OPTIMAL CONTROL OF THE 2D STATIONARY NAVIER-STOKES
EQUATIONS WITH MEASURE VALUED CONTROLS *
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Abstract. In this paper, we consider an optimal control problem for the two-dimensional
stationary Navier-Stokes system. Looking for sparsity, we take Borel measures as controls. We prove
the well-posedness of the control problem and derive necessary and sufficient conditions for local
optimality of the controls. Finally, under a second order condition, we prove rates of the optimal
states with respect to small perturbations in the data of the control problem.
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1. Introduction. In this paper we investigate the following optimal control pro-
blem

1 2
. ’ =5 - d + w)
(y’u)eLrgl(gl)wa)J(y u) 2/Qly yal? dz + aflul[ v

where y and u are related by the Navier-Stokes system

—VvAy + (y - V)y + Vp =5 + xou in Q,

(1.1)
divy=0 inQ, y=0 onT.

Here, € denotes a bounded domain in R? with a C? boundary I, and w is a relatively
closed subset of Q2. We denote M(w) = M (w) x M (w), where M (w) is the space of real
and regular Borel measure in w. In the cost functional 7, the target y4 € L%() and
the parameter o > 0 are fixed. Regarding the state equation, v > 0 is the kinematic
viscosity coefficient, y,u denotes the extension of u by zero outside w, and fj is a
given element of W—1P(Q) x W—1P(Q), where p € (4/3,2) is fixed.

Let us comment about the norm in M(w) appearing in J. First, we recall that
M (w) is a Banach space when endowed with the norm

lullarey = sup / o) du(z) = Jul(w),

Il w) <1

where
Co(w)={p € C(@) : p(x) =0Vx € dwNT},

is a separable Banach space, and |u| represents the total variation measure of u; see
[23, page 130]. Associated to a norm | |gz in R? we define

[llvie) = [luallarw)s vzl arew)) |2 (1.2)
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which makes M(w) a Banach space. It is the dual space of Cp(w) = Cp(w) x Co(w).

To the best of our knowledge this is the first work that addresses the optimal
control of Navier-Stokes equations with Borel measures as controls. The motivation
for this approach is the search of optimal controls which are sparse, allowing controls
having a support of zero Lebesgue measure. Such type of controls have been inves-
tigated for linear partial differential equations; see [1], [2], [3], [5], [9], [8], [10], [11],
[19],[20]. The only work addressing the case of nonlinear partial differential equa-
tions is [4]. Different type of sparsity promoting formulations in a function space
setting have been investigated. We mention the first one in the framework of partial
differential equations [25] and refer to [1] for additional references.

A first difficulty in the analysis of the control problem (P) is its well-posedness.
The usual approach to prove the existence of an optimal solution is based on the
coercivity of the cost functional with respect to the control, which implies boundedness
of the states with respect to the controls through the state equation. For our state
equation, estimates of the states in terms of the measure space norm of the controls
are not available. To address this difficulty we also require coercivity of the cost
functional with respect to the state variable. The choice of this functional enjoying
the required coercivity is delicate. Here we want to do it in such a way that we obtain
existence of solutions and at the same time a second order analysis can be carried
out. For this purpose we have carefully analyzed the state equation getting estimates
showing that the coercivity of the cost functional with respect to the state in LP for
any p € [1,00) is sufficient for existence. The choice p = 2 allows us to prove existence
of a solution and to address the second order analysis. In particular, this permits us
to treat the classical tracking cost functional.

Due to the non uniqueness of solution of the Navier-Stokes systems, an assump-
tion guarantying local uniqueness of the state equation around the optimal controls
is needed to derive first and second order optimality conditions. In the literature
this assumption relates to the smallness of the controls with respect to the kinematic
viscosity. Our regularity condition is more general in the sense that it is satisfied
whenever the smallness assumption on the the controls is fulfilled. Since the norm of
the measures appears in the cost functional, the second order optimality conditions
does not fit in the classical second order analysis. We provide a second order con-
dition which is finally used to prove stability of the optimal states with respect to
perturbations of the data in the formulation of the control problem.

For related papers addressing the control of the stationary Navier-Stokes system
the reader is referred to [6], [12], [13], [17], [26].

All along this paper the following spaces will be considered.

e HY(Q) = HI(Q) x H(Q)
WP (@) = W37 (9) x W™ (2)
V ={y e H}(Q) :divy =0in Q}
W, = {y € Wy?(Q) : divy = 0in Q}

LP(Q)/R = {¢ € LP(Q) : [, d(x) dx = 0}

2. Analysis of the state equation. In this section, we will study the existence
and regularity of solutions of (1.1), as well as the differentiable dependence with
respect to the right hand side. The analysis of existence of solution will be carried
out for an arbitrary p € (1,00) and f € W—1P(Q). We recall that M(w) is compactly
embedded in W=1P(Q) for every 1 < p < 2. Later, in the analysis of (P) we will fix

pin (4/3,2).



Control of Navier-Stokes Equations with Measures 3

Let us start by giving the definition of solution of (1.1). To this end we first
observe that (y - V)y € L'(Q) for all y € WyP(Q) with p > 4/3. This inclusion
is a consequence of the embedding Wé’p(Q) c L (Q) for p > 4/3. However, the
integrability can fail for p < 4/3. Therefore, the function (y-V)y is not a distribution
in such a case. To overcome this difficulty we formulate the state equation in the
following way

—vAy +div(y®y) + Vp=1f in Q,
{ y +div(y®y) + Vp 1)

divy=0 inQ, y=0 onT.

Due to the fact that divy = 0 in Q, then we have div(y®y) = (y - V)y for every
y € WHP(Q) with p > 4/3. If (y - V)z € LY(Q) we write indistinctly div(y®z) or
(y-V)z.

DEFINITION 2.1. Given f € W1P(Q) with 1 < p < oo, we say that (y,p) €
WP (Q) x LP(Q) /R is a solution of (2.1) if the partial differential equations of (2.1)
are satisfied in the distribution sense in Q. This is equivalent to the following varia-
tional identities

/(Vszf(y~V)zy)dx7/pdivzdx:(f,z) VZGWé’p/(Q),
Q Q

(2.2)
/ qdivydz =0 Vqe L” (Q)/R.
Q
Remark 2.2. From (2.2) we deduce that'y € W, and
/(Vsz —(y-V)zy)dz = (f,2) Vz € W,. (2.3)
Q

Conversely, if y € W, satisfies (2.3), then de Rham’s theorem implies the existence
of p € LP(Q)/R such that the first identity of (2.2) holds.

THEOREM 2.3. For every f € W—1P(Q) there ezists at least one solution (y,p) €
W, x LP(Q)/R of (2.1). Furthermore, there exist constants Cp and M, such that for
any solution (y,p) we have

I¥llwee ) + Iplze@) < Collfllw-1r@) (1 + ||f||wf1,p(§z)) ifp>2, (2.4)

¥ oy + IPl00) < Co(IIElw-1000) + 15 [E2n(ey) P <2, (2.5)

4
¥y @y + IPllzeg) < Mpllfllw-soe (1+ I¥ls) #5 <p<2  (26)

Proof. The existence of a solution is well-known from [18, 24]. Let us prove the
estimates (2.4)-(2.6). For p = 2 the a-priori estimate is well-known to be

¥l @) < Collfllm-1(a)- (2.7)

It uses the conservative property of the nonlinearity. Let us then turn to the case
p > 2 and write (2.1) in the form

{ —vAy +Vp=g in Q,

(2.8)
divy=0 inQ, y=0 onT,
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where g = f — div(y®y). We aim to apply the well known estimates for the Stokes
problem [15, Theorem IV.6.1]

I¥llwer ) + Pl @) < Clgllw-1r()- (2.9)
In order to use this estimate to deduce (2.4) we need to prove that div(yy) €

W~LP(Q) and to get an appropriate estimate for it. For this purpose we introduce
the trilinear form

2
b(y,z,w) = / (y-V)zwdr = Z / YiOg, zjw; doe = —(div(y®@w), z).
Q Q

4,j=1

We have for y € WP(Q2) and z € Wé’p/(Q)

by 23| < [ 1yFIValdo < I51onie 2y o
which implies that div(y®y) € W~1?(Q2) and
[div(y®y)lw-1r@) < [¥[E20 - (2.10)

Now, from (2.7) and the continuous embeddings W (Q) c HA(Q) ¢ L2(Q) and
W-LP(Q) c H 1(Q) for p > 2, we infer from the above inequality and (2.7)

| div(y@y)lw- 1o < ClEI3y1niy Vo> 2
Hence, g € W~1P(Q) and
Igllw-1r@) < Iflw-re@) + ClflRy-10) VP > 2.

