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TIME OPTIMAL CONTROL OF THE HEAT EQUATION
WITH POINTWISE CONTROL CONSTRAINTS

KARL KUNISCH' AND L1JUAN WANG?*

Abstract. Time optimal control problems for an internally controlled heat equation with point-
wise control constraints are studied. By Pontryagin’s maximum principle and properties of nontrivial
solutions of the heat equation, we derive a bang-bang property for time optimal control. Using the
bang-bang property and establishing certain connections between time and norm optimal control prob-
lems for the heat equation, necessary and sufficient conditions for the optimal time and the optimal
control are obtained.
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1. INTRODUCTION

We can distinguish two distinct versions of time optimal control problems [17]: (i) to reach the target
set at a fixed time while delaying the activation of the control as long as possible, and (ii) to reach the target
in the shortest time while controlling over the complete timespan. In this paper, we shall consider the above
two versions of time optimal control problems for an internally controlled heat equation with pointwise control
constraints. Let {2 be a bounded domain in RV, N > 1, with a sufficiently smooth boundary 92, if N > 2, and
set Co(2) = {y € C(N2) : y = 0 on 9N2}. Further let w be an open subset of £2. We formulate the time optimal
control problems considered in this paper as follows.

For the first version let 7" > 0 be fixed, and consider the controlled heat equation

Yt — Ay = X(r,T)xwl in (OvT) X £2,
y=0 on (0,7) x 012, (1.1)
y(0,z) =y (x) in {2,

Keywords and phrases. Bang-bang property, time optimal control, norm optimal control.

I Institut fiir Mathematik, Karl-Franzens-Universitit Graz, A-8010 Graz, Austria. karl.kunisch@uni-graz.at

Supported in part by the Fonds zur Férderung der wissenschaftlichen Forschung under SFB 32, “Mathematical Optimization
and Applications in Biomedical Sciences”.

2 School of Mathematics and Statistics, Wuhan University, Wuhan 430072, P.R. China. 1jwang.math@uhu.edu.cn.

This work was carried out, in part, while the author was guest-researcher at the Radon Institute, Linz, supported by the

Austrian Academy of Sciences. It was also partially supported by the National Natural Science Foundation of China under
Grants Nos. 10971158 and 11161130008.

* Corresponding author.

Article published by EDP Sciences © EDP Sciences, SMAI 2013


http://dx.doi.org/10.1051/cocv/2012017
http://www.esaim-cocv.org
http://www.edpsciences.org

TIME OPTIMAL CONTROL OF THE HEAT EQUATION WITH POINTWISE CONTROL CONSTRAINTS 461

where X(r7)x. is the characteristic function of the set (7,7") x w, with 0 <7 < T, and y; € Co({2) is a given
function. Further wu is a control function taken from the set of functions:

Uy ={v:(0,T) x 2 — R measurable; [v(t, )| < M; for almost all (¢,2) € (0,T) x 2},

where M; is a positive constant. It is well-known that for each u € L*°((0,T") x {2), equation (1.1) has a unique
solution denoted by y(t, z;y1, X (r,1)xwt) € C([0,T]; Co(£2)). In what follows, we write Qr, X1, Q¥ 7 and Q% for
the product sets (0,7) x £2, (0,T) x 9042, (7,T) x w and (0,T) x w respectively. The Lebesgue measure of a set
D in R%(d > 1) is expressed by |D|ga. The dual space Co(£2) is denoted by (Cp(§2))*. Let sgn(r) be the sign
function, i.e., sgn(r) =1 if r > 0, sgn(r) = —1if r < 0 and sgn(r) € [—1,1] if » = 0. We shall omit the variables
t and x for functions of (¢,2) and omit the variable x for functions of x, if there is no risk of causing confusion.
Now we are prepared to state the first version of the time optimal control problems under consideration:

sup {7 : ly(T, 591, xQv , u)llco) <1, 7 €[0,T), u € Uy} (P1)

Without loss of generality we assume that

1y(T, 5 91,0) [ co(2) > 1- (1.2)

We call
T =sup{7: [y(T, 91, xQ= , w)llcoa) <1, 7€ [0,T), u€lh}

the optimal time for problem (P;) and wuj € U; the associated time-optimal control (or opti-
mal control for simplicity) with corresponding state y(t,x;y1,xq«, ,uji), solution of (1.1), satisfying
1y(T, 5 y1. xQe, L ui)llco2) < 1. We call a control u € Ui an admissible control for problem (Py), if there
exists some T € [0,T") such that ||y(T,; y1, XQ:)YTU)HCO(Q) < 1.

The value of the control in Q7 \ Q% 1 has no effect on the control system (1.1) and therefore we consistently
assign the control to have the value 0 in Q7 \ QF 7. In this paper, we shall prove that the time-optimal control
uj for problem (Py) satisfies the bang-bang property, namely, |ui(t,z)| = My for almost all (t,z) € Q% .
Moreover, we shall give necessary and sufficient conditions for T and ui to be the optimal time and the time-
optimal control for (Py).

For the second version of time optimal control problems studied in this paper we consider the following
controlled heat equation

Yy — Ay = xou in Qr,
y=0 on X, (1.3)
y(0,z) = ya2(x) in £,

where yo € Cp(£2) is a given function, x,, is the characteristic function of the set w and w is a control function
taken from

Uy = {v: (0,400) x 2 — R measurable; [v(t, x)| < M for almost (¢,z) € (0,00) x 2}.

Here M is a positive constant. For each u € L (Qr), we denote the unique solution of (1.3) by y(t, z;y2, u).
The second time optimal control problem under consideration is given by:

inf {T : Hy(T’ ) y2au)HCo(Q) < 17 T e (Oa OO), u € Z’IQ} (P2)
Without loss of generality we assume that [|y2(-)|c,(2) > 1. We call

T =inf{T : [|[y(T, s y2,u)|lco) < 1, T € (0,00), u € Us}
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the optimal (minimal) time for problem (P;) and u3 € U, the associated time-optimal control (or optimal control
for simplicity) with corresponding state y(t, z; y2, u3), solution of (1.3), satisfying ||y(T™, -;y2,u3)llco(2) < 1.
We call a control u € Us an admissible control for problem (P,), if there exists some T > 0 such that
1y(T, 592, )| ey < 1.

The value of the control in ((0,+00) x £2) \ Q% has no effect on the control system (1.3) and therefore we
consistently assign the control to have the value 0 in ((0,4+00) x £2)\ Q4. We shall give necessary and sufficient
conditions for T* and u} to be the optimal time and the time-optimal control for (Py).

For time optimal control problems, one of the main interests is the bang-bang property of optimal controls. The
bang-bang property of optimal controls for time optimal control problems governed by linear evolution equation
was first established in [7]. Since then, many results on the bang-bang property of time optimal controls governed
by linear and semilinear parabolic differential equations were obtained [3,4,20], where the control constraint
is in integral form. Certainly pointwise constraints are of interest as well. In [2, 18], Pontryagin’s maximum
principle was considered, for time optimal control problems governed by semilinear parabolic equations with
pointwise constraints in space and time. But the bang-bang property of optimal controls was not established.
In [19], the “bang-bang” property of time optimal boundary controls for the heat equation with pointwise control
constraints and an arbitrary reachable target set was proved, under an assumption on the bound to which the
controls were subjected. In [8], bang-bang property of optimal controls was established for the time optimal
control problem governed by the linear parabolic equation, with pointwise control constraint. The target set
was a point in the state space and the control acted globally onto the equation. In [12], the bang-bang property
of optimal controls was derived for the time optimal control problem governed by the linear Fitzhugh—-Nagumo
equation with pointwise control constraint, under appropriate assumptions on the initial value of the adjoint
equation in Pontryagin’s maximum principle. Moreover, in that work the authors pointed out that the time
optimal control u} for (P,) satisfies the bang-bang property, namely, |us(t, x)| = M, for almost all (¢,z) € Q%..
The above-mentioned works are concerned with the second version of the time optimal control problem. In [17],
the authors proved that one-dimensional heat equation with boundary control was exactly null-controllable
with control restricted to an arbitrary subset of [0,7] with positive measure. This result implies the bang-
bang property of time optimal control for the first version of time optimal control problems. To the best of
our knowledge, the bang-bang property of time optimal controls for the first version of time optimal control
problems, acting locally onto parabolic equations with pointwise control constraint, was not studied so far.
One of the main contributions in this paper is that the bang-bang property of time optimal control for (P)
is strongly related to the following property for nontrivial solution of the heat equation (see e.g. Thm. 4.7.12
in [8]): if p € C*°([0,T) x §2) is a nonzero solution to

{pt+Ap=0 in Qr,
p=0 on X,
then p(t,x) # 0 a.e. in Qr.

