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OPTIMAL FEEDBACK CONTROL FOR UNDAMPED WAVE
EQUATIONS BY SOLVING A HIB EQUATION

AXEL KR ONER , KARL KUNISCH Y, AND HASNAA ZIDANI Z

Abstract.  An optimal nite-time horizon feedback control problem for (semi-linear) wave equa-
tions is presented. The feedback law can be derived from the d ynamic programming principle and
requires to solve the evolutionary Hamilton-Jacobi-Bellm an (HJB) equation. Classical discretization
methods based on nite elements lead to approximated proble ms governed by ODEs in high dimen-
sional spaces which makes the numerical resolution by the HJ B approach infeasible. In the present
paper, an approximation based on spectral elements is used t o discretize the wave equation. The
e ect of noise is considered and numerical simulations are p resented to show the relevance of the
approach.

Key words.  optimal control, wave equation, Hamilton-Jacobi Bellman e quation, spectral ele-
ments

AMS subject classi cations. 49J20, 35L05, 49315
1. Introduction. In this paper we consider optimal feedback control for one-
dimensional (semi-linear) wave equations. Let R! be an open interval, T > 0.
We consider control problems of the following type
8 Z;
% min  J(u) = I(y(s);u(s))e °ds;
u2u 0
(1.1) d
2 gy (8 = Fy(s):u(s);
' y(0) = yo

for given distributed costs1: L?() L?() ! R, discount factor , set of admissible
controls U, dynamics F given by a (semi-linear) wave equation, and initial point yq
at time t = 0. The state y is de ned as the solution of the wave equation under the
control u. A precise de nition is given in the next section.

Although there are many publications for numerical methods for open-loopop-
timal control problems with partial di erential equations, there are on ly few results
on numerical methods for closed-loop optimal control of partial di erential equations
which are conceived for nonlinear problems. Riccati-based methods dntheir nu-
merical approximations for the linear regulator problem in the context of in nite
dimensional systems have received a signi cant amount of attention irthe past. The
linear-quadratic regulator for in nite dimensional, second order (in time) linear oscil-
lators is considered in [19]. In [3] an approximation framework for the comptation
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(in nite dimensional spaces) of Riccati operators is presented that onverges to the
Riccati operator for the linear regulator problem for a large class of parabolic gstems.
In [20] a hybrid method for computing feedback gains in linear quadratc regulator
problems is analyzed which is in particular appropriate when used wih large di-
mensional systems like control systems for partial di erential equatons and in [27] a
regularity result for solutions of Riccati equation is shown which is esential to obtain
a rate of convergence for numerical approximations. A review article on @ntinuous
and approximation theory for Riccati equations can be found in [34].

For recent results on Riccati-based methods in the context of controlof partial
di erential equations see, e.g., [36], where an explicit solution for Reccati equations
arising in transport theory is considered. In [4] the authors study a Rccati approach
for the two dimensional Navier Stokes equation, and in [39, 13] the authors caider
feedback stabilization for Burgers and Navier-Stokes equations.

For optimal feedback control of partial di erential equations based on Hamilton-
Jacobi Bellman (HJB) equations there exists only few publications. Hee we mention
some of them. In [16] internal approximation schemes for optimal control poblems
in Hilbert spaces are considered and conditions for convergence of the poximate
value function are given. In [21] HIB equations for optimal control problemsof semi-
linear parabolic equations are analyzed. For optimal feedback control of the Brgers
equation using proper orthogonal decomposition (POD) we refer to [31, 33]. Foan
optimal feedback control approach of an advection-di usion equation with an acaptive
POD method see [1].

For existing results in the context of feedback control of the wave egation we
refer to [19], for the strongly damped wave equation and the Timoshenko &am to
[25, 24]. For open-loop control of the wave equation see [18, 23, 29, 30, 32] and the
references cited therein.

In this paper we use a feedback law for the semi-discrete problem ¢fi..1) which
is based on the solution of the corresponding HIB equation. We study thetabilizing
e ect of the feedback control with respect to noise e ecting the dynamics or the
observation for linear and nonlinear equations. For validation purposes we @ampare
the results with a linearized Riccati approach. We observe that in thte case of the
linear wave equation the HJB and the Riccati approach lead to similar resits. In
case of a nonlinear equation the Riccati approach may fail while the HIB apprach
still stabilizes the system.

