EXPLICIT EXPONENTIAL STABILIZATION OF NONAUTONOMOUS LINEAR
PARABOLIC-LIKE SYSTEMS BY A FINITE NUMBER OF LOCALLY
SUPPORTED ACTUATORS

KARL KUNISCH! AND SERGIO S. RODRIGUES?

Abstract. An explicit feedback controller is proposed for stabilization of linear parabolic equations,
with a time-dependent reaction-convection operator. The range of the feedback controller is finite-
dimensional, and its dimension depends polynomially on a suitable norm of the reaction-convection
operator. A sufficient condition for stabilizability is given, which involves the asymptotic behavior of the
eigenvalues of the (time-independent) diffusion operator, the norm of the reaction-convection operator,
and the norm of the nonorthogonal projection onto the controller’s range along a suitable infinite
dimensional (higher-modes) eigenspace. To construct the explicit feedback, the essential step consists
in computing the nonorthogonal projection. Numerical simulations are presented, in 1D and 2D,
showing the practicability of the controller and its response to measurement errors.
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1. INTRODUCTION

We consider a nonautonomous evolutionary system in the abstract form

M
9(t) + Ay(t) + Arc(Dy(t) = > uwi()¥; =0, y(0) = yo, (L.1)
i=1
where y is the unknown state, yo and ¥;, ¢ € {1,2, ..., M}, are given in a Hilbert space H, and u(t) =
(u1,...,upr)(t) is a control function at our disposal, taking values in R,

We want to find general conditions on the linear operators A, and A,., and on the family of actuators {¥; |
i€ {1,2,...,M}}, which will allow us to guarantee the existence of a stabilizing feedback control. Roughly
speaking, the operators A and A,. will play the roles of a diffusion-like and a reaction-convection-like operator,
respectively. For example, we may think of the parabolic equation (e.g., under homogeneous Dirichlet boundary
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conditions)
M
y(z,t) — vAy(z,t) + alz, )y(z,t) + V- (b(z, t)y(z,t)) — Zul(t)\lfz(x) =0, y(0)=uyo, (1.2)

where v > 0 and the given functions a and b, defined for (z,t) € Q x [0,+0c), take values in R and R%,
respectively. In this case Ay = —vAy, and A,y = ay + V - (by).

The motivation for considering such a system comes mainly from recent works on stabilization to time-
dependent trajectories [11, [7, [IT], 15, [16], 2], 25], where a system in the form arises from the linearization
around the targeted trajectory. Local stabilization to time-dependent trajectories of a given monlinear system
will (under some conditions on the nonlinearity) follow from the stabilization to zero of system , together
with a suitable fixed point argument.

In [7] the controllers ¥; are localized in a small subset of w C € and are constructed from suitably trun-
cated eigenfunctions of the Dirichlet Laplacian in L?(£2)? operator and it is proven that if we use a big enough
number of eigenfunctions then we can stabilize the system. In [16] the controllers are constructed in a similar
way (though the eigenfunctions are those of the Dirichlet Laplacian in L?(O) for an interval O C © containing
the support of the control) and some estimates on the number of actuators are given, which depend exponen-
tially on a suitable norm |A,c|y of the operator A,., where X is a suitable Banach space. Again in [I6], the
authors perform numerical simulations which suggest that a better estimate might exist. They also show that,
taking eigenfunctions of the Laplacian in L?(f) as actuators, leads to an estimate which depends polynomially
on |Ayc|y. Notice that, in this case the support @ of the controller is Q.

In [11], 15] 21], the actuators are not anymore necessarily constructed explicitly from the truncated eigen-
functions of the Laplacian operator. Moreover, a sufficient condition for stabilizability is given depending on a
suitable norm |1,,(1 — Py)1,|y where Py is the orthogonal projection onto U = span{¥; | i € {1,2,..., M}}.
In this case similar estimates on the number M of actuators can be given, for suitably chosen piecewise constant
actuators, but again depending exponentially on a suitable norm |A,.|y. The numerical simulations we find in
these works also suggest that a better estimate for the number of actuators could exist. The reason for the
exponential dependence of the estimates on M, in the above works, is due to the fact that the null controllability
of the system (for controls in L?(w)) is used, for which the norm of the associated control depends exponentially
on |Arc|y. In this manuscript we follow a different procedure where we do not use/need the null controllability
of the system and in this way we can remove the exponential dependence of the numbers of controls on |Ac| .

Of course, the number of required actuators will depend on the type of actuators we have at our disposal.
We will keep this in mind hereafter (see, in particular, the condition for stabilizability ) In fact,
for A,y = py with p < 0 we cannot stabilize if all of our actuators are orthogonal to a given eigenfunction ¢
of A whose associated eigenvalue « satisfies p + a < 0.

We are going to present a setting, for the parabolic equation , where the number of actuators, which are
needed for stabilizability, depends polynomially on the norm of A,.. Still, the support of the control can be a
small subset, and the actuators can be piecewise constant.

Furthermore, while in [TT], 15 [16] 21] the stabilizing feedback control operator was taken as the solution of
an appropriate differential Riccati equation, here we give an explicit simple form of the feedback operator. In
particular, for the simulations we do not need to solve any matrix Riccati equation. We recall that solving
a matrix Riccati equation is a difficult numerical task for large matrices, which arise from high resolution
approximations.

The feedback control. Let Pr: H — F stand for the orthogonal projection in H onto a given finite-
dimensional space F' C H. Further, let Fj; be the span of the eigenfunctions of the operator A associated
with the (repeated) first M eigenvalues. We denote the linear span of our actuators by U = span{¥; | i €
{1,2, ..., M}}. We will assume that our actuators satisfy H = U @ E7;. We can see that U = E) satisfies the
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last condition, but we do not assume that our actuators are eigenfunctions. Actually, we are particularly inter-
ested in the case where the actuators ¥; are locally supported indicator functions, which are more appropriate
for real-world applications.
€L
To describe a consequence of the central result of this paper, let sz M. H — U stand for the (nonorthogonal)
projection onto U along EIJ\;I If

Tin = Q1 — (6 +4 \PEM

C(H )> ‘Arcg( >0, (1.3)
for a suitable Banach space X, then a feedback stabilizing control is given by

y— K(t)y = P (Ay + Awe(t)y — M)
for any given constant A > 0. More precisely, the system
(t) + Ay(t) + Are(D)y(t) — K(1)y(t) = 0, y(0) = yo,
is exponentially stable: there exist suitable constants g > 0 and D > 1 such that
|y(t)|?{ < De™H(t=9) |y(s)|i1, forall ¢t>s2>0.

In the case of the parabolic equation (1.2]), we know that aps41 — +00 as M — 4o0o0. So (1.3) will hold

increases slower than aps41,

L2

for a big enough M providing we can construct Y = U(M) so that ‘PLJ{EM o
H

1 1—2

1
that is, so that MhIE QM+1 ‘PL];;M — +o00. Notice that in the case Y = E);, then P]?MM is an orthogonal
— 100

L(H)

= 1, and the latter condition reduces to lim a1 = 400, which is known to hold.
M| £(H) M—+00

Moreover reads apr41 > 10 |Arc\ e Wthh will clearly be satisfied for big enough M.
> 1. In this case condition (1.3)) is

not trivial and will be checked numerically. The simulations, for system (|1.2)), show that for piecewise constant
actuators and by fixing the total volume of the support of the actuators, we can construct U (M) so that

projection,

In the case U # Ey, the projection P M is nonorthogonal and ‘PEM .
H

U remains bounded. Consequently, in case we know the asymptotic behavior of the eigenvalues ayy,

we can also find an estimate for the number M of actuators. Suppose we can indeed construct U(M) so that

L)
UMD | £y

satisfy ap; > CoM i, see [18]. Thus, (1.3)) will follow from

< (4 for all M > 1. For a parabolic equation as (|1.2)) we know that the eigenvalues of the Laplacian

(M +1)>Cy % (6+4C1)% | Al . (1.4)

In particular M depends polynomially on |A,c|y, which improves the exponential dependence derived in [IT}

M

151 [16 21]. Differently from those previous works, here the support @ = |J supp ¥; of the controller is not fixed
i=1

a priori (still, its volume |w| can be small).

While we are particularly interested in the nonautonomous case, the results are, of course, valid also in the
autonomous case. However, we recall that in the autonomous case other tools, like the spectral properties of
the system operator A + A,. can be used to construct a stabilizing controller and to give estimates on the
dimension of its range (in both cases of internal and boundary controls). We refer to the works [2] 4H6] [, [24]
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and references therein. Unfortunately, the spectral properties of A+ A,.(¢) seem to be (at least, by themselves)
not appropriate for studying the stability of the corresponding nonautonomous system, see [28]. In [4, [5] the
feedbacks are constructed explicitly, while in [2] 6] 8, 24] they are Riccati based feedbacks.

The results in this work will be applied to internal controls for parabolic equations. The extension of our
procedure to the case of boundary controls is not clear yet, and will be addressed in a future work.

