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VARIATIONAL APPROACH TO SHAPE DERIVATIVES*

Kazurumi ITo!, KArRL KuNiscH? AND GUNTHER H. PEICHL?

Abstract. A general framework for calculating shape derivatives for optimization problems with
partial differential equations as constraints is presented. The proposed technique allows to obtain the
shape derivative of the cost without the necessity to involve the shape derivative of the state variable.
In fact, the state variable is only required to be Lipschitz continuous with respect to the geometry
perturbations. Applications to inverse interface problems, and shape optimization for elliptic systems
and the Navier-Stokes equations are given.
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1. INTRODUCTION

We propose a framework for characterizing the shape derivative for optimization problems of the form

{ min J(u, Q,T) 1)

subject to E(u, Q) =0,

where E denotes a partial differential equation depending on a state variable u and a reference domain €2,
and J stands for a cost functional depending, besides v and 2, on a codimension one manifold I'; which may
constitute part of the boundary of €2 or lie inside of 2. This topic has been widely analyzed in the past and is
covered in the well-know lecture notes [12] and in the monographs [6,9,10,13,16], for example.

The method for computing the shape derivative that we propose is quite elementary and more direct
than most common techniques. A widely used approach relies on differentiating the reduced functional J =
J(u(Q,T),0,T), which is treated as a composite mapping consisting of (Q,I') — u(Q,T) and (u,Q,T) —
J(u,Q,T). As a consequence shape differentiability of the state variable is essential in this method. In an al-
ternative approach the partial differential equation is realized in a Lagrangian formulation, see [6], for example.

In short, our approach can be described as follows. We pass to the limit with respect to the class of
admissible perturbations in an efficiently arranged version of the difference quotient of the cost J with respect
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to the geometry perturbation. The constraint E(u,{2) = 0 is observed by introducing an appropriately defined
adjoint equation. In this process, differentiability of the state with respect to the geometric quantities is not
used. In fact, we only require Hoélder continuity with exponent greater % of u with respect to the geometric data.
On a technical level we utilize well-known results from the method of mapping and on the differentiation of
functionals with respect to geometric quantities.

For comparison we briefly discuss an example using the “chain rule” approach. Consider the cost functional

1
min J(u, Q,T') = min — /u2dI‘ (1.2)
r r 2 Jr

subject to the constraint E(u, ) = 0 which is given by the mixed boundary value problem

—Au = f, in Q, (1.3)
u =0, on Iy, (1.4)
% =g, onT. (1.5)

Here the boundary 02 of the domain € is the disjoint union of a fixed part I'g and the unknown part I'. A
formal differentiation leads to the shape derivative of the cost functional

2
dﬂmﬁmh/m@ﬁ+l/<@i+mﬁh4mr (1.6)
r 2 Jr \ On
where ug, denotes the shape derivative of the solution u of (1.3) at € with respect to a deformation field h
which realizes the feasible perturbations of the reference domain €2 and x stands for the curvature of I'. For a
thorough discussion of the details we refer to [6,13]. Differentiating formally the constraint F(u, Q) = 0 with

respect to the domain one obtains that ug, satisfies

—A’U/IQ = 0, in Q7
ug = 0, on I'g, (1.7)
ouy 0
uQ=divr(h-nvpu)—|—<f+—g+f£g>h-n, on T,
n on

where divp, Vi stand for the tangential divergence, respectively the tangential gradient. Introducing a suitably
defined adjoint variable and using (1.7) the first term on the right hand side of (1.6) can be manipulated in such
a way that dJ(u, 2, I")h can be represented in the form required by the Zolesio-Hadamard structure theorem [6]

M@ﬂIM:/Ghnﬁ. (1.8)
T

We emphasize that the kernel G does not involve the shape derivative ug, any more. Although wug, is only an
intermediate quantity a rigorous analysis requires to justify the formal steps in the preceding discussion. In
addition one has to verify that the solution of (1.7) actually is the shape derivative of u in the sense of the
definition in [13]. These in itself are nontrivial tasks. Furthermore, u € H?(2) is not sufficient to justify the
formal calculations rendering (1.6) into (1.8). In our approach, however, we utilize only u € H?(Q2) for the
characterization of the shape derivative of J(u,2,I'). We return to this example in Section 3.3.

In Section 3.5 we provide an example for the situation where the standard chain rule approach is not applicable
due to lack of shape differentiability of the state variable, but our approach allows a rigorous computation of
the cost with respect to perturbations of the domain.

