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1. Introduction

The focus of this work is to establish an approach for optimal control multi-phase fluid flow. More specifically we consider
the problem

min (W) = ~ 0 — 7 g, + — Il Bul’ (1.1)
T], - 2 77 77 LZ(Q) 2 LZ(Q)’ .
subject to
y: —div (n(Vy)) + Vp = Bu,
divy =0, Vlse =0, Vle=o = Yo, (12)
n+y-Vnp=0, :
Nle=0 = No-

Let us describe the various terms in this problem formulation. Here £2 is a bounded domain in R? with smooth boundary,
time interval T > 0 is fixed and Q = (0, T) x £2. The spatio-temperally dependent vector field y presents the velocity of
the fluid, p its pressure, and 5 is the nonconstant viscosity of the fluid. Further yo and g are the initial velocity and viscosity
respectively. The control variable is denoted by u, it may act on the subset £ C £.Control operator 8 is a bounded linear
operator from L?(L?(£2)) to L?(Q), which will be defined in a later section. The control problem consists in finding u such
that the corresponding state-control vector (y, 1, p, u) minimizes J(n, u), where 7 is given and fixed.
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If 7 is chosen as 11 + (12 — n1) x 3 where xg is the characteristic function of a set 2 C 2, then (1.1) and (1.2) represents
the problem of determining a control u such that the interface between the two fluids with viscosities 1, and n, close to the
boundary 982 of 2.

One of the key issues in optimal control with partial differential equations as constraints consists in establishing existence
and first order necessary optimality conditions, which are expressed in the form of optimality systems. Here we shall
establish existence by means of a compensated compactness argument. To obtain an optimality system, one can rely on
a Lagrangian formalism, for example. Proceeding formally we introduce adjoint variables for the velocity, the pressure and
the viscosity and denote them by (z, g, £), and denote by e;(y, p,n) = 0,i = 1, 2, 3 the momentum, the mass, and the
transport equations respectively. Defining the formal Lagrangian

Ly, p.n,w;2,q,8) =](n,w) + (z,e1(y, p, m) + (q, e2(y, p, m) + (§, e3(y. p. M),
and setting the first derivatives with respect to (y, p, , u) equal to zero, we obtain formal adjoint equations

—z; —div (nVz) —nVE + Vg =0,

divz = 0, ZlﬁQ = 07 Z|[:T = 05 (1 3)
—& +y-VE+Vy:Vz=—(n—17), '
§le=r =0,
where Vy : Vz is the matrix inner product of Frobenius type, and the optimality condition:
aB*Bu = B*z. (1.4)

Combining the primal equations (1.2), the adjoint equations (1.3) and the optimality condition (1.4) provides the formal
optimality system. These equations are indeed only formal since the transport equations in (1.2) and (1.3) have no smoothing
properties. Hence z is strictly less regular in space than H' and £ is strictly less regular in space than L. The bilinear coupling
in (1.3) is the source of significant difficulties in analyzing this equation.

This lack of regularity of the adjoint equations motivates the introduction of a smoothing step. In the present work, we
introduce artificial diffusion to the transport equation, which results in

ng —eAn+y< - Vpf =0, (1.5)

and investigate the optimal control problems for the regularized system.

Let us briefly outline the contents of the paper. In Section 2 we gather technical results which will be used throughout the
remainder of the paper. The experienced reader can proceed directly to Section 3 where the regularized primal problems
are investigated. The existence of solutions for each € > 0 is shown by means of Schauder’s fixed point theorem. It is further
shown that as ¢ — 0" limit points of regularized solutions satisfy (1.2), where the solution concept for the transport
equations is that of regularized solutions in the sense of DiPerna-Lions (cf. [ 1]). In Section 4 the optimal control formulation
is studied. An optimality system is derived and convergence of the optimal control problems as ¢ — 0V is investigated. The
lack of uniqueness of solutions to (1.1) significantly complicates this analysis.

The investigations of this paper can certainly be extended in several aspects. Similar results as presented here should
also hold true if the Stokes equations are replaced by the Navier Stokes equations with the nonconstant density function.
More involved cost-functionals, and cost functionals involving the velocity y can be treated by the same techniques as used
in this paper.

Finally let us give only a few comments on the multi-phase fluid model that is used in this paper. If no € {11, ..., n.},
with 7; constants strictly larger than zero, then the renormalized solution n(t, x) € {n1, ..., n.} as well, see e.g. [2,3]. The
transport equation in (1.2) is a variational formulation, posed on all of the domain £2, of the immiscibility condition along
the interfaces occupied by fluids with different viscosities, as proved in [2], Lemma 2.3. Of course, once the regularization
is introduced the solution 7. will not satisfy n(t, x) € {n1, ..., n.}, but rather mushy regions will arise. In [4] an improved
model is investigated, which allows for shear rate dependent viscosities and which takes into consideration surface tension
along the interfaces of different fluids. A different analytic framework for (1.2) is based on viscosity solutions. Global
existence is shown in [5] under the assumption that the difference of the viscosities of two different fluids is sufficiently
small. Finally global existence to multiphase viscous flow is also investigated in [6], again under the condition that the
viscosities of the fluids in different phases do not differ too much.

