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Abstract. This work is devoted to stationary optimal control problems with polygonal con-
straints on the components of the state. Existence of Lagrange multipliers, of different regularities,
is verified for the cases with and without Slater condition holding. For the numerical realization a
semismooth Newton method is proposed for an appropriately chosen family of regularized problems.
The asymptotic behavior of the regularized problem class is studied, and numerical feasibility of the
method is shown.
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1. Introduction. In recent years a significant amount of attention has been
paid to open loop optimal control problems governed by partial differential equations
with state and/or control constraints; see, for example, [4, 5, 9, 11, 13, 8, 14] and
further references cited therein. Most of this work, especially in the context of efficient
numerical methods, considered the case of unilateral or bilateral constraints. We focus
on polygonal state constraints in this paper. For the model problem, we consider a
system of second order elliptic differential equations

(1.1) AG=1 inQ, Flog=0,

with vector-valued state variable ¢ and control variable @. For simplicity here we
consider only stationary problems posed on a bounded domain  C R™ (n = 2,3)
with Lipschitz continuous boundary 0€2. As cost we take the quadratic functional

J@@) = =17 - gl + ZJa)?,
2 2

where a > 0 and ¢ are fixed. Consider then the following optimal control problem.
ProBLEM 1.1.

min J(,@) such that (1.1) holds and Mij(x) < for all x € Q.
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Here ¢ € R™, M is a matrix of appropriate dimension, and M(x) < 1 describes
a pointwise polygonal bound that needs to be satisfied by the state i of the system
(1.1).

To solve Problem 1.1, a Lagrangian approach will be used. It is by now well
known that the Lagrange multiplier corresponding to the state constraint is only a
measure; see [4, 5]. Therefore a penalized formulation is introduced. Specifically, for
v > 0, we consider the following family of regularized problems.

PrOBLEM 1.2.

min J (¥, 4) + %H(ng'— O)HI? such that (1.1) holds,

where (MY — 1E)Jr is defined coordinatewise: (MY — J)j = max(MI§ — ,;,0) for
t=1,...,m.

Throughout || - || denotes the L? on € of appropriate dimensions and || - ||o will
stand for the norm in H?2.

There are three instances which involve a dimension concept in this paper. First,
there is the spatial domain 2 and we assume that it is of dimension 2 or 3. The
dimension of the system, in particular the dimension of ¥, is chosen to be 2. This is
mainly for transparency of the proofs, and higher dimensions can be treated by the
same techniques. Finally, there is the image space of M, which we assume to be of
dimension m. This is the number of constraints on the state 3. Throughout it will be
essential that the regularity and dimension assumptions be such that for the state of
the system we have ¢ € C(Q, R?) for any admissible control .

While the linear-quadratic model problem considered here is rather standard, it
should be noted that it arises in the inner loop of the sequential quadratic program-
ming approach to general nonlinear optimal control problems. After an implicit Euler
discretization step, parabolic PDE-constrained optimal control problems also fall into
this class of model problem.

Let us also compare the problem considered here to coordinatewise unilaterally
constrained problems. In this case the matrix M is the identity matrix and, in par-
ticular, it is surjective. Here we consider the case where M is not surjective. This
requires a different treatment of the Lagrange multipliers, in particular, to argue
their uniqueness and their convergence properties in the semismooth Newton method.
A very particular case involves bilateral constraints of the form 5 <y< 15, with
q_g € C(Q,R"), 1/7 € C(Q,R"), (E < 1/7 In this case one can separate the active sets
from below, and the active sets from above, and in each coordinate these closed sets
have empty intersection. Then the Lagrange multipliers can essentially be introduced
as in the unilateral case, having opposite signs on the active sets from above (respec-
tively, from below). The case of optimal control problems related to the Navier—Stokes
equations with bilateral state constraints was considered in [7].

2. Preliminaries and problem setting.

%
2.1. Problem setting. We define the spaces W = H?> N Hj and W = (H* N
Hj)?. Let C(Q) be the space of continuous functions on €2, endowed with the maxi-
mum norm, and denote by Cy(€2) the subspace of C(£2) with vanishing trace on the

%
boundary. It is known that W < (Co(Q))? = Co(Q,R?) for 1 < n < 3. .
We assume that for every @ € L?(£2, R?) system (1.1) has a unique solution i € W
satisfying

(2.1) 192 < Cll]l.
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We also consider a polygonal domain D C R?, which is defined as the intersection
of m half-spaces MI§f < ;, i = 1,...,m. Defining the matrix

M :R? - R™
and the vector v» € R™ by
M o
(2:2) M=| |, o= |,
M, Ym

the polygon can be expressed as D = {y: My < 1/7}, see Figure 2.1.

lo

li: Mg =i

()

F1c. 2.1. Polygonal constraint.

