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Total Generalized Variation∗
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Abstract. The novel concept of total generalized variation of a function u is introduced, and some of its essential
properties are proved. Differently from the bounded variation seminorm, the new concept involves
higher-order derivatives of u. Numerical examples illustrate the high quality of this functional as
a regularization term for mathematical imaging problems. In particular this functional selectively
regularizes on different regularity levels and, as a side effect, does not lead to a staircasing effect.

Key words. bounded variation, total generalized variation, tensor fields, regularization, image denoising

AMS subject classifications. 49J52, 49N45, 68U10

DOI. 10.1137/090769521

1. Introduction. Most mathematical formulations of inverse problems and, in particular,
of mathematical imaging problems are cast in the form

(1.1) min
u

F(u) +R(u),

where F represents the data fidelity and R the regularization term. If G denotes the forward
modeling operator, then the most common fidelity term is of the form

(1.2) F(u) =
1

2
‖G(u) − z‖2,

where z stands for the possibly error-prone data and ‖ · ‖ denotes an appropriately chosen
Hilbertian norm. Similarly, the most frequently chosen regularization term is given by

(1.3) R(u) =
α

2
|u|2,

where α is the regularization parameter and | · | again denotes a Hilbertian norm or seminorm.
It is now becoming well accepted that the mathematical and computational simplicity of the
norm-of-squares terms must be put into perspective noting some serious shortcomings. If
the errors in the data contain outliers or if the error is of impulsive type, the fidelity terms
suggested by methods from robust statistics should be preferred over (1.2). Similarly (1.3)
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is frequently not an appropriate choice. In fact, the regularization term penalizes a certain
property of u, which is quantified in the choice of the norm | · |, and the natural proportionality
by which this should enter into R would be 1-homogeneous rather than quadratic.

In the present paper the focus will be on the choice of R. One of the early proposals for
a refined choice was given in [ROF]. It uses the bounded variation seminorm

(1.4) R(u) = α

∫
Ω
|Du|,

where u is defined on the bounded domain Ω ⊂ R
d. This choice is highly effective when

compared to, e.g., R(u) = α
2

∫
Ω |∇u|2 dx if the data z to be reconstructed are piecewise

constant, since it is more apt to preserve corners and edges. The bounded variation seminorm,
however, also has some shortcomings, most notably the staircasing phenomenon. To briefly
explain this effect, we assume that G = I so that (1.1) describes the imaging denoising
problem. If the true image contains not only flat but also slanted regions, then the image
reconstructed on the basis of the bounded variation seminorm tends to be piecewise constant
(staircasing). This staircasing effect was rigorously established in [Ni, CNN, R], for example.
For various other aspects on the topic of constructing appropriate regularization or filter
functionals in image reconstruction, we refer the reader to [SGGHL] and the references given
there.

In this paper we propose and analyze the regularization term of the form

(1.5) TGVk
α(u) = sup

{∫
Ω
udivk v dx

∣∣∣ v ∈ Ck
c (Ω,Sym

k(Rd)),

‖divl v‖∞ ≤ αl, l = 0, . . . , k − 1

}
,

where Symk(Rd) denotes the space of symmetric tensors of order k with arguments in R
d, and

αl are fixed positive parameters. For the definition of the remaining quantities, we ask for the
reader’s patience until section 2. Suffice it to say at this moment that for k = 1, α0 = 1 the
seminorm TGVk

α coincides with the bounded variation seminorm. We refer to TGVk
α as total

generalized bounded variation of order k with weight α ∈ R
k. From the definition of TGVk

α

it is immediately clear that it involves (generalized) derivatives of u of order i = 1, . . . , k, and
that the kernel of TGVk

α is the set of polynomials of degree less than k. Intuitively the total
generalized bounded variation further automatically balances the first to the kth derivatives
of u among themselves. It will be shown that TGVk

α shares some properties of TV: It is also
rotationally invariant and for k = 2, the total generalized variation of the indicator function
of a smooth set Ω′ ⊂⊂ Ω equals α1 PerΩ′ = α1 TV(χΩ′), where PerΩ′ denotes the perimeter
of Ω′. It differs, however, for functions which are not piecewise constant.

As a further preview we point out that in dimension 1, with Ω = ]0, L[, k = 2, α0, α1 > 0,
we have for

u(x) =

2∑
i=1

pi(x)χΩi , with pi(x) = aix+ bi,

for each a1, a2, b1, b2 ∈ R and Ω1 = ]0, c[, Ω2 = ]c, 1[ that

TGV2
α(u) = α1|p2(c)− p1(c)|+ α0

∣∣p′1(c)− p′2(c)
∣∣,D
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494 KRISTIAN BREDIES, KARL KUNISCH, AND THOMAS POCK

provided that the jump point c is not near the boundary, i.e., c ∈ [α0/α1, L − α0/α1]. In
particular, TGV2

α(u) does not penalize the derivative of order l = 0, 1 unless it jumps at c.
As already mentioned, our motivation for studying TGV2

α(u) is based on the fact that it
involves and balances higher-order derivatives of u. As a consequence, it reduces the stair-
casing effect of the bounded variation functional. This will be demonstrated in our numerical
experiments. The use of higher-order derivatives with the aim of reducing staircasing is not
new. In [CL] the infimal-convolution functional

min
u1+u2=u

∫
Ω
|∇u1|+ α|∇(∇u2)| dx

was proposed and proved to be practically efficient, eliminating the staircasing effect, for
denoising problems with images which contain various grey levels as well as edges and corners.
This idea was followed in a modified form in [CEP], where the regularization term is of the
form

min
u1+u2=u

∫
Ω
|∇u1|+ α|Δu2| dx;

i.e., the second derivative is replaced by the Laplacian, and a dual method for its numerical
realization is derived.

A different functional was proposed and tested in [CMM]. It is given by∫
Ω
|∇u|+ αΦ

(
|∇u|

)(
L(u)

)2
dx,

where Φ is a real-valued function that reflects the presence of edges in the sense that its value
approaches 0 when the gradient |∇(u)| is large, and L(u) is an elliptic operator. For this choice
of regularization functional the absence of the staircasing effect was verified in [DFLM]. In
[PS] regularization terms of the form

R(u) =

∫
Ω

∣∣∣D∇l−1(u)
∣∣∣,

where
∫
Ω |D∇l−1(u)| denotes the total variation of the (l − 1)th derivative of u ∈ W l−1,1,

were considered, and special structures of minimizers of the resulting problems (1.1) were
investigated. Higher-order regularization functionals in the discrete setting which are related
to our computations for the second-order case were further proposed and tested in [SS].

As we shall see in section 3, even for the case k = 2 the proposed functional TGVk
α does not

agree with those regularization functionals which were considered earlier in the literature. In
particular, although convex, it is structurally different from any infimal-convolution functional,
especially the approaches of [CL, CEP].

Let us give a brief outline of the following sections. Section 2 contains a compact treatise
of tensor and, in particular, symmetric tensor analysis in a manner that is useful for the
variational analysis context. The definition of total generalized variation norms and some
of their basic properties are given in section 3. Based on Fenchel duality, an equivalent
description of TGVk

α(u) is derived for u sufficiently regular. Moreover, the relationship to an
appropriately defined k-fold infimal convolution is obtained. A subsection is devoted to theD
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special case k = 2. The description of the numerical procedure that was employed, as well
as carefully selected numerical denoising experiments, is contained in section 4. Appendix A
contains some basic results involving symmetric k-tensor fields.

2. Spaces of symmetric tensor fields. This section is mainly devoted to the introduction
of the notions we are going to utilize in the main parts of this article. For many of the
considerations which are going to follow, the concept of symmetric tensor fields plays a central
role. Therefore, we give a rather extensive introduction to make this paper more self-contained
and also for the convenience for those readers who are familiar with tensor analysis. Most of
the results, although scattered in several chapters, can also be found in the books [BG, S].

We restrict ourselves mainly to a general introduction of symmetric tensor fields. Some
more specific results can be found in Appendix A.

Throughout the paper, d ≥ 1 denotes the dimension, which is typically 2 or 3, in applica-
tions. Let

T k(Rd) =
{
ξ : Rd × · · · × R

d︸ ︷︷ ︸
k times

→ R
∣∣ ξ k-linear

}
,

Symk(Rd) =
{
ξ : Rd × · · · × R

d︸ ︷︷ ︸
k times

→ R
∣∣ ξ k-linear and symmetric

}

be the vector space of k-tensors and symmetric k-tensors, respectively (actually, these are
spaces of (0, k)-tensors, but since we deal only with covariant vectors, we omit the 0). Here
ξ ∈ T k(Rd) is called symmetric if ξ(a1, . . . , ak) = ξ(aπ(1), . . . , aπ(k)) for all π ∈ Sk, where Sk

denotes the permutation group of {1, . . . , k}.
The case k = 0 corresponds to scalar values; for k = 1, Sym1(Rd) = R

d; and for k = 2,
Sym2(Rd) = Sd×d; i.e., the space corresponds to symmetric matrices.

Note three basic operations for k-tensors. For ξ ∈ T k(Rd) and η ∈ T l(Rd) the tensor
product

(ξ ⊗ η)(a1, . . . , ak+l) = ξ(a1, . . . , ak)η(ak+1, . . . , ak+l)

yields an element of T k+l(Rd). We define the trace tr(ξ) ∈ T k−2(Rd) of ξ ∈ T k(Rd) with
k ≥ 2 by

tr(ξ)(a1, . . . , ak−2) =
d∑

i=1

ξ(ei, a1, . . . , ak−2, ei),

where ei denotes the ith standard basis vector. This operation can be iterated; for example,
trl(ξ ⊗ η) for ξ ∈ Symk+l(Rd) and η ∈ Syml(Rd) yields a symmetric k-tensor. Every k-tensor
ξ ∈ T k(Rd) can be symmetrized by

(‖|ξ)(a1, . . . , ak) =
1

k!

∑
π∈Sk

ξ(aπ(1), . . . , aπ(k)).

