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PARABOLIC CONTROL PROBLEMS IN SPACE-TIME MEASURE SPACES*

EDUARDO CAsAas! AND KARL KUNISCH?

Abstract. Optimal control problems in measure spaces governed by parabolic equations with are
considered. The controls appear as spatial measure in the initial condition and as space-time measures
as forcing functions. First order optimality conditions are derived and certain structural properties, in
particular sparsity, are discussed. An framework for approximation if these highly irregular problems
is also proposed.
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1. INTRODUCTION

In this paper we study optimal control problems for parabolic equations where the space-time controls appear
as volume sources and also as measure valued initial conditions. In particular, we consider the following problem:

(P

1
i J(u,up) = ~|ly — yal|? + + , 1.1
(e ) (u, uo) . 1y = yallzaq) + allullrmq.) + Blluollrme) (1.1)

where y is the solution of the problem

%fAy = u n@Q=Qx(0,T)
y(x,0) = wup inQ (1.2)
ylz,t) = 0 onX=Tx(0,T).

Here Q. = w x I, where w C  is the control domain, the subinterval I of (0,T), is the control horizon, and
M(Q.) and M(Q) denote measure spaces. More details on the notation and the variational solution concept to
(1.2) will be given in the following section. For results of this paper the Laplacian can be replaced by a second
order elliptic operator with regular coefficients.
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The importance of measure valued controls is by now well-established. The solution of measure-valued
optimal control problems have the structural property of sparsity. This property can be used for formulating
the problem of optimal actuator placement or for source identification problems. Formally, these properties
could also be achieved by an L' approach. This space, however, does not allow an appropriate topology for
compactness arguments to guarantee existence of solutions to (1.1). The papers [4,9] may have been the first
ones to address measure valued control problems with the goal of sparsity for linear elliptic control systems.
The approach was extended to semi-linear elliptic equations in [6]. A-priori error estimates for finite element
approximation of linear elliptic optimal control problems with measure valued controls were investigated in [16].
The parabolic case was considered in [5] and [13] with different measure valued topologies to enhance directional
spatial sparsity. The terminology directional sparsity was introduces in [12]. In the present paper we succeed
in establishing an analytical framework which allows to consider measure-valued controls on the space-time
cylinder. Let us mention that the difficulty of dealing with existence in the presence of L' controls can also
be addressed by utilizing either constraints on the controls or regularization terms in a finer norm than the L'
norm which then allows to use weak or weak* convergence arguments. Finally we mention the recent paper [7]
which also uses measure-valued controls in the context of approximate controllability into an L?(Q) ball. To
compensate for the lack of sufficient regularity of the trajectories the controls only act on a subset of the full
time horizon.

The plan of the paper is as follows. In the following section we address well-posedness of the state equation
(1.2) and existence of solutions to (1.1). The optimality system and sparsity properties of the solution are
analyzed in Section 3. An approximation framework to these highly irregular problems is developed in Section
4, where strong (subsequential) convergence of the discrete optimal trajectories and weak* convergence of the
discrete optimal controls to optimal trajectories and optimal controls of the continuous problem is proved. In
the final section we consider the case when the observation is only assumed to be available in a sub-cylinder
Q, x Iy of Q x (0,T) and analyze the support of the optimal controls relative to the location of Q, x Iy and
Qx1I.

2. ASSUMPTIONS AND EXISTENCE OF SOLUTIONS

The following notation will be utilized through this paper. By £ we denote an open bounded domain in R,
for d € {1,2,3}, with a Lipschitz boundary I'. Let us set Q. = w x I, where w is a relatively closed domain
of 2 and I is an interval relatively closed in (0,7") for some T > 0 given. With M(Q.) and M(2) we denote
the spaces of real and regular Borel measures in Q). and 2, respectively. The appearance of u € M(Q.) in the
state equation (1.2) is understood as an extension to Q) by zero outside Q.. We assume that o > 0, 8 > 0 and
1 < ¢ < min{2, 242}, We also assume that y; € L9(Q). Under these assumptions we shall prove that (P) is
well defined and it has a unique solution. To this end, we first analyze the state equation (1.2).

Definition 2.1. We say that a function y € L*(Q) is a solution of (1.2) if the following identity holds

/ —(@ + A¢)ydzdt = ddu —|—/ ¢(0)dug, V¢ € &, (2.1)
@ Ot Qe Q
where

®={¢pcL?0,T; H}(Q)) : %f +A¢p € L¥(Q) and ¢(x,T) =0 in Q}.

Let us observe that the problem

?JrA(b = f inQ

Yo T) = 0 mQ (2:2)
oz, ) 0 onX
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has a unique solution ¢ € L(0,T; Hg(2)) N C([0,T]; L*(Q)) for every f € L>(Q). Moreover, the regularity
¢ € C(Q) holds. This continuity property follows from the results in [1]; see [3, Theorem 5.1]. The reader is
also referred to [17].

