug — u* | < A fluw — |2, (155)

and, thus, (79) holds. In the remainder of the proof, we consider the case £ = p + 1. In this case up € Bnp+1(u*),
ap € [ainf:asup], and

1
o — 'l > Jllug | forall j € {0,....p), (156)
and we need to verify that up4; € B-(u*) for j = {1,...,p+ 1} and
lukgs1 — ¥yl < Apaflu — w12 for all j € {0, p+ 1}. (157)
First, suppose that uyy; € B, (u*) for j =1,2,...,p. By and (77), we have

luktprr —uwll < flurgp — wll + Skl

Qsup

1
< iy = 0l + —— 1kl € (1 4+ 222 gy — w7l

I k+p‘ inf

and, in a similar manner, it can be shown by induction that

Q
lagapr — w ) < (14 S22+ gy — 0.

inf
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Therefore, due to the definition of npy1, it follows that ue € Br(u*) for every £ € {1,2,...,p+1} and any ug € By, (u*)
and oy, € [inf, Qsup]. It remains to verify (157)). In fact, due to (156)), the induction hypothesis, and the fact that ng4+1 < 7q,
(157) holds for any arbitrary A,+1 > Ap and j < p . Hence, it suffices to show that

lukspr1 — byl < Apga flug — w||? (158)

for some Api1 > Ap.
By using and the triangle inequality, we obtain

1 1.
~k ~k ~k
lwktpt1 — tpprll < Nuktp — ——G(urtp) — (4p — —G(4y))ll
Qk+p

ak
< ok — 5]+ — |Gt p) — G5
S [|Uk4p up Idkl Uk+p P (159)
P
+| 1 k4|
- Uk .
Qkip OLI; +p

From now on, we define ¢ as a positive generic constant which depends only on 7, ainf, @sup and m , but not on k, and
the choice of ay and uy € Br(u*). We shall show that the following inequalities hold

1 L
@”g(uk-kp) = G(ap)ll < cllug —u*?, (160)
P
1 * (12
= = | 19ur1p)ll < cllug — w17 (161)
Aktp Oép

Verification of inequality (160): First, by adding and subtracting G(uk+p), using the triangle inequality, and we
obtain
19 (ui+p) = G(@R)I < NG (k) — Gunsp)ll + G (uptp) — G ()|
<G (wktp) = AT (wpp — u) + AT (upepp — 35)| (162)

< Llfugtp = w*II? + asupllugsp — agl| < cllug —u*|f?,

where G(u) = AL, (u—u*). In the last estimate, we have used the induction hypothesis and the fact that

p—1 P i
(e
ks =l < e =4 3 Bl < {143 (222 ) ) g =]
1=0 i=1

inf
(163)
m o i
<1+ (22) ) o -l
i—1 Qinf
Now by using (162)) and , we can infer that
1 500k 1 500k )12
T 19(uktp) = (a1 < G (uk+p) = Gap)Il < cllup —u™|".
|&k| Qint
Verification of inequality (L61): Here we need only to show that
1 *
— | < el — . (164)
Aktp Oép

Then, thanks to , (163), and (164)), we obtain

1

1G(urrp)ll < cosupllun — u [[[lupp — u*[| < eflur — u*||.
Yk+p

~k
Xp

which implies (161]).
Due to (153) we have only these two cases :

N ~BB1,k

1. a’; =é&p " and apqp = aka’;}.
N ~BB2

2 o/; =&y * and Qpyp = akapQ.

We investigate the first case. Due to , we have

1 (Sktp-1,Skip-1) and L — (Sy_1,S5_1) (165)
Wty (Skap—1,Vetp-1) af  (Sk_ VR )
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Due to (156) and the induction hypothesis i.e., property (P;) for ¢ = p, we have
Sk ~k N
ISk+p-1 = Sp—1ll < lrtp = Apll + llurgp—1 — a1 | < 2Apflug — ™%, (166)
and, as a consequence, we obtain

[I1Skp-112 = 1851 12| < |2(Skap—1 Skap-1 = S5-1) = 1851 = Sap-1ll®

(167)
< cflug —u?.
Further, by , (156]), we have
~ 1 ~ 1 “ * Qinf ~ *
IS5—1ll = 1G5 -1l > ——I[lAZ (51 — )| > —=[[(a5_1 —u")|
&y Qsup Qsup (168)
Qinf ~k * Qinf *
2 5ol —w)ll = - ||(ux — u)].
Qsup 2asup
From (167) and (168)), it follows that
S _ 2
p o ISkpal®h ey (169)
Sp_q 112
p—1
Now observe that
(Sktp—1:Vitp—1) = (Sp_1,V5-1) = (Skap—1,Vitp—1 = Vp—1) + (Skrp-1 — Sp_1, Vp_1) (170)
= (Sktp—1>Vetp—1 — Vp_1) + (Sktp—1 — Sh_1, AL SE_).
Using (166)) and we obtain
‘(5k+p71 — 8k ALSE )
= ‘(skﬂ,_1 — 85 AL Sipo1) = (Skppo1 = SE_1, AL (Spyp—1 — SE_1)) (171)
< cllug, —u*|?,
and, by (162)) and the induction hypothesis, we have
|(Sktp—1: Vitp—1 = VE0)| < 1Sktp 111Gk sp — Ghl + 1Gktp—1 — Gh_all) < el — w1, (172)
Hence, using (170)), (171), and (172), we have
| Skt Virp 1) — (S0, E0)| < ellur —w” . ()