The symmetrization is a projection, i.e., ‖|2ξ = ‖|ξ.D
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The spaces T k(Rd) and, consequently, Symk(Rd) will be equipped with the scalar product

ξ · η = trk(ξ̄ ⊗ η) =
∑

p∈{1,...,d}k
ξ(ep1 , . . . , epk)η(ep1 , . . . , epk),

ξ̄(a1, . . . , ak) = ξ(ak, . . . , a1),

leading canonically to the norm |ξ| =
√
ξ · ξ. Again, this is the absolute value for k = 0, for

k = 1, this corresponds to the Euclidean norm in R
d, and in case k = 2, we can identify

ξ ∈ Sym2(Rd) with

ξ =

⎛
⎜⎝ξ11 · · · ξ1d

...
. . .

...
ξ1d · · · ξdd

⎞
⎟⎠ , |ξ| =

⎛
⎝ d∑

i=1

ξ2ii + 2
∑
i<j

ξ2ij

⎞
⎠1/2

.

The scalar product, moreover, possesses the property that the symmetrization of a k-tensor
becomes the orthogonal projection onto Symk(Rd). Indeed, for ξ ∈ T k(Rd) and η ∈ Symk(Rd)
we have

‖|ξ · η =
1

k!

∑
π∈Sk

∑
p∈{1,...,d}k

ξ(epπ(1)
, . . . , epπ(k)

)η(ep1 , . . . , epk)

=
1

k!

∑
p∈{1,...,d}k

ξ(ep1 , . . . , epk)
∑
π∈Sk

η(epπ(1)
, . . . , epπ(k)

) = ξ · η.

In order to describe the structure of Symk(Rd) as a vector space, it is useful to consider the
following relation σ from p ∈ {1, . . . , d}k to multi-indices β ∈ N

d ∪ {0} with |β| =
∑d

i=1 βi =

k, which denumerates the number of linearly independent symmetric tensors in Symk(Rd)
compared to all tensors of order k. It is given by

σ : {1, . . . , d}k → N
d, σ(p)i = #

{
j
∣∣ pj = i

}
.

For each β ∈ N
d with |β| = k, one can associate a p ∈ {1, . . . , d}k by

σ−1(β)j = min

{
m
∣∣∣ m∑
n=1

βn ≥ j

}
,

which is only a right inverse of σ. In fact, there are several p for which σ(p) = β with |β| = k.
The cardinality of the set containing those p is known to be

#
{
p
∣∣ σ(p) = β

}
=

k!

β!
=

k!

β1! · · · βd!
.

The multi-index notation reflects the fact that the order of elements does not matter for the
symmetry we are considering. It is known that a basis of Symk(Rd) can be obtained by

β ∈ N
d, |β| = k : eβ(a1, . . . , ak) =

∑
p∈{1,...,d}k
σ(p)=β

k∏
j=1

aj,pj .
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In this basis the representation of a symmetric tensor is given by

ξ =
∑
β∈Nd

|β|=k

ξβeβ, where ξβ = ξ(ep1 , . . . , epk) and p = σ−1(β).

The tensor product of some ξ ∈ Symk(Rd) and η ∈ Syml(Rd) can, moreover, be expressed
by

(ξ ⊗ η) =
∑
β∈Nd

|β|=k

∑
γ∈Nd

|γ|=l

(ξ ⊗ η)β,γ(eβ ⊗ eγ), (ξ ⊗ η)β,γ = ξβηγ .

Hence, counting multiplicities, the l-trace of ξ ∈ Symk+l(Rd) and η ∈ Syml(Rd) obeys

trl(ξ ⊗ η)β =
∑

p∈{1,...,d}l
ξβ+σ(p)ησ(p) =

∑
|γ|=l

l!

γ!
ξβ+γηγ

for the basis coefficient associated with a β ∈ N
d with |β| = k. In particular, the scalar

product on Symk(Rd) is ξ · η =
∑

|β|=k
k!
β!ξβηβ.

Next, let Ω ⊂ R
d be a fixed domain. We define symmetric k-tensor fields as mappings

ξ : Ω → Symk(Rd) and associate Lebesgue spaces with them:

Lp(Ω,Symk(Rd)) =
{
ξ : Ω → Symk(Rd) measurable, identified a.e.

∣∣‖ξ‖p < ∞
}
,

‖ξ‖p =

(∫
Ω
|ξ(x)|p dx

)1/p

for 1 ≤ p < ∞, ‖ξ‖∞ = ess sup
x∈Ω

|ξ(x)|.

Let the spaces Lp
loc(Ω,Sym

k(Rd)) be defined through the usual modification:

Lp
loc(Ω,Sym

k(Rd)) =
{
ξ : Ω → Symk(Rd) measurable, identified a.e.

∣∣
‖ξ|Ω′‖p < ∞ for each Ω′ ⊂⊂ Ω

}
with ξ|Ω′ denoting the restriction of ξ to Ω′. Note that, since the vector norm in Symk(Rd) is
induced by a scalar product, the usual duality holds: Lp(Ω,Symk(Rd))∗ = Lp∗(Ω,Symk(Rd))
for 1 ≤ p < ∞ and 1/p + 1/p∗ = 1.

Moreover, denote by C(Ω,Symk(Rd)) the usual space of continuous functions equipped
with ‖ · ‖∞ as well as

Cc(Ω,Symk(Rd)) =
{
ξ ∈ C(Ω,Symk(Rd))

∣∣ supp ξ ⊂⊂ Ω
}
,

C0(Ω,Symk(Rd)) = Cc(Ω,Symk(Rd)),

where the closure is taken in C(Ω,Symk(Rd)).
For spaces incorporating the (covariant) derivatives of a symmetric k-tensor field, the

description is somewhat more involved, since the lth derivative, provided that it exists, is, in
general, not symmetric with respect to all arguments. Nevertheless, it is a tensor field, for
which we will use the notation

(∇l ⊗ ξ)(x)(a1, . . . , ak+l) =
(
Dlξ(x)(a1, . . . , al)

)
(al+1, . . . , ak+l),D
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where Dlξ : Ω → Ll
(
R
d,Symk(Rd)

)
denotes the lth Fréchet derivative of ξ and Ll

(
X,Y

)
is

the space of l-linear and continuous mappings X l → Y .
As is also done in the mathematical theory of elasticity, for example, we are particularly

interested in symmetrization of the derivative, i.e.,

E l(ξ) = ‖|(∇l ⊗ ξ) =
(
‖|(∇⊗)

)l
ξ.

The last identity follows from the following observation for differentiable mappings ξ : Ω →
T k(Rd):

‖|(∇⊗ ξ)(a1, . . . , ak+1) =
1

(k + 1)!

∑
π∈Sk+1

d∑
i=1

aπ(1),i
∂ξ

∂xi
(aπ(2), . . . , aπ(k+1))

=
1

k + 1

k+1∑
j=1

1

k!

∑
π∈Sk+1

π(1)=j

d∑
i=1

aj,i
∂ξ

∂xi
(aπ(2), . . . , aπ(k+1))

=
1

k + 1

k+1∑
j=1

d∑
i=1

aj,i
1

k!

∑
π∈Sk+1

π(1)=j

∂(‖|ξ)
∂xi

(aπ(2), . . . , aπ(k+1))

=
1

(k + 1)!

∑
π∈Sk+1

d∑
i=1

aπ(1),i
∂(‖|ξ)
∂xi

(aπ(2), . . . , aπ(k+1))

= ‖|(∇⊗ ‖|ξ)(a1, . . . , ak+1).

Spaces of continuously differentiable functions in this sense are defined as

Cl(Ω,Symk(Rd)) =
{
ξ : Ω → Symk(Rd)∣∣∇m ⊗ ξ continuous on Ω,m = 0, . . . , l

}
,

‖ξ‖l,∞ = max
m=0,...,l

‖Em(ξ)‖∞.

We also use continuously differentiable symmetric k-tensor fields with compact support in Ω:

Cl
c(Ω,Sym

k(Rd)) =
{
ξ ∈ Ck(Ω,Symk(Rd))

∣∣ supp ξ ⊂⊂ Ω
}
,

C∞
c (Ω,Symk(Rd)) =

⋂
l≥1

Cl
c(Ω,Sym

k(Rd)).

One has, moreover, the notion of l-divergence of a symmetric (k + l)-tensor field ξ:

(2.1) (divl ξ) = trl(∇l ⊗ ξ), with (divl ξ)β =
∑

γ∈Nd, |γ|=l

l!

γ!

∂lξβ+γ

∂xγ
,

where β ∈ N
d, |β| = k. Note that this divergence operator corresponds to changing, via the

standard metric, some index to a contravariant vector, taking the covariant derivative and con-
tracting this index with the covariant index arising from differentiation. For the l-divergence,D
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this procedure is simply iterated; hence divk divl ξ = divk+l ξ whenever the expression makes
sense. Let us point out, moreover, the special case k = 2 with the interpretation as symmetric
matrix:

(div ξ)i =

d∑
j=1

∂ξij
∂xj

, div2 ξ =

d∑
i=1

∂2ξii
∂x2i

+
∑
i<j

2
∂2ξij
∂xi∂xj

.

For k = 0, this is the identity, while for k = 1, the divergence for mappings Ω → Sym1(Rd)
coincides with the usual divergence.

With the definition of the divergence according to (2.1), the validity of a respective diver-
gence theorem can be verified.

Proposition 2.1. Let Ω be a bounded Lipschitz domain and let ξ ∈ C1(Ω,Symk+1(Rd)) be
a smooth (k + 1)-symmetric tensor field. Then, for each smooth symmetric k-tensor field
η : Ω → Symk(Rd) we have

(2.2)

∫
Ω
div ξ · η dx =

∫
∂Ω

ξ · ‖|(η ⊗ ν) dHd−1(x)−
∫
Ω
ξ · E(η) dx

with ν denoting the outer normal on ∂Ω.
Proof. We just need to show that this statement corresponds to the usual integration by

parts. We use again that p ∈ {1, . . . , d}k and i = 1, . . . , d yields each (p, i) ∈ {1, . . . , d}k+1, so
we can express σ((p, i)) = σ(p) + ei. Therefore, with integration by parts and remembering
that the symmetrization is the orthogonal projection onto the space of symmetric k-tensors,∫

Ω
div ξ · η dx =

∫
Ω
trk
(
tr(∇⊗ ξ)⊗ η

)
dx

=

∫
Ω

∑
(p,i)∈{1,...,d}k+1

∂ξσ(p)+ei

∂xi
ησ(p) dx

=

∫
∂Ω

∑
(p,i)∈{1,...,d}k+1

ξσ(p)+eiνiησ(p) dH
d−1(x)

−
∫
Ω

∑
(p,i)∈{1,...,d}k+1

ξσ((p,i))
∂ησ(p)

∂xi
dx

=

∫
∂Ω

ξ · (η ⊗ ν) dHd−1(x)−
∫
Ω
ξ · (∇⊗ η) dx

=

∫
∂Ω

ξ · ‖|(η ⊗ ν) dHd−1(x)−
∫
Ω
ξ · E(η) dx,

yielding the desired identity.
Remark 2.2. It is easy to see that if ξ has compact support in Ω, then (2.2) holds with the

boundary term being zero and for arbitrary domains.
Having the device of integration by parts (2.2), we can define weak derivatives of symmetric

k-tensor fields.
Definition 2.3. For a given symmetric k-tensor field ξ ∈ L1

loc(Ω,Sym
k(Rd)), a symmetric

(k + l)-tensor field η ∈ L1
loc(Ω,Sym

k+l(Rd)) is called the lth weak symmetrized derivative ofD
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ξ if the identity ∫
Ω
η · ζ dx = (−1)l

∫
Ω
ξ · divl ζ dx

is satisfied for all ζ ∈ Cl
c(Ω,Sym

k+l(Rd)). In this case, we denote E l(ξ) = η.