The other main contribution of this paper are necessary and sufficient conditions for optimal times and
optimal controls for (P;) and (P). Time optimal control problems for differential equations were first studied
for ordinary differential equations, see e.g. [5]. Then such problems were investigated in the context of partial
differential equations, see for instance [2,3,13,18,21]. In these works, necessary conditions for time optimal control
were given. To the best of our knowledge, for time optimal control problems governed by parabolic equations,
there are very few results on sufficient conditions for optimal time and optimal controls, see however [8,9,22].
In [8,9] the control acted globally onto the equation and the target set was a point. Moreover, the initial value of
the state equation or the target point satisfied some special properties. In [22] the authors obtained necessary and
sufficient conditions for the optimal time associated controls for the heat equation, by establishing connections
between time and norm optimal control problems. The above-mentioned contributions are concerned with the
second version of the time optimal control problem. The idea of our paper utilizes the approach from [22]. More
precisely, for (Py) and (Ps), we introduce the norm optimal control problems

Min {||ul| Loy 1w € L=(Qr) satistying [[y(T, s y1, x@« , w)lloy(e) < 1} (Prm)
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and
Min {[|ul|pe(qqs) : w € L>(Q7) satisfying [[y(T', - y2,u)llcy(2) < 1}, (PomT)

and define N* (1) = Min(P;,) and N (T) = Min(P,,.7). By establishing the connections between (P1) and
(P77, (Po) and (Puyr+), respectively, as well as strict monotonicity of N* (1) and N* (T), necessary and
sufficient conditions for optimal time and optimal control of (P;) are obtained. However, there are some main
differences between [22] and our paper: (i) the time optimal control problem in [22] is of the second version, while
we consider two versions of time optimal control problems. (ii) The methods for the study of the connections
between time and norm optimal control problems are different. In [22], the analysis builds on the study of the
optimal time 7™ as a function of control bound M, while we start by studying the relation of M; (i = 1,2)
and the minimum of the corresponding norm optimal control problem of (P;). (iii) In our paper, the control
constraint is in pointwise form and the target set is a closed ball in Cy(£2), while in [22], the control constraint
is in integral form and the target set is 0.

The rest of this paper is organized as follows. In Section 2, we prove that the time optimal control of (P;)
satisfies a bang-bang property. In Section 3, some preliminary results about norm optimal control problems are
given, then connections between (P;) and its corresponding norm optimal control problem are established. In
Sections 4 and 5, necessary and sufficient conditions for the optimal time and the optimal control for (P;)(i = 1, 2)
respectively are given. In Appendix A we gather some relevant technical results.

2. BANG-BANG PROPERTY FOR (P))

In this section, we shall present the bang-bang property of the optimal control for problem (P;) and its
proof. To this end, we define the distance function d on U; by

d(u,v) = [{(t,x) € Qr : u(t,x) #v(t,x)}Hrgyv+, Yu,vel.

Similarly as for Proposition 3.10 of Chapter 4 in [13], we have that (i, d) is a complete metric space. We now
prove the bang-bang property for (P;).

Theorem 2.1. Assume that 7* is the optimal time and let uj be an optimal control for problem (Py). Then
lui(t,z)| = My for almost all (t,z) € Q5. 1.
Proof. The proof is split into five steps.

Step 1. Introduction of a penalty functional J. : (Uy;d) — [0, +00). :
For any € with 0 < e < T — 7%, we define the penalty functional J; : (Us;d) — [0,400) by:

Je(u) = dw (y(T, -; yl’XQf*+E,Tu))’ YVuel, (2.1)
where W = {w € Co(£2) : [[w|lcy(2) < 1} and
dw (y(T' 591, XQe. ,_u) = wlgva ly(T, 591, xqe. ,_ u) — wlco)-

Due to the embedding theorem and LP—theory for parabolic equations (see e.g. Thm. 1.4.1 in [23] and Thm. 1.14
of Chap. 1 in [11]), we have
() = )] < (T, 59X, 0) — 9T 591, X ) llcuen
< llyCsswnxee._w) = yGs sy xee. L, 0)le@,)
< CllyCysynxae. . w) =G xas, o 9llwen o)
< Cllu = vl x4y (2:2)
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Here and throughout the proof of this theorem, C' denotes a generic positive constant independent of . Moreover,
the set

{y: D*Djy € LQ(N“)(QT), for any « and r such that |a| + 2r < 2},

endowed with the norm

Hees)
||y||W2(N+2) Qr) = (/ / Z |D*D}y \2(N+2) dxdt)

|| +2r<2

is denoted by W (N+2 (QT)

Due to (2.2), we can easily check that J. is continuous on (U;d) and it is obvious that J.(u) > 0 for each
u € Uy. Due to similar arguments as in (2.2) we have that

Je(u) = dw (y(T, 391, xqx. ,_,ui)) = d(e)
< y(T, 591, xqe.,_ut) = (T 591, xqe. ul)lloge)
= O”XQ‘:HE,TUT - XQ:’*,TUT||L2(N+2)(QT) —0 ase—0.

Step 2. Application of Ekeland’s variational principle.
Due to Ekeland’s variational principle (see e.g. Cor. 2.2 of Chap. 4 in [13]), we see that there exists a u. € Uy
such that

=

d(ue, uy) < [0(e)] (2:3)

and -
—[0(@))2d(uec,u) < Jo(u) — Je(ue), Y u € U. (2.4)
Step 3. Deriwation of the necessary conditions for (uz,y(-, - y1, XQ. . SUz)).

Let v € Uy. Then due to Lemma A.1 in Appendix A, we have that for any p € (0, 1), there exists a measurable
set £, C Qr such that |E,|gy+1 = p|Qr|g~+1, and the function

= {5l () € &

satisfies uf, € U;. Moreover,

1y (o591, xQe,,_pup) =¥y Xae., ue) = pzellegg,) = o(p), (2.6)
where z. is the unique solution to the following equation
(Ze)t - Azs = XQ:—)*+5,T (’U - UE) in QT?

=0 on X, (2.7)
ze(0,2) =0 in £2.

From (2.4) and (2.5) it follows that

—[6(e)]2 p|Qrlrner = —[6(e)] Fd(ue, uS) < Jo(uS) — Jo(ue),
which, together with (2.1) and (2.6), implies

Je(uy) — Je(ue)
p
dW(y(Ta YY1, XQv e p) dW( (T’.;yl’XQ:)*Jrs,Tus))
p

— (Ces 2e(T, ) (Co(2))*,Co(2) @S p— 07, (2.8)

— [0())%|Qrlp+s

IN
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see e.g. Proposition 3.11 of Chapter 4 in [13]. Here (. € 9dw (y(T, -; y1, XQ. ,. ,Ue)), which denotes the subdiffer-
ential of dyy (+) at y(T, -; y1, XQ:*+5,T,LL€). Since 7* is the optimal time for (P;), we have y(T', -; y1, XQ:*+5,TUE) gw
and

HCEH(CU(Q))* = 1, V g > 0 (29)

Step 4. Pass to the limit for € — 0 in (2.7) and (2.8).
Due to (2.3) and since u., uj € Uy, one can easily show that

ue — ui strongly in L2N+2(Qr) as e — 0. (2.10)
Hence, by making use of (1.1), we get

1y Gy nxQz. 2 ue) =90y xQe. puillle@,y SIYC s xes. . ue) = yCsyn xes. pudllwze o
< C’ngf*ﬁjug — XQ:*,TU1||L2(N+2)(QT) —0 as ¢ — 0.

