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Abstract

An abstract framework guaranteeing the local continuous differentiability of the value function
associated with optimal stabilization problems subject to abstract semilinear parabolic equa-
tions subject to a norm constraint on the controls is established. It guarantees that the value
function satisfies the associated Hamilton-Jacobi-Bellman equation in the classical sense. The
applicability of the developed framework is demonstrated for specific semilinear parabolic equa-
tions.

1 Introduction.

Continuous differentiability of the value function with respect to the initial datum is an important
problem in optimal feedback control theory. Indeed, if the value function is C' then it is the
solution of a Hamilton Jacobi Bellman (HJB) equation and its negative gradient can be used to
define on optimal state feedback law. The subject matter of this paper addresses local continuous
differentiability of the value function V for infinite horizon optimal control problems subject to
semilinear parabolic control problems and norm constraints on the control. Such problems are
intimately related to stabilization problems which are often cast as infinite horizon optimal control
problems. Investigating infinite horizon problems constitutes one of the specificities of this paper.
Another one is the fact that we focus on the differentiability of V on (subsets of) L?(f2). Thus
we need to consider the semilinear equations with initial data yo € L?(2). As a consequence the
solutions of the semilinear equations only enjoy low Sobolev-space regularity. This restricts the
class of nonlinearities, compared to those which are admissible if the states are in L>°((0, 00) x ),
which is the situation typically addressed in the literature on optimal control [Cas] and [Tro2].
The latter necessitates to take the initial conditions in spaces strictly smaller than L?(Q2). Here we
consider L?(12), first due to intrinsic interest, secondly because ultimately the HJB equation should
be solved numerically, which is easier in an L?({2) setting than in other topologies, like H'((2). Let
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us also recall that one of the approaches to solve the HJB equation is given by the policy iteration.
It assumes that the value function is C™.

The underlying analysis demands stability and sensitivity analysis of infinite dimensional op-
timal control problems subject to nonlinear equations. For this purpose we utilize the theory of
generalized equations as established by [Don| and [Rob]. It involves first order approximations of
the state and adjoint equations, which lead to restrictions on the class of nonlinearities which can
be admitted. We refer to the section on examples in this respect.

The current investigations are to some degree a continuation of work the first author’s work
on optimal feedback control for infinite dimensional systems. In [BKP1, BKP2, BKP3] Taylor
approximations of the value function for problems with a concrete structure, namely, bilinear
control systems, and the Navier Stokes equations were investigated and differentiability of the
value function was obtained as a by product. In these investigations norm constraints were not
considered. Here we admit norm constraints and we focus on semilinear equations. Let us also
notice that the systems investigated in [BKP1, BKP2, BKP3] share the property that the second
derivatives with respect to the state variable of the nonlinearity in the state equation do not depend
on the state itself anymore.

Let us also compare our work to the developments in the field of parametric sensitivity analysis
of semilinear parabolic equations under control constraints. There are many papers focusing on
stability and sensitivity analysis of finite time horizon problems along with pointwise control con-
straints, see e.g. [BM, GHH, Gri, GV, Mal, MT, Trol, Wac], and the literature there. First, of these
papers, except for [GV, Trol], consider the case with initial data in H(Q) or C(Q2). In [GV] again
the third derivative of the nonlinearity is zero. Secondly, all of them consider the finite horizon
case. Since we treat infinite horizon problems we have to guarantee stabilizability (for small initial
data) under control constraints. Then we use a fixed point argument to obtain well-posedness of
the system. Well-posedness and stability with respect to parameters of the adjoint equation is sig-
nificantly more involved for infinite horizon problems than for finite horizon problems. It requires
techniques, differently from those used in the finite horizon case. Another aspect is the proper
characterization of the adjoint state at ¢t = oo.

In the finite dimensional case, there is, of course a tremendous amount of work on the treatment
of the value function if it is not C''. Fewer papers concentrate on the case where the value function
enjoys smoothness properties. We mention [Goe] and [CF] in this respect.

In order to achieve the goal we desire, we lay out the following setup. In Section 2, we con-
sider an abstract parametric optimization problem with an equality constraint and another convex
constraint. Existence of an optimal solution, of a multiplier associate to the equality constraint,
and Lipschitz stability of the component of the state variable which lies in the complement of the
kernel of the linearized constraint will be established. This result is necessary but not sufficient
for the further developments, since stability is obtained in a norm which is too weak and since the
stability estimate does not involve the component in the kernel of the linearized constraint and
the multiplier, i.e. the adjoint states, yet. At the level of Section 2 this remains as Assumption
(H7). In Section 3 we specify the concrete optimal stabilization problem and a set of conditions,
most importantly on the nonlinearity of the state equation, under which Assumption (H7) can be
established, for initial data yo € L2(2). Section 3 also contains a summary of the main results
of this paper. They are stated as theorems with a little stronger assumptions than eventually
necessary, for the saker of easing the presentation. Section 4 is dedicated to the proof of verifying
the assumptions of the general setup of Section 2 for the concrete optimal control problem stated
in Section 3. As conclusion we obtain the Lipschitz continuity in the appropriate norms of the all



variables appearing in the optimality system with respect to the parameter of interest, which is the
initial condition yg, in our case. Since our analysis is a local one involving second order optimality
conditions, solutions to the optimality system are related to local solutions to the optimal control
problem. As a corollary to these results we obtain that the local value function is Fréchet differ-
entiable. In Section 5, we show that in the neighborhood of global solutions the value function
V satisfies the Hamilton-Jacobi-Bellman (HJB) equation in the strong sense. Finally, Section 6 is
devoted to demonstrating that the developed framework is applicable for some concrete examples,
namely for linear systems, Fisher’s equations, and parabolic equations with global Lipschitz non-
linearities. All our results require a smallness assumption on the initial conditions yg. Two aspects
need to be taken into consideration in this respect. First yo has to be sufficiently small so that
the controlled system is stable. Secondly a second order optimality condition is needed. For this
to hold a sufficient condition is provided by smallness of the adjoint state, which in turn can be
implied by smallness of yg. We stress that these two issues are of related, but independent nature.

2 Lipschitz stability for an abstract optimization problem.

Here we present a stability result for an abstract, infinite dimensional optimization problem which
will be the building block for the results below. This result is geared towards exploiting the specific
nature of optimization problem with differential equations as constraints. First existence of a dual
variable will result from a regular point condition. Subsequently the Lipschitz stability result is
obtained in two steps. In the first one, we rely on the relationship between the linearized optimality
conditions and an associated linear-quadratic optimal optimization problem, with an extra convex
constraint. This approach is useful since it provides the existence of solutions to the linearized
system on the basis of variational techniques. However it dictates a certain norms for the involved
quantities. These norms are too weak for our goal of obtaining Lipschitz continuity of the adjoint
variables in such a manner that differentiability of the cost with respect to the initial conditions can
be argued. Therefore, in a second step we exploit the specific structure of the optimality systems,
using the fact that it is related to a parabolic optimal control problem, to obtain the Lipschitz
continuity in the stronger norms. This two step approach is also present in some of the earlier
work on stability and sensitivity analysis which was quoted in the introduction. But due to that
fact these papers considered finite horizon problems it came as a byproduct which improved the
regularity of the adjoints. In our work it is essential to reach our goal. This is why we decided to
formalize this two step approach which was not done in earlier work.

Concretely, we consider the optimization problem

{ min f(z)

e(r,q) =0, z € C. (Fa)

with a parameter dependent equality constraint, and a general constraint described by x € C,
where C'is a closed convex subset of a real Hilbert space X. Further, W is a real Hilbert space and
P is a normed linear space. In the application that we have in mind, the parameter ¢ will appear
as the initial condition in the dynamical system. The following Assumption (H1) is assumed to
hold throughout.

Assumption H1.
qo € P is a nominal reference parameter,



xq is a local solution (P, ),

f: X — R is twice continuously differentiable in a neighborhood of xq,

e: X x P — W is continuous, and twice continuously differentiable w.r.t. x, with first and second
derivative Lipschitz continuous in a neighborhood of (o, qo).

The derivatives with respect to x will be denoted by primes and the derivatives w.r.t. y and u later
on, are denoted by subscripts. They are all considered in the sense of Lebesgue derivatives.

We introduce the Lagrangian £ : X x P x W* — R associated to (/) by
L(z,q,A) = f(x) + (A ez, q))w-w (2.1)
Next further relevant assumptions are introduced:
Assumption H2 (regular point condition).
0 € int €' (z0,q0)(C — x0),

where int denotes the interior in the W topology. This regularity condition implies the existence
of a Lagrange multiplier \g € W*, see e.g. [MZ] such that the following first order condition holds:

<[’,(‘T07 q0, A0)7 Cc— $0>X* X 2 07 Ve S C?
’ (2.2)
e(xo,q0) = 0.
It is equivalent to
0e ﬁl({L‘o, qo, /\0) + 610(%0), in X*, (2 3)
e(zo0,q0) = 0, in W, :
where 0Io(x) denotes the subdifferential of the indicator function of the set C at = € X.
Let A € £(X, X™) denote the operator representation of £”(zq, o, \o), i.e.
(Axy, z0)x+ x = L" (0, g0, Xo) (21, 22) (2.4)
and define
E = ¢(z0,90) € LIX, W). (25)

We further require

Assumption H3 (positive definiteness).
Ik >0: (Az,z)x~x >k |z|3, Vo € ker E.

Condition (H3) is a bit stronger than a second order sufficient optimality condition, since it does
not take into consideration the activity or inactivity of the constraints. Such weaker second order
conditions typically allow to derive quadratic positive definite lower bounds on the cost and Holder
continuity with respect to perturbations. For Lipschitz continuity and differentiability stronger
assumptions, such as (H3) are typically assumed. We refer exemplarily to [Gri, GHH, GV, Wac],
and [IK, Section 2.3]. The constraints in these references, however, are not identical with those of
the present paper.



The stability result of (xg, Ag) with respect to perturbation of g at gp will be based on Robinson’s
strong regularity condition which involves the following linearized form of the optimality condition,

{ 0e ﬁl(.%'(), qo, )\0) + A(l‘ — .CC(]) + E*()\ — )\0) + alc(l‘) in X*, (2 6)

0 = e(zo, q0) + E(x — x0) in W.

We define a multivalued operator 7 : X x W* — X* x W by

Q- Q) ) e

and observe that (2.6) is equivalent to
x
0eT < A) .

Here it is understood that 7T is evaluated at (zg,qo, A\o) € X x P x W*. But T is not yet the
mapping for which we need to verify the Robinson-Dontchev strong regularity condition in our
context. It relates to the fact that we must to treat the multiplier A in smaller space than W*.
Before we can properly specify this condition some additional preparation is necessary. We first
introduce Banach spaces:

XcX, Wrcw*, X*cC X7, (2.8)

with continuous injections. We emphasize that X* should not be confused with (X)*. A restriction
of T will be defined as multivalued operator 7 : X x W* — X* x W. Indeed, in applications
to optimal control problems extra regularity of multipliers can be obtained by investigating the
solutions (2.3), see e.g. Section 3. In the context of optimal stabilization problems this structural
property will become transparent in Proposition 4.1 and Proposition 4.2, see also [BKP3, Proposi-
tion 15]. It will turn out to be essential for our purposes. But this situation where the multiplier
has extra regularity is also of abstract interest. When studying stability in this setting this means
that the second coordinate of the domain of 7 needs to be changed from W* to W*. This entails
that the range space of T has to be modified appropriately, in order to obtain stability of the
A coordinate. For this purpose we introduce X* C X*. The reason for further restricting X to
X will become evident in the proof of Proposition 4.2. It is related to the fact that we consider
infinite horizon problems. A concrete use of these space is elaborated in detailed in subsection 3.2.2.

Now we adapt the conditions on f and e to the choice of the spaces in (2.8).