2. Preliminaries and notations

Let £2 be an open bounded domain in R? with Lipschitz boundary. We use standard notation W™P and H™ for the Sobolev
space, and we simplify the norm of H™ as ||f || = |If [|ym.
We will repeatedly use the following inequalities. The generic constant C does not depends on the choice of u.

e Poincaré inequality: For any u € Hj oru € H' N L3, we have
lull < ClVull.
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e Holder inequality:
/ fghl < If i ligllaliller
2

wherep, q,r > land J +  + 1 = 1.
e Sobolev inequality:

1/2 1/2

lulla < Cllull ™~ flull;
lullp < Cllully, forany1 <p < oo,

where 2 C R?;
e Gronwall’s inequality:
Let y(s) be a nonnegative, absolutely continuous function in [0, s] and satisfy for almost every s, the differential inequality:

Y'(s) < a(s)y(s) + b(s), (2.1)
where a(s) and b(s) are nonnegative, summable functions in [0, s]. Then we have:

y(s) < eloadr [y(O) + / sb(t)dr]. (2.2)
0
e Aubin’s Lemma: (cf. [7])
Let Xg, X1, Xo be Banach spaces such that
Xo C X7 C X3, Xjisreflexive fori =0, 1,
and the injection of X, into X; is compact. Let 1 < p; < oo, i = 0, 1. Then the space
W = [2°(Xo) N W'P1(X)
is compactly imbedded in LP° (X;).
For the Stokes equation, the following divergence free spaces are useful.
V ={ue (°(2),divu=0},
H=7" =(uecl? divu=0u-n=0},
V=% = (ucH, divu=0},

where H and V are equipped with the norm induced by L? and Hé. We identify the dual space of H as itself, and define

the dual space of V as V*. We also introduce the projection operator P from L? to its divergence free subspace H. By the
Helmholtz-Hodge decomposition theorem (cf. [8]), we have:

L>’=H® VH'.

Now we introduce time dependent function spaces. For any function f : [0, T] — B, where B is a given Banach space, we
denote f € [P(0, T; B) if

T
If (®)lI5dt < oo, 1<p<o0,

0
ess sup |If(t)]lp < o0, p=o0.
0<t<T

The norm is defined by ||f ||p@) = (fOT ||f(t)||’,;)1/” for1 < p < ooand |f |z = esssupo,<r If (t)llg. If f(0) € B and
U g2 (B), we denote it by f € H'(0, T; B). We will use Q to represent the time-space domain, i.e.
at
Q=(0,T) x £2.
For time dependent test functions, we denote:
vr =C'([0,T], V),  Cr=CY([0,T], ().

For any function f € Cr or f € Vr, we can define an operator y; by taking the initial data: yo(f) = f(0) or y,(f) = £f(0). We
will use this operator in Section 4.

The Stokes operator is defined as A : V. — V*, (Vy, Vv) = (Ay, V)y+y, for all v € V. Since the domain is regular, the
Stokes operator A can also be defined from H?> NV to H by Ay = —P Ay. We will not distinguish the above two operators
and denote them both by A. One can verify the Stokes operator has the following properties (see [8]):

e A is positive, self-adjoint operator,
e A is bijective from V to V*, hence it is an isomorphism from V to V*,
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lylls & [|AY?y|| & || Ay|ly+, for ally € V,

lully+ = ||A=2u|| ~ || A~ ]|y, for allu € V¥,

A is bijective from H? NV to H, hence it is an isomorphism from H? N V to H,
Iyll2 & [|AY?y]l, ~ || Ayl for ally € H> NV,

lull ~ [|A~"?u]ly ~ | A" ull3, forallu € H,

where ~ means that the norms are equivalent. _
The control operator 8 € £L(L*(L2(£2)), L>(Q)), denotes the extension-by-zero operator into the domain £2 \ £2. Hence
B is an isometry from L?(L?(£2)) to a subspace of L>(Q), i.e.

”u”LZ(LZ(f?)) = ”£u”LZ(Q)‘

We denote two positive constants m and M as the lower bound and upper bound of viscosity, and the initial viscosity 7
satisfies

0<m<nX) <M < oo.

The generic constants C and C; only depend on £2, m, M, T, the initial velocity yy, the initial viscosity 1 and external force.
C may be different in different cases, and C; can be fixed in advance. C, is also constant but may depend on the choice of €.

3. Existence and convergence for the approximated system

As we mentioned in the introduction, the governing equation for the multi-phases immiscible incompressible fluid reads:

y: —div (nVy) + Vp = Bu, (3.1)
divy =0, (3.2)
Voo =0,  Vli=0 = Yo. (3.3)
n+y-Vn=0, (3.4)
Nle=0 = 1o (3.5)

where y presents the velocity of the fluid, » is the viscosity of the fluid, yo and 7o are the initial velocity and viscosity
respectively. To avoid the pressure term, we can put the system into the weak form: given Bu € L?(V*) and y, € H, find
(n,y) € L®(Q) NH'(H™") x [2(V) N H'(V*), such that
yi — div (nVy) = Bu, inL*(V*),
ne+y-Vn=0, inl*H™),
with the initial conditions (3.3) and (3.5). The existence of a solution can be found in [2,3].
We take a singular perturbation to the system (3.1)-(3.5) and arrive at the following approximating system:

y; — div (n°(Vy9)) + Vp© = Bu, (3.6)

divy =0, (3.7)

Yloe =0,  ¥l=o = Yo, (3.8)

ng —eAnS+y - Vn =0, (3.9)

nle=o = ng, nlag =m, (3.10)
where € is a positive constant and 7g is an approximation of 1y which satisfies

m<ni <M, ae,n5— noinl*(2)ase — 0. (3.11)

To avoid the pressure term, we can consider the following equivalent approximating system. Given Bu € [>(V*) andy, € H,
find (€, y¢) € 2(H) N L>®(Q) NHI(H™1) x [2(V) N L>®(H) N H'(V*), such that

y¢ —div (0 (Vy%)) = Bu, in[*(V¥), (3.12)

nt —eAnS+y -Vn© =0, inl*(H), (3.13)
with the initial conditions and boundary conditions (3.8) and (3.10). Moreover, if Bu € L*(Q), y, € Vand ng—me H(}, we
find (n¢,y¢) € [2(H>) NL®(Q) NL®(H") N H'(L?) x [*(H?) N L*°(V) N H'(H), such that,

y¢ — P(div (n°Vy)) = PBu, inl*(H), (3.14)

Nt —eAn® +y - Vnc =0, inl*Q), (3.15)

with the initial conditions and boundary conditions (3.8) and (3.10). The equivalence of (3.6)-(3.10) to (3.12)-(3.13) and
(3.14)-(3.15) is based on Helmholtz-Hodge decomposition theorem (cf. [8]). For simplicity, we will not distinguish the PDE
form with its variational form in the paper, i.e. the pressure is omitted in the statement and the proof.
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During this section, u is fixed as a given function. For simplicity we denote Bu by f. Then we have the following existence
and convergence results.