(2.11)
Due to (2.10), (2.7) and similar arguments as in (2.11), we see that
lze — z||C(§T) < C‘|XQ?’*+E,T(U —Ug) — XQL:*,T(U —ui)ll2v+2 gy — 0 as € — 0, (2.12)
where z is the unique solution to the following equation
— Az =Xxq«, (v—uj) in Qr,
z=0 on X, (2.13)
2(0,2) =0 in £.
Moreover, due to (2.8) and (2.9), we get that
(Cer 2(T, ) (Co(2))=,C0(2) = (e, 2(T ) = 2e(T',-)) (o (2))*,Co(2) T (Ces 2e(Ts+)) (o (2))*,Co(2)
> —||z=(T.) = 2T, ) lew) — B(E))2|Qrlrrs- (2.14)
Applying (2.9) again, we can assume, without loss of generality, that
¢ — o weakly star in (Cp(£2))". (2.15)
Tt follows easily from (2.14), (2.15) and (2.12) that
(€0, 2(T', ) (co2))*,Co(2) = 0 (2.16)
Step 5. The bang-bang property for (Py).
Now we claim that
Co # 0. (2.17)

Indeed, due to (2.9), (2.11) and making use of the definition of the subdifferential ddy, we obtain

(G y(T, 391, XQe. L uT) — W)(Co(2))*,Co(2)
= (G y(T 591, xQe, u1) = Y(T, 591, XQe. ., Ue)) (Co(2))*,Co(2)
FCes y(Ts 591, XQe, ,_ pUe) — W) (Co(2))%,Co(02)
=y(T, 591, xQw. ,ui) = y(T 591, xqe., L ue)llog) +dw (YT, 5 1, xQe. , _ ,ue))
(T

=T, 591 xqe. ut) = y(T sy, xqe. ,  pue)llco(o)
— 0, YVweW.

ALY
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Then due to Lemma A.4 in Appendix A, (2.9), (2.15) and the fact that W is of finite codimensional in Cy({2),
inequality (2.17) follows.
Next, let ¢ € L*(0,T; Woll(())) be the unique solution to the following equation (Lem. A.2 in Appendix A):

Y+ AP =0 in Qr,
V=0 on Y, (2.18)
Q/J(T, ) = —Co in (2.
Then on one hand, due to Lemma A.3 in Appendix A, (2.17) and the smoothing effect of the heat equation, we
have

P(t,x) #0, ae. (t,x) € Qr. (2.19)
On the other hand, it follows from (2.16), (2.18), (2.13) and Lemma A.2 that

0> (—C0, 2(T, ")) (co(2))*,00(2) = (U(T,-), 2(T, )} (Co(2))*,Co(2)

= / X@e, (v —up)ypdrdt, Vv elh. (2.20)
T
Finally, we denote
F(t,x) = xqv. . (t,2)(My —ui(t,x))(t, x), for (t,2) € Qr, (2.21)
for which we have F' € L'(Qr). Therefore there exists a measurable set A C Qr, with |Algyv+1 = |Qr|ry+1,
such that any point in A is a Lebesgue point of F', i.e.,
lim \B((jf;),r)@ﬂ/ \F(t,z) — F(5,#)|dzdt = 0, ¥ (,2) € 4, (2.22)
r—0+ B((£,&),r)

where B((f,7),r) denotes a closed ball with center at (£, %) and of radius 7. Now for any fixed (£,%) € A, we
define for sufficiently small positive constant r

up(t, 7) = {u*{(t,x), %f (t,x) € B((t:, i:),?“)c NQr,
My, if (t,z)e€ B((t,2),r)NQr.
Here B((t,#),r)¢ denotes the complement to B((#,&),r). From (2.20) with v = w,. it follows that
/ i F(t,z)dadt = / i xX@e, () (My —uj(t, z))p(t, z) dedt < 0. (2.23)
B((#:2),7)NQT B((£,2),7)NQT ’
Dividing (2.23) by |B((£, %), 7)|px+1, we obtain by (2.22) that
My - xge. ,b(ta) S ui(t,2) - xqu.  U(ta), ¥ (L) € A. (2.21)
Since |Algn+1 = |Qr|pv+1 this implies that
My xae. , ¥(t0) < wi(t,0) - xqe. , U(t,a), ae. (t,2) € Qr. (2.25)
Similarly we obtain
My X, () S Ul o) e, $(ta), ac. (7)€ Qr. (2.26)
Moreover, since
| ;péaﬁl(m:ww(t, z)-a)= e {gnﬂngl}(XQ:*,Tw(t, z) - a),

we deduce from (2.25) and (2.26) that

Xqe, Wt x) ui(tz) = nax (XqQw. ,(t,x) - a) = Mi|xqe,  ¥(t, )|
: ) : :

al

This together with (2.19) completes the proof. O

Based on Theorem 2.1, we can easily obtain the following corollary.
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Corollary 2.2.  The time optimal control for problem (Py) is unique.

Proof. Without loss of generality we assume that u; and ug are optimal controls for problem (P;). It is obvious
that %2 is also an optimal control for problem (Py). Then due to Theorem 2.1, we have |u1 (¢, z)| = |ua(t, z)| =
|tz (¢, z)| = My for almost all (¢, ) € Q%. 7. Consequently

= St 0)P + uat, 2))

2
w1 + U2

2

Uy — U2
2

(t, ) (t, )

=0, ae. (t,r) € Q7. 1,

and hence u; = us. O

3. THE NORM OPTIMAL CONTROL PROBLEM CORRESPONDING TO (P})

For fixed 7 € [0, T) we consider the following norm optimal control problem:
Min {|lul|gec(q.) 1 u € L= (Qr) satisfying ||y(T, ‘;yl,XQ‘:,Tu)HCO(Q) <1}. (Pr.)

Again u is assigned the value 0 in Q7 \ Q% 7.
We shall show how to construct a solution to (P7 ). To this end we first study an auxiliary problem:

Min J-(p) over all pe (Co(£2))", (P7)

where the functional J; : (Cp(£2))* — R is defined by

2
lou| dz dt) + el o)y + (s y(Ts 5 y1,0)) (Co(2))*,Co(2) 5
T

and ¢, is the unique solution to the equation:

(‘Pu)t + A‘Pu =0 in Qr,
v =0 on X, (3.1)

ou(T,) = p in £2.
For (P],), we have:
Lemma 3.1. Problem (PL,) has at least one minimizer. Moreover, its minimizer is not zero.