Theorem 2.2. There exists a unique solution y of (1.2). Moreover, y € L™(0,T; Wol’p(Q)) for all p,r € [1,2)
with (2/r) + (d/p) > d+ 1, and the following estimate holds

HyHL’“(O,T;WOl‘p(Q)) < Crp(llullatcq.) + llwollme))- (23)

Proof. The uniqueness is an immediate consequence of (2.1) and the fact that the mapping a%+A D — L™®(Q)
is surjective; see (2.2). To prove the existence and the regularity we choose two sequences {ux}r C C(Q.)
and {ugx}r C C(Q) such that up — u in M(Q.) and ugp — ug in M(S), and lurllzro.) < llullamq,) and
luokll 1) < |luollam(e)- This can be achieved by taking the convolution with sequences of mollifiers. Associated
with (ug, uor) we define the sequence of solutions {yx}r C L?(0,T; H}(Q)) of (1.2). Then, using the regularity
of yr we can make integration by parts to obtain for every ¢ € ®

B) B
/Q—(8f+A¢)ykdxdt=/Q( (;”“ +Ayk)¢da:dt+/¢ Yoy da

ouy dx dt + / ?(0)uo dz. (2.4)
QC

Let us obtain the estimates (2.3) for y;. To this end, we take {¢; }j:O C D(Q) and take ¢ € ® satisfying

0 0
20406 = bo-2Y wQ
ot 8$J‘ (2 5)
oz, T) = 0 in Q :
oz, t) = 0 on Y.
Following [1] and [3, Theorem 5.1], we know that there exists a constant C' such that
d
¢l < CZ 95l (0,110 (02))- (2.6)
j=0

Now, using distributional derivatives we obtain from (2.4)-(2.6)

d d
(Wns o) + D (D, yns105) /ka(¢o—zazj¢j)d$dt
=1 i=0

= / (86¢ + A¢)yy drdt = duy, dx dt — / &(0)uok dz
Q Qe Q

d
Cllurllzi@o + luokllLr@) D 195l L 0,700 ()
j=0

d
C(”UHM(QC) + ||UO||M(Q)) Z ||¢jHLr’(0,T;LP’(Q))~
§=0
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This proves that {yx}x € L"(0,T; WyP(Q)) and every y; satisfies (2.3). Finally, by taking a subsequence, we
deduce the existence of y € L"(0,T; W, *(2)) such that y, — y in this space. Then, passing to the limit in
(2.4) we obtain that y satisfies (2.1), as well as (2.3). O

Remark 2.3. The notion of solution given here differs from definitions used in [3] or [7]; see also [2]. In those
papers, the solution was assumed to belong to L"(0, T} Wol’p(Q)) from the beginning. However, here our solution
is supposed to belong just to L' (Q). This is convenient for the numerical analysis that will be carried out later.
In the case of parabolic equations with regular coefficients both definitions coincide.

Remark 2.4. Ford =2 or 3 the condition 1 < ¢ < ‘%2 was required in the formulation of the cost-functional.
If we take

- dg
P=dg+q—2
then (2/q) + (d/p) = d+ 1 and p € (1, %} are satisfied. From Sobolev’s embedding we also have Wol’ﬁ(ﬂ) C

LU+2/4(Q). Therefore, for any q < min(2, %d) there exists some p such that
_ 2 d 1p
1<p<p, —4+-=->d+1, and Wy*(Q) C LYQ) compactly. (2.7)
q P

Hence, Theorem 2.2 states that the solution y of (1.2) belongs to L1(0,T; Wy*()) C LU(Q). This motivates
the choice of q in the cost functional.

In dimension d = 1, the condition on q is 1 < q < 2, and there always exists p > 1 such that (2/q)+(1/p) > 2.
For any such p we have L9(0,T; W, () € LYQ) and the compact embedding W, * () C LI(Q).

Remark 2.5. Since the solutions of (1.2) belong to LY(Q), the density of L°°(Q) in LY (Q) implies that the
identity (2.1) is valid for every ¢ in the space

D, = {¢ € L*(0,T; H}(Q)) : Z—f +Ap e LI(Q) and ¢(z,T)=0 in Q}.

Indeed, first we observe that ¢ > 2 and ¢ > 1+ %, which follows from the inequality ¢ < min{2, ‘%2} Then
for any g € LY(Q), there exists a sequence {g,} C L®(Q) with g, — g in LY (Q). As a consequence of the
regularity results in [1] and [14] there exists a sequence {¢n,} C @, and ¢ € @ with %—&—A(bn = Gn, %+A¢ =g,
and lim,, ¢, = ¢ in C(Q). Passing to the limit in (2.2) with ¢ replaced by ¢, implies that ¢ € @,.

Before proving the existence of an optimal control for (P), let us establish a technical lemma that will be
useful later.

Lemma 2.6. Let {(ug,uox)}x C LY (Qc) x LY(Q) be a weakly* convergence sequence in M(Q.) x M(Q) to an
element (u,up). Then, the associated states {yi}r converge strongly in L1(Q) to the state y corresponding to
(u,ug) for every 1 < ¢ < didQ.