In summary, the method that we develop enables us to directly calculate the shape derivative of the cost
functional without utilizing the shape derivative of the state u with respect to the geometric variable. Its main
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ingredients include the weak formulation of the state-equation constraint, the method of mappings and the
shape derivatives of the cost functionals. As we shall demonstrate in Section 3 it can readily be applied to a
general class of shape optimization problems.

In Section 2 we present the proposed general framework to compute the shape derivative for (1.1). Section 3
contains applications to shape optimization constrained by linear elliptic systems, inverse interface problems,
the Bernoulli problem, and shape optimization for the Navier Stokes equations.

2. SHAPE DERIVATIVE

Consider the shape optimization problem

minJ(u,Q,F)E/le(u)der/Fjg(u)der/ Ja(u)ds (2.1)

OO\

subject to the constraint
E(u,Q) =0 (2:2)

which represents a partial differential equation posed on a domain €2 with boundary 9€). Further T is a closed
co-dimension one manifold which represents part of 92 or is strictly inside 2. We focus on sensitivity analysis
of (2.1)-(2.2) with respect to Q and I". The perturbations of 2 will be such that 9\ T" remains fixed.

To describe the admissible class of geometries, let U C R? be a fixed bounded domain with C*!-boundary oU,
or convex and Lipschitzean boundary, and let D be a domain with C''!'-boundary I' := 0D, satisfying D C U.
For the reference domain {2 we admit either of three cases

i) Q=D

(i) Q=U
(i) Q=U\D.
Note that

00 = (00NT) UON\T) CcUUIU. (2.3)
Thus the boundary 9% for cases (i)—(iii) is given by
iy 9Q=Tud=rT
(i) 0Q=0U0U =0U
(i)’ 909 =TUIU.
To introduce the admissible class of perturbations let h € C11(U,R?) with h|OU = 0 and define for, t € R,
the mappings F; : U — R? by the perturbation of identity

F, = id + th. (2.4)

Then there exists 7 > 0 such that Fy,(U) = U and F; is a diffeomorphism for [t| < 7. Defining the perturbed
domains

O = F(Q)
and the perturbed manifolds as
I, = F(I),

it follows that T is of class C1'! and Q; C U for [t| < 7. Note that since h|0U = 0 the boundary of U remains
fixed as t varies, and hence by (2.3)

(0)\T; = 9Q\T, for [t <t
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Alternatively to (2.4) the perturbations could be described as the flow determined by the initial value problem

with Fy(z) = £(t;0,z), i.e. by the velocity method.
The Eulerian derivative of J at € in the direction of the deformation field A is defined as

dJ(u,Q,T)h = }ir% %(J(ut, Q1) — J(u,Q,T1))

where u; satisfies the constraint

E(ut, Qt) = 0. (25)
The functional J is called shape differentiable at Q if d.J(u,Q,T')h exists for all h € C11(U,R?) and defines a
continuous linear functional on C*!(U,R%). Using the method of mappings one transforms the perturbed state
constraint (2.5) to the fixed domain . For this purpose define

Ut = Ut O Ft-
Then u?: Q — R! satisfies an equation on the reference domain € which we express as
E(tt)=0, |t|<T. (2.6)

We suppress the dependence of E on h, because h will denote a fixed vector field throughout. Because of Fy = id
one obtains ©® = u and
E(®,0) = E(u, Q). (2.7)
We axiomatize the above description and impose the following assumptions on E, respectively F.
(H1) There is a Hilbert space X and a C'-function E : X x (—7,7) — X* such that E(uy, ;) = 0 is equivalent
to
E(u',t) =0in X*,
with E(u,0) = E(u,Q) for all u € X. )
(H2) There exists 0 < 79 < 7 such that for [t| < 7o there exists a unique solution u' € X to F(u’,t) = 0 and

lim 7|Ut — UO|X

fim = =0

(H3) Eyu(u,Q) € L(X, X™*) satisfies
<E(Ua Q) - E(ua Q) - Eu(uv Q)(U - u)7w>X*><X - O(|U - U|§()

for every ¢ € X, where u,v € X.
(H4) E and E satisty

lim B 1)~ B 1) — B(u',0) + B, 2), ¢ xx =0

for every 9 € X, where u! and w are the solutions of (2.6), respectively (2.2).
In applications (H4) typically results in an assumption on the regularity of the coefficients in the partial differ-
ential equation and on the vector-field h. We assume throughout that X < L2(Q,R!) and, in the case that jo,

j3 are non-trivial, that the elements of X admit traces in L?(I', R!), respectively L2(992\ T, R"). Typically X
will be a subspace of H(2,R!) for some [ € N.
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With regards to the cost functional J we require:

(H5) j; € CYYRLR), i=1,2,3.
As a consequence of (H1)-(H2) we infer that equation (2.5) has a unique solution u; which is given by u; =
ut o F,'. Condition (H5) implies that ji(u) € L?(Q), j;(u) € L*(Q)!, jo(u) € L*(T), jh(u) € L*(T')! and
ga(u) € L2(OQ\D), j4(u) € L?(9Q\I)! for u € X. Hence the cost functional J(u, ), T) is well defined for every
ue€ X.

