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Abstract

A class of infinite horizon optimal control problems involving mixed quasi-norms of L”-type cost
functionals for the controls is discussed. These functionals enhance sparsity and switching properties
of the optimal controls. The existence of optimal controls and their structural properties are analyzed
on the basis of first order optimality conditions. A dynamic programming approach is used for
numerical realization.
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1 Introduction

In this work we continue our investigations of infinite horizon optimal control problems with nonconvex
cost functionals which we started in [21]. We focus on optimal control of nonlinear dynamical systems
which are affine in the control. The input control is a vector-valued function u = (uy,...,uy) in the space
L*(0,00;R™) under control constraints. The focus rests on that part of the cost functional which involves

the control. It is given as follows:
a/p

/ow Z|u,-(t)|p dt, (1.1)
i=1

where 0 < p < 1 and p < ¢ < 1. This functional is nonsmooth and nonconvex, leading to a challenging
optimal control problem with interesting properties for the optimal control laws, in particular sparsity
and switching. It appears that the terminology "sparse" is not rigorously defined in the literature, but
generally it is used to describe the property of the optimal control to be identically zero over nontrivial
subsets of the temporal domain. Here, by sparsity we refer to the situation that the whole vector u(t) is
zero. Switching control, is related to coordinate-wise sparsity, and is used to describe the property

ui(t)uj(t) =0for i,j€{l,...,m}, i#j, t >0,

which is equivalent to saying that at most one coordinate of u(r) is non-zero at t. While the use of
the control penalty (T.I)) does not guarantee sparsity or switching properties, it enhances them. This is
illustrated in Figure |1} where unit balls for different ¢/p ratios are shown. For a fixed ¢ decreasing p
(column-wise in the sub-figure) one direction becomes dominant over the other.
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Figure 1: Contour levels (0.1 to 1) of different balls ||u]|%.

To further illustrate the effect of (I.T)) let us consider the case p = 1/2 and g = 1. Then the running
cost for the control is given by

)l +2 Y wi()u(0)]?,

i i jE{ 1 m} i

on

1

where the L'-penalization on u; will support sparsity in the control and the product penalization enhances
switching phenomena. More generally, if % = j € Nis an integer, then the running cost is is combination
of an L7-penalization on each control coordinate u;, and it further contains weighted summands of (up
to) j— tuples of fractional powers of |u;|, with the sum of the powers for each tuple summing to q.
Fixing ¢, and decreasing p we expect that the control cost (I.T)) increases the switching nature of the
optimal controls, since the weights on the tuples compared to those on the singletons increase. Moreover,
decreasing g we expect that the subdomain over which the optimal control vanishes (in all coordinates)
increases. These properties will be illustrated by numerical experiments.

The case with p =g and 0 < p < 1 has been studied in [21]. Existence and sparsity properties
of optimal controls have been analyzed for this case, and these properties have been observed in the
numerical simulations in the case with 0 < p = g < 1. In the present work, the analysis is made for more
general nonconvex problems with the control cost (I.I). Concerning the question of existence of optimal
solutions, which is not guaranteed in general, we follow the ideas from [21] to reformulate the problem
in infinite-dimensional sequence spaces by descretizing the controls, and extending an important result
on weakly sequentially continuous mappings from [[19]] to obtain the existence result for our purposes.

The analysis of the sparsity and switching structure is based on the optimality conditions. For this
purpose we derive the necessary first order optimality conditions of the original problem, which follow
from general results which are available in the literature. We also derive sufficient optimality condition
for the reformulated problems. Subsequently, we investigate the sparsity and switching properties of
the optimal controls under box constraints. Finally, by using dynamic programming techniques, optimal
control laws are approximated globally in the state space for linear and nonlinear dynamical systems.

Let us mention previous related work on sparse and switching control. Closed-loop infinite horizon
sparse optimal control problems with L” (0 < p < 1) functionals were analyzed in [21]]. Open-loop, finite
horizon L' sparse optimal control for dynamical systems have been studied in e.g. [15} 26} 3,9]. Open-
loop, finite horizon sparse optimal control for partial differential equations was studied in e.g. [18. (7}, 23]].



The Hamilton-Jacobi-Bellman equation for impulse and switching controls was discussed in [15, 28]].
The synthesis of sparse feedback laws via dynamic programming has been studied in [13} 20! [1]. In
the context of partial differential equations optimal control of systems switching among different modes
were analysed in [[16, [17]], problems with convex switching enhancing functionals were investigated in
[L1]], and problems with nonconvex switching penalization in [12]. In [29] switching controls based
on functionals suggested by controllability considerations were investigated. Mixed (quasi-)norms as in
(T.1)) with p # ¢ have been used earlier, though typically in convex situations with p > 1,4 > 1. These
investigations were carried out in the context of machine learning, regression analysis, and mathematical
imaging, with the goal of achieving group sparsity or structured parsimony, see e.g. [5} [14} 22} |27, 30],
and the references given there.

The structure of the paper is the following. The short section 2 contains the precise problem formu-
lation. Existence of optimal controls, which are discretized in time, is obtained in section 3. The sparsity
and switching structure of the optimal controls is analyzed on the basis of the optimality conditions for
the time-continuous as well as the time discrete problems in sections 4 and 5, respectively, and section 6
contains numerical results.