Remark 2.1. Note that the dimensions of the composite mapping x — Mg(x)
are given by

x € Q e R2®) - (x) € R? —» Myj(x) € R™.

As already remarked, considering 7(x) € R? simplifies the explanation, but it is not
essential. The results can be extended to 7(x) € R!, [ > 2.

2.2. Measure theory. We review some basic results in measure theory. By
Riesz’s representation theorem, the regular Borel measures on the compact set Q can
be identified with the dual space of C(Q) (see [6]). An analogous result holds for
vector-valued regular Borel measures. We shall not distinguish in notation these two
concepts; i.e., we use A(U) to denote the measure of a Borel measurable set U, and we
use the duality pairing (\, f)c« ¢ for f € C(€) to represent a measure. The positivity
of a measure can equivalently be checked by following relation:

A>0< (N, flerc>0 forall fe C(Q), with f>0.

Given A € C*, the measure can be defined as follows (see [6]). For any open subset
U €,

(2:3) AU) = sup A fo-c.
FECO(@),0<f<xu
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Subsequently the property of the regular Borel measure allows us to extend the above
calculation to any Borel measurable set A:
A) = inf :
)\( ) ACU,ll?is open )\(U)

The following relation can be obtained by the above characterization (see [6]). Suppose
that f is a continuous function; then

(2.4 x4 < f=MA) <(\ f)c-c for all measurable sets A,
2.4
0<f<xa=AA) >(\f)c-c for all compact sets A.

3. First order optimality condition. Let K be the set
(3.1) K ={Ze C(Q,R™): Z(x) < ¢ for all x € O},
and let Ik be the indicator functional of K:

{—l—oo, ¢ K,

(3.2) Ik (%) =
0, 7eK.
It is clear that K is a closed convex set in C'(Q,R™), and therefore the indicator
functional Ik is convex.
We denote the map @ — (@) by T, where T : L*(Q,R?) — Co(2,R?). Hence
cost functional J(¥, ) can be equivalently represented by the reduced functional

and Problem 1.1 can be rewritten in the following equivalent way:

3.3 inf  J(4) + Ixg(MT4).
(33) st (@) + I (MT)
THEOREM 3.1. There exists a unique solution for Problem 1.1.
Proof. We can easily check that J + Ix o MT is a lower semicontinuous convex
functional. Then standard arguments imply the existence of an optimal solution.
Strict convexity implies uniqueness of the solution. a

3.1. Optimality system. Using the notation of subdifferential calculus (see
[3]), @* is a solution to (3.3) if and only if

0 € A(J(T) + I (MT7T*)).

Assumption 3.2. 1E > 0.
With Assumption 3.2, holding the Slater condition is satisfied; i.e.,

there exists @ such that MT4 € int(K).

In fact, for the choice @ = 0, we have § = T@ = 0, and hence My = 0 is an
interior point of K. .

Remark 3.1. The assumption 1) > 0 ensures that the Slater condition is satisfied.
It implies that O is the interior point of the polygon D C R™. In practice this
assumption may not be true; e.g., 0 is a vertex of D in our numerical example in
section 5. The following convex analysis approach relies on the Slater condition, and
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thus it is not applicable to the case where we have only J > 0. For this case, however,
we can still study the existence of a Lagrange multiplier in a slightly weaker sense,
namely, with X* € W*(€, R™). This will be considered in Proposition 3.4.

If Assumption 3.2 is satisfied, then (see [12])

0 € dJ(@)+T*MTaL,(MTa").
Hence we can find X* € 81 (MTi*) such that X* € C*(Q,R™) and
0€dJ@)+T*MTX*.
Since J(@*) = 3| T — Fa||® + &||@*||?, we have
(3.4) 0 = (T*(TT* — §g) + ai@* + T*MTX*,7) = (ail* — p*,0) for all 7 € L*(Q, R?),
where the adjoint variable §* is given by §* = —T*(T@* — ;) — T*MTX*. Hence
(7%, 0) = (=T*MTX* — T*(T@* — ij,),7) for all ¥ € L*(€, R?),

35) (7 AD= (N MHe-c — (F* —§a,7) forall 7€ W.
Last, \* € OI,(MT4a*) is equivalent to

Mj e K, (X',Z—M{*)¢c-c <0 foral € K.
By a standard argument, this is also equivalent to
(3.6) X >0, My <, (X, My —)oec=0.

Combining these arguments we have the following theorem.