The rest of the paper is organized as follows. In section [2] we recall some results concerning weak solutions for
parabolic-like systems and the properties of nonorthogonal projections. In section [3] we prove our main result.
In section || we discuss the sufficient condition . In section |5| we present the results of some numerical
simulations showing the performance of our feedback and its robustness against estimation errors. Finally, in
section [6] we present additional remarks concerning our results.

Notation. We follow [IT, [15] 16, 21]. We write R and N for the sets of real numbers and nonnegative integers,
respectively, and we define R, := (r, +00), for 7 € R, and Ny := N\ {0}. We denote by Q C R? a bounded open
connected subset, with d € Ny.

For a normed space X, we denote by | - |x the corresponding norm, by X’ its dual, and by (-,-)x’ x the
duality between X’ and X. The dual space is endowed with the usual dual norm: |f|x: == sup{(f,z)x' x |z €
X and |z|x = 1}. In case X is a Hilbert space we denote the inner product by (-,-)x.

Given an open interval I C R and two Banach spaces X, Y, we write W (I, X, Y) := {f € L*(I, X) | 0;f €
L?(1,Y)}, where the derivative 0, f is taken in the sense of distributions. This space is endowed with the natural
norm | flw (s, x,v) = (|f\%2(I’X) + |8tf|2L2(I,Y))1/2~ In the case X =Y we write H*(I, X) = W(I, X, X).

If the inclusions X C Z and Y C Z are continuous, where Z is a Hausdorff topological space, then we can
define the Banach spaces X x Y, X NY, and X + Y, endowed with the norms |(a, b)|xxy = (Ja|% + |b|§/)%;
la|xny = |(a, a)|xxy; and |a| x4y := inf(ax7GY)€XXy{|(aX, a)|xxy | a =a* + aY}, respectively. We can
show that, if X and Y are endowed with a scalar product, then also X x Y, X NY, and X +Y are. In case we
know that X NY = {0}, we say that X +Y is a direct sum and we write X ® Y instead.

Again, if X and Y are endowed with a scalar product, then also W (I, X, Y) is. The space of continuous linear
mappings from X into ¥ will be denoted by £(X — Y). When X =Y we simply denote £(X) := L(X — X).

If the inclusion X C Y is continuous, we write X — Y; we write X i) Y, respectively X < Y, if the
inclusion is also dense, respectively compact.

The kernel and range of a linear mapping A: Z — W, between vector spaces Z and W, will be denoted
Ker(A) :={x € Z | Az =0} and Ran(A) := {Az | z € Z}, respectively.

Clas....,a,) denotes a nonnegative function of nonnegative variables a; that increases in each of its arguments.
Finally, C, C;, i =0, 1, ..., stand for unessential positive constants.

2. PRELIMINARIES

Here we introduce the general properties we ask for the operators A, and A,., and derive some results on the
regularity of the solutions for system (|1.1)).

2.1. Assumptions on the state operators

Let us be given a Hilbert space H that we will consider as pivot space, that is, H' = H. Let V be another
Hilbert space with V C H.

Assumption 2.1. A e L(V = V'), and (y, z) — (Ay, z)v/ v is a complete scalar product in V.

From now we will suppose that V' is endowed with the scalar product (y, z)v = (Ay, z)y+ v, which still
makes V' a Hilbert space. Necessarily, A is symmetric and A: V' — V' is an isometry.

d,
Assumption 2.2. The inclusion V C H is dense, continuous, and compact. That is, V Sk
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Necessarily, we have that
<ya Z>V’,V = (y7 Z)H7 for all (ya Z) € H x Va

and also that the operator A is densely defined in H, with domain D(A) := {u € V | Au € H} endowed with
the scalar product (y, z)p(a) = (Ay, Az)y, and the inclusions

D(4) 25 v LS g Sy LS pay,

Further, A has a compact inverse A~1: H — D(A), and we can find a nondecreasing system of (repeated)
eigenvalues (o, )nen, and a corresponding complete basis of eigenfunctions (e )nen,:

O<ar<ag<---<a,<apr1 = +o0 and Ae, = aye,.

We can define, for every 3 € R, the fractional powers A%, of A, by

“+o0 +oo
AB Z Yn€n = Z O‘gynenn
n=1 n=1

and the corresponding domains D(APl) == {y € H | AlPly € H}, and D(A™l) = DAY, We have

d,
that D(A8) <5 D(AP1), for all B > B, and we can see that D(A?) = H, D(A') = D(A), D(43) = V.
For the time-dependent operators we assume the following:
Assumption 2.3. For almost everyt > 0 we have A..(t) € L(H — V'), and there is a nonnegative constant Ci.
such that, |Ave|p g, c(r—v7)) < Cre-

2.2. Weak solutions
We recall a regularity result for system
y(t) + Ay(t) + Awc()y(t) + f(t) =0,  y(s0) = o (21)

That is, for (1.1) with a general external force in place of the control, and with the initial time shifted to ¢ =
sp > 0. In what follows sy and s; stand for two nonnegative real numbers and I for a finite interval as follows.

I:= (s, s1), 0<sp<s1. Further|I|:=s1 — so. (2.2)

Throughout the paper we assume that yg € H.

Lemma 2.4. Given f € L*>(I, V'), there is a weak solution y € W (I, V, V') for [2.1). Moreover y is unique
and depends continuously on the data:

2 Val 2 2
Wlw,v,vy < Clil e (|y(50)\H + |f\L2(1,v')) :

The proof is omitted since it follows by well known arguments.

Definition 2.5. For f € L (Ry,, V'), the function y defined in Ry, by the property that y|(80’5) coincides
with the weak solution of (2.1)) in (sg, s) for all s > sg, is well defined. It is called the global weak solution
of (2.1) in the half-line Ry, = (sg, +00).
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2.3. Nonorthogonal projections

We are going to use some nonorthogonal projection operators associated with a suitable direct sum splitting
the Hilbert space H.

Definition 2.6. Two closed subspaces / C H and £ C H are said complementary in the Hilbert space H if
we have the direct sum H = F @ £. The projection onto F along £ will be denoted
PEH—F, zwar
where = is defined by
r=xr+xze and (zr,ze)€ F xE.

Remark 2.7. The continuity of the projection P}“’: is well known, see [I2] section 2.4, Theorem 2.10]. Notice
that PZ =1 — P£. Here “1” is understood to be the identity operator on H.

The projection PJQ_ is orthogonal if £ = F+. We shall denote orthogonal projections simply as
Pr:=Pf.

Henceforth, let us fix two sets {f1, fo,..., fm} C H and {g1,92,...,9m} C H in the Hilbert space H. We
assume that the vectors of each set are linearly independent and consider the M-dimensional subspaces F =

Span{flana DR fM} and g = Span{gl7g27 e 7gM}
We denote the “coordinates to span” mapping as follows

U1
Vg M
Fl: Mo = F, [Flo=[F| | =Y wfi
. =1
UVnm

where M., «,, denotes the space of (m x n)-matrices with real entries. Notice that [F] depends on the (ordered)
basis {f1,..., far}. We define [G]: Mprx1 — G analogously. We will also denote the matrix

(G, F)ul = [(9s f5)m) € Murxm

whose entry in the i-th row and j-th column is (g;, f;) . Further for a given vector y € H, we introduce the
vectors
(91,9)m

(92,9)m

(G, y)u] = and  [(y, F)u] = [(Z/,fl)H . fo)u . (¥, fM)H] .

(9m,y)u

Lemma 2.8. The following conditions are equivalent

(a): H=F® G+,

(b): [(G,F) ] is invertible,

(C): Pg]: =g.
Proof. We will show the implications |(a)={(c)={(b)E=1(a)
[a]i G=PgH =Pg(F®Gh) = PgF.
(c)={(b)} Given v € Ker[(G, F)u], we have y = [Flv € F(G*, which implies Pgy = 0. Since (Pg|z): F — G
is necessarily an isomorphism, and 0 = Pgy = (Pg| )y, it follows that y = 0 and v = [F]~'y = 0.
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(b)={(a)} Let h € H. We can write
h=z+w, with (z,w)€ (F+GH) x(F+ghHt

Therefore we have that w € F+ (G, which implies that 0 = [(w, F)g] = ([G]"*w) "[(G, F) x|, where BT denotes
the transpose of the matrix (vector) B. Necessarily [G]"'w = 0 and so w = 0, which gives us h = z € F + G*.
We can concude that H = F + G+. Finally, if v € F(\G+ we find that 0 = [(G,v)x] = [(G, F)u)([F] " 1v),
which implies that [F]~1v = 0, hence v = 0. O

Lemma 2.9. If H = F ® G+, then the associated propjection onto F along G+ is given by

PGy = (FlolGF)ul ™) (G, y)ul, forall yeH. (2.3a)

If in addition each of the sets {f1, fo,..., fm} and {g1,92,...,9m} is orthonormal, then

PS¢ = Pro[G]o([(G. F)ull(F.G)ul)* oG] o Py (2.3b)

Proof. Let us denote the mapping y +— Py = ([F] o [(G, F)u]™") [(G,y)u]. It follows that for any pair (f,h) €
F x Gt

P(f+h)="Pf.
ot e (G — []:] )H}’ which implies v = [(G, F)u]~'[(G, [F]v)n], for any given vector v €
Misx1. Therefore, since f = [F][F]~*

P(f +h) = ([F1o (G, F)ul =) (G, [FIF) Hul = [FIFIf = f,

that is, necessarily ng =P.
If the sets {f1, f2,..., fm} and {g1,92,...,9nm} are orthonormal, then it is clear that for all (y,v) € H x
M,

[(G.y)m] = (9] o Pg)y and Px([G]v) = [FI([(F,G)r]v)
which, together with , leads us to

Py = (F1o (G, F)ul ") [(G.v)n] = (Pro Gl o (F,G)u] " o [(G, F)u] ™" o [G] " o Pg)y,
which is equivalent to . O

Now we present a corollary on the computation of the norm ‘P]g_-L ’L(H), which we will use in the numerical

simulations.