Combining this inequality with (2.9) we obtain (2.4). Inequality (2.5) follows from

(2.9), (2.10), and the fact that WP (Q) € L775(Q) € L2P(Q) for 1 < p < 2.
Finally, we prove (2.6). We consider the Stokes problem

—VvAp+Vr=1f in Q,
divg=0 inQ, =0 onT.

Using again [15, Theorem IV.6.1] as above we infer that ¢ € W, (Q) and for some
constant depending on p, but independent of f

9llw:r ) + I7llLe@) < Cillfllw-1r0)-

Set (z,q9) = (y — ¢,p — ). From the above equation and (2.1) we obtain

—vAz+ Vq=—div(y®y) in Q,
{ q (y®y) (211)

divz=0 inQ, z=0 onTI.

For every w € H}(2) we have

(div(y®y), w) = / (v V)wydz < lyl2ae Wl
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Hence, — div(y®y) € H™1(Q) and
[ div(y®y)lla-10) < [ylEa@)-
Therefore, z € H}(Q2) holds. Multiplying (2.11) by z, integrating by parts, and using
that y = z 4+ ¢ and the properties of the trilinear form b, we infer
VHZH%{}](Q) = (—div(y®y),z) = b(y,z,y) = b(y,2,¢) < [[yllLs(@) |#llLe o) 12l ()
< Gaollylls@l@llwz o llzllay @) < Crlallfllw-1r@llyllL@ 12llm@)-

Here we have used that W{*(€2) ¢ L*(Q) because p > 4/3. The above inequality
leads to

C1Cy
v

2] 12 (0) < [fllw-1r@)llyllLe@

and, hence

1¥llwer @) < lzlwieq) + 1éllwie @) < Mpllfllw-re@) (1 + 1yllLs@),

which proves the estimate (2.6) for y. The estimate for p follows de Rham’s theorem.
0

Remark 2.4. Let us observe that WP (Q) € L%(Q) C L?P(Q) foralll <p < 2.
Hence, the right hand side in (2.5) is finite.

Remark 2.5. Theorem 2.3 proves that for £, € W1P(Q) with p € [4/3,2) and all
u € M(w) system (1.1) has a solution (y,p) € WP (Q) x LP(Q)/R, and the following
estimate holds

¥l + Ilzo@) < My (Ifollw-1000) + Iullvee ) (14 Iyl ). (212)

Remark 2.6. In dimension 3, the embedding M(Q) C W~YP(Q) is valid only
for p < 3/2. However, the existence of a solution of (2.1) in dimension 3 for f €
W-LP(Q) with 1 < p < 3/2 is an open issue; see [18] or [24]. Thus the three
dimensional case will require a treatment which is different of that used in the present
paper.

DEFINITION 2.7. Let (¥,p) be a solution of (1.1) associated to some control
i € M(w). We say that § is regular if for every g € H=1(Q) the system

—vAz+ (y-V)z+(z-V)y+Vg=g inQ, (2.13)
divz=0 inQ, z=0 onT, .
has a unique solution (z,q) € H§ () x L?(Q)/R.
Observe that the above definition implies that the linear operator
. 2 -1
T:VxL*(Q)/R — H Q) (2.14)

(z,9) — —vAz+(y-V)z+(z2-V)y+Vq

is an isomorphism.

Remark 2.8. Let us mention that the reqularity assumption of y fails only if O
is an eigenvalue of the operator T. We recall that the spectrum of T is formed by
an unbounded sequence of eigenvalues with no finite accumulation point. This type
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of assumption on the linearized Navier-Stokes equations has been considered by some
authors in different contexts; see, for instance, [6] and [16, §1V-3.1]. In Remark 3.3,
we will show that for v large enough the optimal states for problem (P) are regular.

Assumption: From now on it will be assumed that f, € W=1P(Q) and p €
(4/3,2) is fixed.

THEOREM 2.9. Let 'y be a regular solution of (1.1) associated to some control
u € M(w). Then, for all g € W=1P(Q) system (2.13) has a unique solution (z,q) €
W P(Q) x LP(Q)/R. Hence,

T,: W, x LP(Q)/R — W-1P(Q)

(z,9) — -vAz+(y-V)z+(z-V)y+ Vg (2.15)

is an isomorphism.
Proof. The proof is based on a duality argument and it is split in several steps.

Step 1 - Adjoint System in 'V x L*(Q)/R. Given ¢ € H™(£2), we consider the
system

—vAd — (v - y)" = in 2
{ vAg —(y- V)¢ + (Vy) o+ Vr=1 inQ, (2.16)

divgp=0 inQ, =0 onT.
Associated with the above system, we define the operator

S:VxLYQ)/R — H Q)
(p,m) — —vAPp—(¥y-V)op+ (Vy)Tep+ Vr.

We prove that S is an isomorphism. To this end, we first establish the following
estimate:

90> 0 |@llm ey + 7o) < CIS(6m) 1) V() € V x LEQ)/R. (2.17)

Let us take g € H1(Q) arbitrarily and (z,q) € V x L?(Q)/R such that T(z,q) = g.
Then, integrating by parts and using that div ¢ = divz = 0 we obtain

(g, ¢) = (T'(z,q), @) = (S(p,7),2))
< IS(e, M)lla-1 @ l1zllHy @) < C1llS(P, 7)la-1(0) I8llH-1(0)-

The last inequality follows from the fact that T is an isomorphism due to the regularity
of y. Since g was arbitrary in H~1(£2), we conclude that

@l ) < CillS(P, M) H-1(0)-

Now, from this estimate, (2.16) and arguing as in (2.10) with p = 2 we conclude that

IVl <[I1S(@m)lla-1@) + [vAQ+ (¥ - V)o = (VY) dllu-1 ()
< I8¢ ll-rc) + (v + Call7 s ) sy < Coll S, ) 111 )-
Hence, (2.17) is proved.

From (2.17) we deduce that S is an injective operator with a closed range in
H1(Q). Let us prove that it is surjective. We proceed by contradiction. If it



Control of Navier-Stokes Equations with Measures 7

is not surjective, then there exists an element z € H}(Q) with z # 0 such that
(S(p,7),z) =0 for all (¢p,7) € V x L?(Q2)/R. This means that

/Q (V- Vi[5 V)b — (V§)Tdla+ Vrz) de =0 (g, m) € V x L2(Q)/R.

Setting ¢ = 0 and 7 arbitrary in L?*(Q2)/R, we infer that divz = 0, hence z € V.
Now, setting m = 0 and ¢ € V arbitrary we get after integration by parts

/Q{I/V¢)~Vz+ (5 V)z+(z-V)ylo} dz =0 Ve V.

Once again, from de Rham'’s theorem we infer the existence of q € L?(Q)/R such that
—vAz+ (y-V)z+ (z-V)y +Vq=0.

This means that T'(z,q) = 0, and thus z = 0, which contradicts our assumption.Thus
S is surjective and (2.17) holds. This implies that S is an isomorphism.

Step 2 - Adjoint System in W, x LP' (Q)/R. Associated with the system (2.16),
we define the operator

Syt Wy x LP (Q)/R — W17 (Q)
(p,7) — —vAPp—(y-V)o+(Vy) ¢+ Vr.