Lemma 2.1. There is a constant ¢ > 0, such that
[gi(v) = ji(w) = Gi(w) (v = u)|pr < clv —ulk

hold for allv, we X,i=1,2,3.

Proof. For j; the claim follows from

/Q 71 (v) = g1 (w) = g1 (W) (v —w)| de < /Q /0 171 (u(z) + s(v(z) — u(z))) — ji(u(@))| ds|v(@) — u(z)| dz
L

< oo - s < clo—ulk,

where L > 0 is the Lipschitz constant for jj. The same argument is valid also for js and js. O

Subsequently we use the following notation

I, = det DF;, Ay = (DF,)™ 7,

wy = It|At’ﬂ|,

where DF; is the Jacobian of F; and n denotes the outer normal unit vector to 2. We require additional
regularity properties of the transformation F;. Let J = [—79, 70] with 7 sufficiently small.

Fy =id t— Fy € C(3,CHY(U,RY))

t — F, € C*(J,CY(U,RY))
t— I, € C*(J,C(U))

t — w; € C(J,0(1))

d

—Fili=o ="
N tlt=0

d
— DFy|y—g = Dh
dt t|t_0

d
a]—th:o =divh

t— F7 e o(I,c(U,RY)
t— A, € C(3,0(U,R™>?))

(2.8)
d
&Ft 1|t=0 =—h
d _ d
&DFt Yo = E(At)Th:o = —Dh
&wth:o = diVF h.

The limits defining the derivatives at ¢t = 0 exist uniformly in 2 € U. The surface divergence divr is defined for

¢ € CY(U,RY) by

divp ¢ = div p|r — (Den) - n.
The properties (2.8) are easily verified if F; is specified by perturbing the identity. As a consequence of (2.8)

there exists o > 0 such that

rel. (2.9)

We furthermore recall the following transformation theorem where we already utilize (2.9).
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Lemma 2.2. (1) Let ¢, € LY(Q), then o Fy € LY(Q) and
/ Pt dl’t = / thOFt det DFt dx.
Q Q
(2) Let hy € LY(T'y), then hyoFy € LY(T') and
/ hedl; = / hioF; det DF; |(DF;)™'n|dl.
r, r
As the main result of this paper we now formulate the representation of the Eulerian derivative of J.

Theorem 2.1. Assume that (H1)—(H5) hold, that F' satisfies (2.8) and that the adjoint equation

<Eu(ua Q)wap>X*><X - (]1(“)7¢)Q - (]é(u)a l/})f‘ - (jé(u)vw)aﬂ\f‘ =0, 1/) € Xv (210)

admits a unique solution p € X, where u is the solution to (2.2). Then the Eulerian derivative of J at ) in the
direction h € CY1(U,R?) exists and is given by

dJ(u,Q,I’)h:—%(E(u,t),p>x*xx|t:0+/jl(u)divhdx—i—/jg(u)divrhds. (2.11)
) r

Proof. Referring to (H2) let u', u € X satisfy
E(u',t) = E(u,Q) =0 (2.12)

for |t| < 79. Then u; = u' o F} is the solution of (2.5). Utilizing Lemma 2.2 one therefore obtains

F 20T =TT = 1 [ (1) = @) do+ 1 [ (wiaet) = da(w) ds

1 .t )
+1 /6 ) )

t
= [ () =51 ) = G =) + (= D! = )
) ! — )+ (1= Vi (w) da
1 [ (niau) = o) = (a0t =) + (= D)’ =)
+ ()’ = )+ (wr = 1ja(u)) ds

+ - /,9(2\F(j3(Ut) — ja(u) — jh(u)(ut —u))ds

1 y t
+ 7 /ag\r Js(u)(u' — u)ds. (2.13)
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Lemma 2.1 and (2.8) result in the estimates