2 Optimal control problem

Let U C R™ be a closed set and let f; : RY — R? be continuous functions for i = 0,...,m. We consider
the following control system: given x € R9,

5(1) = olo(0)) + L1y 6(0)u(e) in 0,
{ 3(0) = x. ! (2.2)

Here y(¢) € R? is the state variable and u(¢) = (u1(t), ..., u,(t)) € R™ is the input control. Given p €]0, 1],
we set for the vector u = (uy,...,uy,) € R”

m 1/p
[Jullp = <Zlui!”> :
i=1

Letg € [p,1], A >0, 7> 0and y; € R?. For any x € R?, consider the cost functional

< 1
s i= [ (S50 sl 4 vl ) . @3
where (y,u) satisfies the state equation (2.2), and the infinite horizon optimal control problem
inf{J(x,u) : u€ L*(0,00;U)}. (2.4)

In (2.3)), A is called the discount factor, ¥ is the weight of control cost and || - || is the Euclidean norm in
R?. The following assumptions are made.

(H1) The control set U is compact and convex.
(H2) There exists L > 0 such that || f;(x1) — fi(x2)|l2 < L||lx1 —x2||> for all x;,x, € R?, and i =0, ...,m.
(H3) For each x € RY, there exists u € L*(0,00;U) such that J(x,u) < co.

Let us mention that the cost functional J is convex in the state variable and nonconvex in the control. The
case ¢ = p has been discussed in [21]].



3 Time-discretized model

Since the cost functional J is not convex in u, existence of optimal controllers for problem (2.4) does not
hold in general. For this purpose we analyse the existence in the case of a time-discretized approximation
to (2.4). We introduce the temporal grid () gen:

0=t0<l1<-'-<lk<tk+1<'-',

and denote by Iy = [t ;41| for k € N. The control is then restricted to the following set of piecewise
constant functions:

U= {u=(us,...,up) €L7(0,00,U) : u;(t) = ujp fort € I, i=1,...,m, k€ N}.
Consider the following optimal control problem

a/p
. < a1l -
inf J%(x,u) := /0 e M| Slv) Yd||2+Y<ZZ|”zk|p]llk > dt, (3.5)

uey® i=1k=0

where y solves (2.2). A direct computation shows that

q/p
1) _ 1 o m

P = [ eI vl +7 Y b <Z|ul-,kv’> ,
k=0 i=1

where

by = / e Mdt = l(e*)”’k — e Min ).
I A

For any r > 0, the infinite dimensional sequence space ¢ = {u € = : Y7, |ux|" < oo} is endowed with

- 1/r
[Jull- = (Z !uk\r) :
k=0

For convenience we recall that £", with 1 < r < oo, are reflexive Banach spaces and ¢"' C (2 if 1 <r| <
ry < oo, To investigate the existence of optimal controls, we follow the idea introduced in [19] by defining
the following reparametrization v : £4/? — (4 with

1
W(Z)k = |Zk|; sgn(zk), for z = (ZlaZZa .. ) € Eq/pv k= 1a2> ceee
Using the fact that y is an isomorphism, (3.5) is equivalent to
- 1 q/p
A A EORREZERY o O o) (.6
by (wi)eu /0

where y(-) satisfies

{ y(t) fO( ( ))+Z lfl( ( ))blzl/p|wi,k|l/psgn(wi,k) fort € [tk7tk+])7 k:0717"'7 (37)
y(0) = x.

To obtain existence for problem (3.3)), the following lemma is needed which gives some important prop-
erties of . The idea of proof is inspired by [19, Lemma 2.1].

Lemma 3.1. Let g > p and let B denote the conjugate exponent of q/p. The mapping Y : 04/ — (B s
weakly (sequentially) continuous, i.e. 7' — 7 weakly in (/P implies that w(z") — y(Z) weakly in (P.

4



Proof. Letr= % + 1 and let r* denote the conjugate exponent of r given by r* = p+ 1. Then

1
<-<
p p

B

1<
which implies * < B. For any z € £4/7, we have

ll2ll> = ZIZkI (=) lek! /I’—Z\sz

and

(W@, o= Y V@ =Y lal P = Y fal
k=1 k=1 k=1

The above computations imply that

(W (@,2)p o = W@l 2], and [y ()] = |z},

which means that v is the duality mapping from ¢" to ¢ and is weakly sequentially continuous. If 7 — Z
weakly in £9/7, then 7" — Z weakly in ¢ since 1 < g/p < r. Therefore, W(z") — w(Z) weakly in ¢
Using that r* < 3, this implies that y(z") — y(Z) weakly in ¢5. O

Theorem 3.2. There exists a minimizer w to (3.6), and hence a minimizer i to (3.5).

Proof. The case g = p has been dealt with in [21]]. Therefore, we focus on the case g > p.
Let w" = (w},...,w},) be a minimizing sequence for the problem (3.6), we set u" = (], ..., u},) with

b Pl = Wk, i=1,...,m, k=0,1,....

Note that by and u}, are uniformly bounded with respect to k,i,n, and therefore wj, are uniformly
bounded. For eachi € {1,...,m},

o w [ m a/p
RS o )
k=0 k=0 \i=I
which implies that w” is bounded in £/7. On the other hand,

Y wil? = Y wialPre.
k=0

k=0

Noting that £4/7 c ¢B/7 since B = —p >4 We deduce that
wi € (B/P and y(w") = (b,i/f'u;fk) cdh.

It follows that {(w(w?),w?)}>_, is a bounded sequence in £ x ¢4/P. Therefore, a subsequence of
{wl'}>_, converges weakly to some w; in £4/? (see [10} pp. 73]). By the same reason, a subsequence of
{w(w!)}_ | converges weakly to some &; in /8. From Lemma one deduces that

& =wy(w;), foreachie {1,...,n}.

Let y, be the solution to (3.7) with control w”. Then on each interval [, we can deduce by the Arzela-
Ascoli theorem that there exists 3 : I — R¢ such that

Yn — Vi uniformly in [, as n — oo.



