OPTIMAL CONTROL OF SEMILINEAR PARABOLIC EQUATIONS
BY BV-FUNCTIONS *
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Abstract. Optimal control problems for semilinear parabolic equations with control costs in-
volving the total bounded variation seminorm are analyzed. This choice of control cost favors optimal
controls which are piecewise constant and it penalizes the number of jumps. It is an appropriate
choice if a simple structure of the optimal controls is desired, which, however, is still sufficiently
flexible so that good tracking properties can be maintained. Well-posedness of the optimal controls,
necessary and sufficient optimality conditions, and sparsity properties of the derivatives are obtained.
Convergence of a finite element approximation is analyzed and numerical examples illustrating struc-
tural properties of the optimal controls are provided.
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1. Introduction. This paper is dedicated to the analysis of the optimal control
problem

. 1 m B [T )
(P) wepin, J(u) = §||yu—yd\|%z(Q)+Z (aj||u;||M(o,T)+5j(/O u;(t) dt) ),
7 <

m

where u = (u;)72; and y, is the solution to the parabolic state equation

%(z,t) — Ay(z,t) + f(z,t,y(z,t)) = Zujgj in@=Qx(0,T),
=1
ylx,t) = 6 on X =T x(0,7), 1)
y(x,0) = yo(x) in Q.

Here, we assume that {2 is a bounded domain in R", 1 < n < 3, with a Lipschitz
boundary T', and yo € L*>°(Q2). BV(0,T) denotes the space of bounded variation
functions defined in (0,7"), with 0 < T < oo given. The controllers in (P) are supposed
to be separable functions with respect to fixed spatial shape functions g; and free
temporal amplitudes u;. The specificity in (P) is given by the choice of the control
norm as the BV-seminorm |[|u}[|s(0,7)- It enhances that the optimal controls are
piecewise constant in time and that the number of jumps is penalized. The weights
in (P) are assumed to satisfy «; > 0 and 3; > 0. Thus the goal of the optimal control
problem (P) is to achieve a simple control strategy while simultaneously being as close

to the target y, as possible. The appearance of the mean fOT u;(t) dt in the cost is
related to the kernel of the BV-seminorm. For linear and certain classes of nonlinear
functions f the choice 3; = 0 is admissible, while for more severe nonlinearities we
have chosen the option §; > 0 to guarantee existence of a solution to (P).
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The choice of the control costs related to BV-norms or BV-seminorms has not
received much attention in the literature. However, let us mention [9] where the effect
of L?-, H'-, measure-valued and BV-valued control costs on the qualitative behavior
of the optimal control was pointed out and compared. In [12] the use of BV-costs
was investigated further for the case of linear elliptic equations. BV-seminorm control
costs are also employed in [5], where the control appears as coefficient in the p-Laplace
equation.

Let us also compare (P) with the efforts that have been made for studying optimal
control problems with sparsity constraints. These formulations involve either measure-
valued norms of the control or L'-functionals combined with pointwise constraints on
the control. We cite [4, 13] from among the many results which are now already
available. Thus the use of the BV-seminorm can also be understood as a sparsity
constraint for the first derivative, which in our case is the temporal derivative.

Let us briefly outline the following sections. Section 2 contains a precise problem
statement, the analysis of the state equation, and the differentiability properties of
the cost functional. The analysis of the optimal control problem, sparsity properties
of the optimal controls as well as second order necessary and sufficient optimality
conditions are contained in Section 3. Section 4 is devoted to a finite element ap-
proximation of the control problem and its well-posedness. A convergence analysis
of this approximation scheme is provided in Section 5. Numerical results illustrating
that the desired behavior of the optimal controls can actually be observed numerically
are presented in Section 6. To obtain these results convexity properties of the cost
functional are exploited.

2. Assumptions and First Consequences. We recall that a function u €
LY(0,T) is a function of bounded variation if its distributional derivative u’ belongs
to the Banach space of real and regular Borel measures M(0,T). Given a measure
uw € M(0,T), its norm is given by

T
el amo,ry = Sup{/O zdp: z € Co(0,T) and || 2] 0,1y < 1} = [ul(0,T),

where Cy(0,T") denotes the Banach space of continuous functions z : [0,7] — R such
that z(0) = 2(T) = 0, and |y is the total variation measure associated with p. On
BV (0,T) we consider the usual norm

lullBvo,r) = lullzr0,7) + I1W/ | Mo, 1)
that makes BV (0,T) a Banach space; see [1, Chapter 3] or [11, Chapter 1] for details.
In the sequel we will denote

1 /7
Gy = T/ u(t)dt and @ =wu—a, foreveryue BV(0,T).
0

By using [1, Theorem 3.44] it is easy to deduce that there exists a constant Cp such
that

lull = law| + [1v/ [ Mo,y < max(1,T)|Jullpvo,r) < Crllul. (2.1)

In addition, we mention that BV (0,T") is the dual space of a separable Banach space.
Therefore every bounded sequence {uy }%2 ; in BV (0, T) has a subsequence converging

weakly* to some u € BV(0,T). The weak* convergence uy, X implies that up — u
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strongly in L'(0,7) and u} = u' in M(0,T); see [1, pages 124-125]. We will also
use that BV (0,T) is continuously embedded in L>°(0,T) and compactly embedded in
L?(0,T) for every p < +o0; see [1, Corollary 3.49]. From this property we deduce that
the convergence ug — u in BV (0,T) implies that u, — u strongly in every LP(0,T)
for all p < +oc.

In the functional .J, yq is given in LP(Q), where p > 1 + 5 ifn>1, and p > 2 if
n=1,a; >0and 3; > 0for 1 <j <m. Further, the functions {g;}72; C L*>(2)\{0}
have pairwise disjoint supports w; = supp g;. Finally, we assume that f : @ xR — R
is a Borel function, of class C? with respect to the last variable, and satisfies for almost

all (z,t) € Q

f('a ) O) € Lﬁ(Q)v (22)
of
) > )
S(nty) 20 VyeR (23
af 0% f
D= — < < .

VM > 03C)y '8y(:c,t,y)‘+ 8y2<x’t’y)‘ <Cum Yyl <M, (2.4)

VM > 0 and Vp > 03Je > 0 such that

*f 0” (2.5)

S ote) = S o t0)| < 9t e 1] < € and o] ] < D

Let us observe that if f is an affine function, f(x,t,y) = co(z,t)y + do(z,t), then
(2.2)-(2.5) hold if ¢g > 0 in Q, co € L>=(Q), and dy € LP(Q).

By using these assumptions, the following theorem can be proved in a standard
way; see, for instance, [2] or [22, Theorem 5.5].

PROPOSITION 2.1. For every u € LP(0,T)™, with p > 1, the state equation (1.1)
has a unique solution y, € L>(Q) N L*(0,T; H}(Q)). In addition, for every M > 0
there exists a constant Kjy; such that

[YullLo @) + 1WullL20,mim1 ) < Km Vu € LP(0,T)™ : |lullpoo,rym < M. (2.6)

In the sequel we will denote Y = L>°(Q)N L2(0,T; Hi(Q)) and S : LP(0,T)™ —
Y the mapping associating to each control u the corresponding state S(u) = y,,, with
p > 1. By the implicit function theorem, we deduce in the classical way the following
result, [7, Theorem 5.1].

PROPOSITION 2.2. The mapping S : LP(Q)™ — Y s of class C?. For all
elements u,v and w of LP(0,T)™, the functions z, = S'(u)v and zyw = 5" (u)(v, w)
are the solutions of the problems

9z of - .
E—AZ‘Faiy(x?tayu)Z:;a]’U]g] m Q7
I= (2.7)
z=0 on X,
z(z,0) =0 in €,
and
0z af 0% f .
— A . u 7 o L bYu)fviw = s
5 z—|—ay(x,t,y)z—|—ay2(xty)zz 0 in@ y
z=0 on, (2:8)

2(x2,0) =0 in Q,
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respectively.

Next we analyze the differentiability of the cost functional. In J we separate the
smooth and the convex parts J(u) = F(u) + G(u) with

1 B
F(U):§||yu_yd”%2 +Z?j / dt) and G Za]g
7j=1

where g : M(0,7) — R is given by g(u) = [|i/|am(0,7)- From Proposition 2.2 and
the chain rule the following proposition can be obtained.

PROPOSITION 2.3. The functional F : LP(0,T)™ — R, with p > 1, is of class
C2. The derivatives of F are given by

() = i/OT (/w Gu(,8)g; () dz + B; /OT () dt)vj(t) dt,  (2.9)

and
82f m T T
F" (u)(v,w) :/ (1—(pua—y2(x,t,yu))zvzw da:dt—kZ@/ vj dt/ wjdt (2.10)
Q j=1 0 0

with z, = S'(u)v, 2, = S'(uw)w, and p, € Y NC(Q) is the adjoint state which satisfies

Py of _ :
- ot —Apy + @($>t7yu)¢u =Yy —Ya nQ,
00 =0 on ¥, (2.11)
wu(T) =0 in Q.

The L*°(Q) regularity of ¢,, follows from the assumptions on y4 and the fact that
Yu € L>=(Q). For the continuity of ¢, in Q it is enough to use that the terminal and
boundary conditions are zero.

Since BV (0, T)™ is continuously embedded in L>(0,T)™, the mapping F is well
defined on BV (0,7)™ and it is of class C2.

Concerning the functional g : M(0,T) — R, g(u) = ||| pm(0,7), We note that it
is Lipschitz continuous and convex. Hence, it has a subdifferential and a directional
derivative, which are denoted by dg(u) and ¢'(u; v/), respectively. The following propo-
sitions give some properties of dg(u) and provide an expression for ¢'(u;v).

PROPOSITION 2.4 ([6, Proposition 3.2]). If A € dg(p) and A € Cy(0,T), then we
have ||X|cy0,m) < 1. Moreover, if i # 0, the following properties hold

L [ Moyo.r) = 1 and [ Ndpu = ||l pcor)-
2. Taking the Jordan decomposition = pu+ — u~, we have

supp( ) c{te(0,7):A(t) =+1},
supp(p~) C {t € (0,T) : A(t) = —1}.