The discretization of partial di erential equations in space usually leads to high
dimensional dynamical systems and it is therefore very challenginga solve the corre-
sponding HJB equation (so-called curse of dimensionality). In the lastlecades, several
theoretical and numerical developments in HIB theory led to powerfll and e cient
numerical approaches that can be used for control problems up to 6-dimer@al prob-
lems [2, 7, 10, 8, 15, 37, 40]. For higher dimensional problems, various approaches
have been studied in the literature, including model reductbn or advanced numerical
schemes as, e.g., sparse grids, see [11]. Finally, we also point out thaganeral intro-
duction for Hamilton-Jacobi Bellman equations and the numerical treatmert can be
found in the monograph [6].

In our approach we overcome the di culty (curse of dimensionality) by discretiz-
ing the wave equation with spectral elements in space. In many sitations already few
basis functions are su cient to obtain a useful approximation. This choice of basis
functions leads to diagonal stiness and mass matrices which allow in again situ-
ations a decomposition of the originally problem in lower dimensional suproblems
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which can be solved in parallel.

The paper is organized as follows. In Section 2 we formulate the continucucontrol
problem, in Section 3 we present a semi-discretization in space oé¢mi-linear) wave
equations and formulate the DPP and the corresponding HJB equation, in Setion 4
we describe the decomposition in subproblems in case of optimal controff the linear
wave equation, in Section 5 we formulate the discrete scheme for sahg the HIB
equation, in Section 6 we formulate the numerical feedback law, and irfBection 7 we
present some numerical examples.

2. The control problem. In this section we introduce the control problem in
its functional analytic setting. Let

ATHIO L0120 H O A= 0
with the negative Laplacian ( ): H3() ! H (), parameter c> 0, and identity
map id: L2() ! L?(). We consider semi-linear wave equations (written as a rst
order system in time) of the following type

8
<Oy AV gyis)= (9 s2(OT)

y(©0) = Yo

(2.1)

with solution y = (y%:y2)T, t2 [0;T), T > 0, f = (0:f ()7, f 2 L2(L2()), initial
point yo 2 H()  L2(), and nonlinearity

g:L%() 'f 0g L3*(); z7!'(0;q(2)T
with
(2.2) kd(2) G(W)k o, Lgkz wky., 8z;w2L*()

for Lipschitz constant Ly > 0. We assume that there exists a unique bounded solution
in C([0; T Ha()  L2()).

Remark 2.1. For the linear wave equation (i.e. g 0) there exists a unique
solutiony 2 C([0; TI;H3()  L2()) (see [35, p. 275]). Existence and uniqueness for
the semi-linear wave equation can be shown under further conditios on the nonlinear
source termg, see [41]. The Lipschitz continuity assumption (2.2) ofg will be used
for the HJIB approach in next section.

To set up a control problem we introduce the set of admissible contra

(2.3) U= L?(0;T); V)

with

(2.4) U=fu2R™ju, wu u fori=1;:::;mg
and ul;ul 2 R,i=1;:::;m, m2 N. Further, we de ne the operator

(2.5) B:R™!f 0g L%*); Bu=(0;%";

a
1

u; sin(ix )
i=1
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i.e. for every input u 2 U, the function B is a control of the amplitudes of the basis
modes. Now, consider the distributed cost given by:

(2.6) 1:L2() 2 RV1 R; I(z;u)= %kCz Yakz(y + E|<u|<2
for parameter > 0, C = (id ;0), and a given desired stateyy 2 L?(), respectively.

Here, k k denotes the Euclidean norm.
Then the control problem is de ned as

min I(y(s);u(s))e *ds;
u2u g
(2.7) do - ..
3 Y9 = FO(s)u(s)):;
y(0) = yo
for yp 2 Y1, a discount factor 0, and operator F de ned by
(2.8) F:Yt L?() ! L*() L) ; F(xu)= Ax+ Bu+ g(x')

with x = (x1;%2)" 2 Y1
In the sequel, we assume that for each controli 2 U, there exists a unique state
y solution of (2.7).

3. Semi-discrete formulation and HJB equation. In this section a semi-
discretization in space of the wave equation is presented. This ales to formulate the
dynamic programming principle for the corresponding semi-discret control problem
and to derive a HIB equation whose solution is the value function of the smi-discrete
problem.