For 7 : [0,0) — RY defined by y|;, = y for k € N, it follows that for any T > 0
yu — ¥y uniformly in [0,7"), as n — oo.
Therefore, y is the solution to (3.7) corresponding to w := (Wy, ..., W,,). Here we use that the dynamics

f is affine in y(w;), i = 1,...,m. Using the fact that y, — ¥ pointwise in [0,0) and wi = Wiy for any
i=1,...,m, k €N, we obtain by Fatou’s lemma that

o0 q/p
/0 ||y —yall3dt + Z <Z|Wlk|>

a/p
< hmlnf/ ||)’n —yall3dt + Z <Z|Wzk|> )

which implies that W is a minimizer for problem (3.6). Hence a minimizer i € U* for problem (3.3)) is
given by
it = (i1, ..., d), with &= b Py, i=1,....m, keN.

4 Sparsity and switching properties: the time-continuous problem

For the time-continuous problem (2.4)), the necessary optimality conditions are known from the literature
and are next recalled for convenience.

Lemma 4. 1 Assume that f; are C fori=0,...,m. For each x € R%, if it is a locally optimal control for
problem (2.4) and ¥y is the associated optimal tra]ectory, then there exists an adjoint state @ : [0, o0[— R?
such that

{ —(t) = Dfo(5(t))@(t) + X2y DA (0)) (1) + e (3(t) —ya) fort >0,
lim; . @(t) =0,

and @ satisfies, fort €]0,00[ a.e.,
1
< )+ 3 A0 <>>+e (3150 -l + vl 1)
1
g< )+ 3. A5 >+e“(2||y-<r>—ydu%+y||uu;f,) @)

forallueU.

According to (4.8), for t €]0, o[ a.e. we look for the minimizer of the following function

(i), @(t))ui+ve ™ ||ull9, Yu € U.

Ms

Gi(u) :=
1

Assume that the set of control constraints U has the form of box constraints:
Uw:={u=(uy,...,upn) ER" : —p; <u; <p;, i=1,...,m}, (4.9)

where p; > 0. In this case the optimality condition can be used to derive the following structural proper-
ties of a minimizer.



Theorem 4.2. Let ii be an optimal control for problem (2.4) with U, given in @.9), let y be the associated
optimal trajectory and @ the associated adjoint state. For t €]0,00[ a.e., we define the following index
sets:

() ={ie{l,...m} : [(FG0).00))|p, ! <y},

) ={ie{l,....m}: [(i(50), p0)lp; I =ye ™},

() ={ie{l,...m} : [(FG0).00)|p, " > ye 1},
Then the following properties hold:

(i) Fort €]0,[a.e. andi €I (1),

(ii) Fort €]0,o] a.e. andi € I°(t),

( @i(t) =0, ifr(r) #0,
i(t) € {0, —pisgn((fi(¥(¢)), 9(1)))},
’/_ti(t) J() 07 l,]GI(l’),l#], lf]+(l‘):®,q€[p,1[,
wi(t) € [0, —pisgn((fi(3(1)), 9(2)))];
. ﬁi(t)ﬁj(t)zo) iajelo(t>vi7éj’ lfl—i_(t)_@aq:l

(iii) Fort €)0,00[ a.e. and i € I (t), we have
ii(t) € {0, —pisgn({fi(¥(t)), 9(1)))},
with max;e+ ) | (t)| # 0.

Let us briefly comment on sparsity and switching properties which follow from Theorem [4.2] For
the coordinates in the index set /™ (), the controllers are zero. We refer to these coordinates as the sparse
control coordinates at the time ¢. If I7(t) = 0, then i € I°(t)UI~(¢) for all i = 1,...,m, and hence u is
switching or sparse at time ¢. If I (¢) # @ then the coordinates in 1°(¢) behave like those in I~ (¢), they are
0. The coordinates of the optimal control in the index set I (¢) are not completely determined by (iii).
They are either active, or zero and thus they join the set of sparse control coordinates. Comparing to the
case p = g which was treated in [21} Proposition 5.2], the case (iii) is such that the control is necessarily
active. Thus p < g enhances additional sparsity compared to p = g. Finally, as a consequence of the box
constraints, the optimal control is of bang-off-bang type, except for case (ii) with g = 1.

Proof. We shall use that by Lemma [4.1| we know that #() minimizes G; in U, for a.e. t € (0,e0). For
convenience of notations, let us set

@i = (fi(3(t)),0(t)), ¥ =ye" At

In Step 1 below we verify (i) and (ii). The claims in (iii) are proved in Step 2.

Step 1: proof of (i) and (ii).
At first, let us focus on the case ¢ > p. Consider further the case ¢, ; <0 fori=1,...,m. Then i;(r) >0
fori=1,...,m. We introduce

Q={ucl.:0<uy; <p;,i=1,...,m}.
Let us decompose G; in € as follows:

G,(u) =G (u) +%G2(u),



where
m

m m a/p
Gi(u) =) @rui+% Y uf, Go(u) = ( ”f’) -
i=1 i=1 i

u..

-

q
i
i=1

1

G| is a concave function in Q, G, > 0, and G, = 0 if and only if Y=
that 1 € [1, %] and the fact that

..mitj|uiuj| = 0. Here we use

m r m
(Zal> Z Zal".,
i=1 i=1

for each a; > 0, r > 1, and equality holds if and only if a;a; =0 for all i, j = 1,...,m, i # j. Then we
deduce that
Gi(u) > Gi(u),

and equality holds if and only if }; iy, ;2;|uinj| = 0.
If () =0and I () = 0,ie. p' "¢ ;| <y fori=1,...,m, we have
O iti + %u? > 0 for u; E]O, p[],

where u = u(t). Therefore G attains its unique minimum at (0,...,0) and G»(0,...,0) = 0. Conse-
quently i;(t) =0fori=1,...,m.
If I () = 0, we have

@u;i +yu! > 0 for u; €]0,p], i € I (t), and @y ju;+yu? > 0 for u; € [0,p;], j € ).