Before considering the directional derivative g’(u; V), let us introduce some nota-
tion. Given two measures u,v € M(0,T), we consider the Lebesgue decomposition
of v = v, + v, with respect to |u|, where v, is the absolutely continuous part of v
with respect to |u|, and vy is the singular part. Now, we take the Radon-Nikodym
derivative of v, with respect to |u|, dv, = h,d|p|. Then we have

T
[Vllaco.r) = lIvallmcory + Ivsllao,r) =/O ol dlpl + Vsl ao.m)- (2.12)
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In particular, it is obvious that p is absolutely continuous with respect to |u|. Con-
sequently we can express du = hd|u|, where h is measurable with respect to |u| and
|h(z)| =1for all z € (0,T), du™ = htd|pu| and du™ = h™d|p|, where pp = pt — ™= is
the Jordan decomposition of u. See, for instance, [19, Chapter 6] for details.
PROPOSITION 2.5 ([6, Proposition 3.3]). Let u,v € M(0,T), then

T
¢ (i) = / o dp+ sl go.r- (2.13)

Now, we analyze the mapping G. To this end, let us introduce the operator
D, : BV(0,T) — M(0,T) by Diu = u'. Tts adjoint operator is defined by

D; : M(0,T)" — BV(0,T)", (D; X\ u)pv(o,r)*Bv©,r) = (AU)M0,1)* ,M0,T)-
PROPOSITION 2.6. The following identities hold Vu € BV (0,T)
9g(u) = Dy dg(u}), (2.14)

T
(g0 D) (us0) = / o d’ + 119 0.1, (2.15)

where dv' = hyd|u’| + dv’, is the Lebesque decomposition of v’ with respect to |p'].
Proof. Since g : M(0,T) — R is convex and continuous and D; : BV (0,T) —
M(0,T) is a linear and continuous mapping, we can apply the chain rule [10, Chap-
ter I, Proposition 5.7] to deduce that d(g o Dy)(u;) = Dfdg(u);), which immediately
leads to (2.14).
To verify (2.15) it is enough to observe that

(g0 Dy)(usv) = g (u';0")

and to apply (2.13). O

3. Analysis of the Optimal Control Problem (P). This section is devoted
to the proof of the existence of at least one solution of (P) and to the optimality
conditions and their consequences.

THEOREM 3.1. Let us assume that one of the following assumptions hold.

1. B; >0 for every 1 < j <m.
2. There exist q € [1,2) and C > 0 such that

Z—ch(x,t,y) <CA+1y|Y for a.a. (z,t) € Q. (3.1)

Then, problem (P) has at least one solution. Moreover, if [ is affine with respect to
y, the solution is unique.

Let us observe that condition (3.1) is satisfied in the case of affine functions with
respect to y.

Proof. Let {u,}32, C BV(0,T)™ be a minimizing sequence. We prove that this
sequence is bounded in BV (0,7)™. As introduced in §2, we consider the decomposi-
tion ur = a + U, where ay = (ak,l, ey ak,m), Uy = (ﬁk,l, R ,’&hm) and

1 (T
ap = —/ ug(t)dt and Uy = ug — ak.
T Jo
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Since

m

N B;
> (sl sl + Sa)

=1
< ’ Bj T 2

= Y (el oy + [ uss(0)d)°) < ) < 70) < oo,
j=1 o

taking into account (2.1), we deduce that {4y}, is bounded in BV (0,7)™. Now we
prove the boundedness of {a;}72, in R™. This boundedness is obvious on the first
assumption. Otherwise, let us denote by yi and ¢y the solutions (1.1) associated to
the controls uy and 4y, respectively. From the inequalities

1
§||Z/k- — yallZ2(g) < J(ur) < J(0) < +o0,

we get the boundedness of {y;}?2; in L?(Q). Moreover, the boundedness of {iy}2,
in BV(0,7)™ and (2.6) we obtain that {g}3°, is also bounded in L?(Q). Now, we
define z; = yp — Jr, which produces a bounded sequence in L?(Q) as well. Subtracting
the equations satisfied by y, and g and using the mean value theorem we infer that

Oz, of
E*AkJF (fftszk—z:lakggg in Q,
J (3.2)
2z, =10 on X,
zk(2,0) =0 in Q,

where gk(fll, t) = @k(l‘, t) + ok(xa t) (yk-(l‘7 t) - gk(xa t)) = yk(x7 t) + ok(‘ra t)Zk(.’L’, t) with
0 < 6g(x,t) < 1. We argue by contradiction and we assume that

pi = max lag, ;] = +oo as k — oo.
1<5<

Then, introducing (x = pikz;97 we deduce from (3.2)

%*A@Jrg]yc(ftﬁk Ck— Zakjgj in Q,
(3.3)

Ck =0 on Z,

Cr(z,0) =0 in 0,

From this equation, using (2.3), (2.4) and the boundedness of the right hand side
in L>°(Q) we have that |[(x|lp=(q) < M for some M > 0 and Vk. Moreover, the
boundedness of {2;}72; in L?(Q) implies that ||(x||£2(g) — 0. Now, (3.1) and Holder’s
inequality with % and ﬁ lead to

/Q‘Z?J;(%tyfk)@ dwdtSC(/Q(l‘HfH dxdt) (/ |Gk =2 qudt) '
gc< /Q <1+[|yk|+|zknq>3dxdt) ( / |<k|2dxdt) Gl 2 ) — 0.

2—q
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From this and the properties of {x}%2 , is obvious that the left hand side of the partial
differential equation in (3.3) converges to zero in the distribution sense. However, by
the definition of pj we have that the right hand side does not converge to zero, which
is a contradiction. Consequently {a};, is a bounded sequence in R™, hence the
minimizing sequence {u}72, is bounded in BV (0,7)™ because of (2.1). Therefore,
we can take a subsequence, denoted in the same way, such that uy X 4in BV (0,T7)™,
therefore up — @ strongly in every LP(0,7)™ for p < 4o00. As a consequence of
Proposition 2.2 we have that y; — ¥ strongly in Y, where ¢ is the state associated to
u, and thus F'(ux) — F(u). Furthermore, the convergence uj, ; A g, ; in M(0,T) for
every 1 < 7 < m implies that

Gl = 3 oyl oy < lmint 3l o) = Hpnind Gl
J= J=

Hence, J(@) < liminfy_, J(ug) = inf (P) and @ is a solution of (P).

The uniqueness of a solution when f is affine with respect to y is an immediate
consequence of the strict convexity of F' and the convexity of G. O

Next we analyze the first order optimality conditions. Since (P) is not a convex
problem it is convenient to deal with local solutions.

DEFINITION 3.2. We shall call @ a local solution of (P) if there exists € > 0 so
that

J(a) < J(u) Yu:|lu—a|pyomrm < e

We say that @ is an LP(0,T)™-local solution (1 < p < o0) if the above inequality holds
in a LP(0,T)™-ball around @. Finally, u is called a strong local solution if

J(w) < J(u) Vu:|lyy —Yllreg) <€

for some € > 0, where § and y,, denote the states associated to u and u, respectively.
The solution is said strict in any of the previous senses if the inequality J(u) < J(u)
holds in the give neighborhoods whenever @ # w.

We have the following relationships among these concepts. Since BV (0,T) is
continuously embedded into L?(0,T) for any p € [1,400], we deduce that if @ is an
L?(0,T)™-local solution of (P), then it is a local solution. On the other hand, from
Propositions 2.1 and 2.2 we infer that any strong local solution is an L?(0,T)™-local
solution for 1 < p < +o0.

Given w € BV(0,T)™ with associated state and adjoint state § and @, respec-
tively, we define

‘i)j(t)Z/Ot/w

THEOREM 3.3. If @ is a local solution of (P), then ®; € C*[0,T]N Cy(0,T) for
1 <7 <m and they satisfy

T
o(z, 8)g;(x) deds +Bjt/ uj(s)ds, 1<j<m. (3.4)
0

J

B =q«; ifu; #0,
||<I>j||co(o,T>{ < aj quj —0, (3.5)

T
A@@ﬂwmwmmwy (3.6)
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Proof. From Proposition 2.3 we know that ¢ € C(Q), hence ®; € C1[0, T follows
for every j. Let us fix one component j and denote by e; the j-th unit vector of the
canonical basis in R™. Given u € BV(0,T), from the local optimality of @ and the
convexity of G we deduce for every 0 < p < 1 small enough

0< J(u+ pue;) — J(u)  F(u+ pue;) — F(u) n G(u + pue;) — G(u)
- p p P
F(u ) — F(u
@tp “;J) @) 4 6@+ uey) — G(@)
F(a+ pue;) — F(u)

— 5 -l-Oéj[(gODt)(ﬁj +u)—g(ﬁ3)].

<

Passing to the limit as p — 0 in the above inequality and using (2.9) we get for every
u € BV(0,T)

0< /OT </w p(x,t)g;(x) dz + 5 /OTUj(S) ds ) () dt + a{(g 0 D) (@5 + ) — ().

Using (3.4), the above inequality can be written as
1ot
- % (t)u(t)dt + g(us) < (9o Dy)(u) Yue BV(0,T).
JjJo
From the above inequality, the definition of the subdifferential of a convex function
and using (2.14) it follows

1 - _ * _
—a—jq);- € d(g o Dy)(a;) = Dfdg(uj). (3.7)

Therefore, there exists A; € dg(u}) C M(0,T)" such that

N & (tyu(t) dt = (\j,u) Vu € BV(0,T). (3.8)

a5 Jo

As a first consequence of this identity is that ®;(T") = 0. Indeed, it is enough to take
u =1 and use that ®;(0) = 0, which follows obviously from the definition.