The curse of dimensionality (i.e. the infeasibility to solve high dmensional HIB
equations) requires to consider semi-discrete approximations wi low dimensional
discrete dynamical systems. This is the case when discretizintdhe wave equation by
spectral elements in space. Then the obtained approximated controlblem governed
by ordinary di erential equations has a reasonable number of state variabés which
allow the problem to be solved by a low dimensional HIB equation.

3.1. Discretization in space. For the semi-discretization in space we make the
following ansatz. Let the state be given byy" = (y!;y}) with

X X

(3.1) yroat) = yhe® k() yheat) = B (1) k(X)
k=1 k=1

for given basis functions' ¢ 2 H3(), k=1;:::;N, and set

As mentioned above it is important to choose a low order of approximationN, since
the HIB equation that will be associated to the approximated control problem will
be in a 2N -dimensional space, see Section 3.3 where we will specify the cleiaf the
basis functions in more detail.

Further, we de ne the sti ness and mass matrices

Ap=((r " j)LZ() )i=1 NG =15asN

(3.2) Mn=(("i5" )Lz Ji=tamNg =1 N
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We introduce the discrete dynamics
(3.3) Fr: RN RN 1T RN: Fu(ziu)= M 1 (Ahz+ Bhu+ gn (2))

with matrices

M, O _ 0 Mn . _ 0
Mh= "9 wM, * ArT ca, o0 ' BT om0
and nonlinearity
0 | 1
; X
0 (2)= (050 22)T; 2@ = @ (&R( ' )" )iz A
k=1 =1 e N

and the discrete distributed cost
B4  1hn:R™M RNI R; In(ziu)= %(Chz yH Mn(Chz  y§)+ EUTU

for > 0,y 2 RN, wherey!] is the vector containing the coordinates ofyy with
respect to the spectral basis functions,C, 2 R?N 2N with C,, = (id 5 ;0)". Here,
idy denotes the identity on RN . The Lipschitz continuity of g implies the Lipschitz
continuity of g,. The semi-discrete control problem is given by

8 Z,
§ inf 3"(u) = i In(yl (S);u(s))e Sds; st
G s Sy R () Tor s2 @7,
' y"(0) = y¢;

for initial value y§ 2 R2N. The initial state yj is the projection of yo on the nite
dimensional spaceVy, W, with V,, =span(’ 1;:::;" n)-
To simplify the notation we will henceforth omit the index h.

3.2. Dynamic programming principle and Hamilton-Jacobi Bellman

equation. For x 2 R?N andt 2 [0;T), we consider the parameterized control prob-
lem:

Z
inf In(yxt (S);u(s))e ° ds;
u2U t

(Pxt) dﬂsym (s) = Fn(yxt (s);u(s)) fors2 (t;T);

Yxit (1) = X

In the above problem, the notation y,; denotes the solution of the ODE system that
starts in the position x at time t. To the family of problems (Py. ), we consider the
value function v : R?N  [0;T]! R that associates to each initial condition (x;t) the
in mum value of the problem ( Py ):

V(X;t) =inf( Py ):
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The value function v satis es the dynamic programming principle (DPP), see [6, p.
154-155]

Z
36) vt =inf e V(e (ShusNdst et ()i )
u t

for 2[t;T],t2][0;T].
From the DPP we derive the value functionv is given as the viscosity solution of
the evolutionary Hamilton-Jacobi Bellman (HJB) equation, cf. [6, p. 155],

U@ v+ HEG ) =0 (k)2 RN (0T)

3.7
S v(x;T)=0 x2R™M;
with Hamiltonian

H:RN RN R;

(3-8) H;p)=sup  Frn(u)Tp Ih(xu) :
u2U

Moreover, from [26] we know that v is the unique viscosity solution of (3.7) with
guadratic growth.

Finally, let us point out that by straightforward calculations, the Hamilt onian
can be reformulated as:

39) Hxp)= X" (M*An)Tp (M 'gx")"p u@'(M,'Bn)"p
(GCrx YITMA(Crx yB) U u(p)

with

(3.10) u(p):=argmax,,y Fa(xu)"p Ih(X;u) = Pu,u,] 1MhlBIp

for any p2 R?N, and projection Py, .,,; de ned by
Pluau(2) =72, 2 = min( up; max(uy;z))

for z2 R?N | In case of inactive control constraints this reduces to

1
Hop)= x"(M,*Ap)"p (M, tg(x")"p (E(Chx yi) " Mn(Cox  y))
1 T
+ Tp BB'p

with B= M, 'By.