Proof. The proof is split into three steps.
Step 1. The following property holds:

To(5) = 00 as [lullcuay- — o (3.2)

In fact, we shall show
Jr (1)

lallccn = = Tl coc))- =L (3:3)

lim

It is obvious that (3.3) implies (3.2). In order to prove (3.3), let {1, }52, be a sequence of initial data for (3.1)
with [|pnll(co(e))» — 00. We set ji, = \|Mn||(éo(g))*ﬂn- Then ||fin|(co(2))- = 1 and

M—EHM licoy) /
- . .
lbnll(coy= 2 ’ Q

T,

2
Iz, | do dt) + 14 (fin, y(T', 591, 0)) (o (2))*,Co(2) - (3.4)
T
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The following two cases may occur:

Case 1. li_mnﬂoonw |, | dzdt > 0. In this case, we obtain
T, T

I (pn)
[[inl(co(2))*
which implies (3.3).
Case 2. li_mnaoonu |¢7, | dzdt = 0. In this case, since [|fin||(cy(2))+ = 1, due to Lemma A.2, we deduce that
T
there exist a subsequence, still indexed by n, and fi, such that
fn — @ weakly star in (Co(£2))* (3.5)
and
0. — pp weakly in L°(0,T; W} °(£2)) for some & > 1. (3.6)

Due to (3.6) and the fact that li_mn_,oonu |op, | dedt = 0, we deduce that p; = 0 a.e. in Q¥ 1, which, together
T ’

with Lemma A.3 and the smoothing effect of the heat equation, implies that g = 0. It follows from (3.4)
and (3.5) that

JT(Mn)

lim, +———— >
||/~Ln\|(co(n))*

—n—

This implies (3.3).

Step 2. We prove the existence of a solution to problem (P7I,).
Due to Lemma A.2, we see that the functional J; : (Cy(£2))* — R is continuous. This together with (3.2)
implies that inf ¢, (02))- J- (1) exists. Let

d= inf  Jr(u). 3.7
1eE(Co(£2))* () (3.7)

Then there exists a sequence {p, 152, C (Co(£2))* such that

d= lm J;(up). (3.8)

It follows from (3.2) and (3.8) that there exists a positive constant C' independent of n such that
ey« < C. Due to Lemma A.2, we deduce that there exist a subsequence, still indexed by n, and
1, such that

tn, — fi weakly star in (Co(£2))" (3.9)

and
O — ¢ weakly in L°(0,T; Wol"s(())) for some § > 1, (3.10)

where ¢, and ¢; are the solutions of (3.1) with initial values p, and [ respectively. Hence, we obtain
by (3.8)—(3.10) that
d = lim Jr(pn) = J7(f2),

——n—00

which, combined with (3.7), implies that j is a solution of (P],).
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Step 3. Let pk be a solution to (PL,). Then pt # 0.
By contradiction, if u¥ = 0, then

J-(0) < J-(\), YAER and p € (Co(2))*,

which implies

2
)\2
0< > (/Qw %|d$dt> + Al (o)) + M Y (T 591, 0)) (Co(2))*,Co(2)-
T

s

Here ¢, is the solution to (3.1) with initial value p. After some simple calculations, we obtain

(s y(T, 591, 0)) (co2))= o) | < Ml (co))=s ¥V 1€ (Co(£2))",
which shows that [|y(7,-;y1,0)|lc,(2) < 1, and provides a contradiction to (1.2). O
With the help of problem (P7,), we have

Lemma 3.2. Let pf be a solution to (PL,). Then

ul(t,x) = (/u |0 dxdt) XQ;T(t,x)sgn(goH:(t,x)) a.e. (t,x) € Qr, (3.11)

T
is a solution to (P, ), where o, is the solution of (3.1) with initial value py.

Proof. This will be proven in two steps.

Step 1. u} in (3.11) is admissible for (P],,).
Due to Lemma 3.1, we know that u # 0. Combined with Lemma A.3 and the smoothing effect of the heat
equation this shows that ¢, (¢,2) # 0 a.e. in Q7. Hence wi |ppx | dadt # 0. Since pf is a solution to (P7,),
7 ©  1Pur

TG < Tt + ), VAER, pe (Co(2),
and consequently

( / “Pu:
Qu)

T, T

N =

2
dz dt> + el o)y + s y(T, 591, 0)) (o (2)),Co(2)

2

1 * *

<5 (/Q lous + Appl dx dt) + [[pr + Ml o2y + (B + Mty y(Ts 5915 0)) (o (2))*,Co(2)
T

T,

IN

2
1 " "
3 (/w lous + Al dffdt) +lurllcoc2)ys + A el o2y + 1 + Mty (T 591, 0)) (o (2)),C0(02)5

T, T

(3.12)

where ¢,, is the solution to (3.1) with initial value p. Due to (3.12), we get that for any A € R with A # 0 and
€ (Co(2))7,

1
3 [ 0w + 20l +liw
Q<
A
el (o)) + W(M,y(ﬂ 59150)) (o)), Co(2) = 0.

1 * )\ - Tl
)dwdt~/ Pz + Apul |(pl7‘dxdt
Q Al

w
T, T
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Passing to the limits for A — 07 and A\ — 0~ in the above inequality we obtain

/ “Pu:
Qu)

Pz
dx dt ~/Q SOH o dzdt + || pll o) + (T, 591, 0)) (o)) Co(2) = 0

o o [Pzl
and
Py
/ \%: dzdt / : ppdadt — HMH(CD(Q))* + </MJ(T7';y1,0)>(co(n))*,co(n) <0.
o Q2 |

These two inequalities together with (3.11) imply

/ XQw pUr - dr dt 4+ (p, y(T', 591, 0)) (co(2)),co)| < Bl o)y V1€ (Co(£2)) (3.13)

T

Furthermore it follows from (1.1) with u replaced by u% and 0 respectively, and (3.1) that

/QT X@e oy - ppdrdt = (u,y(T, 5 Y1, XQ2 , 7)) (Co(2))7.Co(2) — /Q y1(z) - u(0,7) dz
and
e 0T3O ooty = [ (@) 2, (0,) da =0,
The above two equalities combined with (3.13) imply
K, (T, 591, X2, u7)) (Co(2)),Co()| < litll(co(yy, ¥ 1€ (Co(£2))".
Hence ||y(T, -; v1, XQ:,TU;&)HCO(‘Q) < 1. This completes the proof of Step 1.

Step 2. u} is optimal for (Py,.).
Taking u from the admissible control set of (P],, ), we have by (1.1) and (3.1) with p = p¥ that

/ XQe - e dawdt — (i, y(T' 5 y1, XQ2 . 1)) (Co(2))*,Co(2) = —/991(%) “ux (0, ) d. (3.14)

T

Moreover, since u* is a solution to (P[,), we have
Jo(pk) < Jr(ui + k), VAER.

Due to the previous inequality we obtain after some calculations

( / “Pu:
Q% r

(e y(T, 591, 0)) (o (2)*,Co(2) = /le(l") “pux (0, 7) du,

2
dﬂfdt> + lirllcoc2)ys = = y(T, 591, 0)) (o (@) ,Co(2)- (3.15)

Noticing that

we obtain together with (3.15) and (3.14) that

( / “Pu:
Qu}

T, T

2
da:dt) + [z lcoc2))- :/ XQe - e dedt — (7, y(T, 591, XQ2 1)) (Co(2))*.Co(2)

T

< llsmiany | Toue 1wt + o
T

)
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Recalling that [, |¢u:[dzdt # 0 we have [, |¢u:[dzdt < |[uf|p~(q@y). This combined with (3.11) and
T, T T, T

Step 1, completes the proof. O

Remark 3.3. The idea of construction of a solution to problem (P7 ) by introducing (P[,) originates
from [14,15], where approximate controllability to u; € L?(§2) of the heat equation in L?(§2)

up — Au = x,g9 in Qr,
u=20 on Xrp,
u(0,2) =0 in £,

is formulated as follows: for any ¢ > 0, find g € L?(Qr) such that
[w(T,+0,9) —ull2(0) <e. (3.16)

The control g* satisfying (3.16) with minimum L?(Q7)-norm can be constructed in the following manner: con-
sider the minimization problem
Min J (1) over all vy € L*(£2), (P.)

where the functional J : L?(2) — R is defined by

1

J(Wo) = 5

T
/ 1901720y At + elltoll L2 (2) — (u1,P0) L2(2),L2(2)
0

and % is the solution to

Y+ AYp=0  in Qr,

=0 on Xr, (3.17)

(T, 2) = o(z) in 9.
We denote the solution of (P:) by v¢. Then ¢g* = x,, 9", with ¢)* the solution to (3.17) corresponding to initial
value 1§, gives the solution to the approximate controllability problem with minimum L?(Qz)-norm. Later
on, suitable variants of this functional are used to build different types of controls in dealing with approximate
controllability, finite-approximate controllability, null controllability and time optimal control problem of partial
differential equations [6, 16,22, 24].