We will prove that S, is an isomorphism. First, we prove surjectivity. Let 9 €
W12 (Q) be arbitrary. Since p < 2, we have that W12 (Q) ¢ H~1(Q). Therefore,
there exists (¢, 7) € V x L?(Q)/R such that S(¢,7) = 1. This implies that

—VvAp+Vr =9+ (¥ -V)p— (Vy)Te in Q, 518
divp=0 inQ, =0 onT. (2.18)

Let us prove that the right hand side of this equation belongs to w-Lp (Q). Let
us take w € WP (€2), then with the Holder inequality for r = % and 7’ = 55:421

/Q(Sf~V)¢>wdw = ‘/Q(y-V)wq&dx

<|y- ¢||LP/(Q)||W||W3”’(Q) < ||5’||L2{7PP(Q)||¢||L3P234(Q)||W||w34’(9)'

From here we deduce
165+ V)blw-s0y < 191, 22, 101, 2o,
< Cilyllwrr @) ll@laye) < Calldlla-1@) < CallYllw-10 o)

The estimate for [|(Vy)" ¢|lw-1.7(q) follows in an analogous way. Now, from es-
timates for the Stokes system (2.18) we obtain the existence of a constant C' such
that

1Bllw1e ) + 1Tl e @) /m < CllP w10 ()3 (2.19)

see [15, Theorem IV.6.1]. We have proved the surjectivity of S,.
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Let us establish the injectivity. Assume that S, (¢, m) = 0 for some (¢, 7) €
W, x L' () /R. Due to the embeddings W, C Vand LY (Q)/R € L*(Q)/R, we have
that S(¢p, ) = Sy (¢, m) = 0. Since S is an isomorphism we infer that (¢, 7) = (0,0).
Hence, Sy is an isomorphism.

Step 8 - T, is an isomorphism. Let us consider a sequence {gy}?, C H1(Q)
such that g — g in W~12(Q2). Due to the regularity of ¥, we know that there exists
a unique element (zy, qx) € V x L?(2)/R such that T(z, qi) = gx. We are going to
prove the boundedness of {(zx, qz)}5>, in WP (Q) x LP(Q) /R by a duality argument.
To this end, given ¢ € W57 (Q) arbitrarily we take (¢, 7) € W, x L¥' (Q)/R such
that S, (¢, m) = 9. Using that divz, = div¢ = 0 and integrating by parts we infer

(,21) = (Sp (b, m), 21) = (T (21, q1), @) = (&K, P)

< ||gk:||wflm(sz)||¢Hw[1),p’(g) < Cillgllw-rr@) ¥ llw-1.0 ()
This implies that
||ZkHW(1)'1’(Q) < Cillgllw-1r) k.

Thus, on a subsequence, we have that z; — z in Wé’p(Q). We have divz = 0 and
passing to the limit in the variational equation for z; we get

/Q (V2 VW £ [(§ - V)z+ (z- V)§lw) de = (g, w) Yw € W,

By de Rham’s theorem we deduce the existence of q € LP(Q2)/R such that (z,q)
satisfies (2.13). We have proved that T}, is surjective.

To prove injectivity, let us assume that T,(z,q) = 0 for some (z,q) € W, X
LP(Q2)/R. Therefore, (T),(z,q),¢) = 0 for all ¢ € W(l)"pl(ﬂ). Hence, since divz = 0,
this equality implies after integration by parts that

/Q (VW -Vz—[(y-V)p— (Vy) ¢lz+ Vrz} de =0 Y(p,7) € W, x L (Q)/R.

This means that (S, (¢,7),z) = 0 for every (¢,7) € W, x L? (2)/R. From the
surjectivity of S, on W12 (Q) we deduce that z = 0. Now, from T}(z,q) = 0 we
deduce that Vg = 0 and, hence, g = 0. Finally, since T}, is obviously continuous, we
conclude that T}, is an isomorphism. O

The next theorem addresses the differentiability of the relationship £ — (y,p)
around a regular velocity y.

THEOREM 2.10. Let (y,p,0) € W, x LP(Q)/R x M(w) satisfy equation (1.1). If
y is reqular, then there exist open neighborhoods Ny, Y, and Py of fo+ x.1, y and p
in W=12(Q), W, and LP(Q2)/R, respectively, and a C™ mapping G : Ny — Vp X Pp
such that G(fo+x,0) = (¥,p) and (ye, pe) = G(£), f € N, is the only solution of (2.1)
in Y, x P,. Moreover, N, can be taken such that G'(f) : W—1P(Q) — W, x LP(Q)/R
is an isomorphism for each £ € N,. Furthermore, if we denote (zg,qg) = G'(f)g and
(z,q) = G"(f) (g1, g2) with g,g; € WLP(Q), then the following relations are fulfilled

—vAzg, + -V)zg + (2g - V)ysr + Vag =g in §,
{ gt (ye V)zg + (2g - V)ye dg = 8 (2.20)

divzg =0 inQ, zg =0 on T,
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and

—vAz+ (yr-V)z+ (z2-V)yr + Vq = —(2g, - V)2zg, — (2g, - V)2zg, in Q,
divz=0 inQ, z=0 onT.
(2.21)

Proof. The proof is based on the implicit function theorem. For this purpose we
define

F: W, x LP(Q) /R x WLP(Q) — W—17(Q)
Fly,p.f) = —vAy+(y-V)y + Vp - £.

It is easy to check that F is well defined and it is of class C°°. Moreover, we have
F(y,p,u) =0 and

oF _ _ _ _ _
m(y,lﬂa fo+xu0)(2,q) = —vAz+ (- V)z + (2 V)y + Vq =T,(3,9).

According to Theorem 2.9 this is an isomorphism. Then, the implicit function theorem
implies the existence of open neighborhoods N, Y, and P, of f, + x. 1, y and p in
W—1P(Q), W, and LP(2) /R, respectively, and a C° mapping G : N}, — Y, x P, such
that G(fo + x0) = (¥, ) and (y¢,pe) = G(f) is the only solution of (2.1) in YV, X P,,.
Since G’ : N, — L(W~1P(Q), W, x LP(Q)/R) is continuous and G'(fy + x,u) =
T, ! is an isomorphism, then G'(f) is also an isomorphism if f € A, and this open
neighborhood of fy + x,,u is small enough. Finally, equations (2.19) and (2.20) follow
differentiating the identity F(G(f),f) =0. O

COROLLARY 2.11. Let (y,p,0) satisfy the assumptions of Theorem 2.10. Then
there exists an open neighborhood U,, of G in M(w) and a C* mapping (with respect to
the norm in M(w)) G : U, — Yp X Pp such that G() = (§,p) and (yu,p.) = G(u)
is the unique solution in Y, X Py of (1.1). Furthermore, the derivatives G'(u)v and
G (u)(v1,v2), for v,v; € M(w), are the solutions of (2.19) and (2.20) replacing g
and (yg,q¢) by XwV and (yu, qv), Tespectively.

Proof. Since the mapping ¢ : M(w) < W~12(Q) defined by t(u) = fy + x,u is
continuous and affine, then U, = ¢=*(\,) is an open set in M(w) containing u. Now,
with G = G o the statements of the corollary follow. [

3. Existence of solutions of (P) and first order optimality conditions.
In this section, we prove the existence of at least one solution of (P). Then, assuming
the regularity of the optimal velocity, we derive the first order optimality conditions
and deduce the sparsity structure of the optimal controls.

THEOREM 3.1. There exists at least one solution (y,u) of (P).

Proof. Let yo be a solution of (1.1) associated to the control u = 0. It is obvious
that (yo,0) is a feasible point of (P). We assume that y4 # yo, otherwise (yg,0) is
the unique solution of (P). Take a minimizing sequence {(yx, ux)}72; with

1
I (¥, ux) < T (y0,0) = 5”)’0 — Vil Yk>1.

This implies that {(yx,ux)}32; is bounded in L?(2) x M(w). Let us prove that
{yr}32, is bounded in W, P(Q). Since p > 3, then the embedding W, P(Q) c L4(Q)
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is compact. From (2.12) we obtain
¥kl + Ieloc) < My (Ifollw-1o00) + Ikl ) (1 -+ lyxllese)
< My (Ifollw 100 + 3150 = Yallfa() ) (1 + I3ale o).

Applying the Lions Lemma [22, Lemma 2.6.1] to the spaces W4 (Q) ¢ L4(Q) C
L2(€2) we deduce the existence of a constant C' > 0 such that

-1
1 1
Ivelus < g (Wslbw-soi0 + 10— vl ) Ivelwyoia + Cllyiluacor
P
The last two inequalities imply

1
1yrllwz e + I9ellLe@) < Slyrlwieq)
1
+ M, (Ifollw 100 + 5110 = YallEe(e ) (1 + Cllyala):

From here and the inequality J(yx, ux) < J(yo,0) we deduce

1
5Welwara + Ieler e
1
< My (o llw-s@) + 51130 = YalZaqey ) (14 ClIyalleae + Iyo = yala@] ).