THEOREM 3.3. If Assumption 3.2 is satisfied, then there exist an optimal solution
@*, §*, an associated dual variable p* € L*(Q,R?), and a Lagrange multiplier P
C*(Q,R™) such that the first order optimality system

A = i,

(7, A2) + (X, MZ) o ¢ = (fu — 7% %) for all 7€ TV,
(3.7) i

X>0, My <, (X M =)o =0
holds.

Remark 3.2. The dual variable p* has more regularity than L?(2,R?). The
second equation of the optimality system has the form

AP = Ga— "~ MTX".

This is an elliptic equation where the right-hand side is given by a Radon measure.
From [15], we have p* € W1P(Q,R?) for any 1 < p < 2, where Q C R", n = 2 (or
p* € WHP(Q,R?) for any 1 < p < 3 when n = 3). By the Sobolev embedding theorem
this implies that p* € L(Q,R?) for all ¢ < co when n = 2 (or p* € L4(Q,R?) for
all ¢ < 3 when n = 3). Then for sufficiently smooth 9%, use of standard regularity
theory for elliptic equations implies that the regularity of the state can be improved

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/29/14 to 143.50.47.57. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

5058 KARL KUNISCH, KEWEI LIANG, AND XILIANG LU

for 7* from H? N H}(Q,R?) to W21N H}(Q,R?) for any ¢ < oo when n =2 (or from
H? N HYQ,R?) to W N HE(Q,R?) for any ¢ < 3 when n = 3). Here we use the
first and the third equations in (3.7).

PROPOSITION 3.4. Let 1; > 0. Then there exist an optimal solution ©*, y*, an
associated dual variable p* € L*(Q,R?), and a Lagrange multiplier X* € W*(Q,R™),
which satisfy the first order optimality system

A = @,

3.8) (7%, A2) + (X, MDwew = (§a— 7, 2) forall Ze W,
' ail* =,
X >0, My <, (N, My — e w = 0.

The proof is given in the appendix. It depends on a regularization technique which
is developed in section 4. The assumption 1/7 > 0 is not essential in most parts of this
paper, including the convergence of the solution to Problem 1.2 and the superlinear
convergence of the semismooth method. But we need to assume J > 0 in section 3.2
to ensure the uniqueness of the Lagrange multiplier.

3.2. Uniqueness of optimal solution. From Theorem 3.1, we know that the
optimal solution pair (@*,%*) is unique, and hence p* is unique. The main task
is to prove the uniqueness of the Lagrange multiplier . We already know that
the Lagrange multiplier \* € C*(Q,R™), and we henceforth investigate some of its
properties. First, it is clear that the linear complementarity condition (3.6) holds
componentwise, i.e.,

(3.9) AP >0, MIgE <y, (N MG =)o o=0,i=1,...,m.
LEMMA 3.5. There exists a decomposition Q;, i = 1,...,m, of Q, which satisfies

() =0 forall j #i,i+ 1 (where we let m+1 be 1).

UQi =Q, Qisopen, ]

Proof. From the definition, the function 7* maps from Q to the polygonal domain
D. Tt is continuous and hence uniformly continuous. More precisely, for any given
positive constant &, there exists another positive constant e such that

)

[x1 = x2| S €= |7 (x1) — 7 (x2)] < 5

We can decompose the polygon D into m parts such that every part DY has at least
distance & > 0 to the constraint whose index is different from 4,7+ 1. Then define the
subdomains €27, Q;, and D; as

0 ={x:y*"(x) € D},
0, = {x € Q:dist(x, ) < €},
D; =y ().

For this kind of partition, see Figure 3.1.

Clearly §; are open subsets and (2 = U;(2;. By the above definition and from the
uniform continuity of ¥ on €2, we have that every D; has at least distance % to the
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Fic. 3.1. Partition of the domain and the polygonal.

constraint whose index is not 4,7 + 1. In fact, without loss of generality, we consider
only the case i = 1. Since D; has strict positive distance at least % to the constraints
with index i # 1,2, we have

1)
max sup (M;y* — ;) < —= < 0.
i#£1,2 xeé’l( 4 vi) 2

Let f; =¢; — M;y*. Then f; > gxgl and from (2.4) we have

0< AN () <=\ fiderc=0 forall2<i<m. O

[STTI)

LEMMA 3.6. There exist an open set Qo C Q and a function fo € Co(Q) such
that the following hold:

1. dist(€0, 9Q) > 0, and X*(Q2\Qo) = 0;

2. for all ¢ € C(Q,R™), we have

O, Byee o = (N, fod)o- o

Proof. By Assumption 3.2, and since y* satisfies a homogeneous boundary condi-
tion, My* — 1 has strictly negative values on 0€2; i.e., there exists a positive constant
0 such that

Mg (x) —¢; <—0<0 foralli=1,...,m, and x € 9Q.