From now on, we denote
N (7) =Min(P],.).
With the above preparations, we establish the connections between (P;) and (P7, ).

Lemma 3.4. Let 7* be the optimal time for (Py) and let uj be the optimal control of (Py). Then NZ (7%) = M.

Proof. Since u} is the optimal control of (P), it is an admissible control for (P, ), and hence NZ (7*) < Mj.
It suffices to show that equality holds. To seek a contradiction, we assume that

NZI(T7) < M. (3.18)
By the definition of N (7*), we deduce that there exists a sequence {uy }°2 ; from the admissible control set of
(P7 ) satisfying
Tim [unllzmgr) = N (') and (T, 31, Xz, , un)llcoo < 1 (3.19)
From the equality in (3.19) and (3.18) it follows that for some integer ng > 0
lunll £ (@ry < My for all n > ny. (3.20)

Due to (3.20) and the inequality in (3.19) we see that w,, is an optimal control for problem (P;), if n > ny.
Combined with Theorem 2.1 and (3.18) this implies that

|wnll oo (@ry = M1 > NI (T7) ¥V n>mng,
which contradicts with the equality in (3.19). O
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Based on Corollary 2.2 and Lemma 3.4, we have

Lemma 3.5. Let 7 be the optimal time for (Py). Then (PJ,)) has a unique solution and this solution is the
optimal control for (Py).

Proof. Assume that u; and us are solutions to (P7, ). Then on the one hand,
19(T, 591, Q. pui)lleg(@) < Tand |ly(T) 5 y1, xqw, u2)llco2) < 1. (3.21)
On the other hand, due to Lemma 3.4, we have
lurllzoe (@) = lluzll e (@r) = No(77) = M,

which, combined with (3.21), implies that u; and ws are optimal controls for problem (P;). Hence, due to
Corollary 2.2, we deduce that u; = us a.e. in Qp. O

Finally, due to Lemmas 3.5 and 3.2, we get

Corollary 3.6. Let 7 be the optimal time for (Py). Then

Wit ) = / .
Qw

T*, T

“ (t,x)sgn(ap“:* (t,x)) a.e (t,z) € Qr

is the unique solution to (P, ) and (P;), where Pur. is the solution to

(‘Puj*)t‘FA%Ouj* =0 n Qr,
pur, =0 on X,

-

Pt (Tv ) = Mi* in 2,

-

and k. is a minimizer of (PI.).

4. NECESSARY AND SUFFICIENT OPTIMALITY CONDITIONS FOR (FP))

In this section necessary and sufficient optimality conditions for the optimal time 7* and the optimal
control uj of (P;) are obtained. The main result is given first.

Theorem 4.1. 7* and @* (with *(t,z) = 0 a.e. in Q7 \ Q%. ) are the optimal time and the optimal control
for (P1) if and only if pk. is a minimizer of (P with the property that

ouz, (t,z) - W (t,z) = |r|n<a]\>/<[ (pu=, (t,x) - a) for almost all (t,x) € Q%. p, (4.1)
: alenn T HF ,
My = / lppz. | da dt, (4.2)
Qe r
(‘Pu " )t +A =0 n QT’
Puz. (ta) = on ¥r, (4.3)
Puz - (T,) = ; in {2.

To prove the above theorem, we need the following lemma.
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Lemma 4.2. The function NX (-) : [0,T) — (0,+00) is strictly increasing, continuous and lim, - NX (1) =
+00.

Proof. The proof is split into four steps.

Step 1. N2 (-) : [0,T) — (0, +00) is strictly increasing.
Let 0 < 71 < 71 <T. We shall show that

N (1) < N (2). (4.4)

Due to Lemmas 3.2 and 3.1, we see that for i = 1,2,

uj—b (t,l‘) = / |‘Pu:l

T

dxdt - XQ:_YT(t,J;)sgn(w“;i (t,xz)) ae. (t,z) € Qr (4.5)

,T

is a solution to (P7,), where ¢, is the solution of (3.1) with initial value ;. with ;. a solution to (FPg},) and

Oux (t,z) #0 for ae. (t,x) € Qr.

Consider the equation
2 — Az = xou in (m,72) x {2,
z2=10 on (71,72) x 002, (4.6)
z(m1,2) = 0y(m, 2391,0) in £,

where 6 € (0,1) will be determined later. Due to Theorem 3.1 in [10], we have that there exists a control
us € L>®((71,72) x §2), such that the solution zs(-, -;us) of (4.6) corresponding to us satisfies

zs(T2,5us) =0 (4.7)

and
sl Loe ((rr,m)x2) < co0lly(T1, 591, 0)]| L2(2)- (4.8)
Here ¢ is a positive constant independent of §. Now take ¢ € (0,1) such that
co0lly(m1, 391, 0)l22(2) < [lu7,llL=(@r)-

This combined with (4.8) gives

sl oo (1 )% 2) < s, loe (@) - (4.9)
Let
~ Uus in (Tl,TQ) X .Q,
s = {0 in [, T) x Q. (4.10)

Then due to (4.10), (4.9), (4.6) and (4.7), we can easily check that

sl Los ((r1, )% 2) < U7, Lo (@r)s (4.11)
and the solution to
(ﬂg)t — Aﬂg = Xw'&é in (Tl,T) X Q,
Js =0 on (71,T) x 012, (4.12)

55(7—171'):5y(7_13x;y130) in 2

satisfies
gs(t,) =0, Vtel[mn,T). (4.13)
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Next we consider the following equation

(@) — AJs = (L = 0)xqe, ,uy, in (1,T)x £,
ys =0 on (m,T) x 052,
g(S(T],ZL') = (1 - 5)y(7—lax;yl,0) in Qa

and we deduce that
Z.)(S(t, ) = (1 - 5)y(t7 Y1, XQ‘;’QYTuig)a Vie [Tla T]
It follows from (4.12), (4.14), (4.13) and (4.15) that

(s + 95)e — Alfs + 95) = Xwilis + (1 = O)xqe, ,u7, n (11,T) x £2,

Ys +9s =0 on (r,T) x 092,
(U5 + 9s)(11,7) = y(71,7;91,0) in 2

and
||g5(T7 ) + @5(Ta ')”C'O(Q) <1- o< 1.
Hence, due to (4.16), (4.17), (4.10) and (4.11), we see that the function
0 in (0,71] x £2,

@5 = Xwls in (7_137_2) X Qa
(1 —0)xwus, in [r2,T)x 2

(4.14)

(4.15)

(4.16)

(4.17)

is an admissible control for (P7},) and ||is o Q) < ||u}, || Lo (@)- These facts together with (4.5) provide (4.4).

Step 2. N (-) : [0,T) — (0, +00) is left continuous.
Let 79 € (0,7) be fixed. Due to Step 1, we infer that

lim N7 (1)

7170
exists. We shall prove
liTm NZ (1) = N (70).
TITo

By contradiction, we assume that there did exist a sequence {7,}>2; with 7,, T 79 such that

li%n N (1n) = N2 (19) —e for some positive constant «.
Tn | TO

We denote by u} a solution to (Pr, ). Then
@) = Nio(m) T Nio(r0) — <.
Hence there exist a subsequence, still indexed by n, and @ € L (Qr), such that
u*

Y — @ weakly star in L>(Qr)

and
ol oo (@r) < N(70) — & < N&(70).

