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Abstract  This paper is concerned with optimal control problems for parabolic partial dif-
ferential equations with pointwise in time switching constraints on the control. A standard
approach to treat constraints in nonlinear optimization is penalization, in particular using
L!-type norms. Applying this approach to the switching constraint leads to a nonsmooth
and nonconvex infinite-dimensional minimization problem which is challenging both ana-
lytically and numerically. Adding H! regularization or restricting to a finite-dimensional
control space allows showing existence of optimal controls. First-order necessary optimal-
ity conditions are then derived using tools of nonsmooth analysis. Their solution can be
computed using a combination of Moreau-Yosida regularization and a semismooth Newton
method. Numerical examples illustrate the properties of this approach.

1 INTRODUCTION

Switching control refers to time-dependent optimal control problems with a vector-valued
control of which at most one component should be active at any point in time. To partially
set the stage, we consider for example optimal tracking control for a linear evolution equation
¥t + Au = Bu on Q7 := (0, T] X Q together with initial conditions y(0) = y, on Q, where Ais a
linear second order elliptic operator defined on Q ¢ R" with homogeneous Neumann boundary
conditions and the linear control operator B : L?(0, T; RY) — L%(Qr) is given by

N
(11) (Bu)(t,x) = D Xy (¥)ust),
i=1

where y,,, are the characteristic functions of given control domains w; C Q of positive measure.
Furthermore, let wgps C © denote the observation domain and let y¢ € L?(0, T; L?(wps)) denote
the target. Consider now the standard optimal control problem
1
min  —

T
dy2 a )
- + = u(t)|? dt,
(1.2) uELZ(O,T;[RN)ZHy y “Lz(o,T;LZ(%bs)) 2/(; lu(t)l;

s.t. yr+Ay =Bu, y(0) = o,
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where |03 = j]\il v? denotes the squared ¢*-norm on RN To promote the switching structure

of optimal controls, we suggest adding the penalty term

T N
(13 B> e

ij=1

i<j
with > 0 to the objective, which can be interpreted as an L'-penalization of the switching
constraint u;(t)u;(t) = 0 for i # jand t € [0, T]. The combination of control cost and switching
penalty is convex if and only if # < a. The case f = a was investigated in [7]; the aim of
this work is to treat the case f > a, which allows choosing the switching penalty parameter
independently of the control cost parameter. As can be verified for a simple scalar example,
there exist sets of data for which the minimizer of the convex problem is not switching, while
the nonconvex problem does admit (possibly multiple) minimizers that are switching.

In the nonconvex case, the approach followed in [7] is not applicable. The main difficulty
stems from the fact that the integrand g : R? — R, (u;,uz) — |uju], is not convex, and
hence the integral functional G : L?(0,T;R?) — R, u +— /OT |ug(t)uz(t)| dt, is not weakly
lower semicontinuous, which is an obstacle for proving existence. It is therefore necessary to
enforce strong convergence of minimizing sequences, which is possible by either considering
piecewise constant and hence finite-dimensional controls or by introducing an additional (small)
H'(0, T; R?) penalty. Our analysis will cover both approaches. Besides the question of existence
of optimal controls, their numerical computation is also challenging due to the nonconvexity of
the problem. Here we proceed as follows: Using the calculus of Clarke’s generalized derivative [2,
3], we can derive first-order necessary optimality conditions. It then suffices to apply a Moreau-
Yosida regularization only to the nonsmooth but convex term in the optimality conditions in
order to apply a semismooth Newton method.

This is a natural continuation of our previous works [4, 7] on convex relaxation of the
switching constraint. Let us briefly remark on further related literature. On switching control
of ordinary and partial differential equations, there exists a large body of work; here we only
mention [1, 16, 19] in the former context and [9, 11, 17, 18, 24, 26] in the latter. A related topic is
the control of switched systems, where we refer to, e.g., [10, 20, 21].