Since My* — @/7 is uniformly continuous on €2, there exists a positive constant e such
that

for all 4,

1)
|x1 — x| < €= |gi(x1) — gi(x2)] < 3
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where g;(x) = M,;y*(x) — ;. We define the open set
(3.10) Qp = {x: x € Q,dist(x,90) > €}.

Uniform continuity of the function My* — 1/7 implies that
My* (x) — ¢ < -5 < 0 for all 4, for all x € Q\Qyp.

The linear complementarity condition (3.9) implies that \;(Q\Q) = 0. We define the

function fy by
( ) 1, x € ),
Jo(x) = _
Ldist(x,09), x € Q\Qo.

Clearly fo is continuous and for all 5 € C(Q,R™) we have

(3, Bhe-c = /ﬁ gax = [ gax = /ﬁ o3 = (3, fod)erc. O

Qo

We are now prepared for the proof of uniqueness of the Lagrange multiplier.
Suppose that there exist two measures A! and \? satisfying the optimality system.
By Lemma 3.6,

X(\Q0) = X2(Q\Q) = 0.

Since X! and A2 are regular Borel measures, we need only show that they coincide on
any open subset U C . By the next lemma, the problem can be further reduced.
LEMMA 3.7. If two measures \' and \? coincide on any open subset U C £,
i=1,...,m, then \X(V) = X\2(V) for any open set V € Qq.
Proof. Let V; =V NQ,; fori=1,...,m. Since Qp C U[2,$;, we have V = U2, V;.
By the inclusion-exclusion principle (see [2]), we find for ¢ = 1 and i = 2

X(V) = V( G Vj) = iWVj) - ) N(ViunV)

1<j1<j2<m
+ Z )‘i(Vhﬂv}'zm‘/}z)_"'""(_l)m)‘i(ﬂ‘/j)'
1<51<j2<jz<m Jj=1

From the definition of Vj, every term on the right-hand side coincides for ¢ = 1 and
i = 2. This implies that A'(V) = A2(V). O

From Lemma 3.7, it is enough to show for any open subset U C ;, Xl(U) =
XQ(U ). Without loss of generality, we consider only the case i = 1. Lemma 3.5
implies that

(3.11) MOU)=MU)=0 forall2<i<m.
R
For any zZ € W, by (3.7), we have

(MTXY, D0 = (MTX2, Dev o,
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which implies that
<M17jz/\17275>0*,0 = <M1:I:2)\%,275>C*,Ca

where the square matrix M; » and the vectors /_\}2, X%Q are given by

MT 5 AL 5 22
M1,2:(M;T>7 /\%,2:(/\2>7 /\%,ZZ(A%>

Since the line segments 1 and 2 are n_(>)t parallel (they intersect at vertex 1), the matrix
M, 5 is invertible. Since the space W is dense in Cp(£2,R?), (2.3) implies that

M11:2)\%,2(U) = M11:2>\%,2(U)-

Hence X' (U) = X2(U) is obtained by the invertibility of the matrix M o

The above argument implies the uniqueness of the corresponding Lagrange mul-
tiplier. Moreover, we have following theorem. .

THEOREM 3.8. There exists a unique solution (§*,d*, p*, \*) satisfying the opti-
mality system (3.7).

Proof. To complete the argument, we need only show the uniqueness for (§*, @*, p*).
Let (7, @', p', Xl) and (2, @2, p?, X2) be two solutions which satisfy (3.7). For ¢ = 1,2,
the complementarity conditions

X>0, My <d, (X, My —d)e- =0
are equivalent to the variational inequalities
M <4, (X, Z2—Mij)o-c <0 forall Z< .
Choosing 7 = M¢' when i = 2 and Z = M4? when i = 1, we have
XL M2 = Moo <0, (X2, MG — MiP)e- o <0.
Hence
(3.12) (X' = X2, Mij* — Mi)ee o > 0.
Letting (67, 0, 0p) = (i, @', p*) — (§2, @2, p?), we have
Aoy = éd,
(67, A2) + (X! — X2, MZ e o = —(67,7) for all 7€ W,
adtd = op.