Moreover for j € I°(¢), the expression @ ju; + }l,u? attains its minimum in [0, p;] at 0 and p; if g < I,
and @ ju;+ %M;[- = 0if g = 1. Therefore,

i;(t)=0forie I (1), ii;(t) € {0,p;} for j€I’(t), g<1,and Y [ujuy| =0,
JJEPt),j#]

and
i;(t) =0forie I (t), ii;(t) €[0,p;] for je I°(t), g=1,and Y |uju;|=0.
JJEP @), j#]

If I () # 0, we have
(p,7,-u,-+}/u? > 0foru; € [O,p,-], i€ I_(l‘) Ulo(l‘),

and @ ju;+ }/u;’. attains its unique minimum in [0, p;] at p; for j € I (¢). Thus, for any u € Q, we define
ii € Q as follows:
i =0foric I (t)Ul’(t), and it; = u; fori € I'" (z).

If i = (0,...,0), then for any j € I'"(t) we set ii € Q with
ﬁj:p andﬁi:Ofori#j, i=1,....m.

Thus we have
G(u) > Gi(u) > G, (@) > G (d) = G(d).

Otherwise if i # (0,...,0) and u # i,
G(u) = G (u) +%Ga(u) > Gi(u) + 1 Ga() = G (i) + % Ga(it) = G(id).

We then deduce that
ai(t) =0foric I~ (t)UI(r).



The proof for the case when ¢, ; < 0 fori=1,...,m is thus concluded. The other cases when ¢;; have
different signs can be treated analogously.

Now we proceed to look at the case g = p. In this situation, G, = 0 and G = G;. The minimizers of
G have been analyzed in the previous arguments, and we therefore arrive at the conclusion.

Step 2: proof of (iii).
We turn to analyze the behavior of the coordinates with indices in I (¢). In particular in this case
I"(t) # 0, and consequently by (i) and (ii)

@(t) =0, fori e I (1) UI(r).
Therefore,

¢ ‘ q/p
Gi(a(t)) = Y. @uictti.(t) + % (Z |it;, (ﬂl”) ; (4.10)
=1 =1

where {iy,...,i;} C {1,...,m} is such that I (r) = {i1,...,is}. Then the problem consists in finding the
minimizer of the function

¢ ¢ q/p
Gw):=)Y viwe+y (Z p4’|wf\1’> , forw = (wi,...,w) € [-1,1]", 4.11)
=1 7=1
where, to simplify notation, we set for t=1,...,¢
"
Wy = p—lf, Ve = Q. Pi,, and p; = p;,. (4.12)
it

Following the definition of I (¢), we have
lwelpr 9> %, fort=1,...1. (4.13)
Let w be the minimizer and let us start by considering the case
v <0, forall T=1,... 7.

Then it is trivial to see that
wr >0, forallt=1,... ¢

We aim to prove that the minimizer w is not in the interior of [0,1]".

assume that

Without loss of generality, we

1>wi 2wy 2> 2w >0.

We can therefore limit our attention to the subset

{Wiy.c,we) s 1>wp >wp > --wyp >0} (4.14)
Note that w can be expressed as w = (Bowy, B1 Bow1,- .., Br—1-.. Bowi) where o =1, and B, € [0, 1], T=
1,...,£—1. Moreover w; € [0, 1] is a minimizer of the functional

¢ ; q/p
Ggi(wi) =Y, WePe1-Bowi +% (pr fl--ﬁ(f’) wi.
=1 =1

We will exclude the case that w; — Gg ;(w1) assumes a minimum in the interior of [0, 1]. Indeed, if such
a minimum wy is attained in the interior of [0, 1], then

q/p

J4 {
0= G}L](WT) = Z VB Bo+ v <Z p? 51"‘[3(?) Q(WT)q_l-
=1 =1

9



Therefore,
‘ q/p
Gpi(wi) =(1—q)¥ (Z ol fr‘ﬁé’) g(w)? > 0.
=1

Note that
Gg1(1,0,...,0) = yi +%p] = p{ (—|wilp; "+ %) <O,

where (4.13) is applied. Thus,
Gﬁ,] (WT) > Gﬁ,l (1707 R 70)7

which contradicts the assumption that wj is the minimizer. Consequently, the minimum can not be
attained in the interior of [0, 1] and thus w; € {0,1}. Moreover Gg ;(1,0,...,0) <0and Gg ;(0,...,0) =
0, and thus

wp =1. (4.15)
We next claim the following: for j € {2,...,¢—1},if w;j_; € {0,1}, then

w; € {0,1}, (4.16)
and verify this statement by induction. If w;_; = 0, by (4.14) we have
Wi = 0

as claimed. If w; | =1, thenw; =1, forall 7=1,...,j—1.
To characterize further w;, we apply the same idea as for determining w;. This time we restrict our
attention to the subset
{wj,wigi,...,we) 1 1>wj >wjp > >we >0},

and note that for the optimal (w;,...,w¢) = (W;,Bjw;,...,Be—1...Bjw;), where B, € [0,1] for T =
1,...,£—1. We denote for any w; € [0,1]

Jj—1 14
Gp,j(wj) = ZWT+WJWj+ Z Ve Biw;
=1

T=j+1

-1 ¢ a/p
+y | Y pE+piwl+ Y pf é’l---ﬁ}’w?] :

7=1 T=j+1

and note that w; is a minimizer of Gg ; on [0, 1]. If a minimum w7 is attained in the interior of [0, 1], then
Gg ;(w;) =0.
This yields that,
- 49 cq/p—1 - 1
Vit ), WP Bitu-SITT pf+ Y pEBL o BY | (W) =0,
T=j+1 p T=j+1

where

j—1 4
Sj= Y pe+p;(w))P+ X peBl B (W)
=1

T=j+1

Therefore,

VA VA
vi+ Y wrﬂf,l---ﬁjz—%S}?/”’l (pj”+ Y of 51--~B,~”> q(wi)P .