Due to (4.19) we have

XQ¥ ,Un, — XQe, .U weakly star in L*(Qr).

(4.18)

(4.19)

(4.20)
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This, combined with LP- theory for parabolic equation (see e.g. Thm. 1.14 of Chap. 1 in [11]) shows that for a
subsequence, still indexed by n,
y(ssyxQe, pur,) =y 5y, xQe @) — 0 weakly in W;{}VH)(QT)

Due to embedding Theorem (see e.g. Thm. 1.4.1 in [23]), we deduce that W;(}V +2)(QT) is compactly embedded

in C(Qr), and hence for a subsequence, still indexed by n,

Iy xae, Lur,) —yC s xes  Wlleg,) = 0
which implies that

Hy(T, Y1, XQ‘:n,Tuj-n) - y(T, YL, XQ‘:O,Tﬂ)”CO(Q) — 0.
Together with the fact that [|y(T,;y1, xgv u} )llcy(2) < 1 this shows that

ly(T, 5y1, xQ+ W) llcye) < 1. (4.21)

T0,T

Hence N3 (10) < |Ixq= @l no(@r) < ||l 1o (@s)- This contradicts (4.20) and (4.18) follows.

70,T
Step 3. N2 (-) : [0,T) — (0,400) is right continuous.
Let 79 € [0,T) be fixed. Due to Step 1, we infer that

lim NZ (1)
7170
exists. We shall prove that
. * * 1
nh—>ngo Noo(Tn) = Noo(TO)’ where Tn = T0 + W (422)

Let uy be a solution of (P]5,) and let y2 and ys; be the solutions to

W)e — Ay = xqw ,(L+n~H)(1 =)t in Qr,

Yo =0 on Xr, (4.23)
Yo (0,2) = (1= &)y (x) in {2
and
(Ws)e — Ays = xqw (1 =0)uz, in Qr,
ys =0 on XY, (4.24)
ys(0,2) = (1 — 0)y1(x) in 2

respectively, where 6 = §(n) € (0,1) will be determined later. It follows from (4.23), (4.24), LP- theory for
parabolic equation (see e.g. Thm. 1.14 of Chap. 1 in [11]) and embedding theorem (see e.g. Thm. 1.4.1 in [23])
that

)< Cllxge, (101 = 8)us, — xos (1= 00l 2o

=c< [ [ =, P aai
) 2

T TN
+/ / xwn ™ (1 = S)ug, [N dwdt)
Tn J 82

< Ol || oo (@) (1 = 8) [(Tn — 70) 755 +n71]
<C@—-d6)n"t.

s 6
lyn — yéHc@T) < Clly, — y5HW22(’11\,+2)(QT
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Here and throughout the proof of this step, C' denotes different positive constants independent of n and ¢. The
previous inequality, together with the fact that ys(t,2) = (1 — 0)y(t, z;y1, xQ= ,.uj, ), implies that

T0,T

lyn (7. lcoy < (1= OY(T, sy, xQe ik, )loge) +C(L—8)n~!
<(1-8[1+Cn . (4.25)

From the following equation
2t — Az = xq@e ,uin Qr,
z=0 on Xrp, (4.26)
Z(O,ZL’) = 5yl(x) in “Qa

it is obvious that

2z — Az =0 in (0,7,) x £2,
z=0 on (0,7,) x 042, (4.27)
z2(0,2) = 0yi(x) in 2.

Multiplying the first equation of (4.27) by z and integrating on 2, we get

d

2ty = 2Vt a0y, VEE (0.7),

which implies that the function ||z(t, ')||2L2(Q) is decreasing on [0, 7;,]. Hence

12(mn, )l z2(2) < 11200, )l L2(2) = dllynllz2(2)- (4.28)

From Theorem 3.1 in [10] it follows that there exists a function @S € L°((7,,T) x §2) such that the solution
5 :{0 in (0,7,] x £2,

" @S in (1n,T) x 2

of (4.26) corresponding to u = u denoted by 29, satisfies
)

25(T,:) =0 (4.29)
and

< eC[l—',—T—Tn+(T—Tn)’1] ”Zg(

1| oo (77 % 2) T M) < ClI2 (Tns )l 2(2)-

The previous inequality, combined with (4.23), (4.25), (4.26), (4.28) and (4.29), implies that there exists a
positive constant ¢y > 1 independent on n and § such that

(yp +2)(5 ) = y( 51, x0e L [(L+n" (1= 6)ul, +up)), V() € Qr, (4.30)
1w + 2)(T, Moy < (1= 08)(1+con™), (4.31)

and
(1 + nil)(l —0)uy, + quHLoo(QT) <(1+ nfl)(l =0 lur,llLoe(@r) + cod. (4.32)

Now we take § = co(co +n)~ L. Then it follows from (4.31) and (4.32) that

1S + 20) (T, Mooy <1 (4.33)
and

11+ (1 = 8)uf, +upllii=(or) < luf, o=@ + cilco+n) "
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Hence we deduce from the result of Step 1, (4.30), (4.33) and the previous inequality that
N (1) < NXo(a) < lIxqs, L1071 = 0)us, +up]lli=(@r) < No(r0) +clco +n) 7",

which gives (4.22).

Step 4. lim, _p- NX (1) = +00.
Assume that this property does not hold. Then there would be a positive constant My and a sequence {7, }°2 ;
with 7,, T T such that
N (tn) < M. (4.34)

Let u} be a solution to problem (P ). Then due to (4.34), we deduce
[u7, Iz (@r) = Nio(mn) < Mo (4.35)

and
1y(T, 591 X2 vz, o) < 1. (4.36)

It follows from (4.35) that
XQw Uz, — 0 weakly star in L*(Qr),
which, combined with (4.36) and the same arguments as (4.21), indicates
ly(T, -5 91,0) ooy < 1.
This contradicts assumption (1.2). O

We turn to the proof of Theorem 4.1.

Proof. The“only if” part can be easily derived by Corollary 3.6.
Concerning the “if” part, it follows from (4.2) and (4.3) that pz. # 0 and .=, # 0 a.e. in Q7. Then due
to (4.1)—(4.2) and Lemma 3.2, we deduce that

@ (ta) = M- xqe. , (1, 2)sgn(ys. (t,2))

= / |()0uﬁ;*
Qu)

FET

dadt-xqe, ,(t,z)sgn(pu:. (t,x)); ae in Qr

is a solution of the problem (P, ), which implies M; = N (7*). This together with Lemma 3.4 shows that

NL(T) = No(77) = M. (4.37)
By Lemma 4.2 and (4.37), we obtain 7* = 7*. Furthermore, it follows from Lemma 3.5 that @* is the optimal
control for (Py). O
Remark 4.3.

(i) Assigning the control to have the value 0 in Q7 \ Q% 1 is essential to obtain Theorem 4.1. Analogously this
will be the case in Theorem 5.5 of the following section.

(ii) In the proof of Theorem 4.1, from the properties of N2 (-) given in Lemma 4.2, we only use the fact that
N () :[0,T) — (0,400) is strictly increasing.

(iii) The fact that My = NZ (7%) = wi* ; l¢ur, | do dt, Lemma 4.2 and Theorem 4.1 give us some directions to

numerically calculate the optimal time 7* and optimal control uj for (Py).
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5. NECESSARY AND SUFFICIENT OPTIMALITY CONDITIONS FOR (P)

In this section necessary and sufficient optimality conditions for optimal time 7 and optimal control u3
of (Py) are given. Let us first recall the following result from [12].

Lemma 5.1. Let T* be the optimal time and let ul be an optimal control for problem (Pz). Then |us(t,x)| = Ma
for almost all (t,z) € Q..

It follows from Lemma 5.1 and the same arguments as Corollary 2.2 that
Corollary 5.2. The time optimal control for (P) is unique.