Given v € BV(0,T), we can select a sequence {ug}3>,; C C*°[0,T] converging
weakly* to w in BV (0,T); see [1, Remark 3.22]. Using this fact and the property
®,(T) = ®,(0) =0 we get
T

- /T @ (t)u(t) dt = — lim Ti);(t)uk(t) dt = lim D (t)uy(t) dt = (U, ®;).
0

k—oo Jo k—oo Jo

Since this identity holds for all u € BV(0,T), and any measure in M(0,T) is the
derivative of a function of BV (0,T), we infer from (3.8) that \; = o%(pj € Cp(0,7).

Thus we have that o%-(i)j € dg(u’;), which means

1o _
(p —uj, Ej¢j> + @5l a7y < lellmory Vi€ M(O,T).
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Taking i = 2u; and y = @}, respectively, we deduce that
(@, f‘i)ﬁ = @} mo.1)5
Qj
and consequently
1 -
(ks J(I)j> < ellamomry Yue M(0,T).
J

The last two relationships are equivalent to (3.5) and (3.6). O
COROLLARY 3.4. Under the assumptions of Theorem 3.3, for each j € {1,...,m}
such that u; is not a constant function on [0,T], then we have

supp(@;") C {t € [0,T] : ®;(t) = +ay},
o e (3.9)
supp(t; ) C {t € [0,T]: ®;(t) = —a;},
where @, = @t — @'~ is the Jordan decomposition of the measure @,.
This corollary is straightforward consequence of (3.5), (3.6), Proposition 2.4 with
A= —C%J_ij7 and the fact that @} # 0 if 4, is not a constant function in [0, T7.

Remark 3.5. 1. Let us observe that if the set of points where ®;(t) € {—a;, +a;}
is finite then ﬂ; is a combination of Dirac measures centered at those points. In
particular, we obtain that @; is piecewise constant in [0,7]. This will be illustrated
in the numerical examples, cf. Section 7.1 and Section 7.2.

2. Given o = ()7L, let us denote by iy = (Ua,;)jL; a solution of (P) and
(Ga> Pa) the associated state and adjoint state. We note that if a; is decreased, then
the BV (0,T') seminorm of @, ; is increasing. On the contrary, if a; is increased, then
the BV (0,T) seminorm of @, ; is decreasing. In fact, there is a threshold M; < 400
such that if a; > Mj, then uy, ; = 0, i.e., Uq,; is constant in [0, T]. Moreover, there
exists a vector f € R™ such that for any a with a; > M; for all 1 < j7 < m, the
constant function ¢ is a solution of (P). Let us give an upper bound for these values
M;.

Let 4° be the solution of the state equation associated to the control v = 0. From
the optimality of u, we get

1

1, N 2 _
5 lde = vallZz) + 25 ( / o (1) dt)” < J(a) < T(0) = 511y — alliz(q)-
j=1

From these inequalities we get

T
1Ja — vallr2@) < 1¥° — vall2(q) and 5]"/ Ui (1) dt] < \/Billy° = vallL2(o)-
0
From the adjoint state equation we obtain

BallLe(o.r:L2(0)) < Callda — yallr2@) < Cally® — yallr2(q)-

where Cq is the constant satisfying [|z[|.2(q) < CallVz|L2(q) for any z € Hj(Q).
From the definition of ®; and the above estimates we get for every ¢ € [0, 7]

T
1B5(8)] < TN@all =iz 9] 2y + 5] / o (1) d]

< (TCallgjll2(wy) + VB)IY® — vall 2@y = M;.
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Relations (3.9) imply that u, ; = 0 if a; > M;.
To prepare for the second order necessary conditions we introduce the critical
cone as follows

Ca={veBV(0,T)": F'(a)v+ G'(u;v) = 0}. (3.10)

It seems natural that the second order optimality conditions must be imposed only
on those directions where the directional derivatives vanish. Let us point out some
properties of this critical cone.

PROPOSITION 3.6. Cy is a closed convex cone that can equivalently be expressed
in the form

T
Cu = {v € BV(0,7)™" : / ©; (1) dvj (1) = ;[ vjllameor), 15 < m} , (3.11)
0

where v}s is the singular part of the measure v with respect to |ﬂ;|

The identity (3.11) shows that the criterion for v to be in Cy can be expressed in
terms of the singular part of v} with respect to |@| for 1 < j < m. In particular, any
function v € B(0, 7)™ such that v’ is absolutely continuous with respect to |u| for
every j is an element of the critical cone.

Proof. The cone property and closedness of Cy are a straightforward consequence
of the continuity and positive homogeneity of the mapping v — F'(@)v + G'(4;v).
Let us prove the convexity property. First we observe that (2.9) and the definition of
@, implies that

F'(a)v = i /OT @ (tyv;(t)dt Vo e BV(0,T)". (3.12)

Taking into account (3.7), using the definition of the subdifferential and passing to

the limit as p \( 0 we infer for 1 <j <m

g(@j + pvj) — g(uj)
P

— g’(ﬂ;;v;).

L /T O (t)v;(t) dt <
aj Jo
Multiplying this inequality by «; and summing in j we get with (3.12)
F'(a)v + G'(a;v) >0 Yo € BV(0,T)™. (3.13)

Therefore, v € Cy if and only if F'(@)v + G'(4;v) < 0. Since the mapping v €
BV (0,T)™ — F'(u)v + G'(u;v) is convex, we conclude the convexity of Cj.

From (3.12), making an integration by parts as in the proof of Theorem 3.3, and
using the Lebesgue decomposition dv} = hU}d|ﬂ;| + dvj we get

m T m T T
F’(a)v:—Z/O O dvfy = — Z/O ®;h, d\u3|+/0 O; dvf,
j=1 j=1

From (3.9) we deduce that d|u}| = %ff)jdﬂg for 1 < j < m. Inserting this identity in
J
the above equality we infer

m T T
Flapy=-3 Y a, /0 hy dit); + /0 O, dvl, o (3.14)
j=1
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Now, using (2.15) it follows

m T
_ ’U) = Zaj {/0 hv; dﬂ; + ||U;'s||M(O,T)} .
j=1

This equality and (3.14) lead to

m T
F/(ﬂ)v + G’(ﬂ;v) = Z {—/(; q’j d’U_;S + aj”’U;'s”M(O,T)} s

which is equivalent to the expressions given in (3.11) for 1 < j <m. O
Now, we formulate the second order necessary optimality conditions.
THEOREM 3.7. If 4 is a local minimum of (P), then F"(@)v* >0 for all v € Cy.

Proof. Let v be an element in Cy and consider the Lebesgue decomposition

dvi = hq, dluf| + dvis, 1 < j < m. For every integer k > 1 we set

hix(t) = proj[7k7+k](hv/_ (t)) and dvj, = hjxd|a}] + dvj,

Let us take v, € L'(0,T) as the primitive of v, with fo vj —vj k) dt =0, and set
Uk = (Vi,ks -+ Um,k). Then, we have ||U - UJ k”./\/l 0,7) = ([ LT hy, k”Ll (ai) = 0 by
Lebesgue’s dominated convergence theorem. Hence v, — v in B V(0,7)™. Moreover,
since the singular parts of vj x and v with respect to |u’ | coincide and v € Cj, then
(3.11) implies that vk € Cjy for every k

For any 0 < p < 4, using (2.12) and (2.13), we find

!

G(u + pvg) — G(u i g(u} +PU] k) — 9(u})
p = p

|1+p v’ |_ _
2 { [ )+ g

T|1+ph/|—1 T|—1+ph/|—1 _
“ / e +/ 2 i+ vl
0 P 0 P

T
aj {/0 ho , du; + ”v;'s”/\/l(O,T)} = G'(w; vk).

Now, using that @ is a local minimum of J and making a Taylor expansion we
get for every k and 0 < p < % the existence of 6 = 0(k, p), with 0 < 6 < 1, such that

J(@+ pvg) — J(a)
p

since v € Cy. Finally, dividing the last term by p/2 and taking the limit when p — 0

and later when k — oo, we get that F"(i)v? > 0. O

As usual, we have to consider an extended cone of critical directions to formulate
a sufficient second order condition for optimality. For every 7 > 0, we denote

Jj=1

-

1

<.
I

.

1

J

0<

= F/(@)vn+ 5P (@+0pvi)o} + G/ (1 0i) = £ F" (a+0pv)e,

Cr = {v e BV(O,T)™ : F(@)o + G'(a0) < (| llz2(@) + Zﬁjy/ v () dt])},

j=1
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where z, = S’(@)v, with S defined just above Proposition 2.2. The second order
condition involves this cone as follows:

(SSOC) There exist positive constants k and T such that
F'(@)v? > ﬁ||zv||%2(Q) Vv e CF. (3.15)

THEOREM 3.8. Let i € BV (0,T)™ satisfy the first order optimality conditions
(3.5)-(3.6) and (SSOC). Then, there exist positive constants € > 0 and v > 0 such
that

l/ m -
J (@) + 5||/zu_ﬁ|\'22(Q < J(u) for allu€ BV(0,T)™ : [|yu — §llr~(q) <& (3.16)

The proof of this theorem can be done along the lines of [8, Theorem 9]. Let us
point out some small differences. First, the parameter v in [8] must be taken zero.
Second, we have a non-differentiable part in the cost functional and a slightly different
cone of critical directions. To deal with the non-differentiable term G we use (3.13)
and its convexity and Lipschitz continuity: for every u € BV (0,T)™

J(u) — J(u) = F'(a)(u —u) + %F”(ﬂ +0(u—a))(u—u)? + G(u) — G(a)

1
> 5F”(a +0(u—0))(u—a)? + F'(a)(u—a) + G (@;u — a)

1
> 5F”(a +0(u — ) (u — u)?.
In this way we eliminate the non-differentiable part of the cost functional. The rest
is the same.