Proof. Let us take p as in the previous remark. Then, from (2.3) we get that y, — y in L9(0,T; W, *(2))
and {0;y }x is bounded in L1(0,T; W~1P(Q)) = LY(0, T; Wol’p/ (€)*). Indeed, obviously {Ay}x is bounded in
L0, T; W=1P(Q)). In addition, we observe that the weak* convergence of {uy}; implies its boundedness in
LY(Q). Now, we check that L1(Q) C L'(0,7; W~1P(Q2)). For this purpose it is enough to show that Wol’p' Q) C
C(€) which holds if p’ > d. The latter is is obvious for d = 1. For dimensions d = 2 and d = 3 we have that
p < 2 and p < 3/2, respectively, which leads to p’ > d. Finally, we have that Wol’p(Q) C LY(Q) c W—Lr(Q),
where the first inclusion is compact and the second is continuous. Then, from [19, Corollary 4], we deduce the
strong convergence yi — y in L4(Q). O

We conclude this section by studying the existence of solutions for the control problem (P).
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Theorem 2.7. Problem (P) has at least one solution (i, uy) € M(Q.) x M(Q) for every 1 < g < min{2, 442},
Furthermore, if ¢ > 1 then the solution is unique.

Proof. Let {(ug,uor)}r be a minimizing sequence. By the coercivity of J we can obtain a weak® convergence
subsequence, denoted in the same way, with limit (@, %g). By Theorem 2.2 we get that the sequence of states
{y }x associated to {(ug, uor)}x converges to § = y(@, o) weakly in L (0, T; Wy *(2)) for every (2/r)+ (d/p) >
d+ 1. Now, (2.7) implies that yr — 7 in L(Q). Hence, J(@, ) < liminfg_eo J (ug, ugr) = inf (P) holds. The
uniqueness follows from the strict convexity of J for ¢ > 1 and the injectivity of the mapping (u,u¢) — y from
M(Q.) x M(Q) to LI(Q). Here we use that the observation is taken on the whole domain. O

Remark 2.8. Let us observe that the erxistence of a solution to (P) can also be obtained for arbitrary q >
min{2, ‘%2}. The only change in the argument of the above proof is that yi, — g in LY(Q) is obtained from the
boundedness of {J(ug, wor)}x and the fact that %Hyk —yd||qu(Q) < J(ug, uor). Our assumption on the parameter
q will be needed in the following section devoted the necessary optimality conditions.

3. OPTIMALITY CONDITIONS

In this section, we state the optimality conditions satisfied by a solution (@, @) of (P) and discuss its sparsity
structure. Let us fix some notation. By S : M(Q.) x M(2) — L9(Q) we denote the solution operator of (1.2).
We write the cost functional in the form

I (u, u0) = (F 0 5)(u, u0) + aj(u) + Sja(uo),

where

1
F:LY9Q) — R, F(y) = 6“9 - yd”qu(Q)
ja: M(Q) — R, ja(uo) = [[uollme)-

We set as usual
{+1} ifs>0

sign(s) = {-1} ifs<0
[—1,4+1] ifs=0.

Further, we observe that for ¢ > 1 the mapping F is of class C' and for ¢ = 1 the subdifferential of F is given
by

OF(y) = {9 € L=(Q) : g(x,1) € sign(y(z,t) — ya(z, 1)) a.e.}. 3.1
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Theorem 3.1. Let (u
¢ € L*(0,T; Hg () N

,Uo) denote a solution to (P) with associated state §. Then, there exists an element
(Q) satisfying

o (3.2)
o(z, T) = 0 inQ '
p(z,t) = 0 onY,
/ @ di+ allul pq,) =0
o RN (3.3)
IPllc@n ) <o if =0,

/ (0) diig + Bl su(y = 0
{ =B ifiy £0
S 6 Zfﬂ() = 07

e~

o~
—~
©w
>~
~—

1200l

where
_ { = |g($7t) - yd(xat”qiz(g(x?t) - yd(xat)) Zf 1< q< min{Qv d%;z}
g(z,t)

€ sign(g(x,t) — yalx,t)) if q=1.
Furthermore, @ is unique if ¢ > 1.

Proof. First we consider the case ¢ > 1. In this case we can compute the derivative of the mapping FoS. Given
(u, up) € M(Q.) x M(Q), we denote y = S(u, ug). Then, we have

((F o 8)(u, ), (u, uo)) = (S"F'(y), (u, uo)) = (F'(¥), S(u, u0)) = /ngdﬂfdt, (3.6)

where § is given by (3.5). Since g € L9 (Q), to follows from Remark 2.5 that there exists a unique solution @
of (3.2), that additionally satisfies the identity (2.1). From there and (3.6) we get

((F o SY (@, o), (u, u0)) :/ cﬁdu—i—/ (0) duo. (3.7)

. Q

Now, using the optimality of (u, ug), the convexity of jo and jo, and the differentiability of F o S, we get

1
0 < limsup ~[J (@ + p(u — @), o + p(tto — @0))) — J (7, )
p—0 P

< ((F 0 8)' (@, 1), (u = 1, uo — o)) + aljo(u) — jo(w)] + Blia(uo) — ja(to)].
By inserting (3.7) in this expression we infer V(u,up) € M(Q.) X M(Q)

7/ @d(ufﬂ)f/Q@d(uofﬂo)+an(ﬂ)+ﬂjQ(ﬂo) < ajo(u) + Bja(uo). (3.8)

In the case ¢ = 1, we use the convexity and continuity of the three functionals defining J and the rules of
the subdifferential calculus to get

0 € 8J(u,19) = O(F o S)(a, o) + dajo(@) + Bia(to)]

C S"OF(y) + Olajq(u) + Bja(uo)).
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Hence, we deduce the existence of § € 9F (g) such that —S*g € 9[ajq (1) + Bja(To)], or equivalently V(u,up) €
M(Qe) x M()

—(9,8(u—u,up — Uo)) + aj(u) + Bjalto) < ajq(u) + Bja(uo)-
From (3.1) we have that g € L°°(Q) and it is given by (3.5). Taking ¢ in the space L2(0,7T; H}(Q)) N C(Q)
solution of (3.2) and using (2.1), we get again (3.8) from the above inequality.