Then, we can extract a subsequence, denoted in the same way, such that (yg,pr) —
(¥,p) in WP(Q) x LP(Q) and uy, = @ in M(w). We prove that (¥, p) is a solution
of (1.1) corresponding to u. To this end, we pass to the limit in the identity

/(Vkaz —(yx - V)zyg)de — [ prpdivzde = (fy,2) +/ zdu, Vz € Wé’p/(Q).
Q Q Q

The only delicate point in this limit concerns the nonlinear term. Observe that since
W,?(Q) is compactly embedded in L?(Q), we obtain y;, — ¥ in L2(£2). Hence,
taking z € W (Q) we have

/Q(y;«v)zyk d$—>/ﬂ(}7~V)zydx.

Therefore, we infer that (y,p) is a solution of (1.1) associated to a. Finally, from the
lower weak™ semicontinuity of the norm in M(w) we conclude that

J(y,u) < likminf J(yr,ug) = inf (P).

O

Remark 3.2. For estimates below (3.1) it is essential that the norm of y on the
right hand side of (2.12) appears linearly rather than of quadratic nature.

Since (P) is not a convex problem, it is convenient to discuss necessary opti-
mality conditions in the context of local solutions. Here, we say that (y,u) is a
local solution of (P) if there exists a neighborhood A of (¥,@) in W™ (Q) x M(w)
such that J(y,u) < J(y,u) for all (y,u) € A. If the inequality is strict for all
(y,u) € A\ {(y,0)}, we say that (y,u) is a strict local solution. We will also
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consider local solutions in the Wy?(Q2) x W~12(Q) topology. Let us observe that
the continuous embedding M(w) € W~1P(Q) implies that any local solution in the
WP (Q) x W 12() topology is also a local solution in the WP (Q) x M(w) topology.

In the rest of this section, (y,u) will be a local solution such that y is regular. In
this case, Corollary 2.11 implies the existence of neighborhoods U4, J, and P, of 1, ¥
and p in M(w), Wy?(Q) and LP(Q)/R, and a C* function G : U, — Y, x P, such
that G(u) = (¥,p) and (yu,pu) = G(u) is the unique solution of (1.1) in Y, x P,
associated to u.

Remark 3.3. Here, we show that y is regular if the kinematic viscosity v is
big enough. Arguing as in the proof of the previous theorem, we can prove that if
J(y,u) < J(yo,0), then the following estimate holds

1¥llwer ) < My

= My (2lfollw 1509 + I¥0 = Yalliz(y ) (1 + Cllvallez) + Iyo = vallez(o] ).

Tracking the proof of this estimate it is easy to check that Mp = K, /v for some con-
stant K, independent of v. Let us study the coercivity of the bilinear form associated
to the operator T on the space V:

v [(1Val? + (5 V)za+ (2 Vigalda = [ (Ve - (- V)a5]da
Q Q
> v||Valliz o) = I¥ s llzlls @)1 V2l @)
_ CapK,
> | V2@ — Caplllwio o IValRa = (v = =2222) V2l g,

Then, the bilinear form is coercive if v > \/Caq pK,. Hence, the existence and unique-
ness of the velocity z follows from the Lax-Milgram theorem and the associated pressure
is deduced by de Rham’s theorem. This proves that § is regular if J(y,0) < J(yo,0)

and v > /Cq pK,.

For the local analysis of (P), we introduce the functions F' : U, — R and
j:M(w) — R by

1 .
Fl) =5 [ Iva=yalde and () = Jull.

Additionally we set J : U, — R as J(u) = J(yu,u) = F(u) + aj(u). With this
notation and the above discussion, we have that u is a local solution in the M(w)
topology of the problem

P i .

( loc) 1112%2, J(u)
By assuming the regularity of ¥ we have reduced the problem (P) with two variables
and a pde constraint to an unconstrained problem in one variable. In addition the

functional F' involved in J is differentiable as we prove next.
THEOREM 3.4. The functional F is of class C*° and the following identities hold

Flav = [ @) dvio), (3.2)

Q
F'(u)v? = / {lzv|” — 2(zv - V)zvep, } dz, (3.3)
Q
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for all v.e M(w), where z, = G'(u)v and ¢, € Wé’p/ (Q) is the adjoint state, the
unique solution along with Ty of

APy = (Yu V)eu + (Vyu) @y + Viu =yu —ya inQ, (54)
dive,=0 inQ, ¢, =0 onl. '
Proof. The C'*° differentiability of F is a straightforward consequence of Corollary
2.11 and the chain rule. The existence, uniqueness and regularity of the adjoint state
is obtained as follows. First, we recall that y — yq € L*(Q) € W~LP(Q). As
established in the proof of Theorem 2.9, the equation (2.16) has a unique solution
(¢, 1) € Wy (Q) x LP' ()/R for every ¢ € W1 (Q). Setting ¥ = y, — ya, we
infer that (3.4) has a unique solution (¢, m4) € W4? () x L (Q)/R, and with
(2.19)

1Pl ) + ITullLr @) < Cllyu = yallLz@)- (3.5)
o ()

Finally, (3.2) and (3.3) follow from (2.20), (2.21), (3.4), and an integration by parts.
Recall that Wé’p/(Q) C Cp(w) because p’ > 2, hence the integral in (3.2) is well
defined. O

Contrary to F, the functional j is not differentiable, but it is convex and Lipschitz.
Hence the directional derivatives j'(u;v) at every point u € M(w) and in every

direction v € M(w) exist. The functional j is also subdifferentiable at every point
u € M(w). We recall that X € 9j(u) C M(w)” if

AV = WMy M) +i(w) <j(v) Vv eMw). (3.6)
This definition is equivalent to the following two relationships

<)‘7 u>M(w)*,M(w) = j(ll), (37)
(A VIM@) M) < J(v) Vv e M(w). (3.8)

Indeed, (3.7) is deduced from (3.6) taking v = 0 and then v = 2u, and using that
Jj(pu) = pj(u) for every p > 0. Inequality (3.8) is an immediate consequence of (3.6)
and (3.7). The converse implication is obvious. Next, we derive some important
relations between A and u when A € Cy(w) N dj(u). To this end, we will distinguish
three cases according to the norm | [g> considered in the definition of || |[ng(w); see
(1.2). Let us introduce the following notation for u = (uy,us)

Jally = [Cluallar s luzllare))l = lluallare) + luzllvw), (3.9)
el = [ s Btalasgan)le = (T3 + Tz lBrcy) - (3.10)
[ulloe = [l llar(w)s luzllarw))lo = maX{H“l“M(w)a ||u2||M(w)}~ (3.11)
We also set ji(u) = ||ufl1, j2(u) = ||ull2 and joo(u) = ||ul|ec. Analogously, for any

function A = (A1, A2) € Cp(w) we consider the dual norms

1A lse = 101 lloos 1Az loo) oo = max { Ao, Azl } (3.12)

1/2
1M = 1 oo I lloo) 2 = (1A + 122) (3.13)

A= [([PAxlloos [[A2lloo) = A1lleo + [[A2]loo- (3.14)
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As usual, given a measure u € M(w), we denote the Jordan decomposition of u
by u=ut —u".
With the above notations, we have the following result.
PROPOSITION 3.5. Let u € M(w) with u = (u1,u2) # 0 and A € Co(w) N Ij(u).
Then, the following properties are fulfilled
1. If j = j1, then || Ao = 1. Moreover, if u; # 0, then || Ail|lco = 1 and

Supp(uj) C {z € w: \i(z) = +1},
{ Supp(u; ) C {z € w: Ai(z) = —1}. (3.15)

2. If j = ja, then |A||2 = 1. Moreover, for i = 1,2, if u; # 0, then

Supp(uf) € {r € w s Mi(#) = +[ Ao},
{ Supp(u; ) C {z € w: Ai(x) = —[|Ailloo }- (3.16)

3. If j = joo, then |A|l1 = 1. Moreover, fori = 1,2, if u; # 0, then (3.16) holds.
Proof. Case j = ji. Taking v = (v1,ug) in (3.8), we get

[ @ dton = u)@) + sl < lorllug or € M)
w

w

Analogously to (3.7)-(3.8), the above inequality is equivalent to
A(@) duy () = [Jur ]| ar (o)

A(z) dvy(z) < [lurllpm) Vo1 € M(w).