3.3. Spectral elements. In general it is very challenging to solve the HIB (3.7)
in high dimensions. To obtain a low dimensional problem we use spedt elements
for the discretization of the wave equation in space. This allows to us only few basis
functions to obtain an appropriate approximation. Spectral elements phy an impor-
tant role and are widely used for the numerical discretization of partial di erential
equations, see, e.g. [14, 22, 38] and in the context of optimal control [17]. To disetize
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the wave equation by spectral elements we specify the domain = (Q1) and choose
the basis functions by

"k(X)=sin(kx); k=1;:::;N; x2

The corresponding mass and sti ness matrix are diagonal and are giveln by

. . 1
Mp =diag (1=2),_;..n : An=diag S(k )?
o 2 k=1;:5N

The following numerical example shows, that for the corresponding opn-loop control
problem only few spectral basis functions are necessary to obtain a goapproxima-
tion.

Example 3.1. We consider problem(2.7) and allow that the distributed costs
also depend on time. We choos&d =1, =(0 ;1), =0, c=1, and the distributed
costs as

L) L*() [OT]! R;
I(z;u;t) = L ya(k ., + = kuk®,
2 O 2 L2()
with =1, and the desired state by
va(z;) = (t )23 2)3+2423(1 2)° 12(t T)3(6z(1 2)® 182%(1 2)?
+623(1 2)) 12(t T)*6z(1 z)® 18201 2z2)?+6z°(1 2)
+(t T)* 18(1 2z2)?+216z(1 z) 5401 2z2)*> T722% :
The initial values are given by
x(2) = (T*23(1 2)3; 413231 237

The constraints on the control are chosen in such a way that they reain inactive.
Then the exact state is given by

y (=t T)*2@ 2%4¢ T)’22@ 2"

For N=5 spectral basis functions the error between the exact solutioy and the nu-
merical approximation y-is ky Y Kz 2(y 1:29 10 *: For time discretization a

Crank Nicolson scheme is applied with temporal mesh parametdr=1:0 10 4. This
example shows that already few spatial basis functions lead togmod approximation
of the state.

Remark 3.2. As already known and mentioned earlier in the paper, the theory
of the HIB equation approach is valid in any dimension. However, in practie, the
implementation of the method in high dimension requires, in generala huge numerical
e ort (data storage and computing time).

Several works have dealt with model reduction of optimal control problens gov-
erned by partial di erential equations leading to a reduced controlled system that
can be studied numerically by using the HJB approach, see, e.g., [33] aq81], where
proper orthogonal decomposition (POD) is applied to reduce the dimensin of the un-
derlying dynamical system, and in [1], where for adaptively chosen sall time horizons
the dynamical system is reduced by POD.

Note also that, it would be interesting to reduce the dimension not inthe de -
nition of the control problem, but in the HIB equation associated to it. However, for
such a nonlinear PDE the analysis of reduction techniques is still aropen problem,
see [11] for a method based on sparse grids.
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4. Decomposition in two dimensional subproblems. The discretization by

spectral elements leads to diagonal mass and sti ness matrices, i.ehe¢ set of basis
functions is an orthogonal basis with respect to theL?()- and Hg()-inner product.
In certain situations this allows to decompose the A -dimensional HIB equation in N
2-dimensional decoupled HJB equations which can be solved in parallelnithis section
we assume that the problem is of linear-quadratic type with possibly onstraints on
the control, i.e.