/QItW“t) — () — G ()t —w)) da| < cfu’ — uf}

/F wi(a(ut) — o) — () (u! — ) ds| < efu’ — ul%,

[ ) = ) = )t~ w)ds| < clut ~ i 214
AO\D

where ¢ > 0 does not depend on ¢. Employing the adjoint state p one obtains

(71 (w), u" = w)a + (j(u), v’ —w)r + (G (), v’ — woa\r = (Eu(u, Q)(u’ —u),p)x-xx

—(B(u', Q) — BE(u,Q) — By (u, Q) (u' —u),p)x-xx
- <E(utat) - E(uat) - E(ut,Q) + E(uaﬂ);p>X*><X
— (B(u,t) — E(u,0),p)x+xx, (2.15)

where we used (2.12). We estimate the ten additive terms on the right hand side of (2.13). Terms one, five and
nine converge to zero by (2.14) and (H2). Terms two and six converge to 0 by (2.8) and (H2). For terms four
and eight ones uses (2.8). The claim (2.11) now follows by passing to the limit in terms three, seven and ten
using (2.15), (H3), (H2), (H4) and (H1). O

Remark 2.1. The proof of Theorem 2.1 reveals that the assumption (H1) can be considerably weakened. In
fact all that is needed is the following.

(H1’) There is a Hilbert space X and a function E : X x (—7,7) — X* such that
(a) E(ut, ) =0 is equivalent to
E(u',t) =0in X*,

with E(u,0) = E(u, Q) for all u € X. i
(b) The mapping v — (E(v,0),p) x=xx is differentiable at v = u and t — (E(u,t),p)x~xx is differen-
tiable at ¢t = 0, where w is the solution of E(u,€2) = 0 and p satisfies the adjoint equation (2.10).

To check (H2) in specific applications the following result will be useful. It relies on

the linearized equation

(H6) (Bu(u, Q)0u, ) x+xx = (L) x-xx, eX

admits a unique solution du € X for every f € X*.

Note that this condition is more stringent than the assumption of solvability of the adjoint equation in
Theorem 2.1 which requires solvability only for a specific right hand side.

Proposition 2.1. Assume that (2.2) admits a unique solution u and that (H6) is satisfied. Then (H2) holds.
Proof. Let u € X be the unique solution of (2.2). In view of

Eu(u, 0) = Ey(u, )

(H6) implies that £, (u,0) is bijective. The claim follows from the implicit function theorem. O
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Computing the derivative & (E(u,t), p)x+xx]|i=o in (2.11) can be facilitated by transforming the expressions

E(u,t) and p back to E(uo F, Q) and po F; !, and utilizing the following well known differentiation rules:
Lemma 2.3 [6]. (1) Let f € C(3, WLY(U)) and assume that f(0) exists in L*(U), then

d

T o, f(t,:n)d:c|t:0:/th(O,:E)d:ch/Ff(O,:c)hnds.

(2) Let f € C(I,WAY(U)) and assume that f;(0) ezists in WHY(U). Then

% th(t,x)dslt_o/Fft(O,x)der/F<é%f(0,s)+/gf(0,s)) h-nds,

where k stands for the additive curvature of I'.

The first part of the theorem is valid also for domains 2 with Lipschitz continuous boundary. The addi-
tional C1! regularity is used as sufficient condition in [6] for (2).
In the examples below f(¢,-) will be typically given by expressions of the form

poo B, pdi(vo By Noj(wo BT, voFlwo Fy ' 9;(z0 FyY)

where € HY(U) and v, z and w € H?(U) are extensions of elements in H2(£2). The assumptions of Lemma 2.3
can be verified using the following result.

Lemma 2.4 [13]. (1) Let u € LP(U) thent — uo F, ' € C(3,LP(U)), 1 < p < <.
(2) Let w € H*(U) thent — uo F, ' € C(J, H*(U)).
(3) Let u € H?(U) then & (uo F, ")|i—o exists in H'(U) and is given by

d _
C (wo By emo = —(Du)h.
As a consequence we note that <$9; ((wo Fy"))|,—o exists in L?(U) and is given by

%6¢((UOFt71))|t=O = —C%(Duh), i=1,...,d.

In the next section Vu stands for (Du)? where u is either a scalar or vector valued function. To enhance
readability we use two symbols for the inner product in R?, (x,y) respectively z - y. The latter will only be
utilized in the case of nested inner products.

3. EXAMPLES

Throughout the examples section it is assumed that (H5) is satisfied and that the regularity assumptions of
Section 2 for D, © and U hold. If J does not depend on I" we write J(u, ) in place of J(u,,T).