Finally, (3.3) and (3.4) follow from (3.8). We will prove (3.3), the proof of (3.4) being analogous. Let us take
ug = o in (3.8), then we have

7/ pd(u—a)+ ajg(a) < ajo(u) Yue M(Q.).
Taking in these inequalities u = 0 and u = 24, respectively, we deduce the first identity of (3.3). Hence, we get

/ pdu < ajg(u) Yue M(Q.).

c

This implies that [|¢]|c(qg,) < o. But the first identity of (3.3) leads to the equality |||l (q,) = a if @ # 0.
We conclude the proof noting that the uniqueness of @ for ¢ > 1 is an immediate consequence of (3.2) and
the definition of g.
O

From (3.3) and (3.4), and [5, Lemma 3.4] we deduce the following corollary which shows the sparsity structure
of (’L_L, ’L_Lo).

Corollary 3.2. Under the assumptions and notations of Theorem 3.1 we have that

{ Supp(a+) C{(z,t) € Qc P(z,t) = —a} (3.9)

Supp(a~) C {(z,t) € Q. : p(x,t) = +a}

{ Somwiat) < (a5 - -5) 510)
Supp(dg ) C {(z,t) € Q: @(z,t) = +8} '

where & = 4t — 4~ and g = ﬂa' — Uy are the Jordan decompositions of 4 and g, respectively.

Remark 3.3. Let us observe that ||¢]|c(qy < M for some constant M independently of o and B. Indeed, this
is obvious for ¢ =1 because ||p||c(q) < M||gllL~(q) = M. For ¢ > 1, we have that

I2llc@) < CllallLe @) =Clly — de%;(lQ)

a=1 a=1 _
< ClgJ(a,10)]" " < ClgJ(0,0)]"T = Cllyall%sig) = M.
As a consequence, if « > M or > M, then @ = 0, respectively iy = 0.

Let us mention some additional consequences of the optimality conditions. If a < 8 and Q. D Q x {0}, then
12(0)[lcq) < o < B, with (3.4) implies that @y = 0. Conversely, if o > 3, then by uniform continuity of @
there exists € > 0 such that |¢(z,t)| < « for every (z,t) € Q x [0,¢]. Hence, supp(i) C Q. N (2 x [g,T]) holds.

Remark 3.4. The results of Sections 2 and 3, in particular Theorem 2.7, Theorem 3.1, and Corollary 3.2
can be extended to the case where F' is a convex, weakly lower semi-continuous functional on L1(Q), which in
addition is bounded from below, and which is strictly convex if ¢ > 1. In this case (3.5) needs to be replaced by
g€ 0F(j) € LY (Q), where ¢ is the conjugate exponent to q.
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4. NUMERICAL APPROXIMATION OF (P)

In this section, €2 is supposed to be convex. To avoid technicalities in the presentation we also assume that
Q. = Q. We consider a dG(0)cG(1) discontinuous Galerkin approximation of the state equation (1.2) (i.e.,
piecewise constant in time and linear nodal basis finite elements in space; see, e.g., [20]). Associated with a
parameter h we consider a family of triangulations {Kp,}n>o of Q. To every element K € Kj; we assign two
parameters p(K) and 9(K), where p(K) denotes the diameter of K and ¥#(K) is the diameter of the biggest ball
contained in K. The size of the grid is given by h = maxg¢i, p(K). We will denote by {x; };V:hl the interior
nodes of the triangulation K. In addition, the following usual regularity assumptions on the triangulation are
assumed.

(i) There exist two positive constants po and ¥ such that
h p(K)

< and —= <49
p(K) =" I(E) = O

hold for every K € K, and all A > 0.
(ii) Let us set Qp = Ugek, K with Qp, and T'j, being its interior and boundary, respectively. We assume
that the vertices of KCp, placed on the boundary I'j, are also points of T'.

We also introduce a temporal grid 0 =tg < t; < ... < ty, =T with 7, = t;—t;—1 and set 7 = maxi<k<n, 7.
We assume that there exist pr > 0, Cq.r > 0 and cqr > 0 independent of h and 7 such that

7 < pr7k, for 1 <k < N,. (4.1)
We will use the notation o = (7, h) and Qp = Qp, x (0,7).