Assumption H4. o
There exists a neighborhood Uy x Uy C X x P of (xo,qo) such that

(i) the restriction of x — f'(x) to X defines a mapping f'(x) from Uy C X to X*,

(ii) the restriction €' (x,q)* € LIW™*, X*) to W* defines operators €' (z,q)* € L(W*, X*) for every
(x,q) € Uy x Us.

With these assumption holding we define the restricted linearized Lagrangian

LU x U x W CXxPxW* — X* by Ll(z,q,\) = f'(z) + € (x,9)"\ (2.9)



Next we adapt 0Ic C X* to the situation of (2.8) and define for z € X the set valued mapping
o(z)={ye X*: (yv—2)x+x <0, we CNX}CX" (2.10)

We henceforth assume that (zo, A\g) € X x W*, it will also follow as a special case of (H7) below.
The following assumption will guarantee that the restriction 7 of T is well-defined as operator
from X x W* to X* x W, and the one beyond is needed for Lipschitz continuous dependence of
local solutions to (F;) with respect to g.

Assumption H5.
LU xUyx W*C X x PxW* — X* is Fréchet differentiable with respect to x, and (L')’, as
a mapping (z,q,\) — (L) (z,q,\), is continuous at (xg,qo, \g) € X X P x W*.

Assumption H6. There exists v > 0 such that:
le(@,q1) = e(z,a2)lw < vllar = gellp, V(@ 1) and (2,q2) € Uy x Uz, (2.11a)

o <vig —qllp, Y@ q) and (x,q2) € Uy x Us. (2.11b)

Hel(%m)* - 6/(3576]2)*

Let us further set
E* = ¢(20,q0)" € LW, X*) and A = (L (0,40, 20))" € L(X, X).
With Assumptions (H1)-(H5) holding (2.3) can be expressed as

0 € L'(x0,90, ho) + Ic(xp),  in X7, (2.12)
6(.730, q()) = 07 in W. ‘
Moreover (2.6) restricted to X x X* result in:
! o) + A(x — E*(A— A I in X*
0 e 4 £(@0,90, 0) + Alz — xo) + E( 0) + 9c(x) L (2.13)
e(x0, 40) + Bz — p) in W,

and the multivalued operator 7 : X x W* — X* x W related to (2.7) is defined as

(- 5@ (h) () e

Observe that (2.13) is equivalent to
x
0eT ( )\) .

Existence and Lipschitz continuity of solutions in a neighborhood (xg, qo, Ag) will follow from the
strong regularity assumption which requires us to show that there exist nelghborhoods VCX*xW
of 0and U = Uy xUy € X xW* of (20, qo) such that 7! has the properties that 7' (V)NU is single-
valued and that it is Lipschitz contlnuous from V to U, see [Don], (and also [Rob], [IK, Definition
2.2,p3l],incase X = X, W* = W* X* = X*). We approach the strong regularity assumption in
two steps. In the first one we argue invertibility of 7 and Lipschitz continuity of the variable z in
X. For this purpose we exploit the symmetry of 7 and consider an associated variational problem.
In our specific situation the inverse of 7 - and consequently of 7 - is single-valued and thus the
restriction to the neighborhood U is not needed. Existence and Lipschitz continuity of A\ as well
as Lipschitz continuity of x in the small space X x W* remains an assumption in the generality
of problem (F,). It will be verified in a second step for the optimal stabilization problems in the
following sections.



Assumption H7. For (81, 8:) € V C X* x W, the solution (z(s, g,), \(51,82)) t0 T (i) — <§1>
2

lies in X x W*. Moreover there exists a constant k > 0 such that

<k [H(ﬁl,ﬁz) - (51,5’2)”

y

Hx(BhBQ) - m(ﬁlﬁg) X—i_HA(ﬂl,ﬁz) - )‘(/3’1,/3’2) + Hm(ﬂl,ﬁb) - Lr(Bth)

w X*xW

fOT all (617/82) c V? (/31732) S V

This condition is used after the existence of rg = x(g, g,) was already established. Note that
for (B1,B2)T = 0 we have (7(0,0: A0,0)) = (z0,Ao) and hence (HT7) in particular implies that
(20, No) € X x W*. We arrive at the announced stability result.

Theorem 2.1. Assume that (H1)-(HT7) hold at a local solution xo of (P,,). Then there exist a
neighborhood U = U(xg, \g) C X x W*, a neighborhood N = N(qy) C P, and a constant u such
that for all ¢ € N there ezists a unique (x(q), A(q)) € U satisfying

0e {ﬁ’(m(q),q,A(q)) +ole(@(@), in X (2.15)
e(z(q), q); in W,
and
I ea) M) = (#(a2) M@y < wllar = @llp, Va0 € N. (2.16)

In addition there exists a nontrivial neighborhood NCN of qo such that x(q) is a local solution of
(P,) forqe N.

For the proof we shall employ the following lemma in which A € £(X,X*) and F € L(X,W)
denote generic operators. For the sake of completeness we also include its proof.

Lemma 2.1. Let (~&,5) € X* x W, assume that A € L(X, X™) is self-adjoint and satisfies (H3),
and that the set S(b) = {x € C': Ex = b} is nonempty. Then the problem

mingec J(2) = mingec 3 (Az, ) x- x + (@, 2) x x, (2.17)
Fx = l~), '
admits a unique solution x = x(a,b) satisfying
(Az +a,v — x)x-x >0, for allv e S(b). (2.18)

If moreover the regular point condition 0 € int E(C — (@, b)) holds, then there exists A = \(a, b) €

W* such that
A FE* T a Ol (x)

Proof. Since C'is a closed and convex, S(b) is closed and convex. By assumption S(b) is nonempty.
Hence there exists an 2 € C such that Ez = b. Note that each such z can be uniquely decomposed
as = w+ vy, with y € kerE, w € kerE+ and Ew = b. By (H3) the functional J is bounded
from below and coercive on S(b). Hence there exists a minimizing sequence {,} in S(b) such

that lim J(z,) = inf J(z). Each z, can be decomposed as z, = w + y,, with y, € kerE.
n—00 zeS(b)



By (H3) the sequences {y,}r—; and hence {z,}.2; are bounded. Thus there exists a subsequence
{zp, } with weak limit =z = z(a, b) in S(b). Since J weakly lower semi-continuous, we have that
J(z) < hm 1nf J(2p,) and x minimizes .J over S(b). This further implies that (Az+a,v—z)x+ x > 0

for all v E S (b) Uniqueness of z follows from (H3). )
The regular point condition implies the existence of a multiplier A = A\(a,b) € W* such that (2.19)
holds. See e.g. [IK, Theorem 1.6] O

Proof of the Theorem 2.1.

(i) The proof of the first assertion of the Theorem 2.1 is based on the implicit function theorem
of Dontchev for generalized equations, see [Don, Theorem 2.4, Remark 2.5]. We introduce the
mapping F : X X P x W* — X* x W given by

Fwan = (C15Y),

and observe that Assumption (H6) implies that for all (x, ¢, \), and (z, g2, \) € Uy x Uy x W*
12013 = ZG a2 Ml ey < (14 W) s =l (220)
By (H1) and (H5), and using the integral mean value theorem it can be argued that
x A E*\ (x f'(w0) — Axg
(5~ (5 90 ("

strongly approximates F at (xo, go, Ao), in the sense of Dontchev, [Don]. In the next two steps
the strong regularity condition for 7 will be verified.

(ii) (Existence). Let, at first, (51, 82) € X* x W and consider T (i) = <g1) which is equivalent
2

(@ E D) e

with a = f'(z9) — Axg — 1, b = Exg + B2, and A, FE defined in (2.4), (2.5). To solve (2.21)

we consider,

to,

(2.22)

mingco %(Ax,:v)x*vx + (a, ) x~* x,
Ex =b.

This corresponds to (2.17) with @ = a, b = b and feasible set S(8;) = {x € C' : Ex = b}.
Clearly zg € S(0) = {z € C : Ex = Exzo}. By (H2) and [IK, Theorem 1.2.8], there exists a
neighborhood of the origin V € X*x W such that S(f2) is not empty for all (51, B2) € V. Thus
by Lemma 2.1 there exists a unique solution = = (81, 82) to (2.22) for each (81, 82) € V. By
[IK, Theorem 1.2.11, 1.2.12, 1.2.15], possibly after reducing V, these solutions depend Holder
continuously on (81, f2) € V C X* x W, with exponent % The regular point condition for
the solution z(f1, B2) is

0 €int E(C —x(B1,52)) = int E(C — xg) — B2,



(iif)

which is satisfied due to (H2), possibly after again shrinking V. Hence there exists a La-
grange multiplier A = A(f1, f2) associated to Fx = b, and (2.21) admits a unique solution
(x(B1, B2), A(B1, B2)) since it is the first order optimality condition for (2.17).

(Uniqueness and Lipschitz continuity) Let (81, 82) € V and (81, 82) € V with corresponding
solutions (z,\) € X x W* and (&, \) € X x W*. This implies that

(a+ Az + E*N\,c—z)x=x >0, Vee C, (2.23)
Ex =b, with a = f'(z¢) — Azg — 51, b= Exo + o, .
and .
<(AI+A:%+E*)\,C—£>X*7)(ZO, Ve e C, (224)
Eiz@,withd:f’(xg)—Aazg—ﬁl, B=E$0+BQ. '
By the first equations in (2.23) and (2.24) we obtain that
(a4 Az + B\ & — 2)x-x >0, (a+ Ai+ E*\ o — &) x-x >0, z,4 € C. (2.25)
Combining these inequalities, we have that
(a—a+ Az — &)+ E*(A = \),z — &)y~ x <O0. (2.26)
The second equalities in (2.23) and (2.24) imply that
E(z—2)=b—b. (2.27)
Let us set R R
dx=%—x, O A=A—X, da=a—a, b=>b—b.
Then 68 = —(31 — fp1) and 65y = By — B2, and (2.26), (2.27) result in
<(5$, A(S.%'>X,X* + <(5)\, E6ac>w*7w - <(561, 537))(*7)( S 0, (2.28)
and
Eéx = 6b. (2.29)

By (H2) the operator E is surjective. Hence by the closed range theorem expressing oz =
ov + dw € ker E + range E* implies that Fdx = FEdéw = 682. Again by the closed range
theorem there exists k1 > 0:

16wl < ko 1168s - (2.30)

From the first equation in (2.21) we have
Ax + E*\ — Azo + f'(z0) — 81 € —0Ic(x).

Next we restrict the perturbation parameters to satisfy (81,82) € (X* x W) N V. Due to
Assumptions (H4) and (H7) we have (z,\) € X x W*,

Az + BN — Axo + f'(x0) — 1 € X*

and hence
Az + E*X — Azo + f'(z0) — B1 € —01¢ ().



The analogous equation holds with (z, A, 51) replaced by (z, A, Bl)
By (H3), (2.28) and Assumption (H7) we find

K ||0v]|? < (0v, Adv) x x+ = (6x, Adx) x x+ — 2(0v, Adw) x x+ — (6w, Adw) x x~ (2.31)
< — (6N, Edx)w+w + (061,0z) x, x+ — 2(0v, Adw) x, x+ — (dw, Adw) x, x+
< k(10X 1082l + 18811+ 162l x + Al 16wl (2 160 + [l6w]|x)
< kk([[dwllx + [16v]lx + 1681 xcw) 1082l + (1081l x+ + 2 [ All 6wl ) (60l x + [[dwllx),

where k denotes the embedding constant of W* into W*. Using (2.30) and rearranging terms
there exists a constant ko > 0 such that

I8vllx < k2 (188111 - + I6ally ) - (2:32)
Applying (2.30) again this implies the existence of k3 such that

8wy < ks (1361 +1Bally ) for all (81, B) € (X*x W)V (233)
Another application of (H7) and (2.33) imply the existence of a constant k4 and a neigh-
borhood V' of the origin in X* x W such that the desired Lipschitz stability estimate for
(™

16| + 1Ml gy- < s (HéﬁlHX* + Hmuw) forall (B1, ) €V C X* x W  (2.34)

holds.