T—

From the second inequality, it follows that ||Ai|lcc < 1. Moreover, if u; # 0, the first
inequality implies that ||A1||cc = 1. The relations (3.15), for ¢ = 1, were proved in [3,
Lemma 3.4]. In the same way we can argue for i = 2. Finally, since u # 0, then the
identity ||Ai||co = 1 holds for at least one i. Therefore, we have ||[A||co = 1.

Case j = jo. From (3.7)-(3.8) we infer
/w)\l(x) dul(x)—i-/w)\g(x)dug(x): s, (3.17)
/w)\l(ac) dvl(:v)—l—/w)\g(x)dvg(m) <|vlls ¥ € M(w). (3.18)
Using (3.17) we obtain
ful = [ Ma(@)dur(o) + [ dala) dusta)

< [ M@l dal@)+ [ ool dal(@) < sl s + [ le o
< (Il + Il 2l + )2 = Al (3.9

Since u # 0, the above inequality implies that ||Al]2 > 1. To prove the equality
we select two points x; € w, i = 1,2, such that |\;(x;)] = ||Ailleo. Setting v =
(A1 (21)02,, A2(22)04,) in (3.18) we obtain

X = [ Mila)dua(e) + [ dafa)dea(a) < vl = Al
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Hence, |All]2 < 1 and the equality ||Al]2 = 1 holds. Now, we assume that u; # 0 and
denote

wr ={z ew: Mi(@)] = [Mlleo}-

Let K C w\ w; an arbitrary compact set. By definition of wy, wee have that px =
Mllexy < l[Aillo- For every element z € C(K) with [zllcx) < Moo — Px,
extended by zero to w, we have ||A; + z|/co = || ]/co- Then, using (3.17) we infer

[t + 2(@) dur@) + [ Dol duae) < (s + 21 + el )2
= A llzllull2 = [[ull2 = / M (z) duy (z) + / Ao(z) dus(z).

This yields

[ #@ydune) = [ sa)du(@) <0 v e € zlloo < Ml ~ o
K w

This implies that |ui|(K) = 0. Since K is an arbitrary compact subset of w \ wq
and u; is a regular Borel measure, we conclude that |uy|(w \ wi) = 0. Therefore, the
support of uy is contained in wy. To deduce (3.16), we observe that (3.19) and the
fact that ||A||2 = 1 imply

/w)\l(x)dul(:r)Jr/w/\Q x) dug(z /|>\1 )| dlu|(x) + /w|)\2(x)|d|uQ|(x).

This identity and the inequalities

/ No(x) dus(z) < / ()] dlus () for i = 1,2,
lead to the identities

/ Xi(z) du(x) = / [Ai(2)] d|u;|(z) fori=1,2.

This identity for 4 = 1 and the fact that Supp(u1) C wy prove (3.16) for ¢ = 1. The
same arguments can be applied for ¢ = 2 if us # 0.

Case j = j3. The same arguments used in the previous case can be repeated to
deal with this case. Let us point out some small differences. The relations (3.19)
change this time as follows

ful = [ Moy dun @) + [ Na(o) duao)
/|)‘1 )l dfun|(2 /|)‘2 ) dlua|(z) < A loollutllarw) + [A2lloolluz]l arw)

< (Ialloe + IAeloe) ma { un s Nuzllnr b = 1A [alloo:
This proves that |Al]l; > 1. To prove the contrary inequality we select two points

x1, T2 € w such that |A;(z;)] = || Aillec and set v = (sign(A1 (1)), , sign(Aa2(22))dz, )-
Thus we obtain with (3.8)

Al = [ Mz dua(e) + [ dola) dea(a) < vl = 1.
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The rest of the proof follows the steps of the second case. O

Next, we study the derivatives j'(u;v) for the previous three cases. To this end,
let us introduce some additional notation. Given two measures u,v € M(w), we
consider the Lebesgue decomposition of v = v, + v with respect to |u|, where v, is
the absolutely continuous part of v with respect to |u|, and v, is the singular part.
Now, we take the Radon-Nikodym derivative of v, with respect to |u|, dv, = gyd|u].
Then we have

[0lla1w) = llvall ey + [sllar) = / |gol dlul + [[vs | ar(w)

In particular, it is obvious that u is absolutely continuous with respect to |u|. Hence,
we can express du = hd|u|, where h is measurable with respect to |u| and |h(x)| =1
for all z € w, du™ = htd|u| and du™ = h~dJu|, where u = u™ — u~ is the Jordan
decomposition of u. See, for instance, [23, Chapter 6] for details.

Let us define jo : M(w) — [0,00) by jo(u) = ||ullar(w). The authors proved in
[4, Proposition 3.3] that

Jo(u;v) = / go(x) du(z) + [[vsl|pmrw)  Vu,v € M(w), (3.20)

where v = g,d|u| + vs is the Lebesgue decomposition of v with respect to |u|. Using
this identity we get the following result.
PROPOSITION 3.6. For every u,v € M(w) the following identities hold

J1(w;v) = jo(ur;v1) + o (u2; v2), (3.21)
/ . [vll2 ifu=0,
s (wv) — _ , ) 3.22
F2(u;v) Tl (s s ) - s sy s 2)) i w 0, (822)
/ Jo(ui;v1) Z:f llwi |l arw) > lluellp(w),
Jho(wv) = Jo(uz; va) if llurllar) < llwzllare), (3.23)
max{jo(u1;v1), jo(uz; v2)}  if [[utllarw) = vzl i)

Proof. The identity (3.21) is an immediate consequence of (3.20) and the fact
that ji(u) = jo(u1) + jo(uz). If u = 0, the first identity of (3.22) is obvious. For
u # 0, the identity is easily deduced from the fact that jo is the composition of the
mapping u € M(w) — (jo(u1), jo(uz)) € R? and the Euclidean norm in R?. The first
identity of (3.23) is a straightforward consequence of the fact that joo(u) = jo(uq)
and joo (U + pv) = jo(u1 + pv1) for all p sufficiently small if [|u||arwy > [Ju2llpr(w)-
The same argument proves the second identity. To prove the last identity we use that
jo(u1) = jo(uz) as follows

Joo(U+ pv) — joo(u) max{jo(u1 + pv1), jo(uz + pv2)} — jo(u1)

lim = lim

PO P PO P

i max {Jo(ul + pv1) — jo(u1) 7 Jo(ug + pv2) — JO(U2)}
PO p P

= max{j{(u1; v1), jo(u2; v2) }.

0
Now, we write the first order optimality conditions satisfied by the local solution

(¥, ).
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THEOREM 3.7. Let (y,1) be a local solution of (P) such that y is regular. Then,
there exists a unique element (@,7) € W™ () x L¥' (Q)/R such that

VAP~ (Y- V)e+(Vy) '@+ Vi=y—ya inQ (3.24)
divp=0 inQ, =0 onT, .
1

~ ~ €0j(u) N Co(w). (3.25)

Proof. First, we recall that @ is a local solution of (Pj,.). We also have that

Theorem 3.4 implies that (3.24) has a unique solution (¢, 7) € Wé’p/(Q) x LP' (Q) /R,
and

F'(a)v = / p(z)dv(z) Vv eM(w).

Now, using the convexity of j and the local optimality of 1 we infer

J@+p(v-w)—J@ _  Fla+pv-u)-F@)

0< lim ; < lim 5 +aj(v) — aj(n)
=F'(u)(v—1) +aj(v) —aj(a) = / pd(v—1u)+alj(v) - ju)] Vv € M(w).

By definition of dj(u), the above inequality implies that figb € dj(u). Recall that
the inclusion @ € Cy(w) follows from the embedding W(l)’p/(Q) C Cp(w). O
As an immediate consequence of Theorem 3.7 and Proposition 3.5 we obtain the
following corollary.
COROLLARY 3.8. Under the assumptions of Theorem 3.7 and assuming that
u # 0 the following statements hold.
1. If j = j1, then ||@|lcc = . Moreover, if 4; # 0, then ||@illcc = @ and

Supp (@) C {z € w: @i(z) = —a}, (3.26)
Supp(a; ) C {zr € w: @g;(z) = +a}. ’
2. If j = ja, then ||@|l2 = a. Moreover, for i =1,2, if u; # 0, then
Supp(iY) C [z € w: @i(x) = ~| il om
Supp(4; ) C {z € w: @i(x) = +[|@illoc }- '

3. If § = joo, then ||@|li = . Moreover, for i = 1,2, if 4; # 0, then (3.27)
holds.

4. Second order optimality conditions. In this section, we prove the second
order necessary and sufficient conditions for a local minimum. This will be done for
the case j = ji, i.e.