4.1. Discretization of the controls and states

We first discuss the spatial discretization, which follows [4]. Associated to the interior nodes {z; }évz"l of K},
we consider the spaces

Np,
Up =14 up € M(Q) :up = Zujém]., where {uj};-v:’”‘l CcR
j=1

and
Ny,

Vi = yn € Co(Q) :yn = Y _yje;, where {y;}}% C R,

j=1

where {ej}j-v:hl is the nodal basis formed by the continuous piecewise linear functions such that e;(z;) = d;; for
every 1 <i,5 < Np,.
For every o we define the space of discrete controls and states by

Uy = {u, € LYI,Up) : ugls, € Un, 1 <k < N}

and
ya = {yo € LQ(I;Yh) : ya|lk€ Yha 1 S k S NT}}
where I, = (tx—1,tx]. The elements u, € U, and y, € YV, can be represented in the form

N N

UU:E ug,pXkr and ya:E Yk, h Xk
k=1 k=1
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where Yy, is the indicator function of Iy, uy , € Up and yj 5 € Yp,. Moreover, by definition of U, and Y}, we can
write

N, N N, N
Uy = E E UkjXk0z; and Yo = E E YkjXkE;-
k=1 j=1 k=1j=1

Thus U, and ), are finite dimensional spaces of dimension N, x N, and bases are given by {Xk(;m]. b, and
{Xkej}k,j-

As in [5], associated to the triangulation of 2 we define the linear operators Ay, : M(Q) — U, C M(2) and
11y, - Co(Q) — Y, C Co(Q) by

Np Np
Apug = Z(uo, ej)0z; and Iy = Zy(mj)ej. (4.2)
j=1 j=1

The operator ITj, is the nodal interpolation operator for Y. Concerning the operator A, we have the following
result.

Proposition 4.1 ( [4, Theorem 3.1]). The following properties hold.
(i) For every ug € M(Q) and every y € Co(Q) and yp, € Y, we have

<u07 yh> = <AhU0, yh>7 (43)
(uo, Iny) = (Anuo, y). (4.4)
(ii) For every ug € M(Q2) we have
[Aruollamce) < lluollam)s (4.5)
Apug = ug in M(Q) and | Anuollpme) = lluollame) as b — 0. (4.6)

Analogously, we define for every o the operators

N; Np

1
Yo M(Q) — U, Tgu:ZZT—k/I /erduézjxlC7

k=1j=1
N, JNh (4.7)

U, : C([0,T],Co () — Vo \IfgyZZZTi/I y(zj,t) dt ejxp.

k=1j=1'F
Now, we prove the proposition analogous to 4.1.

Proposition 4.2. The following properties hold.
(i) For every u € M(Q) and every y € C([0,T],Co(2)) and y, € Vo we have

(u, ya> = <T0u7 yo>a (48)
<U, \I’Uy> = <Tau7 y> (49)

(ii) For every u € M(Q) we have
1Toullm@) < llullmiq) (4.10)

Tou = u in M(Q) and | oull mig) — lullm) as o] — 0. (4.11)
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Proof. Using the representation of y, in the base {e;xx};r we have

N, Np

wud =SS ws [ [ eju.
k=1j=1 I /62
On the other hand,
Ne Niy
<T0u7yrr> = 7/ /eldu <6r'Xk7ycr>
;;Tk o’ ’
N- Np 1 N, Np
= — edu/ ya(x'vt)dt: yk'/ /e-du,
which implies (4.8). Turning to (4.9), we get
N, N 1 N; Np 1
Vo) =% [ st dttnenn) =S~ [ v [ [ e
k=1j=1 Tk J Iy =1 =1 Tk J1, I, JQ
and
N Np 1 N, N 1
Tou,y) = */ /6'du Oz, Xks YY) = 7/ /e'du/ x;,t)dt.
(Tou,y) ;;Tk )0 (0 X1 Y) ;;m . Iky(g )

As claimed, these two expressions coincide. Inequality (4.10) is obtained as follows

N: Np
1
Mol <S03~ / / e dlu 162, il o)

h=1j=1 'k JI /0
e J_

N, Np

=33 [ el < [ dul =l
k=1j=1"1x /O Q@

From this estimate we deduce the existence of a subsequence, denoted in the same way, such that Tou — @ as
|o| — 0 for some 4 € M(Q). For any function y € C(]0,T], Co(2)) we know that U,y — y in C([0,T],Co(Q2))
as |o| — 0. Hence, using (4.9) we obtain

(@y) = lm (Tou.y) = lim (0, Woy) = (u.9).
o|l—

|o|—0

Therefore 4 = u and consequently the whole sequence {Y,u}, converges weakly* to u. This convergence and
(4.10) imply that

lullmi@) < l}g‘li%fHTUHM(Q) < lullmee)
which concludes the proof of (4.11) O

4.2. Discrete state equation

In this section we approximate the state equation. We recall that Ij, was defined as (t5_1, tx] and consequently
Yi.h = Yo (tk) = Yolr,, 1 < k < N,. To approximate the state equation in time we use a dG(0) discontinuous
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Galerkin method, which can be formulated as an implicit Euler time stepping scheme. Given a control (u,ug) €
M(Q) x M(Q), for k=1,...,N, and z, € Y}, we set

Yk,h — Yk—1,h 1
", 2n | + alYk,n,2n :7/ /Zhdu
(e ) +atomann) = o (112)

Yo,n = Yoh,

where (-, -) denotes the scalar product in L?(2), a is the bilinear form associated to the operator —A, i.e.,

a(y,z):/QVszdm,

and yop, is the unique element of Y}, satisfying

(Yon, zn) = / zpdug Vzp €Y. (4.13)
Q

Obviously, the discrete state y, associated to w is uniquely defined by (4.12). The strong convergence of y,
to y = y(u) in L2(0,T; H} (Q2)) for regular functions (u,ug), for instance (u,ug) € L*(Q) x L?(£2), is well known.
Indeed, the proof of the weak convergence is standard. The strong convergence follows from the compactness
result [21, Theorem 3.1].