(iv) As a consequence of the previous two steps T is strongly regular at (xg, qo, Ao). Together with
step (i), Dontchev’s theorem is applicable [Don, Theorem 2.4, Remark 2.5, and (2.15), and
(2.16) follow.

(v) (Local solution to (P,)) Now we show that there exists a neighborhood N of gy such that for
¢ € N the second order sufficient optimality condition is satisfied at x(q), so that z(q) is a
local solution of (F;) by eg. [IK, Theorem 2.12, p42]. Due to (H3) and regularity of f,e we
obtain

L£"(z(q),q,M\q))(h,h) > E |h||?, for all h € ker E, if ¢ € N(qo). (2.35)

Let us define E; = (ey(z(q),q)) for ¢ € N(qo). By the surjectivity of Ey, and regularity of
e there exists a nelghborhood N C N(qo) such that E, is surjective for all g € N. Here we
also use continuity of ¢ — ey (z(q),q) from P — W at qo, which follows from (H1) and the
continuity of ¢ — z(q) at gp. Consequently exist dg,y > 0 such that

L(x(q), ¢, Mq))(h+ 2, h+2) > 6o |h+ z|?, for all h € ker B,z € X (2.36)

satisfying || z|| < v ||h]| by [IK, Lemma 2.13, p43]. Let us define the orthogonal projection onto
ker £, given by Pier g, = I — E;‘(EqE;‘)_lEq. We choose N so that

* * * * Py
| Ex(EES)™ 'E, — E} (EqEy) )T Eg| < <135

10



for all ¢ € N. For z € ker E,, we have © = h+ z for h € ker E, z € (ker E)* and
2 2 2
[l ]|* = [|AI" + || z[]". Thus,

* *\ — * * \— Y
lell < || B3 (EgEy) ™ Eqw — Eq (Eay Eg,) ™ Eg| < m( IRl +11=11)
and hence ||z|| < ||h||. From (2.35) this implies

L"(x(q),q,Mq)) > & ||z||*, for all = € ker E.

This concludes the proof. ]

3 Differentiability of value function for optimal stabilization sub-
ject to semi-linear parabolic equations.

Here we describe the optimal control problems which we shall analyze and state the main results.

3.1 Notation

Let © be an open connected bounded subset of R? with a Lipschitz continuous boundary I'. The
associated space-time cylinder is denoted by @ = Q x (0,00) and the associated lateral boundary
by ¥ =T x (0,00). We define the Hilbert spaces

Y =L*Q), V=HQ), and U= L*0,00;U),

where U is a Hilbert space which will be identified with its dual. Observe that the embedding
V C Y is dense and compact. Further V' C Y C V*, is a Gelfand triple. Here V* denotes the
topological dual of V' with respect to the pivot space Y. For any T € (0, 00) we define the space

d
W(0,T) = {y € LX(0,T;V); Y € L2(0,T; V*)},

dt
2 Y2
L2(0,T;Vv* )) ‘

For T' = oo, we write Wy, and I = (0,00). We further set W2 = {y € W : y(0) = 0}. We also set

endowed with the norm

dy
ol o) = (\yniz(o,m v

W(T,0) = {y € L*(T,o00; V); % € L3(T, oc; v*)}.

We shall frequently use that Wy, embeds continuously into C([0,00),Y"), see e.g. [LM, Theorem
4.2] and that tliglo y(t) =0, for y € W, see e.g. [CK]. The set of admissible controls Uy, is chosen
to be

Usa C{u €U : |Ju(t)||uy <n, for a.e. t >0} (3.1)

where 7 is a positive constant. We further set U,g = {v € U : ||v|ly < n} and denote by Py,
the projection of U on U,q. For this choice of admissible controls the dynamical system can be
stabilized for all sufficiently small initial conditions in Y, see Corollary 4.3 and Remark 4.1.

For 6 > 0 and §y € Y, we define the open neighborhoods By (d) = {y €Y :|y|y <4}, and
By (9:0) ={y € Y : ly = glly <}.
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3.2 Problem formulation and assumptions.

We focus on the stabilization problem for an abstract semi-linear parabolic equation formulated as
infinite horizon optimal control problem under control constraints:

. . 1 [ 9 a [ 9
= J = - t dt + — t dt
P V= min o Jo= i o [Tl § [ e
(3.2a)

subject to the semilinear parabolic equation

yi = Ay + F(y) + Bu in L*(I;V*) (3.2b)

y(z,0) =yo inY. (3.2¢)

Throughout F is the substitution operator associated to a mapping f : R — R so that (Fy)(t) =
f(y(t)). Sufficient conditions which guarantee the existence of solutions to (3.2b), (3.2¢), as well as

solutions (y,u) to (P), for yo € Y sufficiently small, will be given below. We shall also make use of
the adjoint equation associated to an optimal state g, given by

—p— Ap-F(@)'p=-§ L}V (3.2d)
Its adjoint state p which will be considered in L?(I; V) or in W4,. The following assumption will
be essential.

3.2.1 Assumptions A.

A1 The operator A with domain D(A) C Y and range in Y, generates a strongly continuous
analytic semigroup e’ on Y and can be extended to A € LV, V*).

A2 B € L(U,Y) and there exists a stabilizing feedback operator K € L(Y,U) such that the
semigroup e(A=BE)L jg exponentially stable on Y.

A3 The nonlinearity F : Wy — L*(I;V*) is twice continuously Fréchet differentiable, with
second Fréchet derivative 7 bounded on bounded subsets of W, and F(0) = 0.

A4 F: W(0,T) — LY(0,T;H*) is weak-to-weak continuous for every T > 0, for some Hilbert
space H which embeds densely in V.

Note that (L'(0, T} H*))* = L>(0,T;H), see [Emm, Theorem 7.1.23(iv), p 164]. Moreover,
L*(0,T;H) is dense in L2%(0,T;V), see [MS, Lemma A.1, p 2231].

A5 F'(y) € L(LA(I; V), L3(I; V*)).

Remark 3.1. The requirement that F(0) = 0 in (A2) is consistent with the fact that we focus on
the stabilization problem with 0 as steady state for (3.2b). Without loss of generality we further
assume that

F'(0) =0, (3.3)

which can always be achieved by making F'(0) to be perturbation of A.
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Remark 3.2. Let us assume that (A3) holds. Then in view of the fact that F is a substitution
operator we have [F'(y)v](t) = ' (y(t))v(t) for y and v in Wu, and F'(y) € L(Weo, L2(I; V). Tts
adjoint [F'(y)*v](t) = ' (y(t))v(t), for v € L*(I; V), satisfying F'(y)* € L(L*(I; V), W%). It has a
natural restriction to an operator F'(y)* € L(W, L*(I; V*)). With (A3) holding it is differentiable
and [F'(y)"]’ is a bilinear form on W, x W, with values in L?(I;V*). - For examples of functions
F which satisfy A4 we refer to see Section 6.

3.2.2 Abstract setup.

Here we relate problem (P) to the abstract problem (F,), which is used with the following spaces:
X=WoeoxU W=L*LV)XY, P=Y, C=Uy, X*=WixU, W*=L*I;V)xY,

X =We x (UnC(;U)), X*=ILXI;V*) x (UNCTU), W*=Ws,

(3.4)
where I = (0,00), and W = {(¢, 0(0)) : ¢ € Wao}, endowed with the norm of Wao. At times we
identify W with Wa,. We recall that the dual space of Wa = L2(I; V) N WYA(I; V*) is WS =
LX(I; V*) 4+ (Wh2(I; V*))*, endowed with the norm Izl = _inf (lz1ll 2y + 22w e

z=z1+22
where z; € L*(I; V*), 2 € (WYA(I; V)",

To express (F,) for the present case, we set = (y,u) € W x U, and the parameter ¢ becomes
the initial condition yg € Y. Further f: W, x U — R is given by

fo) =5 [ de+ 5 [ ol (35)

and S(CL‘, Q) = e(y7uvy0) is

yt — Ay — F(y) — Bu

ey, v vo) = < y(0) — wo

> Wee xUXY — LA(LV) xY (3.6)

By (A3) the mapping e is Fréchet differentiable with respect to x = (y,u) € W, x U and thus for
(y,u,y0) € Woo x U X Y we have

e (y,u, yo) (v, w) = (Ut —Av :)(]:Oj(i/)v B Bw) Weo x U — LA(I;V*) x Y. (3.7)

The Lagrange functional £ : Wy x U x Y x L?(I;V) x Y — R corresponding to our optimal
control problem is given by

L(y,u,yo,p,p1) = J(y,u) + /0 (p,ys — Ay — F(y) — Bu)v,y=dt + (p1,y(0) — yo)y,

where (p,p1) € L?(I;V) x Y corresponds to the abstract Lagrange multiplier A € W*.

In the remainder of this subsection we specify the mappings 7 and T for problem (7). This will
facilitate the proofs of the main results further below.
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At first we take a closer look to the adjoint E* := ¢/(y,u,y0)* € L(L*(I;V) x Y, W% x U) at a
generic element (y,u,yo) € Woo X U x Y. It is characterized by the property that for all (v, w) €
Weo x U, (p,p1) € L*(I; V) x Y we have

<E(an)7 (p7p1)>L2(I;V*)><Y,L2(I;V)><Y = <U:Ef(p7pl)>ww,wgo + (waES(papl))U
where
(0, B (p,p1)) Woo Wz, = (ve — Av — F'(y)v,p) 2;vey,c2(v) + (0(0), p1)y,
and
(w, B3 (p, po))u = —(w, B'p)u-
If for some 31 € L2(I;V*) the pair (p,p1) € L2(I;V) x Y is a solution to E’f(p,pl) — /3 then for
all v € W

(vr — Av = F'(y)v, p) r2(vy,220) + (0(0), 1)y — (w, B*p)u = (B1,v) 12(157+), 12(1;v) - (3.8)

Now we assume that F'(y) is not only an element of £(We, L?(I;V*)) but rather that it can be
extended to an operator F'(y) € L(L?(I; V), L*(I;V*)). This is guaranteed by (A5) at minimizers
y. Then (3.8) implies that p € W4, and hence p; € C(I;Y) and p; = p(0), see Proposition 4.1. In
particular (p,p1) = (p,p(0)) € W, and (3.8) can equivalently be expressed as

(0, B (0, p1) 121y L2 (rive) = (v — Av — F )0, p) p2(rvey 22y = (05 B 2y rervey,  (3-9)

for all v € L?(I; V), where we assumed that 51 € L?(I;V*). Conversely, of course, if p € WOO, then
Ef(p,p(0)) = —pt — A'p — F'(y)*p € L*(I; V*).

From now on, let ¢y = go denote a reference (or nominal) parameter with associated solution
xo = (g,u). In Proposition 4.1 we shall argue that the regular point condition Assumption (H2)
is satisfied and that consequently there exists a Lagrange multiplier (p,p;) such that the pair
(zo, Ao) = (¥, u, p, p1) satisfies (2.3). Moreover, it will turn out that p € W, p1 = p(0), and that
u € UNC(I;U). For convenience let us present (2.3) for the present case

v+ Ef(p,p(0)),
au— B*p+ 0ly,,(u),

0e - - : (3.10)
yr — Ay — F(y) — Bu,
4(0) = yo,
where F = (§1> = €/(y,1,¥o). We stress that while the Lagrange multiplier p belongs to W,
2

the operator E7 in (3.9) is still considered as an element of L(L?(I; V) x Y, WX).

