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Abstract. Lagrange multiplier rules for abstract optimization problems with mixed smooth
and convex terms in the cost, with smooth equality constrained and convex inequality constraints,
are presented. The typical case for the equality constraints that the theory is meant for is given by
differential equations. Applications are given to L!-minimum norm control problems, L°-norm min-
imization, and a class of optimal control problems with distributed state constraints and nonsmooth
cost.
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1. Introduction. In this paper we discuss nonsmooth mathematical program-
ming problems, which in part rely on convexity in part on regularity assumptions;
more precisely we consider

min F(y) = Fo(y) + Fi(y)
(P)
subject to G1(y) =0, Ga(y) <0,y €,

where Fy and G are C! mappings, F; and Gy are convex, and C denotes a set of
additional constraints. Since the range spaces of G1,G> are not necessarily finite-
dimensional, the notion of convexity will have to be made clear. The focus of our
research lies in the derivation of optimality conditions which can be expressed as
equations rather then differential inclusions. This can be achieved by means of La-
grange multipliers. One motivation for this procedure is given by the fact that non-
linear equations are simpler to realize numerically than differential inclusions. If all
operations in (P) are smooth, then the Maurer—Zowe-Kurcyusz [MaZo, ZoKu, IK1]
conditions provide the Lagrangian framework that we are looking for. In the case
that nondifferentiable terms arise in the problem formulation, an analogously gen-
eral framework does not appear to be available. The typical case for the equality
constraints that we have in mind is given by differential equations. Typical cases
for Fy are L'- and L*-type functionals. The former arise in the context of sparse
controls (see, e.g., [CK, WW]) and L! data-fitting (see, e.g., [CJK] and the references
therein); the latter arise, for example, in the context of minimal effort optimal control
problems.
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The approach that we follow here to derive Lagrange multiplier rules essentially
rests on the use of Ekeland’s variational principle [E]. It has been used in a series of
papers focusing on state-constrained optimal control problems [C, CY, LY]. As we
shall demonstrate, however, the technique is general, and quite constructive, in the
sense that the Lagrange multipliers are the limits of asymptotic expressions resulting
from the variational principle. The approach follows that the multiplier rule can be
of nonqualified form; i.e., there appears also a multiplier associated with the cost F'.
Special attention must be paid to guarantee that at least one of the multipliers is
nontrivial and, in particular, that the multiplier associated with F' is nontrivial. The
results of this paper can also be compared to the abstract multiplier result obtained
in [BC], which is obtained in the framework of Clark’s differential calculus. The
assumptions in [BC] use that F' and Gy are locally Lipschitzian and that G has finite-
dimensional range, and that the inequality constraint is of the form G2 € K, where K
is a convex set with nonempty interior in a Banach space and Gy is differentiable. To
obtain a qualified form of the multiplier rule, it is assumed that G; is differentiable
as well, and that a Slater-type condition holds, or alternatively, that no equality
constraint is present and a family of properly perturbed optimization problems admits
a solution. The study of variational problems with cost-functionals consisting of
smooth and nondifferentiable, but convex, parts has a long history. We mention, for
example, the monographs [GLT, Glo, IK1], where problems arising in the context of
variational inequalities of the first and second kinds are investigated, and refer the
reader to, e.g., [K] and the references therein for numerical methods.

We next briefly outline the contents of the paper. In section 2 the case where
the range spaces of G; and G5 are finite-dimensional is treated. The case of infinite-
dimensional image spaces is considered in section 3. To guarantee nontriviality of the
multipliers, regularity conditions are required. The conditions that we utilize can be
seen as generalizations of the Maurer—Zowe—Kurcyusz conditions from the smooth to
the convex case. The following three sections are devoted to three applications: L'-
minimum norm control problems, which arise in the context of optimal control with
sparsity constraints, L°°-norm minimization, and a class of optimal control problems
with distributed state constraints and nonsmooth cost. The applications presented
here do not aim for strongest generality and can certainly be extended to future work.

2. Finite-dimensional range case. In this section we investigate (P) for the
case where the range spaces of the mappings G; and G5 are finite-dimensional. The
following assumption will be assumed to hold throughout:

F = Fy(y) + Fi(y), where Fy € C*(X,R) and F; : X — RU {0}
is convex and continuous on the effective domain;

(H1) Gi € CHX,R™);
Gy : X € C(X,RP), with (G2); convex;

C C X is closed and convex.

Here X denotes a real Banach space. The effective domain {v € X : Fy(v) < oo} will
be denoted by domF;. We have the following necessary optimality condition.
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THEOREM 2.1. Let (H1) hold, and let y* € C be a local minimum of (P). Then
there exists a nontrivial (o, pi1, pr2) € RT x R™ x RP such that

Mo (Fo(y)(y —v*) + Fi(y) = Fu(y") + (1, GLy™)(y — y7))m
(2.1) + (p2, G2(y) — Ga(y*))re > 0 for all y € C N domFy,
pe >0, Ga(y*) <0, (p2,G2(y"))re = 0.

Proof. For € > 0 define the regularized functional

N|=

Je(y) = ((F(y) = F(y") + 1) +G1(y)[fn + [max(0, Ga(y))[2»)

Then J, is continuous on domF; and € = J(y*) < inf Jc+¢e. The norm on X defines,
in a natural way, a metric on C by means of d(y1,y2) = |y1 — y2|/x. By the Ekeland
variational principle (see, e.g., [Cl, p. 266]), there exists a y© € C such that

Je(y©) < Je(y™),
(2.2) Je(y) — Je(y°) > —/ed(y,y°) forally eC,
Ay, y") < Ve

Throughout we assume that € € (0,1). Then in particular {y¢: ¢ € (0,1)} is bounded.
We choose § € C NdomFy and set

ye=y +t(G—y), te(01).
We further define
(2.3) A5 = Gi(y°) e R™, 5" = max(0, Go(ys)) € RP.

By convexity of C and F} it follows that y; is in the effective domain of F3} and
y: € C. Setting y = y; in (2.2), we have

(2.4) —Ved(y,y) < Je(ye) — Je(y°).