8 Z
2 omin IMGtu)= I (S)hu(e)e Sds; st
u t
4.1) d
E gslet = M.t (Anyx + Bhu);
s
Yt (1) = X
We introduce N subproblems de ned, fori =1;:::;N by
(B t) = ; - Sl 2 2 S Ha-
wr Ev.(z,t) ur(n)|r21Ui 2 2kzI (s)k“+ u “(s) e °ds;
' 3 z(s)= Aizi(s)+ Bu(s);
zi(t) ="7;
for z = (z};z%)T and with U = L2((0; T); Uj) for Uy = fu2 Rju, u u}gand
_ 0 1 _ 0.
Ais g 0 BT 10
and wherea; = (M, AR)i. Foreveryi =1; :N, the value functions v; of the

subproblem (4.2) satis es the following HIB equation:
@vi(z;)+ vi(z;t)+ Hi(z;r vi(z;1) =0 (z;1)2R2 (0;T);

43) Vi(z;T)=0 z2R?

with Hi(z;p) = sup,yu ( (Aiz+ Bu)Tp I(3kzk? + u 2)) for z;p 2 R2. There
holds the following relation between the value function of problem (41) and the value
functions of the subproblems (4.2).

Theorem 4.1. Let v; be the solution of the subproblen{4.2) for i = 1;:::;N

and let v be the solution of (4.1). Then there holds the relation

2 3
X1

it foreveryt2(0;T);x=2 ; Lo RN,

X2N

X
v(x;t) = % Xi
o1 Xi+N
Proof. The arguments are straightforward since in the present case (wheg 0)
the controlled system can be split intoN decoupled systems. Also the minimisation
over the control set U can be split into N independent minimisation problems. O
The above result means that instead of solving (3.7), one can solvld independent
2-dimensional HJB equations (4.3) with di erent data. These computations can be
done in parallel, which has as consequence a signi cant reduction of theomputational
e ort (in term of data storage and of cpu time).
Remark 4.2. It is well-known that in general the sti ness matrix for spectral
elements is ill-conditioned. By the decomposition the drawback of his property is
reduced since in every subproblem only two dimensional matrices arconsidered.



Optimal feedback control for wave equations 9

5. Discretization of the HJB. Several discretization schemes for HIB equa-
tions have been studied in the literature. For an overview on nite di erences schemes,
we refer to [37]. Another recent reference [15] gives an overview on selragrangian
schemes and the features of this class of methods. For a nite elemeapproach we
refer to [28], and for discontinuous Galerkin methods to [7]. Another chss of anti-
di usive methods have also been studied in [8, 12]. Here, we use a ite di erence
scheme method, more precisely, an ENO scheme for space discretimat is coupled
with a Runge-Kutta time discretization scheme of second order.

5.1. Numerical scheme.. Following [37, 10] we shortly recall the scheme for

a given continuous Hamiltonian H: R®N  R2N 1 R. For given temporal mesh
parameter t and spatial mesh parameter x = (  Xgz;:::; Xpn) We de ne a spatial
mesh

G:fX|:(|1 X1; ilon ng)forIZZZNg

and temporal mesh
t=tg<t;< <tm =T, ta =t j=0;:: ;M7 1L, Mg 2N:
Further, we introduce di erence quotients for x 2 G by

D¥v(x) = (D, V(X);:::;Dx, V(X)); D V(X) = ( Dy, V(X);:::;Dy,, V(X))

P X2N

with
V(X v(x
o, vy = V1) vx)
X
and 1K = (iqg;:iiiik 150k Ljiks1;::1iion). Then the Lax-Friedrichs scheme for
the HIB equation reads as follows:v™ =0 for every | 2 Z2N | and
vl tv [ tHe (X; DTV (x;);D Vv'(xy)) forn=M; ;1

with Lax-Friedrichs Hamiltonian

PP R ci(x)

2 L 2

(5.1) Hie (6p™ip )= H(X ® p)

and the stabilizing functions C;(x) satisfying

@ ‘
@p(x, p)  Ci(x)

ax
p2 R2N

the convergence is of rst order as far as the CFL condition
|

N~ '
k max i)
x2G _ Xi

is satis ed.
An ENO scheme can be obtained by considering a variant of the LF scheme
v t= vty tHEE (BT () B V(X))
whereB v"(x,) are higher approximations of the gradient@, v coupled with a Runge-
Kutta time discretization scheme of second order, see [10, 37]. Convemgee of this
method is not proved but various numerical examples con rm its rele/ance.
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5.2. Boundary condition for HIB equation on the computational do-
main. Since the HJB is de ned on the full space we have to de ne a boundedam-
putational domain K (0; T), with K R2N | to solve the problem numerically. For
simplicity K will be chosen as

K:= & [c;d];
and the considered grid is as follows:
G=fxi=(c+(l1 1) x1; ;cn+(lan 1) Xxon)for1 2 2N [LMi]g;

with X = % However, due the boundedness dk an appropriate choice of a

boundary condition is required to get a well de ne numerical scheme
When a strong invariance condition

Fh(x;u) n(x) <0 8x2 @; 8u2U;

(with exterior normal n to the boundary of K at x) is satis ed then all trajectories
starting in D will remain within ~ forever, see [6, p. 485]. In this case, there is no
need to impose a boundary condition. However, the strong invariance cdatition is
very restrictive and cannot be insured even in the simple case wimeg 0.