Multiplying the first equation with dp" and choosing zZ' = §¥ in the second equation
and then subtracting them, we have

0= (54, 8p) + (X' = X*, M&g)c-.c + 1671
Using dp = adi, 67 = §* — 42, and inequality (3.12), we find
1637 + e[| 6@l < 0.

e w —

This implies that (§¢, d&) = 0, which leads to the uniqueness of (§*, @*, p*). d
Remark 3.3. Theorem 3.3 gives only first order necessary condition. Together
with Theorem 3.8 this optimality system (3.7) also provides a sufficient condition.
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4. Semismooth Newton method. The optimal control problem (Problem 1.2)
without constraints on the state admits an optimal solution which satisfies the fol-
lowing first order optimality system:

AGy =@,
(s, AZ) + (N, MZ) = (§u — 7, 7) forall 7€ W,
oty = 7,

Ay = (Mg, =)

We will use a semismooth Newton method to solve system (4.1). Before, however,
we consider the asymptotic behavior as the penalty parameter v tends to infinity.

4.1. Convergence with respect to «. In this subsection, we study the con-
vergence when the parameter v — +o00.

THEOREM 4.1. Let (@*,§*,p*, X*) and (ﬁy,gy,py,,@) satisfy the optimality sys-
tems (3.7) and (4.1), respectively. Then we have

_>
Yy =y inW,
Py =0 inL*(Q,R?),
Xy = X in WH(Q,R™).
Proof. Since X,Y >0 and My* — J <0, it follows that

- oo 1 -
(42) Ay, Mgy — §7)) = (Ay, My — ) — (A, My" —1p) > ;IIMHZ-

From (4.1), we deduce that

—

(4.3) a(Agy, MG, = §7)) = (05, MYy = 7)) = (Fa = T3, Gy =) = (A, M (G5 = §7)).-
Inequality (4.2) and equality (4.3) lead to

all A7 — al(Agy, AT") < =I5y 1* + @ 57) + G 9y — §7) — %”X'YHQ'
Hence
al[AZ* + %HX’YHZ TP < a(Agy, AT") + (T, 7 + Fa) — (Fa, 77)

Qe Oy e L9 1o i1
< SIAGIZ + SIAT I + S 151 + 517" + Gl + 177117l

Therefore, a||Ag, || —|—%HX7H2 < C(||@||?+|7*|I* +||7all?) for a constant independent
of 7. This implies uniform boundedness of ||7, |3 + %HX,,HZ with respect to v > 1.
Hence ||, || + | MT A, ||+ is also uniformly bounded. After passage to a subsequence,

g’y - g inwv
Py —p inL*(Q,R?).
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From the definition X,Y =~v(Myy — ¥)F, it can be shown that
— N+ 1.5 2
[(Mgy = )7 = ?HMH — 0.

Since W is compactly imbedded into C(€,R?), we have 7, — § in C(Q,R?) after
passage to a subsequence. Then we have (Mg, — )" — (Mg — &)t in C(Q,R™),
and hence

-, -,

(Mg —9)* | = (Mg — )| = 0.
This implies Mg < 0. Using (3.7), (4.1), and (4.2), we have the following estimate:
(44)  allAG, - T)I1P= (7 — ", AGy — 7))
= <_gv +y+ MT()‘* - Av)vgv - ﬂ*>c*7c
:_Hgv_THz"'O‘*_)‘%M( ZT»C*C

gw -
— —k 1 v Vs —nk
~llgy =717 - ;IIMH2 + (NS Mgy —§))ex e

IN

Hence the complementarity condition (3.6) implies that

al (G = 7P + 19y — 7°11° + %IIXWIIQ < (X My =) om0 = (X Mijy = )o- o

Taking the limit v — oo and using that Mg < 1/7, we have ¢ = ¢ and
7, > g W,
Py = p" in(L?)?
~I%, 2 =0,

Now we consider convergence of the Lagrange multipliers. Since

MT(X, = X) = AT = ) + (7" — ),

the convergence results for ¢, and p, imply that

(4.5) MTX, = MTX* in W™

Moreover, we also have

<X77J>C*,C = <X77J_ Mﬂﬁc*,c + <X7a Mﬂ7>c*,c

1 Y Y — _)* —k _)*
- _§||/\v|\2 + (M7, Gy o = (MTX 7 ) cn o = (A, d)en o

Since M is not a square matrix, the investigation of convergence of the Lagrange

multipliers XnY requires extra care. Let ;, 7 =0,1,...,m, be the open sets defined in
Lemmas 3.5 and 3.6, and recall that
(4.6) Xy = (Mg, = P)F
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Our goal is to show that X7 — X in W*(Q,R™), i.e.,

- -

(X @) = (X, @y for all ¢ € W(Q,R™).
Without loss of generality, we need only show that
(4.7) (A,1:0) = (AL, )w-w  forall ¢ € W.
By the construction of g it follows that Qy € 2. Using a partition of unity argument
(cf. [1]) there exist smooth functions & € C§°(§2) with support in €;, and