3.1. Elliptic Dirichlet boundary value problem

As a first example we consider the volume functional

J(u,Q):/le(u)d:E

subject to the constraint
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where X = H}(Q), f € HY(U) and p € CH(U,R?*9) such that pu(z) is symmetric and uniformly positive
definite. Here Q = D and I' = 9. Thus E(u, ) : X — X* is given by

<E(uﬂQ)7w>X*XX = (NVU,VZ/J)Q - (fﬂ/))(z

The equation on the perturbed domain is determined by

(B (ut, ), wt>X:><Xt = /

(uVug, Vapy) doy — faby day
Qs Q

:/Q(utAtVut,Atth)Itdx—/thwtlt dz = (E(u,t), %) x- x, (3.2)

for any ; € X;, with u! = uyo Fy, ut = pokF,, ft = foF, and X; = H}(Q;). Here we used that
Vu; = (A;Vul)oF, ' and Lemma 2.3. (H1) is a consequence of (2.8), (3.2) and the smoothness of x and f.
Since (3.1) admits a unique solution and (H6) holds, Proposition 2.1 implies (H2). Since E is linear in u
assumption (H3) follows. For the verification of (H4) observe that

(E(u,t) — E(u,t) — E(u', Q) + E(u,Q), ) x-xx = (' LA, — )V (ut —u), A, V)q
+ (uV (u' —u), (A — I)V).

Hence (H4) follows from differentiability of p, (2.8) and (H2).

In view of Theorem 2.1 we have to compute % (E(u,t),p)x»xx|t=o0 for which we use the representation on €,
n (3.2). Recall that the solution u of (3.1) as well as the adjoint state p, defined by

(uVp, V) = (ji(u), ¥)a, ¥ € Hj(Q) (3.3)

belong to H%(Q) N H}(Q). Since Q € CH! (actually Lipschitz continuity of the boundary would suffice), u as
well as p can be extended to functions in H?(U), which we again denote by the same symbol. Therefore
Lemma 2.3(1) and Lemma 2.4 entail that

%<E(uat)ap>X*><X|t:O = %(fgt(‘u,V(uOF;I%V(poF;l))dxt 7th prFtildtht:O ( )
3.4
= (¥, Vp) (hyn) ds + [, (WY (=Vu - h), Vp) + (uVu, V(= Vip- h)) + £(Vp,h)) da.

Note that Vu - h as well as Vp - h do not belong to HJ(2) but they are elements of H!(Q). Therefore Green’s
theorem implies

/Q((MV(—Vu - h),Vp) + (uVu,V(=Vp-h)) + f(Vp, h)) dz = /Qdiv(,qu) (Vu,h)dz — /F(qu7 n)(Vu, h) ds

+ /Q(div(uVu) + ) (Vp, h)dx — /F(,uVu, n) (Vp, h)ds
. Oou Jp
=— /le(u) (Vu, h)dx — 2£(un,n)%% (h,n)ds. (3.5)

Above we used the strong form of (3.1) and (3.3) in L?(Q2) as well as the identities

ou ou
(uVu,n) = (un,n)% (Vu,h) = %(h,n)
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(together with the ones with u and p interchanged) which follow from u, p € Hg(£). Applying Theorem 2.1
results in

dJ(u, Qh = ——(E(u,t), p)x x |i=0 +/Qj1(u)divhdx

- [

8_p (h,n)ds + /Q(ji(u)(Vu7 h) + j1(u) div h) dz
z/r(,un )g—g—p(h,n)ds—i—/gdiv(jl(u)h)dx,

and the Stokes theorem yields the final result

A0, = [ (Gumm) 5T+ 1) (1) .

Remark 3.1. If we were to be content with a representation of the shape variation in terms of volume integrals
we could take the expression for %E(u, t)]t=o given in (3.4) and bypass the use of Green’s theorem in (3.5).
The regularity requirement on the domain then results from u € H?(Q2), p € H*(Q2). In [1] the shape derivative
in terms of the volume integral is referred to as the weak shape derivative, whereas the final form in terms of
the boundary integrals is called the strong shape derivative.