COROLLARY 3.9. Under the assumptions of Theorem 3.8 there exist two constants

e >0 and d > 0 such that

— 5 — m —
J(@) + 5y = Ill7200) < J(w) for allu e BV(0,T)™ : |lyu — fllL=(q) <& (3.17)

This is an immediate consequence of (3.16) and the estimate
19 = Fllz2(@) € Mlzu-ullL2@) Yu € BV(0,T)™ : [lyu — Fllz=(q) <&

see [8, Corollary 3] for the proof.
We observe that the sufficient second order optimality condition (3.15) along with
the first order optimality condition imply that @ is a strong local solution of (P).

4. Approximation of the control problem. In this section, we assume that
Q) is a convex set and yo € L°°(2) N H}(Q). Then, it is well known that the solutions
Y., of (1.1) belong to C([0,T], Hi (2))NH?*1(Q); see, for instance [20, Proposition 2.4].

We consider a dG(0)cG(1) discontinuous Galerkin approximation of the state
equation (1.1) (i.e., piecewise constant in time and linear nodal basis finite elements
in space; see, e.g., [21]). Associated with a parameter h we consider a family of
triangulations {KCj}n>o of Q. To every element K € Kj; we assign two parameters
p(K) and ¥(K), where p(K) denotes the diameter of K and ¥(K) is the diameter of
the biggest ball contained in K. The size of the grid is given by h = maxger, p(K).
We will denote by {z; };V:’ll the interior nodes of the triangulation K. In this section €2
will be assumed to be convex. In addition, the following usual regularity assumptions
on the triangulation are assumed.
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(i) There exist two positive constants po and Jq such that

p(K)

() <pa and I(K) <dq
hold for every K € K, and all A > 0.

(i) Let us set Q) = Ugex, K with ), and T, being its interior and boundary,
respectively. In the case of polygonal or polyhedral domains, it is reasonable
to assume that the triangulation satisfies that I', = I". We assume that the
vertices of K, placed on the boundary I'y, are also points of I and there exists
a constant Cr > 0 such that dist(z,T') < Crh? for every x € T'j,. This always
holds if T is a C? boundary. From this assumption we know [18, Section 5.2]
that

0\ Q] < OR2, (4.1)

where | - | denotes the Lebesgue measure.

We also introduce a temporal grid 0 =tp < t; < ... <ty, =T with 7, =t —tr_1
and set 7 = maxj<g<n, k. We denote Iy = (tx_1,t;). We assume that there exist
pr > 0, Cor > 0 and cor > 0 independent of h and 7 such that 7 < pp7y, for
1 <k < N,. We will use the notation o = (h,7) and Qn = Qp x (0,T).

4.1. Discretization of the controls. Associated with the grid {tk}kN;O we
define the subspace

NT
U ={u, € BV(0,T) : u, = ZUka» with {uk}ngl C R},
k=1
where xj denotes the characteristic function of the interval I. Let us observe that

the elements u, € U, are piecewise constant functions whose distributional derivative
is given by

N, N,
Wy = Dyuy = > (ug —up-1)8s,  and [l | mor) = D Juk —wp—al,  (4.2)
k=2 k=2

where §; denotes the Dirac measure concentrated at the point ¢. We further define
the projection operator

N
~ /1
A :BV(0,T) —U,, Awu= E (/ u(t) dt) Xk-
Iy

-
k=1 \'k

PROPOSITION 4.1. For any u € BV(0,T) the following properties hold:

lu = ArullLro,r) < TlIDeullmeo,m), (4.3)
DAz ull pmeo,y < (1Devl meo,mys (4.4)
Thi% [ DeArul| pmeo,ry = [ Deull pmco,7)- (4.5)

Proof. The inequality (4.3) is simple to establish for u € C[0, T]. Henceforth let
u € BV(0,T). Then there exists a sequence {u;}32, C C°°[0,T] such that

1 .
lu —wujllLro,ry + Deull ameo,ry — 1Dewsll meo,ry| < ; Vi >1; (4.6)
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see [1, Remark 3.22]. Now we estimate as follows

lw = Azullpo,r) < llu—wjllior) + luy — ArugllLior) + [Aru; — ArullLaor)

2
< lw = wjllzro,r) + TIDews | a0,y + g — ullzro,) < 7 + 7| Dyl pmo,1)-

Using (4.6) we can pass to the limit in the above inequality as j — oo to deduce (4.3).

Let us prove (4.4). First, we assume again that u € C*°[0,T]. From the continuity
of u and the mean value theorem for integrals we deduce the existence of points
& € I, 1 < k < N,, such that

N,

A.,-’LL = Z u(gk)Xk

=1

kol

Then we have with (4.2)

N,
DA ull pmory = D [ulér) — w(r-1)]
k=2
Nr o e T
<> [ Wl [ Ww@ld= Do,
k=27 Er-1 0
For the case u € BV(0,T'), we take again a sequence {u;}?2; C C*[0,T] satisfying
(4.6). The convergence u; — u in L'(0,7) obviously implies that A;u; — A;u in

L*(0,T). Then, using [1, Proposition 3.6], inequality (4.4) for every u;, and (4.6) we
conclude

[ DeArul amgo,ry < 1ij¥ggjf|\DtArUj||M(o,T) < liggf [ Dewsll amco,y = 1Dsull pmo,1),5

which implies (4.4).
Finally, to prove (4.5) we use (4.3), [1, Proposition 3.6] and (4.4) to obtain

| Dewl| pm0,1) < 1im_jglf||DtArUHM(o,T) < lim sup | DeArull pmco,ry < | Deul| amo,7)-
T T

4.2. Discrete state equation. Associated with the interior nodes of the trian-
gulation {x]}jvzhl we consider the space

Np,
Y, = {yh S Co(Q) CYh = Zyjej with {yj ;-V:h’l C R}

Jj=1

where {e; jy:hl is the nodal basis formed by the continuous piecewise linear functions
such that e;(x;) = d;; for every 1 < i,j < Nj,. For every o we define the space of

discrete states by

ya' = {yo' S L2(17Yh) : ya'|lk.,€ Yh, 1 S k S N’T}?
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The elements y, € ), can be represented in the form

N; Np
Zyk WXk = > YkiXke; With {ypn}ir, C Vi and {yx;hi<k<n, CR.
_ k=1 =1 1<j<Np

(4.7)
We approximate the state equation (1.1) as follows. For any control v € BV (0,T)™
we define the associated discrete state y, € ), as the solution of the system

kh = Yk—1,h 1
(711 h Ykl 2 2n) + a(Yrns 2n) + */ (fCot,yr,n), zn) dt
Tk Tk J1,

1 m
- fZ(gjvzh)/ wi(t)dt, Ve €Yy, 1<k<nN, (48
Tk * I,
Yo,n = Yoh,

where (-,-) denotes the scalar product in L?(Q), a is the bilinear form associated to
the operator —A, i.e.,

a(y,z) = | VyVzdzx,
Q

and yop, is the projection Phyg of yg on Y} given by the variational equation

(Pryo, zn) = (Yo, zn) Yzp € Y.

It is well known that yo, — yo in Hg ().

PROPOSITION 4.2. For every uw € BV(0,T)™ the system (4.8) has a unique
solution y, € V,. In addition, if either f is affine with respect to the state or if
n < 3, then the following estimate holds

yu = Yollz2(@) < C(r + 1?), (4.9)

where C' is independent of o.

These results are proved in [15] and [16] for f affine and nonlinear respectively.
The constant C there depends on the norms of the state in H?1(Q), and also on the
L*>°(Q) norm in the semilinear case. These quantities can be estimated in our case by
the L?(0,T)™ norm of w.

Remark 4.3. Given {u;}7", C BV(0,T), we observe that

/uj(t)dt:/ Aruj(t)dt foralll <j<mandl <k <N,.
Iy Iy

Utilizing this in (4.8), we deduce that the discrete states associated to {u;}7"; and
{Aru i}ty coincide.

4.3. Discrete optimal control problem. The discrete control problem is de-
fined as

. 1 - B, T 2
®o) | _min, Tolw) = =l o + 30 (oslgllaom+ F ([ it a?).

w€BV(0,T)™ —
=

where y, is the discrete state associated to u = (u;)7.;.



16 E. CASAS, F. KRUSE, AND K. KUNISCH

The following assumption will be used to analyze the existence and uniqueness of
a solution of (P,):

(A) The mapping 25 € Y — ((g5,20))72; € R™ is surjective.

LEMMA 4.4. There exists hg > 0 such that (A) holds for every h < hyg.

Proof. Let us recall that {ek}kNil denotes the nodal basis of Y},. Since the supports
w; of the functions g; are compact and disjoint, we deduce the existence of i > 0 such
that for every h < iz if for some ey, and some 1 < j < m we have that supp(ex)Nw; # 0,
then supp(ex)Nw; = ) for every i # j.

Moreover, there exists h with the following property: Vh < h and V7 there exists
some k such that (g;,ex) # 0. Indeed, if this is not the case, we infer the existence
of sequence {h;}2; decreasing to 0 such that (g;,zp,) = 0 for every 2z, € ¥},. In
particular, taking zp, equal to the L?(Q2)-projection of g; on Y, we obtain

||9j||%2(9) = ilirglo(gjy zn;) =0,

which contradicts our assumption g; # 0.
Finally, for any h < hg = min{h, h} the assumption (4) holds. If not, then there
exists a vector (a;)7"; C R™ such that

m

Z(guzh)ai =0 Vz, €Y.

i=1

For any j we choose e € Y}, such that (g;,ex) # 0. Hence, supp(ex)nw,; # 0, and
supp(ex)Nw; = O holds for every i # j. Then,

m
E gzvek a; = gjvek)aj,
=1

which implies that a; = 0. Since j was arbitrary in {1,...,m} we get a contradiction.
0

THEOREM 4.5. Let us assume that (A) holds. Then problem (P,) has at least
one solution. Moreover, if u is a solution of (P,), then i, = (Aru;)7, is also a
solution of (Py). In addition, if f is affine with respect to y, then @, is the unique
solution belonging to U™.