Note again that since we test only with symmetric (k + l)-tensor fields, we are able to
determine only the symmetrized gradients. The Sobolev spaces associated with this notion of
derivative are then given by

H l,p(Ω,Symk(Rd)) = {ξ ∈ Lp(Ω,Symk(Rd))∣∣ Em(ξ) ∈ Lp(Ω,Symk+m(Rd)),m = 0, . . . , l},

‖ξ‖l,p =
(

l∑
m=0

‖Em(ξ)‖pp

)1/p

for 1 ≤ p < ∞, ‖ξ‖l,∞ = max
m=0,...,l

‖Em(ξ)‖∞,

H l,p
0 (Ω,Symk(Rd)) = Cl

c(Ω,Sym
k(Rd)) ⊂ H l,p(Ω,Symk(Rd)).

3. Total generalized variation seminorms.

3.1. Basic properties. We are now able to formulate the definition of the total generalized
variation.

Definition 3.1. Let Ω ⊂ R
d be a domain, let k ≥ 1, and let α0, . . . , αk−1 > 0. Then, the

total generalized variation of order k with weight α for u ∈ L1
loc(Ω) is defined as the value of

the functional

(3.1) TGVk
α(u) = sup

{∫
Ω
udivk v dx

∣∣∣ v ∈ Ck
c (Ω,Sym

k(Rd)),

‖divl v‖∞ ≤ αl, l = 0, . . . , k − 1

}
,

where the supremum admits the value ∞ where the respective set is unbounded from above.

The space

BGVk
α(Ω) =

{
u ∈ L1(Ω)

∣∣ TGVk
α(u) < ∞

}
, ‖u‖BGVk

α
= ‖u‖1 +TGVk

α(u)

is called the space of functions of bounded generalized variation of order k with weight α.

Remark 3.2. For k = 1 and α > 0, we see that

TGV1
α(u) = α sup

{∫
Ω
udiv v dx

∣∣∣ v ∈ C1
c (Ω,Sym

1(Rd)), ‖v‖∞ ≤ 1

}
= αTV(u).

Thus one can indeed speak of a generalization of the total variation.

In the following, we will derive some basic properties of the total generalized variation.

Proposition 3.3. The following statements hold:

1. TGVk
α is a seminorm on the normed space BGVk

α(Ω).
2. For u ∈ L1

loc(Ω), TGVk
α(u) = 0 if and only if u is a polynomial of degree less than k.D

ow
nl

oa
de

d 
12

/2
9/

14
 to

 1
43

.5
0.

47
.5

7.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

TOTAL GENERALIZED VARIATION 501

3. For fixed k and positive weights α, α̃ ∈ R
k, the seminorms TGVk

α and TGVk
α̃ are

equivalent.
4. TGVk

α is rotationally invariant; i.e., for each orthonormal matrix O ∈ R
d×d and u ∈

BGVk
α(Ω), we have that ũ ∈ BGVk

α(O
TΩ) with TGVk

α(ũ) = TGVk
α(u), where ũ(x) = u(Ox).

5. For r > 0 and u ∈ BGVk
α(Ω), we have, defining ũ(x) = u(rx), that ũ ∈ BGVk

α(r
−1Ω)

with
TGVk

α(ũ) = r−dTGVk
α̃(u), α̃l = αlr

k−l.

Proof. Let us begin by proving statement 1. Note that TGV can be interpreted as the
dual seminorm in which the set

(3.2) Kk
α(Ω) =

{
divk v

∣∣ v ∈ Ck
c (Ω,Sym

k(Rd)), ‖divl v‖∞ ≤ αl, l = 0, . . . , k − 1
}

is taking the role of the “predual unit ball”:

(3.3) TGV(u) = sup
w∈Kk

α

∫
Ω
uw dx.

It is easy to see that Kk
α(Ω) is balanced and convex. The former implies that TGVk

α is
positively 1-homogeneous, while the latter yields its convexity and, consequently, the triangle
inequality. This proves the seminorm property as well as the assertion that BGVk

α(Ω) is a
normed linear space.

For statement 2, suppose u is a polynomial of degree less than k, which means that
∇ku = Ek(u) = 0. Using the defining integral (3.1) and the divergence formula (2.2) therefore
yields, for v ∈ Ck

c (Ω,Sym
k(Rd)),∫

Ω
udivk v dx = (−1)k

∫
Ω
∇ku · v dx = 0 implies that TGV(u) = 0.

Now suppose that TGV(u) = 0 for some u ∈ L1
loc(Ω). For each v ∈ Ck

c (Ω,Sym
k(Rd)), one can

find a λ > 0 such that λv ∈ Kk
α(Ω), and test with λv and −λv to get∫

Ω
udivk v dx = 0 for all v ∈ Ck

c (Ω,Sym
k(Rd)).

Hence, ∇ku = 0 in the weak sense, which immediately implies, via induction, that u is a
polynomial of degree less than k since Ω is connected.

The asserted equivalence of norms according to statement 3 can be proved by the following
observation:

c =
mink α̃k

maxk αk
⇒ cKk

α(Ω) ⊂ Kk
α̃(Ω) ⇒ cTGVk

α(u) ≤ TGVk
α̃(u)

for each u ∈ L1
loc(Ω). Interchanging the roles of α and α̃ leads to the desired equivalence.

For proving the rotational invariance as stated in statement 4, we use (A.4) to see that
for orthonormal O ∈ R

d×d

v ∈ Ck
c (O

TΩ,Symk(Rd)) ⇔ ṽ = (v ◦OT)OT ∈ Ck
c (Ω,Sym

k(Rd))D
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with divl ṽ =
(
(divl v) ◦OT

)
OT. Hence,

‖divl ṽ‖∞ =
∥∥((divl v) ◦OT

)
OT

∥∥
∞ = ‖(divl v) ◦OT‖∞ = ‖divl v‖∞,

implying that v ∈ Kk
α(O

TΩ) if and only if ṽ ∈ Kk
α(Ω). Eventually, for each v ∈ Kk

α(O
TΩ) we

have ∫
OTΩ

u(Ox) divk v(x) dx =

∫
Ω
u(x) divk v(OTx) dx =

∫
Ω
u(x) divk ṽ(x) dx

and, consequently, TGVk
α(u ◦O) = TGVk

α(u).

The scaling behavior asserted in statement 5 can be seen as follows. Observe the identity

divl(v ◦ r−1I) = r−l(divl v) ◦ r−1I

such that for v ∈ Cl
c(r

−1Ω,Symk(Rd)) and v̂ = rkv ◦ r−1I we have ‖divl v̂‖∞ = rk−l‖divl v‖∞.
Consequently, v ∈ Kk

α(r
−1Ω) if and only if v̂ ∈ Kk

α̃(Ω) as well as∫
r−1Ω

u(rx) divk v(x) dx = r−d

∫
Ω
u(x) divk v(r−1x) dx

= r−d

∫
Ω
u(x) divk v̂(x) dx;

hence TGVk
α(u ◦ rI) = r−d TGVk

α̃(u).

Remark 3.4. Because of statement 3 of Proposition 3.3, we write BGVk(Ω) instead of
BGVk

α(Ω), since the spaces are equivalent.

Proposition 3.5. Each BGVk(Ω) becomes a Banach space when equipped with ‖ · ‖BGVk
α
for

some weight α > 0.

Proof. Due to Remark 3.4 we have to prove only that BGVk = BGVk
α is complete for

some weight α.

To achieve this, we first show that TGVk
α always gives a lower semicontinuous functional

with respect to L1(Ω). For that purpose, let the sequence {un} be in BGVk(Ω) such that
un → u in L1(Ω). Then, for each v ∈ Ck

c (Ω,Sym
k(Rd)) with ‖divl v‖∞ ≤ αl, it follows that∫

Ω
u · divk v dx = lim

n→∞

∫
Ω
un · divk v dx ≤ lim inf

n→∞
TGVk

α(u
n).

Taking the supremum thus yields

TGVk
α(u) ≤ lim inf

n →∞
TGVk

α(u
n),

meaning that TGVk
α is indeed lower semicontinuous as stated.

Now, let {un} be a Cauchy sequence in BGVk(Ω). It follows immediately that {un} is a
Cauchy sequence in L1(Ω); hence a limit u ∈ L1(Ω) exists for which the lower semicontinuity
yields TGVk

α(u) ≤ lim infn→∞TGVk
α(u

n). Consequently, u ∈ BGVk(Ω), and it remains only
to show that u is also the limit in the corresponding norm. But this follows again from theD
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lower semicontinuity of TGVk
α on L1(Ω): For each ε > 0 one chooses an n such that for all

n′ ≥ n it holds that TGVk
α(u

n − un
′
) ≤ ε, so letting n′ → ∞ gives

TGVk
α(u

n − u) ≤ lim inf
n′→∞

TGVk
α(u

n − un
′
) ≤ ε,

implying that un → u in BGVk(Ω).
Proposition 3.6. Let k ≥ 1, α0, . . . , αk−1 > 0, and let u : Ω → R be such that

u(x) =

n∑
i=1

χΩiqi(x),

where Ωi ⊂ Ω are disjoint Lipschitz domains and qi are polynomials of degree less than k.
Then,

(3.4) TGVk
α(u) ≤

1

2

n∑
i,j=0

∫
Γij

k−1∑
l=0

αl

∣∣‖|(∇k−1−l(qi − qj)⊗ νi
)∣∣ dHd−1(x),

where Ω0 = Ω\
⋃n

i=1Ωi; q0 = 0; Γij = ∂Ωi ∩ ∂Ωj ∩Ω; and νi is the outer normal to Ωi.
In Proposition 3.11 a special case where equality holds in (3.4) is given.
Proof. Fix a v ∈ Ck

c (Ω,Sym
k(Rd)) for which ‖divl v‖∞ ≤ αl and integrate over Ωi for

i = 0, . . . , n. Using the divergence theorem (2.2) k times, we deduce that

∫
Ωi

udivk v dx =

k−1∑
l=0

(−1)l
∫
∂Ωi∩Ω

‖|(∇k−1−lqi ⊗ νi) · divl v dHd−1(x).