Theorem 3.1 (Existence for Fixed ). For any given positive constant €, f € [>(V*),yo € H, ng € 12 withm < ng < Mae,
system (3.6)-(3.10) has at least one solution which satisfies (7, y¢) € L>*(H') NL®°(Q) NH'(H™") x L>(V) N L®(H) N H(V*),
moreover m < n¢ < M.

The proof for existence is based on fixed point argument, and is given in Sections 3.1-3.3.
Theorem 3.2 (Convergence for ¢ — 0%). Assume that f € [>(V*), yo € H, and n§ satisfies (3.11) as € — 0T. Let (n°,y°)
€ L*(Q)NHY(H™1) x L2(V) "H'(V*) be any solution of (3.6)-(3.10). Then there exists a sequence € — 07 such that y* — y

inL2(Q), n" — ninl*(Q) and (n,y) € L*°(Q) NH'(H™") x L>(V) N H'(V*) satisfies the Egs. (3.1)-(3.5), withm < n <M
and n is a renormalized solution.

The definition and property of renormalized solution can be found in [2]. The proof of convergence is given in Section 3.4.

3.1. A-priori estimate for the Stokes equation

We fix n as a measurable function satisfying m < n < M, a.e. For the Stokes equation

y: —div (nVy) + Vp =, (3.16)
divy =0, (3.17)
Ve =0, Vle=0 = Yo, (3.18)

existence and uniqueness of a weak solution can be obtained by standard argument similar to the constant viscosity case,
and we have the a-priori estimate

t T
0supT||y(r,->||2+ f lyll% dt < [lyoll +C / [I£]3+dt. (3.19)
<t< 0 0

Then y; can be estimated as:

<y[a V) _ <f7 V> - (r/va VV)
su

yellv« = sup = < lIfllv + M| Vyll, (3.20)
f vev [VV[ vev Ivvl
and by virtue of (3.19), we have
Ve ll2evey < ClIEll2(px)- (3.21)

We notice that the estimates (3.19) and (3.21) only depend on f, yy, §2, m and M. Hence there exists a constant C; such that:
IVlice @y + 1VIl2euy + Vel 2wy < Ci. (3.22)

To avoid the pressure term in the Stokes equations (3.16)-(3.18) and make the proof simple, we can rewrite the Stokes
equation in the following equivalent form: find y € L?(V) N L>(H) N H'(V*) which satisfies

y: —div (n(Vy)) =f, inV]
Yli=0 = Yo.

3.2. A-priori estimate for the convection—diffusion equation
For € > 0 as a fixed positive constant, and given y which satisfies (3.22), we consider the following convection-diffusion
equation:
n—eAn+y-Vn=0, (3.23)
Nle=0 = 15, Nlae = m. (3.24)

Existence and uniqueness of the weak solution can be obtained by standard arguments, and we have the following a priori
estimate:

t
lIn(t, ~)—m||2+26f IVall? = llng — ml>. (3.25)
0

In fact, shifting n by a constant function m, we find that = n — m satisfies the same parabolic equation (3.23) with initial
condition n§ —m and homogenous Dirichlet boundary condition. Multiplying the resulting equation (3.23) by 7 gives (3.25).
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By virtue the maximum principle for parabolic equations, we have
m < n(t,x) <M. (3.26)

The maximum principle we used here is Theorem 7.2 in [9] pp. 188. We need to check that the coefficienty = (y1, y2)
satisfies yi2 € 1?(Q),i.e., r = q = 2 in that theorem. From Sobolev’s inequality, we have

T T T
/ / Yidxdt < / Iyll4dt < C / Iy lyiRde,
0 2 0 0

and since y € L*(V) N L°(H), we obtain y? € [?(Q).
We proceed to estimate the time derivatives:

Inclls = sup Me,v) (eAn—y-Vn,v)
ot = -
T e IVl IVl
—€(Vn, Vu) 4 (yn, Vv)
= v = llyn —€Vnl.
] Vol

With the help of (3.25), (3.26) and since y € L?(V), we obtain

”n”LZ(H*l) =C (3.27)
Since the constants in (3.25) and (3.27) only depend on m, M and C;, we can define two constants C; and C; ¢ such that
2@ + Inellz@-1) < G, (3.28)
||71||L2(H1) + ||77t||L2(H*1) < G, (3.29)

Similar to the Stokes equation, we can also rewrite Egs. (3.23)-(3.24) in the following equivalent way: find n € L*>(H)) N
HY(H™1), such that

n—e€An+y-Vn=0, inCy,

Nle=0 = no, Nlye = m.