Corollary 2.10. If each of the sets {fi, fo,..., far} and {g1,92,---, 9} is orthonormal and if H = F © G+,
then the projection onto F satisfies

g
L(H)

= (mein{ﬂ is an eigenvalue of [(g,f)H}[(F,Q)H]}>_ .

Proof. First of all, note that it follows, from Lemma that [(G, F)u][(F,G)n] is symmetric and positive
definite. It is well known that the orthogonal projections Pr and Pg have norm 1. It is also true that the
mappings [G] € L(Mpx1,G) and [F] € L(Mprx1,F) are bijective isometries (we suppose My ~ RM
endowed with the usual Euclidean scalar product). Now we observe that the mapping [(G, F) ]~ € L(Marx1)
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is exactly the mapping sending the coordinates k of a vector field ¢ = [G]k € G to the coordinates of the
projection P]gf g € F. Therefore we have that

—14.12
‘P]g_f 2 _ sup |[(Q,FI)]:2] k|MM><1 _ sup ([(g,}‘)H]flz)TTk[(g,}-)H]flk
L(H) kEMprx1\{0} Marxi keEMarx1\{0}
= sup kT([(g’F)i]L(,f’g)H])_lk = max{f is an eigenvalue of ([(G, F)u][(F,G)u]) "}
keMarx1\{0} B
The proof is finished. O

3. THE STABILIZING FEEDBACK CONTROL

Here we present the stabilizing control for system (1.1)), provided a general condition is satisfied by the set
of actuators.

Given M € Ny, let Ej; be the space spanned by the eigenfunctions associated with the first M eigenvalues
of A:

Ey = span{e, | Ae, = ane, and n e {1,2,... ., M}}, M>1. (3.1)
Remark 3.1. The spaces Ey; = Pg,, H are well defined as soon as the complete basis of eigenfunctions {e,, |
Ae, = apen, n € No} has been fixed (and further ordered for eigenfunctions corresponding to the same
eigenvalue).

3.1. The condition for stabilizability

We will show that a sufficient condition for the existence of a stabilizing control taking values in a sub-
space U = span{¥, Uy, ..., ¥} C H is given by

1 EL 2
apar >  inf o ——— (47lE _1<2+2‘P M’ )E) B3csb
M ver2,  (2—m —12) (71 LT U eimy) =2 3.2 )
(2=71—72)>0

where

(A ()Y, Y )y vl2 2

B = sup < ‘PEJ\J;IAIACPEJ\J;[‘

(3.3a)

wY)ekox(ELOVy Y] [Y]E Lo (Ro, L(HV")) |
2
Ey = |Pp,, AP, . .3b
2 ‘ En Eﬁ LN(RO,E(H,V’)) (3 3 )

In particular, we note that when Z5 = 0, as in the case A,.y = py for some constant p € R, then the
2

L
norm PL}{EM . of the projection plays no role in (3.2tCSb)).

Observe that from (3.2CSal) it necessarily follows that U is a M-dimensional space, because ([3.2fCSal)
implies Ey = Pg,,H = Pg,,(U ® Ei;) = Pg,,U, then the vectors in {¥, Wy, ..., ¥y} are necessarily linearly
independent.

Lemma 3.2. Assume that U satisfies (3.21CSal), then we also have V' = U & Ej‘jvl. Here the space Ej}vl
stands for the orthogonal complement of Epy in V.
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Proof. Let x € V. Thenx € EMeBEAL/I’VI - LH—E@%—EAL/I’VI - LH—EJ@V,. We can conclude that V' = Z/H—E]fjv/.
Now if y € UﬂEijv , then for all w € Eyy

(y,w) g = (A~ 3y, A% Aw) iy = (y, Aw)yr = 0,

since A maps Ej; onto itself. That is, y € U () Ei; = {0}. O

1,v!

L
From Lemma the projections PIfM € L(H) and Pzﬁt € L(H) can be extended to projections PZfM €
M

L(V') and P“L v € L(V"). Hereafter, for simplicity, we will still denote the latter by szft’ € L(V') and PY, €
M
LV instead.

Lemma 3.3. Assume that U satisfies ([3.24CSal), then we have the following properties.

L €
Pp,, = Pg, PP%,  PPM = pPupy  and Py, = Py + Py, Pp,,.

Proof. The proof is straightforward. d

We recall the interval T = (sg,s1) in (2.2)).

Lemma 3.4. Let U C H satisfy m, wy € E 37, and ¢ € H' (I, Eyr). Then there exists a weak solution,
taking its values in Ex; C H, for the system

Q+ Py ((A+40) Q) + Py d=0,  Qs0) =wo. (3.4

Moreover the solution is unique and depends continuously on the data as follows:

|I|7M)CI‘C7 Pgi-
M

Qv v < c{ | (1ol + lal r.1) - (3:5)

Bl
M
,’P

LV L(H)

Proof. Existence of a solution satisfying (3.4]) follows by standard arguments. We restrict ourselves to the

following estimates, which will in particular show the structure of the constant C in (3.5)). We look for @ taking

its values in V (| Ey; = V() P4, H. Observe that A maps V (| Ey; into EIJ\‘/I’V C V'. For Q € V) E5; we have
M

that AQ € EJJ\}’V/, Pgﬂ AQ = AQ, and in particular <P115ﬂ AQ, Q)vi.v = |Q|3/ Taking the duality product
M M
with 2Q in (3.4), and using Lemma we obtain
d .
QI = —21QI% — 2P, Aq, Qv — 2P, 4@+ ), Qv — 2P 4. Qv
=-2 |Q‘V - 2<PEIJ\;IAYCQ7 Q>V’,V - 2<PZEIJﬁPEA4ArCQ> Q>V’,V
- 2<PML Aq,Q)vr v — 2<PgﬁArCQ7 Qviv — 2<Pg]tfd, Qvrv

and for any given positive constants 71, v2, and s,

2
Z2 |Qly

d o
at |Q|H < *(2 -7 — 72— 373) |Q|V +’Y1 =1 |Q|H + 7 ‘ EM £V

+73 ‘ PEM E3|Q|H

2 .12 -1 i
+ ) + ’P
)(|q‘v |q]y Y3 Bl | p o)
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with 21 and 2 as in (3.3a))-(3.3b) and with

—_ 2
=3 = |PMJ‘A1"CPEM|L(V’) .

For X = Y, let us denote by [¢|,x_,y the norm of the inclusion mapping «(z) = z for all z € X. If Xy € X

is a subspace of X we also denote by |L| Xo the norm of the inclusion Xy < Y. Recall that for p € E}y,

|[1(X—>Y)
we have |p\§{ <aum \p|%/, Also, for z € E3; we have |z\%,, < apty |p\H Therefore, using Lemma and the

identity 1 = PP + PY, . we find

i o <

U 2 2
Mlc(H V) Pry Peu ‘E(H,H) [ }L(V’,H) Perleqvrv

EZM

B4 |2
<aM+1‘ PEM‘ )aMS‘PEM—PuMLH)<2+2‘P

cemy’

. . 2 —
which, since [¢[z gy < 0 !, leads us to

d _
10 < - - - 3w @l + (= e (242 B[ )22k

2
—1 U U
+ 73 <’PE1ﬁPEAI LoV )PEAL/[

2 from) 2 2 — .2

For any time ¢ € I and any triple (y1,72,73) € R} such that that 2 — v, — 72 — 3v3 > 0, by Gronwall’s
inequality we obtain

QN < P4 (Jwof3, + Dalal3ps1,m)) (3.7)

)’

Eg) (1 + ap + afl) ,

with

Dy = C? (71 + 2y, + 295t ‘PEM

2
U
n ‘P
By

Dz =13 (‘PgﬁPEM LV

LV

where C2, was defined in Assumption Some more standard estimates lead us to (3.5]).
Finally, the uniqueness of @ follows from the fact that the difference between two solutions will solve ([3.4)
with ¢ = 0 and wg = 0, and in that case the right hand side of (3.7)) vanishes. O

3.2. The explicit closed loop system

Hereafter we suppose that Assumptions and are satisfied. The following theorem shows that
condition (3.2[CS) guarantees the existence of a finite dimensional explicit stabilizing feedback operator.