4.3. Definition of the discrete problem (P,) and convergence analysis

The approximation of the optimal control problem (P) is defined as

. 1
(PU) (umuoSIErZIAUXUh, JU(UU7UOh) - 6”y0 B yd”%q(Qh) + a”u“”M(Q) + HUOhHM(Q)a
where y,, is the discrete state associated to (u,,ugn), i-€., the solution to (4.12).
Let us recall that 1 < ¢ < min{2, %2}. Hence, its conjugate ¢’ = ¢/(q — 1) satisfies max{2, d—;z} < ¢ < o0
We make the following assumption.

(A) Given ¢ such that 1 <q< min{2, #2} Vf € LY (Q) there exists a unique solution ¢ of (2.2) belonging
to LY (0, T; W29 (Q)) N Wy? (Q).
Under assumption (A), we also deduce from the equation (2.2) that ¢ € H'(Q). In addition, since ¢’ > 1+ 4

and f € Lq/(Q), then using again [1] we get that p € C(Q).

It is well known that assumption (A) holds if T' is of class C11; see for instance [14, Theorem 9.1]. In the

case of a convex polygonal domain Q C R?, assumption (A) also holds for ¢’ < %7 where 6 is the biggest

angle of the polygon. This regularity can be proved by standard arguments and using the W2P(Q) regularity
for elliptic problems in polygonal domains; see [11].
Now, we state the main result of this section.

Theorem 4.3. (P,) has at least one solution (u,,uon). Furthermore, if assumption (A) holds, 1 < ¢q <
min{?,d%;z}, and {(@s,Uon)}s denotes a sequence of such solutions with associated states {¥s},, then the
following convergence properties hold

lim (|7 — Goll Lo = 0, 4.14
Jim 117 = o o) (4.14)
(g, tion) = (U, o) as o] =0 in M(Q) x M(%), (4.15)
‘;i‘f_lgo (1o [l r@)s 1aonlameey) = (lallamcqys laollae)) » (4.16)

where (4, Ug) s the unique solution of (P) and § its associated state.
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Proof. The existence of a solution of (P,) is an immediate consequence of the finite dimension of U, x Uy, and
the continuity and coercivity of J,. Let us prove (4.14)-(4.16). First, we observe that J, (4, ), Gon) < J(0,0) <
%Hde%q(Q). Consequently, the sequences {uy,Uon)}s and {Js}, are bounded in M(Q) x M(Q) and LI(Q),
respectively. Hence, we can take subsequences, denoted in the same way such that

(15, ti0n) = (1 10) in M(Q) x M() and g, —§ in LU(Q). (4.17)

Let us split the rest of the proof into several steps.

I - § is the solution of (1.2) corresponding to (a, 7). Let us take & € C*[0,T] with &(T) = 0, and ¢ €
W24 (Q) N W,9 (Q). We approximate ¢ by 1, € Y}, satisfying

a(¥n, zn) = a(,zp) Yzn € Yn, | —¥ullc@) — 0 as h — 0. (4.18)

Many papers are devoted to prove error estimates for ||t — ¥y ||o0; see, for instance, [8, Theorem 19.3, pages
143-144] for a simple proof or [18] and the references therein for improved error estimates. Using (4.12) we have

T N,
/ (U (1), ¥n)E'(t) dt = Z/ Wk V)E () dt = (Y, ¥n) (E(tk) — E(tr-1))
0 Tk k=1
N,
== Wkn = Ye-1.0 Y)E(Er—1) — (Won, ¥n)&(0)
k=1

N

{Tka (Yk,n, ¥n) — /Ik/¢hdua}§(tk 1) — (Yo, ¥n)€(0)

k=1
T

- a ya wh ( )dt — /0 o ¢h§(t) di, — (yomwh)ﬁ(o)

0

+k§:—T1 {/Ik a(Yr,ns V) (§(tk—1) — &(t)) dt — /Ik /Qiﬁh(f(tkﬂ) —&(1)) dug}

and with (4.13), (4.18) and ¢ € W24 (Q) N Wolvq/(Q)

= /O Ta(ﬂa(t),w)ﬁ(t) dt — /0 : /Q Yré(t) diy, — /Q Y, dtigné(0)
+§:_1{/I a(ya(t)>w)(€(tk1>_€(t))dt_/1k/9¢h(€(tk1)_€(t))duo}

T T
- / (o (£), —AB)E(H) di — / /Q né () dity — /Q n diion€(0)

+Z{/ —AY)(§(tk-1) dt—/lk/z/}h (tr_1) — &(t ))dug}_

Using (4.18), it is immediate to pass to the limit and to obtain

T T
im [ (5 (6), n)€' () dt = / (5(1), )€ (1) dt

‘UI—)O 0
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and

|o]—0

:/OT(g(t),—Az/J dt—/ /w& du—/wduO«S

The remaining terms can be estimated as follows

T
lim {/0 (Uo (t), —AP)E(L) dt — / QT/)hf t) diiy — 1/Jhdu0h£( )}

N,
; {/Ik(ya(t),—Aw)(ﬁ(tk_l) — (1)) dt — /I X V(€ (tp—1) _g(t))dua}‘

< Wollzs@ 1AV Lo (@) TIE oo + I1¥nlle@ 1Tea@ 7€ o — 0 as [o] = 0.
From the above equalities we infer that

0 - .
| it s = [ woydn+ [ weo)dio

Since § € L‘ZI(Q)7 by density arguments, we have that the identity (2.1) is satisfied by ¢ for every ¢ €
L0, T; W24(Q) N Wol’ql(Q)) N H(Q) N C(Q). Due to assumption (A), the solutions of (2.2) enjoy this
regularity for every f € L°°(Q). Hence, we conclude that g is the solution of (1.2) associated to (@, o).