T=j+1 T=j+1

10



By applying the above equality to compute Gg, j(w;‘.), we obtain
Gp,j(wj)

j—1 VA
= Z%+<wj+ Y %BT_l-'-Bj)ijS?/”
=1

T=j+1
j_

1 4
= Y we—usi! (prr Y, ot 5_1-"l3f> a(w;)" +yS?"
1

T= T=j+1
j-1 ot [ ¢

= Y wrnSl Yol +(1—q) | pf+ Y pEBY BT | (WP
=1 =1 T=j+1

Using the fact that ¢ < 1 and w}f > 0, it holds that

j-1 j-1
G w)) > Y wetns?"Y pf
=1 =1

a/p=1;_4

j—1 i1
> Z%+%(Zpé’> Y ot
=1 =1 =1

= Gﬁyj<0)’

which contradicts the assumption that wj is the minimizer. Consequently, the minimum can not be
attained in the interior of [0, 1]. We then deduce that

wj € {0, 1},
which completes the proof for the claim (4.16). Together with {.13)), it is deduced that
wr € {0,1}, fort=1,...,¢,

which concludes the case where y; < Qforallt=1,... /.

For the other cases where y; is positive for some 7 € {1,...,¢}, y; and w; can be replaced by
—yr and —w, in (@.11). Then by following the same arguments as in the previously we can obtain that
—wz € {0,1}. Therefore we conclude that

wr € {0,—sgn(y;)}, fort=1,....¢,
with the additional information that |w;| = 1. The definition of w; and v in (4.12)) implies that

i, € {0,—pi, sgn(@ i)}, foriz €I (1), t=1,...,¢,

with the additional information that max;c;+ % = 0. This completes the proof of (iii). 0

In Theorem4.2] the study has been made for the case of box constraints. Next we briefly consider the
problem under Euclidean norm constraints. In this case, due to the coupling of the coordinates which is
inherent to the Euclidean norm, it appears to be more complicated to achieve explicit information on the
structure of the minimizers compared to that which was obtained for box constraints.

We define for p > 0

Us:={u=(u,...,un) ER" : Y 1 < p?}. (4.17)
i=1
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Theorem 4.3. Let it be an optimal control for problem (2.4) with U given in @.17), let y be the associated
optimal trajectory, and @ its associated adjoint state. Let I~ (t),1°(t) and I'* (t) be as defined in Theorem
Iffor somet €)0,T| the cardinality of I'" (t) is less or equal to 1, then (i), (ii), and (iii) of that theorem
remain valid. Otherwise we have

i |i;(t)|* = p?, for a.e. t €]0,09]. (4.18)
i=1

Proof. Step 1. From (@.8) we know that for r €]0,eo[ a.e., () is the minimizer of the following function
m
G, (u) == Zai(t)ui—l—}/e_m||u\|z, for all u € Us,
i=1
where o;(t) = (f;(3(r)), @(z)). At first we note that U, is a subset of Us, if p; = p for all i, and hence
min,ep,, G, (1) < min,ey, G,(u). Moreover, if a minimizer of G, over U.. is contained in U, then this
minimizer is also a minimizer of G; over U,. Following this observation, let i(¢) be a minimizer of G,
over U., with cardinality of /*(¢z) < 1. Then by Theorem [4.2] all components of i(¢) are 0 except for
at most one. In case the cardinality of /7 (z) equals one, then there is one non-trivial coordinate of the
control at time t whose norm then equals p.
Step 2. Now we turn to the general case (assuming that I is nonempty) and prove that the optimal
control is necessarily active. Since I (¢) is non-empty there exists at least one index 7 such that y% —
laz(¢)|p' =7 < 0. Setting the value of this coordinate equal to p we obtain

G((0,...0,p,0,...,0)) = a;(t)p + ¥p? = p(% + a(t)p' 1) = p?(3% — | (t)|p' %) <O,

which implies that at least one coordinate of i is nontrivial and G(ii(¢)) < 0. Let £ denote the number of
nontrivial coordinates of i and without loss of generality assume that these are the 7 first ones of i(t).

Let us start with the case where o;(¢) < 0 for all i = 1,..., /. Tt is trivial to see that i;(t) > 0, for
i=1,...,71in this case. We set

Q::{(ul,...,ug)eRf Y up <p?ui >0, i:l,...,e}.
i=1

Thus i(r) € Q. We prove by contradiction that & € Q. If this is not the case, i.e. & is in the interior of

Q, then

2G , _ . .
a—ul(u(t)) =0,i=1,...,¢,

from which we deduce that

7 q/p—1
f)+% (Z ) pla®)|)P'=0,i=1,...,7

It follows that

Therefore,



Since we already know that G(ii(r)) < 0 this gives a contradiction. Consequently i(z) € dQ. Since @; # 0
fori=1,...,¢ this implies that

7
Zﬁg(t) =p?and () >0, for i=1,...,0.

If some of the coordinates of o are such that o;(r) > 0, then necessarily i;(f) < 0 and, adapting Q
accordingly, it can again be verified that Y} @?(r) = p2. O

5 Sparsity and switching properties: the time-discretized problem

In this subsection we consider the following linear dynamical system: for x € R?,

oz o

where A € R4 and B € R4*™. Let us recall the optimal control problem: given x € R¢, consider
inf {J%(x,u) : (y,u) satisfies (5-19), u € U*}.