Theorem 3.5. Let A > 0. If U satisfies :CS), then the system

§(0) + Ay(t) + Ane(Dy(t) = P (Ay() + Ae(t)y(t) = My(0)) =0, (3.82)
y(0) = yo, (3.8b)

has a unique weak solution. Moreover there is a pair of constants D > 1 and p > 0 such that

ly(t)]3, < De*t=50) ly(s)|%, . for all t>s9 > 0. (3.9)
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Proof. Let us take ¢ = e M Pg,,yo and wy = PEJ\J;[ Yo, and let @ be the corresponding solution to system ((3.4)).
Then, we observe that y = Q + ¢ solves (3.8). In fact

y=-Pg, ((A + Are) (Q + q)) ~ Py q+q=—Pf, ((A T Aw) y) + PP
= —(1-BP) ((A+ A)y) - AR,

where we have used 1 = sz b + P4, (cf. Remark . Therefore (3.8a) follows. Clearly we also have y(0) =
M

Q(0) + ¢(0) = wo + P, Yo = Yo-
From (3.2tCSb)) we can choose a pair (71,72) such that 2 —4; — 73 > 0 and

pi= (2= —Y2)ami1 — (71 Bt (2 +2 ‘PMM ‘L(H)> :2> -

Then we can also choose a small enough 73 > 0 such that

2
) 52) > 0.
L(H)

Therefore, from (3.6) and the Gronwall’s inequality, it follows that, for any ¢t > s > 0,

~ o~ ~ ~ 1o, o~ Ey;
py = (2 =71 — 72 — 3V3)anr41 — (71 Bt (2 +2 ‘PuM

t
QUIE < e )| Q(s0) | + Dz/ e M) (|q(s) [ + la(s) I3 ds

S0

t
< s Qan)ff + Dol 42 [ oo B g(so) s (3.10)
EN)
. . u 2 u |2 _ L
with Dy =75 (‘PEALJPEM Lo + ‘ o L :3) (1 +aym + o ) .

Now, if 2\ # p5, we obtain

(B3 =20t _ o(py—27)s0
p — 2

< e 1Q(50) 3 + D2 (1 + A%)la(s0) 3]z — 22| le 7 %0)

Q)7 < e #3170)|Q(s0)[3; + Da(1+ A)|q(s0)[Fre #7230

with g := min{us, 2A} > 0.
On the other hand, if 2\ = pz we obtain

t
Q[ < e =Q(s0) [ + Da2(1 + A?)lals0) % / e ds

50

< e 30 |Q(50) 3 + Do+ X2)q(s0) e 7t - 50)
< e300 Qo) + Da(l 4+ X as0) e =6 (g — )"

for any p < p5. Notice that e™*(us — p) ™' = 33{6_(“"7_“)88.
S

Thus, in either case, there exists a constant D3 such that

Q) < e 7 750Q(s0) 7 + Dae ™= g(s0) 3,
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with @ < min{ps,2A}. This implies that

()3 = QW)Y + la(t)]3 < e P75 |Q(s0) |3 + (1 4 Dg)e %0 g(s0)[7;
< DemH(t=50) |y (s0)[3,; (3.11)

with ¢ < min{uz,2A} >0 and D=1+ D3 > 1. O
Next we prove that our feedback operator in Theorem [3.5 is bounded.
Theorem 3.6. The feedback operator in Theorem [3.5]

y = K(t)y = Py (Ay + Awe(t)y — \y)

and its associated control n(t) = K(t)y(t) are bounded:

EL 1 -1
Kl e o201y < ’Pu " L) (0‘12(4 F [ Arel Lo o, (11, v7y) + A 2) ; (3.12a)
2 D
£(t—s 2 2
eF(t=s0)y B < K| 7o (Ro, 2 (21)) P ly(so)|y, forany e <p, (3.12b)

with p as in (3.9).
Proof. Recalling that sz b

L
E]M

= P, Pg,, and Pg,,A = APg,,, we find

4
El\l

KOz < ‘Pu

_1
coor iy (AL e + 1Al ey + X )

which implies that

EJ_
] ow g a0y < [P

3 _1
L(V' H) <a12\/[ + |ArC‘L°°(]Ro,,C(H)V/)) + )\Ozl 2) R

Now from (3.9) we find that the associated control 7(t) satisfies, for any € < p,

ez (t=s0) ? < |K? ez (t=50) 2
n Lz(RSO,H) = Lo (Ro,L(H)) Yy Lz(R507H)
D
2 2
< Koo (o, £(1)) iz 1y(s0)% »
which completes the proof. 0

Remark 3.7. We can prove that under the same condition (3.2;CS) the feedback given by y — K.(t)y =

ijI‘j (A (t)y — Ay) is also stabilizing (which corresponds to take q. = Pg,,y as the solution of the system
G« = —Ag¢x — Mg, ¢+(0) = Pg,,y(0)). In this case, in we obtain a better estimate [Ku|pw g, £(m)) <
=

L(V',H)
here) it is not clear whether the associated bound constant D in (and in ) will be smaller for K,
than for K. Thus, we have chosen to consider the feedback K only, whose associated projection ¢ = Pg,,y is
more explicit.

1
<|Arc\ Loo(Ro,c(H,v7)) T A0 ? ) . However, from simulations we have performed (and will not present

Remark 3.8. We observe that the stabilization result in Theorem [3.5] still holds true when E)j; is replaced by a
space spanned by any set of M linearly independent eigenfunctions, say by Ey = span{e,(; | i € {1,2,...,M}}
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with o: Ny — Ny being an increasing function. For that we just need to replace the condition (3.2;CS) by the
analogous one with

(Err,min{aj | o ¢ {asa), Qp(2), - - Qo(an) }})
in the place of (Eps, aps41). This will be used in section

4. REMARKS ON THE PROPOSED SUFFICIENT CONDITION FOR STABILITY

By considering the values (v1,72) = (%, 3) we conclude that (3.2FCSH) holds if

BL |2 2
an1 > 6+4’Pu ‘L(H) | Arel 700 (Ro, £ (21,17)) - (4.1)

which is exactly (1.3)), in the Introduction.
2

€1
Once we know |AYC|i°°(R0,£(H,V’)) and apr41, we can investigate (4.1), by computing )PL’{':M .

In applications the actuators will be in a suitable class U (of functions). For example, for parabolic equa-
tions , we could consider actuators which are supported in an apriori given subset, or we could consider
piecewise constant actuators.

The question is: given |Arc|i°°(Ro,£(H,V’)) can we find M and actuators {¥M | i = 1,2,...,M} C U so
that U =U(M) = span{¥M |i=1,2,..., M} satisfies ([{.1)?

For a general \Arc|2LOQ(RO7L(H,V,)) we can say that will hold for big enough M if we know that

1 =2

I || = o 4.2
Moo MAL U £ oo (42)
This results in the question: can we find a large enough M and a set of actuators {¥M | i =1,2,..., M} so

that their span, U = U(M) = span{UM | i = 1,2,..., M}, satisfies ([#.2)? We recall that the answer is not
L

trivial when U # Fj; because ’sz M > 1 and, depending on U, may take arbitrary large values.

L(H)

4.1. The case M = (. Free dynamics

Taking no control in (3.8a]) is equivalent to taking & = {0}. That is, the free dynamics is followed. This
corresponds to take M = 0, once we define Ey := {0}. Indeed, we have H = U & H = U & E]\lJ7 and

.
Pg, =0= PZfM. In particular (3.2tCSal) is satisfied.
Since, for M = 0 we have that Z5 = 0, the condition for stability (3.2tCSb|) reads for free dynamics

1 A ()Y, Vv v 2
o> inf B =E = i °()2 >‘;’V‘R.
(2AY—1$1R)(]>70( —7)mn (t,Y)ERGx V Y5 1Yy

4.2. Checking the proposed sufficient condition numerically

We assume here that the complete system of eigenfunctions {e; | i € No} of A is orthonormal in the H-scalar
product. We can also suppose that {UM | i =1,2,..., M} is an orthonormal family in the H-scalar product,
otherwise we just orthonormalize it.

From Corollary condition will follow from

Mlin_?_ apr+1 min Eig([0(M)]) = +o0, (4.3)
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where for simplicity we have denoted by Eig(([©(M)]) the set of eigenvalues of the symmetric matrix
[©(M)] = [(En,U)u][U, Er)n). (4.4)

Now we show how we are going to check numerically, in the case of a parabolic equation as in under
homogeneous Dirichlet boundary conditions, with A = —vA: V — V' v > 0.

In this setting we will have the spaces H = L*(Q), V = H}(Q), and V' = H=1(Q).