For the following estimate we use
Vlail? = V3 [bil? =

where a; € R, b; € R. Then from (2.4)

> (a; +bi)(a; — b;),

1
VI lail2+/3 [bi ]2

(2.5)
—Ved(y,y©)

< s [ (Flye) = F(y*) + 0 = (Fly) — F(y*) +e)F)
+ (IG1 (o) |3 — 1G1(y) [ ) + (Imax(0, G2(y:))[f» — max(0, G2(y°))[Rs) |

where
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The three additive terms on the right-hand side of (2.5) are considered next. For Gy
we use that for every n > 0 there exists § > 0 such that

|61 ) = GLll < 5 it ly—y'] <3,

where || - || denotes the operator norm in £(X,R™). As a consequence there exist €(n)
and t(n) such that

(2.6) G (ye) = G1(y")ll < for all € € (0,€(n)), t € (0,4()).
We can choose ¢(n) and ¢(n) such that, in addition,
(2.7) I1Fo(ye) — Fo(y™)ll <n for all e € (0,€(n)), t € (0,t(n)).
For every € € (0,1) there exists (e) > 0 such that for all ¢ € (0,#(e))
(F(ye) = F(y") + ) (F(y°) = F(y™) +€) > 0.
Together with convexity of F; this implies that for ¢ € (0,%(¢))
A ((F(y) = Fy") + O = (Fy) = F(y") + o)) < a“"(Fy) — F(y°))
(28)  <a*t <’5/01 Fo(sye+ (1= s)y ) —y) ds +t (Fa(i) — F (yé)))
<At (tES(y) (G —y) +t(Fi(g) — Fi(y)) + ollye — y°))),
where in the last estimate we used (2.7), and
Hg—y°) =y —y° and sy + (1 — s)y" = yar.
For the second term on the right-hand side of (2.5), we find
1GL(y) [Bm — Gy [ = (G1(ye) + G1(y), G1(ye) — G1(Y)) gon
= (2G1(y), G1(y) — G1(¥)) gon + |G1(ye) = G1(y)[fm
< (2G1(¥), GL(Y) (Yr = ¥)) gm
+20G1 ()l Jo G (s + (1= )y)
~G(y) e ds |ye — y°|x +1G1(ye) — G1(y) [zm

< 2(45, G () (e — y))rm + o(lye — ¥|x)
= 2(45, GL(y) (g — y))rm + o([t]),

where in the last inequality we used (2.6). Turning to the third term on the right-hand
side of (2.5), we estimate using convexity of v — |max(0, v)|3,

Imax(0, Ga(y:))[g» — [max(0, Ga(y))[3»
< (2max(0, Ga(yr)), G2(yi) — G2(y°) ) g, < 2t (M;tv Ga(9) — Ga2(y°) )Rw
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where in the last estimate we used the coordinatewise convexity of G2 and the notation
introduced in (2.3). Combining these estimates, we arrive at

—Ved(ye, y°)

= m [d67t (tFé(ye)(ﬂ — ) +t(F1(9) — Fy (ye)))

+ 2(i5, G (y) (ye — y))rem + 2t (fi5", Go(9) — G2(y%)) ol +o(It])

for all t € (0,%(¢)). Let

(2.9)

ot — ast #67’5 _ 2/16715 where ﬂe’t _ ([LE ﬂ€7t) [Le’t >0
Je(yt)+Je(yE)’ Je(yt)"_Je(yE)’ A =
Taking the limit as ¢ — 07 implies that
F €\ _ F * +
Ao.e := lim of’t:( (v°) W)+ in R
’ t—0+ Je(yf)
and
G1(y©), 0,Gs(y*
e i et = (G100, X0, Go)) g gy
t—0+ Je(y€)

We have Ao > 0, u§ > 0, and

(2.10) [(X0,e5 1) IR xR xRP = 1.

Dividing (2.9) by ¢ and letting t — 0", we obtain

—Ved(,y) < o (Fg(y) (9 —y°) + F1(9) — Fu(y))
+ (11, GLY) G — y)rm + (43, G2(9) — G2(y°) )re-

Since {(Ag,e, 1) : € € (0,1)} is bounded in R x R™ x R? as a consequence of (2.10),
there exist (Ag, 1) € R x R™ x R? and subsequences such that pu¢ — p = (u1,u2) €
(R™ x RP) and A\ge — Ao > 0 as € — 0T, and we find

0 < o (Foly*)( —y*) + F1(9) — Fi(y*))
+ (11, GL(y") (G =y ))rm + (12, G2(9) — G2(y™) Jre

for all § € C with ¢ in the effective domain of F;. Moreover |(Ag, 11)| = 1, and hence
(Mo, ) is nontrivial.

Since pu$ > 0 and (u$, G2(y¢))re > 0, it follows that pg > 0 and (2, Go(y*))re >
0. Moreover Ga(y*) < 0, and thus (u2, G2 (y*))re = 0. 0

3. Infinite-dimensional range case. Let X, Y, and Z be real Banach spaces,
and assume that Y* and Z* are strictly convex. Recall, for example, that C*(Q) is
strictly convex [D]. Further let K C Z be a closed, convex cone with vertex at 0,
which introduces an ordering on Z such that u < v if u —v € K. As in the previous
section, we consider the minimization problem

(P) min F(y) subject to Gi(y) =0, Ga(y) <0, yeC,
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where G : X = Y, G2 : X — Z. To state precisely the conditions that will be used,
we require some preliminaries. The max-operation in max(0, G2 (y)) will be replaced
by the distance functional to K given by

dx(2) :zlgif( |z —2|z.

It is convex and Lipschitz continuous [Cl, p. 50]. The convex subdifferential of d is
defined by

Odg(2)={£€Z" :dk(z) —dr(2) > ({,z— 2) for all z € Z},

where Z € Z. It was verified in [LY] that |§]z+ = 1 for all £ € 9dk () whenever 2 ¢ K.
The assumption that Z* is strictly convex is utilized to guarantee that ddk(2) is a
singleton for any Z ¢ K; see [LY]. Similarly, strict convexity of Y* guarantees that
the duality mapping from Y to Y* is single valued.

DEFINITION 3.1. Gy : X — Z s called d-convez if

x — (&, Ga(x)) z+ 7 is convex for all £ € Idk (%)

forallz e Z.