3.3. Proof of Theorem 3.1

We will prove existence for the approximating system (3.6)-(3.10) by Schauder’s fixed point theorem (cf. [10]). Since €
is fixed in Theorem 3.1, the notation 1 and y without subscript € are used in the proof for simplicity of notation. We define
two Banach spaces as

E; =LPHYNH'H™Y), E, =I1®MH) NL*V)NH(V). (3.30)
Let K1 C E; and K, C E; be given by:
Ki={n:lnlg <Ce m<n=<Mae}

Ky ={y:llylle, < Ci},

where C; and G, are defined in estimates (3.22) and (3.29). For any n € Kj, the estimate (3.22) guarantees the existence
of a velocity y € K, to the Stokes equations (3.16)-(3.18). Similarly for any y € Kj, the estimates (3.26) and (3.29) imply
that the convection-diffusion equations (3.23)-(3.24) can be solved for a new viscosity £ € K;. This combined mapping is
defined as (1) = & and we note that t maps K; into itself. Theorem 3.1 follows directly from the following lemma.

Lemma 3.3. Let the same assumption hold in Theorem 3.1. Then the map t defined as above is well-defined and has at least one
fixed point in K;.

Proof. Clearly 7 is well-defined. We will prove existence for the fixed point. First we notice that K; is a closed, bounded and
convex set in E; and Kj; is also a closed bounded set in E;. To apply Schauder’s fixed point theorem, we need to prove that t
is continuous and compact. While proving these facts we always use the notation n — y — & (with or without subscript
n). The proof is based on the following claims:

1. If {»"} C K; is a weak convergent sequence in E; with limit n, then there exists a subsequence {y"} C K; andy € K,
such thaty% — y weak-star in E;.

2. If {y"} C K, is a weak star convergent sequence in E; with limit y, then there exists a subsequence {£"} C K; and & € K;
such that &% — & strongly in E;.
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3. Consider a sequence {a"} in a Banach space B. If for any subsequence of {a"} (denoted by {a"}), we can pick up a sub-
subsequence {a"i} such that {a"} converges to a € B in the strong or the weak or the weak-star topology, then {a"}
converges to a in the same topology.

Proof of claim 1. Since m < n™ < M, a.e., estimate (3.22) implies that {y"} C K. Hence we can choose a subsequence
{y"i} (still denoted by {y"} for simplicity) and z € Kj, such that

y' =~z in}(V),
y" — z in L*°(H) in the weak-star topology,
yl =z in[*(V").

Since {n"} C K;, Aubin’s lemma implies that there exists a subsequence (still denoted by n") which converges to 5 strongly
in L(Q). Then strong convergence of " in L?(Q) and weak convergence of Vy" in L?(Q) imply convergence of n"Vy" in the
distribution sense. By definition, y" solves the Stokes equation

y; —div (n"(Vy")) =f inVj.
After passage to the limit, for any test function v € Vr, we have

(¥t V)g = (z:, V),
(div (n"(Vy"), v)g = —(n"(VY"), Vv)q
— —(n(Vz), VW)q = (div (n(V2)), V)q,

and hence z satisfies the following equation
z; —div (n(Vz)) =f inV}.

For the initial condition, we notice that E; is compactly embedded into C([0, T], V*) (see [11]). Since y"|;—o = ¥, for all n,
we have z|,_g = yo. Then uniqueness of the Stokes equation implies that z = y().

Proof of claim 2. Since {y"} C K, inequality (3.29) implies that {§"} C K;. We can choose a subsequence (still denoted
by {£"}) and ¢ € K; such that

£~y inl*HD),
gl — Y in*(H™).
By definition, £" satisfies the equation
&' —eNE"+y"-VE"=0 inCj.

Since y" € Kj, Aubin’s Lemma implies that there exists a subsequence (still denoted by y") converging to y strongly in
L2(H). Then strong convergence of y" in I?(Q) and weak convergence of VE" in L2(Q) imply convergence of y* - V&" in the
distribution sense. After passage to the limit, for any test function ¢ € Cr, we have

(&, #lo > (Y. b,
(AE", §)g > (LY. P,
(y" - VE". ¢)g > (v VY. d)q.

This implies that v satisfies the equation
Vi — €AY +y-Vy =0 inCy.

The initial condition can be treated similarly as in the proof of claim 1. Since E; is compactly embedded into C([0, T], H™ 1),

we have v/ |;,—o = 1. The boundary condition can also be treated by shifting every function by the constant function m and

replacing H' by H(} in the proof. Then by virtue of the uniqueness of the convection-diffusion equation, we have ¢y = &.
Now we need to prove the strong convergence of {£"} in E;. Defining ¢" = £" — &, 2" = y" —y, we find that ¢" satisfies

¢ —€Lg" +2" - VE" +y- Vo' =0,

with zero boundary and initial conditions. Multiplying ¢" on both sides of the above equation, we have

1d
iallw"nz + €l|V"||* + (2" - VE", ¢") = 0. (3.31)
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Since z" is divergence free and m < £" < M a.e., we have

(z'- VE", ") = (26", Vo") < |IVe"||* + Cc12"|I*.

o
2

Substituting into (3.31) and integrating in time gives

T T
sup [lo"||? +/ lp"I3de < Ce/ llz"||*de. (3.32)
0=t<T 0 0

The time derivative can be evaluated as

(@}, v) (—eVo" +EM"2" + ¢"y", V)
= sup
Vol Vvl

1
vEH,

loilly-1 = sup

vEH(}
< el +MIZ"l + Iy IL22 10" 127 < CeClle™ln + 12" + Iy 1 @™ 1+ 1¥" 11119 I)-
Since y" € K, we have

||</)tn||L2(H—1) =< Ce(”‘/’n”LZ(Hl) + ||Zn||L2(Q) + ||(/’n||L°°(L2))-

By virtue of [|z"||;2(q, — 0, we conclude that ¢" — 0 strongly in X.

Proof of claim 3. See [12].

