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Abstract

A general framework for calculating shape derivatives for domain optimiza-
tion problems with partial differential equations as constraints is presented. The
first order approximation of the cost with respect to the geometry perturbation is
arranged in an efficient manner that allows the computation of the shape deriva-
tive of the cost without the necessity to involve the shape derivative of the state
variable. In doing so, the state variable is only required to be Lipschitz continuous
with respect to geometry perturbations. Application to shape optimization with the
Navier-Stokes equations as PDE constraint is given.
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1 Introduction

In this paper, we consider the problem of finding a domain € (in a class of admissible
domains %,;) minimizing the functional

J(u, Q) E/le(Cyu) dx (1)

subject to a constraint
Eu,Q)=0, ueX. 2)

Here E(u,Q) = 0, represents a partial differential equation posed on Q with boundary
0Q, u is the state variable and X C LZ(Q)I , [ € N, is a Hilbert space with a dual X*. The
class of admissible domains %4 does not admit a vector space structure, making the
application of traditional optimization methods difficult. This difficulty is bypassed by
describing shapes by means of transformations. Due to lack of closed form solutions to
E(u,Q) =0, problem (1-2) is usually solved numerically using iterative methods, e.g.,
the gradient descent method. For such methods, one needs to compute the derivative of
the cost with respect to . Rigorous derivations of shape derivative of J can be found in
literature, see e.g [7], [2]. In [7], the approach taken involves differentiation of the state
equation with respect to the domain. The state variable lives in a Hilbert space X which
depends on the geometry with respect to which optimization is carried out. To obtain
sensitivity information of Q + J(Q) = J(Q,u(Q)), a chain rule approach involving
the shape derivative of Q — u(Q) is chosen. Other techniques presented in, e.g., [2]
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use function space parametrization and function space embedding methods. The latter
depends strongly on sophisticated differentiability properties of saddle point problems.
In this paper, we present a computation of the shape derivative of J under minimal
regularity assumptions. The technique we employ was first suggested in [5], and then
used in [3], and allows to compute the shape derivative of the mapping Q +— J(Q)
without using the shape derivative of the state variable with respect to the geometry.
In [5], a cost functional J : X — R of the form J(u,Q) = [, j1(«) dx was considered.
However, in many applications such as vortex control in fluids, cost functionals are
typically of the form (1), where Cy : X — H, H a Banach space, is either a linear
operator, e.g., Cyu = curl u or generally a non-linear operator, e.g., Cyu = det Vu. In
addition, we note that cost functionals of the form (1) can be expressed in the form

J(u,Q) = G(F(u)), A3)

where the mappings
F:X—H, G:H—R,

are defined as F(u) = Cyu and G(v) = [ j1(v) dx, respectively. In this work, we
specifically address this composite structure of the cost functionals of the form (1),
where Cy is an affine operator

Cyru(-) = Cu(-)+9()  yeL*(D),

D, an open and bounded hold all domain to be specified later, and C € .2 (X,L*(Q)) is
a linear operator. An application involving a cost functional with a non-linear operator
C in the integrand is also presented. The approach that we use can be summarized as
follows: The difference quotient of the cost J with respect to the geometry perturbation
is arranged in an efficient manner so that computation of the shape derivative of the
state can be bypassed. In doing so, the existence of the material derivative of the state u
can be replaced by Holder continuity with exponent greater than or equal to % of u with
respect to the geometric data. The constraint E(u, Q) = 0 is observed by introducing
an appropriately defined adjoint equation. Furthermore, well known results from the
method of mapping and the differentiation of functionals with respect to geometric
quantities are utilized on a technical level.

The rest of the paper is organized as follows. In Section 2 we present the proposed
general framework to compute the shape derivative for (1-2). The application of the
general theory to shape optimization problems with the Navier Stokes equations as
equality state constraints is presented in Section 3.

2 Shape derivative

In this section we focus on sensitivity analysis for the shape optimization problem (1)-
(2). To describe the class of admissible domains %y, let D C RY, d = 2,3 be a fixed
bounded domain with a C* boundary dD and let S be a domain with a C*> boundary
I := J8 satisfying S C D (see Figure (1)). For the reference domain, either of the
following three cases is admitted
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Figure 1: Domain

i) Q=S5,
(i) Q =D,
(i) Q=D\S.

Then the boundary 9 for the three cases is given by
(i) 0Q =T,
(i) dQ=dD,
(iii) dQ=TUJD.

Shapes are difficult entities to be dealt with directly, so we manipulate them by means
of transformations. If Q is the initial admissible shape, and €, is the shape at time z,
one considers transformations 7; : Q +— €,. Such transformations can be constructed,
for instance, by perturbation of the identity [2]. To construct an admissible class of
these transformations, let Q C D be a bounded domain and

# ={heC*D):h|;,=0}

be the space of deformation fields. The fields h € 7 define for # > 0, a perturbation of
Q by

Tt : Q = Ql‘a
x— T;(x) = x+rh(x).
For each h € JZ, there exists T > 0 such that 7;(D) = D and {T;} is a family of Cc2-

diffeomorphisms for |¢| < % [2]. For each t € R with |¢t| < T, we set Q; = T;(Q), It =
(). Thus Qy=Q, Ty =T, Q CD.

2.1 Notation

In what follows, the following notation will be used:

I, =det DT;, A(t) =1,(DT,) ' (DT,) T, 4)
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and Vu shall stand for (Du)” where u is either a scalar or vector valued function (if u is
bold faced, i.e., u). In (4), (DT})’T takes the meaning of transpose of the inverse matrix
(DT;)~". Furthermore, two notations for the inner product in R shall be used, namely
(x,y) and x -y, respectively. The latter shall be used in case of nested inner products.
In addition, throughout this work, unless specified otherwise, the following parenthesis
(-,))a» (-,-)9q shall denote the L2(Q), L?(dQ) inner products, respectively. In some
cases, the subscript Q may be omitted, but the meaning will remain clear in the given
context. The scalar product and the norm in the Hilbert space X will be denoted by
(,+)x and || - ||x, respectively, and the duality pairing between X* and X is denoted by
(-,-Yx*xx. The curl of a vector field u = (u1,u,) € R?, denoted by curl u, is defined as

i Juy Jdu
culu:= — — —
dx dy’
while the curl of a scalar field u in the case d = 2, denoted by curl u, is defined as
Ju Jdu
lu:=(—,—=).
curl u:=( Iy’ 8x)