To put this condition into context with the common definition of convexity for
operators between Banach spaces, let us recall [ET, L], where Gy : X — Z is called
convex with respect to the ordering introduced by the cone K C 7 if

(3.1) Go(Mu+ (1 — o) < AGa(u) + (1 — \)Ga(v)

for all u,v € K, and A € (0,1). Note that if

(3.2) dx(2+2) <dg(z) forall 2e Z, z€K,
then
(3.3) (€,2)z+.2 <0 forall ze K, { € 0dk(z), and 2 € Z.

Thus, if (3.2) holds, then d-convexity in the sense of Definition 3.1 and convexity as
in (3.1) coincide. In the case of Z = LP(Q) or Z = C(2) and K = {z: z < 0 a.e.}, we
have dg (G2(y©))) = |max(0, G2(y¢))|, where the maximum is taken pointwise almost
everywhere, and (3.2) holds.

Throughout this section the following assumption is assumed to hold:

This is condition (H1) with the requirements on G replaced by
(H2) Gi: X —YisCl,
Gy : X — Z is d-convex and continuous.

In the finite-dimensional case, (2.10) together with subsequential convergence of
(Xo,e, %) allowed us to argue that the triple (Ao, p1, p2) is nontrivial, and hence guar-
anteed that the optimality condition (2.1) is qualified. In the infinite-dimensional
case, since the norm is only weakly lower semicontinuous, rather than weakly contin-
uous, an additional condition is required to establish that (Ao, u1, u2) is nontrivial.
We use the regular point condition specified in the following theorem.
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THEOREM 3.1. Assume that (H2) holds and that the regular point condition
(3.4) 0 €int {G2(y) — K, y € CNdomFy}

is satisfied. Let y* € C be a local minimum of (P). Then there exists (Mo, p1, f2) €
RT x Y* x Z* such that
(3.5)

X (Fy(y*)(y =) + Fiy) — Fay*)) + (11, GL") (W = ¥") )

+ (2, Ga(y) — Ga(y*) ) z+,z > 0 for all y € C N domFy,

(t2,2)z+z <0 for all z € K, Ga(y*) <0, (p2,G2(y*) ) z+,2z = 0.

If Y =R™, then is (No, p1, p2) nontrivial.
Proof. We first proceed as in the proof of Theorem 2.1 with the definition of J.
replaced by

Je(y) = (F(y) = Fy") + ") +[G1(y)[§ +dr(G2())* ),

where we do not yet assume that Y = R™. Again y; = y° +t(§ — y°), t € (0, 1), with
y € CNdomkFy.

We first assume that there exists a subsequence of €, denoted by the same symbol,
such that G2(y°) ¢ K for all € sufficiently small. The case that G2(y°) € K for all €
sufficiently small will be considered further below.

The first term on the right-hand side of (2.5) is estimated as before. To estimate
the second term we first note that

(3.6) IG5 — 1GL ()3 < 2(a7" Giye) — G1(y))yev

=

where i € dp(Gy(y:)) and p(v) = ‘UE’. Since d¢ coincides with the duality map-
ping F:Y — Y™ (see, e.g., [M, p. 44] and [Y]), we have

~€,t

|y

For each fixed € > 0 consider {fi{"}is0 = {F(G1(y:))}+>0 in Y* as t — 0F. Since Y*
is strictly convex, the duality mapping is demicontinuous (see, e.g., [IK, p. 1]), and
hence F(G1(y:)) — F(G1(y¢)) weakly* in Y* ast — 07. We set a§ = F(G1(y°)). For
t — 0* we have the estimate

(AT", Gilye) = Gily*)) — a5, GL(y*) (5 — )

= (A", Gilye) — Grly") —tG(y) (G —y)) + t(ay" — A5 Gy (@ —y°)) = ollt]),
where the duality products are taken from Y to Y*. Combined with (3.6) this implies
(3.7) Gy — 1G1(y) < 2t (A1, G"(y ) (5 — y°) )y +o(|t]),

where ] € 0p(G1(y°)) = F(G1(y°)).
For the third term we obtain

di (Ga(yr))? — di(G2(y7))?
= (dx (G2(yr)) + dx (G2(y%))) (dx (G2(yr)) — di (G2(y7)))
< (dx(Ga2(yr)) + dr (G2(y%))) (&, G2(yr) — Ga(y7)) 2+ 2
< t(dx (Ga(yr)) + dr (G2(y7))) (&, G2(9) — G2(y°)) z- 2,

ve = |G1(ye)ly-
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where & € Ok (G2(y:)) and in the last estimate we used d-convexity of Gs. Setting

(3.8) 5" = (dx (G2 () + di (G2 (y%))) &, with & € Ddg (Ga(yr)),
we thus have
(3.9) A (Ga(yr))* — di (G2 (y))? < (g, Ga() — G2(y)) 2+ z-

As in the proof of Theorem 2.1 we set
&' = ((Fye) = F(y") + )" + (F(y) = F(y") + ") and fif = 2G1(y°).

Combining (2.5) with max(0, G2) replaced by dx (G2), (2.8), (3.7), and (3.9) we arrive
at

—Ved(ye, y°)
(3.10) < gwrran 6 (EF () (G — yo) + t(F(9) — Fu(y)))
+2t (35, G (y) (G — Y )y + (5" Ga(§) — Ga(y)) 2+, 2] + o ([t])
for all t € (0,t(e)). Let

~et ~E ~€,l
et o t 205 et Mo

« T = _—, € et _—, = ——
T+ 7)) " T T+ ) M T T + Iy

Taking the limit as ¢ — 07 we have

: Fy) = Fly ) +o* et
A € i= 1 m €t = ( ¢ = 1 1Y &t — .
%, t—1>0+ @ Je(y€) r t—1>0+ H Je(y9)

We next consider a sequence &, € ddx(Ga(yt,)) as t, — 0F. Since Ga(y°) is not
in K by assumption and since K is assumed to be closed, it follows that Ga(y:,) ¢
K for all n sufficiently large. As a consequence, |&, |z« = 1 for all such n. The
following argument is analogous to that for establishing demicontinuity of the duality
mapping; see, e.g., [IK, p. 2]. Since closed balls in Z* are w*-compact, there exists
a w*-accumulation point &° of &, . The set {Ga(y:, )}, U {G2(y} is a separable
subspace of Z. We momentarily restrict ourselves to this closed separable subspace
of Z. Since for separable spaces the w*-topology on w*-compact subsets of Z* is
metrizable, we deduce the existence of a subsequence such that w* —lim¢&,, =w" —
lim 0dg (Ga(yt,, ) = 0dr (G2(y°)) = £°.
We further have

et _ dK(Gz(ys))fs.