The cost functional is recalled as follows:
oo 1 B
P = [ S M50 = yalBdr + vR(u),
where
- m q/p
R(u): Zbk <Z|u,~7k|p> fOI‘MEUA.
k=0 i=1

To investigate the optimality conditions satisfied by the optimal controllers, we introduce firstly the
adjoint equation associated to (y,u) satisfying (5.19):

—¢(1) =ATo(t) +e M (y(t) —ya) fort>0,
{ lim; .. @ () = 0. (5.20)

Here ¢ is called the adjoint state of y. Since the controls in U are piecewise constant functions, we
consider at first the optimal control on each time interval i, k € N.

Proposition 5.1. Let ii € U satisfy the following: for any k € N, ii(-) = iy in I and

i € argmin {/<(Z)(t),Bu>dt—|—kaHu||Z}, (5.21)

M:(Ml,.‘.,um)GU I

where  is the corresponding trajectory and Q is the adjoint state associated to (¥,i). Further for any
arbitrary ® € R™ such that @ +ii;, € U, we define the perturbed control

w L i+ iftel,
ut(e) = { a(t) otherwise.

Then it holds that J*(x,u®) > J*(x, ii).
Proof. Let y® be the trajectory associated with u®. Then y® — j satisfies

{ Y1) =9(1) = A (1) = y(t)) + Bl (1) fort € (0,0),
y*(0) —5(0) =0.
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Assumption (5.21) implies that

/I<¢’([)vB(’7‘k+w)>dt+?’kaﬂk+ngZ/I'<¢’([)78ﬂk>dt+}’bk‘|’7‘k|’g' (5.22)
By the definition of u®, is equivalent to
/1 (§(1),Ba)dr + YR(u®) ~ YR(7) 2 0. (5.23)
For almost all £ > 0 we obtain,
(00500~ 50)
= (@)Y (1) =5(1)) +(@(2),y" (1) = $(1))
= (—AT@(1) — e M (3(1) = ya) (1) = 5(1)) + (@), A (1) = 3(1)) + BoLy, (1))
= —e M )*ydv (1) = 3(0)) +{@(1), BoLy (1))

Note that lim;_,. ¢(z) = 0 and y*(0) — 5(0) = 0, and therefore

|5 605°0~50) =0,

Consequently we obtain

| [ 60 =305 =50 + (9(0). B, ()| ar =0,
e 60 =300 =500 = [ (90).80) (5249
To compute the left-hand side of (5.24)), we have for every ¢ > 0
ly®(e) = yallz = I5() = yallz = ly*(6) = 5(0) 13 + 202 (1) = 5(1), 5() = ya), (5.25)

and now (5.23)), (5.24) and (5.23) imply that
3¢ PO = valBar— [ Se 50— valf
=[5 15 0 =510 e+ 7R ()~ yR () = 0.
Then we deduce that
Pa®) =) > [ Se Mo 5l > o
which ends the proof. O

Proposition [5.1] provides the way to construct optimal controls on each I, and this procedure can be
naturally extended to construct globally optimal controls.

Theorem 5.2. Let ii € U2 satisfy the following: for any k € N and t € I,

1) e  argmin {/I (®(t), Bu)di + ybkuuug} , (5.26)

u=(uy,...,un )€U

where y is the corresponding trajectory and Q is the adjoint state associated to (7,ii). Then i € U% is a
minimizer of problem (3.3), i.e.
JA(x,u) > JA(x,id), Vu e U

14



Proof. For any u € U”, we define a sequence (1"),cy by

nn . Joa) iftel, k=0,...,n,
u'(t) '_{ u(t) otherwise.

Therefore, u" — i pointwise in [0,eo[. Let y" be the trajectory associated with u". By the same argument
as in Theorem [3.2] we deduce that

y" — ¥ pointwise in [0, .
Assumption and Proposition [5.1imply that
JA(x’u) > JA(xauo) > JA(xaul) >z JA(xvun)a VneN.

By Fatou’s Lemma,
=1
JAx,u) > lim inf{/ —e M|y (1) —de%dt—i—}/R(u")}
n—e | Jo 2

oo 1 B _ _
> [ 5150 = val 3+ vR (@)
= JAx,0),
and we conclude that i is a minimizer of problem (3.5)). O

Based on the optimality conditions (5.26), similar results on sparsity and switching properties as
Theorem 4.2] can be deduced by the same arguments as in the proof of Theorem §.2]

Theorem 5.3. Following the same assumptions and notations in Theorem we set
O = /1 BT @(t)dt, Y = ybi.
k
For each k € N, we define the following index sets:
— . 1—
Io={ie{l,...om} : |Qeilp; * < wl,
R={ie{l..m: |guilp) " =n},
I]j_ = {l € {17 .. 7m} : |(Pk,i|Pi1_q > ’}/k}a
The following properties hold:

(i) Forke N, tel,andi€l,_,

ﬁl’(l) =0.
(ii) ForkeN,t €y and i€ I,
i (1 i #0,

)=
t) € {0 —Pi Sgn((Pkt)}

Nij(t) =0, i,jel, i#j, ifIf =0,q€][p]1],
)

)i

it

it

l(t E[O stgn((sz)]

g l(t J() 07l7]61717é.j7 lfl—’_:@uq:l

(iii) Forke N, t € I, and i € I.', we have
i(t) € {0, —pisgn(@ri) },
and max;+ |i;(¢)] # 0.

15



6 Numerical experiments

In this section we present numerical experiments for the computation of optimal control laws for the
problem

. ® 1
i J)i= [ (S0 -yul+ Aol ) ar,

u(-)EL=(0,00:Usn

constrained to the nonlinear dynamical system

{ ¥(s) = f(r(s),uls)) := fo(y(s)) + Xy fi(y(s))ui(s) in]0,ee],
y(0) = x.