() = lJurllarw) + llvallarw)-

Let (§,@) € WP(Q) x M(w) along with the pressure p satisfy the state equation
(1.1). Throughout this section we assume that y is regular, as introduced in Definition

2.7. We also assume that ¢ € Wé’p /(Q) satisfies the first order optimality conditions
(3.24) and (3.25). Then, for every 7 > 0 we consider the cones of critical directions

Cl={veMw): Fu)v+aj (a;v) < 7l|zv|L20)}-
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Observe that
F'(a)v+aj'(u;v) >0 Vv e M(w). (4.1)
Indeed, this follows from (3.2), (3.25) and the fact that
A\ v—u) <j(a;v) VAedju).

This inequality is consequence of the convexity and Lipschitz property of j. Thus,
when 7 = 0, the cone Cg = C2 is given by

Ca={veMw): F(a)v+aj(a;v) =0}

Therefore, the cones CF with 7 > 0 small can be considered as small extensions of
Ca. While the necessary second order conditions will be formulated, as expected, on
the cone Cy, the sufficient second order conditions require an extended cone; see, for
instance, [14] and [21]. To this end, we have introduced the cones Cg.
Let us state some properties of Cy.
PROPOSITION 4.1. The following statements hold.
1. Cq is a convex cone of M(w).
2. Given v = (v1,v2) € M(w), we have that v € Cy if and only if the following
identities hold

/ @i dv; + ajj(ug;v;) =0 for i=1,2. (4.2)

3. For every v € M(w) such that v; is an absolutely continuous measure with
respect to ; with i = 1,2, we have that F'(@)v+aj’ (a;v) = 0, hence v € Ch.
4. The following equivalent expression for Cg holds

Ca={veM(w): F'(a)vs +aj' (a;vs) =0} (4.3)

with v = (v1s, Vas), where v;s is the singular part of v; with respect to |u;|,
i=1,2.

Proof. 1. - Because of (4.1), v € Cy if and only if F'(q)vs + aj’(@;vs) < 0.
Then, the convexity of Cy follows from the linearity of F’(q) and the convexity of the
mapping v — j/(@; v).

2. - Since

F'(a)v + aj'(u;v) = il </w @; dv; + aj{)(ui;vi)) (4.4)

holds, then v € Cy if (4.2) is satisfied. For the converse implication, we take v € Cy
and apply (4.1) to (v1,0) and deduce that

/ ©1 dvi + ajé(ﬂl;vl) > 0.

Analogously we proceed with (0,v2) to deduce the same inequality. Adding both
inequalities we infer with (4.4) that (4.2) holds.

3. - From (3.20) and (3.21) we get that the mapping v — j'(1; v) is linear on the
space of measures v = (v1,v2) such that v; is absolutely continuous with respect to
@; for ¢ = 1,2. Therefore, (4.1) implies F'(@)v + «j’(@;v) = 0.
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4. - From (3.20), (3.21), and 3 we have that

F'()v + o' (@;v) = F'(Q)v, + o’ (@5 va)
+ F'(Q)vs + aj’ (u;vs) = F'(0)vs + af’ (1;vy),

where v = v, + v, with v;, the absolutely continuous part of v; with respect to |u;|
and v;s the singular part. The above identity implies (4.3). O

Next we prove the second order necessary conditions.

THEOREM 4.2. If (y,1) is a local solution of (P), then J"(w)v? > 0 for all
v € Cy holds.

Proof. This proof follows the steps of the Theorem 3.7 in [4]. Given v = (v1,v2) €
Cy we consider the Lebesgue decomposition dv; = g,,d|t;| + dv;s for i = 1,2. For
every integer k > 1 we set

Gv: 1 (2) = Proji_ 441 (90: (%)), dvi g = gu, ,d|ti;| +dvis, i = 1,2, and vy = (v1k, V2,k)-

Then, we have

2

IV = Vellme) = D 190 = osi L asy = 0
=1

by Lebesgue’s dominated convergence theorem. Moreover, since the singular parts of
v; 1, and v; coincide for ¢ = 1,2, and v € Cy, then (4.3) implies that v, € Cy for every
k.

Next let us express du; = h;d|u;|, where h; is measurable with respect to |@;| and
|hi(x)] = 1 for all x € w, du;” = hjd|u;| and du; = h; d|u;|, where @; = u} — u;
is the Jordan decomposition of @;, for i = 1,2. See, for instance, [23, Chapter 6] for
details. Let us define the sets

wi={recew:hi(z)=+1} and w; ={z €w: hi(x)=-1}, i=12.
Forany0<p<%Wehavefori:1,2

Jo(@; + pvik) — jo(us)
p

]_ + v; — ]. _ - 1 + vy - ]- _
_ / % dut +/ | PGvi.e] di; + [|vis | ar )
wt 14 w; p

i

= / Gui e QUi + ||Vis| vy = Jo(@is v k).
w

Using that u is a local minimum of J and making a Taylor expansion of F' we get
for every k and 0 < p < 1 the existence of § = 6(k, p), with 0 < 8 < 1, such that

J(@+ pvg) — J()
)

= F'(@)vy + gF”(ﬁ +0pvi) Vi + o’ (W vy) = gF”(ﬁ +0pvi) Vi,

0<

since v € Cg. Finally, dividing the last term by p/2 and taking the limit when
k — oo, we get that F(@)v? > 0. O
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Now we formulate our second order condition for local optimality:
Ir>0and 30 > 0: F"(@)v? > §llzy[lf2(q) Vv € CF. (4.5)

THEOREM 4.3. Let 0 satisfy the first order optimality conditions (3.24)-(3.25),
and assume that (4.5) holds. Then, there exist € > 0 and k > 0 such that

_ Y _ _
J(u) + §Hyu — y||%2(m < J(u), Yu € M(w) such that |[u —allw-1r0) <e. (4.6)

We will establish some lemmas required for the proof of this theorem. Ac-
cording to Theorem 2.10, A, can be chosen bounded and convex and such that
G'(u) : W=LP(Q) — W, x LP(Q)/R is an isomorphism and

JMyg such that Hg/(f)|‘£(W71,p(9)7wpr;}(Q)/R) < Mg Vfe Np. (47)

Following the notation introduced in Corollary 2.11, we set U, = (= (N,) =
(N, — fo) N M(w), which is also an open, bounded and convex subset of M(w).
LEMMA 4.4. The following inequality holds

||Yu - waévp(Q) < MGHU - 171||W*11P(Q) Vu e up- (4-8)

Proof. This is an immediate consequence of the mean value theorem and (4.7). O

LEMMA 4.5. Given u € U, and v € M(w), we set zyv = G (fy + Xw)XxwV and
zv = G'(fo + xw)xwV, Then there exist constants My > 0 and My > 0 independent
of u and v such that

1Zuy = Zvllwir () < Miflu—allw-1r@lzv]lL2 @), (4.9)
Zu,v|L2(Q) = M2||Zv||L2(Q)- .
1Zu,v | < M|z | (4.10)

Proof. According to (2.20), the equations satisfied by zy+ and z, are

- VAzu,v + (yu . v)zu,v + (Zu,v ' V)yu + qu = XuwV,
—VvAzZy + (- V)zy + (v - V)Y + 0 = XwV-

Subtracting both equations and setting e = z, v — 2+ and q = qv — q we get
—vAe+ (yu-V)e+ (e V)yu+q=g, (4.11)
where g = —[(yu — ¥) - V]zy — (2Zv - V)(yu — ¥). Let us estimate g in W=1P(Q).