Proof of the lemma. Continuity of z. Consider a sequence {n"} C K; and n € Kj, such that n™ — n in E;. By virtue of
claims 1 and 3, we obtain {y"} C K,y € K; and y" — y in E; in the weak star topology. Then by claims 2 and 3, we have
&" — £ in E; as desired. Compactness of t follows from claims 1and 2. O

3.4. Proof of Theorem 3.2

From Theorem 3.1, there exists at least one solution (1€, y°) € K; x K; for the system (3.6)-(3.10). From estimates (3.22),
(3.25),(3.26) and (3.28), we have the a-priori estimates

m<n*<M ae, (3.33)
Yy Il o @y + ||y5||1_2(v) + ||Y§||L2(v*) <G, (3.34)
n(t, ) —mll < llng — mll, 15 l2-1y < G (3.35)

Since {(n¢, y°)} is a bounded set in L(Q) N H'(H™") x L?>(V) N H'(V*), we can find a subsequence which is denoted by
(", y" and (£, z) in L°(Q) NH'(H™1) x [*>(V) N H'(V*), such that

y' =z inI(V),
yi =~z in*(V),
n" — & inL*™(Q) weak star,
Nt — & inl*(H™).
We recall that (", y") satisfy the equations:
v —div (" (Vy") = £ inV},
ng —e"An"+y"- V" =0, inCj,
with the same initial and boundary condition as (3.8) and (3.10). Since y" — z strongly in L?>(Q) by Aubin’s Lemma and

n" — & inI%(Q), we have y"" converges to z£ in the distribution sense. Choosing a test function ¢ € Cr in the convec-
tion—diffusion equation, we find for ¢® — 07,

. dla = (. dla.  €'(An" d)g = €"(n", Ad)g — 0,
" -Vn'.¢lo = —(¥'n", Voo > —(2£, Vo) = (z- V&, d)q.

Hence (z, &) satisfies the transport equation

&+z-VE=0, inCf.
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Since [2(Q) N H'(H™") is compactly embedded into C([0, T], H™"), and 5" — g in L2, the initial condition for & is o. If
we restrict our test function to be zero at time T, i.e. {¢ : ¢ € Cr, ¢(T) = 0}, one can check that

T
/ /§(¢t+Z~V¢)dxdt+/ no¢ (0)dx = 0.
0 2 k7]

According to Theorem 4.1 in [2], the weak solution £ is also a renormalized solution and satisfies || (t, -)|| = |[nol|. By the
property of renormalized solutions (choosing B(s) = (s — m)? in [2]), we have ||£(t, -) — m| = |50 — m|| fora.e.t € [0, T].
Therefore by (3.35), we have

. . n

limsup [I7" — mll 2, < VTlim|ng = mll = VTllno — m|| = 1§ — mll2(q)- (336)
Weak lower semi-continuous of norm implies that

liminf 7" —ml;2¢q) > 1§ — mll2(q)- (3.37)

Combining (3.36) and (3.37) leads to [|n" — m|l;2(q) — 1§ — m|l;2(q, and hence n" — & in L?(Q). Strong convergence of

n"in [2(Q) and weak convergence of Vy" in L?(Q) imply convergence of " Vy" in the distribution sense. For test functions
v € Vr, we have

<y?7 v)Q - <zfs v)Qv
(div ("Vy"), v)q = —(n"Vy", Vv)o
— —(£Vz, Vv)y = (div (§V2), v)q.

Hence (z, &) satisfies the Stokes equation
z; —div (§(Vz)) =f inV;}.
Since L2(V) N H'(V*) is compactly embedded into C([0, T], V¥), we have z|,—y = yo. Hence (z, &) solves the system
(3.1)-(3.5). This implies Theorem 3.2.
Corollary 3.4. Consider the same assumption as in Theorem 3.2. Then we have

"t —n, inl’@Q),2<p<oo.

Proof. Firstly we observe that if (3.11) is satisfied, then o € [m, M] implies that
ng — no, inlP(2), 2 <p < oco.

After shifting by a constant function m, we denote n° = n — m. Hence 7€ satisfies Eq. (3.9) with initial condition 7¢|;—o
= g — m and zero Dirichlet boundary condition. It is known that ¢ € L*°(Q) N L2(H"). We can multiply |7¢|P~27¢ on both

sides of Eq. (3.9) (where 7€ is replaced by 7¢). Since V(|7¢|P~25¢) = (p — 1)|7¢|P~2V 7€, we have
1d
ff/ [7°Pdx + €(p — 1)/ [7€1P~%|V€|*dx = 0.
p de 2 2

This implies that [|[7°()lp2y < lIng — mllp (). After passage to the limit and by the same argument as in the proof of
Theorem 3.2, we have n" — p in [P(Q) and 7 is a renormalized solution. From the property of renormalized solutions
(choosing B(s) = |s — m|P in [2]), we have ||n(t, -) — m|lp2) = N0 — M||r(2), a.e.t € [0, T]. Therefore

: - 1py; n 1
limsup 17" — mlwq) < TP lim |ng —mlwe) =T"lno — mlw) = lIn — mlq-
Together with weak lower semi-continuous of norm, this implies that ||n" — m||;p) — |l — mlli»(@) and hence " — nin

rQ. o

4. Optimal control formulation

The abstract formulation for the optimal control is:
minJ(x,u), suchthate(x,u) =0, (4.1)

where J (X, u) is the cost functional, u and x are the control and state variables respectively, and e(x, u) = 0 denotes the
underlying equation. For our control problem, the state variable x = (7, y) and the control variable is u itself. The underlying
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equation is either system (3.1)-(3.5) or (3.6)—(3.10). The cost function is

1 ~2 o 2
T w) = Sl =Tl g, + 5 18Ul ). (42)
where 7 is a given function in L?(Q). The optimal control problem associated with the original equation is

Problem 4.1.
minJ(n, u), such thatEgs.(3.1)-(3.5) hold.