Here, we introduce an arti cial boundary condition by setting the second deriva-
tive on the boundary to zero:

@v(x;t)=0 8(xt)2@ (0;T):

This means that at a time stept,, forn = Mt; 1, if X, 2 @, then there exists
i suchthatlj =1 or |I; = M;. In this case the upwind derivatives on the boundary
should be de ned as:
8
2D, vix)= ) VO g,
i
'>Dxiv(X|)): v ) vxi) if 1, = M;:

h;

Since the value function is continuous, this approximation is reasonale. For a
more sophisticated treatment of the boundary condition using state consaints we
refer to [2].

6. Reconstruction of the trajectory. For the reconstruction of the trajecto-
ries we formulate a feedback law based on the HJB approach and present dirent
numerical realizations. This approach is applicable on a large class of (nankar)
problems without modi cations of the general setting.

Notice that besides the HIB approach, to study optimal feedback control ppblems
for nonlinear dynamical systems, it is possible in some situations toise a Riccati based
approach. In this case, a Riccati feedback operator can be derived from ¢hlinearized
state equation. This approach has been considered, for instance, in [39p tstudy
boundary control problems governed by Navier Stokes equation. In [13] theuthors
consider an in nite horizon problem and propose a method using formallya quadratic
Taylor approximation of the solution of the HIB equation. For a non-autonomous
system that appears in the internal stabilization of Navier Stokes equaibn to a non-
stationary solution a feedback law satisfying a di erential Riccati equation can be
found in [5].
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According to the HIB approach and its associated dynamic programming pring
ple, the optimal feedback controlu, for state x at time t 2 [O; T) satis es

Z .

(6.1) u,=argmin e V(yq(t+ )t+ )+ e © Il (yxe (8); u(s))ds
u2u [t + ] t

for O with t + T, see [6, p. 149/155], and
Uttt IT=furt+ 10 RY jOw2U i wjpes = ug:
The feedback operatorK is de ned as
K:RMN (T)! U;
(x; ) 7K )= u ()

Once the feedback operator is de ned, to reconstruct the optimal trgectory start-
ing in Xo at the initial time 0, one needs just to solve the dynamical system

yAs) = Fn(y(s);K(¥(s);9)); Y(0)= Xo; s2 (0;TI:

To realize the feedback law (6.2) numerically there are several metids. We give
an overview about three of them. Letv be the discrete value function computed by
on & by the ENO scheme described in Section 5.

1. The dynamics and distributed cost are given in a separable form, i.e.

(6.2)

F(z;u)= F(2)+ Bu; I(z;u)=j(2)+ EuTu
with F: R?N 1 R?N matrix B2 R?M N andj:U! R asitis the case in
the problem under consideration. If the value function satisfyv 2 C1(R2V)
the feedback operator is determined by the projection of the gradieniof the
value function on the set of admissible controls (cf. (3.10)), i.e.

1
(6.3) K(Xt) = Pu,uy =BT xv(xt)

Since only an approximationv of v can be computed, an approximation of
the feedback can be given by:

1
(6.4) K (%t)= Py,u,  —BTryxv (xt)

where the gradientr v can be approximated component-by-component by
a central di erence quotient.

2. The control minimizing the Hamiltonian H can be saved at every time point
and in every mesh point ofG when solving the HIB equation. For allx; 2 Go,

K (x;t) =argmax ( Fr(Xi;u)Tr v (Xi5t) + In(xi;u);
u2U

wherev denotes the discrete value function. This leads to a set of discret
controls f U gy, 2n ., ok Whose elements correspond to the mesh points. The
advantage of this approach is that it gives directly the set of discrete cofrols
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without any additional e ort. A drawback of this approach is that this set
has to be saved and could be very large (as big as the set of all stored values
of the value function). Furthermore, to compute a feedback control whch
corresponds to a state which is not a mesh point ing one has to compute
the control by an interpolation method. This procedure requires the feedback
control operator K to be continuous, which usually is not the case.