Since all Ωi are disjoint, it is possible to write

∂Ωi ∩ Ω = ∂Ωi ∩ ∂(Ω\Ωi) ∩ Ω = ∂Ωi ∩ ∂

⎛
⎝⋃

j 
=i

Ωj

⎞
⎠ ∩ Ω =

n⋃
j=1, j 
=i

∂Ωi ∩ ∂Ωj ∩ Ω;

hence, summation over the corresponding integral for i, j ∈ {0, . . . , n} gives, after rearranging
and filling in zeros for i = j,

2

∫
Ω
udivk v dx =

n∑
i,j=0

k−1∑
l=0

(−1)l
∫
Γij

‖|
(
∇k−1−l(qi − qj)⊗ νi

)
· divl v dHd−1(x)

since each boundary part is counted twice. Now, on the respective boundaries,
∣∣divl v(x)∣∣ ≤ αl,

leading to

∫
Ω
udivk v dx ≤ 1

2

n∑
i,j=0

∫
Γij

k−1∑
l=0

αl

∣∣‖|(∇k−1−l(qi − qj)⊗ νi
)∣∣ dHd−1(x)

and, consequently, to the desired estimate.D
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Remark 3.7. Estimate (3.4) tells us that the total generalized variation measures piecewise
polynomial functions in terms of the jumps of the derivatives at the respective boundaries of
Ωi. In particular, TGVk

α will not penalize if some ∇lu, l = 0, . . . , k − 1, does not jump on
some part of the boundary of Ωi.

Remark 3.8. In an informal sense one can, for smooth functions, interpret TGVk
α as a

k-fold infimal convolution of inf-L1-type functionals evaluated at ∇ku. Indeed, defining for
l = 0, . . . , k − 1 and ᾱ > 0 the sets

K l
ᾱ =

{
v
∣∣ v ∈ Ck

c (Ω,Sym
k(Rd)), ‖divl v‖∞ ≤ ᾱ

}
,

one can see, for α = (α0, . . . , αk−1), that in terms of indicator functionals and Fenchel duality,

TGVk
α(u) = sup

{∫
Ω
v(−∇)ku dx

∣∣∣ v ∈ K l
αl
, k = 0, . . . , k − 1

}

=

(
k−1∑
l=0

IKl
αl

)∗ (
(−∇)ku

)
.

Hence, informally employing the Fenchel–Rockafellar duality formula, we have

I∗
Kl

ᾱ
(w) = sup

v∈Ck
c (Ω,Symk(Rd))

−
∫
Ω
(−w) · v dx− I{‖v̄‖∞≤ᾱ}(div

l v)

= inf
ul∈Cl(Ω,Symk−l(Rd))

I{w}
(
(−E)l(ul)

)
+ ᾱ‖ul‖1

= inf
ul∈Cl(Ω,Symk−l(Rd))

El(ul)=w

ᾱ‖ul‖1,

where I denotes the indicator function of the set specified by the subscript in the respective
space. By k-fold infimal convolution this implies that

(3.5) TGVk
α(u) = inf

∇ku=u0+E(u1)+

···+Ek−1(uk−1)

k−1∑
l=0

αl‖ul‖1.

Note that the infimum in each I∗
Kl

αl

is absorbed by the infimal convolution. The resulting

functional can therefore be called an infimal convolution of nontrivial infimal L1-type func-
tionals which is structurally different from each straightforward infimal convolution of L1-type
norms.

Unfortunately, the representation is hard to interpret since it operates on the decompo-
sition of ∇ku into the ranges of E l for all orders from 0 to k − 1, i.e., on the highest level of
differentiation. We therefore derive, in the following, a different representation which is based
on successive differentiation performed k times.

Remark 3.9. The “dualization” in the definition of the functional TGVk
α can also be infor-

mally interpreted in terms of iterated Fenchel duality.D
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To see this connection, let κ = 1, . . . , k and introduce the functionals

GVκ
α(wk−κ+1) = sup

{
−
∫
Ω
wk−κ+1 · divκ−1 v dx

∣∣∣ v ∈ Ck
c (Ω,Sym

k(Rd)),

‖divl v‖∞ ≤ αl, l = 0, . . . , κ− 1

}
,

where wk−κ+1 : Ω → Symk−κ+1(Rd) is locally integrable. Note that TGVk
α(u) = GVk

α(∇u)
for sufficiently smooth u. With the sets

Kl =
{
v ∈ Ck

c (Ω,Sym
k(Rd))

∣∣ ‖divl v‖∞ ≤ αl

}
,

and κ− 1 times integration by parts, the functional becomes

GVκ
α(wk−κ+1) =

(
κ−1∑
l=0

IKl

)∗ (
(−1)κEκ−1(wk−κ+1)

)
.

Thus, for smooth uk−κ : Ω → Symk−κ(Rd), we deduce with the help of the Fenchel duality
formula (for the operator divκ−1) that

GVκ
α

(
E(uk−κ)

)
= sup

v∈Ck
c (Ω,Symk(Rd))

−
∫
Ω
E(uk−κ) · divκ−1 v dx− IKκ−1(v)−

(
κ−2∑
l=0

IKl

)
(v)

= sup
v∈Ck

c (Ω,Symk(Rd))

−
(
I{‖ · ‖∞≤ακ−1} + 〈E(uk−κ), · 〉

)
(divκ−1 v)−

(
κ−2∑
l=0

IKl

)
(v)

= inf
uk−κ+1∈Cκ−1(Ω,Symk−κ+1(Rd))

ακ−1‖E(uk−κ)− uk−κ+1‖1

+

(
κ−2∑
l=0

IKl

)∗ (
(−1)κ−1Eκ−1(uk−κ+1)

)
= inf

uk−κ+1∈Cκ−1(Ω,Symk−κ+1(Rd))
ακ−1‖E(uk−κ)− uk−κ+1‖1 +GVκ−1

α

(
E(uk−κ+1)

)
.

Iterating this procedure through κ = k, . . . , 2 and observing the identity GV1
α

(
E(uk−1)

)
=

α0‖E(uk−1)‖1 leads to

GVk
α

(
E(u0)

)
= inf

ul∈Ck−l(Ω,Syml(Rd))
l=1,...,k−1

(k−1∑
l=1

αk−l‖E(ul−1)− ul‖1
)
+ α0‖E(uk−1)‖1

and, consequently,

(3.6) TGVk
α(u) = inf

ul∈Ck−l(Ω,Syml(Rd))
l=1,...,k−1, u0=u, uk=0

k∑
l=1

αk−l‖E(ul−1)− ul‖1.
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Note that the tensor fields ul are in different spaces for varying l. Moreover, the operators
E (for different tensor orders) are involved, in contrast to a straightforward k-fold infimal
convolution where the corresponding operator is the identity. Again, this implies that regu-
larization with TGVk

α differs significantly from all straightforward infimal-convolution based
L1-type regularization approaches.

The representation (3.6) can be seen as a balancing between the derivatives of order
1, . . . , k. For simplicity we restrict our argumentation to k = 2: The gradient E(u0) = ∇u
is decomposed into E(u0) − u1, and TGV2

α(u) involves the 1-norm of E(u0) − u1 and E(u1)
with appropriate weights. So, with E2u = E(Eu0 − u1) + Eu1 in mind, if locally, i.e., on some
subdomain Ω′ with Ω′ ⊂⊂ Ω, it holds that ‖∇2u‖1 � ‖∇u‖1, then choosing u1 ≈ 0 locally
might already minimize (3.6), and hence, the functional locally resembles the total variation.
If, on the other hand, E(u0) is locally flat, then it is favorable to choose u1 ≈ E(u0) since
‖E(u1)‖1 ≈ ‖E2(u0)‖1 = ‖∇2u‖1 will be locally much lower than ‖E(u0)− u1‖1. In this case,
the functional behaves more like the 1-norm of the second derivative. Arguing recursively,
one can again say that TGVk

α adapts to the smoothness of u (up to the order k) in a certain
sense.

Remark 3.10. From (3.6) it also becomes clear how the symmetry of the test functions,
i.e., the space Ck

c (Ω,Sym
k(Rd)), influences the functional. If we had taken Ck

c (Ω,T k(Rd)) in
Definition 3.1 instead, i.e.,

¬ symTGVk
α(u) = sup

{∫
Ω
udivk v dx

∣∣∣∣ v ∈ Ck
c (Ω,T k(Rd)),

‖divl v‖∞ ≤ αl, l = 0, . . . , k − 1

}
,

we would have ended in

¬ symTGVk
α(u) = inf

ul∈Ck−l(Ω,T l(Rd))
l=1,...,k−1, u0=u, uk=0

k∑
l=1

αk−l‖∇ul−1 − ul‖1,

where the norm of the full derivative instead of the symmetrized derivative is taken.

Another possibility for modifying (3.6) is to restrict the functions ul to lth gradient fields
of Ck(Ω) functions which are clearly in Ck−l(Ω,Syml(Rd)). Such an approach leads to

gradTGVk
α(u) = inf

ul∈Ck(Ω), l=1,...,k−1
u0=u, uk=0

k∑
l=1

αk−l‖∇l(ul−1 − ul)‖1.

Since ul are now functions in the same space for all l and the operator ∇l can be integrated
into the functional, this is exactly the k-fold infimal convolution of αk−l‖∇l · ‖1 for l = 1, . . . , k.