(4.8) 1= Zfi(x) for all x € Q.
i=1

We already have ¢, — ¥* in C(Q,R?), and M¢* — 1E < —g in Q\Qg. This implies
that for + large enough we have My, — ¢ < 0 on Q\Qp, and hence X7|§\Qo =
VM, — )" [g g, = 0. Together with X*(©\Qo) = 0 this implies that

(Ay1,0) = (M1 9)0, = Z()\'y,la(bfi)flo = Z()\'y,la P&i),

2 K3

AL, )ww = (A\],d)cc = ; P dAY
0
-y /Q o6 dN = SO oo e = SN 6w
Pt i i
Hence (4.7) follows by applying Lemma 4.2. O

LEMMA 4.2. Let ¢ € H?> N Hg, with support in Q;, i = 1,...,m. Then we have
(A1, 8) = (AL, O)w=w .

Proof. If i = 2,...,m — 1, then by the argument below (4.8), we find A, 1|, =0
for v large enough. Hence we have (Ay1,¢) = 0 = (A}, ¢)w~,w for supp¢ C €,
i =2,...,m— 1. Next let : = 1. The case i = m can be treated analogously. Since
gy, — 7* in O(QL,R?) and (M7* —); < —$ in Q for all 2 < j < m, we have
Ay,jlo, = 0 for all 2 < j < m and sufficiently large +. This implies that for any
f € VV% which vanishes outside of

(MTX,, ) = (X, Mf) = (Xy, M fa, = Ay, MT f) + (A2, MT f),

where we recall the notation introduced in (2.2).
Applying Lemma 3.5, we find

(MTX*, fywew = N5, MT Fywre w + (N5, MY Fywre .

Using the notation M;j 2 as in section 3.2 and choosing f = ¢Mf721e (where e =
(1,0)T), we deduce from the above two equalities that

(MTX,, ) = O 9), (MTX, flwew = (N, S)wew
Therefore (4.5) implies that for ¢ with support in Q4

(A1 @) = (AL dwew. O
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4.2. Algorithm. For convenience we recall the optimality system (4.1) for Prob-
lem 1.2:

alg, = Py,
(4.9) ATG, + MTX, + 4y = 4
)\'y = V(ng - 7/))+7

where v > 0 is fixed. The semismooth Newton algorithm (or primal-dual active set
algorithm) to solve the optimality system (4.9) is given in Algorithm 1 (see [10, 11]).

ALGORITHM 1. PRIMAL-DUAL ACTIVE SET ALGORITHM

1: Set k = 0, initialize §°;
2: let A¥ = {x: M;i* > 1;}, and set
M1TXA’1€
MF = :
MgXAfﬁ ¢mXA§n

—k+-1
)

3: solve for (¥ TARRS!

p
{ aAngrl — —*Ichl7

ATﬁk—H 4 VMT(ngk+1 _ wk) — Zjd _ gk—!—l.

)

(4.10)

4: define Ne+1 = y(MEFEHL — k),

5: stop or update k = k + 1, and go to 2.

PROPOSITION 4.3. There exists a unique solution (if*+1, p**1) for system (4.10).

Proof. Since, for fixed v, (4.10) is an elliptic system, a standard argument implies
existence and uniqueness of the solution. O

PROPOSITION 4.4. If A¥ = AM fori=1,...,m, then (g*+1, p*+1, XY solves
system (4.9).

Proof. The proof is based on the following key observation: if A¥ = Af“, then
M* = M*+L and ng'k+l _ ,Jk _ (Mg'k—H _ 1;)+' 0

By the above proposition, it is reasonable to choose AF = Af“ fori=1,...,mas
the stopping criterion. Numerical results show that this stopping criterion is typically
reached.

4.3. Superlinear convergence of the semismooth Newton method.

THEOREM 4.5. Let §° € LP(Q,R?) for some p > 2, and let |§° — ¢, rr be
sufficiently small. Then (§*,p", Xk) converges to (i, P, X,Y) superlinearly.

Proof. We define the error between the (k+ 1)st iteration and the solution to the

~ problem by

6= — iy, o=, X =N X
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These expressions satisfy
al\dy = 6P,
(4.11) AT§5+ MTSX = 67,
26X = (MAghHE — k) — (M, — )t
Since
(MEgEHL — gk — (M, — 9)F = MR — %)+ (MG — ) — (M, — )T,

we find for i =1 (i = 2,...,m can be treated similarly)

1 _
;5)\1 = M (" = 7")xar + max(0, M5 — 1) — max(0, M{ G, — 1)
= (M{ 67 + MY Gy — M{§*)x 4y +max(0, My (§* — ¢1)) — max(0, My G, — ¢n).