We will consider a given triangulation Qp of the domain € with nodes x. As basis functions we take the
usual piecewise linear (hat) functions.

For a given (regular enough) function u, let u(x) denote the column vector of the values of u at the nodes.

Let M denote the mass matrix associated to our finite-element subspace in H. We take the following discrete
approximations:

and
min Eig([©(M)]) ~ min Eig([@(M)]).

The matrix P(M)"P(M) is symmetric and positive semidefinite. By and Lemma the ma-
trix [©(M)] is invertible. Up to discretization, this translates to the assumption that [@ ()] is positive definite,
that is, min Eig([@(M)]) > 0.

Denoting 9y := min Eig([@(M)]), condition will read

Ml—l>rﬂoo apri19%y = +oo. (4.5)

4.3. Construction of the actuators in one dimension

We will perform some 1D simulations on the interval = (0, L), for piecewise constant actuators and A =
—vA = —vd,,. For a suitable chosen U = U(M), the simulations suggest that J5; > 6 > 0 remains away from
zero, with § independent of M, when the total length of the actuators support is fixed. This confirms (4.5)).

In this 1D case the finite elements are chosen with respect to the partition x = [Oh 1h ... Nh] of Q,
where h = L/N. We fix the total length of the support of the control, by setting the total volume to be rL,
with r € (0,1).

Piecewise constant actuators {UM | i =1,2,..., M} are constructed as follows: consider the M-th normalized

eigenfunction ey (z) = (%)% sin(227%) whose extrema are located at

. L .

Now we set the actuators as the indicator functions

WM (g) = 1, (2) = 1, ifzcws;
C T e T0, ifxe (0,L0) \@p;
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with
rL rL
= (g — ——,q; + —), i=1,2,..., M.
wii= (4= gppttgpp)
Note that all actuators have the same support length: length(supp(\llfw ) = %, and the total length of the

M M
support of the control is independent of M: length (U supp(@%)) = Y length(supp(¥M)) = rL.
1 i=1

1=

4.4. The particular case of a constant reaction

" jor . 2
From condition (3.2tCS) we see that ‘P M‘ ill play no role when =5 = ’P AP =0
) “ e TP PR T T B e B e g, 21,1
This is the case for a constant reaction A,.y = py.

With p < 0, the uncontrolled system
y+Ay+py=0
2
= a;j 1 p?, and the sufficient condi-

is not stable if p < —aj. In this case ‘PElﬁArCPEL

M| (Ro,L(H, V"))
tion (3.2CS) reduces to

H=U® FEy;
1
inf —1,-1 2_ -1 2
QpM+1 > WIIQRO’ (2_%)’71 Qprp1P” = QpraP
(2=71)>0

N
In particular, here the norm }Plf M ‘[;( : plays no role. That is, it is sufficient to take M actuators such that
H

ary1 > pand H = U @ Ej;. Recall that the latter identity is equivalent to the invertibility of [©(M)], which
can be checked numerically.
‘ U

2
Notice, however that ’P” L Pr,, and N

B LV B lev

in (3.11)), and thus also in the norm of the feedback control in (3.12b]).

: | Py ArCPEMﬁ(V,) still play a role to the constant D

4.5. The particular case of a conservative convection

It is well known that the parabolic system , under homogeneous Dirichlet boundary conditions is stable
with @ = 0 and with a general b € L>®(Ry x Q,R?) satisfying V - b = 0. We can see that condition (3.2;CS)
reflects this fact. Indeed, in this case we have (A,cy, y)v.v = (V- (by),y)v/ v = 0. Thus, for M = 0, we obtain
that =; = 0. From section we conclude that the uncontrolled system is stable, since a; > 0.

4.6. Numerical examples

-2
o appearing in the sufficient
condition (4.5). We would like to have ¥5; > 0 as large as possible, and remaining away from 0 as M increases.

Our actuators 1, = 1., (z) will be constructed as in section (in the figures “Dyey = mxe” underlines that
the actuators are distributed following the extrema of the eigenfunction eyy). Figure[l|show those actuators for
selected values of M, for L = 1.

To compute ¥p; we have proceeded as follows. We have considered the basis {sin(Z%) | i € {1,2,...,M}}
for Fp and the basis {1, | ¢« € {1,2,...,M}}} for Y. Then we have orthonormalized these bases, con-
structed [@(M)], and computed ¥5;. The orthonormalization have been done numerically through the Gram—
Schmidt procedure (in the “mass” scalar product (v,w) — w ' Muv).

. . . . By
Here we perform simulations concerning the computation of ¥y = ’PM M
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. The actuators ] The actuators . The actuators

0.8+l N =10000, D,4 = mxe 08 N =10000, D, = mxe 0.81| N|E 10004 D, = mxe
M=1, r=0.1 M =2, =0.1 M= 5, = 0.1

06l Yy = 0.198427 06l Yy = 0J0998611 06 Yy = 0.0996383
04 04+ 0.4+
0.2 021 0.2r

0 0 0

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X xr T

FIGURE 1. The family of actuators.

In Figure we see how ¥, depends on M, for several rates r of the control support volume rL. It seems
that, for fixed r, ¥,; tends to a positive constant, thus remaining away from zero.

Further 9, increases with r € (0, %) That is, as we would intuitively expect, the norm of PL],EM gets larger
as the volume of the control support gets smaller.

Iar

. Var
r=0.2
=1 —r =0.02
0.8} act = INXE  |0.1946 —r=0.1 1 o4t In(L=2)—0a(L =1)
07|y = 100000 |;c,, P02 1 a5l Lt
0.1942 —r =04 !
0.6 10 15 20 ___._g5 | 03f :) ‘I
05 f | 025y 0.2 0.4
ol ] 02y M=10
L 4 Dt = mxe
03 0151 N 100000
0.2 1 01Ff ]
\ —
o1f 0.05 Lo
0 : ‘ ‘ 0 ‘ ‘ : :
0 5 10 15 20 o 0.1 0.2 0.3 0.4 05
M r
(a) Dependence on M. (b) Dependence on r
FIGURE 2. The smallest eigenvalue of [©(M)].
In Figure [2(b)| we see how ¥ depends on r, for a fixed given pair (M, L).
2
. . . Ex .
The simulations suggest that there exist a constant C' = C(r) > 0 so that ‘PMM’ < C(r). Notice that
L(H)
. 2 . . .
for Q = (0, L), the eigenvalues of A = —vA are v7; M? which allows us to obtain an estimate

_1 1
M >v 2 % (6 +4C(7”))2 |AI“C|L°°(R0,[,(H,V'))

on the number of actuators which allow us to stabilize the system.

In Figure we can also see that such dependence does not depend on L, once (r, M) is given. Indeed
this follows from the fact that for a given two intervals (0, L;) and (0, L), for normalized eigenfunctions e =
(£)? sin(4£2) € L((0, L)), and for normalized actuators 3 (v) = (7=b=7)2 L(Lua,L.p) (%) € L2((0, Ln)),

with 1 > b > a > 0, we have that,

L1 L L1 L
(e B2, = (67 %0 3) 12((0,L2)) -
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This means that, for normalized eigenfunctions and actuators, the entries in [(Ea,U)n] and in [©(M)] do
not depend on the lenght L,, provided, when taking actuators (4,5 in (0,L1), we take the corresponding
actuators 1(z,q4,7,5) on (0, La).

4.7. On the placement of the actuators

Intuitively we expect that distributing the actuators over the interval @ = (0, L) is better than concentrating
them in some region. This is confirmed in Figuresand The uniformly distributed actuators 1,,, (“Dact = uni”
in figures) correspond to

_ iL rL iL rL s
wi= (-t gk), i=L...,M,
while the concentrated actuators (“Dye; = con” in figures) correspond to a uniform partition of (£ — 2L L4 rL):
. _ (L rL . rL L rL crL .
wi=(3-%+0 -5 5-5%+i5%), j=1....M.
The actuators
1 N n M n 19‘”702 2%
L=1 0.212 : —1r =0.02
- 08 7| Dy = uni 021 —r =01 | 04rf Da(L =2) =0y (L =1)
0.8+ ={10000, || D,et = uni L[ N = 100000 | 0.208 o <1077
M={p, rHo1 0.7 Ly - =0.2 0.35© 10F ]
5
v =0.1193 06 o t
061 Iar 0.119211 0.3
05¢ 0.25
04 0.4 0.21 M =10
L ] Dyet = uni
03 0151 N = 100000
0.2f 0.2 0.1+
—L=1
01f 0.05f L9
0 0 ‘ ‘ : 0 ‘ ‘ : :
0 0.2 0.4 0.6 0.8 1 0 5 10 15 20 0 0.1 0.2 0.3 0.4 0.5
x M -
FiGURE 3. Uniformly distributed actuators.
. The fx_ctll_ators 1 Iur . <108 ‘ ‘ In
1L): 1 o m"g =0.2 —7r =0.02 6l ar(L =2)—0n (L =1)
act = C x = 107
0.8+ N =10000, D,dl=|¢on 0.8 | I = 100000 sl r=0.1 10
M=5 r=01 10 T2 s 0
2 s —r =0. 5
o6l 9y = 1.51176e-09 ol . =05 | 4f 10
’ 10 15 20 sl o2 s
04 0.4+ ol
'
0.2r 02+ ]
R\ i
0 0 8 : : : :
0 0.2 0.4 0.6 0.8 1 0 5 10 15 20 O 0.1 0.2 0.3 0.4 0.5
T M T

FIGURE 4. Concentrated actuators.