We are now prepared to specify the multivalued operators

T Woo x U x LI V)XY — Wi x U x L*(I;V*) x Y, and (3.11)
T :Weo x (UNCIU)) x Woo — L2(LI; V) x (UNC(L;U)) x L2(L;V*) x Y (3.12)
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corresponding to (2.7) and (2.14) by

Y Ef(p,p1) +y— [F(@)p(y—7) 0( |
u — au — B*p 8IUad U
o) " w-tv-Bu-Fo)w-o-7@ || 0 | (3.13)
p1 y(0) — %o 0
and
y —p, —Ap=F @) p+ty—[F @ p'y—9) , 0( |
o= o — By v,y (u
T p B y — Ay — Bu— F'(§)(y — ) — F(7) + 0 (3.14)
p(0) y(0) = 5o 0
where
My, (w) ={a e UNCL;U) : (a(t),v—u(t)y <0, Vte I, ve By(0)}, (3.15)

with B, (0) = {v € U; ||v||;; < n}. In (3.14), we underline the elements which are taken from differ-
ent domains when compared to (3.13). The range of the first two coordinates of 7 is smaller than
that of 7. Accordingly we can make use of (3.9) when moving from the first row of (3.13) to the
first row of (3.14).

For convenience for the subsequent work we recall that the strong regularity condition intro-
duced below (2.14) requires us to find neighborhoods of 0 and (g, @,p,p(0)) of the form vV C
LX(L;V*) x (UNCTU)) x ALV x Y and U € Wa x (U N C(I;U)) x Wae, such that for all
B = (B1, B2, B3, B1) € V the equation

I(y7u7£7£(0))T = (/317627637/84)T (316)

admits a unique solution (y,u,p,p(0)) € U depending Lipschitz-continuously on 8.

Remark 3.3. We observe that as a consequence of (A3) and Remark 3.2 the operator 7 is con-
tinuous.

Subsequently we shall frequently refrain from the underline-notation since the meaning should be
clear from the context.

3.3 Main Theorems.

In this subsection, we present the main theorems of this paper. The first theorem asserts local
continuous differentiability of the value function V w.r.t. yg, with yp small enough. The second
theorem establishes that V satisfies the HJB equation in the classical sense. The proof of the first
theorem is based on Theorem 2.1. It will be given in Section 4 below. For this purpose it will be
shown that assumptions A imply (H1)-(H7). Moreover we need to assert the underlying assumption
that problem (P) is well-posed. This will lead to a smallness assumption on the initial states yo.
Consequently it would suffice to assume that (A3) and (A4) only hold locally in the neighborhood
of the origin. Concerning (A5) observe that it is not implied by (A3). It is vacuously satisfied for
g = 0, which is the case for yo = 0, since then F'(0) = 0, see (3.3).
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We invoke Theorem 2.1 to assert the Lipschitz continuity of the state, the adjoint state, and the
control with respect to the initial condition yy € Y in the neighborhood of a locally optimal
solution (g, u) corresponding to a sufficiently small reference initial state gg. This will imply the
differentiability of the value function associated to local minima. We shall refer to the value function
associated to local minima as ’local value function’.

Theorem 3.1. Let the assumptions (A) hold. Then associated to each local solution (y(yo), u(yo))
of (P) there exists a neighborhood of U(yo) such that the local value function V : U(yp) CY — R
1s continuously differentiable, provided that yo is sufficiently close to the origin in Y .

To obtain a HJB equation we require additionally that ¢ — (F(y))(t) is continuous with values in Y’
for global solutions (g, @) to (P), with yo € D(A). In view of the fact that for yo € V we can typically
expect that the solutions of semilinear parabolic equations satisfy y € L2(I; D(A)) N WY2(1;Y) C
C([0,00), V) this is not a restrictive assumption beyond that what is already assumed in (A3).

Theorem 3.2. Let the assumptions (A) hold, and let (§(yo),u(yo)) denote a global solution of
(P), for yo € D(A) with sufficiently small norm in'Y . Assume that there exists Ty, > 0 such that
F(y) € C([0,Ty,);Y). Then the following Hamilton-Jacobi-Bellman equation holds at yo:

1 a 1, ? . 1.,
V) A+ F0) + 5 1lf + 5 [Bus (280 | +(BVRu, (-25vw)) ~o
@ Y « Y
(3.17)
Moreover the optimal feedback law is given by
| R
0) = Fu, (-2 BVE0)). (3.18)

The condition on the smallness of yg will be discussed in Remark 4.2 below. Roughly it involves
well-posedness of the optimality system and second order sufficient optimality at local solutions. A
more detailed, respectively stronger statement of Theorem 3.1 and Theorem 3.2, will be given in
Theorem 4.1 and Theorem 5.1 below. The regularity assumptions F(y) € C([0,T,,);Y") of Theorem
3.2 will be addressed in Section 6.

4 Proof of Theorem 3.1.

In this section we give the proof for Theorem 3.1. Many of the technical difficulties arise from the
fact that we are working with an infinite horizon optimal control problem. In this respect we can
profit from techniques which were developed in [BKP3], which, however, do not include the case of
constraints on the norm. Throughout we assume that assumptions (A1) - (A4) hold.

4.1 Well-posedness of problem (P).

Here we prove well-posedness for (P) with small initial data. First, we recall two consequences of
the assumption that A is the generator of an analytic semigroup.

Consequence 1. Since A generates a strongly continuous analytic semigroup on Y, there exist
p >0 and 6 > 0 such that
(oI = Ay, vy v = 0 [0l

See [BPDM, Part II, Chaptor 1, p 115], [Paz, Theorem 4.2, p14].
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Consequence 2. For all yo € Y, f € L?>(0,T;V*), and T > 0, there exists a unique solution
y e W(0,T) to
y=Ay+f, y(0)=ryo. (4.1)

Furthermore, y satisfies

Wlhw o < ) (llvolly + 1711202+ ) (42)
for a continuous function c. Assuming that y € L?(0,00;Y), consider the equation
gy=A=phy+py+f, y(0)=uyo,
T/ Hf/—/
p p

where f, € L2(I;V*). Then the operator A, generates a strongly continuous analytic semigroup on
Y which is exponentially stable, see [BPDM, p 115, Theorem I1.1.2.12]. It follows that y € W,
that there exists M, such that

Il < M, (llvolly + 15l ey ): (4.3)
and that y is the unique solution to (4.1) in W, see [BKP3, Section 2.2] .

Lemma 4.1. There ezists a constant C > 0, such that for all § < (0,1] and for all y1 and yz in
Woo with [[y1lly <9 and |ly2|lyy <6, it holds that

1F (1) = F(y2)ll 2y < 0C lyr = vallw, - (4.4)

Proof. Let y1,y2 be as in the statement of the lemma. Using (A3) and Remark 3.1 we obtain the
estimate

1
1F (1) = Fy2)ll g2y < /O [F (1 + (2 = 91) = F Ol s 12010y @ 192 = mallwe

1 1
< /0 /0 | F" (s(yr + t(yz = y))) (ty2 + (1= Oy1)l| s 2y dsdtlly2 = yillwe.

Now the claim follows by assumption (A3). O

Lemma 4.2. Let As be the generator of an exponentially stable analytic semigroup et onY. Let
C' denote the constant from Lemma 4.1. Then there exists a constant My such that for all yg € Y
and f € L*(I; V*) with

- 1

3= lwolly + [1fll 2y < 102

the system
ye=Asy+Fy)+ 1 y(0) =wo (4.5)

has a unique solution y € W, which satisfies

H?J”Woo < 2Ms7.
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With Lemma 4.1 holding, this lemma can be verified in the same manner as [BKP3, Lemma 5,
p 6]. In the following corollary we shall use Lemma 4.2 with A; = A — BK, and the constant
corresponding to M, will be denoted by Mg. Further ||Z|| denotes the norm of the embedding
constant of W, into C(I;Y), ||7] is the norm of the embedding V into Y, and we recall the
constant 7 from (3.1).

Corollary 4.3. For all yo € Y with

. 1 n
ool = min { 1O M TR o T2 }
there exists a control u € Uyq such that the system
ye = Ay + F(y) + Bu, y(0) = yo (4.6)
has a unique solution y € Woo satisfying

1Yllw, <2Mkllyolly  and  lully < [KllzonulIZIlylwe. < 2Mkllyolly 1K 2ev,en 121 (4.7)

Proof. By Assumption (A2), there exists K such that A — BK generates an exponentially stable
analytic semigroup on Y. Taking u = — Ky, equation (4.6) becomes

ye = (A—BK)y+F(y), v(0)=wo. (4.8)

Then by Lemma 4.2 with 4 = ||yo|ly there exists My such that (4.8) has a solution y € Wy,
satisfying
1Yllw., < 2Mkllyolly,
and thus the first inequality in (4.7) holds. For every t € I we have
lullo = IKyllv < [[1Kllzev,eollylly < 1Kzl ZHylwe < 2Mkllyolly Kl 2v,un 121, (4.9)

and thus the second inequality in (4.7) holds.We still need to assert that u € U,q. This follows
from the second smallness condition on [|yg||y- and (4.9). O

Remark 4.1. In the above proof stabilization was achieved by the feedback control © = —Ky. For
this u to be admissible it is needed that U,q has nonempty interior. The upper bound 7 could be
allowed to be time dependent as long as it satisfies %gg In(t)| > 0.

Corollary 4.4. Let yo € Y and let u € Uy be such that the system

ye = Ay + F(y) + Bu, y(0) = yo (4.10)

has a unique solution y € L*(I;Y). If

. 1 n
v = llyolly + llpy + Bu|| p2(1.p+) < min , ’
: v 1CME2 3N, K | oy 11

then y € Wy and it holds that
1Yllw,, < 2M,.
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Proof. Since y € L?(I;Y), we can apply Lemma 4.2 to the equivalent system

ye = (A= pl)y+Fy) + [,
where f = py + Bu. This proves the assertion. O

Lemma 4.5. There exists 51 > 0 such that for all yo € By (61), problem (P) possesses a solution
(y,u) € Weo X Ugq. Moreover, there exists a constant M > 0 independent of yo such that

max { |4l , lally } <M llyolly (4.11)

Proof. The proof of this lemma follows with analogous argumentation as provided in [BKP3, Lemma

. 1 n
8]. Let us choose, ; < min {4CM§<’ S TR 2y T },
the constant from the Corollary 4.3. We obtain that for each yy € By (d1), there exists a control
u € U,q with associated state y satisfying

max { [[ully , [yllw,, } <M llyolly . (4.12)

where C as in Lemma 4.1 and Mg denotes

where M = 2My max (1, |14 1K 20y, ). We can thus consider a minimizing sequence (yn, Uy )nen €

1
Weoo X Uag with J(yn, un) < 5M? lyoll3- (1 + «). For all n € N that

1+«

H%HL?(I;Y) <M lyolly V1+a and HunHLZ’(I;u) < MHZUOHY \V o (4.13)

~ oA 1B
We set n(a, M) = [1+M||ZH V(1+a) (p—i—%)} - Then we have [[yol|+|[pyn + Bunl|p2(7,v+) <
n(a, M) |lyol|y-. After further reduction of ¢;, we obtain with M, from Corollary 4.4:

1

Iwoll + llown + Bunll 2y < geqp

It follows from this corollary that the sequence {y;, }nen is bounded in Wy, with

sup lymllyp. < 2Mp(1 +n(e, M)) [lyolly - (4.14)
n

Extracting if necessary a subsequence, there exists (y,u) € Wy, x U such that (yn,u,) = (y,u) €
Wy x U, and (g, u) satisfies (4.12).