3. In this approach the dynamic programming principle is directly usel to re-
construct the trajectories, i.e. using a discrete version of (6.1) We choose
the feedback control by

Uy (t) =argmin [v J(x+  tFna (Y, (tk);u)) + ta(yx, o, (t)u)
(6.5) u2U.
= argmin G(X; Yxt  (tk); u):
u2U
Here, [] is an interpolation of the value function v on &. A broadly used
method to determine the argmin consists in choosing a nite setU " U
and computing the argmin with respect to this set by evaluating the expres-
sion G(X; ; Yxt  (tk);u) for all u 2 U "€ and taking the control value which
minimizes the expression, see [6, p. 475]. If the state space is lownin-
sional, the approach works well. But in case of higher dimensions or a large
control set U " the approach is only feasible in combination with a strategy
which reduces the number of evaluations ofG(X; ;yxt, (tk); u) in each time
step. If the problem can be decomposed as described in Section 4 thember
of evaluations reduces strongly.
In all the simulations performed in this paper, we apply the rst of th ese three methods
assuming that the value function is su ciently smooth. This metho d gives us a direct
formula for the feedback control and saves much computational time in corparison
to the third option.

7. Numerical examples.  Several numerical examples are presented studying
the stabilizing e ect of the feedback control. For solving the HIB equation we use the
software package ROC-HJ-Solver, see [9], which is parallized with Op&tP. For the
reconstruction of the feedback controls and the corresponding trajeories MATLAB
is used.

In the rst three examples we consider an optimal feedback control prollem for
the linear wave equation and in the fourth one an optimal control problem for a
semi-linear wave equation. In all examples we set =(0;1), =0, yq =0.

7.1. Linear wave equation - without noise. In this example we consider the
control problem under consideration for the linear wave equation with data

Py

X
(7.2) c=0:025 T =8; Yo(2) = 0:3siniiz );0 ; z2
i=1

and =0:1. To validate the numerical algorithm we compare the trajectory we obtain
via the HIB approach with the trajectory via the Riccati approach. The di erential
Riccati equation for the problem is given by

(7.2) PAty= ATP(t)+ P(t)A P(t)BR BTP(t)+ Q; P(T)=0

with Q = My, R=idy, A= M,'Ay, and B = M, 'By,. The feedback operator
for the Riccati approach which maps the optimal state at timet namely y (t) to the
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corresponding optimal controlu (t) is given by
K(t)= R BTP():

For the reconstruction of the trajectories via the HIB approach we chooe the
rst method presented in Section 6. The computational domain for the HIB equation
is chosen to beK =[ 1;1]*°. For the temporal discretization we choose the mesh
size t=2 10 3. For the spatial discretization we choose a mesh uniform in every
spatial direction with the following numbers of discretization points

10 16 30 50 60 10 16 30 50 60

That means for the spatial directions which correspond to higher modesve use more
grid points. Further, we decompose the equation in subproblems as desbed in
Section 4. For the discretization of the dynamical system as well as the Rcati
equation (7.2) we apply a explicit Euler scheme and set the temporal ngh parameter
to kgs =10 t=0:02.

In Figure 7.1 we see the rst and fth component of the state y; and velocity
y» obtained by the HIB (blue curves) and the Riccati (red curves) approat and the
corresponding components of the feedback control of these two approacheEhe other
components show a corresponding behaviour, therefore we skip thdgs here. For the
chosen discretization both approaches lead to nearly the same resultdf we choose
ner spatial and temporal mesh sizes when solving the HIB equation the tajectory of
the HJB approach approximates the trajectory of the Riccati approach more tosely.
Further numerical experiments show that for a xed and su cientl y small temporal
mesh size the discretization of the subproblems for the higher moderequire a ner
spatial mesh to obtain a good approximation. The corresponding state and @locity of

0.3 0.1 0.2
0.2 0| 0|
RENCE S-01 502
0| -0.2 -0.4
-0.1 -0.3 -0.6
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8
time time time
0.4 1 1
0.2] 0.5]
0.5(f}
S0 S0 o
0
-0.2 -0.5
0.4 - -0.
0 0 2 4 6 8 10 2 4 6 8 050 2 4 6 8
time time time

Fig. 7.1: Components of the trajectory and the feedback control via HIB (blu e) and Riccati
(red) approach, ( =0:1)

the wave equation which correspond to the computed trajectories arehown in Figure
7.2. The example con rms that the chosen boundary condition describedn Section
5.2 leads to appropriate numerical results.