3.11 Si=w" — li

(3.11) pp =W — lim u 7.0

Since |£°]z- = 1 is a consequence of £ € ddk (G2(y®)), and since |5 |y = |G1(y°)]y,
we have

(3.12) |(Xo,es 1) [Rxy 5 zx = 1.

Moreover, Ao > 0. Dividing (3.10) by ¢ and letting ¢ — 0T, we obtain
—Ved(9, %) < Aoe (Fo(y) (G —y°) + F1(9) — Fi(y))

(3.13)
+ (S, GLW) G —y)) vy + (15, G2(9) — G2(y°)) 2+, z-
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Since {(Ao,e, p, p§) : € € (0,1)} is bounded in R x Y* x Z*, there exist (Ao, p11, p2) €
R xY* x Z* and subsequences, denoted by the same symbol, such that A\g.. — Ao > 0,
(g, 1S) — (pa, p2) weakly*, as e — 01, and we find

0<Xo (F§(y*) (@ —y*)+ F1(d) — Fi(y"))
+ (1, GL ") (0 — )y y + (2, G2(9) — G2(y*)) z+ 2

for all § € C with g in the effective domain of Fj.
To argue complementarity, note that

(3.14)

(€ y = Ga(y)) < —d (Ga(y) for all y € K,
since £° € ddk(G2(y)), and hence
(M3, y — G2(y®)) < 0 for all y € K.
Taking the limit ¢ — 0 we find
(3.15) (p2,y — Ga(y*))z+.z < 0 forall y € K.

Since K is a convex cone, we have y + G2(y*) € K for any y € K. This implies that
(u2,y) <0 for all y € K and in particular (ua, G2(y*)) < 0. Setting y = 0 in (3.15)
we have (u2, G2(y*)) > 0, and hence (us, Go(y*)) = 0, as desired.

Now we counsider the case that Ga(y®) € K for all ¢ sufficiently small. Then
€|z« < 1 for all t > 0. By (3.8) and (3.11) it follows that u5 = 0 for all ¢ > 0
sufficiently small. Consequently ;> = 0 as well, and we can follow the above steps to
argue that again (3.5) holds.

It remains to argue nontriviality of (Mg, p1, p2) in (3.14). Henceforth we assume
that Y = R™. Then the subsequence that we chose from p§ converges strongly to p.

Assume that (Ao, puf) — 0T as € — 0. We shall show that (3.4) implies that po
is nontrivial. First note that as a consequence of (3.12)

2
2. =1

(3.16) tim (2 + (15 e+ (1513 ) = lim |
Since £° € 0di (G2(y®)) we have (€5, y — G2(y°))z+,z < 0 for all y € K, and hence
(3.17) (12,9 — G2(y°)) z= .z < 0 for all y € K.
From (3.13) we deduce that

—0(e) < (pz, G2(9) — G2(¥°)) 2+ 2,

where O(g) denotes a quantity that converges to 0 as ¢ — 07 and § € C N domFy.
Combining these two statements we find that

(3.18) 0(E) < (45, Gaf) — )77 < 0 for all y € K.
From (3.4) it follows that there exists 0 # zp € Z and p > 0 such that
Ga(9) —y=20+n
has a solution (¢,y) € (C NdomFy) x K for all n in the ball By (0, p). Hence

—(p3,m) 2,z < (15, 20) 2=,z + O(e) for all n € By (0, p).
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Taking the supremum of the left-hand side over n € By (0, p), we obtain

pluslz- < (U5, 20) 2,z + O(€).

By (3.16) we obtain

p < (p2,20) 2+, 2.

Hence po = 0 is impossible. O

As a consequence of the proof we find the following corollary which provides
modifications to assumption (3.4).

COROLLARY 3.1. If, instead of (3.4), the cone K contains an interior point, or
0 € int{Ga(y) — G2(y*) : y € CNdomF1}, the conclusion of Theorem 3.1 remains
correct.

Proof. We proceed as in the proof of Theorem 3.1. Choosing § = y* in (3.18) we
find

—0(e) < (U3, G2(y") —y)y-y forally € K.

If int K # (), there exists a ball B(zp, p) C K, where 2y can be chosen differently from
Gao(y*). Consequently

—(p3,m) 2=,z < (p5, Ga(y™) — 20) 2=,z + O(e) for all n € B(0, p),

and we can argue as in the proof of Theorem 3.1 that s # 0.
Turning to the case 0 € {G2(C NdomF1) — G2(y*)}, note first that by (3.17) and
(2.2)

13,y — Go(y")) 2+, z < (13, G2(y") — G2(y")) z+ 7 for all y € K.

Using 0 € {G2(CNdomFy) — G2(y*)} we can argue that there exists zg # 0 and p > 0
such that

(M3, — 20) 2=,z < O(¢) for all n € B(0, p),

which allows us to conclude that us # 0. O
THEOREM 3.2. Assume that (H2) holds with Z = RP and that the regular point
condition

(3.19) 0 €int {G1(y")(y—v"), yeCnNdomFy}

is satisfied. Then the conclusion of Theorem 3.1 remains correct.