This paper is organized as follows. Section 2 is concerned with existence of optimal controls
and their convergence as f — oo to a “hard switching constrained” problem. Optimality
conditions are then derived in Section 3, where the question of exact penalization is addressed as
well. Section 4 discusses the numerical solution of the optimality conditions using a semismooth
Newton method. Finally, Section 5 presents numerical examples illustrating the properties of
the nonconvex penalty approach.

2 EXISTENCE

Here we describe the general framework that will be utilized and which will contain the example
in the Introduction as a special case. Let W denote a Hilbert space of measurable functions on
the space-time cylinder Qr = (0, T] X Q, where Q C R" is a bounded domain with Lipschitz
continuous boundary. This space will serve as the state space of the solutions of the control



system which appears as a constraint in (1.2). It is assumed that W < L%(0, T; L?(Q)), and that
the embedding is continuous. Further let ¢ c L?(0, T; RY) denote the Hilbert space of controls.
We assume that there exists an affine control-to-state mapping u — S(u). Here, we suppress the
dependence of S on yy; for y; = 0, we denote the corresponding linear solution operator by S;.
Throughout it is assumed that S satisfies

(a1) S:L%(0,T;RN) — W is a continuous mapping satisfying

IS@llw < Clllullzzo, mmyy + Ivolliz)
for a constant C independent of u and yy.

As mentioned in the Introduction, we need to restrict the set of feasible controls in order to obtain
existence of an optimal control. We thus consider the following two cases for U c L?(0, T; RN):

(i) U = H (0, T;RN);
(if) U is finite-dimensional (e.g., consisting of piecewise constant controls).

For the sake of presentation, we further restrict ourselves in the following to the case of two
control components; the results remain valid for N > 2 components (although it should be
pointed out that, in contrast to the convex approach in [7], the number of terms in (1.3) grows
as (l;r ))- We hence consider for § > a > 0 the problem

.1 dy2 a 2 € 2 !
@) min 2= 1 1 + Iy + B [ (Ot de

with weps € Q and y¢ € L?(0, T; L*(wobs)) as before. If U is finite-dimensional, it is understood
that ¢ = 0; otherwise we require ¢ > 0. Keeping ¢ > 0 fixed, we will denote the cost functional

in (2.1) by Jg.

Before we turn to address existence for (2.1), we describe three typical cases of interest for
which assumption (A1) is satisfied. Throughout the following, A will denote a linear second-order
uniformly elliptic operator with smooth coefficients.

Distributed control We return to the case considered in the Introduction, i.e., we consider the
equation in (1.2) with A together with homogenous Dirichlet, Neumann, or Robin boundary
conditions and the control operator B € £(L?(0, T; RN), L?(Qr)) as in (1.1). It is then well-known,
see, e.g., [25, Chap. 4], that (a1) is satisfied with W = W(0, T) := H(0, T; V*) N L?(0, T; V), where
V = H}(Q) in the case of homogenous Dirichlet boundary conditions and V = H'(Q) for
homogenous Neumann or Robin conditions.

Neumann boundary control Here we consider the case of Neumann boundary control. Thus
the control system is given by
yr + Ay = 01in Qr,
0
o Bu on X,

on
y(0) =y in Q,



where X7 := (0, T] X Q, and analogous to (1.1) we now take B to be of the form

2

(Bu)(t,) = ) Xen (Dui(2),

i=1

with y,, the characteristic functions of given control domains w; C 9Q of positive measure
relative to Q. Again, (a1) is satisfied, this time with W = W(0,T) and V = HYQ). For a
reference, see, e.g., [22, Chap. 3.3] and the references given there.

Dirichlet boundary control Finally we consider the case of Dirichlet boundary control given
by
yl’ +Ay = OinQT’
y=BuonZXr,
y(0) = ypin Q,

where B is defined as in the case of Neumann control just above. In this case, (A1) can be verified
by the method of transposition, and one arrives at the state space

W = L*(0, T; L*(Q)) N H'(0, T; (Hy(Q) N HA(2))") N C([0, T} H(Q)).
This was carried out in, e.g., [14, Thm. 2.1] with leading term in A taken as the Laplacian for
simplicity.
Theorem 2.1. There exists a minimizer i € U to (2.1).