For the realization of globally optimal control laws we proceed as in [21]], i.e. by following a dynamic
programming approach. The value function V (x) := infJ(x, u) associated to this infinite horizon optimal
control problem satisfies the following first order Hamilton-Jacobi-Bellman equation

1
AV (x) 4 sup {—f(x,u) - VV(x) — E”x_)’dH% = Yllull3} =0,

U€Us,

which leads to the optimal feedback map

a(x) = arglg}in {fCe,u) - VV(x) + 7llul|9} . (6.27)
UCUs

The solution of the Hamilton-Jacobi-Bellman equation and of the optimal feedback mapping are numeri-
cally approximated by a first-order semi-Lagrangian scheme with policy iteration as discussed in [2]. The
well-posedness of this numerical scheme is guaranteed under boundedness and continuity assumptions
for the dynamics f(x,u) and the cost. Convergence of controls, however, is only guaranteed for convex
running costs. Nevertheless, the results we report indicate that the semi-Lagrangian scheme converges
to optimal controls exhibiting the expected sparsity and switching properties. This scheme has also been
applied to the solution of sparse optimal feedback control problems in [1} [13]. In the case p =g =1
the minimization operation in ((6.27) can be realized by means of semismooth Newton methods as [20].
For different values of p and ¢, the minimizer is chosen by discretizing the control set U., into a finite
number of values and making a pointwise evaluation of the Hamiltonian.

Eikonal dynamics

We begin by considering eikonal-type dynamics for planar motion of the form
X1(s) = u(s)
x2(8) = ua(s),

where |u;(s)| < 0.5 for i = 1,2. The state space is set to be Q@ = [—1,1]2, the discount factor A = 0.2, and
y = 1. The goal is to drive the state to the origin, and therefore y; = (0,0). The optimal control fields in
the state space for different p,q values are shown in Figure

We observe the following:

a) The case p = g = 1 has been already reported in [21]. There exists a switching band of width YA,
where the optimal control points unidirectionally towards the origin, and & = 0 for ||u||. < yA.

b,c) Departing from p = g = 1 and reducing the value of p, a switching region with only one active
control component arises. It increases as the ratio g/p increases. Note that for ¢ = 1, the region
where iz = 0 remains unchanged.

d) The switching and the sparsity regions are larger for p = g = 0.2 than for p = g = 1. Only in the
particular case p = 1 these regions would remain the same.
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Figure 2: Eikonal dynamics, optimal control fields for different control penalizations||u||5.

e,f) Increasing the ¢/ p ratio by departing from smaller values of ¢ generates a larger switching region,
leading to a fully switching controller for a ratio of ¢/p sufficiently large. Note that increasing
q/p for g # 1 also leads to a decrease of the sparsity region.

Nonlinear dynamics of a double-well potential

We now address the synthesis of optimal controllers for nonlinear dynamics. We consider a system cor-
responding to a single one-dimensional particle moving in a double-well potential, subject to a controlled
damping, and a direct external forcing via

— (14 u1(8))v(s) + (x(s) —x>(5)) + uz(s).

<.
—

<2}
~—

I

In the absence of control action (#; = up = 0), the damped particle has two stable equilibrium positions,
namely x = +1,v =0 (we drop the state-space notation (x;,x;) for (x,v)), with their corresponding basins
of attraction. Here our goal is to steer the particle to the equilibrium y; = (1,0). We consider a set of
initial conditions in Q = [~2,2]?, and set y = 0.1, p = 1, and A = 0.01. Optimal controls are shown in

Figure[3]
We observe:

a,b,c) By reducing the value of p with ¢ = 1, the region where the control u; is active decreases.

d.,e,f) Reducing g does not affect the sparsity pattern of u,. The linear control action via u, is more
relevant for the stabilization goal than the bilinear control term u;v. As expected it becomes
insignificant as v becomes small.

g,h,i) Overall, the reduction of p has a significant effect on the increase of the switching region.
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Figure 3: Optimal controls for the double-well nonlinear control problem. The first two rows show the
control variables u; and u, for different values of p and q.

In order to investigate a setting with a richer interplay between the control variables and the switching
structure, we consider a modified version of the double-well control system given by

v(s) = —(1+u1(s))v(s) + (x(s) = (s)) +ua(s)x(s),

where u, enters now in a bilinear fashion. The optimal controllers are significantly different compared
to the previous setting, as shown in Figure 4]
We note that:

a,b,c) The sparsity region of u; increases as the ratio g/ p increases.
d,e, f) The sparsity region of u, also increases as g/ p increases.

g,h,i) Overall, the switching pattern of the two control variables becomes dominant as the ratio g/p
becomes large. Only a reduced region of the state space requires the simultaneous action of two

control variables.
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Figure 4: Optimal controls for the double-well control problem with two bilinear controls. The first two
rows show the control variables u; and u; for different values of p and 4.

Concluding remarks. In this paper we have studied infinite horizon optimal control problems with a
control cost of the form ||u]|q, where 0 < p < g < 1, leading to a non-convex, non-smooth optimization
problem. From the analysis of the associated optimality conditions, we have shown that such control
penalizations induce not only sparsity, but also a switching structure in the optimal control field. The
switching pattern is determined by the different parameters of the control problem, but most notably, by
the value of g and the ratio ¢/p. By means of dynamic programming techniques, we have shown numer-
ically that, for an increased ¢/p ratio the optimal control has a dominant switching pattern, tending to
minimize a counting || - ||o measure over an enlarged region of the state space. We believe that an impor-
tant direction for future research is a thorough study of the interplay between the underlying dynamical
structure of the control system and the switching pattern. More concretely, it would be desirable to know
whether the sparse/switching control does benefit from the basin of attraction of a given equilibrium
point, or whether the inclusion of | - |3 norms could lead to minimum time-type controllers.