Proof. In view of the proof of the previous theorem, we need only verify that
(X0, i1, 12) is nontrivial. Assume that (Ao, 1) — 0 as € — 07. We shall prove that
1 € Y* is nontrivial. As a consequence of (3.12), we have lim,_g+ |u5|y+ = 1. By
(3.19) there exists 0 # yp € X and p > 0 such that for any n € By (0, p) there exists
7 € C such that

Gy )G —y") =yo+n.
Thus

(1 GLY) G —y))y=y = (Ui, Y0 +my-y + (u5, (G1(y) = GLy NG —y) vy,
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where
(11 (GLY) = GL )G —y))y-y| = 0ase— 07,
It follows from (3.13) that

= my=y < (11, yo)y+y + O(e),

where O(e) — 0 as ¢ — 07. Taking the supremum of the left-hand side over n €
By (0, p), we obtain

plusly= < (i, yo)y=y + O(e).

y+ — 1, letting € — 0T, we obtain

Since lim,_,g+ |u$§

p < (U1, 90)v=y-

Hence p1 = 0 is impossible. O
Combining the regular point conditions of Theorems 3.1 and 3.2 results in the
condition

, {( Gy )y —v*) ) }
(3.20) 0 € int cyeCndomkFy, ke K ;,
Ga(y) — k

where the right-hand side is a subset of Y x Z. In the following theorem we shall show
that (3.20) implies that (Ao, g1, 2) is nontrivial without requiring finite dimensional-
ity of the range spaces of either G5 or G». This is a simple consequence of the proofs
of Theorems 3.1 and 3.2. Moreover, (3.20) is a sufficient condition for normality, i.e.,
Ao # 0.

THEOREM 3.3. Assume that (H2) and (3.20) hold. Then the conclusion of
Theorem 3.1 remains correct. Moreover the solution y* to (P) is normal; i.e., the
necessary condition (3.5) holds with \g = 1.

Proof. If Ao — 0, then by (3.13)

—0(e) < (ui, Y W)@ = ¥°) Jy=y + (5, G2() — G2(y7) ) z-.2-
Using (3.17)
—0(e) < (15, GLW )G = v°) Jy+y + (13, G2(9) —y) 2+ 2 for all y € K.

The regular point condition (3.20) implies the existence of (yo,20) € Y x Z, both
nonzero and p > 0, such that

0<(pi,m+yo)yy + (u5,m2+ 20)z+.z + O(¢) for all (n1,m2) € By xz(0,p).

This implies that

Pl(pT w)ly= 2= < (BT y0 ) vy + (K3, 20) 2=,z + O(e).
Passing to the limit we find, using (3.12),
p < (pasyo)yey + (p2,20) 2+ 2,

and hence yu1, 12 cannot both be 0.
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To verify the second assertion of the theorem we once again use the regular point
condition (3.20). Hence for all (i1, fi2) belonging to a neighborhood of 0 in Y* x Z*,
there exist elements y € C NdomFy, k € K such that

(A, f12) = (GL(y" )y = y"), G2(y) — Ga(y™) — k + Ga(y")).
Consequently

(ps i)y =y + (pa, fiz) 2« z
= (1, G1 (Y)Y —y*) vy + (2, Ga(y) — Ga(y*) — k + G2(y*) )z z-

Note that (2, k — G2(y*)) = (u2, k) <0 for k € K. If Ay = 0, then the first equation
in (3.5) implies that

(1, fn)y=y + (po, fr2) z+ 7
> (1, GL*) (= y*) vy + (p2, Go(y) — Ga2(y*) )z-.2 > 0

for all (i1, fi2) in a neighborhood of 0, and thus u1 = pe = 0, which is a contradiction.
Consequently Ag > 0, and thus the problem is strictly normal. By rescaling (Ao, 1, p2)
one can set \0 = 1. O

4. L'*-minimum norm control. Consider the time-optimal, L'-minimum norm
problem

ming, [T (F(a(t)) + dlu(t)]) dt
(4.1) subject to La(t) = b(z(t), u(t)), =(0) = o,

9(x(1)) =0, [u(t)]zr < for ae. t,

where § > 0, 9 € R", | - |gx denotes the Euclidean norm in R* and f : R" — R,
b:R" x R¥ - R”, g:R™ — R™ are smooth functions.

In the context of sparse controls the pointwise norm constraints allow us to avoid
controls in measure space. In fact, an L'-cost without constraints on the controls
does not guarantee existence of a minimizer in L!; rather, we would need to resort
to a formulation with measure-valued controls. We refer the reader to [CK] for the
treatment of this topic in the context of optimal control of elliptic equations with
sparsity constraints, and also to [St, WW] for a treatment of L'-controls with L>-
regularization.

Let us assume for a moment that we have a single input system, i.e., k = 1. Then,
as we shall see from the optimality system (4.10) below, except for a set of critical
values of the adjoint, the optimal control assumes the values 0, +u, and thus it is of
“bang-bang-off” type.

One can transform (4.1) into the fixed interval s € [0, 1] via the change of variables
t = 7 s leading to

ming . [y 7 (f(x(t) + olu(t)]) dt
(4.2) subject to Fa(t) = 7b(x(t),u(t)), =(0)= o,
g(2(1) =0, u € Uyg={uec L=®((0,1);R*): Ju(t)] <~}
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In terms of the notation set forth in section 2, set y = (u,7) and define

y=rT ) dt, Fi(u)=9¢ u(t)] dt,
/ fa / u(t)|
(1

F() Fo( )+TF1() Gly) = g(=(1)),

where © = z(-; u, 7) is the solution to the initial value problem in (4.2), given u € Ugyqy
and 7 > 0. In the context of the general framework we set X = L2((0,1); R¥) x R,
C = U,q, G = G1. Note that 7 was not incorporated into the definition of F;—this
would destroy its convex structure. The appearance of the multiplying factor 7 will
require us to slightly extend the general theory of section 3 to obtain a necessary
optimality condition for (4.2).

The control problem can now be equivalently formulated as

4.3 i F bject to G(y) =
(43) min o F(y) subject to G(y)

We assume that y* = (u*,7%) is an optimal solution to (4.3) with 7* > 0.
We impose that the regular point condition

(4.4) 0cint{G.(y")(v—u")+ G (y )T —7%) : v € Upq, 7 >0}

holds at y* = (u*,7*). We now extend the proof of Theorem 3.1 by replacing the
expression F'(y:) — F(y©) in (2.8) with

Fo(ye) — Fo(y°) + e (ug) — 7 F1(u),
where 7, = 7¢ + t(7 — 7°), uy = u® + t(u — u®). Noting that
T (ug) — 7 F (u®) = ¢(F — 7°) Fy(ug) + 75(Fy (ug) — Fi(ue))

the following steps can be carried out as before. We find that there exists a Lagrange
multiplier (A, 1) € RT x R™ such that

Xo[r" (F1(u) = Fi(u")) + (1 — 7%) Fi(u") + (Fo(y"))ulu — u*) + (Fo(y"))- (1 — 77)]
+ 1" Guly* ) (u—u*) + +u G (y*) (T =) > 0
for all u € U,q and 7 > 0.