Let us prove that (g, @) is feasible and optimal. Since U, is weakly sequentially closed and u,, € Ugyq,
we find 4 € U,q. For each fixed T > 0 and arbitrary z € L*>(0; T;H) C L*(0,T;V), see (A4), we
have for all n € N that

T T
/O <yn(t)a Z(t)>V*,th = /0 <Ayn(t) + ]:(yn(t)) + Bun(t)v z(t»V*,th- (4'15)

Since ¢, — ¢ in L?(0,T;V*), we can pass to the limit in the Lh.s. of the above equality. Moreover,
since Ay, — Ay in L?(0,T; V™),

T T
| o) z0vevat — [ Ap0), 20pn- v
0

n—o0 0

19



Analogously, we obtain that

T T
[;<Bun@mz@»Vﬁvdt%-» (Ba(t), =(t))y- vt.

n—00 0

If moreover z € L*(0,T;H) C L*(0,T;V), we use (A4) to assert

n—oo

T T
/0 (Flyn(t)) = F(y(1)), 2(8))v=vdl = /0 (Flyn(t)) = F(y(1)), 2(t)) = ndt —— 0.

Thus we have for all z € L>(0,T;H)

T T
/0 (9(t) — Ay(t) —Bu(t)’z(t»v*,vdt:/o (Fy(t)), 2(t))v+ vt. (4.16)

Since § — Ay — Bu € L*(0,T; V*) and L>(0,T;H) is dense in L?(0,T;V) we conclude that (4.16)

holds for all z € L*(0,T;V) and T > 0. This yields e(y,u) = (0,0), and thus (y,u) is feasible.

By weak lower semicontinuity of norms it follows that J(y,u) < lirr_l> inf J(gn, Uy ), which proves the
n o

optimality of (g, u), and (4.11) follows from (4.13). O

For the derivation of the optimality system for (P), we need the following lemma which is taken
from [BKP1, Lemma 2.5].

1
Lemma 4.6. Let G € L(W.o, L*(I;V*)) such that |G| < o where ||G|| denotes the operator
K

norm of G. Then for all f € L2(I; V*) and yo € Y, there exists a unique solution to the problem:

ye = (A= BEK)y(t) + (Gy)(t) + f(), vy = o

Moreover,
My
< —— * .
Ihw.. < +=3man (Mlzzavs + lwolly)

We close this section by deriving the optimality conditions for (P).

Proposition 4.1. Let the assumptions (A1) - (A4) hold. Then there exists d3 € (0,01] such that
each local solution (y,u) with yo € By (d2) is a reqular point, i.e. (2.3) is satisfied, and there exists
an adjoint state (p,p1) € L*(I; V) x Y satisfying

(v — Av — ./—"/(g)v,]5>L2(];V*)7L2(I;V) + (v(0),p1)y + (g,ﬁ)[p(l;v) =0, forallve Wy, (4.17)
(au— B*p,u—u)y >0, forallue Uyq. (4.18)

If the assumption (A5) is satisfied, then
—pe— Ap—F @) p=-y in LV,
and hence p € Wy, and

lim j(t) = 0. (4.19)

t—o00

Moreover, there exists M > 0, independent of yy € By (d2), such that

1Bl < M |lyolly » and ue C(T,U). (4.20)
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Proof. To verify the regular point condition, we evaluate e defined in (3.6) at (¥, 4,y0). To check
the claim on the range of €/(7, @, o) we consider for arbitrary (r,s) € L*(I,V*) x Y the equation

2z — Az — F'(§)z — B(w —u) =r, 2(0) = s, (4.21)
for unknowns (z,w) € Wy X Ugg. By taking w = —Kz € U we obtain
2z —(A—BK)z — F'(§)z+ Bu=r, 2(0) =s.

We apply Lemma 4.6 to this equation with G = —F'(§) and f = r — Bu. By Lemma 4.5 and (3.3)
in Remark 3.1 there exists o € (0,01] such that || F'(9)|lzwe,r2z,v+)) < 1 Mp. Consequently by

Lemma 4.6 there exists M such that

ol < M (Ul 2oy + sy + 1Bl gy lally )
< M(lrll gy + Islly + 1Bl cqayy M lisolly ), (4.22)

with M as in (4.11). We shall need to check whether w = —Kz is feasible, which will be the case
if w(t) <n for a.e. t € I. Indeed we have

lw®)lly < Kz, 12Oy < TE v IZIM (el 2 + slly + 1Bl @y M lyolly )-
Consequently, possibly after further reducing d2, and choosing §>0 sufficiently small we have
|wll oo,y < m for all yo € By (62) and all (r, s) satistying |[(r, s)[| 2(1,1+)xy < 0. (4.23)

Consequently the regular point condition is satisfied. Hence there exists a multiplier A = (p,p;) €
L*(I;V) x Y satisfying,

<[’y(ga u, yOapvﬁl)a U>L2(I;V*),L2(I;V) =0, <£u(g7 u, y07ﬁ7}51)7 U= a>U >0, Vu € Ugqg (424)
where
L(y,u,y0,p,p1) = J(y,u) + /0 (P ye — Ay — F(y) — Bu)v,y=dt + (p1,4(0) — yo)y-
This implies that (4.17) holds.

Now, if we impose the additional assumption (A5), we have F'(y)*p € L*(I;V*). Thus —A*p —
F'(§)*p+ 15 € L*>(I;V*) and the previous identity implies that p € W,,. Thus we derive

—pr — A*p— F'(§)*p=—y in L*(I;V*) and lim p(t) = 0,
t—o00
and (4.17)-(4.19). Testing the first identity in (4.24) with v € L?(I;V) we also have p; = p(0),
which is well-defined since p € Wo, C C(I;Y). The second identity in (4.24) gives (4.18). It
remains to estimate p € W,.
Let r € L*(I; V*) with 7l L2y < 6 and consider

2z — Az — F'(§)z — B(w —u) = —r, 2(0) = 0. (4.25)
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Arguing as in (4.21)-(4.22) there exists a solution to (4.25) with w = —Kz such that
Vol < MG+ 1Bl gy Mlwolly ) < MG+ Bl Mé2) = Cr. (4.26)

From (4.23) we have that [|w||pe (744 < 1. Let us now observe that

(D, 7) L2ty p2,ve) = (B =2 + Az + F(§9)2) r2rvy, 02,y + (B Blw — @) r2(1,y)
= (ot + A"+ F'(9)"D, 2) + (B"p,w — @)y,

where we have used that z(0) = 0 and tlim p(t) =0, since p € Wo,. We next estimate using (4.17),
—00
(4.19) and (4.26)

D)2 vy ve) SN0l vy 12l 2y + i, w -y < (||17||L2(1,v*) ta ||ﬂ”U> (Cr+n+ llully) -
By (4.11), this implies the existence of a constant C such that

sup  (P,7)r2rv),c2a,v) < C2 [lvolly

”THL2([,V*)§£§

and thus o
1720y < 5 ol > for all yo € By (35) (4.27)

Now we estimate, again using (A5)
1Pell L2y < | AP+ F'(9)*p - @Hp([;v*) < Cs 1Pl p2(rvy + CallBll 2y + 1Ml L2+ -

By (4.11) and (4.27) we obtain |[p¢[| f2(7.1+) < C5 [|yol|y - Combining this estimate with (4.27) yields
1 -
(4.20). Finally, by (4.18) we find u(t) = Py, (aB*p(t)>. Since p € C(I;Y) and B* € L(Y,U)

this implies that v € C(I;U). O

4.2 Verification of (H1)-(H6).

In this section we specialize the previously proved abstract results in Section 2 to the semilinear

parabolic setting. We start with the following lemma which shows that assumptions A imply
(H1)-(HS).

Lemma 4.7. Consider problem (P) with assumptions (A1)-(A4) holding. Then (H1)-(H4), (H6)
are satisfied for (P) uniformly for all yo € By (d2) for some 92 € (0,62]. If moreover, (A5) holds,
then (H5) holds as well.

Proof. Throughout yo € By (62), (7, %) denotes a local solution to (P), and (p,p1) € L*(I;V*) x Y
the associated Lagrange multiplier.

(i) Verification of (H1): The initial condition yg is our nominal reference parameter q. Lemma 4.5
guarantees the existence of a local solution (7, @) ~ zg to (P)~ (F,,). Clearly f defined in (3.5)
satisfies the required regularity assumptions. Moreover e satisfies the regularity assumptions
as a consequence of (A3).
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(ii) Verification of (H2): Proposition 4.1 implies that (g, u) is a regular point.

(iii) Verification of (H3): The second derivative of e is given by

1 (=
e//(g’@’yo)((ful’wl)7 (027w2)) = <F (y)(()Ul,UQ>) y V V1, V2 S Woo, \V/’wl,QUQ S U. (4.28)

For the second derivative of £ w.r.t. (y,u), we find
oo

£, 590, 5P (01, 01), (02, 02)) = [

(’1}1, Uz)ydt + o / (wl, 'U)Q)Ydt
0 0

+/ (p, F"(y) (v1,v2))vy=dt. (4.29)
0
By (A3) for 7" and Lemma 4.5 , there exists M such that

/0 (0, F"(7) (v, 0))viv=dt < Myl 2y [0l ¥ v € Wa, (4.30)

for each solution (y, @) of (P) with yo € By (d2). Then we obtain

00 0o N
ﬁll(gaﬂa yOaﬁaﬁl)((’an)’(va)) > / ||’U|§/dt—|—04/0 ||wH12/{ dt—Ml”ﬁHLz(I;V) HUH%/VOO :

" (4.31)
Now let 0 # (v,w) € ker E C W, X Uyq, where E as defined in (3.7) is evaluated at (g, a).
Then,
v — Av — F'(§)v — Bw =0, v(0)=0.

Next choose p > 0, such that the semigroup generated by (A — pI) is exponentially stable.
This is possible due to (Al). We equivalently write the system in the previous equation as,

v — (A —plv—F(§)v—pv— Bw=0, v(0)=0.

Now, we invoke Lemma 4.6 with A — BK replaced by A — pI, G = F'(), and f(t) = pv(t) +
Buw(t), and the role of the constant My will now be assumed by a parameter M,. By selecting

b5 € (0, d2] such that [|7]|y;,_ sufficiently small, we can guarantee that H}"(ﬂ)HE(W L2(rvey) S

1/2Mp7 see (4.11) and (3.3) in Remark 3.1. Then the following estimate holds,
[vllw,, <2M,[|v+ Bwll g2y -

This implies that
2 7 2 2
[l < Ma(llvllz2yy + w2 gyy)- (4.32)

for a constant My depending on M,,||B||, and the embedding of ¥ into V*. These prelimi-
naries allow the following lower bound on L”:

() () .
L"(g, 1,0, 5, p1)((v, w), (v, w)) Z/O HvH%dtJra/o lwlf3- dt — My[|pll L2z 05,
by (432) > [ |l Sl — Vah|p 2 2

y (4.32) > A lolly +a ; [wlly Mo|pll 2wy (012 + lwllze iy
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= (1 — My My ||pll 12(1.v)) HUH%Q(I;Y) + (a - M1M2||I3HL2(I;V)) ||w\|%2(1;y)

> 5 |02y + 102y | (4.33)

where 4 = min{l - ]TJ/1]\72||15HL2(1;V),04 - ]\71]\72”]3“9([;‘/)}. By possible further reduction
of &5 it can be guaranteed that 4 > 0, see (4.27). Then by (4.32), we obtain,

o gl 2 2 gl 2
ﬁ"(y,u,yo,p,pl)((v,w), (U7w)) 2 5 |:HUHL2(I;Y) + ”wHLQ(I;Y):| + = ”UHWOO7
2M,
v 2 Y02
> — |vllw, + 5 llwllz2 @y -
o0y Woo T 9 L2(L;Y)
By selecting 4 = min { :Y]\Z , ;}, we obtain the positive definiteness of £”, i.e.
2M,

£"(g, 2,0, 9, 01) (v, w), (v,0)) = 7 || (v,0) 3y v+ %0 € By (82), (v,w) Eker B (4.34)
Thus (H3) is satisfied.