Next, let T" > 0 be fixed. We introduce two minimization problems as in Section 3. The first one is the
following norm optimal control problem:

Min {||[u|l Lo (qr) : u € L¥(Qr) satistying [|y(T, 5 y2,u)llcyo) < 1}, (PamT)

where the control u is set to 0 in Q7 \ Q%.
The second one is an auxiliary problem:

Min Jr(p) over all p € (Co(£2))*, (Paut)

where the functional Jr : (Cp(£2))* — R is defined by

2
Jr(p) = 5 louldzdt | 4 [lull (o)) + (s y(T, 592, 0)) (Co(2))*.Co(2)5
2 Qu)
T

and ¢, is the unique solution to the equation:

(pu)t + App =0 in Qr,
o, =0 on X, (5.1)

ou(T,) = p in £2.
Due to Lemma 5.1, Corollary 5.2 and similar arguments as those in Section 3, we have

Lemma 5.3.

(1)  Problem (Puur) has at least a minimizer. Moreover, its minimizer is zero if and only if ||[y(T, -; y2,0)|lco(02)
< 1L

(i) If |[y(T, 5 y2,0)[lco() > 1 and pi is a solution to (Paur), then

@mw=/|%;

Q@7

dadt - yo (2)sgn(ep (@) ae (ta) € Qr,

is a solution of (Pumt), where @, is the solution to (5.1) with initial value 7.

(idi) Let T* be the optimal time for problem (Py). Then N* (T*) = My, where N* (T) denotes the minimum of
(anT)

(i) Let T* be the optimal time for problem (P2). Then problem (Ppmr+) has a unique solution. This solution,
after being extended to be 0 on [T*,400) X {2, is the optimal control for problem (P).

Henceforth for a given solution of (Pp,71), we extend it to be 0 on [T, +00) x 2. From Lemma 5.1 it follows
that [[y(T™, - y2,0)|[cy(2) > 1. Then, due to (ii) and (iv) in Lemma 5.3, we obtain the following result.
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Corollary 5.4. Let T* be the optimal time for problem (P2). Then

u}* (ta 'T) = / |SOIL;.,*

T*

dzdt - xo(@)sgn(ppu;. (7)) ae (t,z) € Qr

is the unique solution to (Pppr+) and (P2), where @,:  is the solution to

(‘Pu}* )e + A‘Pu}* =0 in Qr-,

oz, =0 on X,

Pz, (T7,7) = - in {2,
and pk. is a minimizer of (Payyr+).

The main result of this section is given next.

Theorem 5.5. T* and @* (with @* =0 on ((0,400) x £2)\ Q%) are the optimal time and the optimal control
for (P2) if and only if

bz, (t,z) a*(t,x) = ‘;‘ngaﬁ2(<pu}* (t,z)-a) for almost all (t,z) € QZ., (5.2)
My = / |y, | da dt, (5.3)
T*

(‘Pu}*)t + A‘Pu}* =0 in Qp.,
Puz, (t,x) =0 on Yg., (5.4)

Puz (T7,) = px. in {2,
where K. is a minimizer of (P, i+)-
To prove the above theorem, we need some properties of the function N;‘o() For this purpose, we define
To = inf{T": [[y(T,;y2,0)||co() <1, T > 0}. (5.5)

The following properties are satisfied by N;‘o

Lemma 5.6. We have Ty < oo and the function Njo is strictly decreasing and continuous on (0, Ty]. Moreover,
NZ(T)=0 for T > Ty and limp_ o+ NZ(T) = +o0.

Proof. The proof is split into four steps.

Step 1. NX(-) : (0,Tp] — [0, +00) is strictly decreasing, Ty < 4+00 and N (T) =0 for T > Ty.
Let 0 < Ty < Ty < Ty. It is obvious that

Hy(Tlv';y27O)||C'0(Q) > 1 and ||y(T27';y2a0)HCo(Q) > 1. (56)

We shall show that
N2L(T1) > N (T). (5.7)

Due to (5.6), and (i), (ii) in Lemma 5.3, we see that for i = 1, 2,

() = [ o | dedt xu(ehsgnlon, (0) ae. (o) € Qr (5.8)

QT!
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is a solution to (Pumr;), where ¢,: is the solution of (5.1) with initial value p7., and p7, is a solution to
(Paut;)- We also have '
Pus, (t,x) #0 for a.e. (t,x) € Qr, (up, #0). (5.9)

Let y,, be the solution to

(yn)t - Ayn = Xw(]- - ’n’_l)u;“l in (07 +OO) X Q,
Yn =0 on (0,+00) x 02, (5.10)

Yn (0, ) = ya(x) in £2.
It is easy to check that

[yn(T1, ) — y(Th, s y2, up)llcoe) < cnt,
which implies
lyn(T1, )l coy <1+ Cnt (5.11)

Here and throughout the proof of this step, C' denotes different positive constants independent of n. Set z,,(t, x) =
yn(t +Th,x), for (t,x) € Qr,—1,. Then we have

(Zn)t — Az, =0 in QTQ—Tl’
Zn = 0 on 2T2—T27
2n(0,2) = yp(Th,z) in £2.

Define
- Ty,z)| in £2,
Z.(0,2) = {Ly"( 1,2)| n BV 0, (5.12)

and let Z, satisfy the heat equation (%,); — A%, = 0 for 2 € RY ¢ > 0. Then
z—s|?
S(ta) = / (art) Fe 57 2,(0,5)ds, ¥ (t,2) € (0,400) x RN, (5.13)

and
lzn(t, )| < Zp(t,z), YV (t,2) € Qr_m. (5.14)
It follows from (5.14), (5.13) and (5.12) that
—s|2

|
|zn (T — Th,x)| < / [Ar(Ty — Tl)]_%e_“(TrTl)Zn(O,s) ds
RN

= / (27‘(’)_%6_#271 (0,9& +V2(Ty — Tl)s) ds
RN

s 2
:/ (271')_%6_‘7' yn<T1,J;—|— 2(T2—T1)s)’ds
{sERN:z+,/2(T2—T1)s€ 2}
s 2
< lon(T3. oot | er) Yo as, veeo (5.15)
{SERN:IJr 2(T27T1)S€.Q}

It is easy to check that there exists an open, bounded set 02 (depending on Ty — T}) in RY such that
{SERN:x—l— 2(T2—T1)SEQ} c, Vren

This together with (5.15) implies

Is|?

on(Ts = T1,)] < (T3, ) lcucen / (@r) YT ds, Vaen
(94
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from which it follows that

|z]2

N =7
12T — T3, Yleo < lyn(Th o) / (2m) Fe F du.
0

Hence
|z|?

N
[yn(T2; )l co(e) < IIyn(le)Hco(m/Q(%) zem 2 dw. (5.16)

This together with (5.11) leads to

N _|z|?

(2m)"ze” 2 dux. (5.17)

1y (T2, Yoy < 11+ Cn7'] /Q

N

z|? 2|2
Moreover, we know that [,y (2r)~ % e~ da = 1, which implies fQ(QW)*Te*% dz < 1. It follows from (5.17)
and the latter that there exists a positive integer ng such that

1Yno (T2, M o) < 1. (5.18)
Hence due to (5.18), (5.10), (5.8) and (5.9), we obtain
NZ(T2) < Ixw(@ = ng gy s @ry) < 1 =10 )udy lie@ay) < 1w I @ry) = Nao(Th),

which completes the proof of (5.7).
Furthermore by the same arguments as (5.16), we deduce that there exists a constant ag € (0,1) such that
for any integer n > 0,

ly(n+1,5y2,0)l[co) < aolly(n, 5y2,0)[lco)s
which implies
ly(n, 5 y2,0)leo2) < aplly2()llco)-

Hence there exists a positive integer ng satisfying ||y(no, -;y2,0)|lco(@) < 1. This together with definition (5.5)
implies Ty < +oc and ]\7;0 (Tp) = 0. Similarly, for T > Tp, since

ly(T —To, s y(To, 5 ¥2,0),0)llcy ) < ly(To, 592,0)|lco2y <1

and y(T', z; y2,0) = y(T — To, x;y(To, - y2,0),0), ¥V x € £2, we get [[y(T, ;y2,0)| o) < 1. Hence N;‘O(T) =0.