7.2. Linear wave equation - with noise. We study the stabilizing e ect of
the feedback control on the trajectories in presence of random noise wdh either
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(a) HIB approach

(b) Riccati approach

Fig. 7.2: State and velocity of the wave equation by the HIB and Riccati approach, ( =0:1)

e ects the dynamics or the observation. In this example we choose thgparameter
= 0:01 which will lead to a stronger decrease of the trajectories to zerohian in the
previous example.

7.2.1. Noise in the dynamics.  The noise enters the dynamics, i.e. we consider
(7.3) Ve = Fa(y;u)+ M *Brn;  =( 1 s)'

with random functions :[0;T]! [ a; o], 1 =1;:::;5, for 4; , 2 R. The value
function is, of course, computed for the dynamlcal system without nois and the
feedback law is applied to the state resulting from the perturbedsystem. For data as
in (7.1) we compute the numerical solution of (7.3) for noise scaled to thedllowing
interval

(7.4) i(s)2[ 44], i=1;:::;5 s2(0;T]:

For solving the HIB equation we proceed as in the previous example. Theomponents
of the corresponding trajectory and feedback control are presented irFigure 7.3.
Again, the blue curves are the components of the trajectory computed \a the HIB
approach (the corresponding Riccati approach leads to quite similar radts, why
we omit the corresponding curves here). The red curves we obtain byhe Riccati
approach applied to the equation without noise. If we plug the resultng control in
the perturbed system we obtain the green curves. In contrast to thelatter control
we see that the feedback control stabilizes the dynamical system. T& components
Yoi, 0 =100, ;5, are more susceptible to noise thary,.i, since the noise enters the
correspondmg right hand sides.

In Figure 7.4(a) and 7.4(b) the state and velocity for the HIB and Riccati ap-
proach are shown, respectively. Both approaches drive the state and laity to zero.
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Fig. 7.3: Noise in the dynamics: Components of the trajectory and the feedback control
via the HJB (blue) approach for the problem with noise and via the R iccati approach (red)
for the equation without noise as well as the components of the trajectory (green) when
applying the optimal control of the noise free system to the perturb ed system, ( = 0:01).

We compare these results with the state and velocity when applyinghe optimal con-
trol for the noise free dynamics to the perturbed system, see Figw 7.4(c). In this
case the control fails to drive state and velocity to zero.

7.2.2. Noise in the observation. The noise enters the observation, i.e. we
consider the disturbed feedback law

uis)= K (x(s)+ (s)ew;s); ew=(1;:::;1)7

with noise (s): (0;T]! R. In Figure 7.5 we see the components of the trajectory
and the control. Although we apply the feedback operator on the perturbed tate

the resulting control stabilizes the trajectories. Numerical exanples show that the

amplitude of the oscillations increase with the amplitude of the noise We have to

choose the noise level smaller than in the rst example namely(s) 2 [0:01;0:01]. The

noise has a much stronger e ect on the trajectory than in the previous @amples. As

in the previous example the HIB and Riccati approach for the system withnoise lead
to very similar curves.

7.3. Linear wave equation - control of high order system. In Example 3.1
we saw that we can expect a good approximation when discretizing thevave equation
with 5 basis functions as we did in the previous examples. However, lven considering
nondiagonal operatorsBy, or nonlinear problems the decomposition in subproblems
is no longer possible since the equations of the corresponding dynaralcsystem are
coupled. In these cases we restrict the discretization to 3 basisifictions for the state
and for the velocity, because of the curse of dimensionality, whichesults in a six
dimensional dynamical system. Nevertheless we can use the feedbaabntrol of this
low order system to control a corresponding high order system. In thdollowing we
present an example, where we see the e ects of the feedback control tained from a
low order system on a high order one.

For the high order system we use a nite element discretization. Forgiven > 0

