We prove the estimate for the first term, the second being identical. For arbitrary
w e WP () we have

/ [(yu—¥) V]zywdz
Q

< HZV||L2(Q)||yu - yHL%

/ (yu — ) - V]wazy do
Q

VW ;pr
[Tl

< CQ,p||ZV||L2(Q)Hyu - y”Wé"’(Q)HVWHLP/(Q)'
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Then, we obtain
lgllw-1r) < 20,z Lz @)llyu — S’”W(}P(Q)'

Taking into account that (e, q) = G'(fo + x,u)g, from (4.7) and (4.8) we infer
lellw r) < 2MoCaplzy iz Iya — oo,
< 2M§Capl|zy|lL2 @) llu — allw-1r(0)-

Hence, (4.9) holds with M; = 2M§C’Q’p. Finally, with the triangle inequality and
(4.9) we deduce

|1ZuvllL2 (@) < 1Zuy = ZvllLa) + llzvliLz@) < Copllzay — 2vliwi v ) + I2viLe@)
< (Cé,lellu —Ulw-1p(0) + 1) v ||L2(0)-

Inequality (4.10) follows from the above inequality using the boundedness of U),. O
LEMMA 4.6. There exist €1 > 0 and Mz > 0 such that

||yu — }_f||L2(Q) < M3||Zu,ﬁ||L2(Q) Yu € U, with Hu — l_1||w—1,p(Q) <ey, (4.12)

where zy—a = G'(fo + xu1)(Xw(u —1)).
Proof. Let us consider the equations satisfied by yu, ¥ and z,_g:

—VAYu + (Yu " V)yu + Vhu = xou,
—VAy + (¥ - V)y + Vp = xu1,
- VAZufﬁ + (}_’ . V)Zu,ﬁ + (Zufﬁ ' V)}_’ + vqufﬁ = Xw (u - ﬁ)

Setting e = yy —y — Zu—a and q = p, — P — qu—_a, we infer from the above equations
—vAe+ (y-V)e+(e-V)y+Vqa=—[(yu—¥) VI(yu—Y)-

Arguing as in the previous lemma, we can prove that [(yu—¥)-V](yu—y) € W1P(Q),
and with (4.8)

I[(yu—¥)  VIyu—¥)lw-1r@) < Capllyu — ¥llLz@)|yu — yHW})’P(Q)
< CopMglu—alw-1r@)l[yu — ¥z < CopMgeilyu — ¥llLz(0)-
Now, using that (e, q) = G'(fo + xo)(=[(yu —¥) - VI(yu — ¥)) and (4.7) we get
lelltz(o) < Copllellwrig) < CapCapMierllyu = Fllrzo)-
With [y — ¥l < llellLz@) + ||Zu—allL2(e) and taking

1 1
5 and M3 =

0<er< ———
2
Ch,,CapM2 1— Co,Ch ,Mgey

(4.12) follows. O
LEMMA 4.7. There exists a constant My > 0 such that

190 = @llwsr o < Millya = Ty Yo €U, (4.13)
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Proof. Let us write the equations satisfied by ¢, and ¢

— VAP, — (yu: V) + (Vyu) @y + VTu = Yu — Ya,
—vAp —(y- V)@ + (Vy) o+ VT =y - ya

Now, setting e = ¢,, — ¢ and q = m, — 7, and subtracting the above equations we
infer

—vAe—(y-V)e+(Vy) e+ V= (yu—3)+[(yu—3) Vea—(Vyu—Vy) e, (4.14)

We can estimate e in Wé’p,(Q) by using (2.19). To this end, we need to estimate the
three terms of the right hand side of the above equation in W~1'(Q). Moreover, to
prove (4.13), this estimate should be obtained in terms of |y —¥||r2(q). For the first
term it is enough to observe that W4 (Q) € L2(€) and, hence, L2(Q) ¢ W17 (Q).
To estimate the second term we take an arbitrary function w € Wé’p (Q) and proceed
as follows

10 =) Vlguwda| < 1y = Flaece) [Vl ollwl, 2

< Capllyn - y”L?(Q)||90uHW(1)-,P/(Q)HWHWé”’(Q)'

Using (3.5) and (4.8) we deduce that ||y,
we conclude that

1o o < Co for all u € U,. Therefore,
wlr' (@) P
0
[[(yu = ¥) - Vlewllw-1 () < CapCellyn = ¥lrz0)-
For the last term we observe that
| (9yu =V puwds == [ (- Dgulya = 5) da

and then we obtained the same estimate as for the second term. Finally, as mentioned
above, (4.13) follows from (2.19) applied to the equation (4.14) and the obtained
estimates. O

LEMMA 4.8. For every p > 0 there exists €, > 0 such that

[F"(u) = F"(0)](u - 0)*| < pl|zu—allfeq) Yue B, (0), (4.15)
where B (0) = {u €Uy, : ||lu—t|lw-1r) < Ep}-
Proof. Let us denote v .=u —u, zyv = §'(fo + xou)xwv and z, = G'(fy +
Xwl)XwV. According to (3.3) we have
[F"(u) — F"(w)]v?|

/ [|Z0,v]* = 2(Zu,v - V)Zuvpy] do — / |z |* = 2(zv - V)2v @] dzx
Q Q

< / |Zuv + Zv| |Zuv — Zv|dz + 2 ‘/ [(Zuv — 2Zv) - V]PuZuyv dx
Q Q

+2|[ (@ Dy~ @t o) +2
Q

[ @)ooy —n)da
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We proceed to estimate the last four integrals. For the first one we use Lemma 4.5 as
follows

/ By + Zy| [Zuy — Z| d2 < |Zuy + 2 20 |2y — 2vllL2c@)
Q
< Cg (1 + Ma) My |lu— afw 1o )|z [Tz o) (4.16)

Let us estimate the second integral. First, we observe that, as pointed out in the

proof of Lemma 4.7, there exists a constant C such that |||y @ < C, for every
0

u € U,. Using again Lemma 4.5 and this inequality we get

/Q [y — 20) - VpuZun 41| < | (B — 2)7u 1@ | Vallir @

< CQHZu,V - ZV”L%(Q)|

< CoCop My My [u — w100 |2+ 172 (0)- (4.17)

|Zu,V||L2(Q) < C2OQ7P||Zu,v - ZVHW(l)»P(Q)HZu,VHLQ(Q)

For the third integral we select €1 > 0 so that (4.12) holds. Moreover, we observe
that (4.7) implies

2y llwir @) < Mgllvlw-1r@) = Mgllu —afw-1»()- (4.18)

Then, with (4.10), (4.12), (4.13), (4.18) and recalling that v = u — u we obtain

/Q(Zv V) (pu = @)zuy dz| < [[|2uv] |2y |Lr @ llen = Pl o

S 2
M4||ZU,V||L2(Q)”ZVHL%(Q)HYH —Ylre@) < CapMaMsMal|zv[lywir o) l2vlliz o)
< Cop Mo MMy Mg|[u — tllw-10(9) | 2v [ {2(q)- (4.19)

Finally, the estimation for the fourth integral is the same as the one proved for
the second integral just replacing Cy by ||g5||wl,p/(m. From the obtained estimates
0
for the integrals the existence of ¢, € (0,e1) such that (4.15) holds is immediate. O
Proof of Theorem 4.3. Let us first estimate |F” (u)(u—u)?|. To this end, we recall
the existence of a constant Cy > 0 such that Hgau||wl,p/(9) < O, for every u € U,.
0

Using the expression for F” given in (3.3), (4.7) and (4.10) we find for all u € U,

[P (w)(u = 0)?] < |lZuu-allLz ) + 2zu sl @lzansal 2 leulwir o

S (ng_’p + 2CSZ,pC2)||Zu,u7ﬁ||wé»P(Q) ||Zu,u7ﬁ||L2(Q)
< (Cqp 4200 ,Co) Mg My ||u — aflw-1.0(Q) |Zu—allL2 () -

We recall that the sufficient condition (4.5) is assumed and it involves two constants
7 and §. Selecting

T 1
0 < e <min s T3 E1 s
2= { (Ch, +2Ca,Ca)MgMy’ Mg 1}
where £; was introduced in Lemma 4.6, we get

|F"(u)(u—1)% < 7|zu—allLz@ VYu € B, (1) (4.20)
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Now, applying Lemma 4.8 with p = §/4 we infer the existence of € € (0, &3] such
that

I[F" () = F"(@)](u - )] < gHZu—allia(m Vu € B(a). (4.21)

Finally, we take

. 1) T
K = 1min M’Mig .

Now, we prove the inequality (4.6). To this end, we take u € B.(u). We distinguish
two cases.
Case I: u —u ¢ CF. In this case, we have

F'(u)(u—1u) + aj' (@;u—a) > 7(|2e—allL2@)-
Due to the Lipschitz and convex properties of j we also have
j(w) = j(@) +j"(a;u—a).
Additionally, from our selection of € we have with (4.7)
Zu-allLz(0) < Mg|lu—tlw-1r0) < Mge < 1.
Using the last three inequalities, (4.20), (4.12) and making a Taylor expansion of F
around u we get for some 6 € [0, 1]

J(u) > J(u) + F'(a)(u—1u) + aj’ (q;u —u) + %F"(ﬁ +60(u—1u))(u—mu)?