Step 2. N2 (-) = (0,Tp) — [0,400) is right continuous. R
Let T € (0,p) be fixed. Due to Step 1, we deduce that limy, 7 N3 (1) exists. We shall prove

lim N (T) = N* (7). (5.19)
T|T

By contradiction, we assume there exists a sequence {T},}°°, with T}, | T such that

lim N* (T,) = N (T) — ¢ for some positive constant e.
T\ T

We denote by u,, a solution to (P71, ). Then

= (@n,) = No(Tn) T NL(T) —e.
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Hence there exist a subsequence, still indexed by n, and @ € L*((0, +00) x {2), such that
u, — @ weakly star in L*°((0,400) x £2) (5.20)

and
@l Lo (@z) < Nao(T) —e < N(T). (5.21)

Due to the similar arguments as those of Step 2 in Lemma 4.2, we obtain that
||y(Ta Y2, ’&)HCO(Q) S 1.
Hence N (T) < [XwitllLo(@r) < |@]lLo(@,)- This contradicts (5.21) and therefore, (5.19) follows.

Step 3. NX(-) : (0,Tp] — [0, +00) is left continuous.
Let T € (0, To] be fixed. Due to Step 1, we deduce that limp 7 N:O(T) exists. We shall prove that for any
sequence Ty, T T ,
lim N (T,) = NX(T). (5.22)

n—oo
Consider the following equation

yr — Ay = xou in Qr,,
y = 0 on ETT” (523)
y(0,2) = dya(z) in 2,

where § = §(n) € (0,1) will be determined later. Due to Theorem 3.1 in [10] there exists a control ul € L>®(Qr, ),
such that the solution to (5.23) with u = u?, denoted by y2, satisfies
Yo (T, ) =0. (5.24)

Moreover we have
-1
||ui||Loc(QTn) S 661(1+T"+T’" ) . 5||y2HL2(Q) S 625. (525)

Here ¢y and ¢y are positive constants independent of n and §. Define

ys(t,w) = (1= 0)y(t, w592, @), V(t,x) € Qr,, (5.26)

where @ is a solution of problem (P, 7). Then it follows from (5.23)-(5.26) that

(Yo +ys)e — AW +ys) = xolud + (1 —0)d] in Qr,,
vl +ys =0 on Xp . (5.27)
(¥ + v5)(0,2) = ya(x) in £,

1y +y5) (T Mooy = (1= OY(Tns 5 y2, Dl e 2)

< (A =0)([[y(Tn, 5 y2,a) = y(T', 5 y2, ) ||co() + 1) (5.28)
and
[ud, + (1 = 8)t]| oo (@, ) < 26+ (1= 8) ]| oo (@,)- (5.29)

Choosing

_ |y(Ts 592, @) — y(T', -5 Y2, @) || ¢y (2)
1+ ||y(T7l7 Y2, a) - y(Ta B y%a)”Co(Q) 7
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we deduce from (5.28) and (5.29) that

152 + y5) (T, Moy < 1 (5.30)

and
il + (1 = 0)iill o (or, ) < Il p=(@p)- (5.31)

Tt follows from the result of Step 1, (5.27) and (5.30) that
N2 () < NL(T) < lxulid + (1 = 8)lll = (o, < I8 + (1 = 8)illsean
which, combined with (5.31) and the fact that |||z~ (q.) = N* (T), implies (5.22).
Step 4. limy_ o+ N* (T) = +o0.

Assume that this property does not hold. Then there would be a positive constant My and a sequence {T,}22 ;
with T}, | 0 such that

NZ(Tw) < M. (5.32)

Let u}, be a solution to problem (Pt ). Then due to (5.32), we deduce

Lo (0100 x2) = 10, | Lo (@, ) = N (Th) < My (5.33)

lu,

and

|y(Tns 5 92, up, )l co(o) < 1. (5.34)

Due to the similar arguments as those of Step 4 in Lemma 4.2, we obtain that [|y2(-)[lcy(2) < 1. Thus this
contradicts with assumption |lya(-)|lcy () > 1. O

Now we turn to the proof of Theorem 5.5.

Proof. The “only if” part can be easily derived by Corollary 5.4.
Now we turn to the proof of the “if” part. It follows from (5.3) and (5.4) that p%. # 0 and Puz. (t,z) #0
a.e. in Q.. Then due to (5.2)-(5.3) and (i), (ii) in Lemma 5.3, we have

W (t,2) = My - Xo(@)sen(p,, (t,7)) = /Q | e dt o (@)sn(puy, (0) aein Qg
rfv*

is a solution of the problem (P, 7.), which implies My = N;‘O(T*) This together with (iii) in Lemma 5.3
implies

NZ(T*) = N2 (T*) = M. (5.35)
Then due to Lemma 5.6 and (5.35), we get that T* = T* € (0,Tp). Furthermore, it follows from (iv) in
Lemma 5.3 that @* is the optimal control for (P). O
Remark 5.7.

i) In the proof of Theorem 5.5, from the properties of N* (-) given in Lemma 5.6, we only use the fact that
~ oo
Nz (+) : (0,Tp] — [0,400) is strictly decreasing.
(ii) The fact that My = NZ(T*) = wi l¢uz., [drdt, Lemma 5.6 and Theorem 5.5 suggest a method to
.

numerically calculate the optimal time 7 and optimal control u} for (Ps).
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APPENDIX A

We quote from [1,8,13] the following results, which are used in the present paper.

Lemma A.1. Let p € (0,1) be a fized positive constant. Then for uy,us in Uy, there exists a measurable subset
E, C Qr such that

|Eplpn+1 = plQrlrr+1.

Moreover, if we set

~Ju(tz), (tx)eQr\E,
up(t, x) = {u2(t,w), (t.7) € E,,
then
Hu—zH _ —=0as p—0,
P C(Qr)

where y, and y1 are the solutions to (1.1) corresponding to u, and uy respectively, and z is the solution to the
equation

zp = Az + xqe . (U2 —w1) in Qr,
z=0 on X,
2(0,2) =0 in {2.

Lemma A.2. Let p € (Co(£2))*. Then the following equation

ye — Ay =0 in Qr,
y=20 on X,
y(0,z) =p in 2

has a unique weak solution y € L*(0,T; WO“((Z)) Moreover, there exists a positive constant 6 > 1, such that
y € L°(0,T; Wol’é(ﬂ)) and

HyHLé(QT;WOl»(;(_Q)) < CHMH(CO(Q))*’
where C' is a positive constant independent of y.

Lemma A.3. If p € C*=([0,T) x §2) is a nonzero solution to

pe+Ap=0 in Qr,
p=20 on X,

then p(t,z) # 0 a.e. in Q.
Lemma A.4. Let X be a Banach space and let S1 be finite codimensional in X .
(i) Let So C X. Then, for any a € R\ {0} and b € R, the set

aS1 — bSy = {as; — bsa|s; € 51,82 € Sa}

is finite codimensional in X .
(”) Let {fn}nZl C X* with

[fnllx >0 >0, fn— f weakly star in X,
and
(fr,S)x+x > —€n, VseS,n>1,
where § is a constant and £, — 0. Then f # 0.

Lemmas A.1 and A.2 are special cases of Theorems 5.1 and 4.2 in [1], Lemma A.3 is a special case of
Theorem 4.7.12 in [8] and Lemma A.4 is taken from [13] (see Prop. 3.4 and Lem. 3.6 of Chap. 4 in [13]).
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