As in the proof of Theorem 3.3 the regular point condition can be used to argue
that A\g > 0, and hence by rescaling p it can be chosen to be 1. We arrive at

7 (Fi(u) = Fi(u”)) + (1 = 77) Fa(u”)

(4.5)
F((Fo(y))u + 1" Guly™)) (u —u*) + ((Fo(y")r + p" G (y")) (T = 7%) 2 0
for all u € Uyq and 7 > 0. Note that for v € L>=((0,1); RF))
Culr)0) = gea" ) AL, Grly®) = o (& (1)EQD),

1
(Foy*))u(v) = 7* / (' (2 (6)), h(t))ee .

(Fo(y*))r(v)=/0 (7 f' (@ (), €()rn + f(2 (1)) dt,
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where (h, £) satisfies
d

210 =77 (b (2™ (1), w ()A(E) + bu (@™ (), w (£)0(1)), h(0) =0,

%é(t) = 7" g (a7 (), u™ (£))§(t) + b(x7(2), u* (1),  £(0) = 0.

Let p € H'((0,1); R") satisfy the adjoint equation

(4.7) —%p(t) = 1" (bo (2" (), u" (1)) p(t) + f(2° (1)), p(1)T = pTga(z™(1)).

(4.6)

Then
1
(h(1), p(1))mn :/0 %(h(t),p(t))w
1
=7 / ((bu(@*(t), w* ()v(t), p(t))re — (f (" (1)), h(t))) g dt,

0

1
(€W = [ GO PO

1
- /0 ((b(z™ (8),u*(£)), p(t))rn — T (" (x*(£)), £())rn) dt.
Using these equalities and p(1)7 = p” g, (2*(1)) we have
(Fo(y")u + 1" Gy )u) (u —u*) + (Fo(y*)r + u"Gy*)7) (= 7%)
= 7'*/0 (f'(z* (), h(t))rn dt + p(1)Th(1) + (7 — 7%)p(1)T&(1)
- T*)/ ((F (2" (1)), E(t))an + F(2" (1)) dt
) 0
= T*/O (bu(z™ (1), w (t)) (u(t) — uw*(t)), p(t))rn dt
e =) [ (b O 0)p0) gt + (=) [ (1 @)

From (4.5) therefore we find for all v € Uyq and 7 > 0
(T — T*)/O (f(@"() + Slu™(B)] + (b(x™ (), u" (), p(t))=r ) dt
(4.8) X
+T*/O ((bu (2™ (1), 0" (1) p(t), ult) — w*(t))re + blu(t)| - du”(t)] ) dt > 0.

We first set 7 = 7* and choose to € (0,1) as a common Lebesgue point of b, (z*, u*)'p
and u*. For a p > 0 sufficiently small so that the ball B(to, p) € (0,1) we set

[ we B(to, p),
up(t) = { u*(t) € (0,1) \ B(to, p),

where u € R™ satisfies |u| < v. Passing to the limit in

lim, o+ m /B o (000 )P0, 00— ()
+ oluy(t)] — 8u* ()] ) dt >0,
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and observing that the set of common Lebesgue points for b, (2*, u*)!p and u* has
measure 1 we obtain for almost every ¢t € (0,1)

(4.9) (bu(* (), u* (1) 'p(t), u — u* (t))ge + S|u| — dju*(t)| >0 for all |u| < 7.

This implies that

0 if by, (2 (£), u* (£) Tp(t)] < 6,
z*(t),u” T . % %

(410)  wi(t) el —[0,4) e DL O P g b, (2% (1), u* (1) Tp(t)] = 6,
" (t),u” T . % %

—y ety b0 if by (2 (£), u* (1)) Tp(t)| > 6.

In fact, we note that (4.9) is the necessary optimality condition for

(4.11) \Uﬁn,j;(bu(x*(“’ u* () p(t), v)rx + 0Jv|gr.

Setting q(t) = by (x*(t),u*(t))Tp(t), the minimum is obtained for some v = —oa%
with a € [0,7], and we can equivalently express (4.11) as

min_a(~lg(®)lgs +5).
a€l0,v]

For the solution we obtain
0 if q(t)] <0,
a*(t)eq [0, if fq(t)] =5,
y if [q(t)] > 0.

This justifies (4.10).
We reconsider (4.8) and set u = u* in (4.8) next. We obtain

1
(4.12) /O (f @™ (1) + 8lu™(B)] + (b(2™(t), w" (1)), p(t))rn ) dt = 0.
The Hamiltonian associated with (4.2), given by

H(xauvp) = f(ﬁ) + 5|’U,| + (b(x,u),p)Rn,

is constant along the optimal trajectory x* and control v*. For a proof of this fact
we refer to the appendix. Together with (4.12) this implies that
(4.13)

H(z" (), w”(8), p(t)) = f(@" (1)) + 0lu” ()] + (b(z" (2), u" (£)), p(t) )n = 0 on [0, 1].

THEOREM 4.1. Suppose (u*,7*) € Uyq X RT is optimal for (4.2) with 7* > 0, and
let the regular point condition (4.4) hold. Then, there exists a Lagrange multiplier y €
R™ such that the optimality conditions (4.10), (4.14) hold, where p € H*((0,1); R™)
satisfies the adjoint equation (4.7).

Remark 4.1. If in (4.1) the L term is replaced by § [, [u()|? dt, then the optimal
control is found to satisfy for almost every t € (0,7)

N ()= Pa, (=50l O.070) 000 ).
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where Pp_ denotes the projection onto {v € R* : |v|gx < ~v}. Comparing the effect of
the L'- and L?-cost terms for this constrained optimal control problem, we note that
for by (z*(t),u*(¢))Tp(t)] > J the controls coincide, while for |b,(z*(t), u*(t))T p(t)|
< 6 the L'-cost, differently from the L2-cost, is sparse.