We see that the distributed actuators present an analogous behavior as those constructed as in section [4.3]

and ¥); remains away from 0. For the concentrated actuators 1, reaches values very close to zero. The

simulations were done in Matlab with machine “precision” eps ~ 22334,
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4.8. Construction of the actuators in higher dimensional domains

For general domains 2 C R? the eigenvalues of the Dirichlet Laplacian, see [I8, Corollary 1], satisfy ans >
2 2
CyMi, with Cy = (27) By |Q]" @ d%‘iw where |By| denotes the volume of the unit ball in R? and |Q| the
volume of €. Therefore, condition (4.1]) follows from

_d B2 5 d
M+1>C;2(6+4 ‘PLI ’L(H) |ATC|L°°(]RD,£(H,V/))7 (4'6)

which gives us an estimate for M which depends polynomially on |Ar6|%°°(Ro, LHVY)):
Now the question we may ask is whether we can also construct the actuators U(M) so that the norm

2
E% . .
’Pu M remains bounded as M increases.
H)

4.8.1. The case of a Rectangle

d
In the case of a rectangle Q* = X (0, L,,) we know that the eigenfunctions of A are the products of the 1D

eigenfunctions. Now we fix 7 € (0,1) and define, in each interval (0, L,), the 1D actuators as in section [4.3] (say
covering a total region of volume rL,,), and their linear span U = (U),,. The notation (-),, simply means that
we are referring to the domain (0, L,). Next, we consider actuators defined in Q* which are the products of
those 1D actuators. That is, normalized eigenfunctions and actuators read, respectively

—d

—1 —2 :
el =} (v1)e5,(v2) ...} (xa) and U =V, (21)T), (22)... TV} (24), j € N§,

i =

where © = (21,22,...,24) € Q*. For example, we have e, (x3) = (L%)% sin(jf—fz) € (Ep)2 and @i(zg) =
o lw,, (23) € U)s.

‘w.7'3|

Now we recall Remark and consider the spaces
Eya = EY = Span{e[xj] |je {1,2,...,M}d} and U™ :span{\I/[Xj] |je {1,2,...,M}d}.

Let us denote H,, :== L%((0, L,,)), forn € {1,2,...,d}, and H* := L?(Q*). We will also use the notation (),
for operators, to underline that the operator (P), is understood to be in L(H,). Namely, the projections

(szlﬁ)n and (Pg,, )n are in L(H,).

L L
We “extend” the projections (PZfM)n to operators (PLJ;EM)>< in L(H*) defined as

n

N M Ly i
(P f(a) = Z (/0 f(xl,zg,...,:cn,...,xd)(i?n(zn)dxn> (P e (). (4.7)

We have the following Lemmas [£.1] and [1.2] whose proofs are given in the appendix.

X L
Lemma 4.1. We have H* =U* @ E};, and the projection Plfi‘/f coincides with the composition

n L L Y
Po = (B ™) o (B )iy 00 (B )5 o (BT

2
Recall that, from section we know that 9} = ‘(Pjﬁ)n

is independent of L,, (cf. Figure [2(b)).

n

Lemma 4.2. We have that \730|3:(HX) =93
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2_2
Now, recalling Remark we can see that ays = (Mi# + > }:—j is the smallest eigenvalue
™ ne{1,2,...d}\n "

of the Dirichlet Laplacian in Ej\l/ld = EJ@L, which corresponds to the eigenfunction e
1 if D)

=< ' n#ﬁ’ where 7 := min{n € {1,2,...,d} | L, = max L,}.
M+1, ifn=nmn, me{1,2,...,d}

Hence, for the parabolic equation (1.2)) in the rectangle Q*, recalling (4.1) and Remark we have that

the stability of the corresponding system (3.8)) follows from ap > (6 + 419Xfl) |Arc‘ioo(]Ro,[,(H’V/)). Since ay; >

X
[ .

5 with [j] defined by

Jn

1
’LT—; (M +1)2+d — 1), therelation M+1 > L= (6 + 419;/#) * Are| oo Ry, £(m1,v1y) implies stability of system (3.8).

d
Recalling that there are M? actuators in EJ@L, we can derive the estimate Mg,g+1 > (%)d (6 + 4ﬁ]T4d) 2 | Arc \CLlw(RO,E(H’V,))
on the number of actuators which allow us to stabilize the system. The latter estimate is analogous to ,
differing only by a constant factor. Notice also that the eigenvalues &y, satisfy ap;s > M2, and the subsequence
of the (ordered and repeated) eigenvalues ajra satisfy appa > Cd(Md)% = CgM?. So the asymptotic behavior
of aps and a4 are analogous.
Notice, however, that in 1D the actuators cover, in each (0, L,), a total volume |wy,,

= rL,, while in dD
they cover a volume |w*| = 79 Xi:l L,. That is, the relative volume covered by the actuators is smaller:

‘wx‘ :,rd<,r.: ‘wLn‘
12 [(0,Ln)|*

~ 2

Summarizing, we have seen that Pj;”d < ﬁ&d remains bounded, provided the 1D projections do:
L(L2(Q2X))
1 2
’(PZfM)n‘E( 2(0,00)) ¥y < C for all M € N. From the simulations in section ¥y, < O(r) remains
L2((0,L,

bounded. For rectangles Q* C R? we can always find/construct a big enough number M = Mg of actuators
depending polynomially on [Arc|p e (g, £(m,v+y) (linearly on |AFC|§/°°(]RO,£(H,V’)))7 so that system (3.8)) is stable.

4.8.2. The case of a general domain

2
will remain

L(L*(Q))

bounded provided we distribute piecewise constant actuators as uniformly as possible over 2. And thus, we will

be able to find a number M, as (4.6)), of actuators, so that system (3.8)) is stable.

1
We conjecture that, for general (regular enough) domains © C R? the norm ‘Plf M

5. SIMULATIONS FOR THE CLOSED-LOOP SYSTEM

As described in section 4.2 the spatial discretization is carried out by piecewise linear finite elements. For
the full discretization the Crank—Nicolson scheme is used for temporal discretization for the grid defined by
{t; = jk : j € N}, with the time-step k& > 0.

5.1. A constant reaction in 1D
We consider system (|1.2)) on the interval Q = (0, L) with a constant reaction and no convection
a(z,t) = p = —350(F), b(x,t) =0, (5.1a)
and the initial condition

yo = 0.05sin(7£). (5.1b)
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That is, A;c = p < 0. Under our feedback control, as in Theorem [3.5] the system reads

€L
§— vAy + py — Py (—vAy + py — Ay) =0, (5.2)
Yloo =0, and y(0) = yo.

We will take L = 1 and v = 0.1. For the ordered eigenvalues «; = V(%)zi2 of A= —vA, we can find —a; —p > 0,
which implies that the free (uncontrolled) dynamics system Yune — VAYunc + pPYunc = 0 is unstable. Indeed, the
free dynamics solution corresponding to Yunc(0) = 5o is Yune(t) = e(=P=ty + > 0.

Since a5 < —p = |p|r < ag, from the discussion in section our closed-loop system is stable provided
we take M = 5 actuators spanning U such that H = U @ E7;. This is satisfied for actuators as in Figures
or[d The stabilizing effect is confirmed in Figures[5] [6] and [7] Note, however, that the location of the actuators
has a significant influence on the value of ¥); and on the magnitudes reached by the (norm of the) solution
and by the control. This confirms the fact, already mentioned in section [£.4] that though in this case the norm

L
of sz M plays no role in the condition for stability 1 CS), it still makes a considerable difference concerning
the bound D in (3.11), which provides us a bound for the magnitudes reached by the norm of the solution.

The projection PZ;E"LJ has been constructed following from the basis {sin(Z2) | i € {1,...,M}} for Ey
and from the basis {1,,, | i € {1,..., M}}} for Y. The (numerically) orthonormalized bases have been used only
for the computation of ¥,;.

To see the performance of the proposed feedback, the control will be switched on only during a time inter-
val FeedOn. That is, for time t ¢ FeedOn we follow the free dynamics. We plot the results on the behavior of
the norm of the solution in two cases, FeedOn = (0.1,1) and FeedOn = (0.05,0.75). The magnitudes of the
control actuators will be plotted only for the latter case. Recall (from sectionsand@ that the actuators 1,
are numbered from left to right, that is, w; = (a;,b;) with a; < b; < a;41 < bj41 (cf. Figures and @) In
Figures [f] [6} and [7] their corresponding magnitudes are ordered from top to bottom.