Proof. We first consider the case of U = H'(0, T; R?). Since Jp is bounded from below, there
exists a minimizing sequence {uy},cn that is bounded in H'(0, T; R?). Hence, by coercivity
of Jg, there exists a subsequence, still denoted by {un}nen, with u, — @ in HY(0,T;R?) and
u, — u pointwise in (0, T). This implies pointwise convergence of |u, 1(t)un 2(t)| — |a1(t)az(t)|.
Together with the continuity of S and the weak lower semicontinuity of norms, this implies

%) < liminf Jz(u,) = inf Jg(u),
Jp(@) min Jp(un) ueﬂ]ﬁ( )
i.e., # is a minimizer.
The case of U finite dimensional follows similarly, since boundedness in L%(0, T; RN) then
directly implies strong and hence pointwise convergence. O
We now address the convergence of solutions to (2.1) as f — oo to a solution to the “hard

switching” control problem

. 1 dn2 [04 2 £ 9
9 - , 15L°(Wobs ) 2(0,T; ol , T;R¢
(2.2) min =151 =y M0, 1020000 * 3 152, rmey + 511l 7m2)

s.t. w(t)uy(t) =0, te][0,T].

Proposition 2.2. The family {ug}p>o of minimizers to(2.1) contains at least one convergent sequence
{up, }nen with f, — co. The limit i € U of every such sequence is a solution to (2.2).



Proof. Again,we only consider the case of U = H'(0, T; R?), the other case being analogous. First,
let {ug, }nen With B, — oo be a sequence of minimizers to (2.1). Since Jg(ug) < J5(0) = Jo(0) for
any 8 > 0, this sequence is bounded in H'(0, T; R?) and hence contains a subsequence {u, },en,
with u, — @ in H'(0, T; R?) and u,, — @ pointwise in (0, T). Furthermore, Jg(ug) < Jo(0) also
implies

T
/ i 1(Btun ()] dt < B Jo(0) — 0.
0

Hence,
wy(t)az(t) = lm wuy, 1(H)up2(t) =0 forall t € [0, T].

Now, let {u, },en be any such sequence. Together with optimality of u,, the above implies
that for any 4 € U with @;(t)u,(t) = 0in [0, T], we have

Lies  dy2 AL AIBAIL
EHSu -y ”LZ(O,T;LZ(wObS)) + E”uHLZ(O,T;RZ) + EHut”LZ(O,T;RZ)

]ﬁn(a) 2 ]ﬁn(un) > Jo(un)

1 d)2 @ 2 € 2
5||5un -y ”LZ(O,T;Lz(wobs)) + E”u"HLZ(O,T;Rz) + EHu”’t”Lz(O,T;RZ)'

Taking the limes inferior as n — oo and using continuity of S and weak lower semicontinuity
of the norms now yields J(&t) > J(2), i.e., @ is a global minimizer. O

3 OPTIMALITY CONDITIONS

To derive optimality conditions, we can make use of the calculus of Clarke’s generalized deriva-
tive [2, 3].

Theorem 3.1. Any local minimizer i € U to (2.1) satisfies

(3.2) 0 € Sy(Sit — 2) + i — elty; + P sign(aiiz) (;2) .
1

Proof. First, we consider the functional

T
G:L%0,T;R?) - R, u— / |uy (t)uy(t)| dt.
0

Since H : L}(0,T) — R,v fOT |v| dt, is finite-valued, locally Lipschitz and convex, H is regular
at any v € L!(0, T), and the generalized derivative coincides with the subdifferential in the sense
of convex analysis; see [3, Prop. 2.2.7]. Furthermore, T : L%(0, T; R?) — L}0,T), u — ujuy, is
strictly differentiable. Hence, by [3, Theorem 2.3.10], G = Ho T isregular at any u € L2(0, T; R?),
and
dcG(u) = T'(u)* OH(T(w)) = (ZZ) sign(uiuz).
1

Since G is regular and the remaining terms in (2.1) are continuously Fréchet-differentiable, we
can apply the sum rule for generalized gradients, e.g., from [3, Prop. 2.3.3 with Cor. 1], from
which the desired result follows. |



Note that for U = H'(0, T; R?), the right-hand side of (3.1) is to be understood as a subset of
HY(0, T; R2)*.