Remark 4.2. In the case when ¢ is the identity, the regular point condition holds
if the linearized nonautonomous control system

(4.15) { Eh(E) = 7 (be (2 (£), w (£)) () + bu (™ (£), w* (1)) (u(t) — u* (1)),
' h(0) = 0 with u € Uspg

is controllable with constraints on the controls, in the sense that 0 € int R(1), where
R(1) = {h(1;u) : u € Uyq} is the reachable set at ¢ = 1. For example, if S =
{t € (0,1) : u*(t) = 0} contains an open interval and b(x,u) = Ax + Bu is a linear
control system, such that (A, B) is controllable, then we have that 0 € int R(1); see,
e.g., [LM, section 2.2].

5. L°°-norm minimization. In this short section we consider the L°°-norm
minimization problem

(5.1) min  |Ay|r~ + Fy(y) subject to G1(y) =0,
y€Xo
where F() S Ol(Xo,R), G1 S Ol(X(),Y), A € L(Xo,Lz(Q)), with X() and Y real

Banach spaces, and the unit ball in Y* weakly sequentially compact. Problem (5.1)
can be equivalently expressed as
min + F{
(5.2) ERF EXo Y 0(y)
subject to G1(y) =0 and |Ay|p~ < 7.

To avoid complications with a constraint set that depends on the parameter v, a
parametrization according to y = -z is performed and (5.2) is transformed into

min Fo(vz
{ YERT, z€ X0 vt 0(’}/ )

(5.3)
subject to G1(yz) =0, ze€C,
where C = {z € X : [Az]~ < 1}. We set
r=(7y) €EX=RxXo, F(v,y)=7+Fo(y).

In this way, (5.3) is a special case of (P). We suppose that (5.3) admits a solution
~*, 2% and set y* = y*z*. Further, the regular point condition

0 {G1(v"2")(y'v = 7"2") + G1(v"2")(y =7")z" tv € C,y 2 0}

is assumed to hold. Setting v = 2v*, it is implied by 0 € {G}(v*z*)v : v € C}.
Then by Theorem 3.3 there exists p € Y* such that

(Fo(vy*2*) + GL(v* 2" ), ¢ — 2%) xz.x, > 0 for all g € C,
{ (L4 (Fy(v*2"), ") xz.x0 + (11, GL (v 2*) 2" )y= v ) (y —7*) = 0 for all y > 0.
In terms of the variable y we have the optimality condition
{ (F5(y") + GL(y") "1 6 — y*) xz . x0 > 0 for all [Ag|r~ <%,
(v + (F5 (v ), y™) xz.x0 + (1 GL(y")y ") y= v ) (v =) > 0 for all y > 0.
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If A = Id, Xo = L*, and Fj(y*) + Gi(y*)*n € LY(Q), then the variational
inequality in (5.4) can be expressed as
(5.5) { (F(y") + GL(y™) " m)(x) = 0 a.e. on { [y*(z)] <~}
y*(x) = =" sgn((Fo(y™) + GL(y™)"w)(x))  a.e. on {|y*(z)| =77},
where
1 for s > 0,
sgn(s) € ¢ —1for s <0,
[—1,1] for s = 0.
6. A class of state-constrained problems. Without aiming for generality,
we consider a nonsmooth optimal control problem with distributed state constraints.
Let A denote the generator of a semigroup S(¢) on a real Banach space Xy, let U

denote the control space, and let B € L(U, X() be the control operator. We consider
the linear control system on the fixed time horizon [0, T']

6.1) { fa = Aa(t) + Bu(t) on (0.7

z(0) = xo,
where 79 € Xo and u € L?(0,T;U). The solution to (6.1) is understood in the mild
sense as
t
x(t) = S(t)zo + / S(t — s)Bu(s) ds.

0

The problem under consideration is
min [ (L(x(t)) + h(u(®))) dt

(6.2)
subject to (6.1) and fOTw(t)g(x(t)) dt <6,

where § € RP, and w € L*°(0,T;RP*™) is a weight function. Here ¢ € C1(Xy,R),
h € C(U,R), g € C(Xp,R™) are assumed to be convex. It is further assumed that
r — fOT Lx(t))dt, x — fOTw(a:)g(a:(t))dt, and u — fOT h(u(t))dt are elements of
C(L*(0,T; Xo),R), C(L?(0,T; Xo),R™), and C(L?(0,T;U),R), respectively.

Let (z*,u*) denote a local solution to (6.2). To derive a necessary optimality
condition, we use the framework of section 3 with

y=(z,u) € X = L*(0,T; Xo) x L*(0,T;U), Y = L*(0,T; Xy), Z =RP, K = (R™)?,

and
T
P = [ (a(t) + b)) dr
G1(y)(t) = S(t)xo + / S(t — s)Bu(s)ds — x(t),
e 0
Ga(z) = /0 w(t)g(a(t)) dt — 6.
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—

LEMMA 6.1. If there exists v € L*(0,T; U) with Gz (z* + [ S(-—s)Bu(s) ds) < 6,
then the regular point condition (3.20) holds.
Proof. We need to argue that

. Sv— (x —a*) - -
. 0 t S E X, ke (R)P
(6.3) Em{(g(x)—d—k) (z,v) e X, ke )},
where the right-hand side is considered as a subset of L?(0,7T; Xo) x RP, and

t T
(Sv)(t)z/o S(t — s)Bu(s)ds, g(x):/O w(t)g(x(t)) dt.

To verify (6.3) we need to solve the following equation for arbitrary (21, 2Z2) € L?(0,T; X3)
x (R)P sufficiently small:

(6.4)

where k € (R™)P. This is equivalent to solving
Gx* — 21 +8v) —b—k =2,
Let v be chosen as in the statement of the assumption of the lemma. Then
G(z* + Sv) < 4.

Hence there exists p > 0 such that for (21, 22) with |(z1,22)|z2(0,7:x0)xre < 5 WE
have

G(z* — 2+ 8v) — 6 — 2 < 0.
Thus k = G(z* — 21 + Sv) — & — Z» provides the solution to (6.4). O
By Theorem 3.3 and the above lemma there exists a Lagrange multiplier (\, i) €

L?(0,T; Xg) x (RT)P associated with the solution (z*,u*). Before we show the opti-
mality condition let us note that

G'l(y*)(h, v)(t) = /0 S(t — s)Buv(s)ds — h(t)
and
T T T
/ (G () (h, 0) (1), A1)t = — / ((H), h(t) ) dt + / (B*p(t), v(t))v dt,
0 0 0
where
T
(6.5) p(t) = /t S*(s —t)A(s) ds.