The determinant of the velocity gradient tensor of a vector field u = (u;,us) € R?,
denoted by det Vu(x), is defined as

detVu(x) := %%,%% 5)

The unit outward normal and tangential vectors to the boundary dQ shall be denoted
by n = (ny,ny) and T = (—ny,ny,), respectively. We denote by H" ('), m € R, the
standard Sobolev space of order m defined by

H"():={ue*()| D% e [*(F), for0< |at| <m},

where D® is the weak (or distributional) partial derivative, and o is a multi-index. Here
., which is either the flow domain Q, or its boundary d<, or part of its boundary. The
norm || -||gm( ) associated with H™(.#’) is given by

Wl = X [ D% dx.

|| <m 4

Note that H(.) = L*>(.) and | |- | lno(») = || ll2(s)- For the vector valued functions,
we define the Sobolev space H” (.¥) by

H" () = {u= (u1,u2) | u; € H"(#), fori = 1,2},

and its associated norm

2
2 2
0l oy = Y el By
i=1
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2.2 Properties of T

Let # = [0, 7] with 7y sufficiently small. Then the following regularity properties of
the transformation 7; can be shown, see for example ([5], [7], [2, Chapter 7] ):

Ty =id t—T,€C'( 7,C'(D;RY))

t— 1, eC'(7,C'(D;RY)) t—1 €C'(7,C(D))

t— (DL)" " eC( 7 ,CH(D;R™)) 4Tili—o=h ©
GT o= —h & DTili—o=Dh

4pT, -9 = —Dh 2L]|i—o=divh

Lji—o=1 IY—o=1.

The limits defining the derivatives at t = 0 exist uniformly in x € D. We shall also make
use of the surface divergence, denoted by divr, which is defined for ¢ € C!(D,R?) by

divre :=dive|r — (D@ n) -n. ™

2.3 The Eulerian derivative

Definition 2.1. For given h € JZ, the Eulerian derivative of J at Q in the direction h
is defined as

J(u, Q) — I (1, Q
dJ(u,Q)h = lim (r, ) — I, 2) : ®)
t—0 t
where u; satisfies
E(u,Q;)=0. ©))

The functional J is said to be shape differentiable at Q if dJ(Q, u)h exists for allh € 5
and the mapping h— dJ(Q,u)h is linear and continuous on .

Under suitable regularity assumptions one can furthermore show that dJ(u, Q)h only
depends on the normal component of the deformation field h on dQ and can be repre-
sented as

dJ(u,Q)hzfa Goh - n ds, (10)
Q

where the kernel G does not involve the shape derivative of u with respect to Q. This
is the main result of the Zolesio-Hadamard structure theorem [2, Pg. 348]. Let {X; };>0
be a family of functional spaces defined over the domains €;. Then the variational
form of (9) is given by : Find 4, € X; such that

(E(ur, ), i)xixx, =0, an

holds for all y; € X;. Throughout we choose X; = T;(X) and we assume that equation
(11) has a unique solution u;, for all 7 sufficiently small. Using the method of mappings,
equation (11) represents the weak form of the reference problem (2) given by

(E(u,Q),¥)xxx =0, forall yeX (12)
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for t = 0. The adjoint state p € X to this equation is defined as the solution to
(Eu(u, Q) ¥, p)x+xx = (C* j1 (Cyu), y). (13)
Any function u; : @, — R!, for [ € N, can be mapped back to the reference domain by
W =uoT,: QR (14)
From the chain rule it follows that the gradients of u,; and u’ are related by
(Vu)oT; = (DT) "Vl (15)

(see [7] Prop: 2.29). Moreover u' : Q — R/ satisfies an equation on the reference
domain which we express as
E(W,t)=0, || <1%.

0

Because Ty = id, one obtains u” = u and

EW®,0) = E(u,Q).

In order to circumvent the computation of the derivative of u with respect to €, the
following assumptions (H1-H4) were imposed on E and E in [5].

(H1) There is a C'-function £ : X x (—%, %) — X* such that E (u,,Q,) = 0 is equivalent
to
E(',t) =0 in X",
with £(u,0) = E(u,Q) for all u € X.
(H2) There exists 0 < 7y < 7 such that for |¢| < Ty, there exists a unique solution u' € X
to E(u',¢) = 0 and

[l —u®l|x

fim 10X g,
t—0 ‘t|7

(H3) E,(4,Q) € Z(X,X*) satisfies
(E(n,Q) = E(u,Q) = Ey (1, 2) (v —u), W)x-xx = O(|[v—ul[})-
(H4) E and E satisfy

=0.

liml<E(ut,t) —E(ut)— (E(', Q) —E(u,Q)),W>X*XX =

t—0 1t

Additionally we need that the following assumptions on j; and Cy hold.

(H5) We assume that [q, j1 (Cyu) dx, [o(j1(Cyu))? dx exists for all u € X and

| [ [ €)= i (€0 = (€.t =w) | x| < Kilaf .

where K > 0 does not dependont € 7.
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To compute the Eulerian derivative of J(u, Q) in (8), we need to transform the value of
J(uy, Q) = th J1(Cyuy) dx; back to Q. This is done by using the relation

J(M[7Q[) = /(2 J] (C'yut) dx, = ‘/gzj] ((C'y’/i[) O];)I[ d.x.

The transformation of (Cyu,) oT; back to Q induces some matrix A, that we shall require
to satisfy:

There exists a matrix A, such that t — A, € C(_# ,C(D,R%*?)) and

(Cyu) o T, = ACul +19 +7y, G € L*(Q),
(H6)
Cyluo ;") = (ACu+14 +y)o T, ",

A—1
t

lim;_.g exists, A;|—o =1.