Using directional derivatives, we can show that non-switching arcs can have a length of at
most V. In the following, we set [|So || := [|Soll £(L2(0, 7:R?), L2(0. T:L2(w0y,)) fOT brevity.
Theorem 3.2. If B > (||Sol|? + a + 2), then @y(t)iao(t) = 0 for all t € [0, T] apart from intervals of
length at most +/e.

Proof. Let u € L?(0,T; R?) be given and assume that there exists t, € (0,T) and § > /¢ such
that u;(t)us(t) # 0 for all t € (g, tp + &) and uy(ty)uz(ty) = ui(ty + 8)uy(ty + &) = 0. Without loss
of generality, we can assume that both () > 0 and uy(¢) > 0 for all ¢t € (¢y, §). Furthermore,
since 8 > (||Sol|? + & + 72), there exists a p € (0,5/2) such that

2

:B > (||So||2 + o+ mﬂ'

2) > (||So||2 +a+ 712).

Set
h(t)_{ 5_22”Sin(5fzp(t_t°_p)) tel:=[to+p.to+5-pl.
() =

else.

Then, h; € H'(0, T) with

71.2

Inllfery =1 and Al = 500

We now consider directional derivatives in the specific direction h = (hy, —h;). For this
purpose, we first introduce

g:R >R, s G(u + sh),

and show that g is differentiable in 0. First, we have by definition of h that
T
96~ 900) = [ [ + shi)s = syl - ] ds
0

= U+ st = o)l = el .
By the continuity of u and h, there exists § > 0 such that
(3.2) ui(t) £shy(t) >0 and uy(t) £shy(t) >0 forallt € I and s € [-5,5].
Furthermore, u;(t)uy(t) > 0 for all ¢ € I by assumption. Hence,
53 90)=90) = [T+ s —sh) -] de = [ [shy(ue =) = 9]
and therefore

30 50 = lim IO — Ly - .



For the second derivative g’ (0), we can proceed in the same way using (3.2) to obtain

(3.5) g"(0) = lim 9(s) - 2932)) +9(=s)

550 §2

1
= hII'(l) — /[(u1 + Shl)(llz — Shl) — 2uiuy + (u1 - Shl)(llz + Sl’ll)] dt
I

= lim I—zhf dt = =[|hll}2 7.2

s—0

Comparing (3.3), (3.4), and (3.5), we obtain that

2
’ S 7
(3.6) 9(s) = 9(0) +5g°(0) + —¢"(0).
Since the remaining terms in the cost functional are differentiable, we have for
j:R — R, s J(u+ sh),

that
71(0) = 1501220 gz + @A piy + ellel g ey = BN 7

< (ISol? + & = RN o 12y + N0 7.
2

- 2 “
52
<2 ||SQ||2+(X—ﬁ+mﬂ'z <0

by the choice of §, p, and S.
Now, from (3.6) and the fact that the remaining terms in J are quadratic and hence that the
second-order Taylor expansion of j is exact, it follows that for all s with sj’(0) < 0, we have

2
’ S 17 .
J(u + sh) = j(s) = j(0) + sj'(0) + ~J (0) < j(0) = J(u).
Hence, u cannot be a local minimizer. |

The above proof relies on balancing the L? and H! norm for the perturbation h to get an
upper bound on the length of possible non-switching intervals. Since the function h used in this
proof is the shifted and scaled first Dirichlet eigenfunction of the Laplacian on the interval (0, 1),
which is the only function for which equality holds in the Poincaré inequality, the above result
is likely to be sharp in this respect. Thus, perfect switching for ¢ > 0 cannot be guaranteed in
general. However, it follows from Proposition 2.2 that non-switching arcs have to vanish for
B — oo. We also point out that the condition on f in Theorem 3.2 is independent of the initial
condition and possible further source terms.