(iv) Verification of (H4): It can easily be checked that f/(y,u) can be extended to an element
in X* = L2(I;V*) x (UNC(I;U)) for each (y,u) € X = Wy x U. We refer to Remark
3.2 to show that the restriction of €'(y,u,yo)* to W* satisfies €' (y,u,y0)* € LIW*, X*) =
LWso x Y, L2(I;V*) x (UNC(L;U))).

(v) Verification of (H6): This is trivially satisfied.
Thus we have proved that assumptions (A1)-(A4) imply (H1)-(H4), and (H6) for all yo €
By (92).

(vi) Verification of (H5
L We x (UNC(
given by

re we use (A5) and have (p,p1) = (p,p(0)) € Wao. Observe that

): He
LU) x Y x Wy — L2(I; V*) x (UNC(I;U)) evaluated at (¥, ,yo,p) is

v (5@ Y) P\ _ (5 — AP~ F(5)Dp
L(%vaoap) - < (X’EL—B*ﬁ - aﬂ_B*p .
Further for (v.w) € Wy x U we have

aw

(L) (7., yo, p) (v, w) = <” - [F@)*W’”)) e LX(L;V*) x (UN O U)).

By (A3) and Remark 3.2 we have that £’ and (£’)" are continuous as mappings from W, x (UN
C(L;U)) XY xWy to LA(L; V) x (UNC(I;U)), respectively to L(Weo x (UNC(I;U)); L2(I; V*) x
(U N C(L;U))).

This proves the lemma. O

Remark 4.2. Let us summarize our findings so far. There exists 02 such that for each Yo €
By (2) problem (P) posesses a solution (7,%) € Wa x (U N C(I;U)), with an adjoint p € We.
Further (A1)-(A5) imply (H1)-(H6) for (P) with yo € By (d2). As a consequence for each gy €
By (32) and each associated local solution (7,) there exists a neighborhood V of the origin in
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YV = L3;V*) x (UNCI;U)) x L*(I;V*) x Y such that for each 8 € V there exists a unique
solution <y(5),uw),p(5),p1(ﬁ)) € Woo x U x LA(I;V) X Y to T(y,u,p,p1) = B, see step (ii) of
the proof of Theorem 2.1. — To verify the remaining assumption (H7) we need to argue that
(u(ﬂ),p(,@)) € (UNC(;U)) x Wy and that B (y(ﬁ),u(ﬁ),p(ﬁ)) is Lipschitz continuous from
V CYto W x (UNCLU)) x W .

Remark 4.3. Here we remark on the smallness assumption on yy expressed by ds, respectively
d5. The condition yy € By (d2) guarantees the well-posedness of (P), existence and boundedness
of adjoint states as expressed in Proposition 4.1. The additional condition yy € By(gg) implies
that the second order optimality condition (H3) is satisfied, for each local solution associated to
an initial condition yy € By (d2). In the following we formulate the results for all yo € By(gg).
Alternatively we could narrow down the claims to neighborhoods of single local solutions (7, u)
with yo € By (d2) and additionally assuming that the second order condition is satisfies at (g, ).
Concerning the second order condition itself, in some publications, see e.g. [Gri], it is required to
hold only for elements z = (y,u) € kerF and u = u; —ug, with u;, ug in U,q. By a scaling argument
it can easily be seen that this condition is equivalent to the one we use.

4.3 Verification of (H7) and Lipschitz stability of the linearized problem.

Throughout the remainder, we assume that (A1)-(A5) are satisfied and that yo € By (d2) so that
Proposition 4.1 and Lemma 4.7 are applicable. In the following, the triple (y,u,p) refers to the

solution 7 (y,u,p,p1) = B. Throughout without loss of generality, we also assume that V' is
bounded.

Lemma 4.8. Let assumptions (A) hold and let (y,1), and p denote a local solution and associated
adjoint state to (P) corresponding to an initial datum yo € By (2). Then the mapping B+ p(g) is

continuous from V to Wae.
Proof.
Step 1: For B € V, with V as in Remark 4.2, let (y(ﬁ),u(g),p(g),pl(g)) be the solution to

T(y,u,p,p1) = B. As a consequence of (A5) it is also a solution to T (y,u,p,p(0)) = B with
P € Wso. Thus the first two equations of this latter equality can be expressed as

—pr = Ap—F@)'p+y—[F @D (y—9) =6 in L*(L;V), (4.35a)
(au — B*p — fo,w —u)y >0 for all w € Uy, (4.35b)

where we dropped the dependence of (y(g), U@y, p(ﬁ)) on (3. Since p € Woo C C(I;Y) inequality
(4.35b) implies that v € C(I;U).

Step 2: (Boundedness of {pig : 3 € V}). Since V is assumed to be bounded, the discussion in
Remark 4.2 shows that there exists a constant M > 0 such that

Hy(B)HWOO + HU(B)HU <M forallBeV.

To argue the boundedness of p(g), we use similar techniques as in the proof of Proposition 4.1. In
the following 8, z and C) are taken as in the proof of that proposition.
For arbitrary r € R = {r € L2(L;V*): Pl 2y < 5}, z denotes the solution to

2z — Az — F'(§)z — Blw —u) = -7, 2(0) =0, w=—Kz. (4.36)
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We know that ||z[ly, < C1 and [|w|[ 0744 < 7 independently of 7 € R. Due to (4.35a), we have

(0, r2vy 2vey = (0, =2 + Az + F(9)2) 12(v), 22 (v + (B'p, w — w)y,
=y —[F @)D (v —9) — B1,2) Lo(ryv=),2(1;v) + {au — B2, w —w)y,  (4.37)

=

where we used (4.35b) and the feasibility of w € U,4. Consequently

() r2avyzave < 2l <”yHL2(I;V*) + 181l 2y + [IF )8 (y — @)HLQ(I;V*D
+ (allully + [1B2lly) v —ully -

The right hand side is uniformly bounded for 3 in the bounded set V and w.r.t. » € R. Hence
taking the supremum w.r.t. r € R we verified that {Hp(ﬁ)HLQ(I,V*) 1B € V} is bounded. Bound-

edness of {Hp(ﬁ)HWw 1B € ‘7} follows from (4.35a).

Step 3: (Continuity of p g in Wa). Let {3, } be a convergent sequence in V with limit 3. Since

{Hp(m HWOO 'n € N} is bounded, there exists a subsequence {Bnk} such that p@,,) = p weakly in

W and strongly L?(I;Y). Here we need the compactness of W, in L2(I;Y), see e.g. [Emm, Satz
8.1.12, pg 213]. Passing to the limit in the variational form of

~0ws,, )~ A'p@, )~ F @) pe,) Ty 1F @)D <y(5nk) - ZJ) = (Bn, )1,
we obtain
—0p — A'p = F'(5) D+ vy — [F @)D (ye) —9) = (B (4.38)
Since the solution to this equation is unique we have P(s,) — P(p) weakly in Wi To obtain strong
convergence we set 63 = 3, — 3, dp =p@g ) —P(B), U = Y(8,) — Y(3)- From (4.35a) we derive that

—0,(0p) — A*(dp) — F'(9)"(0p) + (I — [F'()"p)] (3y) = (0B)1. (4.39)
Consider again (4.36) with r € R. Then we obtain
Op, ) r2rvy 2 vy = (= [F(@)*P))(0y) — (68)1, 2) 2(1;v+),22(rv) + (0p, BK 2 — 1)y
This implies that for some Cs > 0,

Slelg (6p, ) r2rv),r2rve) < C2 (HCS?/HWOO + llopll r2ryy + ||(55)1||L2(1;v*)) . (4.40)

T

Since [0yl = 0, [16p]l 21,y = O, [[(08)1ll 12 (g;1+) — O for n — 0 this implies that [|6p]| ;2 (7, —

0. Together with (4.39) this implies that lim ||opl||,, = 0. O
n—00 o0

Proposition 4.2. Let assumptions (A) hold and let (y,u), and p denote a local solution and
associated adjoint state state to (P) corresponding to an initial condition §jo € By (02). Then there
exists € > 0 and C > 0 such that for all B and B € V N By(e)

D) — P(ﬁ)HWDo * Hu(ﬁ) - u(ﬁ)HC(f;u)

<c (H%) =910y + |1~ s, + 18- ﬁHy) (4.41)

holds.
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Proof. Since p € W4, and tlim p(t) = 0in Y, there exists 7' > 0 such that
—00

1 n
— |1 B*p(t <= Vt>T.
BBy < 5.

Since p(0) = p and since by Lemma 4.8, B € Y = pg) € W C C(I;Y) is continuous, there exists

€ > 0 such that

1 .
~|[B"pa (8) + B(0)| < Z, Vt > T, VB € V N By(e).

Consequently the constraints are inactive for these parameter values, i.e. we have

u(g) (t) = é [B*p(g) (t) + ﬁz(t)] , HU(ﬁ) (t)HY <n Vt>T,VBe VN By(e). (4.42)

We next treat separately the cases [0,7) and [T,00). We consider first the case [T, 00) and set
(y,u,p) = (y(ﬂ), U(B),p(ﬁ)), and (9,4,p) = (Q(B)’ ﬁ(ﬁ),f)(a)> . We shall use that

=Py = s [ 000 = b0 Oy
171l L2 (1,00, %) 1T
Let z € W (T, 00) be such that,
2t —(A—BK)z—F(9)z=r, 2(T) =0,

From Lemma 4.6, see also the proof of Proposition 4.1, we know that there exists a constant C; > 0
such that ||z[[yy 1.0y < C1 7l L2(7 00;1+)- Then we can estimate

oo
Hﬁ - pHL2 (T,00;V) = sSup / <ﬁ — D, T>\/,V* dt

7l 22 (7 005y <1 YT

- Sl||l£1/T (Bt —pe) + A" (P —p) + F' ()" (B — p), 2)v= vt

+ sup / (B*(p — p), K=)yy-dt.
Iri<1JT

In the following, C; denote constants independent of 3 and 8 € V N By(e). From (4.35a) and
(4.42) we obtain, for Cy > 0,

16~ Plizcroeavy < Co swp [~ 1=l + [F/ @8l G =l + |5~ 84

[r<1JT v

+[8 - 2| +a| B K| Ha—ur@ Il d.

UnC(Iu)

From (A3) recall that H (F ()" (9 —v) HL2(I-V*) < 3|9 — yllyy,, - This gives the following estimate
for Cy > 0,

16— Pl 2z 0civ) < Ci (II@ ~ gl + o —uly + B - 5Hy> . (4.43)
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By (4.35a) we have (py — pt) € LZ(T, 00; V™). Then we obtain p —p € W(T,00). Then there exists
Cs > 0 independent of 3 and B € V N By(e) such that,

19~ Pz < Cs (19 = sl + =l + 3 - 8]..). (.4

By the embedding W (T, 00) C C(T,00;Y), there exists a constant Cg > 0:

16~ Pleqroeny) < Co (1= slhw + 16 = ully + 3-8} (4.45)

Similarly, we estimate on [0, T:
T
I~ Plisory = s [ G- prvyede (1.46)
HT”LQ(O,T;V*)Sl 0
Choose z as
z— (Az + F'()z) =1, 2(0) =0,

Then there exists C7 > 0 such that [|z]ly ) < C7|7ll12(07,+) Py Lemma 4.6. Note that C7
depends on T, but T is fixed. We obtain the following estimate,

T
16— pll 2oy < sup /0 (s — p) + A (= p) + F'(5)" (5 — ), 2)v- vt

Irl<t
+A(T) = p(Dlly [12(T)ly -

Then by a similar computation to that for the ¢ € [T, 00) case, we obtain,

16— Pl < G (ug ~yllw + |2 -8, W)) + IB(T) = p(D)lly Dy - (447)
By (4.45) with [|2(T)|ly < Co, we obtain
I5(T) = p(Dlly 12Ty < CrC (HQ — Ylhw, + o = ully + |8 - ﬁHy) .
Combining this estimate with (4.43) and (4.47), we obtain for some Cyg > 0
‘ D) —P(mHWOO < Cio (H%) - y(ﬁ)HWOO + H%) - “(ﬂ)HU + HB - 5Hy> - (448)

We also have

1, i
wg) = P, [—a (B*p(a) +B2)] e UNnC(L;U),

and thus

[ - ua 0], <

Py, {—i (B*ﬁ@ (t) + 32@)] - Py, {—i (B*p(t)g) + 52(0)}

< (1B

u

PO~ (O, + B - 1))
This yields

)ﬂ(B) - U(B)HC(I-;M) <Cn <H}3(B) _p(B)HWoo + HBQ - BQHC(T;M)) , (4.49)
and (4.41) follows. -
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Combining Remark 4.2, Step (iii) of the proof of Theorem 2.1, and (4.41) there exists a constant
L such that

] M I L) ]l

for all 3 and B € V N By(e). Thus the verification of (H1)-(H7) is concluded. Here and in the
following the p; coordinate of the adjoint state coincides with p(0). Therefore it is not indicated.
We now obtain the following corollary to Theorem 2.1.