(H7) Let (1) = [o I ji (ACu +1G +7) — ji(ACu+19 + )+ j1 (Cyu) — j1 (Cyu' )] dx.
Then we shall require .# to satisfy

=0. 16
t—0 (16)

Some illustrative examples for (H6) and a remark on (H7) are given next. If C, = C =
V, ie., y=0, then (15) gives A, = DT, T and &4 = 0. This gives the first relation in
(H6). By applying the chain rule on V(uo 7}_1 ), we obtain

V(uoT, ') =DT, TVuoT, . 7

This gives the second relation in (H6). The third relation in (H6) is satisfied by A; since
i DT, T —1
im———

t—0

= —Dh”, and nn(l)DT;T =1
—
In the next example, we consider the case where Cy = C = div, i.e., y=0. For

this purpose, we derive the transformation of the divergence operator in the following
lemma.

Lemma 2.1. Suppose u, and W' are related by (14), then
(divu)oT, = I7 (divu') +19, (18)
where
divu' = (it + dyih) and G = I (ho.y Oty + hy xOyidy — ho xAyidy — Iy Ot (19)
Proof. By definition
(divu)oT; = (dwus + dyuz) o Ty = (dyur) o T + (dyup) o T

Using (15) we have

Oclls1 Okl 1 14+thy, —thy oy, Ot
5 s T = — 3y X Ead | X712 . 20
( A Oyt o I\ —thiy I+1h . oy oyt 0
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From (20) we have for the diagonal components

It(ax’/lz,l ) ol; = (1 +th2,y)axutl - th2,xayut17
L9y 2) o Ty = —thy youtty + (1+ thy ) Ay,

from which upon addition of both terms on the right hand side, one obtains

L(divu)oT, = (1 thhz,y)axut] 7th27xayut1 7th17yaxut2 +(1 +th1,x)3yut2
=divu' + t(hz,yaxut] + h]7x8yu’2 — /’lz_’xayut] — hl,}axua).

O

From Lemma 2.1, we note that A; from (H6) is given by A; = I[ll. Foru € X,
divu € L?(Q) by assumption, hence ¢ given in (19) is in L?(Q). Moreover by (6), we

A —1
have that lim A, —/ = 0 and lim tf = —div h holds in L*(Q). Since u; = u' o T, ",

t—0 t—
one obtains div (u' o7, ') = (I,_l(div )+ t%) o7, from Lemma 2.1. Thus all

conditions of assumption (H6) are satisfied by this transformation.
We now provide a remark on assumption (H7).

Remark 2.1. If we suppose that either y = 0 in (H6) and j,(t) = |t|> or y # 0 in (H6)
and ji(t) = |t — y|*, then

//z(t):/QI,[|(Atcuf+tg)\2—|(A,Cu+t§¢|2+|cu\2—|cuf|2] dx, .#(0)=0.

Using (a> — b*) = (a+b)(a— b), we can express M such that

(///t(t) = /QI, {(Att_l) (A, +1)C(d' +u) +2A,€4 C(u' —u) dx.

Note that I; and I, can be expressed as

I, =1 +tdivh+r*detDh and I7' = I —tdiv h+t*detDh,

respectively. Hence fort € ¢, I;, A, +1, and At;I are bounded in L= (Q). Moreover
<
t Q

and

L=

LAYCW —u)| dx,

(A +1)C(u +u)C(u —u)’ a’x—|—2/Q

E(1) Ex(1)

A —1
E10) < il | A0

Ex(t) < Kol ||Ad || |19 ]] 2| — | x,

= 11(As+ D)=l + el [ " — 2|,

for some generic constants K1 and K,. Hence by H2, we obtain lim,_ E;(t) =0, i =
1,2 and this leads to (16).
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In what follows, the following lemmas shall be utilized.
Lemma 2.2. [5]
(1) Let f € C(_# ,WHY(D)), and assume that f;(0) exists in L' (D). Then

%/Q,f(t’x) dxt|z:0:/gff(0,)€) dx+/l_f(0;)€)h'nds.

(2) Let f € C(_# ,W*Y(D)), and assume that f;(0) exists in W'(D). Then

%/Df(t,x) dx,|,=0:/rf,(0,x) ds+/r(afgl)1’x)

where K stands for the mean curvature of I.

+ Kf(07x))h~nds,

The assumptions of Lemma 2.2 can be verified using the following Lemma
Lemma 2.3. [7, Chapter.2]
(1) Ifu€ LP(D), thent s uo T, € C(_#,LP(D)),1 < p < oo,
(2) Ifu € H*(D), thent — uoT,”' € C(_¢ ,H*(D)).

(3) Ifu € H*(D), then %(u o T, ") |i=o exists in H' (D)and is given by

i(uo T, )|i—o = —(Du)h.

dt
Note 2.1. As a consequence of Lemma 2.3, we note that %V(u oT, 1) 0 exists in
t=
L*(D) and is given by
d _
EV(uoTt b 0T —V(Duh).

For the transformation of domain integrals, the following well known fact will be
used repeatedly.

Lemma 2.4. Let ¢, € L'(Q,), then ¢, o T, € L' (Q) and

/ ¢tdx,:/¢,oTtItdx.
Q o)

As a main result, we now formulate the representation of the Eulerian derivative of
J in the following theorem.

Theorem 2.1. If (HI-H7) hold, and ji(Cyu) € W1 (Q), then the Eulerian derivative
of J in the direction h € J€ exists and is given by the expression

N d -
aT(@)h = — S (E (1), p)x-x o + /8 1(Cyh-nds— /Q J(C)Cy(VuT -h) dx.
21
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Proof. The Eulerian derivative of a cost functional J(u,Q) is defined by (8). Using
Lemma 2.4 we obtain

T, Q) — T (4, Q) = /Q A(Cpr) o T, — i1 (Cya) dix,
and by (H6)
I, Q) — (1, Q) = /Q 1 (J1(ACH +19 +7) — j1(Cu) ) dx
+ /Q (1, A€l = ji (cyu)) dx.
The following estimate is obtained along the lines of [5]. We set
R(r) = /Q (11 (€)= jr(Cpu) ) dx, R(0) =0,
S(1) = /9 1 (J1(ACu +19 +7) — j1(Ct)) dx, S(0) =0,
Since C is a bounded linear operator, we have
R(r) = /Q [ in(Cput) = 1 (€~ (Ji(Cpu), Ol —w)) | dwt
/Q (1= 1) (J4 (). €O ) ) e+ /Q (1), CW —w) dx
—1—/;2([, —1)j1(Cyu) dx.