Proof. To establish the existence of a solution @ we follow the lines of the proof of
Theorem 3.1. The only concern is the boundedness of the sequence {a;}%2, in R™
For this purpose we express the difference 2, 1 = yo,r — Yok, Where y, . and g, are
the solutions to (4.8) corresponding to uy and g, respectively. Thus, z, j is solution
of the following system

T Ti

(Ma zn) + a(zinik, 2n) + l/ Oy f (o, &i sk ) Zi hskes 20) dt
m L
Zg],zh ak; Vzp €Yy, 1 <i <N, (4.10)
Jj=1

20,h:k = 0,

where & nik = Jinik + i,nsk (@, 8) 23, With 0 < 65 g (@,¢) < 1.
As in the proof of Theorem 3.1, we have that {y,r}7>, and {J,r}7>, are
bounded in L?(Q). Since )V, C L>(Q) and since it is finite dimensional, we deduce
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that {J,x}%2, and {yox}72, are also bounded in L*°(Q)). Therefore, the sequences
{& h:k }72 | are bounded in L>(Q x I;) as well. Again we argue by contradiction and
we assume that pr, = max{|ar;| : 1 < j < m} — oo as k — co. Then, we define
Cok = izo.,k and ay; = a;};j. By taking a subsequence, we have that (5 — 0
in L*(Q) and ax; — a;j, 1 < j < m for some {G;}72; C R. We observe that by
definition of py the vector & # 0. Dividing (4.10) by pr we obtain the mentioned
subsequence

(M n) + a(Cinks 2n) + 71/1( Oy f (s, & hik ) Cishske, 2n) dit

Ti
m
Zgj7zh Jar,; Vzn € Y, 1 <i < N;
Jj=1
20,h;k = 0.

Passing to the limit in this system as k — oo we get that
m
Z gj,2n)a; =0 Yz, €Y.
j=1

Hence, assumption (A) implies that ¢ = 0, which is the desired contradiction. Con-
sequently, the sequence {ay}72; is bounded, and then the existence of a solution @
follows by standard arguments.

The fact that 4, = (A,@;)72, is also a solution of (P,) is an immediate con-
sequence of Remark 4.3 and inequality (4.4). Finally, we prove the uniqueness of
a solution in U™ if f is affine with respect to the state. First we observe that both
terms in the cost functional are convex in this case. Moreover, the first term is strictly
convex on U!" provided that the affine mapping u, — y, is injective. To this end
we assume that for some u, = (u;)jL; € U", with u; = Ziv;l U,k Xk, the associated
discrete state y, is identically zero. Then from (4.8) we have that

m
Zgj,zh ujr =0 Vzp, €Yy, V1< k <N,
j=1

Again by assumption (A) we infer that u; = 0 for every 1 < j < m, hence u, =0. O
Remark 4.6. In the case that B; > 0 for all 1 < j < m, condition (A) is not
needed to establish the existence of a solution of (P,). However, it is still necessary
for the uniqueness in the case that f is affine with respect to y.
The rest of this section is devoted to the formulation of the first order optimality
conditions for the problem (P,). Arguing in a similar way as for the continuous
problem (P), we separate the smooth and the convex parts of J,

. 1 B
{Lw%:&uo+GmLwmeAw=§MM—yﬂ§@h+§:§*/ tydt)?,
j=1

where g, is related to u by the equation (4.8). The derivative of F, is expressed by

Fl (u)v = i/OT (/ o (z,t)gj(x) dz + B; /OT u;(s) ds)vj(t) dt, (4.11)
i=1 wj
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where ¢, € ), is the adjoint state associated to u, i.e.

— 1
(M, zn) + a(Qr,hs 2n) + */ (O f ot Yk,n)Prns 2n) dt
Tk ) Tk J1,
= — (yk,h — Yd, Zh) dt, Yz, € Yh, k= NT, a1 (412)
Tk J1,

YN, +1,n = 0.

Using this expression for F,. and arguing exactly as in the proof of Theorem 3.3
we obtain the first order optimality conditions for a local solution @, € BV (0,7)™ of
(P,). For this purpose we introduce the functions

t T
P, (1) :/ / Oo(x,8)gj(x) deds +Bjt/ uj(s)ds, 1<j<m, (4.13)
0 wj 0
where ¢, € ), is the adjoint state associated to .. -

THEOREM 4.7. If i, is a local solution of (Ps), then ®,; € C'[0,T] N Co(0,T)
for1<j<m, a%-q)mj € dg(u’. ;), and hence they satisfy

I = O[j Zf Q_I,T’j 7é 0,
||(I)o,j||Co(0,T) { < aj Zf ’a‘r,j — 0’ (414)

T — —
/ Dy dit, ;= [|Ps
0

In the case where @, is a local solution of (P,) belonging to U™ (see Theorem
4.5), we have the following sparsity result analogous to Corollary 3.4.
COROLLARY 4.8. Let t,r = (tr,;)7 € U™ be a local solution of (P,). Then, for

|Co(0,T) ||a/ry |M(07T)~ (4.15)

Jj=

each j € {1,...,m} such that G, ; is not a constant function on [0,T], we have
wt =Y (U k1 — U)o with T = {k € {1,..., N, =1} : &, (t) = +0a;},
keTS
a = (ki1 — Ux)0pwith T, = {k € {1,...,N. =1} : &, (1) = —a},
k€TJs
where uTJ u’+J —al” +; s the Jordan decomposition of the measure @, gy

Proof The proof of this result is a consequence of the representation formula
for @, given in (4.2). In addition, we use a—j 0j € 0g(t, ;) along with Proposition
2.4, and the fact that ﬂ;j # 0 by assumption. Finally, we take into account that
®, ; is piecewise linear and continuous, and @, ;(0) = &, ;(T) = 0. Consequently its
maximal and minimal values are attained at the interior grid points {t;}n=;*. O

5. Convergence Analysis. The goal of this section is to prove the convergence
of solutions of (P,) to solutions of (P) as ¢ — 0. Additionally we give some error
estimates for the difference between the optimal discrete and continuous states.

THEOREM 5.1. Let us assume that either f is affine with respect toy or B; >0
for every 1 < j < m, and let {u,}, C BV(0,T)™ be a family of global solutions of
problems (P, ), 0 = (h,7). Then this family is bounded in BV (0,T)™. In addition, if
f is affine or n < 3, then any weak® limit u of a subsequence when o — 0 is a global
solution of (P). For such a subsequence we have

1% a0y — & | amorym and || — tirl| oo, zym — 0 ¥p € [1,400)  (5.1)
19 = Jollz2(@) = 0 and J,(ur) — J(a)
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where § and §, are the continuous and discrete states associated to u and u,, respec-
tively.

For the proof we will use the following lemma.

LEMMA 5.2. Let d, € L*(Q) and take y, € Yy solution of

kb — Yk—1,h 1
(7?; Y ,2n) + a(Ye,hs 2n) + */ (fCot,yrn)s 2n) dt
Tk Tk J1,

1
= = [ (do(t),2n)dt, ¥z € Vi, 1<k<N, (53)
Tk Iy

Yo,h = Yoh-

Then, there exists a constant Cq > 0 dependent only on € such that

1Yol Lo 0,7502(0)) + IVa¥ollL2@) < Callldsllz2(q) + [1£(+0)lL2(q) + HyOhHLz(s(z))-)
5.4

Proof. The proof is standard, except for the nonlinear term. Choosing z;, = yi »
in (5.3), we obtain

(Yk,h — Yk—1,h> Yk,h) + TR ( Yk ks Yk ) +/ (fCotyyrn) — F(,1,0), yp,n) di
Iy

- / (dot) — (- £,0), yip) dt.

Iy,

Now, using the monotonicity of f with respect to y we deduce

(Yrkoh = Yk—1,0 Ykon) + Tw@(Yh Yron) < / (do(t) = f(-,1,0), yx.n) dt.
Iy
The rest of the proof can be completed as in the standard linear case. O
Proof of Theorem 5.1. Let us set

1 T
aT:,/ U, dt and U, = Ur — ar.
T Jo

Let g, be the discrete state associated with @,. The proof is divided into three steps.

Step 1. {§o}o and {ii,}, are bounded in L*(Q) and BV (0,T)™.

From the global optimality of @, we have that J,(@,) < J,(0) for every o.
From Lemma 5.2, we obtain that the discrete states y, associated to 0 are uniformly
bounded in L?(Q). Hence, {J,(0)}, is bounded and consequently {¥,}, and {@.},
are bounded in L?(Q) and M(0,T)™, respectively. According to (2.1), it is enough
to prove the boundedness of {a,}, in R™ to conclude the boundedness of {@,}, in
BV(0,T)™. This is obvious if 8; > 0 for 1 < j < m. Otherwise, by assumption we
have that f = coy + do with c¢g > 0, cg € L>=(Q), and dy € LP(Q).

Let us put z, = ¥o — Jo- Using again (2.1) we get that {@,}, is bounded
BV(0,T)™ c L*(Q)™. Then, Lemma 5.2 implies the boundedness of {7, }, in L?(Q).
Thus, we also have the boundedness of {2, }, in L?(Q). Subtracting the discrete equa-
tions satisfied by 7, and 3, we get

— Zk— 1
(Zeh ZZhmbh Y ¢ a(zen, ) + 7/ (co(s )2 22) dt
Tk Tk I,
= Z(gjazh)am Vzp € Ya, 1<k <N, (5.5)
j=1

20,h = Oa
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where a, = (a, ;). We argue by contradiction and we assume that

pr = max lar ;| = +o0 as k — oo.
1<5<

Then, introducing {, = zg and a,; = %, we deduce from (5.5)

(M,%) G 2h) + — / (o £)Ck.ns 2n) dt
The Tk J I

Zgjvzh (ITJ thEYh, 1<k<N (56)
Co,n =0,

By taking a subsequence, that we denote in the same way, we can assume that a, ; —
ajasT — 0forevery 1 <j <m,anda = (a;)jL; # 0. Let us denote by (. the solution
of (5.6) with @, replaced by a. From Lemma 5.2 we deduce that |5 — Co|[12(q) — 0
as 0 — 0. Let ¢ € H*1(Q) be the solution to

gi( ) — Al(w,t) +col = Z&jgj in@Q=Qx(0,T),
=1
C(x,) 0 on X =T x(0,7), (5.7)
((z,0) 0 in Q.