Corollary 4.9. Let assumptions (A) hold and let (§,u) be a local solution of (P) corresponding
to an nitial datum 3o € By(&). Then there exist 63 > 0, a neighborhood U = U(y,u p) C
Woo x (UNC(L;U)) x Weo, and a constant > 0 such that for each yo € By (§o,03) there exists a
unique (y(yo),u(yo), p(yo)) € U satisfying the first order condition, and

1(w(0), u(@0)), p(90))) — (¥(Fo), w(Fo), P(Ho)) lw.. x wrcTuy) xwa < #l1Jo — Jolly - (4.51)
for all go, 90 € By (%0, 93), and (y(yo),u(yo)) is a local solution of (P).

Next we obtain one of the main results of this paper, the Fréchet differentiability of the local value
function associated to (P). By referring to a local value function we pay attention to the fact that
for some yo € By (d2), problem (P) may not admit a unique solution. But since due to the second
order optimality condition local solutions are locally unique under small perturbations of yg, there
is a well-defined local value function. We continue to use the notation for U and By (o, 03) of
Corollary 4.9.

Theorem 4.1. (Sensitivity of Cost) Let assumptions (A) hold and let (§,u) be a local solution of
(P) corresponding to an initial datum yo € By (62). Then for each yo € By (o, d3) the local value
function V associated to (P) is Fréchet differentiable with derivative given by

V'(yo) = —p(0;90)- (4.52)

Proof. Let o € By(d2),y0 € By (io,d3), and choose dyo sufficiently small so that yo + dyo €
By (70, 03) as well. Following Corollary 4.9 let (4(yo+ s(6y0)), @(yo +5(5y0)), p(yo +5(5y0))) € U for
s € [0,1] be solutions of the optimality system with (g(yo + s(dyo)), @(yo + s(dyo))) local solutions
to (P). We obtain

1. Q| . 1 «
V(o + s(6w0) — Vi) = (5 1ie + 5 ) = (5 HyH%Q ant o ||u||2U)
=y, 0 — Y rery) + au, & —wu + 5 Hy yHL2 ay)t 5 HU —ullf; . (4.53)
Observe the identity

(Y, §=Y) 21,y +alu, i—u)r = —(p(0), s(6y0) )y — (Gt —ye) —AG—y)—F () (§~y), p) +alu, i—u)y
= —(p(0), s(6y0))y —(F (@) = F(y) = F (W)@ — v), ) r2(r;v+),02(1;v) + (ou — B*p, @ — u)y,

where p = p(yo). Now we have for V(yo + s(dyo)) — V(yo),
V(yo + s(6y0)) — V(yo) = —(p(0), s(6y0))y + (F(y) = F(@) + F )G = ¥),2) r2(1,v*),02(1,v)
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B L O
+lau=Bpa—wu + Iy - Yl 2y + 5 e~ ullfr - (4.54)

Since p € L*(I; V), [|[§ — ylly.. = O(s), and by the continuous Fréchet differentiability of F’ due

to (A3) we have
}<-7:(§) - Fly) + F'(y)(:& - y)7p>L2(I,V*),L2(I,V)‘ = o(s) (4.55)

Let s, — 0 be an arbitrary convergent sequence. By Corollary 4.9 we have that

[a(yo + 5n(6y0)) — u(yo)lly < psn(0y0)

for all s, sufficiently small. Hence there exists a subsequence, denoted by the same notation and
some 1 such that
st (@(yo + 50 (00)) — u(yo)) — @ weakly in U.

Using (4.18), we have

ILm so au — B*p, i — u)y = (au — B*p, i)y > 0.
Analogously

lim s, (ad — B*p,u — @)y = (au — B*p, )y < 0.
n—oo

and hence (au — B*p, )y = 0. Since the sequence {s,} is arbitrary, we obtain
(ou — B*p, 0 — u)y = o(s). (4.56)
Corollary 4.9 yields,

1550 + 50(8%0)) = y(w0) | Zaryy + e @Yo + 5a(890)) — u(yo)llZ2(ry) = 0(sn)- (4.57)

Combining (4.55), (4.56), and (4.57) we obtain

Tim s~ (Voo + 5(5w0)) — Vi) = ~(p(0), (500)y (159)
This implies the Gateaux differentiability. Since yo — p(yo) is continuous from By (%o;d3) to
C(I,Y) the mapping yo — V(yo) is Fréchet differentiable in By (%o; d3). O

Remark 4.4 (Sensitivity w.r.t. other parameters). We have developed a technique to verify
the continuous differentiability of the local value function V pertaining to a semilinear parabolic
equation on infinite time horizon subject to control constraints with respect to small initial data
yo € Y. Thus the parameter ¢ in (/%)) is the initial condition yg. The reason to focus on this case
is due to feedback control. Without much additional effort the sensitivity analysis of the value
function could be carried out with respect to other parameters as for instance additive noise on the
right hand side of the state equation. The papers cited in the introduction, see e.g. [GHH], [GV],
consider such situations for the finite horizon case.
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5 Proof of Theorem 3.2: Derivation of the HJB Equation.

Utilizing the results established so far we now verify that the (global) value function V (i.e. the
value function associated to global minima) is a solution to a Hamilton-Jacobi-Bellman equation.
The initial conditions will be chosen from the neighborhood Yy of the origin in Y so that the
assertions of Theorem 4.1 and Corollary 4.9 are available. It will be convenient to recall the
dynamic programming principle for the infinite time horizon problem: let 3y be an initial condition
for which a solution to (P) exists. Then for all 7 > 0, we have

f ; 1
Voo =t [ St a0 + V(S )) 6.1)

1
where ((y,u) = B lyll3 + % Hqu,, and S(u,yo;t) denotes the solution to (3.2b), (3.2¢) on (0, 7).

For convenience we restate Theorem 3.2. Utilizing the notation that we have already established
we can now slightly ease the assumption on the regularity of F (7).

Theorem 5.1. Let assumptions (A) hold and let (y,u) be a global solution of (P) corresponding
to an initial datum go € By(gz). Let Yy denote the subset of initial conditions in By (Yo, d3) which
allow global solutions in U, and assume that for each yo € D(A)NYy there exists Ty, > 0 such that
F(y) € C([0,Ty,);Y). Then the following Hamilton-Jacobi-Bellman equation holds at yo:

1 2 1
Zl%m(—BWWw> +<wawjmw(—waw>> = 0.
« v o v
5.2

If for the optimal trajectory §(t) € By (go,d3) N D(A) for a.a. t € (0,00) and T, = oo, then (5.2)
holds at a.a. t € (0,00) and

V() (Ay + F) + 5 Iyl +

a(6) = Pu (o BV ). (5:3)

Proof. The proof is similar to that of [BKP1, Proposition 10]. For the sake of completeness and
since it also requires some changes we provide it here. Choose and fix some yy € D(A) NYy. Then
the existence of a (globally) optimal pair (3, %) € Weo X Ugq to (P) and of an associated adjoint
state p € Woo with (g,4,p) € U are guaranteed, see Corollary 4.9. In particular we have that

1
a(t) =Py, (aB*ﬁ(t)>, and since p € C([0,00);Y) we have that @ € C([0,00);Y"). Let up denote

the limit of @ as time ¢ tends to 0. Since § € C([0,00);Y") and since By (yo, d3) is open there exists
Ty, > 0 such that g(t) € By (yo,d3), for all t € [0,7y,).

Step 1: Let us first prove that
V’(yo)(.Ayo + f(yo) + BuO) + E(yo, uo) =0. (5.4)

For this purpose we invoke the dynamic programing principle: We have

/zg w+1W(ﬁ»—W%D:Q (5.5)
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where we choose 7 € (0, min(Ty,, 7,)) . By continuity of § and @ at time 0, the first term converges
to £(yo,up) as 7 — 0. To take 7 — 0 in the second term we first consider

S =) = 2 =) + 1 [ ATIFG) + Bl s (56)

Using the facts that yo € D(.A), that the terms in square brackets are continuous with values in Y,
and that A generates a strongly continuous semigroup on Y, we can pass to the limit in (5.6) to
obtain that

1
lim —(g(7) — yo) = Ayo + F(yo) + Bug in Y. (5.7)

T—=0+ T

Now we return to the second term in (5.5) which we express as

1, v ) 1,
(V@) = V) = [ V(o0 +5(3(7) ~ 0)ds ~(3(7) — o). (59)

T 0

Using (5.7) and since y — V'(y) is continuously differentiable at yg, we can pass to the limit in
(5.8) to obtain

lim = (V(3(r) — V(o)) = V(o) (Aso + Fluo) + Buo). (5.9)

Now we can pass to the limit in (5.5) and obtain (5.4).

Step 2: For u € U,y we define u € U,q by,

i(r,2) u for 7€ (0,1)
u(r,x) =
0 for7e(l,00)

and define § = S(yo, @) as the solution to (3.2b), (3.2¢). Then y(t) € By (7o, d3), for all ¢ sufficiently
small, and by (5.1) we have,

/z (s))ds + - (V) ~ Viao)) 20,

for all 7 sufficiently small. We pass to the limit 7 — 0" with the same arguments as in Step 1 and
obtain
V' (y0) (Ayo + F(yo) + Bu) + £(yo, u) > 0. (5.10)

This inequality becomes an equality if © = ug, and thus the quadratic function on the left had side
of (5.10) reaches its minimum 0 at u = ug. This implies that

1
Uy = Puad (—aB*V'(y0)> .

Inserting this expression into (5.4) we obtain

Py, (-;B*V/(yo)>

Under the additional assumptions on the trajectory, (5.3) follows.

2

Y+<B*V/(yo)7puad <—;B*V'(y0)> >y =0.
(5.11)

V' (y0) (Ayo+F (y0))+ HyoHy+

O]
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6 Some Applications

In this section we discuss the applicability of the framework in two specific cases. It should be
noted that even for linear state equations, the sensitivity result for the constraint infinite horizon
optimal control problem may be new.

6.1 Fisher’s Equation

We consider the optimal stabilization problem for the Fisher equation in an open connected bounded
domain  in R, d € {1,2,3,4}, with Lipschitzian boundary I = 9£2:

(P V@“:@meﬁixuméﬁ'm@“+gé Julfide,  (61a)
subject to
v = Ay +y(l —y)+ Bu in @ = (0,00) x (6.1b)
y=20 on ¥ = (0,00) xI' (6.1c)
y(0) = yo in Q. (6.1d)

where U and U,g are as in Section 3.1, B € L(U,Y), with Y = L*(Q) and V = H{ (). To further
cast this problem in the framework of Section 3, we define the operator

Ay=(A+Ty and ylp =0, D(A) =H*(Q)NV.

Clearly A has an extension as operator A € L(V,V*). Moreover it generates an analytic semigroup
on Y. Thus (Al) holds. For / =Y and B = I, condition (A2) is trivially satisfied. Feedback
stabilization by finite dimensional controllers was analyzed in [Tri], for example.