We have existence for the above problem.

Theorem 4.2. Givenyy € H,m < no < M a.e, thgre exists at least one optimal solution (1, y, u) for Problem 4.1, and (n, y, u)
€ L®(Q)NHI(H™) x [2(V) N H(V¥) x [2(12(£2)).
Proof. Clearly Problem 4.1 is feasible, hence we can find a minimal sequence (y", n", u"),i.e.lim, . J(n", u") = inf](n, u)
such that (", y", u") solve (3.1)-(3.5) (we use the equivalent weak form to avoid the pressure term). By the definition of |
in (4.2), we know that {8u"} is bounded in L?(Q). Hence {u"}, {y"}, {#"} are also bounded in L?(L?(£2)), [*(V) N H'(V*) and
L*®(Q) N H(H~1) respectively. After passing to the subsequence (still denote the subscript by n), we have

u" —u in’(3(2)),

y' =y inl*(V)NH'(VY),

n" — n weakstarin L®(Q) NH'(H™).
We need to check that (y, 1, u) satisfy Egs. (3.1)-(3.5). Since y" — y in L*(Q) by Aubin’s Lemma and " — 7 in L?(Q), we
obtain thaty"n" converges to yn in the distribution sense, hence the transport equation (3.4) is satisfied. The initial condition
can be obtained in a similar way as in Theorem 3.2. Hence 5 is a renormalized solution. By the property of renormalized
solution (cf. [2]), 7" [l;2q) = ﬁ||no|| = |Inll2(q)- This implies that n" — 75 in [?(Q). Together with Vy" — Vy in [*(Q),
we have convergence of n"Vy" in the distribution sense. Therefore the Stokes equations (3.1)-(3.2) are also satisfied. The
initial condition can be treated similarly as before. Therefore, 8u” — Bu in L2(Q) implies that (17, y, u) satisfies the

underlying equation. Lastly, since the norm || - [|;2(q, is @ weakly lower semi-continuous functional, we obtain that (7, u)
provides a minimum for Problem 4.1. O

Now we move to the optimal control problem associated with the approximated system. We assume that y, € V,
ng—m e H(}, then Egs. (3.6)-(3.10) are equivalent to Eqgs. (3.14)-(3.15) with the same initial condition. To avoid the pressure
term, we will use Egs. (3.14)-(3.15). Denote

e ., e y: — Pdiv (nVy) — PBu, y(0) —y
¢ 1,1 12) — (Y ’ 0
R , 2) _ ) 4.3
e,y w <€§,1, €§,2> <77t —€eAn+y-Vn, 1(0) — g “

Then the optimal control problems for the approximated system are given by:
Problem 4.3.
minJ(n,u), suchthate®(n,y,u) =0.
Similar to Theorem 4.2, we have existence for optimal solution for Problem 4.3.

Theorem 4.4. Givenyy, € V,ng —m € H(} and m < ng < M a.e, there exists at least one optimal solution (n,y, u) for
Problem 4.3, and (n — m,y, u) € [>(H* N HY) NL®(Q) N H'(L?) x [2(V) N H'(V¥) x [2(L*(£2)).

In the remainder of this section, we discuss the optimality system for Problem 4.3 and how Problem 4.3 approximates
Problem 4.1 when ¢ — 0. Section 4.1 contains the regularity estimates for Egs. (3.6)-(3.10). The theorems are stated in
Section 4.2, i.e. Theorem 4.9 for the optimality system and Proposition 4.10 for the limit property.

4.1. Regularity estimates

We will repeatedly use the following estimates.

Lemma 4.5.
ye PHHYNIL®W?), n e PHHNI®HY = y- Vi € [2(Q), (4.4)
yel®MH), n e PH)NLYH) =y Vi e XQ), (4.5)

ye X(H>) NL®HY), n e *(H>) NL®H") = Vi - Vy € [2(Q). (4.6)
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Proof. The conclusions are based on the Holder and Sobolev inequalities.

T T T
/ / ly- VnPdxde = / ly - Vall%de < / EARL A
0 2 0 0

T
<c /0 VI IVl Tl < OV gy 19 gty + 70 g 10 )
T T T

/ f v - VnlPdde / Iy - Valbde < / Iy11% V7l

0 2 0 0

T
C/ Iy I3 Il Inl5de,
0

A

IA

T T T
/ / |V - VyPPdxdt = / IV - Vyl*de SC/ IVYIZ I Valfde
0 2 0 0

IA

T
c / Iyl Iyl Dl < € (I gy IV gy + 10 I ) - O
0

To obtain a higher order regularity result for the solution to the system (3.6)-(3.10), we need to assume that the initial
data y, and n; satisfying higher regularity properties. Besides (3.11), let

Yo €V, ns —m e Hy(2) NWh3(2). (4.7)

The existence result (Theorem 3.1) implies that for any u € L?(H), there exists at least one (1, y) satisfies (3.6)-(3.10)
such that

yeP(W)NL®MH) NHY(VY), nel2?HHNIL®Q)NHIHY. (4.8)
Taking the inner product of (3.9) with —An, using
1
- V., An) < ¥l Valalinlz < Clyl* Iyl + ZIIAHIIZ,
and estimate (4.8) and n§ € H', we have n € L*(H?*) N L*(H'). Hence n; € L*(Q), and
nel2(H) NI®HY NH'L?). (4.9)
After taking the time derivative in (3.9)

Ne — €A +Ye-Vn+y-Vn =0,

and taking the inner product with 7, in the above equation,

1d ,
=—nell + €IVl + {ye - Vg, ) = 0.