3.2. Inverse interface problem

We consider an inverse interface problem which is motivated by electrical impedance tomography. Let
U=Q=(-1,1) x (~=1,1) and 9U = 99. Further let the domain D = Q~, with Q= C U, represent the
inhomogeneity of the conducting medium and set Q* = U \ Q~. We assume that Q~ is a simply connected
domain of class C''! with boundary I' which represents the interface between Q= and QF. The inverse problem
consists of identifying the unknown interface I' from measurements z which are taken on the boundary 0U.
This can be formulated as

min J(u, Q) = / (u—2)%ds (3.6)
oU
subject to the constraint
—div(pVu) =0, in Q" uQt,
[u] =0, {ua{;—u_} =0 onTl, (3.7)
% =g, on OU,

where g € HY/2(9U), z € L?(0U), with [,,, g = [,, 2 =0, with [v] = v* — v~ on T and n*/~ standing for the
unit outer normals to Q7/~. The conductivity x is given by

p(x) = {H_ zER,

putox e,

for some positive constants 4~ and pt. In the context of the general framework of Section 2 we have j; = jo = 0
and j3 = (u — 2)?. Clearly (3.7) admits a unique solution v € H'(U) with [, u = 0. Its restrictions to Q%
and Q~ will be denoted by u* and u~, respectively. It turns out that the regularity of u®* is better than the
one of u.
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Proposition 3.1. Let Q and QF be as described above. Then the solution w € H*(U) of (3.7) satisfies
ut € H?(QF).
Proof. Let I'y be the smooth boundary of a domain Q with
Q- CcQuCcQyCU.
Then u|T'y € H3/? (T'y). The problem

{—div(,quVuH):O in U\Qpy

85—;’:g on OU, wupg=ully on Tpy,

has a unique solution uy € H2(U\Qy) with uff = u*|q,,. Therefore,
b= uldU = ug|0U € H3*(dU).

Then the solution u to (3.7) coincides with the solution to

—div(uVu) =0, in Q- U Qf,
[u] =0, [ua‘l—“ﬁ] =0 on I,
u=>b, on QOU.

We now argue that u®™ € H?(Q%). Let u, € H?(U) denote the solution to

—Aup =0 inU
up, =1>b on OU.

Define w € Hg(U) as the unique solution to the interface problem

—div(pgVw) =0 in Q
[w] =0, [pgs]=—[ugee] on T. (3.8)
w=0 on O9U.

Then u, € H?(Q2) implies [ug—S’}] € H'/2(T). By [2] equation (3.8) has a unique solution w € H{(U) with the
additional regularity w® € H?(Q%). Consequently u = w + uy, satisfies u|0Q = g and u* € H?(QF), as desired.
In an analogous way p* € H?(QF). O

To consider the inverse problem (3.6), (3.7) within the general framework of Section 2 we set X = {v €
H'(U): [5, =0} and define

<E(u7 Q)a 1/1>X* xX — (/LVU, Vz/})U - (ga w)aUa
respectively

(B(u,t), %) x-xx = (" ANVu, ALV L) o — (g9,%)ov
= (,u"'V(qu{l), V(woFfl))gj + (N_V(“OF;I)7 V(QboFtﬂ))Q; —(9,¢)au.
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Note that the boundary term is not affected by the transformation F; since the deformation field h vanishes
on JQU. The adjoint state is given by

—div(uVp) =0, in Q- uUQt,
[p] =0, [uai—p_] =0 onT, (3.9)
% =2(u— 2) on U,
respectively
(uVp, V)y = 2(u — z,v)au, for ¢ € X. (3.10)

Assumption (H4) requires us to consider

|(uT LAV (u' — ), AVp) — (uTV(u! —u), Vip)|dz

+

/Q (LAY~ u), AVE) — (Yt — ), Vi) de

Su*/
O+

et [V =) 4= DT de

!
~& | =

S~

+

| =

(%(ItAt — DV (u' —u), Atvw) ‘ dx

b /7 ‘ (%(ItAt ~ DV — ), Atw) ‘ dz

+/F/7 |(V(ut7u),%(Ath)Vw)|dm.

The right hand side of this inequality converges to 0 as ¢ — 0 by (2.8). The remaining assumptions can be
verified as in Example 3.1 and thus Theorem 2.1 is applicable. By Proposition 3.1 the restrictions u* = u|q+,
pt = plo+ satisfy v, p* € H2(QF). Using Lemma 2.3 we find that

d -
B xho = [

(M*Vu+7Vp+)(h,n+)dS—/ (W"V(Vu® - h), Vp*)de
o0+

o+

—/ (Wt Vut, vV (Vp" - h))dx—i—/ (0~ Vu=,Vp~)(h,n")ds
ot 20~

—/},u‘V(Vu_-h),Vp_)dx—/ (W~ Vu=,V(Vp~ -h))dx

= /[,uVu, Vpl(h,n")ds — / pt(V(Vu® - h), Vph) + (Vut, V(VpT - h)) dx
r o+

- /7 p (V(Vu~ - h),Vp~)+ (Vu,V(Vp~ -h))da.
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Applying Green’s formula as in Example 3.1 (observe that (Vu,h), (Vp,h) ¢ H'(U)) together with (3.9)
results in