It can readily be checked that the nonlinearity F(y) = —y? is twice continuously differentiable as
mapping F : Weo — L2(I;V*). The first and second derivatives of F are given by,

Fly)vr = 2yv1, F'(y)(vi,v2) = 2(v1,v2), for y,vi,ve € W

Since the second derivative is independent of y, its boundedness is automatic. For the sake of
illustration we verify the boundedness of the bilinear form of the second derivative on Wy, X W.
For this purpose, for arbitrary y € W, v1,v2 € W, ¢ € L2(I; V) we estimate

o0

A GW@W#@@WWWSQA Amw¢mwsA ol 2y vl oy 91l s e dt,

o0
< Crllullw,, o2l [[0lly dt < Caflorllyy, [[v2ll 2y [0l 22 70y
0 (I;V) (I;V)

< s vl llo2llw, 1912y »
(6.2)
where C; are embedding constants, independent of y € Wao,v € Woo, ¢ € L?(I; V). We use that V'
embeds continuously into L*(Q) in dimension up to 4. This implies that || F”(y)(v1, v2)ll 2 (pvey <
Cs lv1lly lv2llyy - Finally we have F(0) = F'(0) = 0 and thus (A3) and (3.3) are satisfied.

33



Turning to (A4) we show that F(y) : W(0,7) — L'(0,T;V*) is continuous for every T > 0. We
consider the sequence y, — ¢ in W, and let z € L>°(0,7; V) be given. Then we estimate

T T
/ (Fyn) = F(9), z)vvdt = / (yp — 9% 2)vey = / / Y(Yn + 9)z dxdt
0 0
T
= 04/0 1y = Glly lyn + 9l s 2l Loy dt

< Cullgn = 3l 202y [19ll 20z + 190 2020 | N2l 0,130

Since V is compactly embedded in Y, we obtain by the Aubin Lions lemma that ||y, — 9| L20,y)
0 for n — oo. This implies

T
| F o)~ F @) vt —
0 n o0

and (A4) follows. Tt is simple to check that F'(y) = 25 € L(L*(I; V), L*(I;V*)) and thus (A5)
holds as well.

We turn to the assumption F(y) € C([0,T,,);Y), for yo € D(A) and some T, arising in Theorem
3.2 for yo € D(A). Utilizing the fact that V embeds continuously into L*() in dimension d < 4
and § € L?(I;V), we have F(y) € L*>(I;Y). Hence parabolic regularity theory implies that 7 €
C(]0,00); V) for yo € V, and F(y) € C(]0,00);Y) follows.

Remark 6.1. The specificity of this example rests in the fact that the second derivative is inde-
pendent of the point were it is taken. Other nontrivial cases of analogous structure are reaction
diffusion systems with bilinear coupling, see [Gri] where the finite horizon case was treated. Even
the case of the Navier Stokes equations falls in this category. Sensitivity for the infinite horizon
problems was treated by independent techniques in [BKP3].

6.2 Nonlinearities induced by functions with globally Lipschitz continuous sec-
ond derivative.

Consider the system (P) with A associated to a strongly elliptic second order operator with domain
H2(Q)NH(Q), so that (A1)-(A2) are satisfied. Let F : Woo, — L(I; V*) be the Nemytskii operator
associated to a mapping § : R — R which is assumed to be C?(R) with first and second derivatives
globally Lipschitz continuous, and second derivative globally bounded. The regularity assumption
F(y) € C([0,Ty,);Y) for yo € V. = H}(Q) is satisfied by parabolic regularity theory. We discuss
assumption (A3)-(A5) for such an F, and show that they are satisfied for dimensions d € {1,2}.
For the finite horizon problem it will turn out that d = 3 is also admissible. By direct calculation
it can be checked that F is continuously Fréchet differentiable for d € {1,2,3}. We leave this part
to the reader and immediately turn to the second derivative.

We proceed by considering the general dimension d to highlight, how the restrictions on the dimen-

sion arise. Thus let d € N with d > 1. The case d = 1 can be treated with minor modifications
from those in the following steps.
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6.2.1 Second derivative of F(y).

For y, h1, he € W, the relevant expression is given by

[F"(y + h2)ha = F'(y)ha = F"(y) (b, h2) | 12y
= sup <]'"/(y + ha2)h1 — F'(y)h1 — F"(y)(h1, ha), ©) r2(r.v+), L2 (1:v)

||¢’HL2(1 S

[+ o) = (0t 0) - P o) a2 adpte, ) dads

||§0HL2([ =

_ / / (t,2) ho(t, 2)ha (1 ) (t, o) dad,
H‘P“[ﬂ([ v)<1
1
where g(t,z) = / (" (y(t, z) + sha(t,x)) — {'(y(t,x)))ds. Note that g is bounded on I x Q and
0

g € Wy Here we use that §” is globally Lipschitz continuous and that h; € W.,. Henceforth we
let r € (1, . 241 so that WH2(Q) C L"(Q2) continuously. Let 7’ denote the conjugate of 7 so that

r' € [f5,00) for d > 2 and 1" € (1,00) for d = 2. We further choose p > 1,0 > 2 such that
+ % = 1. Then we estimate

o0 oo , 1/7‘/
ghihag d:cdt' g/ (/ lgh1ha|" drc) o)l Lrqy dt
Q 0 Q
') , 2/r’ 1/2 [e’e) 9 1/2
< / (/ lghiha|" de) dt </ lellzr ) dt) :
0 Q 0

1
p

This further implies that

0o s
[ it st < Co | [~ a0l iy Wa Oy Va1 ol — (@,

(6.3)
Here and below C;,i = 0,1,2,... denote constant which are independent of y, ¢, h1, ho. We next
recall Gagliardo’s inequality [BF, p 173]:

ll o < Hu|yL2 ~72 |l HWsz 71 forall ¢ > 2, and u € W) = V,

where ¢ € [2,2%] and
€ [2,00] for d =1,

q"q €[2,00) for d =2,
€ [2, 2], for d > 2.

In the above estimate we take, ¢ = r’o. We obtain

d_d (2—d)7"/(7+2d d d dr'oc—2) / /
e T 5T o= g o al 2, (2— 2d > 0.
* q 2 2r'o ’ 2 q Mo , also o > 2, ( d)?"a—{— >0
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We estimate (6.3), (and check the conditions on the ranges of the parameters below)
sup  (a) (6.4)
||‘PHL2(1;V)§1

(2—d)r'o+2d

1/2
o0 por d(r'o—2)
- (/ 9O 0y (151 0y 1282 (s Ol ha(0)l) ) at

2—d)r’ o4+2d d(+'o—2)

o0 Y
< o (Il Mhally) 27 (/ L9012 gy (U D)y T2l ) dt +— ()

We set 4'e=2) _ % This yields,

r'o

) s
2 1
) = Ca (Il Il )™ (e, Bealh)” ([l ) o

. 5,1, Ys
= Il Izl ( [ ([ sor?a) dt) . (65)
Now we check the conditions on the parameter r,o,d , and r’, 0. Since d(r;‘,fa_m = %, together with
the conditions on 7’ and o these parameters need to satisfy
6d 2d
r'o = 302’ r e [M,oo> , o€ (2,00) roel2,2, (6.6)

and 7’ > 1 if d = 2. The last condition above holds without restricting the dimension d. From the

first three relations we infer that necessarily % =r'c > % which is only possible for d < 3.

Let us focus on d = 2. Then the choice of parameters r = 6,7" = /5,0 = %/5, p = 5 satisfies all the
above requirements and it is convenient to further estimate (6.5). In fact we obtain

|F'(y + ha)ha = F'(y)ha = F"(y) (ha, ha)|| o ey

o) 1/6
< Cs Il hallowe ( /0 ( /Q |g<t,x>|6dx> dt>
00 ) 1/6
< Co [l B2l ( /O ( /Q 9(t.2)| dm) dt)

for all y,h1,hy € Ws. Here we use the boundedness of g. By Lebesgue’s bounded convergence
theorem the last factor converges to 0 for [|hglly;,  — 0 and hence the fact that F is twice differ-
entiable is verified. The continuity of the second derivative follows with the above estimates and
again by the Lebesgue theorem.

Next we consider d = 3. In this case an analogous procedure is not possible, since the relations (6.6)
and r'p < 6 cannot be fulfilled simultaneously. In fact, r'oc = 18/7, 7' > ¢/5 and thus necessarily
o € (2,%/7]. The condition r'p < 6 is equivalent to 12 < o(6 — ') = ¥/7,,(6 — '), which in turn is
equivalent to 177/ < 18, which contradicts 7’ > /5.
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Thus we fix parameters r and o such that (6.6) are satisfied for d = 3, as for instance 1’ = %/5,0 =
15/, which implies that p = 15 and ’p = 18. Then for the finite horizon problem we can estimate
by Hoélder’s inequality with n = ’”/p/ 6:

T G/T,p 1/6
(5) < G [ e, [l ( | ([ 1ot a) dt)
T 5 l/ﬁn )
< Gt [l Il ( / ( [late.o) dw) dt) 7o,
0

From here we can proceed as in the case d = 2 to assert the continuous second Fréchet differentia-
bility of F in d = 3 for the finite horizon case.

6.2.2 Assumptions (A4) and (A5).

In order to verify (A4), we show that F(y) : W(0,T) — L'(0,T;V*) is continuous for every T > 0.
We consider the sequence y,, — ¢ in W(0,7T) and let z € L*°(0,T; V) be given. Then we estimate

T T
/0 (Fyn) = F(9), 2)v,y=dt = /0 /Q(f(yn) —§(9))z dadt < C'ly, — 3?HL2(0,T;Y) HZHL2(0,T;Y) :
Then by the compactness of V in Y, we obtain (A4).

Now we verify (A5). We recall Remark 3.1, and proceed as in (6.2) for y € W, € L*(I; V),

17 @Dl o ey = | F @) = F Ol oy = / (@ =7 v

||‘P||L2(1 vy<1J0

B / / e dadt < C llylly 10l 2z

H‘P”LQ(I vy

This shows F'(y)* satisfies (A5).

6.3 Cubic nonlinearity y* in one dimension (2 C R).

We can also consider the optimal stabilization problem with cubic nonlinearity, i.e. F(y) = y3
one dimension. This is a special monotone case of the Schlogl model of theoretical chemistry.

Psa) Vo) = win o [l S [Calfa o)
(y,u) € Weo X Ugq 2 Jo 2 Jo
subject to
= Ay +y* + Bu in Q = (0,00) x Q (6.7b)
y=20 on ¥ = (0,00) x T’ (6.7c)
y(0) = yo in Q. (6.7d)

In this model, one can easily verify assumption (A1) is satisfied by taking Ay = Ay, y|lr = 0,
and D(A) = H*(Q) N V. Clearly A can be extended to A € L(V,V*). Moreover A generates
an analytic semigroup on Y which is uniformly stable. Assumption (A2) is satisified under the
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same argumentation as in Fisher’s equation. Differentiability assumption (A3), and continuity
assumption (A4) are satisfied along similar computations as in subsections 6.2.1, 6.2.2. For (Ab)
we require that yg € V. Indeed in this case for § € W, by Gagliardo’s inequality

| e [l < [l a1 de< il [ i< ..

Thus g% € L%(I;Y) and parabolic regularity theory implies that § € C(I; V) if yg € V. We estimate
for h,p € L?(I; V), suppressing the arguments (¢, z),

/ / F(g)hep dacdt‘ <
0 Q

which implies (A5). Moreover we have F () € C([0,T,,);Y), since V C C(Q) in dimension 1, and
thus the extra regularity demanded in Theorem 3.2 is satisfied.

A Aﬁwmﬂsﬁ 19120000 Il ey Il gy

<C ”@HQC(I;V) 1Nl L2 vy 1Ml L2
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