II - J(a,10) < J(u,up) Y(u,up) € C(Q) x C(2). Since 2 is convex, the solution y of (1.2) associated to
one of these regular controls (u,ug) belongs to L(0,T; H*(Q) N HE(Q)) N HY(Q). As we mentioned above, the
corresponding discrete solutions y,, of (4.12), converge strongly to y in L(0,T; H}(Q)) C L9(Q) since q < 2.

Now, set (uq,uon) = (Tou, Apug). From (4.3) and (4.8), we deduce that the discrete states associated to
(u,ug) and (uq,uop) coincide. Indeed, first we observe that (4.3) implies that

/Zh dug = / Zh duo’h, Vzn € Yy,
Q Q

Therefore, (4.13) shows that yo, coincides for both controls. Second, we use (4.8) replacing y, by znXk € Vo,
for any z, € Y and 1 < k < N, then we get

1
—/ /zhdu——/ /zhdug
Tk J1I, I

Hence, the effects of (u,up) and (u,, ugr) on the discretized equation (4.12) coincide and they provide the same
solution. From (4.6) and (4.11), and y, — y in LY(Q), it follows that J,(ug,uon) — J(u,up). Using that
(ty, Uop) is a solution of (P,) and (4.17) we infer that

J(@, o) <liminf J, (4, @op) < limsup Jy(4y, Gon)

lo|—=0 lo|—0
< limsup Jy (4, uorn) = J (u, ug). (4.19)
|o|—0

I - (@,u) = (u,u0). To prove this, it is enough to show that (@,o) is a solution of (P). Then the
uniqueness implies the desired equality. To this purpose, let us chose a sequence (ug,ugx) € C(Q) x C(2) such
that

(u, uor) = (@, fg) in M(Q) x M(S), (4.20)
luellzi@) < llullm@) and [luokllLie) < [[ullme)-
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From Lemma 2.6 we deduce the strong convergence yr — 7, where {y }1 are the states associated to {(ug, wor) }x-
On the other hand, (4.20) implies that

lallmeey < liminf [lug] i (@) < hznjip luellzr@) < llllaq)-

Hence, [|ug||rm(Q) — [l am(q)- Analogously we get the convergence ||uox|| (@) — I|@ol|amq). Altogether shows
that J(uk,uOk) J(@, o). Together with (4.19), this implies that J(@,ag) < J(4,ug) = inf (P). Hence, we
have that (@, @) = (@, Up), and using once again (4.19) and (4.17) we get

lim J,(4g,@on) = J(4,40) and g, — § in LYQ). (4.21)

lo]—0
IV - Proof of (4.14)-(4.16). We have proved that any subsequence of solutions of (P,) converges to the
unique solution (@, @g) of (P). This gives (4.15). From (4.21) we deduce

1, 1 . 1,
jw—m&@pﬂﬁﬂ%mfwﬂh@SMMWQMwwNE@

|o]—0

= 1i‘m|81(1)p {Js (i, tion) — lliic|| pm(q) — Blltonllmo) }
o|l—

< h‘mlsupJ o (Ug, Uop) — lﬁn‘lmf {a||ua||M(Q) + B||uoh||M(Q)}
o|—0

o - _ 1
< J(@,10) — {allal meq) + Bllollame) } = 6”2/ = YallFa(g)-

Together with the weak converge g, — § in L%(Q), this implies the strong convergence (4.14). To prove that
%ol Ay = 1Tl (@) We proceed in a similar way

ot pmig) < liminf a|tq || sy < limsup of|tq || am(q)
lo|—0 |o|—=0

. o 1,
=hmsup{Jg(ua,u0h)—q||yg val%eon ﬁuOhnM(m}

|o|—0

1.
< limsup Jy (ty, Uop) — I}m 1r(1)f {q||y(7 yd||Lq @ T /BUOhHM(Q)}

|o|—0 |—

o 1, _
< J0,10) ~ { 215 = vill gy + Bllllaay | = alltlacor

Finally, |[@on || me) = 1ol (o) is an immediate consequence of (4.14), ||tq || am(@) = [|@l|ameo) and (4.21). O

5. EXTENSIONS

In this section we analyze the situations where not both controls u and ug are simultaneously present in the
state equation. We also consider some cases where the observation domain is a strict subset of the physical
domain 2 and temporal observation is not necessarily during the whole time (0, 7). We are especially interested
in the consequences on the sparsity structure of the optimal controls.
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5.1. Separated control and observation domains

Here, we consider where the observation takes places in a open set €2, and during an interval of time I,,. Let
us denote @, = €, X [,. On the other hand, the distributed control u is supported on a region w such that
@NQ, = 0. The cost functional is then given by