From Proposition 4.2, we deduce that || — C_UHN(Q) — 0 as 0 — 0. By the bound-
edness of {z,}, in L?(Q) and the definition of ¢, we deduce that ¢, — 0 in L?(Q).
Hence, {, = (; + (¢s — ;) — 0 in L?(Q) as well. This implies that ¢ = 0 and con-
sequently Z;":l ajg; = 0. From our assumptions on {g;}7>;, this implies that a = 0,
which gives the desired contradiction. Therefore, {@. }, is bounded in BV (0,T)™
Let us take a subsequence of {u,}, denoted in the same way, such that @, 5S4

as o — 0.

Step 2. u is a global solution of (P), and (5.1)-(5.2) hold.

The compactness of the embedding BV (0,7') C L?(0,T') for every p € [1,+00)
implies the strong convergence @, — @ in LP(0,7)™. Let us denote by § and @ and
9o the continuous and discrete states corresponding to u. From Proposition 4.2 we
get that §, — 7 in L?(Q) as ¢ — 0. Subtracting the equations satisfied by 7, and ¢,
we get for Ca =Yo — Qa

— (p— 1
(M7 zn) + a(Ce,ns 2n) + */ Oy f ot &kn)Chony 2n) dt
Tk Tk J1,
Zgjazh / (Gr; —@j)dt Vzp €Yy, 1<k<N;
j=1 Tk
COJL = Oa
(5.8)
where & n(x,t) = Jr.p + Ok n (2, t)Ce,p, with 0 < 0y 5 (z,¢) < 1. In the case of an affine
function f, we simply have 0, f(z,t, & n) = co(z,t). Arguing as in Lemma 5.2 and
using that d, f > 0 we get

||CG’||L2(Q) < CQ 1I<na<X ||gJ||Loo(Q)||u — uT||L2(Q)1n —0aso—0.
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Hence, §j, = 5 + (, — % in L?(Q). Now, the following relations hold

J(@) < F(a) + limigf G(u,) < F(a) + limsup G(u-)
o—

o—0
= lim F,(@,) + limsup G(@,) = limsup J,(@,)
o—0 o—0 o—0

< lililj})lp Jo (1) = J(u) = F(u) + G(a).

As a consequence we have G(@) = lim,_0 G(%,). Finally, taking into account that
Hﬂ;HM(O,T) S liminf7_>0 ||ﬂ,7,jHM(0,T) for 1 S _] S m, we deduce ||ﬂ,7,jHM(0,T) —
1@ | mo,7) for 1 < j < m. This completes the proof. O

The next theorem addresses the approximation of local solutions of (P) by local
minima of (P,). It is in some sense a converse of previous theorem.

THEOREM 5.3. Assume that either f is affine or n < 3 and let u be a strict
L?(0,T)™-local minimum of (P) with p € [1,400). Then there exist an LP(0,T)™-
ball B,(u) such that J, has a global minimum i, in B,(@) N BV (0,T)™ for every
o. The family {u,}, converges to @ in the sense of (5.1)-(5.2). Consequently, there
exists og such that @, is a local solution of (P,) for every |o| < |ol.

Proof. Since 14 is a strict LP(0,T)™-local minimum of (P), there exists p > 0 such
that

J(u) < J(u) Yu € By(u)\ {u} (5.9)
We consider the problems
(Py,p) min{J,(u) :u € BV(0,7)" N B,(1)}.

The existence of at least one solution @, for (P, ,), o = (h,7), is obvious. Now, we
can argue as in the proof of the previous theorem to deduce that {@, }, has converging
subsequences and any of these limits is a solution of the problem

(P,) min{J(u) : u € BV(0,T)™ N B,(u)}.

Since @ is the unique solution of (P,), it follows that the whole family {@, }, converges
to @ in the sense of (5.1) and (5.2). Due to the convergence |4 — @ | Lr(o,7)m — 0,
we deduce the existence of oy such that @, € B,(u) for every |o| < |og|, and hence
U, is a local minimum of (P,) in the ball B,(z). O

The rest of the section is devoted to the analysis of the rate of convergence for the
states || — ¥ollz2(@)- Let @ be a local solution of (P) such that the sufficient second
order conditions (SSOC) (3.15) holds. Theorem 3.8 implies that @ is a strict strong
local solution, and hence it is a strict LP(0,T)™-local solution as well. Let p > 0 such
that @ is a global minimum of J in B,(#) N BV(0,7)™. Let {u,}, be a family of
global minima of J, on B,(#) N BV (0,T)™ converging to 4 in L?(0, 7)™, for p > 1.
Then we have the following rate of convergence of the associated states.

THEOREM b5.4. Let us assume that @ satisfies the (SSOC) and that either f is
affine orn < 3 holds. Then, under the above notations, there exists C' > 0 independent
of o such that

17— o ll2() < C(VT+h). (5.10)
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Proof. Since @, — @ in LP(0,T)™ with p > 1, we have that ||ya, — ¥llz~@) — 0
as 0 — 0, where yz_ is the continuous state corresponding to #,. Let € > 0 be as
introduced in Corollary 3.4. Then there exists o. such that |ya, — 7||r~(g) < € for
every |o| < |o.|. Now, utilizing (3.17) we have

) _ _ _
3 llva, = 9liaq) < J(@r) — J(@)

= () — o )]+ ) = Jo (@) + o)~ S@)], (51)
where
. 1 Mg T 2
LHM=2MAM—WEW@+;;ﬂ1;w@ﬁ)+GW)

Let us estimate these terms. For the first term we use Proposition 4.2 as follows

_ s 1 1,
T(0) — Jo(i17) = Le, — vl Bac) — 10— valacan)
< Cillya, — Uollrz2) < Co(r + h?).

The third term is estimated in the same way, and for the second it is enough to observe
Jo(ir) — Jo (@) = Jy(ur) — Jo (@) <0,

the last inequality being consequence of the fact that J, achieves the minimum value
in the ball B,(a) N BV (0,T)™ at @,. All together this leads to

lya, —dllr20) < Cs(VT+ h).

Finally

19 = ollz@) < 19— va. lr2@) + Ve, — Uollrz@) < C3(VT+ h) + Cu(t + A7),

where we have used again Proposition 4.2. O

Remark 5.5. Under the assumptions of the above theorem, and supposing that
ya € L?(0,T; L*(Q)), and using Proposition 4.2, we can arque as in [{, Theorem 5.1]
to deduce that |J(a) — J,(u.)] < C(\/T+h).

6. Numerical Solution. In this section we show how (P,) can be solved nu-
merically. We consider the case of a linear state equation with zero state at the initial
time, i.e., f =0 and yo =0 in (1.1).

6.1. A fully discrete formulation. Defining vy, as the L?(Q}) projection of
yq onto )V, we have

lye — yd||2L2(Qh) = Yo = vd.o \%2(62,1) + [1Ya.0 — de%%Qh)v

hence (P,) is equivalent to

m

. 1 9 , Bj T 2
weptin - 5lYe = vaollizq) + > (Olj||uj|M(O,T) - 3( i u; (t) dt) ,

Jj=1
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Therefore, Theorem 4.5 guarantees that we can find a solution for (P,) by solving

.1 ) “ , Bir " 2
Qo) min Sy —yaollzzq, + > | el meo.r) + 5 (/0 urj(t) dt) '
EUp =

We now reformulate (Q,) as an optimization problem in R™",

By definition, w, € U, has the representation u, = Z]kvz*l up Xk with coefficient
vector 4, = (uk)ngl € RN, Analogously, u, = (ur1,...,Urm) € U™ can be
represented by its coefficient vector i, = (u11,... ,ulNT,qu,...,umNT)T e R™N-,
Subsequently, let us denote N, = mN,. In view of (4.7) the coefficient vector of
Yo € Vo i8 Go = (Y11, s YIN,» Y21, - - s YN, Ny, )L € RNe | with N, = N,;Nj. Simi-
larly, y4, has coefficient vector §4,. Denoting by M), € R¥N»*Nn the mass matrix
My, = ((ei,ej))gj’»‘zl, by A € RNwXNn the stiffness matrix Aj, = (a(ei,ej))fv,j’?:l, and
for 1 < j <m by G; € RV the vector G; = ((g;, €k))£’£1, the discrete state equation
(4.8) can be expressed as L,¢, = Ci,, where

My, + Ay, 0 0
Ly=| —7 My 75'My+An 0| cRNoxNo
0 . .
C=(Cy ... Cp)eRNxNo
with
Gj
C; = € RNoxN- for 1 <j<m.
Gj
Invoking (4.2) and introducing
71 M},
M, = e RNoxNo

TN, Mh
we obtain that (Q,) is equivalent to
. 1, 1. . T 1 n .
min = (Lg' Ci, — yd,a) M, (Lo Cir — yd,o) +

i, ERNp 2
m N, ﬁ N.- 2
Z (%‘ Z [wjn — wjp—1)| + ?j (Z Tkujk) )
j=1 k=2 k=1

Defining the vector d. = (di1,dr2, ..., diN, do1s ..., dmn, )T € RNe by dj1 = uj1 and
djr = ujr — Uj(k—1) for 1 <j <m and 2 < k < N,, this problem becomes

1 . T R
i —(LZCTd: — §4.0) M, (L;1CTd: — G4
i, | 30508 ot (00T, )+

m N, 5 R R
> <ij |djx| + é(”Zdem‘) : (Ufodw')> ;

j=1 k=2
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where

T = GRprNp with TT: eRNTXNT’
T 1 .1

vy = (11,...,7n.)T € RN and cim- = (dj1,...,d;n. )" € RN, Employing the
further definitions S = L;1CT,