In particular, for k = 2, this corresponds to the infimal-convolution of ‖∇u‖1 and ‖∇2u‖1
as proposed in [CL] as a regularization term for image denoising, which also reads as the dualD
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functional

sup

{∫
Ω
uv2 dx

∣∣∣∣ vl ∈ Cl
c(Ω,Sym

l(Rd)), l = 0, 1, 2, v2 = div v1 = div2 v0,

‖v0‖∞ ≤ α0, ‖v1‖∞ ≤ α1

}
.

The functional considered in [CEP], in its dual formulation corresponding to

sup

{∫
Ω
uv2 dx

∣∣∣∣ v2 ∈ Cc(Ω), v1 ∈ C1
c (Ω,R

d), v0 ∈ C2
c (Ω),

v2 = div v1 = Δv0, ‖v0‖∞ ≤ α0, ‖v1‖∞ ≤ α1

}
,

also fits into the latter framework, with different differential operators involved.

3.2. Second-order total generalized variation. In order to gain more intuition on how
the total generalized variation measures functions, we make some observations for the case
k = 2. Specifically, TGV2

α for characteristic functions on some compactly embedded smooth
set in arbitrary dimensions is computed. We also examine the one-dimensional case, i.e., some
classes of functions on the interval ]0, L[.

Proposition 3.11. Let ∅ �= Ω′ ⊂⊂ Ω have C1,1 boundary, with α0, α1 > 0. Then u = χΩ′ is
of bounded total generalized variation (of order 2) and

TGV2
α(u) = α1 TV(u) = α1 PerΩ′ .

Proof. First observe that (3.4) immediately gives that

TGV2
α(u) ≤ α1

∫
∂Ω′

1 dHd−1 = α1 TV(u) = α1 PerΩ′ ,

so we only have to construct a sequence of feasible vε such that the right-hand side is attained.
Choose ε such that 0 < ε < dist(Ω′, ∂Ω)/2 and denote by σ : Ω → R a compactly supported
signed distance function associated with Ω′, i.e.,

σε(x) = (1− 2χΩ′) dist
(
x, ∂Ω′ ∪ �(∂Ω′ +Bε(0))

)
,

where Bε(0)) = {x : |x| < ε}.
See Figure 1 for an illustration of this construction. It is known [DZ, Theorem 5.4.3] that

each σε is continuously differentiable in a neighborhood of ∂Ω′ since Ω′ has a C1,1 boundary.
Also, each gradient coincides with the outer normal on ∂Ω′, i.e., ∇σε(x) = ν(x) for x ∈ ∂Ω′.
Eventually, suppσε ⊂⊂ Ω and |∇σε(x)| ≤ 1 a.e. in Ω. Choosing a standard mollifier G ∈
C∞
0 (B1(0)) and denoting by Gε its dilated versions, it is immediate that vε0 = α1σ

ε ∗ Gε/4

satisfies vε0 ∈ C∞
0 (Ω).

One can then compute that vε0 → 0 uniformly in Ω as well as ∇vε0(x) → α1ν(x) for
x ∈ ∂Ω′ as ε → 0. Consequently, choosing ε small enough yields ‖vε0‖∞ ≤ α0/

√
d and, sinceD
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Ω′

∂Ω′ +Bε(0)

σε

∂Ω′

∂Ω′ +Bε(0)

Figure 1. Illustration of the construction of the signed distance function σε. On the left-hand side, the
smooth set Ω′, its boundary, and the corresponding ε-tube ∂Ω′+Bε(0) are depicted. On the right-hand side one
can see, qualitatively, the values of σε for the indicated section.

the Lipschitz constant of σε is 1, ‖∇vε0‖∞ ≤ α1. Defining the symmetric 2-tensor field (in
matrix form) according to

vε(x) = vε0(x)I

yields div vε(x) = ∇vε0; hence vε are valid test functions for (3.1). Using the divergence
theorem (2.2) then gives∫

Ω
udiv2 vε dx =

∫
∂Ω′

div vε · ν dHd−1(x) =

∫
∂Ω′

∇vε0 · ν dHd−1(x).

As ε → 0, we have ∇vε0 → α1ν on ∂Ω′; it indeed follows that TGV2
α(u) ≥ α1 TV(u), which

completes the proof.

The following considerations are concerned with the one-dimensional case.

Example 3.12. Consider the interval Ω = ]0, L[ for some L > 0 and fix k = 2, α0, α1 > 0.
To avoid boundary effects, we assume, moreover, that α0/α1 < L/2. Let u : ]0, L[ → R be

(3.7) u(x) =
2∑

i=1

pi(x)χΩi , pi(x) = aix+ bi

with a1, a2, b1, b2 ∈ R and Ω1 = ]0, c[, Ω2 = ]c, L[ for some α0/α1 ≤ c ≤ L− α0/α1.

We compute TGV2
α for some α0, α1 > 0. For this purpose, choose a v ∈ C2

c (]0, L[) and
apply integration by parts twice to get

(3.8)

∫ L

0
uv′′ dx =

(
p2(c)− p1(c)

)
v′(c) +

(
p′1(c) − p′2(c)

)
v(c).

By Proposition 3.6 we already have

TGV2
α(u) ≤ α1|p2(c)− p1(c)|+ α0

∣∣p′2(c)− p′1(c)
∣∣.

Assume that p2(c) − p1(c) ≥ 0 as well as p′1(c) − p′2(c) ≥ 0. Consider, for sufficiently smallD
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ε/α1

ε

x
0

vε0

LL− εε cc0 c1

α0

α0 − ε

Figure 2. Schematic illustration of the functions vε0.

ε > 0, the sequence of functions {vε0} according to

(3.9) vε0(x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0 for 0 ≤ x ≤ ε,

(α0 − ε)(x − ε)/(c0 − ε) for ε ≤ x ≤ c0,

α0 − ε+ α1(x− c0) for c0 ≤ x ≤ c1,

α0(x+ ε− L)/(c1 + ε− L) for c1 ≤ x ≤ L− ε,

0 for L− ε ≤ x ≤ L,

where c0 = c− ε/(2α1) and c1 = c+ ε/(2α1); see Figure 2 for an illustration.
One can easily convince oneself that ‖vε0‖∞ ≤ α0 as well as ‖(vε0)′‖∞ ≤ α1, the latter

taking the choice of c and the assumption on α0/α1 into account. Moreover, vε0(c) → α0 as
ε → 0 and (vε0)

′(c) = α1. Choosing a mollifier G ∈ C∞
0 (]−1, 1[) and denoting by Gε its dilated

versions, the functions vε = vε0 ∗Gε/2 satisfy vε ∈ C2
c (]0, L[) with

‖vε‖∞ ≤ α0, ‖(vε)′‖∞ ≤ α1, vε(c) → α0, (vε)′(c) → α1 as ε → 0.

Thus, plugging the sequence into (3.8) gives that the estimate is sharp; i.e.,

TGV2
α(u) = α1|p2(c)− p1(c)|+ α0

∣∣p′1(c)− p′2(c)
∣∣.

With analogous constructions for the cases where p2(c) − p1(c) ≤ 0 or p′1(c) − p′2(c) ≤ 0, this
follows for all u of the form (3.7). Figure 3 depicts some cases of u and how the values of
TGV2

α(u) can be expressed.
Let us finally note the role of the restrictions α0/α1 < L/2 and α0/α1 < c < L− α0/α1.

An arbitrary test function v ∈ C2
c (]0, L[) with ‖v‖∞ ≤ α0 and ‖v′‖∞ ≤ α1 necessarily satisfies

|v(x)| ≤ vmax(x) =

⎧⎪⎨
⎪⎩
α1x for 0 ≤ x ≤ α0/α1,

α0 for α0/α1 ≤ x ≤ L− α0/α1,

α1
L−x

α0/α1−L for L− α0/α1 ≤ x ≤ L.

In the general case for α0, α1, and c, we get a similar upper bound for TGV2
α(u) with vmax(c)

instead of α0 for which the sharpness can be obtained by a construction which is analogous
to the above. This yields the more general identity

TGV2
α(u) = α1|p2(c)− p1(c)|+ vmax(c)

∣∣p′2(c)− p′1(c)
∣∣.

Consequently, the above assumptions therefore exactly reflect the case where vmax(c) = α0.
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x

u

j0
j1h

0 1c

h

TGV2
α(u) = α1j0 + α0j1

x

u

j0

0 1c
TGV2

α(u) = α1j0

x

u

j1h

0 1c

h

TGV2
α(u) = α0j1

Figure 3. Illustration of some piecewise affine functions and the corresponding values of TGV2
α.

4. Numerical methods. In this section we present numerical methods in order to solve
total generalized variation based regularization models. In doing so, we will mainly concentrate
on a TGV2

α regularization functional with a quadratic L2 data fidelity term. We have two
reasons for this. First, the TGV2

α-term is just simple enough to give a compact description
of the numerics. On the other hand, it is general enough to enable the reader to apply the
numerics to TGV models with a higher order, e.g., TGV3

α.
The TGV2

α-L
2 image denoising model is given by

(4.1) min
u∈L2(Ω)

TGV2
α(u) +

‖u− f‖22
2

for some positive α = (α0, α1). The solutions of this nonsmooth minimization problem can
be obtained by solving the Fenchel predual problem, an approach which has recently become
popular in the image processing literature [Ca, CGM, Ch, HK]. As usual, the predual problem
can be rewritten as a projection problem, for instance, as

(4.2) min
v∈H2

div,c(Ω,Sd×d)

‖f − div2 v‖22
2

+ I{‖v‖∞≤α0}(v) + I{‖div v‖∞≤α1}(v).

Solutions u∗ and v∗ of (4.1) and (4.2), respectively, satisfy u∗ = f − div2 v∗, so one can solve
the predual problem in order to obtain the unique solution of the denoising problem. For the
minimization of (4.2) we will adapt the accelerated first-order method of Nesterov [Ne].D
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The subsequent section then shows numerical experiments we carried out using this algo-
rithm. As expected, the proposed TGV2

α-L
2 image denoising model is able to restore piecewise

affine functions, and in contrast to the usual total variation denoising model [ROF] (TGV1
α-L

2

in our terms), it does not exhibit the staircasing effect. Furthermore, we will show that re-
placing TGV2

α in (4.1) by a TGV3
α regularization restores piecewise smooth images and leads

to further improvements.