We now turn to the finite-dimensional case, where U consists of piecewise constant functions
on a given grid

O=H<---<ty=T,

and we can (and must) take £ = 0.



Theorem 3.3. If U consists of piecewise constant functions and B > ||So||? + a, then ity(t)iiz(t) = 0
forallt € [0,T].

Proof. We proceed as above. Let u € U with u;(t)uz(t) # 0 be given. Then there exists an
interval I; := (t;, tj+1] such that u;(t)uy(t) # 0 for all t € I;. As before, we can assume u; > 0 and
uz > 0 on I;. We now choose
1 tel,
hi(t) = { ’

0 else,

with ||h1||iz(0 = U OE and consider again for h = (hy, —h;)T the function g(s) :=
G(u + sh). We then obtain (using the fact that u is constant on I;) that

g(s) — g(0) = 7 [|(uy + s)(uz — s)| = |wug|].

Since u; and u; here are strictly positive constants, there again exists an § such that u; +s > 0
and u; + s > 0 on for all s € [—5, §]. Hence,

g'(0) = 7j(up — uy) and g"(0) = -27; = _”h”iZ(o,T;[RZ)'
As above, the latter implies that
J"(0) < 2(ISoll* + & = By < 0
and hence that J(u + sh) < J(u) for all s with sj’(0) < 0. O

Remark 3.4. The proof of Theorem 3.3 relies on the fact that for piecewise constant u, i.e., u; =
S E y, fori € {1,2}, there holds

5|E &)

M=

(3.7) G(u) =

J

Il
—_

If U is an arbitrary finite-dimensional subspace of L*(0, T; R?), i.e, u; = Zj]\il fljej forie {1,2}
and some basis functions ej, and the switching penalty G is replaced by the right-hand side of (3.7),
the above proof can be modified to show that B > C7(||So||*> + ) implies that 51]55 =0 forallj,
where C is the constant of equivalence for the discrete and continuous norm on U C L*(0, T; R?).

The relation between pointwise switching and switching of the coefficients depends on the specific
choice of e;.

4 NUMERICAL SOLUTION

The numerical solution is based on a primal-dual reformulation of the optimality condition (3.1),
which states that there exists a

(4.1) q € psign(iiiz) = O(BIl - |lp)(@az) € L7(0,1)



such that
So(Stt —z) + ati — €ty + G (22) =0,
1

where (|| - ||1) denotes the convex subdifferential of the L!(0,T) norm. Since we wish to
formulate the algorithm in function space, we assume in this section that ¢ > 0 and hence
U = HY(0,T;R?).

We now proceed as in the case of sparse control, e.g., [5, 6, 8]: By Fenchel duality applied to
the convex functional || - |11, (4.1) is equivalent to

(4.2) ity € (LB, (0,5))(q)

where Ig_ (o, 5) denotes the indicator function (in the sense of convex analysis) of the closed ball
in L*(0, T) around 0 with radius f. The subdifferential on the right-hand side of (4.2) is now
replaced by its Moreau-Yosida regularization in L(0, T), which for any y > 0 is given by

1 1 .
o p)y(@ = & (q ~PrOXy 1 o (q)) = (q ~ Projg o, ﬁ)(q)) .

Here, prox; denotes the proximal mapping of a convex function f, which for the indicator
function of a convex set C coincides with the metric projection proj. onto C. The Moreau-Yosida
regularization of (3.1) can thus be written as

* u b
So(Suy — 2) + auy, —e(uy )i + qy (u” z) =0
(4-3) vl

Yty 1ty,2 — max(0,q, — f) —min(0, g, + f) = 0,

where the second equation is to be understood pointwise almost everywhere in (0, T).