19



References

[1] G. Albi, M. Fornasier, and D. Kalise. A Boltzmann approach to mean-field sparse feedback
control, IFAC-PapersOnLine 50(1)(2017):2898-2903.

[2] A. Alla, M. Falcone and D. Kalise. An efficient policy iteration algorithm for the solution of
dynamic programming equations, SIAM Journal on Scientific Computing 37(1)(2015):181-200.

[3] W. Altand C. Schneider. Linear-quadratic control problems with Ly-control cost, Optim. Control
Appl. Methods, 36(2015):512-534.

[4] J. P. Aubin and A. Cellina. Differential Inclusions: Set-Valued Maps and Viability Theory,
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sci-
ences], vol. 264., Springer-Verlag, Berlin (1984).

[5] M. Bardi and I. Capuzzo-Dolcetta. Optimal Control and Viscosity Solutions of Hamilton-Jacobi-
Bellman Equations, Systems & Control: Foundations & Applications. Birkhduser Boston, Inc.,
Boston, MA (1997).

[6] F. Bach, R. Jenatton, J. Mairal and G. Obozinski. Structured sparsity through convex optimiza-
tion, Statistical Science 27(2012):450-468.

[7] E. Casas, C. Clason and K. Kunisch.Approximation of elliptic control problems in measure
spaces with sparse solutions. SIAM J. Control Optim., 50(4)(2012):1735-1752.

[8] P. Cannarsa and C. Sinestrari. Semiconcave Functions, Hamilton-Jacobi Equations, and Optimal
Control. Progress in Nonlinear Differential Equations and their Applications, 58. Birkhiduser
Boston, Inc., Boston, MA (2004).

[9] M. Caponigro, M. Fornasier, B. Piccoli and E. Trélat, E.Sparse stabilization and control of align-
ment models, Math. Models Methods Applied Sciences 25(3)(2015):521-564.

[10] I. Cioranescu. Geometry of Banach Spaces, Duality Mappings and Nonlinear Problems. Mathe-
matics and Its Applications, Volume 62, Kluwer Academic Publishers, 1990.

[11] C. Clason, K. Ito and K. Kunisch. A convex analysis approach to optimal controls with switching
structure for partial differential equations. ESAIM Control Optim. Calc. Var. 22(2)(2016):581—
6009.

[12] C. Clason, K. Kunisch and A. Rund. Nonconvex penalization of switching control of partial
differential equations, System and Control Letters 106(2017):1-8.

[13] M. Falcone, D. Kalise and A. Kroner. A semi-Lagrangian scheme for Lp-penalized minimum
time problems. Proceedings of the 21st International Symposium on Mathematical Theory of
Networks and Systems, 17981803 (2014).

[14] M. Fornasier and H. Rauhut. Recovery algorithms for vector-valued data with joint sparsity
constraints, SIAM Journal on Numerical Analysis 46(2): 577-613.

[15] O. Héjek. L;-Optimization in linear systems with bounded controls, J. Optim. Theory Appl.
29(3)(1979): 409-436.

[16] F. Hante, G. Leugering and T. Seidman. Modeling and analysis of modal switching in networked
transport system, Applied Mathematics and Optimization §9(2009):275-292.

[17] F. Hante and S. Sager. Relaxation methods for mixed-integer optimal control of partial differen-
tial equations, Computational Optimization and Applications 55(2013):197-225.

20



[18]

[19]

(20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]
[30]

R. Herzog, G. Stadler and G. Wachsmuth. Directional sparsity in optimal control of partial
differential equations, SIAM J. Control Optim. 50(2)(2012):943-963.

K. Ito and K. Kunisch. A variational approach to sparsity optimization based on Lagrange mul-
tiplier theory, Inverse Problems, 30(2014): 015001 .

D. Kalise, A. Kroner and K. Kunisch. Local minimization algorithms for dynamic programming
equations, SIAM Journal on Scientific Computing 38(3)(2016): A1587-A1615.

D. Kalise, K. Kunisch and Z. Rao. Infinite horizon sparse optimal control, J. Optim. Theory
Appl. 172(2)(2017):481-517.

M. Kowalski.Sparse regression using mixed norms, Applied and Computational Harmonic Anal-
ysis 27 (2009) 303-324.

K. Pieper and B. Vexler. A priori error analysis for discretization of sparse elliptic optimal
control problems in measure space, SIAM J. Control Optim. 51(4)(2013):2788-2808.

G. Teschke and R. Ramlau. An iterative algorithm for nonlinear inverse problems with joint spar-
sity constraints in vector-valued regimes and an application to color image inpainting, Inverse
Problems 23(2007): 1851-1870.

R. Vinter. Optimal Control. New York, NY, USA : Springer, 2010.

G. Vossen and H. Maurer. On L'-minimization in optimal control and applications to robotics,
Optimal Control Appl. Methods 27(6)(2006):301-321.

S. Wright, R. Nowak and M. Figueiredo. Sparse reconstruction by separable approximation,
IEEE Transactions on Signal Processing 57(2009):2479-2493.

E. Yong. Systems governed by ordinary differential equations with continuous, switching and
impulse controls, Applied Mathematics and Optimization 20(1989):223-235.

E. Zuazua. Switching control, J. Eur. Math. Soc. JEMS) 13(1)(2011):85-117.

P. Zhao, G. Rocha and B. Yu. The composite absolute penalties family for grouped and hierar-
chical variable selection, Ann. Statist., 37(6A)(2009):3468-3497.

21



	1 Introduction
	2 Optimal control problem
	3 Time-discretized model
	4 Sparsity and switching properties: the time-continuous problem
	5 Sparsity and switching properties: the time-discretized problem
	6 Numerical experiments