4.1. Discrete setting. In order to implement (4.2) on a digital computer we need to in-
troduce the discrete setting. For clarity of presentation we consider only the case d = 2, i.e.,
the case of two-dimensional images. Our approach will be based on finite-difference discretiza-
tions which are commonly used in image processing. We will utilize a two-dimensional regular
Cartesian grid of size M ×N :

Ωh =
{
(ih, jh)

∣∣ (0, 0) ≤ (i, j) < (M,N)
}
,

where h denotes the grid width and the pairs (i, j) ∈ N
2 are the indices of the discrete locations

(ih, jh) on the grid. In what follows we will denote the discrete quantities by the superscript h.
Denote by Uh the Euclidean space RMN , by V h the Euclidean space R3MN , and W h = R

2MN

equipped with the scalar products

uh, ph ∈ Uh : 〈uh, ph〉 =
∑
i,j

uhi,jp
h
i,j,

vh, qh ∈ V h : 〈vh, wh〉 =
∑
i,j

(vh1 )i,j(q
h
1 )i,j + (vh2 )i,j(q

h
2 )i,j

+ 2(vh3 )i,j(q
h
3 )i,j,

wh, ηh ∈ W h : 〈wh, ηh〉 =
∑
i,j

(wh
1 )i,j(η

h
1 )i,j + (wh

2 )i,j(η
h
2 )i,j,

respectively. Further, let uh ∈ Uh be the finite-dimensional approximation of the unknown
function u in (4.1) and let vh = (vh1 , v

h
2 , v

h
3 ) ∈ V h be the finite-dimensional approximation of

the symmetric matrix field v in (4.2). Note that since we are dealing with symmetric matrices
we need only store the entries of the upper triangle matrix. Here, vh1 , v

h
2 stand for the diagonal

entries, while vh3 models the off-diagonal entry (which is also reflected by the scalar product).
The discrete analogue of (4.2) is given by

(4.3) min
vh∈Kh

{
E(vh) =

‖fh − (divh)2vh‖2
2

}
,

where ‖ · ‖ denotes the standard L2 vector norm, fh is the discretized input image, and the
convex set Kh is given by

Kh =
{
vh ∈ V h

∣∣ ‖vh‖∞ ≤ α0, ‖divh vh‖∞ ≤ α1

}
.

The Fenchel dual problem is, of course, a discrete version of (4.1), whose solution we take as
the discrete TGV2

α-L
2-denoised version of fh. It can be equivalently formulated as

(4.4) min
uh∈Uh

{
‖fh − uh‖2

2
+ sup

vh∈Kh

〈
(divh)2vh, uh

〉}
.
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The discrete ∞-norms on V h and W h can be expressed by

vh ∈ V h : ‖vh‖∞ = max
i,j

(
(vh1 )

2
i,j + (vh2 )

2
i,j + 2(vh3 )

2
i,j

)1/2
,

wh ∈ W h : ‖wh‖∞ = max
i,j

(
(wh

1 )
2
i,j + (wh

2 )
2
i,j

)1/2
.

Moreover, for the discretization of the divergence operator we use a recursive application of
forward and backward differences in such a way that the outermost divergence operator is
based on backward differences with homogeneous Dirichlet boundary conditions. Hence, the
discrete versions of the first- and second-order divergence operators are given by

divh : V h → W h, (divh vh)i,j =

(
(δhx+v

h
1 )i,j + (δhy+v

h
3 )i,j

(δhx+v
h
3 )i,j + (δhy+v

h
2 )i,j

)
,

and (divh)2 : V h → Uh with(
(divh)2vh

)
i,j

=
(
divh(divh vh)

)
i,j

= (δhx−δ
h
x+v

h
1 )i,j + (δhy−δ

h
y+v

h
2 )i,j +

(
(δhy−δ

h
x+ + δhx−δ

h
y+)v

h
3

)
i,j
,

where the forward and backward differences are defined as

(δhx+v
h)i,j =

{
(vhi+1,j − vhi,j)/h if 0 ≤ i < M − 1,

0 if i = M − 1,

(δhy+v
h)i,j =

{
(vhi,j+1 − vhi,j)/h if 0 ≤ j < N − 1,

0 if j = N − 1

and

(δhx−v
h)i,j =

⎧⎪⎨
⎪⎩

−vhi−1,j/h if i = M − 1,

(vhi,j − vhi−1,j)/h if 0 < i < M − 1,

vhi,j/h if i = 0,

(δhy−v
h)i,j =

⎧⎪⎨
⎪⎩

−vhi,j−1/h if j = N − 1,

(vhi,j − vhi,j−1)/h if 0 < j < N − 1,

vhi,j/h if j = 0.

Furthermore, we need to introduce the discrete version of the symmetrized second-order
derivative operator (Eh)2. We choose it in such a way that it is adjoint to the discrete
divergence operator; that is, (Eh)2 = ((divh)2)∗. By computing the adjoint of (divh)2 and
taking into account the symmetry of vh, we arrive at

(
(Eh)2uh

)
i,j

=

⎛
⎜⎜⎝ (δhx−δ

h
x+u

h)i,j

(
(δhy−δ

h
x+ + δhx−δ

h
y+)u

h
)
i,j

2(
(δhy−δ

h
x+ + δhx−δ

h
y+)u

h
)
i,j

2
(δhy−δ

h
y+u

h)i,j

⎞
⎟⎟⎠ .
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Note that, by our choosing that the outmost divergence is based on backward differences with
homogeneous Dirichlet boundary conditions, the innermost derivative of the symmetrized
derivative operator is now based on forward differences with Neumann boundary conditions.
For example, for TGV3

α, the (divh)3vh operator is computed as δhx−δ
h
x+δ

h
x−v

h
1 + · · · . This

corresponds to a natural replication of the image data, which is a common choice in image
processing.

4.2. A first-order minimization algorithm. Problem (4.3) poses a quadratic optimization
problem with pointwise quadratic constraints. Hence, many algorithms can be used to com-
pute the solution [A]. Here we employ the accelerated first-order method of Nesterov [Ne, BT],
which shares a convergence rate of O(1/k2) in terms of the functional values. This means
that one needs O(1/

√
ε) iterations to compute an approximate solution which minimizes the

functional up to accuracy ε. Nesterov’s method is easy to implement and can be efficiently
parallelized, e.g., on recent graphics processing units. The outline of Nesterov’s method ap-
plied to (4.3) is as follows: We choose vh0 = 0, v̄h0 = 0, and t0 = 1. Then, for k ≥ 0 we let

(4.5)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
vhk+1 = ΠKh

(
v̄hk + τ

(
(Eh)2

(
fh − (divh)2v̄hk

)))
,

tk+1 =
1+
√

1+4t2k
2 ,

v̄hk+1 = vhk+1 +
(
tk−1
tk+1

) (
vhk+1 − vhk

)
,

where τ > 0 is some prescribed step-size and ΠKh denotes the Euclidean projector onto the
convex set Kh.

Proposition 4.1. Let τ = 1
L2 , where L2 = 64

h4 ≥ ‖(divh)2‖2. Then, the sequence {vhk}
generated by algorithm (4.5) is such that for any k ≥ 0

(4.6) 0 ≤ E(vhk )− E
(
(vh)∗

)
≤ 2L2‖vh0 − (vh)∗‖2

(k + 1)2
,

with (vh)∗ ∈ V h being a solution of (4.3). Moreover, uhk = fh − div2 vhk → (uh)∗, where (uh)∗

is the solution of (4.4).

Proof. We begin with estimating the Lipschitz constant of vh �→ (Eh)2(fh − (divh)2vh)
with respect to the associated norms in V h and Uh. This amounts to estimating the operator
norm defined as

(4.7) L2 = ‖(divh)2‖2 = sup
vh∈V h,vh 
=0

‖(divh)2vh‖2
‖vh‖2 .

In order to write (divh)2 in terms of finite-difference schemes, we agree to set

(vh1 )−1,j = (vh1 )0,j, (vh1 )M,j = (vh1 )M−1,j,

(vh2 )i,−1 = (vh2 )i,0, (vh2 )i,N = (vh2 )i,N−1,

(vh3 )i,−1 = (vh3 )−1,j = 0, (vh3 )i,N = (vh3 )M,j = 0.

D
ow

nl
oa

de
d 

12
/2

9/
14

 to
 1

43
.5

0.
47

.5
7.

 R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 
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Moreover, one can see that (divh)2vh does not depend on the values (vh3 )M−1,i and (vh3 )j,N−1,
so we assume them to be zero in what follows. Then, (divh)2 amounts to the application of
the following finite difference scheme:

(divh)2vh =
1

h2
[
1 −2 1

]︸ ︷︷ ︸
D1

vh1 +
1

h2

⎡
⎣ 1
−2
1

⎤
⎦

︸ ︷︷ ︸
D2

vh2 +
1

h2

⎡
⎣ 0 1 −1

1 −2 1
−1 1 0

⎤
⎦

︸ ︷︷ ︸
D3

vh3 .

Let us estimate, by multiple use of (a+ b)2 ≤ 2a2 + 2b2,

‖D1v
h
1 ‖22 ≤

∑
i,j

2
(
(2vh1 )i,j

)2
+ 4

(
(vh1 )i−1,j

)2
+ 4

(
(vh1 )i+1,j

)2 ≤ 16‖vh1 ‖22

and, analogously, ‖D2v
h
2 ‖22 ≤ 16‖vh2 ‖22. For the third term, consider

‖D3v
h
3‖22 ≤ 2

∥∥∥∥∥∥
⎡
⎣0 1 −1
0 −1 1
0 0 0

⎤
⎦ vh3

∥∥∥∥∥∥
2

2

+ 2

∥∥∥∥∥∥
⎡
⎣ 0 0 0

1 −1 0
−1 1 0

⎤
⎦ vh3

∥∥∥∥∥∥
2

2

≤ 8
∑
i,j

2
(
(vh3 )i,j

)2
+
(
(vh3 )i−1,j

)2
+
(
(vh3 )i+1,j

)2
+
(
(vh3 )i,j−1

)2
+
(
(vh3 )i,j+1

)2
+
(
(vh3 )i−1,j+1

)2
+
(
(vh3 )i+1,j−1

)2
≤ 64‖vh3 ‖22.