- [ Gt Iy = [ (VT 1), ) de

:/ div(u+Vp+)(Vu+,h)dx+/ div(p~Vp~)(Vu~,h)dx
O+

<[tV Ry ds = [V n)(Tu s
o0+

o0~
_ Op

In the last step we utilize h = 0 on QU. Similarly we obtain

(Y V(T ) == [ gt (V] as

- [ vt vyt de - |

Collecting terms results in

ou

dJ (u, Q)h = — / [1(Vu, Vp)] (h,n™) ds + /F ({u%(w,m] + {uW(Vp, h)]) ds.

r

The identity
[ab] = [a]bT +a"[b] = a™ [b] + [a]b™
implies

[ab =0 i [a] = [b] = 0.

)-[2]-
[u aa;] {@} -0, (3.11)

or
where a% stands for the tangential derivative imply

Hence the transition conditions

(hyn®) +p

[ap

[ op ou Op Ou
MW(VU, h)} =

_,u ont ont ont E(h’T)}
B dp Ou i op %

N _N ont ont (h,m )} * [M on* 8T(h’T)]
[ op Ou "

- _‘LL 6n+ 6n+:| ( ,Tl ))

and analogously



530 K. ITO, K. KUNISCH AND G. PEICHL

which entails

dJ(u,Q)h:—/F[ (Vu, Vp)] (h ds+2/r[p Op 8“ ] (h,n*)ds
[ ou

— Ou 9p ) +
/{ 8707} (h,m der/F K on+ 8n+] (h,n")ds

S T p

In view of (3.11) this can be rearranged as

Ou Op ou Jp
~ln ]87' or [,u ont 8n+]

+Oudp _OuOp 4 Out opT _Ou~ Op~
S arar T EE+” an* ot " ont on+

B du 9p + out Op~ N ou~ Opt

w ot ot ont on*t ont on*t

_ [(Oudp ou~ Opt  out Ip~

th (EE+§<0TL+ 0n++ ont ont
1 _ _

which gives the representation
dJ(u,Q,T)h = —= / ) ((Vut, Vo) + (Vu, Vpt) (h,n*) ds
r

= [ vt ) (s

3.3. Elliptic systems

Here we consider a domain 2 = U \ D, where D C U and the boundaries OU and I' = §D are assumed to
be C! regular.

We consider the optimization problem

minJ(u,Q,I‘)E/le(u)dx—i—/rjg(u)ds

where u is the solution of the elliptic system

(B, ), ) x xx = /

Q

(a(z, Vu, Vp) = (f,v)) dz — /(g, P)ds =0 (3.12)

r
in X ={veH(Q): vlpy = 0}. Above Vu stands for (Du)”. We require f € H'(U)" and that g is the trace
of a given function G € H?(U)'. Furthermore we assume that a: U x R4 x R¥*4 gatisfies

(1) a(-,&,n) is continuously differentiable on U for every &, n € R¥*4, B
(2) a(x,-,-) defines a bilinear form on R¥*? x R¥? which is uniformly bounded in z € U.
(3) a(x,-,-) is uniformly coercive for all x € U.

In the case of linear elasticity a is given by

a(x,Vu, Vi) = Are(u) tre(yp) + 2pe(u) : e(y),
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where e(u) = 2(Vu+(Vu)T), and A, p are the positive Lamé coefficients. In this case a is symmetric, and (3.12)
admits a unique solution in X N H2(Q)! for every f € L2(Q)! and g € Hz (U)!, sce e.g. [3].
The method of mapping suggests to define

(E(u, 1), %) x+ e x :/

Q

(a(Fy(z), AiVu, AVY) — (ff, )1 dx—/(gtW)wt ds

T

:/Q (a(x,V(uOFt_l),V(wOFt_l))—(f,woFt_l)) dac—/ (9,0 F 1) ds. (3.13)

Iy

The adjoint state is determined by the equation
r

1 € X. Under the regularity assumptions on a equation (3.12) admits a unique solutions in X N H2(Q)! [15].
Moreover the adjoint equation admits a solution for any right hand side in X* so that Proposition 2.1 is
applicable. Assumptions (H1)—(H4) can then be argued as in Section 3.1.

Employing Lemma 2.3 we obtain

%(E(u,t),p>x*xx|t=o =— / (a(x, V(VuTh),Vp) + a(z, Vu, V(VpTh)) dz
Q

+/Fa(ac,Vu, Vp) (h,n)ds—’—/g(f’vPTh)dx_/F(f,p) (h.n) ds
+/r(g’vPTh) ds*/F (%(g,p)+ff(g,p)) (h,n) ds.