For g = M{g, — 1, h = MEg* — My, we have g + h = M{T§* — ;. It is well
established [10] that the mapping ¢ — max(0, ¢) is Newton differentiable from LP
to L? with p > 2, with the Newton derivative given by the characteristic function
X{z: 6(z)>0}- As a consequence we have (see, e.g., [10])

(4.12) | max(0, g + h) — max(0,g) — hxaxll = o([|h]|r).

Let R} = max(0, g+ h) — max(0,g) — hx 4+, and R, ..., Ry, can be defined similarly.
Hence

S\ = yM*§ij+ R”,
where RF = (RF, ..., RF)T. Then we multiply A7 in the first equation of (4.11):
0 = af ASGII> — (55, A67) = a| ASFII> + 1167]” + (M5, 5X).
Since (M &y, M*53j) = || M*54||?, we have
185112 = o(l7* — 7]l e),
and hence the desired estimate follows:
16712 + 16X]| + 16512 = o([7* = % llz»). O

5. Numerical results. Here we present a numerical example by utilizing a finite
difference discretization to the following elliptic system in the unit square with the
homogeneous Dirichlet boundary conditions:

(5.1) —Ay1 +y2 = ua,
(52) —Ayg — Y1 = Uu2.

Define the elliptic operator A = —=AI+[° 1 ]. It can be shown that A satisfies
[9ll2 < Cllll.
The state variable ¢ has to satisfy the constraint

(5.3) y1 >0, y2>0, y1+y2 <1
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It can be equivalently represented in matrix form as My < 1/7, where

-1 0 AL
M=| 0 -1, ¢=1{0
11 1

Recall lhat the COSl funCllonal J 1S
J(“? “) 2||“ i || 2 ||H||
y u) = y yd u

Let §; = (4sin(4rzy), 2sin(27mz) + 2 cos(2my))T, v = 10, a = 0.001, h = &;. For this
choice of y4 all three constraints are active on some part of the domain. We refer to
Figures 5.1 and 5.2 for the optimal state and control. The active sets associated with
the three different constraints are depicted in Figure 5.3. We note that the active set
can be a “slim set” (as for the first constraint) or a set which clearly has on open
interior (as for the second constraint). The corresponding Lagrange multipliers are
depicted in Figure 5.4, and as expected they are oscillatory near the boundary of the
active set.

—yl+y2 -

F1c. 5.1. Optimal state.

Superlinear convergence can be observed numerically. In fact, denoting by g the
solution to the discretized problem, we compute the ratios

e
_ g =gl

gk -l
for a fixed v = 1000 and « = 0.01. The result for iterations k = 11,...,17 is given in
Table 5.1.

The above test problem has the same diffusion parameter in the underlying equa-
tions, and the constraint set is a triangular with two equally long sides. We then
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Fic. 5.2. Optimal control.
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—u2-

— active set 1 — — active set 2 — — active set 3 —
0 0 0
20 20 20 r
40 40 40
60 60 60
0 20 40 60 0 20 40 60 0 20 40 60
nz=_84 nz = 1002 nz =91

Fic. 5.3. Active set.

change the governing equation and the constraints to be

(5.4) —Ay1 + y2 = uq,

(5.5) —BAys —y1 = ug,

and

(56) Y1 Z 07 Y2 Z 07 991 + Y2 S 1.

As before we set §; = (4sin(4nzy), 2sin(2rz) + 2 cos(2my))? and fix v = 10%, a =
0.001, h = 6%1. We test the performance of the algorithm under changes of § and 3. It
can be noted from Tables 5.2 and 5.3 that it converges for a wide range of values for
f and S, and that the number of iterations before convergence is achieved does not
depend on these parameters significantly. As expected, taking into consideration the
shape of y4, the number of components as well as the associated active sets increase
with 6.
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— lambdat - — lambda2 - - lambda3 -

12 25 25

10
20 20

0.5 1
1 0.5
Fic. 5.4. Lagrange multiplier.
TABLE 5.1
Superlinear convergence.
k 11 12 13 14 15 16 17

r | 0.9449 | 0.8910 | 0.7685 | 0.6405 | 0.4670 | 0.0118 | 0.0

TABLE 5.2
~ =108, a =0.001, B =1.

6] 01] 05 1|10

Iteration number 36 23 | 15 | 18

Active components 1 2 3 3

TABLE 5.3
~=10%, o =0.001, 6 = 1.