Again for the latter case we also plot the control and solution at a selected instant of time ¢ = 0.1.
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FIGURE 5. Located at extremizers of the M-th eigenfunction.

Finally, in this example, M = 5 is sharp, that is, with 4 actuators the proposed feedback is not able to stabilize
the system, because the solution of (5.2), with M = 4 and issued from yo = es, is given by y(t) = e(=@5 =Pty
which coincides with the free dynamics solution and whose norm goes to +oo with time. Notice that in this
case we even cannot stabilize the system if we take the first 4 eigenfunctions as actuators, because the dynamics

€1
onto the subspace Ej will remain free for any given control v (replacing Plf M(—vAy + py — \y) and) taking
values in Fy.
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FIGURE 7. Concentrated at the center.

5.2. A general reaction-convection term in 1D

In Figure |8] we see the performance of the proposed feedback for a reaction-convection term depending on
both space and time variables. More precisely, we have taken

a(z,t) = —=35v(F)? — 10 |sin(4¢)z cos(at) | , b(z,t) = —4dcos(3mt) — 5(Er2)? + 2, (5.4a)
and the initial condition
yo(x) = sin(1372). (5.4b)

We see that for small M (in {0,1,2}) our closed-loop system is not stable, while it is stable for large M.
We also see that for M > 7 the exponential decreasing rate of |y|?{ is close to 16 = 2\. This rate cannot be
improved (e.g., by adding more actuators) because it coincides with the exact decreasing rate we have imposed
for the norm |PEMyﬁ{ of the finite-dimensional projection onto Fp; (cf.(3.11)), where p < 2X).

We see that in a neighborhood of ¢ = 0 the norm of the (free dynamics) solution is decreasing. This is
because our initial condition is in E]%] with large enough M = 12. Notice that we have - |y|?{ < -2 |y|%/ +

C 2 2 2 T
2[Avel gy 9l lyly, which implies § |yl7 < (—agp,q + [Arelzrve) [yl5 at the initial time.

After some time the norm of the uncontrolled solution is increasing. We can conclude that the reaction-
convection operator is necessarily transferring energy to the space E;. In this situation a control is needed to
stabilize the system, and we see that our feedback controller is able to do it (for large enough M).
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FI1GURE 8. Feedback performance. Dependence on the number M of actuators.

5.3. Response to measurement errors

To apply a feedback control in applications we will need to know the state y(t) at time ¢. Then we can
compute our control IC(¢)y(¢) which shall be input to the system. Often it is not possible to know y(t) exactly,
but we can obtain suitable estimates for y(¢). For example, from measurements of suitable outputs of the system
we can sometimes construct a dynamical observer which provides us with an estimate g(t) for y(t).

Once we have an estimate y(t) for y(t), we can compute an estimate of our control as K(¢)y(t). Feedback
controls are known to be, in general, able to respond to (small) measurement/estimation errors. In Figure |§| we
confirm that our proposed feedback is robust against such errors. As the magnitude of the noise (measurement
error), n == y(t) — y(t), gets smaller the solution goes to a smaller neighborhood of zero.

We present the results corresponding to simulations of the system with a perturbed feedback (i.e., with
an estimated feedback control IC(¢)y(¢)):

L
§—vAy+ay+ V- (by) — P (—vAG+ af + V - (0) — ) =0, (5.5)
Yoo =0, and y(0) = yo.
where 3§ ==y + 1.

We will take the noise in the form 1 = 11y + 12 having a component 7,y which is proportional to the state y
and a component 7o which is independent of the state. We will test with three types of hypothetical noise n
(“typnoi” in figures):

o n(x,t) =expl(t, z,()

= eS ((sin(207rt) + 0.1sin(1007 (¢ + z)) — 1)y(z, t) + cos(107t) + .1 cos(2007 (¢ + x))),
e (1) = mdn(t,,C)

= et ((min{l, max{—1,vyany (2, t)}} — Dy(x,t) + min{1l, max{—1, vians(x, t)}})7
e 7(z,t) = rndm(t, z, )

= o ((Vran3(x, £) — 1.5)y(,£) + Veans (2, £) — Veans (2, t)).
The functions rndn and rndm are “random” and are to be understood as follows: once we have solved our

system up to time t,,, = mk, say we have just found y(¢,,), then we generate random vectors Vyan;(tm) € RVFL,
from which we construct the noise functions rndn and rndm at time ¢t = ¢,,.
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For rndn(¢, z, ¢) the vectors vyan;(tm), are generated by the Matlab function randn, while for rndm(¢, z, )
they are generated by the the Matlab function rand.

In Figure [ we take M = 6 actuators. The simulations correspond to the data (a,b) as in (5.44), and the
initial condition is taken

yo(x) = 10sin(1312),

We test with several values of ¢ (“magnoi” in figures), to see the response of our feedback as the magnitude
of the noise decreases. We see that the magnitude of the noise decreases with (. When ¢ = —co (—Inf in the
figures) the noise vanishes.
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FIGURE 9. Response to measurement errors.

5.4. Numerical simulations in 2D

Now we present the results of a simulation for a parabolic equation in a domain @ C R2. In the previous
examples for an 1D interval (0, L) we knew the analytic expression for the Dirichlet Laplacian eigenfunctions,

elD = (%)% sin(*%). Then for the numerical simulations we can just evaluate this functions at the mesh points

n
and construct the numerical projection PLIZJ i from those vectors. Now we are going to consider a domain 2 C R?
where we do not know the analytic expression for the eigenfunctions. In this case we have to compute the
eigenpairs numerically. In Figure we plot the first 5 computed eigenpairs (e;, «;), i € {1,2,3,4,5} of —A.
We test with 4 actuators 1,,, where the location of each w; is also plotted in Figure together with the
triangular mesh we used in our simulations.
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We can see that the first 4 eigenvalues are simple. We have chosen to place the actuators close to the
extremizers of the 4-th eigenfunction e4. This was motivated from the results obtained in 1D for the actuators
constructed as in section and by trying to place them “as uniformly as possible” (as “suggested” at the end

. . Uiz wi
of section 4.8]). We have the volume ratio r = Vs = 2 ~0.0946.
Q] 36+27
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F1GURE 10. Eigenpairs of —A and actuators.

In Figure[TI] we see the response of our feedback to measurement errors. Again the robustness of our feedback
is confirmed. The norm of solution goes to a smaller neighborhood of 0 as the magnitude of the noise gets smaller.
We see also that the numerical noisy solution is more sensitive to the time-step k£ than the unperturbed solution.
However, qualitatively the behavior is similar.

Finally, in Figure[II]in the case of the larger time interval, the norm is plotted only for 1001 equidistant time
instants, namely for ¢ = ikgyp, ¢ = 0,1,...,1000.

The results of the simulations correspond to the parabolic equation under Dirichlet boundary conditions
and

. 0.1(x1 + = v=20.1,
a(t, 1, 2) = —0.1 — 0.2[sin(t + z1)[r,  b(t, 21, 32) = <0.1 c(osl(t)x12x)2> ’ { yo = 0.01e;. (5.7)

Notice that the first 5 eigenvalues of —vA extend from «; =~ 0.077249 to a5 ~ 0.24751.

5.5. On the parameter \

We see that our feedback essentially imposes/chooses the projection of the (unperturbed) solution to be
q(t) = Pg,,y(t) = e *Pg,,y(0). The parameter \ is at our disposal and its choice plays a role in the behavior
of the closed-loop system. In Figure[l2(a)| with the data asin sectionand (5.7), we can see that a larger A > 0
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FIGURE 11. Response to measurement errors.

may provide a faster decreasing, but they also have larger associated transient bounds (the norm of the solution
attains larger values for a transient time).

In Figurewe see the magnitudes (ordered from top to bottom) of the actuators corresponding to the last
case plotted in Figure (recall the ordering of the actuators in Figure . We can also see, in Figure
that the free dynamics is unstable.

Again for the last case plotted in we see the corresponding solution and control, at a selected instant
of time, in Figure [I3]
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FI1GURE 12. Dependence on A and free dynamics.

6. FINAL REMARKS
We present here a short discussion on the manuscript results and on related interesting questions to be

investigated in future works.