1
J(u,uo) = 6||Z/ —Yall 7o,y + llullr@.) + Blluollre)-

For this new cost functional, Theorem 2.7 is still valid except for the uniqueness of solutions. The difficulty
arises from the lack of injectivity of the control to observation mapping, which excludes the strict convexity of
J even if ¢ > 1. Of course, this effects that Theorem 4.3 on the numerical approximation in the sense that we
can have different sequences of discrete optimal controls converging to different solutions of (P). Otherwise the
convergence properties still hold along (4.14)-(4.16), now interpreted subsequentially. In the optimality system
(3.2)-(3.4), the definition of § given by (3.5) is only correct in @), and it should taken as zero outside.
Let us discuss the sparsity properties of the optimal controls (@, %). From (3.2) we get that
0@ _ . _ _
S TAP=0 I Qu=[(Q2\ Q) x (0, 1)U x ((0,T)\ L) ]

From the properties of the heat operator we deduce that @ € C*°(Q1) N C(Q). Let us verify that there exists
0 < Ty < T such that the support of @ is contained in (dw N Q) x [0, Tp]. Indeed, according to (3.9), it is enough
to show that |p(z,t)| < a for every € w and all t > Tp. Since ¢(z,T) = 0 Vo € Q and @ is continuous in Q, we
deduce the existence of 0 < Ty < T such that |¢(x,t)| < a V(z,t) € Q x (Tp, T). Let us prove that |p(z,t)| < a
for every x € w. We argue by contradiction and let us assume that there exists a point zg € w and some
to € [0, Tp] such that @(xo,tp) = . From (3.3) this means that the maximum of ¢ is achieved at (xo, tp). Then,
from the parabolic strong maximum principle [10, Theorem 11, page 375] and the connectivity of w we deduce
that @(z,t) = a V(x,t) € w X [tg, T], which contradicts that @(z,t) = 0 whenever ¢t > Ty. In the same manner
we can exclude the possibility of achieving the value —« in w. In the case d = 1 and w = (a,b) with [a,b] C Q,
then dw = {a, b}, which implies that @ = 4,0, + Updp, With @, up € M([0,Tp]), and §, and &, denote the Dirac
measures concentrated at a and b, respectively. Moreover, since the maximum and minimum values of ¢ are
achieved on the boundary of w for every ¢ and since |g(x,t)| #Z a in w for all ¢, then if g(a) = «, then @(b) < a.
We can argue in the same way with b. This shows that supp(u/) Nsupp(u;) = 0 and supp(u; ) Nsupp(u; ) = 0.

To deal with g we assume that 0 ¢ I,. Then, we prove that g is supported on a set in Q with a zero
Lebesgue measure. To this end, now we use (3.10). Since the mapping = € Q@ — ¢(z,0) € R is analytic, then
either |@(z,0)] = B in Q or the set of points where |@(z,0)| = 5 has a zero Lebesgue measure. But the boundary
condition @(x,0) = 0 for x € T excludes the first possibility. Once again, we can get some extra information in
the one-dimensional case, d = 1. Indeed, the analyticity of x € Q — @(x,0) € R implies that the set points

m

where |@(z,0)| = 8 in € is finite. Let us denote them by {zx}}" ;. Hence, the equality iy = Z A6z, holds for
k=1
some real numbers { g} ;.

5.2. Terminal observation with initial controls

In this case, we consider the cost functional is given by
1 q
T(uo) = (T = il gy + Blluo e

where y is the unique solution of the state equation (1.2) with v = 0, and y4 € L9(Q) is given. From the state
equation we deduce that any feasible state y belongs to C°°(Q2 x (0,7]). Hence, the control problem is well
formulated for any ¢ € [1,400). In any of these cases, there exists at least one optimal control. Moreover, if
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q > 1, then the solution is unique. Indeed, let us assume that ug; and ugs are solutions of the problem. Then,
the convexity of the norm || - || x() and the strict convexity of the functional z — |z — de%q(Q) imply that
Yuor (T) = Yugs (T). Set ug = up1 — ug2 and let y be the state associated to ug. Then, y is solution of the heat
equation in @, vanishing on the boundary ¥ and y(T") = 0. Now, the backward uniqueness of the heat equation
implies that y = 0 and hence ug = y(0) = 0.

The optimality system satisfied by an optimal control u, is formulated as follows

f%—fngb = 0 in@

e = 5 mo (5.1)
plz,t) = 0 onX,
/ng(o)dﬂoJrﬁllﬂo@(m =0 (5.2)
||¢(0)||0(Q>{ =5 i Zo
where
3(@) = [5(2, T) = ya(@)|" > (G(x,T) = ya(x)) if1<q<+o0 (5-3)

€ sign(y(z, T) — ya()) if g =1.
To prove this optimality system we proceed in an analogous way to Theorem 3.1 using the fact that ¢ €
C(2x[0,T)). From this optimality system we can deduce the same sparsity structure for @ as obtained in the
second paragraph of the previous sub-section.
This problem is related to applications for inverse problems of source identification studied in the literature.

Under the above formulation of the control problem, we deduce for d = 1 that the optimal control has the
m

structure @y = Z A0z, , as assumed in [15].
k=1
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