Together, we find

‖(divh)2vh‖2 ≤ 1

h4

(
4‖D1v

h
1‖22 + 4‖D2v

h
2‖22 + 2‖D3v

h
3‖22

)
≤ 64

h4

(
‖vh1‖22 + ‖vh2 ‖22 + 2‖vh3 ‖22

)
=

64

h4
‖vh‖2.

Then, by substitution into (4.7) we get L2 ≤ 64
h4 . The proof of convergence for the functional

values and the efficiency estimate of algorithm (4.5) are both presented in [BT, Theorem 4.1].
Finally, note that since Kh is bounded, each subsequence of {vhk} has a convergent sub-

sequence {vhkl} with some limit (vh)∗. As the discrete divergence operator is continuous, we

know, moreover, that the corresponding sequence {uhkl} converges to some (uh)∗ = fh−(divh)2

(vh)∗. By the estimate (4.6), each subsequence is a minimizing sequence, and, hence, (vh)∗ is
a solution of (4.3). Consequently, as the solutions of (4.3) and (4.4) are in duality, (uh)∗ is
a solution of (4.4). Since the latter has to be unique by strict convexity, we deduce from the
usual subsequence argument that the whole sequence satisfies uhk → (uh)∗.

4.2.1. Computing the projection. The most costly part in (4.5) is the computation of
the Euclidean projection of the dual variable onto the convex set Kh. Basically, the projection
of a variable v̂h is given by the minimizer of

(4.8) ΠKh(v̂h) = argmin
vh∈Kh

‖vh − v̂h‖2
2

.
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Since the convex set Kh involves inequality constraints on both vh and divh vh, we may also
write

ΠKh(v̂h) = argmin
vh∈V h

‖vh − v̂h‖2
2

+ IK̂h(Λv
h)

with Λ : V h → V h ×W h given by Λvh = (vh,divh vh) and

K̂h =
{
(vh, wh) ∈ V h ×W h

∣∣ ‖vh‖∞ ≤ α0 , ‖wh‖∞ ≤ α1

}
.

Applying Fenchel duality to this minimization problem yields the equivalent problem

(4.9) min
(qh,ηh)∈V h×Wh

‖qh − Eh(ηh)− v̂h‖2
2

+ α0‖qh‖1 + α1‖ηh‖1 ,

where we used Λ∗(qh, ηh) = qh−Eh(ηh) and employed the following choices for the L1-norms:

qh ∈ V h : ‖qh‖1 =
∑
i,j

(
(qh1 )

2
i,j + (qh2 )

2
i,j + 2(qh3 )

2
i,j

)1/2
,

ηh ∈ W h : ‖ηh‖1 =
∑
i,j

(
(ηh1 )

2
i,j + (ηh2 )

2
i,j

)1/2
.

The projection (4.8) can hence be computed by obtaining a solution pair ((qh)∗, (ηh)∗) of (4.9)
and setting

ΠKh(v̂h) = v̂h − Λ∗((qh)∗, (ηh)∗) = v̂h − (qh)∗ + Eh
(
(ηh)∗

)
.

For minimization of (4.9) we adopt the fast shrinkage thresholding algorithm (FISTA) recently
proposed by Beck and Teboulle in [BT] as a variant of Nesterov’s method [Ne]. We exploit
the fact that minimization with respect to qh is straightforward to compute using shrinkage
operations. The outline of the algorithm is as follows: We choose ηh0 , η̄

h
0 ∈ W h and t0 = 1.

Then for each k ≥ 0 we let

(4.10)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

qhk+1 = Sα0

(
v̂h + Eh(η̄hk )

)
,

ηhk+1 = Sσα1

(
η̄hk + σ divh

(
v̂h + Eh(η̄hk )− qhk+1

))
,

tk+1 =
1+
√

1+4t2k
2 ,

η̄hk+1 = ηhk+1 +
(
tk−1
tk+1

) (
ηhk+1 − ηhk

)
,

where σ = h2

8 ≤ ‖divh‖−2 denotes the step-width and Sλ(t) denotes the generalized shrinkage

formula, which is given by Sλ(t)i,j = (|ti,j| − λ)+
ti,j
|ti,j | with the respective absolute values. For

each projection, we run the iterative projection algorithm until the maximal feasibility error
of ΠKh(v̂h) is below a threshold εp.

5. Experimental results. In the following, we present numerical results of our total gen-
eralized variation models. We start by studying the efficiency of our first-order minimization
algorithm. Then we present experimental results of synthetic and real images. It turns
out that our second-order model (TGV2

α-L
2) consistently outperforms both the standard TV

model of [ROF] (which is equivalent to the TGV1
α-L

2 model) and the Inf-Conv model of [CL].
Finally we show that a third-order model (TGV3

α-L
2) can further improve the results in cases

where the image intensity function cannot be well approximated by piecewise affine functions.D
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5.1. Efficiency of the first-order algorithm. In our first experiment, we compare the the-
oretical efficiency estimate of Nesterov’s method for the functional values with the practical
implementation using a simple synthetic input image. As already stated in section 4, Nes-
terov’s first-order method allows us to compute a bound on the accuracy ε of the functional
values for a given number of iterations. According to Proposition 4.1, the bound is given by

(5.1) ε = E(vhk )− E((vh)∗) ≤ 2L2‖vh0 − (vh)∗‖2
(k + 1)2

,

where k is the number of iterations. Hence, in order to compute a bound on ε, it remains to
estimate the quantity ‖vh0 − (vh)∗‖2. Since we have that vh0 = 0 and ‖vh‖∞ ≤ α0, we simply
deduce that

(5.2) ε ≤ 128α2
0MN

h4(k + 1)2
.

Figure 4(d) shows the denoising result of TGV2
α-L

2 applied to the noisy input image
shown in Figure 4(c). We set (α0, α1) = (0.1, 0.05), h = 1, εp = 10−4 and run algorithm (4.5)
for k = 1500 iterations. This results in a theoretical accuracy of ε ≈ 10−2. Note that the
proposed method almost perfectly reconstructs the piecewise affine input image. Figure 4(a)
shows the accuracy ε = E(vhk ) − E((vh)∗) of Nesterov’s first-order minimization algorithm.
The true minimal function value E((vh)∗) was determined by running the algorithm for a very
large number of iterations. One can see that the theoretical bound on the accuracy is clearly
outperformed in practice but shows a similar asymptotic behavior.

Finally, let us comment on the running times for TGV models of different order. Clearly,
the running time increases with increasing order of the models. This is mainly due to the fact
that computing the projection onto the set Kh is much more complicated for TGVk models
of order k > 1. In our nonoptimized MATLAB implementation, it turns out that the relative
running times between TGV1, TGV2, and TGV3 regularization behave roughly like 1 : 10 : 35.
However, as mentioned above, Nesterov’s method can be easily parallelized. Therefore, we
have also implemented a parallelized version of Nesterov’s method for the TGV2-L2 model.
On a Nvidia Tesla C1060 graphics processing unit (GPU), it takes only 1.4 seconds to perform
1500 iterations for the test image shown in Figure 4(a) (which ensures the accuracy ε ≈ 10−2

in terms of functional values). This includes all data transfers to the GPU and back.

5.2. Synthetic images. In our second experiment we evaluate the performance of the
TGV2

α-L
2 model using a piecewise affine test image. We compare our model to the stan-

dard Rudin–Osher–Fatemi (ROF) model and the Inf-Conv model (see Table 1). The pa-
rameters of each model were optimized to achieve the best reconstruction with respect to
the root mean squared error (RMSE). Furthermore, for all regularizations, the number of
iterations has been chosen according to (5.2) or an analogous estimate to ensure a compa-
rable accuracy in terms of the functional values. Figure 5 shows the input images and the
reconstructed images. For better visualization we additionally provide three-dimensional ren-
derings of the upper left region. One can clearly see that the ROF model performs worst
since it exhibits the well-known staircasing effect. The Inf-Conv model performs better butD
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Figure 4. Convergence of our first-order minimization algorithm applied to the restoration of a piecewise
affine image. (a) Theoretical bound of Nesterov’s method versus the empirical observation. The theoretical
bound provides a useful estimate sharing the same asymptotic behavior, but is still outperformed in practice.
(b) Input image of size 128 × 128. (c) Degraded image containing zero mean Gaussian noise with standard
deviation σ = 0.05. (d) Reconstructed image using the proposed TGV2

α-L
2 model. Note that the proposed

method almost perfectly reconstructs the input image.

Table 1
Quantitative evaluation of different image regularization models applied to piecewise affine and piecewise

smooth image reconstruction (see Figures 5 and 6, respectively). The numbers represent the root mean squared
error (RMSE) of the reconstructed images with respect to the clean input images.

Test image

Model Piecewise affine Piecewise smooth

ROF 0.0147 0.0176
Inf-Conv 0.0131 0.0125
TGV2

α-L
2 0.0107 0.0080

TGV3
α-L

2 — 0.0074
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(a) Clean image (b) Noisy image

(c) ROF (d) Inf-Conv (e) TGV2
α-L
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(h)

Figure 5. Reconstruction of a piecewise affine image using different image regularization models. (a) and
(b) show the 128× 128 input image with a marked close-up region and the noisy version containing zero mean
Gaussian noise with standard deviation σ = 0.05. (c)–(e) show the results of ROF, Inf-Conv, and TGV2

α-L
2

image regularization, and (f)–(h) are the respective three-dimensional close-ups. Note that TGV2
α-L

2 is the
only model which is able to reconstruct the piecewise affine structure of the image.
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also has some staircasing near discontinuities. The proposed TGV2
α-L

2 model performs best.
It leads to a natural piecewise affine approximation of the noisy data with sharp discontinuities
in between. The quantitative evaluation of the reconstruction emphasizes the visual impression
of the results. See Table 1 for the exact RMSE values. We point out that in [SS], a finite-
difference approximation of the regularizer

R(u) = sup

{∫
Ω
u

(
∂2v1
∂2x1

+
∂2v2
∂2x2

)
dx

∣∣∣∣ v ∈ C2
c (Ω,R

2), ‖v‖∞ ≤ α0,

∥∥∥∥
(
∂v1
∂x1

,
∂v2
∂x2

)∥∥∥∥
∞

≤ α1

}

is utilized, leading to similar numerical results. In particular, a suppression of the staircasing
effect is also observed.