Moreover, by using (75, (77), and the facts that ugyp, ug4p—1 € Br(u*) and ap < asup for all k > 1, we can write

that
(Sk4p—1Viap—1) = (Sktp—1,Gk+p = Gk4p—1)
2
> aint||S I? = % |1
Z Qinf k+p—1 Qinf k+p—1
®k+p—1
Qinf Qinf " (174)
> 5 Gkip1ll? = 511G (urgp1) — G|
sup sup
e 2
*
2 = lukgp—1 — w7
sup
Further, by [L2} the definition of np41 in (154)), (156) and (Py) with ¢ = p, we have
1 . X
lugsp—1 —u*[* > 5““571 —u)|? = flubgp1 — by I?
1.
> gHuIS — |2 = AD flug, — w||* (175)
> (5 = Xl — P = s — P
=13 panrl Uk u = 16 Uk u s
Combining (174) and (175)) we have
o, 5 o, 5
mn * in *
(Sktp—1:Vetp—-1) 2 aT”ulvi’pfl —ut[]® > 167”7% —u”[” (176)

sup sup
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From (173 and (176) we can write

(Sp_1.Y5_1)

S o et YA U0 PP (177)
(Sktp—1, Vitp—1) I

Now, observe that by (165))

1 (Sktp—15Sktp—1) (Sk_ 1755 1)
Qpyp  QF (Sktp—1,Vitp—1)  (SF_, Y
_ 1 1— (8k+p 17$k+p—l) (Sllf 1:
ok Sk J’k
5l ( Sky) (Sk4p—1,Viktp—1) 178)
< 1 1— (Sk+p 178k+p—1) ( 173;5 1
Qg (SS 1) 571) (Sk+p lyyk:-l»p 1)
1
= |1 (1 — ¢2) + p2| <
Qinf
where
S  Sktp Dk
$r:=1— w and o i=1— # (179)
(Sp—1>Sp-1) (Sktp—1,Vrtp—1)

By (169), (177), (178), and (179), we can infer that estimate (164) holds for the case that ajy, = akapl and & =

~BB1,k
by are chosen.
Now we deal with the second case, i.e., agp = akfp and &F = deQ’k . First due to , we have
Sk ok
1 _ (Sk+pfl:yk+p71) and _ (Sp717yp71)
— ) ~ — T ~;  ~; -
artp  Vrtp—1:Vetp—1) VE L YE D)

By using the fact that ugyp, Ug4p—1, l; 1 ﬁ’; € Br(u*), and the hypothesis of induction which is applicable due ,
we can write

1Vktp—1 = Vo1l < NGktp = Gl + 1Gktp—1 = Gp_1ll < ellur —u*||*. (180)

In addition, by using (77)), (163), and the triangle inequality we obtain

1Vetp—1ll = 1Gk+p — Gktp—1ll <Grtp — G + 1Gk4p—1 — G(u™)l (181)
< asup (lur+p = wl| + lursp—1 — u’l]) < cllug —u*).
From (180)), (181]), we deduce
|1kt 12 = 191 2] < | D=1 Visp-1 = Ih) + Dspr = Fp-1. 1)
)k Ok Ok
SNVt tlVetp-1 = V1l + V51 l1Vsp—1 = Vp (182)
< eflug —u*||?,
where in the last line we have used the fact that
)k )k
Vo1l S N1 Vktp—1 = Vp—1ll + Vet p—1ll- (183)
Furthermore, by usmg. , , and , we obtain
1V5-1ll = AL 8511l > aintllSy_1]| > 50 Ot [l(ug —u"), (184)
Qsup
and, as a consequence, it follows from and - that
2
_ WYkp—al® < cfjug — u*. (185)

1951112
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Now similarly to the case for BB1, by we can write

1 1

Ak
Ak tp Olp

(Skap—1,Verp—1)  (Sp_1. V51

(Vrtp—1>Vegp—1) ()}5_1, YE )

p—1

S S (yk#:pflajh)lvl*pfl) (557175};’:71)

okt pl VE L, VE D) (Sktp—1>Vi4p—1) (186)
< 1 1 (Vitp—15 Visp—1) (3571’5]571)
T Qint Yk, V5 ) (Sktp—1:Vetp—1)

1 1

= [p1(1 — p2) + ¢2| < (lo1] + |d2| + [P102]),

Qinf Qinf

where
Sk pk
b1 ::1_M and ¢ ::1_M, (187)
VE_,VE ) (Sk+p—1, Yetp—1)

By (177), (185), (186), and (187), we can infer that (164) holds for the case BB2.

Hence, we are finished with the verification of (161f). Now from (159)), (160), and (161]), estimate (158) follows and, thus,
the property (Pg)) holds for ¢ = p+ 1. Since m is fixed and finite, we can choose A and 7 independent of k and ¢, and, thus
the proof is complete.
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