Vv BleT‘r
Q=Q"Q with Q= e R™ Mo,
Brvl'T,

Yie : RN 5 R, bin(dy) = |djil

for1<j<m,2<k<N,, and

m N.-
VRN SR, U(d,) = a; Y vi(ds),
j=1 k=2
we arrive at the fully discrete optimization problem
. 5 1,5 . 7T P 1 5 5
(Q,) min J,(d-) = = (Sd-~Ja,0) My (Sdr—Ja,0)+=dEQdr+(d,).
d.eRNp 2 2

6.2. Discrete Optimality Conditions and Regularization. Since J, is con-
vex, d* € RNr is optimal for (Qp) if and only if 0 € 8Jp(cfi). Since both the differen-
tiable and the non-differentiable part of J, are continuous, we obtain from the sum
rule that 0 € 9.J,(d*) is equivalent to

0 € ST M, (Sd — §a.0) + Qd: + 0W(d),

where we have used that M, and @ are symmetric. Thus, ch is optimal for (Q,) if
and only if there exists A\* € R» such that

ST M, (Sd: — §a0) +Qdi — A2 =0 and —\reau(ds).  (6.1)

The sum rule and the chain rule, cf. [10, Chapter I, Proposition 5.7], yield that
0¥ (d*) C RNv is given by

OU(dr) = {0} x 10 (dfy) X ... x 1dp(di ) x {0} X o (dyy) X . . . X O (diy ),

where ¢ : R — R denotes 1(z) = |z|. We recognize in ST M,(Sd* — j4.5) + Qd*
the discrete version of (®;)7,, cf. (3.4), which indicates that first-discretize-then-
optimize and first-optimize-then-discretize coincide. To enable the use of semismooth
Newton methods we proceed in two steps. The first step is to apply a regularization
to (Qp). More precisely, instead of (Q,) we consider for v > 0 the problem

(Qpy) min J, (df) =

Smin (Sdr—fa.0)" My (Sdr—Ga0)+ 57 Q-+, (dy),

| —



Optimal Control by BV-Functions 25

where ¥, is defined by

m N-
U iRY SR, U (dy) =Y a; Y 7 (dy)
j=1 k=2
with
; g
vl R R, Te(dr) = |djr| + £|djk|2

for 1 <j<mand2<k< N,. Note that (Qpﬁ) can be interpreted as the discrete
counterpart of

: 1 2 . ’ Y2 B; 4 2
ueHrglor;TM|yu—yd||Lz<Q>+j§_jl(aj(||uj||L1<o,T>+2||uj||Lz(o,T>>+2( [ (0)dt)’).
Since there holds ||u}]| 11 (0,7 = ||l a0, for this problem due to u); € L'(0,T), this
problem can be regarded as a regularized version of (P).

Arguing as above we obtain that (Q, ) has the optimality conditions (6.1), but
with OV replaced by 0¥.,. In addition, 0¥, has the same structure as 0¥, but with 9y
in the component jk replaced by 61/)’;, where wlj : R — R denotes z/;',j(:z:) = |z|+%|x\2
In the second step, we rewrite —\* € 8\117(&) componentwise as —\%; /a; € 8¢]§(d}‘k)
for 1 < j <mand2 < k < N,, and replace each of these conditions equivalently
by d;. € a(w’j)*(—)\;k/aj), where (¢%)* denotes the conjugate function of 1/15, given
by (¥5)*(y) = sup,egr(yz — % (x)); cf. [10, Chapter I, Corollary 5.2]. Note that for

¥
k = 1 we keep the conditions )\;fk = 0. A straightforward computation reveals that

(1/)’,;)* is the continuously differentiable function

(y+1)? if y<-1,
ko * Tk .
(Tﬁy)(y):%' 0 it —1<y<l,
(y—1)% if y>1.

Therefore, the optimality conditions of (Q, ) can be recast as

S0 wa = () (-2

@ aj

ST My (Sd:—ja,0)+Qdz—X: =0,

for 1 <j<mand 2 <k < N,. This reads F,Y(cf* 5\*) = 0 if we choose

T N1

STMO'(SCZT - gd,o) + QJT + 5\3
o Foo(dy, Ar
F, RN x RNe 5 RNe x RN, F(d,, A,) = ”‘1(, ) ,

Fym(dr, A7)

where we have employed the definition (5\?_‘)jk =aj\pforl <j<mandl<k<N,,
as well as for 1 < j < m the mappings F ; : RYe x RNe — RN+ given by

dQ A
S S N2 +1)~ + N2 —1)7F
F’Y,j(dﬂ/\ﬂ') =7 : - :
L Njnv, )7+ Vv, = DF
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Since F), is semismooth, we can apply a semismooth Newton method to solve F., = 0.
For later reference we note that the Newton step §, = (84, $x) at (d,, A;) solves

R R N . . . T . ~
Fl(dr, A)s, = —Fy(d; A\r)  with  Fl(dy, A,) = <S M,S+Q  diag(a) )

i vdiag(w)  —diag(e(Ar))
(6.2)
Here, we have used &, w, e(\;) € RN+, defined componentwise by (&) jk = aj,
0 ifk=1, ' L Hk=1,
(w)jr = {1 k1 and (e(Ar)je =40 ifk#1and \j; € (—-1,1),
™o ’ 1 ifk#1and Ay € (~1,1)

forl<j<mand1<k<N,.

6.3. Path-Following Algorithm. Since we have approximated (Q,) by (Q,,y)
we consider a path-following algorithm that drives 7 to zero.

Algorithm BV: Path-following method to solve (Q,)

Input: d2,\? € RN», v5 > 0, TOL, > 0, TOLg > 0, v € (0,1).
Set k£ = 0.

while v, > TOL, do

Set i = 0 and (d2,\2) = (d¥, \F).

while [|F,, (2, A\!)[| 20,2 > TOLg do
Compute the Newton step (34, 54) at (d%, AL) according to (6.2).

T T

Define (di+, Nit1) = (di + 54, AL 4+ 3%); seti=i+ 1.
end
Define (d+1, \e+1) = (di, Ai) and ypypq = vy set k =k + 1.
end

Output: (d*, \F).

In Algorithm BV we have used the definition ||| z2(g,7y2m = Z?;nl(sz;l Tkv?k)%
for v = (’U11, <o VIN,, V21, - - 7U(2m)N.,.) € RV x RNo.

Several variants of this algorithm are conceivable. For instance, a damping strat-
egy could be included, TOLy could depend on ~y, and v could vary with k.

Regarding the convergence behavior of Algorithm BV we point out that the semis-
mooth Newton method for F, converges locally at a g-superlinear rate to the unique
solution of (Q, ). To prove this it suffices to establish that (CZT, ;\T) — ||ny(ci7, 5\7)_1 I
is bounded, cf. [23, Proposition 2.12]. Using (6.2) it can be shown that F. is invert-
ible and that {F!(d,, Ar) : (dey Ar) € RNe x RNe} € R2No%2No contains only a finite
number of elements. This implies, in particular, the asserted boundedness.

7. Numerical Examples. We illustrate our findings by three examples. Our
goal is to exemplify the structure of optimal controls for (P). Throughout, we treat
the case where f =0, §; = 0 for all j, and yo = 0. In particular, (P) is convex and
Theorem 3.1 yields the existence of a unique and global optimal solution.

In all examples we consider controls defined on (0,7') = (0,2) and employ uni-
formly spaced temporal and spatial grids. We found 79 = 1, TOLr = 10~ '2m,
TOL, = 107'2, and v = 0.1 to be reliable choices in Algorithm BV. We use d® = 0and
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take A2 such that (d2, A?) satisfies the condition ST M, (Sd, —§j4.s)+A% = 0 in the op-
timality system F, = 0. When vk reaches TOL,, the inner while loop in Algorithm BV
is executed until ||| F,, (d- M) L2(0,my2m — || Fy (di=t, Nim Ylz20,7y2m| < TOLp and

|7y, (d2, T)“LZ(O)T)QM < TOLF are satisfied for three consecutive . We use GMRES
to solve the nonsymmetric linear system (6.2) to an accuracy of 10712, Each iteration
of GMRES requires to solve two PDEs with differential operator L,. These PDE solves
are performed to an accuracy of 10~'2 using preconditioned GMRES.

7.1. Example 1: One control and one spatial dimension. We start with
an example in whichm =1, Q = (—=1,1), and w = (0,1). The remaining specifications
are made such that an exact analytic solution @ of (P) is known. The optimal control
u exhibits [ € N jumps and it is constant apart from these jumps. Consider

. 1 9 o
ueflfnvlgx:r) EHyU —Yallz2(q) + allu meo,m),

where 4, is the solution to the parabolic state equation

%(%t)—Ay(ﬂc,t) = ug inQ=(-1,1) x(0,2),
y(-L,t)=y(1,t) = 0 on(0,2), (7.1)
y(x,0) = 0 in(—1,1).