We express R(t) = R (t) + Ra(t) + R3(t) + Ra(¢). Using (H2) and (HS5), we have that

liII(l) ;Rl (t) = 0. Moreover using H5 and similar arguments as in Remark 2.1, we have
11—

=1, .
| < 1=l 13 (Sl 2l = wllx

‘Rz(l‘)
t

Therefore, by (H2) and (6), one obtains lim,_ |%R2 ()] = 0. Next observe that using
(13) with v = u' — u € X, we have that
R3(1) = (j1 (Cyu),C(u —u)) = (C* j1 (Cyu), (u' —u))
= <Eu(u,Q)(ut - u)7p>X*><X~

In order to bypass the computation of the shape derivative of u, we arrange terms on
the right hand side of (22) in an efficient manner to obtain

<Eu(u79‘)(ut 7u)ap>X*><X = 7<E(uat) 7E(u70)7p>X*><X
(', Q) —E(u,Q) — E, (u, Q) (t' —u), p)x+xx
(ulat) —E(MJ) _E(MZPQ) +E(uag)ap>X*><X~

By using assumptions (H2), (H3) and (H4), we have that

(22)

_<E
_(E

1
—11I%;<E(Mt,.Q) —E(M,Q) —Eu(u,Q)(ut _u)ap>X*><X = 07
11—
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and

1, - _
—lim —{E( 1)~ E(u,1) ~E(, Q) + E(w, Q). p)xxx = 0.
—

Consequently utilizing (H1), we obtain

. Ra(t d  ~
tim 0 — &), phexlico 23)

We shall turn our attention to R4(¢) later. Now let us focus on

S(r) = '/Qlt (j1 (ACu' +19 +7) —jl(Cyuf)) dx,
and consider the expression
Ji1(ACU +19 +7) — j1(Cyd).
This can be written as

Ji1(ACU +19 +7) — j1(ACu+19 +7) + ji(Cyu) — j1(Cyu' )+
J1(ACu+19 4 7) — ji1(Cyu).

Observe that
S0 = [ 1 (7ACu+19 +7) = ji(Cu)) dx-+ .20, (24)
Expressing S(¢) = Sy (¢) + . (t), where S (¢) is the first term in (24). Using (H7), we

t
have that lim % = 0. Therefore collecting the remaining terms, i.e., R4(¢) and S (¢)

t—0

into Ss() := R4(t) + S1(7), we have that
Ss(1) = /g 11 (ACu+1% +7) — j1(Cyu) dx, S5(0) =0.
Using Lemma 2.4, we can express S5 as
Ss5(t) = ./sz, i ([ACu+19+7]oT,) dx, — /le (Cyu) dx. (25)
By H6, (25) can further be expressed as
$50) = | 7(Cyuet™)) dv— [ ji(Cp) . (26)

By definition of Eulerian derivative, we have that

Ss(t d
lim S5(t) _ —/ Ji (Cy(uoTt_l)) dx;
Q

—0 t dt =0
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Since by assumption ji (Cyu) € Wh1(Q), 4 [jl (Cy(uo Tt’l))] exists in L' (Q) [7].

Therefore, using Lemma 2.2 and Lemma 2.3, we have that

. SS(I)_ d . -1 / .
lim = —/th[l(cy(uoTt N] e+ [ (Ch-nds

:/a _i(Cphnds— /Q J(Cyu)Cy(Vu -h) dx.

Hence
. R(t)+S(¢ d - .
dJ(u,Q)h = thﬁmow = —E<E(u7t),p>x*xx\;=o-i—/mjl(Cyu)h-n ds
- / J(Cu)Cy(Vu -h) dx.
Q
U
3 Examples

As an application of the general theory developed in the previous section, we derive the
shape derivatives of cost functional used for vortex reduction in fluid dynamics. Here
we restrict ourselves to the 2D case. Typical cost functionals used for this purpose, are
based on minimization of the curl of the velocity field or tracking-type functionals, [1],
ie.,

1
Ji(0,Q) = 3 /Q |curl u(x)|? dx,
27
1
H(0.Q) =3 /Q Au(x) —ug(x)]? dx, AeR>2,

where u, stands for a given desired flow field which contains some of the expected
features of the controlled flow field without the undesired vortices. Furthermore,

J3(u,Q) = / g3(det Vu) dx, (28)
Q
where
N 0 t <0,
g3( ) - % > O7

penalizes the complex eigen values of Vu which are responsible for the swirling motion
in a given flow (see , e.g.,[4] and references there in). The rigorous characterization
of the shape derivative of this functional has not been done before, and therefore it is
of a big interest in this work. In (27-28), u represents the state variable that solves the
Navier-Stokes equations

—nAu+ (u-V)u+Vp=fin Q,
divu=0 in Q, (29)
u=0 on JdQ.
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Here 1 > 0, denotes the kinematic viscosity of the fluid, f € L?(€) is the external body
force, p the pressure, and with reference to Figure 1, Q = S with I' = 9dS. Using the
notation of the previous section, we observe that E(u, Q) = 0 is given by system (29).
We define the following functional spaces for velocity and pressure, respectively:

Hy(Q) ={yeH'(Q) | y=00nT},

@) = {ge (@) [ gdx=0}.

The variational formulation of (29) is given by: Find (u, p) € X = H}(Q) x L3(Q) such
that
(E((u,p),Q),(¥,8))xxx =N(Vu, Vy)a +((u- V)u,¥)a — (p,div ¥)q

—tvo-(dive =0, O

holds for all (y,&) € X. It is well known that for sufficiently large values of i} or for
small values of f, there exists a unique solution (u, p) to (30) in X. Moreover since
9Q € C?, (u,p) € (H*(Q)NH{(Q)) x (H'(Q)NLE(LQ)) [8]. On & the perturbed
weak formulation of (29) reads:

Find (u;,p;) € X; = H) () x L}(,) such that

<E((ul’pl)’gl)v (thét»X,*XX, = n(vul’VWt)Qx + ((uf ! V)ulv Wt)Qt

. . (31
—(p,,le Wt)Qt - (ft7 IIII)QI - (le utvgt)Qt =0,

holds for all (y,,&;) € X,. Using the summation convention, the transformation of the
divergence [5] is given by

(div y,) o T, = DY{Al e; = (A)):V Y,

where e; stands for the i-th canonical basis vector in R and (A4,); denotes the i-th row
of A, = (DT,)’T. Thus using (15) the transformation of (31) back to Q becomes,

<E((ut7pt)vt)v (w7 ‘5)>X* xX = n(IIAtvulaAtVlV)Q + ((ut -A,V)llt,ltl[/)g

(0 LAY — (F1 W) — (h(A)Vil, E)a =0 forall (y,&)eX. O

3.1 The Eulerian derivative of cost functional J;

For this cost functional, the operator Cy = C = (curl,0) and C} = (curl,0) with y = 0.