6.1. On the main result

Recall that in Theorem we have the Assumptions and and the sufficient condition ([3.2}CS)
for the stability of the closed-loop system ([3.8)).
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FIGURE 13. Solution and control at a selected time instant

Assumptions 2.1} 2.2] and 2:3] are quite general and are fulfilled for systems other than “pure” parabolic
as (1.2)). For example, they are satisfied for the Oseen—Stokes system

7 — VP Ay + PH(<U -Vyy+ (y- V>v) =0,

which can be seen as the linearization of the Navier-Stokes system around a given targeted trajectory v.
Here Py: L2(Q,R?) — H is the Leray orthogonal projection onto the space H = {z € L?(Q,R?) | divz =
0 and z - n = 0}, where d € {2,3}, Q is an open (smooth) bounded domain, and n is the unit outward normal
to the boundary I' = 0€). For the case of Dirichlet boundary conditions, Assumptions are satisfied by
the Stokes operator A = —vPyA with V = H}(Q,RY) N H and D(A) = H?(Q,R%) V. Assumption will
be satisfied for a regular enough function v, by using well known estimates for the term A,.(t)y = Py ({(v(t) -
V)y + (y - V)v(t)). We refer the reader to [7, 27]. See also [26] and [22| section 6] and references therein for
other boundary conditions. In particular, the main stabilization results derived on section [3] are valid for the
Oseen—Stokes system. Here we restrict ourselves to the simulations for our closed loop parabolic equations, but
it is interesting, in a future work, to perform some simulations of the corresponding closed loop Oseen—Stokes
system. And in particular to check condition CS).

6.2. On the application to nonlinear systems

For future work it is of interest to investigate the response of our proposed feedback when applied to a
nonlinear equation. Due to Theorem and following a standard argument as in [7, section 4] we can stabilize
the nonlinear system (for a suitable class of nonlinearities as in [2I], and for strong solutions), provided the
initial condition is taken in a small neighborhood of 0. In particular, it can be of interest to compare the size of
this neighborhood with the size of the corresponding neighborhood associated with the Riccati based feedback,
for example, considered in [111 [I5] 16}, 21].

6.3. A comparison to Riccati feedback

While in the autonomous case, computing a Riccati based feedback operator II can be already a difficult
numerical task, it becomes even more involved in our nonautonomous setting where (in theory) we would need
to solve backwards in time a differential Riccati equation in the time interval (0,+o00). This is, of course,
unfeasible (in practice). In spite of this, in [I6] the authors propose an end point condition II(T) for the
differential Riccati equation to be solved in a finite interval (0,7, T > 0. For works related with the numerical
computation/approximation of the Riccati equations we refer the reader to [3] 9] 10, [13] 17].

The construction of the explicit feedback controller K we propose is in general an easier/faster numerical
task. Indeed its construction, with M actuators, boils down to the computation of the first M eigenfunctions
of the Laplacian. Furthermore, once those eigenfunctions are available, we can perform the simulations for any
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other reaction-convection term just by solving the explicit closed-loop system. On the other hand, for Riccati
based feedback we need to solve a differential Riccati equation for each reaction-convection term.
6.4. On the location of the actuators

In view of the discussion in sections |4.6| and we may ask ourselves the question on the best place-
ment/location of the actuators. For example, it is interesting to know what is the best location (i.e., the pairs
{(center,orientation); | i € {1,2,3,4}}) inside Q of the 4 actuator regions as in Figure in order to maxi-
mize Upr. We refer to [19], [20] where the question of optimal actuator location is addressed, with the goal of
minimizing a quadratic cost functional. See also to the recent works [14, 23] concerning the problem of optimal
actuators design (where the goal is again to minimize a suitable cost functional, but where the shape of the
control’s (or each actuator’s) support is not fixed apriori).

— APPENDIX —

A.1. Proof of Lemma [4.1]
We first show that the range of the composition P, is contained in U*. Given a function f € H* we

EY; M =1 . . . B3 E3;
have that (P, ){'f = > f} (z2,...,24)¥; (z1). Similarly, we find the identities (P,*)5 o (P,){f =
Jji=1

M —1 —2
3 Tgm @ss e xa) Vg (21) W, (22) and Pof = > fi5¥ ;- Thus
Ji,J2=1 j1e{1,2,..., M}

Pfeu*, forall fe H*. (A1)

Next, we show that (1 —P,)f € Ex;. From (&7) and the Fubini’s Theorem it follows that, for any f € H*
and any eigenfunction e[x] € E};, we have

i

((PEZJ\;I)Xf eX) = ﬁ/[: \/L1 dzy-- '/Lnl dz,_1 /L"+1 d[L’n+1' : ’/Ld gj"dxd /L" hndx,
uom ) 170 0 0 o 0

with

Ly
g[l = </ f(ZUl,I'Q,...,an,...,xd)e;z(l'n) dxn) >< ezr(xr)a
0 re{l,....d}\{n}

b = ((B)nl, (ea) ) e ().

Since (1 — (Pjﬁ)n)e? (zn) € (E3p)n and € (2,,) € (Ear)n it follows that

Ln Ln L L
[ = [ (1= 50 € el )da, = [ e, el (@) d,
0 0 0

~J 1, if jp =iy, and
0, if Gy # s

from which we obtain that, for all f € H* and all [i] € {1,2,..., M},

(i) = [ amee [ dny [ e [ girdea= (r.e)
u nJs ) X - 0 1 o n—1 o n+1 0 9n d — ) €14 HX'
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which implies that for all g € H* and all [i] € {1,2,..., M}4,

EY E3 E
(Pags e = ((B); ((BF)iy 000 (BE)Yg) efy)

_ PEAL/[ X PEJ\J}I X X _ x
= (u )d_1° o ( u )197%} *(Qae[i])H%

i = ...

That is,
g—Pog € EXF, forall ge H*. (A.2)

Finally, we show that H* = U* @ E;/-. From (A1) and (A2) it follows that H* = U* + E;;". Let now
v €UX N EX which we may write as
v = Z U[J]\I/G]

7le{1,2,...,M}4

X

Therefore, for any eigenfunction ep € E}, we have 0 = (v, e[f]) x, that is,

0= > vy (P,efnx (A.3)
je{1,2,...,M}d

which gives us

M
0= > oy X (et )m, = Y wi (U, e ) (A.4)

lle{1,2,..,myd =L ja=1

with

-1 _
wj, = > Vl(j.5a)] ( ><1(‘1’jn’ einm) :

je{1,2,...,M}d-1 n=

We know that Z = [(U)n, (Ex)n)m
Figure .

Now, with w = [wj,,wj,,...,wj,] € Mixnm, from we arrive at 0 = wZ, which implies that w = 0.
That is, 0 = wj,, for all j4 € {1,2,..., M}.

For a fixed jq € {1,2,..., M} the equation 0 = w;, is similar to . Thus we can repeat the argument to
conclude that

] € Murxar is invertible (because so is [O(M)] = ZTZ, cf. (4.4)) and

n

d—2
0=wj,_, 4 = Z Vl(f,da—1,da)] ( X (\Ijjnvein)Hn> )

je{1,2,...,M}a-2 n=t

for all (jg_1,7a) € {1,2,...,M}? and
OZ’LUjh___J‘d = U, for all j S {1,2,...,M}d.

Therefore v = 0, and
H* =U* @ B (A.5)

x L
From (A.1), (A.2), and (A.5)), we necessarily have P, = szi‘/’ . O
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A.2. Proof of Lemma [4.2]
Recalling (4.7)), we denote, for all m € Ny and all f € H*,

I}; = IL(ml,xQ, ey Ty T Ly e e, ) = / flz1, 20, Ty a)em (@) day,.
0
Observe that we may write f = Y% If em (),
+o00 )
PERVES = 3 LA (o), and [ ran = > an
Jn=1

m=1

from which we obtain, since Iﬂ; does not depend on x,,

\(pjﬁ);f]; :/m ((Pjﬁ):f)zdm

Jn=1

Then, from

Ln 2 2
/0 ((PF)0) dxn:‘(PME“i”)nv

. < 191741 |v|§{n , forany wve€ H,,

2

Ly M
[T S e ) an=Saly< [P,

Jn=1 ]n—l

E 2
it follows that’ o f‘

_1 2 . 2 d 25y X

937 |F 31, which leads us to |Pol2 %) < X ‘(pumn
n=

the proof we now find { € H* such that

HX

_d
IClgx =1 and  |PoClyx =0,/

We start by observing that

1
. (P ™) (Piyg )t (PEM),,(Ppyy)nd
‘( fM)" T | 91 o < sup (7 e oo,
L(H,) pEH,\{0} Hnp SEH, \{0} |(PEM)n¢‘Hn
(PFM),.¢
= sup ‘ulglifi": sup )(PfM)ng
¢e(Em)n\{0} Hn E€(Bu)n n
\{\anl

. Ex
Necessarily ’ (P,™)

~ [
"o u />y

EE(BEm)n
|£|Hn =1

— — L —
exists a maximixer &, € (Epr)p, with ‘£n|H =1 and ‘(PZfM)ngn

n

1

Hy L(Hn)

L1 Ln71 Ln+1 Ld Ln E
_/ dm1-~-/ dmn—1/ dl’n+1-~/ dﬂsd/ MYy, Z ijn el (v dz,.
0 0 0 0 0

< 9. To finish

(A.6)

and, since {n € (Eum)n | 9]y, = 1} is compact, there

= |(pFm) — ;7. Finall
M n y, we see

29
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that ¢*(z) == X*_, €, (x,) satisfies

d d L
€0 = X [Eally, =1 and [Pg [ = X [(REE,

That is, ¢ := £~ satisfies (A.6)). O
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