It is known that the Moreau—Yosida regularization of the subdifferential of the indicator
function is equivalent to adding an L? norm to the primal functional; see, e.g., [5, Remark 3.2].
In our case, this leads to the problem

.1 a £
(44) 11;121‘71:11 EHSu - yd”iZ(O’T;LZ(MObS)) + E”uHEZ(O,T;RZ) + E”utHEZ(O,T;RZ)
T T
[ laouola+ L [ uouorar
0 0

A similar proof as for Theorem 2.1 yields existence of a solution u,. Proceeding as in the
derivation of Theorem 3.1, we deduce the existence of

(45) 4y € Bign(uyauy.2) + yuyatye = 0 (Bl - o+ Z1 - 112) (ay1y.2)

such that the first relation of (4.3) holds. As shown in [5, Remark 3.2], the subdifferential inclusion
(4.5) is equivalent to

1 1 .
Uy 1lly,2 = ;max(O, qy — B+ ;mln(O, qy + P,



which is a reformulation of the second relation of (4.3). Hence, we obtain existence of a solution
(uy,qy) to (4.3). A standard argument shows weak subsequential convergence of u, asy — 0
to a minimizer @ € U to (2.1).

Since u, € H'(0, T; R?), it follows from (4.5) that ¢, € L*(0, T). It is well-known (e.g., from
[13, 23]) that the pointwise max and min are Newton differentiable from L?(0, T) to L'(0, T) for
any p > 1, with Newton derivative in direction h € LP(0, T) given pointwise almost everywhere
by
h ifqg<p,

0 else,

h ifq>—-p,

0 else.

Dy max(0,q — f)h = { Dy min(0,q + f)h = {
Thus, (4.3) considered as an operator equation from H'(0, T; R?) x L%(0,T) to H'(0, T; R?)* x
L%(0,T) is Newton differentiable. We therefore apply a semismooth Newton method for its
solution.

In the numerical realization, we follow a homotopy approach. Since the problem is genuinely
nonconvex, which is detrimental to the convergence behavior of Newton methods, this is more
involved than in the convex case. In particular, note that the Moreau-Yosida regularization acts
as a smoothing of the indicator function; at the same time, it exacerbates the nonconvexity of the
problem; cf. (4.4). We therefore proceed as follows: Starting from an initial guess (u°, ¢°) = (0, 0)
and y = 0, we solve a sequence of problems for increasing y > 0 and fixed f = fnin until a
given final value ymax > 0 is reached, taking the previous solution as an initial guess. Keeping
this value of y = ymax fixed, we then similarly increase f from some fpi, to a value fpax
which is chosen adaptively as the first § such that the maximal pointwise violation ogy :=
lluguzllo = max;er |uy(t)uy(t)| of the switching property drops below a given tolerance. This
adaptive choice is advantageous since it ensures large enough f to obtain switching while
avoiding too large f that would complicate the numerical solution at no additional benefit.
Finally, keeping f = fmax > 0 fixed, y is reduced again until some specified ymi, is reached.

In our experience, the homotopy parameters Syin and ymin can be chosen very small in general,
while ymax has to be chosen above a critical value that depends on the problem. For any such
choice, the obtained controls are then robust with respect to the value of ypax.

5 NUMERICAL EXAMPLES

We illustrate the properties of solutions to (2.1) for distributed control of the heat equation (i.e.,
A = —A) on the unit square Q = (-1,1)? with homogeneous Neumann and initial conditions and
different choices of control and observation configurations. The final time is always set to T = 10.
The spatial discretization uses standard piecewise linear finite elements, while the temporal
discretization is also chosen as continuous and piecewise linear to obtain a conforming finite
element approximation of the H' seminorm in (2.1) as well as the weak (temporal) Laplacian in
(3.1). Following Remark 3.4, the switching penalty is replaced by its discrete version (i.e., the
right-hand side of (3.7)), which allows a componentwise formulation of the second relation in
(4.5). We similarly replace the L? norm by its discrete version, which can be interpreted as a
mass lumping.