2dt
Since
€
e V0w =~y V) = SIVnl? + Colel?
we find
t
Il < . / el + IO, (4.10)
0

where [|n:(0)[| < €llngllz + [IYo - Vgl < €llngllz + Cliyoll1llng ll2. Moving 1, in Eq. (3.9) to the right hand side, the elliptic
estimation gives

[An] < Cellnell + llyll)- (4.11)

Now we move to higher order regularity estimates for the Stokes equation. First we consider the time independent Stokes
equation with nonconstant viscosity 7.

Lemma 4.6. Suppose that n € H?> and m < n < M a.e., and that y solves following Stokes equation
—div (n(Vy)) + Vp =, (4.12)
divy =0, ylo =0. (4.13)

Then we have

Iyllz =< CCEI+ Nnll Il fllv)- (4.14)
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Proof. First we have

Iyllx + lIpll < Clifflv=. (4.15)

Eq. (4.12) can be rewritten as

\% v f
n n n n
We multiply Ay = —P Ay on both sides of the above equation. Since

Vi
<n - Vy, Ay> < Clnly Iy 1yl w1y 1 Ay,

pVn 12 11/2y . 1/2
<:72’ Ay> < Clpl 2 pI 1l 12" Ayl

Iplly < IEI + MIlyllz + IVl 19Yle < €1+ Cliyllz + Clinlly 1l 1yl vl .

together with estimate (4.15) and the property of Stokes operator ||y||, < C|| Ay||, we have

Vn 1
<n - Vy, Ay> < ZnAyu2 + ClinlZ I3 1l

pVn 1
<r72’ Ay> < ZIIAyII2 + Clinli3 I3 €5

u 1
<7, Ay> < — || Ay|)* + CIIf||*.
n 4

Hence |ly|l2 < CClIfll + Inll [Inl2(flv). O

We next consider the time dependent Stokes equations (3.6)-(3.8). Multiplying y; on both sides of (3.6) and noticing that
(¥:, Vp) = 0, we have

1d 1
Iyell> + = — (0 Vy, Vy) — = (n:Vy, Vy) = (Bu, y,).
2 dt 2
After moving y; to the right hand side, using Lemma 4.6 and

I¥ellvs < I Bully= + Cllyll1,

we find

lyllz < C(IBull + [lye ) + Clinllalnll2C(lBallv + [1yll1)-

We also have the estimates
VY, Vy) < Clincll Iyl llyllz < Clinell lylla Al Ball + ye (D + Clinel Iyl nllinllz(lBuallvs + 11yll1)

1
< Clinel*llyll} + | Bul® + EHyIHZ + CAYIR Il 4 el 1 Bal® 4 el Inll 21y 1)

Defining (t) = fot ly:l1? + IIn:(0)|12, y (t) = (yVy, Vy), inequality (4.10) implies that ||n;|| < C.B(t). Hence

d
a(ﬂ +v) < Cellnel® + Il Inl38 + 18uly) + lul? < Clnd® + InliTInl3 + 1Bul*) (B + ) + || Bull®.

Since we already have (4.9) and Bu e L?(Q), then by Gronwall inequality, we have y;, € [>(Q) andy € L*®(V). Hence
ne € L°(1?) and € L*°(H?) (from (4.10) and (4.11)), which immediately gives y € L?(H?). Summing up we have

y € 2(H) NL®° V) NH(H). (4.16)

To guarantee the existence for a Lagrange multiplier, we need a slight better estimation for . Due to (4.9) and (4.16),
Lemma 4.5 implies y - Vi € L*(Q). Then moving y - V7 to right hand side for Eq. (3.9), and using Theorem 1.14 in [13]
and assumption (4.7), we obtain

nelPW?>?, n el’Q). (4.17)
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Combining the results, we find

Theorem 4.7. Assume that (3.11) and (4.7) are satisfied. If Bu € L?(Q), then every solution of systems (3.6)-(3.10) satisfies:
yePHEHNI®WNH'H), nelW?), nel’Q),
and

V1l 22y e wnmtany + I3 w23y + Inell3) < CUIBull2q))s

where C(-) maps bounded set to bounded set.

4.2. Optimal control problem associated with approximated equations

This section is devoted to deriving the first order optimality condition for Problem 4.3. Define the spaces

Xi=1{p:¢ e PW??), ¢ € P(Q)}, (4.18)
={v:ve?H)NIL®V)NH'H)}. (4.19)
By a standard embedding result (cf. [13]), X; C L*°. Recalling (4.3) for the definition of the nonlinear map e€, we have

~ 2
Lemma 4.8. For any fixed positive constant ¢, the map e€ acts from X; x Y; x [2(L?(£2)) to (53?;)) “;/1’3

Frechet differentiable.

). Moreover, it is

Proof. We first verify that e is well-defined. Recalling that y,5() = 1(0) and yo(y) = y(0). Here y; is continuous from X;
to W13 (see e.g. Theorem 1.13 in [13]) and also continuous from Y, to V (see e.g. [8]), then e}, and e; , are well defined. For

any given (1, y, u) € X; x Y1 x [2(L2(£2)), by virtue of X; < L*°(Q) and Lemma 4.5, we have
(div (1Vy)) = nAy + V- Vy e L*(Q), y-Vnel’(Q).
Hence e ; and e , lie in L*(H) and L*(Q) respectively. Since e{ , and e , are linear operators, the differentiability is clear.
Fore{ ; and e2 " consider the linearized equation at point (n,y,u)as
d (eli(ny.w 8y — P(div (6nVy)) — P(div (nVéy)) — PBéu
— MBS Sn, 8y, du) = 4.20
dx <e;1<n,y,u> (01, 0¥ 0 = { 3, — s + 8y - Vi +y - Véy (4:20)