Moreover it is easy to check that C € £ (X,L?). Furthermore, since u € H}(Q) we
have that curl u € L?(Q,R) and therefore

ue H(curl, Q) := {u e L*(Q,R?) : curlue L*(Q,R)}.

Hence the cost functional J; (u, Q) is well defined. The adjoint state (,q) € X is given
as a solution to

<E/((u>p)>g)(W75)v(17Q)>X*><X = (curl(curl ll), W)Qa
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with right hand side curl(curl u) = —Au, which amounts to

Ny, Va)a+ (v-Viu+ (u-V)y,A)o — (§,div A)o — (div ¥, g)a = (—Au, y)a.
(33)

Integrating ((u V), l) o DY parts, one obtains the strong form of the adjoint equation
in (33), that we express as

—NAA+(Vu)-A — (u-V)A+Vg=—Au in Q,
divAd =0 in Q, (34)
A =0 on JdQ,

where the first equation holds in L?(Q) and the second one in L?(Q). It is well known
that there exists a unique solution (1,g) € X. Moreover, since dQ € C2, (A,q) €
(H*(Q)NH)(Q)) x (H'(Q)NLF(L)), (see e.g [5] and references there in). In view
of Theorem 2.1 we have to compute 4 (E((u,p),t),(A,q))x+xx |0, for which we use
the representation on €, of (32). This writes

(E((u,p),1),(2,9))x*xx =n(Vuo T, , VAo T, 1o+
(o '-Vyuo T, L, A0 T, g,

—(poT, NdivAaoT, Vg, — (F,A0T g,
—(divuoT; ! goT, g, =0,

(33)

where (u, p),(A,q) € X are solutions of (29) and (33), respectively. The computation
of %(E((u,p),t), (A,9))x*xx |r=0, results in

jt< ((w,p);1),(2:9))x*xxli=0 = (=MAu+ (u-Vju+Vp — £,y )o+

n(Vu-n,y3)a0 = (PYz:maq + (~NA + (VWA — (w-V)A +Vq, y,)o  (36)
(¥ VA0 30— (@-m Y a0+ 1 [ (Vu.VA)h-nds
where y, = —Vu’ -h e H'(Q) and w; = —VA” -h € H'(Q), with h € J#. By using

(34), the expression on the right hand side of (36) can further be simplified to obtain
(37), (see [5] for more details).

%<E((u,p)>f)7(laq»xwx\tﬂ):_/ [ngzgﬂh as

Jdu

(37)
dA ,
+ ( (8n )‘HI(& ) ))h~nds+/Q(Au)Vu -h dx.

Using the definition of tangential divergence (7), we have that:

p(a—,n):p(vﬂ-n)-n:pdivxbg—p divyo A. (38)
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Since A = 0 on €, the last term in (38) vanishes (see [7] Page 82 for details). Further-
more div A = 0 which renders this expression to be zero. Analogously, q(%,n) =0.
Thus

d dudi

E(E((uvp)at)7()qu>>X*><X|t=0:_./a‘gnﬁﬁh'nds"'./g(Au)vuT'hdx- (39

In view of Theorem 2.1, we further need to show that assumptions (H1-H7) hold, and
moreover that |curl u|?> € W"!(Q). Assumptions (H1-H4) were verified in [5]. To
check (HS), note that

t|2_ 2

1 1 1
§|curl u E\curl uf? — (curl u,curl(u’ —u))= E(curl(u’ —u))”.

Hence
1 2 1 2 ’ _ [k 1 2
L | < |curl u'[* — < |curl u* — (curl w,curl(u’ —w)) | dx = | = (curl(u’ —u))* dx.
o L2 2 Q2
Consequently by Young’s inequality, we have
I
|5 (curl(w —w)? dx| < max [[5 o= lw’ — ul i,
Q2 1€[0,7)]

for 7y sufficiently small. Hence (HS5) is satisfied with K = rr[lax] [1I]| -
t€|0,79

Condition (H6) is checked next. It illustrates the choice of Cy for the present example.
Lemma 3.1. Suppose u, and o' are related by (14), then
(curlw,)oT; = I (curlu') +19, (40)

where

G = I (hayOutdy — ha Oyt + hy yAytd) — hy (Dyut)). (41)
Proof. By definition
(curlu)o Ty = (dwuz — dyur) o Ty = (dyuz) o T; — (Ayuy ) o Ty
From (20) we have for the non-diagonal components

L(0vtty2) o Ty = (14 thy y) Oty — thy 1 Oyid,
L(dyuy 1) o Ty = —thy yotth + (1 +1hy ) Oy,

from which we obtain that

L(curlw,) o Ty = (1 +thyy)duus — thy yOyuth +thy yoxuy — (1 +thy )it}
= curl W' +1(hy yOxity — hy Oy + hy Oyt — hy cOyut}).