B | 0.01 1 | 100

Iteration number 23 | 15 17

Active components 3 3 3

_>
Appendix. Proof of Proposition 3.4. Let (7*,u*) € W x L?(Q,R?) denote the
unique optimal solution. Since the Slater condition is not assumed, convex analysis is
not directly applicable. To prove the existence of a Lagrange multiplier, we consider
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—

the convergence of the solutions to the v problems. Let (¥, iy, fy, Ay) satisfy
Ag’y = ﬁva
- v L o
(5.7) (Py, AZ) + (A, MZ) = (§a — §y,2) forall Ze W,
iy = Py,
Ay = W(ng - ¢)+
By arguments similar to those in section 4.1, we obtain
_>
g’y - g iIl W7
i, =4 inL*(Q,R?),
and My < . For J,(¢,4@) = J(7,7) + 1| (Mg — ¢)T||?, we have
J'Y(yﬁ"Yva"Y) S JW(g*aﬁ*) = J(g*aﬁ*)
The weak lower semicontinuity of J implies that
J(Zjv 1:&) S lim inf J(ﬁ’va ﬁ'}’) S lim inf J’Y(ﬁ’}’a ﬁ'}’) S J(g*a ﬁ*)

Since ¢ satisfies the state constraints and (g, ) satisfies Ay = 4, uniqueness of the
optimal solution (7*,@*) implies that (¢*,d*) = (¢, @). From the second equation in
system (5.7), we deduce that {|‘MTXv|‘W* }y>1 is bounded. To prove that {Xv}vzl
is bounded in space (W*)™, we need to guarantee that for some constant C' > 0
independent of v > 1

Xy, Bywawe < Clldlla  for all ¢ € W(Q,R™).

We will follow the notation and the arguments in section 4.1 and note that the con-
struction of €; for ¢ = 1,...,m does not use Assumption 3.2. Since we use a ho-
mogeneous Dirichlet boundary condition, 7* maps from 9§ to 0. Without loss of
generality, we assume that 0 has strictly positive distance to D; for i = 2,...,m (see
Figure 5.5). Hence a neighborhood of 952 is in §2;. Therefore there exists a compact
subset €. € () such that ﬁ\Qc C €)3. Since ), is covered by open sets §2;, by partition
of unity (cf. [1]), there are smooth functions §; € C5°(§2) with support in €;, and

1= Z&(x) for all x € Q..
i=1

3N D
A . 2

o0

\ Dy Ds

F1G. 5.5. Partition with a homogeneous Dirichlet boundary condition.
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Define & = 1 — Y., &, which has support in ;. Then any fixed function ¢ €
H? N H}(Q) can be expressed as

¢:¢<go+2fsi> .
=1

Let ¢; = ¢¢; for i = 0,1,...,m. Clearly ¢; has support in ; for i = 1,...,m, and ¢q
has support in ;. Moreover, the domain €2; depends on the optimal solution * but
not on . Therefore there exists a constant C' which does not depend on 7 such that

(5.8) [dillz < Clidll2, i=0,1,....m
Using the same technique as in Lemma 4.2 and noticing the uniform boundedness of

HMTXWHV—I}*, we obtain for ¢ € W™ and with support in €2;

Ay, @l waw+ < Cillll2,
where C; depends only on domain €2; and the bound on {||M TXW |5 }y>1. Combining
this with estimate (5.8), we have

m

Ky Bww- = 3 K. Gwaws < 3 Cillénlla < (m + DO max{ G 6]

=0

Hence {X7}721 is uniformly bounded in (W*)™. Then there exist A\* € W*(Q, R™)
and a subsequence, still denoted by va such that

Xy — X in WH(Q,R™).

This implies the existence of a Lagrange multiplier of Problem 1.1. In fact, to obtain

the optimality system, we need to define the dual variable p* = au*. By passing to
the limit in the first three equations of system (5.7), (7, @*, 7*, X*) satlsﬁes
Ay* =a”,
(5%, A7) + (X, MZ) = (§u— 7, 7) forall 7€ W,
ot = p*.

We need to check the linear complementarity condition to close the system. Positivity
of \* follows from weak convergence of \,. Utilizing the estimate (4.4), we find

— —k — —nk 1.+ N — —k
al M@y = 7P < —llg, — 7117 - ;IIMH2 + NS MGy — 7)) wew-
— - =
Since 7, — ¢* in W, and MTX\* € W*, we obtain
L5 2 - N 4
;”/\'y” =0, yy—y W
Using that X, = y(M{j, — )", we have

- A R
Ny Mgy — ) = ;llw?
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— - - —
Strong convergence ¥, — ¥* in W and weak convergence MTX\, — MTX\* in W*
imply that

— -, -,

Ay, My — ) — <X*aMf —P)wew-

Combining the above estimates leads to the linear complementarity condition

X>0, Mg <, (X, MG — @) wew = 0.
0

This completes the proof.
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