10



The first example, based on the example from [7], illustrates the effect of the control cost
parameter a. In the second example, we investigate the influence of the H'-regularization on
the solution. The MATLAB implementation of the proposed approach used to generate these
results can be downloaded from https://github.com/clason/nonconvexswitching.

5.1 EXAMPLE 1

To compare the proposed method with earlier work, we take up the example from [7] with
N = 2 control components and 101 equidistant time points. For any a > 4 - 107%, the convex
solution method from [7] yields switching controls, which are unique global mininimizers to the
respective problems. However, smaller values of « lead to non-switching solutions. In particular,
we find for & = 107* resp. 107> a total of 7 resp. 40 time points where both control components
are essentially active.

In the following, we apply the proposed nonconvex approach for different values of the
control cost parameter & with a fixed ¢ = 1077. The homotopy parameters are set to i, = 107>,
Ymin = 1077, and ymax = 10, and incremented or decremented by a factor of 10. In this and
the following examples, the final value fyax is chosen according to the relative tolerance
Osw < 107 max{||us||o, ||42]lo0 }. For each pair (f,y), the maximum number of semismooth
Newton iterations is set to 5. While this leads to early termination of the semismooth Newton
method in the first homotopy steps (to save numerical effort), we always observe convergence
with relative tolerance 10~ or absolute tolerance 1077 in the residual norm of the optimality
system (4.3) during the later steps of the homotopy.

The solutions for different values of & are shown in Figure 1, where the solution for = 4-107*
is very similar to the solution to the convex problem (differing only in the points t; with
ui(tj) = uy(tj) = 0, where in the convex case one of the control components is active). Since the
convex solution is computed with ¢ = 0, this indicates that the influence of ¢ on the solution is
negligible for this choice of « and ¢. For smaller values of «, the solutions to the nonconvex
problem maintain the switching property while increasing in amplitude until « < 1078, after
which any choice of « yields the same numerical solution. This is illustrated in more detail in
Table 1, which shows in particular that the tracking error (and therefore the optimal functional
value J) can be reduced significantly by decreasing a. At the same time, the number N, of
“switching points” (i.e., points t; such that |ui(t;)| > |ua(tj)| but |us(tj1)| < |uz(tj+1)| or vice
versa) increases only slightly due to the presence of the H!-regularization. (This relation will be
investigated more closely in the next example.) The fourth column gives the switching error
Osw = max;eg |uy(H)uy(t)|, confirming quantitatively that the switching property is satisfied up
to a high accuracy for all cases. The last two columns address the convergence of the combined
homotopy and semismooth Newton method by giving the residual norm of the optimality
system (4.3) for the final switching penalty = Bmax and y = 10~°. Note that in all cases, we
have fiax > a and hence a genuinely nonconvex problem.

Finally, the convergence history for a run of the semismooth Newton method for a = 1078
and two representative pairs (f, y) (corresponding to low and high penalization, respectively) is
shown in Table 2. The superlinear decay of the norm ||[F(u*, ¢*)|| of the residual in (4.3) in each
iteration k can be observed clearly.
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Figure 1: Optimal switching controls for different values of «

Table 1: Results for different values of a (Example 1): optimal value J, number of switching points
Nsw, switching error oy, residual norm of the optimality system (4.3), final switching

penalty frmax
a f Now Ogw optimality  fax
4-107% 0762 11 5-100% 7.107B 103
1074 0.581 7 3.107% g8.1074 102
1073 0209 9 4-1071 4.1074 102
107° 0060 9 3-107° 1.107™ 107*
1077 0.050 10 2-1071° 2.1078 10!
1078 0.048 10 7-107Y7 2.1074 107*
107° 0.048 10 7-1077 2.1074 1074
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Table 2: Convergence history of the semismooth Newton method (Example 1) for « = 1078:
residual norm || F(u*, g*)|| over iteration k