Thus (curl w,) o 7; = I} (curl u') + 1. O
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From Lemma 3.1, we observe that A, from (H6) is given by A, = I, 'I. Since
u € H\(Q), ¢ given in (41) belongs to the Sobolev space L*(Q). Moreover by (6),
we have that }E%At —I=0and [lg% y = —div h. Since u; =u’ o T,’l, one obtains
curl (W' oT,7') = (I,’l (curl v') 419 ) oT,~! from Lemma 3.1. Thus all conditions of
assumption (H6) are satisfied by this transformation.
Cost functional J; satisfies the conditions of Remark 2.1 and therefore (H7) holds.
In addition, since u € H?(Q), it follows that Vcurl u € L?>(Q). Therefore, we infer
that V|curl u|? = 2curl u Vcurl u € L'(Q). Consequently |curl u|> € W' (Q). Since
all assumptions of Theorem 2.1 are satisfied, using (21) and (39), we can express the
Eulerian derivative of J; as

d]l(u,Q)h:/ 280t h-nds—/(Au)VuT-hdx+
90| dndn Q @)

1
f/ |curlu\2h~nds—/ curl u curl (Vu’ -h) dx.
2 Joo Q

We want to express (42) into the form required by the Zolesio-Hadamard structure
theorem (10). With this in mind, sufficient regularity of u together with Greens formula
for the curl, i.e.,

/ {curl ucurl (Vu’ -h) — (Au)Va” -h} dx :/ (curluw)z- (Vu’ -h) ds,
Q oQ
see, e.g., [6, Pg. 58], leads to

Juodli Ju

_ ouot | 1 2_ .
dJi(u,Q)h = /39 [T[ 3 n + 2|curlu\ (curlu)7 8n] h-n ds. (43)

3.2 The Eulerian derivative of cost functional J,

In this example we define the operator Cy : u(x) — Au—uy € L2(Q) with y= —u, €
L?(D). The linear operator C € . (X,L?(Q)) is such that C : u(-) — Au(-). Further-
more, since u € H)(Q) we have that Au—u, € L?(Q). Hence the cost functional
J>(u,Q) is well defined. For this case the adjoint state (4,q) € X, is given as a solution
to

<E/((U7P)7Q)(W7 ‘g)v (17Q)>X* xX = (All — Uy, W)Q )
which amounts to
—NAA+(Vu)-A —(u-V)A+Vg=(Au—u,), in Q,
divA =0 in Q, (44)
A =0 on JdQ,
where the first equation in (44) holds in L?(Q) and the second one in L?(Q).

Theorem 3.1. The shape derivative of the cost functional J,(u,Q) can be expressed as

B dudi 1 )
sz(u,Q)h—/aQ [né)rlé?r1+2(Au_ud) h-nds. (45)
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Proof. We want to make use of Theorem 2.1 to derive (45). For this purpose, we
remark that by using (36), (38) and (44) , one obtains

4 g = dudi ‘ v
E<E7(7W])>X*xx|t=o = _./agnan n ds—./Q(Au—ud)A (Vu' )h dx,

where (A, q) solves (44). Furthermore, we need to show that assumptions (H1-H7) of
Theorem 2.1 hold, and moreover that |[Au—u,|> € W1 (Q). As stated earlier, assump-
tions (H1-H4) were verified in [5]. To check (HS), note that

1 1 1
§|Au’ —uyl* - §|Au —uy* — (Au—uy, A(u' —u))= E(A(u’ —u))%
Consequently by Young’s inequality, we have
!
’/ Z(A(u' —u))* dx| <4a max ||L||z~|[0’ —u|}, @=max|a;|, i,j=1,2.
Q 2 S 07’1«'0] i,j )
Hence (H5) is satisfied with K = 44 rr[lax] [|1I;|| =, for 7o sufficiently small.
t€|0,79
Note that the transformation (Cyu;) o T; = Cu’ —u, implies that ¢ = 0 in (H6). Fur-
A —
thermore A, is given by A; = I and lim % = 0. Moreover Cy(w' o7, ') = (Cu’ —
11—
uy) o 7}’1. Hence all conditions of (H6) are satisfied. Note that J, satisfies condi-
tions of Remark 2.1 and hence (H7) holds. It is also clear that |[Au—uy|> € Wh!
since u € H?(Q). The preceding discussion shows that assumptions (H1-H7) are satis-

fied. Therefore using Theorem 2.1 together with the fact that (| (Cu), C(Vulh))q =
(Au—uy, AT(VuT)h)q, one obtains

ok 1 au—uy)?| honds. (46)

O

3.3 The Eulerian derivative of cost functional J3

First note that J3(u, Q) is well defined. In fact, for u € H}(Q), we have det Vu € L' (Q).
Moreover 0 < % <t for t > 0, hence g3(det Vu) is integrable. Furthermore for
Su € H)(Q), there exists the directional derivative J}(u,Q)(5u) given by

J,(u,Q)(8u) = /Q ¢\ (det Vu)(det Vu)'Su dx, @7)
where
0 t <0,
(det Vu)'8u = (uySuj + Suyu; — uySuy — uySuy) and gh(t) = { AR I ; 0
44212 +1 )

Where appropriate, we shall use the short form notation g4 to represent g5(det Vu) in
what follows.
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Lemma 3.2. The directional derivative J5(u,Q)(0u) can be expressed in the form

J5(u,Q)(8u) = /QT(u)(cSu) der/aQP(u)(Su) ds

where
_Curl(g/ Vuz) gg (de[ Vu) %“2 ny — %l;z ny
T(u) = ( )3 ) and P(u) = o ;
curl(g5Vu) g5(det Vu) ( &ln, — ;y‘ iy

Proof. Integrating each term in (47) by parts, we obtain

~,duy d 5142 8u1 0 Juy
/ = R
/Qg3 dx dy / (Suz)ny ds = /Q dy (83 dx )6u2 ax,
d(6uy) duy 8 u ) duy
’ ouy _ ) ouz [ 9/,
/Qg3 o dy dx an3 PR (Ouy)n, ds /g&x (g3 2 )5141 dx,
 3(6u) (420
/9*83 ox  dy dx=— /9983 Iy L (Suz)ns ds+/ EN )5M2 dx,

8(5u1) auz (9 u (91,;2
— ! —_ = — / _— !
/Q $70y ox dx /agg3 5 oLy dhL/g 9y \839x )6”1 dx.

Summing up the right hand sides of the terms in the above expressions gives the desired
result. O

The adjoint state (4,¢) € X is given as a solution to

<E'((u,p),Q)(l]/, é)v (l,q»x* xX = (g/3 (det Vu)v (det Vu)/W)Qa (48)
which by Lemma 3.2 amounts to

—NAAL+(Vu)-A —(u-V)A+Vg=T(u), in Q,
divA =0, in Q, (49)
A =0, on dQ,

where the first equation in (49) hold in L?(Q) and the second one in L?(Q). More-
over, since IQ € C?, (4,¢) € (H*(Q)NH{(Q)) x (H'(Q)NL§(Q)). Let us note that
Theorem 2.1 is not directly applicable to compute the shape derivative of J3 since the
operator ““ det V ” in the functional J3 in (28) is not affine. We therefore give an in-
dependent proof following the lines of the proof of Theorem 2.1. Firstly, we state and
prove the following lemma that will become important in what follows.