Thus by Theorem 3.3 we have

T
/O [0((t)) — £(*(8) + 7" w(t) (g(x(t) — g(@* (1)) — (M), x(t) — 2z*(t) ) ] dt
(6.6)

T
+/0 [A(v(t)) = h(u™(t)) + (B p(t), v(t) — u*(t))v ] dt = 0
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for all z € L?(0,T; Xg) and v € L2(0,T;U). Setting v = u* we find for a.e. t € (0,7,
and all u € U, x € Xy,

U(z) = £a(t") + iTw(t)(g(x) — g(z* (1)) — (A(B), 2 —2*(1)) > 0.

Therefore A(t) € d(€(z*(t)) + G w(t) g(z*(t)) = O(L(z*(t))) + AT w(t)d(g(z*(t)));
see, e.g., [ET, p. 26]. Hence there exist

q(t) € 0(z*(1)), =z(t) € Og(x™ (1)),

with ¢ € L*(0,T; X}), z € L?(0,T; (X§)™) such that
A(t) = q(t) + i w(t) 2(1)
and
T T
/t S*(s —t)A(s)ds = /t S*(s —t)(q(s) + jitw(s) z(s)) ds.

By (6.5) therefore

T

(6.7) p(t) =/ S*(s —t)(q(s) + i w(s) z(s)) ds,
t

which has the differential form

—p =A%)+ alt) + AT w(®) 2(0), p(T)=0.

If we let = 2™, then (6.6) implies that

T
/0 [A(v(t)) — h(u™ () + (Bp(t), v(t) —u™(t))u]dt >0
for all v € L?(0,T;U), and therefore

u*(t) = ar%xenUin (h(v) + (B*p(t),v)v ).

Summarizing we have the following result.

THEOREM 6.1. Suppose that y* = (x*,u*) is a local solution to (6.2) and that
v = Gy(x*)( [, S(- — s)Bu(s)ds) is nontrivial. Then there exist fi € (RT)P, ¢(t) €
ol(z*(t)), and z(t) € 0G2(x*(t)) such that

T
i’ </ w(t)g(x*(t)) dt — 5) =0 and
0
u*(t) = argmin (h(v) + (B(x())"p(t), v)u ),

where p € C(0,T; X)) satisfies the adjoint equation (6.7).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/25/14 to 143.50.47.57. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

2152 KAZUFUMI ITO AND KARL KUNISCH

7. Appendix. Consider
H(z,u,p) = f(x) + oul + (b(z, u),p)y,

along an optimal trajectory z* and control u* satisfying (4.1) with associated adjoint
state p satisfying (4.7). For arbitrary ¢ € (0,1) and h such that ¢ + h € (0,t), we find

H(x*(t+ h), p(t + h), w*(t + h)) — H(z* (t), p(t), u* (¢))
=H(@" (1), p(t), u”(t + h)) = H(z" (1), p(t), u" (1))
+ (@7 (t+ h),u(t+ ) — (2" (t),u" (t+ b))
+(p(t + h) = p(t)) - b(a™ (), u" (t + h))

+p(t+ h) - (b(z*(t + h),u*(t + h)) — b(z*(t),u*(t + h))).

Adding and subtracting hb(z*(t+h),u*(t+h))- £ p(t+h) on the right-hand side,
and using H(x*(t), p(t), u*(t+h)) > H(x*(t),p(t),u*(t)) and the primary and adjoint
equations, we find

H(z*(t+ h),p(t+ h),u*(t+h)) — H(z*(t),p(t), u*(t))

d
atP
“(t

*

> F(a*(t+ h), w(t + h)) — F(@* (t),u* (t + h)) — hfa(z*(t+ ), u*(t + h))dzlct

(t+h)

+ (p(t+h) —p(t)) - b(x™(t + h),u"(t + h)) — hill]t? (t+ h)b(x™(t + h),u"(t + h))

+p(t+h)- (b(a:*(t R),ut(t+ h)) — bz (t), u* (t + )

*

— hbg (2 (t + ), u* (¢ + h))d;

(t+ h))

+ (p(t + h) — p(t)) - (b(z*(t),u* (t + h)) — b(z* (¢t + h),u* (t + h))).

Here we used that

b (4 h), u*(t + b)) — b(a™ (1), u (t + h)) — ba(a* (£ + h), u* (¢ + h))%x*(t +h)
! d
= /0 <br(a'*((1 —s)t+s(t+ h)))ax*((l —s)t+s(t+h))

— by (x*(t + h),u*(t + h))%x*(t + h)) ds — 0 for h — 0,

and similarly for the remaining terms.
Similarly,

H(@" (¢ +h),p(t + D), u*(t + h)) = H(z" (t), p(t), u™(t))
=H(x" ([t +h),plt +h),u" (t+h)) —H(z"(t+h),p(t+ h),u"(t))
+ [t +h),u(#) = f(27 (@), u" (1))
+ (p(t+h) = p(8) -b(z"(t + h), w”(£)) + p(t) - (b(z" (t + h), w”(F)) — bz (2), w” (1))
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< P (0 b, () — £ (0, 0 (6) — ol (1) 0 (1) o 1)

+ (p(t+h) —p(t)) - (=" (1), u" (1)) — h%(t) ~b(2" (1), u”(t))
dx*

+p(t) - (@7 (t+ h),u(t) — (@™ (1), w” (1)) — hp(t) - ba (27 (1), w" (1)) — - (¢)

+ (p(t+h) = p(t)) - (b(a™ (¢ + k), w" (1) — b(a™ (1), u™(1))).

Dividing these expressions by h and taking the limit h — 0 we arrive at

(BC]

[C]
[CY]
[Cl]
[CJK]
[CK]
(D]
(E]
[ET]
[GLT]
[Glo]
[IK]
[1K1]
(K]
(LM]
[LY]
(L]
M]

[MaZo]

lim H(z*(t+ h),p(t + h),u*(t + h)) — H(z*(t), p(t),u*(t)) _0
h—0 h '
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