_ T T
> J() + 7[|Zu-allL2 (@) — §||Zu—ﬁ||L2(Q) =J(a)+ §||Zu—ﬁHL2(Q)

_ T _ T _ _ K _
> J(0) + s l|zu—alfzq) = J@) + 575 1ya — Vi) = J@) + 5 ya — V20
2 2M2 2

Case II: u —u € CF. We proceed similarly to the previous case and use (4.1),
(4.5), (4.21) and (4.12)

J(u) > J(@) + F'(8)(u — @) + aj (@ — @) + %F”(ﬁ +6(u—1))(u—a)
> J(a) + %F”(ﬁ)(u —a)?+ %[F"(ﬁ +6(u—1)) - F'(@)](u—a)
> (@) + Sl alagm) — Gl aliam) = @) + lza-alae

_ 0 _ R _
> J(u) + 47M§”y“ Vi) = J(@) + §HYu —¥lE20)-

5. Stability of the optimal states with respect to perturbations of the
data of (P). In this section we assume that (¥, @) is a strict local solution of (P) in
the WP (Q) x W~12(Q) topology such that ¥ is regular in the sense of Definition
2.7. Hence, we can formulate the control problem (P}, .) as in section 3, choosing U,
small enough so that @i is the unique global minimizer of J in U,. We recall that, as
proved in section 3, for every u € U, there exists a unique solution y, € Y, of (1.1).
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We are going to prove the stability of ¥ with respect to small perturbations in
some data of the control problem (Py,.). For this analysis the growth condition (4.6)
will play a key role. We recall that (4.6) is deduced from the sufficient second order
condition (4.5). The fact that B.(11) in (4.6) is a ball in W~1?(Q) rather than in
M(w) is essential to prove the stability results.

We will consider two kinds of perturbations in (Py.): perturbations in the forcing
fo and in the observation yg .

5.1. Perturbations in the forcing. Here we consider the following control
problems

. 1
(PP) Helgl Jp(u) = 5/ ‘yP,u - Yd‘2dx + a”u”M(W)’
ucip Q

¥p,u being the unique solution in Y, of the perturbed system

{ —vAy + (y-V)y+Vp=1£,+ xou in Q,

(5.1)
divy=0 inQ, y=0 onT,

where f, € W~1P(Q) satisfies
1fo — £ llw-10() < Cop (5.2)

with Cp independent of p. From Theorem 2.10 we know that (5.1) has a unique
solution y, u € Y if p is small enough. Moreover, using the mean value theorem and
(4.7) we have

HYP,u - Yun})*P(Q) = ||g(fp + xou) = G(fo + qu)“wé"’(sz)
< Mg||f, — follw-1.0(0) < MgCop. (5.3)

Using this property, by classical arguments (see, for instance, [7]), one can prove
the existence of p > 0 and an open neighborhood LAlp C U, of 1 such that for every
p € (0,p) the control problem (P,) has a global minimizer u, in Z/?p. Moreover, it
holds when p — 0

4, > a in M(w), (5.4)
(¥,,1,) = (¥,10) strongly in WP () x WLP(Q), (5.5)

where ¥y, =¥,a,-
The next theorem establishes a rate of the convergence result for y, to y.
THEOREM 5.1. Let us assume that @ satisfies (4.6), then there exist py € (0, p)
and a constant K > 0 such that

17, = ¥llLz) < Kv/p Yp < po. (5.6)

Proof. Due to (5.5), there exists py € (0, p) such that , € B.(u) for every p < py.
Let us introduce the functions y, s and yq, solutions of (5.1) and (1.1) corresponding
to the controls i and 1, respectively. Using that 1, is a global minimizer of J, in

U, and (4.6) we infer
Jp(0) > Jy(u,) = J(a,) + [J,(0,) — J(1,)]
> J() +

K _ _ _
S lya, = 3liz () + [p(8,) = J ()]
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From this inequality we deduce
Kllya, = ¥lliei) < 200,(@) — J(@)] - 2[J,(T,) — J(@y)]
= /QHyp,ﬁ - yd|2 —|y - Yd|2] dx — /Qﬂyp - yd|2 - |Yﬁ,, - Yd|2] dx
<|ypa+¥ = 2yallLz @) llyea — YLz + ¥, + va, — 2vallLz @) Iy, — ya,llLz@)-

Let us observe that taking u = u in (5.3) we deduce the convergence y, s — ¥
in W4?(Q). Moreover, by (5.5) ya, = G(f, + xut,) = G(fo + x@) = 7 in Wy?(Q)
holds. Therefore, the sequences {y,a},<p, and {ya, },<p, are bounded in W,P(Q).
The boundedness of the sequence {y,},<,, follows from (5.5). Taking into account
these facts and using twice (5.3) with u = @ and u = 14,, we obtain from the above
inequality

Iya, =¥l < Cvp Vo < po- (5.7)

Finally, from (5.3) with u =, and (5.7) we conclude

¥, = ¥llz <1, — va,llLz@) + llya, = ¥llre@) < Cip+ Cy/p,

which proves (5.6). O

While we cannot expect to obtain a rate of convergence for ||, —u||ln,) we still
have the following corollary to the previous theorem.

COROLLARY 5.2. There exists K' > 0 such that |[|0,||mw) — [[ullmw) | < K'v/p
for all p < po.

Proof. From the inequality J(u) < J(@,) we get with (5.7)
3 —_ < 1 - 2 e 2
a([[allvw) = [[apllvw) < B va, yd||L2(Q) Iy yd||L2(Q)
< Cillys, = Yl < CiCyp. (5.8)

Analogously, using that J,(11,) < J,(1) and estimates (5.3) and (5.7) we obtain

_ _ 1 _
altplhnaey = 18lvie)) < 5 [1¥oa = YalZegay = 190 — Yalfao)|
< C2||Yp,ﬁ - yp”LQ(Q) < C2(||Yp,ﬁ - 3_’HL2(Q) + Hy - ypHLQ(Q)) < CS\/ﬁ (5'9)

Combining (5.8) and (5.9) the corollary follows. O

5.2. Perturbations in the observation. In this section we consider pertur-
bations of the observation y,. We formulate the following control problems

. 1 2
(Pp)  min Jp(u) = 5/@ yu = ygl” dz + efullmw),

where y, denotes the solution of (1.1) corresponding to the control u and y’; € L?(Q)
is a perturbation of y4 satisfying

Iy} — valr2) < Cop. (5.10)

With the notation of the previous subsection and using the arguments of [7], the
existence of (y,,1,) and the convergence properties (5.4)-(5.5) follow. Observe that
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now y, = yu, is the solution of (1.1) associated with u,. Concerning the convergence
rate for the optimal states we have the following result.

THEOREM 5.3. Let us assume that 0 satisfies (4.6). Then there exist po € (0, p)
and a constant K > 0 such that

1Y, = ¥llL2) < Kp  Vp < po. (5.11)

Proof. Once again, due to (5.5), there exists py € (0, p) such that @, € B.(i) for
every p < po. Then, we get

Jp(ﬁ) > Jp(ﬁp) = J(ﬁp) + [Jp(ﬁp) - J(ﬁp)]
> J(8) + 5195 = I3y + [5(0,) = I (@)
Rearranging terms we get
K[y, — 5’”%2(9)
< [y =viP =15 = vaPlao = [ (19 = iP =19, ~ yal')do
= [y =ya=v) - a=yi o [ 25, = ¥i—ya) - (va— ) ds

=2 [ (7%, (va - vl da
<20y = YollLz@lya — ¥illLz ) < 2Coplly — ¥ollL2(o),

which leads to (5.11). O

Analogous to Corollary 5.2 we easily obtain the following consequence of the above
theorem.

COROLLARY 5.4. There exists K' > 0 such that |||, ||me) — [[ullme) < K'p
for all p < po.

Proof. Tt is enough to observe that

Jp(0,) — J(1,) < Jp(u,) — J(u) < J,(a) — J(a)

and to use (5.10) and (5.11). O
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