Lemma 3.3. Suppose u, and ' are related by (14). Then
(det Vu,) o T; = I (det VU') + 14, + 7%, (50)
where
det Vu' = (duu dyuy — Aty oyut}),
G = I (E20uu, + E10yidy — E4duty — E30,u}) € L'(Q),
G =17 Y(E\Ey — E3Ey) € LY(Q),
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and Ey = hy yoxuty — hy oy, Ey = hy xOyuy — hy yot'}, Ez = hy 0ty — ho Oyud, and
E4 = h1,x8yu’2 — h17yaxut2.

Proof. By definition
(det Vu) o T, = (dyut1 dyuz — dyundyuy) o Ty
From (20) we have
(Qutr2) o Ty = I, Qe + 117 Ey, (Qyu 1) o Ty = I, Oyl +117 Es,
(Oxttr 1) o T, = I Qi + 11,7 Es, (Qyus2) o Ty = I 'Oy + 11, ' Ey.
From the above equations, we obtain
(det Vuy)oT; = I[l (det Vu') + 14, +12%,.
Note that foru € X, 4,%, € L! (Q), and this concludes the proof. O

Proposition 3.1. Assume that f € LP(Q), p > 2 = dimension. If (HI-H4) hold, and
g3(det Vu) € WH(Q), then the Eulerian derivative of J3(u,Q) exists and is given by
the expression

: du di Jdu
Q)h = — Vu) —P(u)= )h- . 51
dJ3(u,Q) ./asz (n 30 90 + g3(det Vu) (u)8n) nds (5D
Proof. As stated earlier, assumptions (H1-H4) were verified in [5]. Using (8), we have

Ty 00) = 1 (w,Q) = [ galdet V) dx— /Q g3(det Vu) dx,
' (52)

= /Ql,g3((det Vu,)oT;) dx—/gg_g(det Vu) dx.
Let 4 = ¢4 +t%. Using equation (50), we can express (52) as
J3(ur, Q) — J3(u, Q) = /Q Les(I7! (det V') +193) dx— /Q ay(det Va) dx.  (53)
The right hand side of (53) can be written as R(¢) + S(¢), where
R(1) = /ﬂ Lg3(det V') — g3(det Vu) dx, R(0) =0,
S(1) = /Q 1 (50 (det Val )+ 195) — gs(det V) ) dx, S(0) =0,
R(t) can be re-written as
R(t) = /QI’ (g3 (det Vu') — g3(det Vu) — g5(det Vu)(det Vu)' (u’ — u)) dx+
/Q(I, —1)g(det Vu)(det Vu)'(u’ —u) dx+ /Qgg (det Vu)(det Vu)'(u’ —u) dx

+ /Q (I — 1)g3(det Vu) dx.
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We express R(t) = R (t) + Ra(t) + R3(t) + R4(t). From Lemma A.1 (see Appendix),
we have
(det Vu)'(u’ —u) = det Vu' — det Vu —det V(u’ —u).

Consequently R; () can be rewritten as
Ri(t) = / I, (gg (det Vu') — g3(det Vu) — (g5 (det Vu), det Vu' — det Vu)) dx
Q
+/ g5 (det Vu)det V(u' —u) dx.
Q

Let s = det Vu and ¢ = det Vu'. Then R () can further be rewritten as

R0 = [ 4] [ b6+ 7a—5) ~ )] (a—s) ar} ax

(54)
+/ ;g5 (det Vu)det V(u' —u) dx.
Q

Note that the functions g3(¢) and g4(¢) are globally Lipschitz with constant 3/2, i.e.,

3
lg3(1) — g3(s)| < Elt—SI,
(55)

3
85— gh(s)| < 5l —sl, 0<rseR.

Furthermore, Young’s inequality implies that

8u1 8142 2 8u2 2 8u1 2 1
avu<3[(50) + (50) + (55) + (5) ] =500 v
[det V'ul dx + 0x2 + dx + dxz 2( u:Vu)
Hence the second term R; » () in (54) can be estimated as follows

IR12(1)| = ’/ 1,5 (det Vu)det V(u' —u) dx’ <= max |\It||Lm/ IV(u' —u)|? dx
Q

for 7y sufficiently small.

[Ria(1)] _ 3 H u' —ul[f

L < % ma 4] i == =
te t

the first term can be estimated as

Consequently ling) =0, by (H2). Similarly
t—

[ #f / [g4(s+a—5)) —gh()] (g —) dy} ax <,max o (Il [ lig—s)P dx

Note that [, |(g—s)|*> dx = [o |A+ B|> dx < [, |A|* +2|AB| +|B|? dx, where

A= 9490  Ou duwy o Jup du Iy Iy g p= 912

T dx; dxp  dx| Ix dx; dxp  dxy Ixp Furthermore, let a = Ix; 0 YT 9xy
auz dd_% Then A =d'b' —ab =d'(b' —b) +b(d' —a), and B=cd — 'd" =
d( ')+ c'(d—d"). Since dQ € C? and f € L”(Q) for p > 2 = dimension, u €
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W2P(Q), p > 2. Consequently, a, d', b, V', ¢, ¢!, d, d € W'"P(Q) — C(Q) for
p>2,and

/ AP dx = / (@) (b —b)>+2d'b(B —b)(d —a) +b*(d —a) dx
Q Q
<Nl [ (¢ =82 de |l um 1= [ (@ =P+ @ ~b)*

+[[blf [ (o —a)? ax.

Hence since (H2) is satisfied, lim;_,q fQ z dx = 0 follows. Analogously we can show

that lim, . [ | [B | dx=0and hmHo fQ . dx = 0. Therefore lim;_,¢ ‘Rl( I — .