In our third experiment, we apply total generalized variation regularization up to order 3
for the reconstruction of a piecewise smooth test image. Again, we compare our models to the
ROF and Inf-Conv models and, as in the previous experiment, all parameters were optimized in
order to meet the lowest RMSE values. Figure 6 shows the input images and the reconstructed
images. One can see that the ROF model does not capture well the smooth parts of the image.
The Inf-Conv model performs better in the smooth regions but exhibits some staircasing near
discontinuities. The proposed TGV2

α-L
2 and TGV3

α-L
2 models perform significantly better.

Qualitatively, both models perform equally well, but the quantitative evaluation shows that
the third-order model has a slightly lower RMSE value (see Table 1). The reason is that the
piecewise smooth image shown in Figure 6 contains curvilinear functions. While the second-
order model tries to approximate the image based on affine functions, the third-order model
additionally allows for quadratic functions, which is clearly better in this case.

5.3. Natural images. Finally, we apply our total generalized variation models to denoising
of natural images. Figure 7 shows a noisy image of a penguin in front of a blurry background.
While the textured parts (e.g., the rock) of the image are equally well reconstructed by all
three models, the total generalized variation models perform significantly better in smooth
regions (e.g., the penguin or the blurry background). Furthermore, the close-ups make clear
the characteristics of the three models. ROF denoising leads to a piecewise constant, TGV2

α-
L2 denoising leads to a piecewise affine, and TGV3

α-L
2 denoising leads to a piecewise quadratic

approximation of the image function (see also the close-ups in Figure 8).

Figure 9 shows the denoising capabilities of the proposed models in the case of severe
noise. While ROF and Inf-Conv denoising leads to very blocky results, the proposed total
generalized variation models lead to significantly better results. The close-ups show that in
regions of high curvature, the third-order model leads to further changes compared to the
second-order model. The shape of the edges is less blocky at the expense of possibly more
regularized transitions (see also the close-ups in Figure 10).

6. Conclusions. We have proposed a structurally transparent regularization functional
which involves, in a weak sense, derivatives of order up to k of the desired object. It has
the convenient properties of convexity and weak lower semicontinuity. Due to the fact that
k is arbitrary, the framework allows us to adjust to a priori known regularity properties.
A particularity of the notion of total generalized variation relates to the fact that the test
functions are restricted to symmetric tensor fields. Such a restriction is natural in view of theD
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(a) Clean image (b) Noisy image (c) ROF

(d) Inf-Conv (e) TGV2
α-L

2 (f) TGV3
α-L
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Figure 6. Reconstruction of a piecewise smooth image using different image regularization models. (a)
and (b) show the 128 × 128 input image with a marked closeup region and the noisy version containing zero
mean Gaussian noise with standard deviation σ = 0.05. (c)–(f) show the results of ROF, Inf-Conv, TGV2

α-L
2,

and TGV3
α-L

2 image regularization, and (g)–(j) are the respective three-dimensional close-ups of the region
containing the discontinuity. Note that the ROF model exhibits strong staircasing and the Inf-Conv model
exhibits some staircasing near the discontinuities as well. The TGV2

α-L
2 and TGV3

α-L
2 models are both able

to faithfully restore the image.
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(a) Clean Image (b) Noisy Image

(c) ROF (d) Inf-Conv

(e) TGV2
α-L

2 (f) TGV3
α-L

2

Figure 7. Denoising of a natural image (a). (b) shows the 481 × 321 noisy input image containing zero
mean Gaussian noise with standard deviation σ = 0.05. (c)–(f) show the results of ROF, Inf-Conv, TGV2

α-L
2,

and TGV3
α-L

2 image denoising (see also Figure 8).
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(a) Clean Image
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(c) Noisy
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(d) ROF
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(e) Inf-Conv
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(f) TGV2
α-L

2
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(g) TGV3
α-L

2

Figure 8. The close-ups of the blurry background regions show that ROF denoising leads to piecewise
constant, TGV2

α-L
2 denoising leads to piecewise affine, and TGV3

α-L
2 denoising leads to piecewise quadratic

results.

symmetry of derivatives, provided that they exist. In case of nonsmoothness, the proposed
cost functional provides a weaker measure when compared to the nonsymmetric analogue.

The numerical examples show appealing properties of reconstructed test images. In par-
ticular, with the use of third-order regularization, further improvements over second-order are
obtained. Besides the denoising application, we expect that the proposed approach would
lead to a similar advance for a wider class of problems.

Further analysis including geometric properties of TGVk
α and strategies for adapting the

weights α should be the focus of future research. Another line of research will concentrate onD
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(a) Clean image (b) Noisy image

(c) ROF (d) Inf-Conv

(e) TGV2
α-L

2 (f) TGV3
α-L

2

Figure 9. Denoising of a natural image. (a) shows the 512 × 357 clean input image. (b) shows the noisy
image containing zero mean Gaussian noise with standard deviation σ = 0.1. (c)–(f) show the results of ROF,
Inf-Conv, TGV2

α-L
2, and TGV3

α-L
2 denoising. One can see that ROF and Inf-Conv lead to blocky results

in smooth image regions. TGV2
α-L

2 and TGV3
α-L

2 models lead to piecewise smooth reconstructions (see also
Figure 10).
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(a) Clean image
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(c) Noisy
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(d) ROF
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(e) Inf-Conv
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(f) TGV2
α-L
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(g) TGV3
α-L

2

Figure 10. (a) shows the clean image with a marked smoothly shaded region. (b)–(g) show three-dimensional
representations of the marked region for the ROF, Inf-Conv, TGV2

α-L
2, and TGV3

α-L
2 models. In this repre-

sentation one can clearly see that the TGV models lead to significantly better results.

developing faster algorithms. The representation (3.6) depends only on first-order derivatives
and hence serves as a good starting point for further investigations.

Appendix A. Tensor field calculus. In this section, we collect some basic results concerning
the various operations one can perform on symmetric k-tensors and symmetric k-tensor fields,
respectively, such as transformations or taking the l-gradient or l-divergence. As many of these
results can be deduced by easy, but sometimes lengthy, computations, they are presented here
mainly for the reader’s convenience.

First, let us note that for a ξ ∈ T k(Rd) and a linear transformation O ∈ R
d×d, theD
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right-multiplication
(ξO)(a1, . . . , ak) = ξ(Oa1, . . . , Oak)

also gives a k-tensor for which one can see that with p = σ−1(β), the coefficients obey

(A.1) (ξO)β =
∑

q∈{1,...,d}k

k∏
j=1

oqjpjξσ(q).

Moreover, if ξ ∈ Symk(Rd), then ξO ∈ Symk(Rd). Furthermore, let us note that right-
multiplication with an orthonormal O ∈ R

d×d commutes with the trace of a ξ ∈ T k(Rd) with
k ≥ 2:

tr(ξO)(a1, . . . , ak−2) =
d∑

i,j,j′=1

ojioj′iξ(ej , Oa1, . . . , Oak−2, ej′)

=
d∑

i=1

ξ(ei, Oa1, . . . , Oak−2, ei)

=
(
tr(ξ)O

)
(a1, . . . , ak−2).(A.2)

Hence, right-multiplication respects orthonormality, as shown in the next lemma.
Lemma A.1. If O ∈ R

d×d is orthonormal, the operation ξ �→ ξO is an orthonormal trans-
formation mapping Symk(Rd) → Symk(Rd).

Proof. Applying (A.2) k times to (ξO ⊗ ηO) = (ξ ⊗ η)O yields

ξO · ηO = trk
(
(ξ ⊗ η)O

)
= trk(ξ ⊗ η)O = ξ · η.

It turns out that the right-multiplication is, moreover, an appropriate notion for describing
the transformation behavior under linear coordinate changes.

Lemma A.2. Let O ∈ R
d×d and let ξ : Ω → T k(Rd) be an l times continuously differentiable

mapping. Then

(A.3) ∇l ⊗
(
(ξ ◦O)O

)
=
(
(∇l ⊗ ξ) ◦O

)
O.

Proof. Set η(x) = ξ(Ox)O and compute

(∇l ⊗ η)(x)(a1, . . . , ak+l) =
(
Dl(ξ ◦O)(x)(a1, . . . , al)

)
(Oal+1, . . . , Oak+l)

=
(
Dlξ(Ox)(Oa1, . . . , Oal)

)
(Oal+1, . . . , Oak+l)

=
(
(∇l ⊗ ξ)O

)
(Ox)(a1, . . . , ak+l).

In particular, for invertible O and η(x) = ξ(Ox)O, we have that η ∈ Cl(O−1Ω,Symk(Rd)) if
and only if ξ ∈ Cl(Ω,Symk(Rd)). The behavior of the l-divergence of a ξ ∈ Cl(Ω,Symk+l(Rd))
under coordinate change with an orthonormal O ∈ R

d×d follows, consequently, by combin-
ing (A.3) and (A.2):

divl
(
(ξ ◦O)O

)
= trl

(
∇l ⊗

(
(ξ ◦O)O

))
= trl

((
(∇l ⊗ ξ) ◦O

)
O
)

= trl
(
(∇l ⊗ ξ) ◦O

)
O =

(
(divl ξ) ◦O

)
O.(A.4)
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[PS] C. Pöschl and O. Scherzer, Characterization of minimizers of convex regularization functionals,
in Frames and Operator Theory in Analysis and Signal Processing, Contemp. Math. 451, AMS,
Providence, RI, 2008, pp. 219–248.

[R] W. Ring, Structural properties of solutions to total variation regularization problems, M2AN Math.
Model. Numer. Anal., 34 (2000), pp. 799–810.

[ROF] L. I. Rudin, S. Osher, and E. Fatemi, Nonlinear total variation based noise removal algorithms,
Phys. D, 60 (1992), pp. 259–268.

[SGGHL] O. Scherzer, M. Grasmair, H. Grossauer, M. Haltmeier, and F. Lenzen, Variational
Methods in Imaging, Springer, New York, 2009.

[SS] S. Setzer and G. Steidl, Variational methods with higher order derivatives in image processing,
in Approximation Theory XII: San Antonio 2007, M. Neamtu and L. L. Schumaker, eds.,
Nashboro Press, Brentwood, TN, 2008, pp. 360–385.

[S] V. A. Sharafutdinov, Integral Geometry of Tensor Fields, VSP, Utrecht, The Netherlands, 1994.

D
ow

nl
oa

de
d 

12
/2

9/
14

 to
 1

43
.5

0.
47

.5
7.

 R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