(@B=107%y=10"°
k 0 1 2 3 4 5

|F(u¥,g%)| 2.7-107° 9.8-10° 3.6-10°° 1.1-1077 8.0-107"
q

(b) p=10"1, y =10?
k 0 1 2 3 4 5

F(u*, gk 1.5-1073 3.7-107* 9.2-107° 4.8-10° 4.8-10°° 4.4-1071°
q

5.2 EXAMPLE 2

The second example addresses the influence of the H!-regularization parameter ¢ on the solution.
Here, we set

wr = {(x1,x2) € Q : x; < 0}, wy = {(x1,x2) € Q:x1 > 0},

and Bu = (o, (X)u1(t) + Xao,(x)uz(t))/10. The desired state y¢ is the solution corresponding to
the control
ug = (20 sin*(27t/T), 10 cos4(1.47rt/T)) ,

see Figure 2. By construction, this desired state is expected to be difficult to attain by a pure
switching control since both controls contribute significantly during the second half of the time
interval. To investigate the influence of ¢ on the solution, we fix a = 1076, which corresponds to
comparatively small control costs. The homotopy parameters are set to fyin = 107>, Ymin = 1072,
and ymax = 10%, and are incremented or decremented by a factor of 10. The maximal number of
semismooth Newton iterations is again set to 5; we observe the same convergence behavior as
in the first example.

The solutions for different values of ¢ are shown in Figure 3. We see that all solutions exhibit
switching, which is consistent with Theorem 3.2. During the first half of the time interval, we
observe for all ¢ > 0 the switching behavior expected from the generating control uy. During
the second half, the number of switching points increases for ¢ — 0.

A quantitative illustration of the dependence on ¢ is given in Table 4, which shows that the
number N, decreases monotonically to zero as ¢ increases. At the same time, the tracking is
obviously increased, resulting in a larger optimal functional value J. The fourth column confirms
the switching property of the optimal control for all e. In particular, the last row demonstrates
that the proposed approach is feasible for computing switching controls for very small control
cost and regularization parameters (@ = 107, £ = 1077, y = 10~?) compared to the switching
penalty (8 = 10%). Again, in all cases fyax > @, and hence the problem is genuinely nonconvex.
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Table 4: Results for different values of ¢ (Example 2): optimal functional value J, number of
switching points Ngy, switching error oy, residual norm of the optimality system (4.3),
final switching penalty fpax

£ J Now Ogw optimality  fax
1072 208 0 5-1077 2.107H 1072
1073 1.202 1 4-100%2 1-107! 10°
107 0542 4 6-10% 6-1071 103
10 0318 9 2-107° 2.107H 103
107 0.274 14 3-1071° 2.107%? 103
1077 0124 22 2-107% 1.107% 103

6 CONCLUSION

Penalization of switching constraints leads to a nonconvex optimal control problem if the switch-
ing penalty is larger than the control costs. Under additional H' regularization or restriction to
finite-dimensional controls, existence of solutions can be shown. Using tools from nonsmooth
analysis allows deriving optimality conditions and showing (for finite-dimensional controls)
exact penalization properties. These optimality conditions are amenable to numerical solution
via a (still nonconvex) Moreau-Yosida regularization and a semismooth Newton method.

By virtue of the embedding of H'(0, T) into C([0, T]), switching of optimal controls can only
occur in points where @;(t) = #2(t) = 0. This is not the case if H! regularization is replaced with
regularization in the space of functions of bounded variation; however, this would introduce new
difficulties due to the additional nonsmoothness and the more complicated functional-analytic
setting and is therefore the subject of further work.

It is possible to extend the presented approach to consider additional control constraints.
Necessary optimality conditions similar to (3.1) involving the classical normal cone of the
(convex) constraint set can be obtained from [2, Proposition 10.36]. For the case of simple
coordinate-wise box constraints, one can then apply the now classical semismooth Newton
method as in, e.g., [12]. For the corresponding treatment of polygonal constraints on vector-
valued controls, one can partially rely on results from [15] to develop semismooth Netwon
methods. Finally, another interesting aspect for future consideration would be to allow for more
general switching constraints of the form u(t) € U, where U is a cone generated by a finite set
in L2(0, T; RN).
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