We take g =1 in w and g = 0 elsewhere, i.e., g = xw. Let Kk > 0,1 € N, and ¢ > 0
for 1 < k <. Define

0 ift <1,

B Ak B ) T Cc1 if % <t< %,
a=is @(z,t) = ksin(lrt) cos(§x>,
™

S
Il

S if ALl <ct<o

In particular, this implies @’ = Z;  Cr026-1 and ' | pmo,ry = Zﬁc 1 k. Denoting by
L the differential operator —A we set yg = y— L*p, where § = yz. To conclude that
4 is the optimal solution of the above optimization problem, we check if @ satisfies the
necessary optimality conditions of Theorem 3.3. Since we are dealing with a convex
problem, this is already sufficient for global optimality. Alternatively, the optimality
of u can be established using the conditions from Theorem 3.8, in particular the
condition (SSOC). Considering the first order conditions from Theorem 3.3 we first
note that the adjoint equation L*pz; = yz — yq together with boundary conditions is
satisfied by construction. Second, we confirm that

/ / x,8)dxds = l (1 — cos(Int)) = g(l — cos(lmt)),

which demonstrates ® € Cl [0 2] N Cp(0,2) and ®(¢) € [0,a] for all ¢ € [0,2], with
®(t) = a exactly for t = 25=L with 1 < k < I. Hence, we have ||®||¢,(o,r) = & and

T 2% — 1 : _
/ ®du' = ZCk‘P( ) =a) o =1l 1T | Mmoo,
0 k=1

k=1



28 E. CASAS, F. KRUSE, AND K. KUNISCH

which establishes (3.5) and (3.6). Thus, @ is optimal. In view of Corollary 3.4 we note

{ supp('*) = supp(w) C {t € [0,T] : ®(t) = a},
supp(u/~) = {t € [0,T] : ®(t) = —a} =

where the inclusion is an equality if and only if all ¢; are positive. Since we have

l

_ 1 e 1. .. 4k
J(u) = 5”% - Z/d||%2(Q) +all@ | mo.ry = iHL <P||%2(Q) + ) ch
k=1

and we easily compute ||L* go||L2(Q = k2721 + ) the optimal value is given by

_ K22 72 4K !
k=1

For the numerical experiments we take 7 as solution of the state equation computed
on a grid with N; = 10240 and N, = 511 nodes. This is possible since we know .
We also use this § to obtain y4,. We choose [ =5, kK = 0.01, ¢; = ¢c3 = ¢c5 = 2,
and c3 = ¢4 = 1, which yields @ = 1/(12572) ~ 8.1-10* and J(a) ~ 1.9 - 1072
Furthermore, it implies that # exhibits five jumps, which occur exactly at those ¢
where ®(t) = a. Unless indicated otherwise we employ N; = 1000 and N; = 159,
which corresponds to 7 = 0.002 and h = 0.0125. Application of Algorithm BV yields
Yo, Ur, and the optimal dual variable A, which can be interpreted as discretization
of A =1®& = 1(1 — cos(5nt)). These quantities—more precisely, linear interpolations
of them—are deplcted together with y4, in Figure 7.1. We observe that @, and
)\, resemble closely their continuous counterparts @ and A. In particular, @, clearly
displays the five distinct jumps of a.

To assess the discretization error we apply Algorithm BV on different grids, where
each grid satisfies N, = 10((Ny, +1)/16)%. We use N, +1 = 80,96,112,...,240. The
resulting errors ||§ — ¥o|/z2(@) and |J (@) — J,(%,)| are plotted in Figure 7.2. For the
error of the state we observe approximately linear convergence, which agrees with
Theorem 5.4. The optimal objective value appears to converge superlinearly. This
is better than we would expect from Remark 5.5, but matches previous observations
and results for optimal control problems involving measures, cf. [3, 4, 14, 17].

Next we investigate the influence of o on solutions of (P). For this purpose we
continue to work with I = 5, Kk = 0.01, ¢c; = c3 =¢5 = 2,and co = ¢4 = 1. In
particular, we keep the corresponding y4. However, instead of a = 1/(12572) we use

ap =0a with 6 ¢ [1073,107]

in the objective. We stress that for 6 # 1 we do not know exact solutions of (P).

Employing L*¢ = /<;(’TT2 sin(lmt) cos(§x) — Im cos(Imt) cos(Fx)) it follows from the def-
inition that y; does not satisfy the initial condition y(z,0) = 0 of the state equation.
This implies § # yq regardless of the value of 8. Figure 7.3, Figure 7.4 and Figure 7.5
show 7, = 92, @i, = @ and A\, = \? for different values of . We observe that u’ is
constant for § = 100. Although not depicted, this is also true for every 6 > 100 that
we tested. Hence, in accordance with Remark 3.5 the optimal control is constant for
sufficiently large values of a. As 6 decreases, the number of jumps of @/ increases. For

0 < 1 jumps with negative height occur. Approximately around # = 0.1 the measures
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FiG. 7.2. Example 1: Discretization errors for optimal state and optimal objective value.

of supp((@?)’) and {t € (0,T) : \(t) = +1} become positive. As @ decreases further,
these measures increase further.

To draw a comparison between (P) and the classical L?-regularized tracking prob-
lem, we now replace agl|u' || aq(0,7) in the objective by %"u”%?(&T)' Recalling that
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0 =0.01

FIG. 7.3. Ezample 1: g% for different values of 6.

we have m = 1 in this example, the discretization of %HUHQLQ((LT) is given by

1 o s ~ = -
§deQTan where Q= ag diag(y/71, ..., 7N,) T € RNV,

Figure 7.6 depicts the optimal controls ﬂjor 2 that we obtain for ay = & and various

values of §. Figure 7.7 shows the corresponding tracking errors %ngg 12— Ydo H%Z(o )

as well as the tracking errors for (P). It also displays the norms of the controls as
they appear in the objective. The missing data point for the norm of the BV-control
at @ = 100 results from the fact that the corresponding control is constant, hence
its BV-seminorm equals zero. We observe that the tracking errors for both control
problems have a similar order of magnitude. From a practical point of view, however,
the controls of (P) have a simpler structure. We note, in particular, that for § ~ 5
the tracking errors are approximately equal for the L? and BV-seminorm cases. The
BV-control, however, is cheaper and also reproduces 4 jumps, whereas the L2-control
has a complicated structure.
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FIG. 7.4. Example 1: @ for different values of 0.

7.2. Example 2: Three controls and one spatial dimension. The second
example generalizes the first one. Here, we have m € N controls, Q@ = (—1,1), and
wj = (aj,b;) for 1 < j <mwith =1 < a1 <by <ag <by < ... <apy <b, <L
The following construction ensures that for every j the optimal control %; has exactly
0 <!l; < m jumps and is constant apart from these jumps. We consider

m
1w = vall72 (o) + Z%‘HU}HM(O,T),
j=1

. 1
min -
weBV(0,T)™ 2

where y,, denotes the solution to (7.1), but with ug replaced by Z;":l ujg;. We take
gj = Xw, for all j. Let k > 0 and ¢j, > 0 for 1 < j, k < m. Define

4k (. LT _ . m
= (51n(§bj) - sm(gaj)) and @(z,t) = ksin(mmnt) cos(ix),
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Fic. 7.5. Example 1: 5\2 for different values of 6.

aswellasfor 1 <j<m

0 ift < -,
B Cj1 if%<t<%,

uj = and ya =9 —L*p,

Sy o if 2L <t <2,

where L = % —A and § = ygz. Observing ®;(t) = % (1—cos(mt)) for all j we readily
confirm the optimality of @ = (ﬂj)}n:1 in a similar manner as in the first example.

The numerical results that follow are obtained by choosing m = 3, w; = (—1, f%),
wy = (—i,i), w3 = (%,1), k=102, ¢c11 = 5, coo = 3, c33 = 1, and all other Cjk
equal to zero. This implies that @y, e and 43 each have exactly one jump. These
choices are specifically made to study the numerical behavior in situations where the
inclusion supp(ﬁfr) C {t € [0,T] : ®;(t) = q;} is strict. Similar to Example 1, we
take y as solution of the state equation computed on a grid with Ny = 12288 and
Nj, = 511 nodes. In addition, we use y to obtain y4,. We apply Algorithm BV with
Ny = 6144 and Nj = 255, which corresponds to 7 =~ 0.000326 and h = 0.0078125.
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FIG. 7.7. Ezample 1: Tracking errors and control norms for (P) and L?-regularization.

Figure 7.8 displays ya,0; Jo, (4r,;);, and (Ar;);. The dual variables (A ;); resemble
their continuous counterparts (\;); = o%(j)j = 1(1 — cos(3nt)). In particular, each
of them has three isolated maximums with value approximately 1. We recall from
Corollary 4.8 that the approximated optimal controls (@, ;), are allowed to jump in at
most these three points. We observe that @, ; and %, 2 exhibit exactly one jump. This
corresponds to the behavior of the analytical controls 4, and @s. The approximation
Ur,3 displays a minor jump at ¢ = 1 which is not present in a3. At ¢ ~ 5/3 it has a
jump of height 1, just as u3. Summarizing we conclude from this example and other
experiments that the case of strict inclusion supp(ﬁg"') C {t €[0,T] : ®;(t) = oy} is
numerically challenging.

7.3. Example 3: One control and two spatial dimensions. In the third
example we choose m = 1, Q = (—=1,1)? and w = (0,1)2. We consider the same
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FiG. 7.8. Ezample 2: yq,, and §o (top left and right), (ir ), and (S\T,j)j.

objective function and state equation as in the first example, except that 2 and w are
different. We take g = xw, ya(z1,22,t) = (v1 — 1.2)(z1 + 1)(22 + 1)(22 — 0.9)te ¢,
and @ = 1073. The choice of 14 yields § # yq since yq does not satisfy the boundary
conditions of the state equation. We apply Algorithm BV with N; = 256 and N, =
632, which corresponds to 7 = 0.0078125 and h = v/2/32 ~ 0.0442. Figure 7.9 shows
Yd,o and ¥, at different points in time. Moreover, it depicts %, = i, pv and -, as well
as the optimal control @, 1> obtained through classical L2-regularization (analogously
as for Example 1). Apparently, in this example supp(a’) and {t € [0,7] : ®(t) = &}
do not consist of a finite number of points, but have positive measure.

While the tracking errors associated to the controls in Figure 7.9 are comparable,
oV — Ya,oll72(,) = 0.04026 and Noz2 — Ydoll72(q,) ~ 0.04012, the structure
of the BV-control is simpler than that of the L?-control. For the control terms in the
objectives we have a| (@rv) | mo,1) = 5 - 107* and %HQT,L2||%2(O7T) ~8-1073.
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