We will check that the linearized equation is indeed the Frechet derivative. By calculation,

el (n+dn,y+dy,ut+suw)) (el (nyw) d (ef,(ny w (1. 8y, Su) = P(div (6nV3y))
e51(n+dn.y+dy.utdsuw) ) \e5 (n.y.w) dx \e5;(n.y w e 3y - Vén

Since
IP(div (3nVEy) Iz = 18nlle@) 148Ylli2(q) + VN - VY2 ()
by X; < L*°(Q) and Lemma 4.5, we have
IP(div (57 V8Y))ll12q) + 18Y - Vénli3q) = Clldnlix; 18Ylly, -
Recalling the definition of the Frechet derivative, we conclude that e€ is differentiable with derivative e;. O

The existence of an optimal solution for Problem 4.3 was already obtained in Theorem 4.4. We let (5},y}, u}) be
one optimal solution. From Lemma 4.8, e€ is differentiable, and hence e{(n}, y;, u}) also maps X; x Y; x [2(12(2)) to

2 2
(Hg)) “2/1,3) Moreover, this map is also surjective. In fact, for any (g; g;) € (2322)) x/”>' we verify that there exists
(87, 8y, u) which satisfies:
3y: — P(div (§nVy?)) — P(div (n}V3y)) — PBSu = g; (4.21)
Sy —eASN+ 8y - Vni+y: - Vén=g ’ :

with initial condition

3y(0) = q,
. 4.22
(517(0) =q (4.22)
One can choose Su = 0, then (4.21)-(4.22) is a coupled linear parabolic system. By a similar argument as in the previous

subsection, we have 8y € Y; and 85 € [*(H?) N L*(H'). By Lemma 4.5, 8y - V* € [*(Q). Let 87 solve the equation
Sne — €Adn+y; - Vén =g, — 8y - Vi,



598 K. Kunisch, X. Lu / Nonlinear Analysis 74 (2011) 585-599

with initial condition g, and zero boundary condition. A similar argument as in Theorem 4.7 implies 61 € X; and surjectivity
follows. The surjectivity of e (nZ, y¥, u}) implies there exists a Lagrange multiplier (z, ) € [*(H) x [*3(Q), such that the
following Lagrangian

1 ~ o .
L0y, w,8.2) = S lIn =Tl g, + 5 1BUlR g, + 2 ye = Pdiv (1Vy) — PBu)

+ (& ne —€An+Y-Vn)sg) 30 (4.23)
has a stationary point (n}, y;, u}, £, z), see e.g. [14]. In particular, we have
L =0, £, =0 = primal equation,
L, =0, Ly = 0 = adjoint equation,
£y = 0 = optimal condition.
Expressing these facts in PDE form we obtain the following result.
Theorem 4.9. Let (1}, y:, u}) denote an optimal solution of Problem 4.3 and let (£, z) be an associated Lagrange multiplier.

Then they satisfy the following equations.
Primal Equation:

ye — P(div (nVy)) = PBu,
Vloe =0,  ¥li=0o = Yo.
n—€eAn+y-Vn=0,
Nle=0 = 15, Nlae = m.
Adjoint Equation (in the weak sense):
—z; — div (nVz) — nV& =0,
—& —€eNE+yYy-VEF+VYy:Vz=1-7,
21 =0, Nle=r =0,

where Vy : Vz is the matrix inner product of Frobenius type.
Optimality Condition:

aB*Bu = Bz,
where the projection operator can be ignored due to z being also divergence free.

Next we consider the relation between the minimum of Problems 4.1 and 4.3. Let (n*,y*, u*) and (n},y}, u}) be a
minimizer for Problems 4.1 and 4.3 respectively, and define

F=Jot e, =] u).
Then we have
Proposition 4.10.

J° < lim j©

e—071

Proof. Consider any convergent subsequence (1}, y, u?) for " — 01 (we use n to replace €" for simplicity), and suppose
it converges to triple (1, y, u) weak star in the space L°(Q) NH'(H™1) x L2(V) NH'(V*) x [2(L2(£2)). By a similar argument
as in Theorem 3.2, one can find that (5, y, u) satisfies (3.1)-(3.5). By definition, we have

7 <J(n,uw) < lim ;"

en—0ot
Since the above inequality holds for any convergence subsequence with " — 0%, we have the conclusion. O

The following results involve the set of all solutions to (7, y, u) to (3.1)-(3.5) which are approximated by solutions of the
regularized system (3.6)-(3.10).

8 ={(n,y,u) € [°Q)NH'H) x [2(V) N H'(V*) x [*(L%(£2)), solution to (3.1)-(3.5) :
(1, w) = lim(y,,, u,) in [*(Q) x [*(L*(£2)), with lim €, =0, and (c. ye. u) solution to (3.6)-(3.10)}.

If for u € [2(L2(£2)) the solution (77, y, u) to (3.1)-(3.5) is unique then it is an element of 4.
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Proposition 4.11. If there exists an optimal solution (n*, y*, u*) which lies in § then

* = lim j°.
J e~>0+]

Proof. We have the lower bound from Proposition 4.10. To verify that equality prove thatj* > lim,_, ¢+ f. Since (n*, y*, u*)
there exists a sequence €" such that (", y", u") solves system (3.6)-(3.10) with ¢ = €", and (", u") — (n*, u*) in the
strong topology of [?(Q) x L?(L?(£2)). Hence

1 o
n n ny __ n_ ~2 - ny2 * kY ok

By Proposition 4.10 and the notation u™ = u®?, liminf and limsup concide, and the limitisj*. O
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