Ro(t
Furthermore, lim —— ( ) H / |(det Vu)'(u’ —u)| dx = 0, by (H2).
t—0 t t O 2 t

Using (48) with y =u' —u € H\(Q), & € L*(Q), we have

R3(f)=/9(g'3(det Vu), (det Vu)'y) dx = (E'((u,p), Q)(¥,£), (2,q))xxx.  (56)

Proceeding as in the proof of Theorem 2.1, the term on the right hand side of (56) is
arranged in an efficient manner so that (23) holds. Consequently, by using the compu-
tation that led to (39), it follows that

. R(t)  d
lim
zlm t dt

~ Judl
EAE((W,p)1), (@) xesxlio = /a Qn%a—h ndst

(57)
/QT(u)Vu ‘h dx,

where (A, q) solves (49). We shall turn our attention to the last term R4 (¢) later. Let us
now look at

S(1) = / 1 (831! (det V') +193) — g (det V) ) dx,

The expression g3 (I, ' (det Vu') +1%3) — g3(det V'), can be written as
g3(I7 ! (det Vu') +1943) — g3 (17 (det Vu) 41943 + g3 (det Vu) — g3 (det Vu')+
g3(I7" (det Vu) +143) — g3(det Vu).

Observe that the function g3(r) can be expressed as g3(r) = r — Let

2+1
s =det Vu, g = det Vut, and o7 = g3(I, 'q+143) — g3(I, s + 1) + g3(s) — g3(q).
Then

S(1) = (1) + 1t / Lo dx+ / 1 (831! (det V) +193) — g3 (det V) ) d.

(58)
Note that 7 can be expressed as

o =7 =1)(g—s)+ W (q) = (s), (59)
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_ I,ﬁlr+zg3 . -
where ¥/ (r) = 2" — RIS The difference 2 = # (q) — # (s) can be ex-

pressed as

_ (t%+ (1_1 —1)q) ( I @+ gt — 1) _ (1% + (Il_l —1)s) (It_lsz + st9; — 1)
(@) (I g+ %) +1) (2+1) (I 's+13)2+1)

Let & _r%+(1—1—1)q, O = 1%
r=1I" +61t<%—1 ny = ( +
ny = (s —|—1) (I 'g+195)* +1),

3 (I_ —1)s, rl—I P +qtd—1,
D) (I 'g+195)2 + 1),
B =21 and p := 22 Then

l’l]}’l2 n: rl

nyprn
nyr
Biri By 2‘( “ o 02
ni ns niny

7 = >=ﬁ[(1—p)191+p(191—192)]-

Note that (% — %) = (I, ' —1) (¢ —s) and

-1 _ -1 _
L g epio-p e g

Consequently the estimate for S; () /f reads

1—1
[S1(0) /1] < max 1211+

-1
[lz= (1+[lplle=1B]|=) ||det Vu' — det V)|
+ max H]t||L°°||ﬁ||L°°||1_pHL1|| e,
for 7y sufficiently small. Note that since u € W>7, p > 2, B, p and 2 are bounded

in L*(Q). Furthermore 71 — 1 in L'(Q), 2 —lin L'(Q), and p — 1in L1(Q).

Sy (t
By (H2) it follows that lim 15:10)]
t

= 0. Therefore collecting the remaining terms into
Ss(t) := Ra(t) + S2(t), we have that

5(1) = / Lgs(I; 'det Vu +193)) — g3(det Va) dx.
Q
Observe that g (det Vu) € L*(Q) and since u € H*(Q), we have V(det Vu) € L'(Q)

and V(g3(det Vu)) = g4(det Vu)V(det Vu) € L!(Q). Consequently g3(det Vu) €
WL1(Q). This implies that 4 {g3 (det V(uo T, 1)) . exists in L' (Q), [7]. Hence
1=
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using (50) and Lemma 2.2, we have that

Ss(t) _ i Jaliss (I 'det Vu+1%3)) — g3(det Vu) dx

lim 7
t—0 1 t—0 t
~ lim Jo, &3([I; 'det Vu+1%3] o T, 1) — [, g3(det Vu) dx
t—0 t ’
 limy g [, g3(det V(uo T,71) — [ g3(det Vu) dx (60)

)

t
d/ (det V(u T_l))’ d
= — (e} X,
dt ng?’ t =0 1y

dx.
=0

d
:/ g3(det Vu))h~nds+/ g5(det Vu)—(det V(uo 7,7 1)
9 Q dt

The second term on the right hand side in (60) can be simplified using Lemma 2.3 and
integration by parts leading to

d
/ggf(detV(uoTt’l))L dx:—/T(u)Du~hdx—/ P(u)Du-h ds.
Q™ dt =0 Q 20

Therefore
limss—(t) :/ < (det Vu)fP(u)@)hmdsf/ T(u)Du-hdx (61)
=0t o \&3 on Q '
Finally, using (57) and (61), we obtain
du di du
= _ - ° 2
dJ;(u,Q)h /ag (n 3n In + g3(det Vu) — P(u) 8n)h n ds. (62)

O

Expressions for dJ;(u,Q)h in (43), (46), and (62) are linear and continuous in h,
and hence the cost functionals Jy,J», and J3 are shape differentiable.
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A Appendix

Lemma A.1. Let v =W —u, then for a 2D vector field u, the following relation holds

det Vu' — det Vu — det Vy = (det Vu)' (0’ —u),

where
du; (U —uy)  Jup Ay —uy)  Juy Iy —up)  Aup (U —uy)
! 27\ e/ el ) P TN Te) e AL T
(det Vu) (y) = dx dy dy dx dy dx dx dy
o r_ r_ r_
Proof. Using (5), we have det Vy = Oy —m) 90 — ) — 9y —uz) Iy Ml).
ox dy ox dy

Expansion of the differential terms leads to

Jduy Iy —up)  Jduy I(uy —up)  duty I (uf —uy) n duy 9 (u} —ul).

det V= dx dy d9x  dy dx dy ox  dy
On the other hand
oul dul,  Juy dup oul du!,  Juy duy
det Vu' —det Vu = (a—xla—yz — x&iy) — (87;87))1 - g?y)
_ Oul Iy —ux)  dup I(uf —uy)  Jub, I(uf —uy)
T ox  dy dy  ox ~ ox  dy
duy 9 (u —uy)
9y oax
Thus
1 t !
det Vu' — det Vu —det Vi :% 8(u2ay u2) + 8;; 8(ula; w) _ aab;l a(%a; us)
duy I (uy —uy)
o oy