Since VuTh € X and VpTh € X this expression can be simplified using (3.12) and (3.14)

d . .
&<E(U,t),p>X*><X|t:0 :*/jS(u)VuThdm—/jé(u)VuThds
r

+ [ (ate. V. Vp) = (7.9) (hom)ds = [

r

(5o wta.n)) () s,

which implies

dJ(u,Q,F)hz/j{(u)VuThdx—i—/jl(u)divhdx
Q Q
+ / jb(w)Vuhds + / ja (w) divy hds
r r

+ [ (o, Va5 + (1) + 5 (0.0) + wg.p) (o) ds.

For the third and fourth term the tangential Green’s formula, see e.g. [12], (or the Appendix of the internal
technical report for this paper for a detailed proof in the case of a C*! boundary only),

/Fjé(u)VuThder/Fjg(u) divr hds = /(%]2(“) + Kj2(w)) (h,n)ds.

r
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The first and second term can be combined using the Stokes theorem. Summarizing we finally obtain

0 (u, . T)h = / (—ale, Ve, Vp) + (f,p) + 2 (u)

+ a%(ﬁé(w +(9,p)) + K(j2(u) + (9,p))) (h,n) ds. (3.15)

This example also comprises the shape optimization problem of Bernoulli type

min J(u, Q) = min / u?ds
rJr

where u is the solution of the mixed boundary value problem

—Au = f in Q,

u = 0 on 09U,
g—ZZQOHF

which was analyzed with a similar approach in [11]. Here the boundary 92 of the domain  C R? is the disjoint
union of a fixed part OU and an unknown part I' both with nonempty relative interior. Let the state space X
be given by

X ={pec H(Q): ¢ =0o0n dU}.

Then the Eulerian derivative of .J is given by (3.15) which reduces to

0
dJ (u, Q,T)h = / (=(Vu, Vp) + fp + o-(u® + gp) + k(u” + gp)) (h,n) ds.
r
This result coincides with the representation obtained in [11]. The present derivation however is considerably
simpler due to a better arrangement of terms in the proof of Theorem 2.1. It is straightforward to adapt the
framework to shape optimization problems associated with the exterior Bernoulli problem.
3.4. Navier-Stokes system
Consider the stationary Navier-Stokes equations
—vAu+ (u-V)u+ Vp = f, in €,
divu =0, in §,
u =0, on OU, (3.16)

on a bounded domain 2 C R%, d = 2,3, with v > 0 and f € H*(U). In the context of the general framework
we set Q = D and T’ = 9Q. The variational formulation of (3.16) is given by

Find (u,p) € X = H ()¢ x L*(Q)/R such that

<E((u7p)a Q)v (’lva))X*XX = V(vu7 Vp)a + ((u ) V)UMP)Q
= (pdivep)a — (fi¥)a + (divu, x)o =0 (3.17)

holds for all (1, x) € X. Let the cost functional J be given by

J(u,Q):/le(u)d:c.
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Considering (?).17) on a perturbed domain 2; mapping the equation back to the reference domain 2 yields
the form of E(u,t). Concerning the transformation of the divergence we note that for ¢, € HE(Q;)? and
Pt = o Fy € HE(Q)? one obtains

div ey, = (DyjAf e;) o Fi = ((Ag)iViby i) o Fy 1,

where e; stands for the i-th canonical basis vector in R? and (A;); denotes the i-th row of A; = (DF;)~T. We
follow the convention to sum over indices which occur at least twice in a term. Thus one obtains

<E((utapt)at)a (l/f, X)>X*><X = V(ItAtvuta Atvw)ﬁ + ((Ut : AtV)ut, Itw)Q
- (ptaIt(At)kvwk)Q — ("I, ) + (It(At)kvuiﬁX)Q =0,

for all (¢, x) € X.
The adjoint state (), ¢) € X is given by the solution to

(B ((u, ), 2) (¥, X), (A, @) xxx = (41 (u), ¥)a
which amounts to
v(Vi), VAo + (0 - V)u+ (u- V)h, Na — (x, div N)a + (div e, ¢)o = (j1(u), ¥)a, (3.18)

for all (¢, x) € X. Integrating by parts one obtains
(Ve = [ v xdivade~ [ o (@ VN o+ [ (@0 (@en)ds = (6, (- N
Q Q r

because u € Hg(2)? and divu = 0. Therefore
(¥ Vu+t (u- V), Na = (¥, (Vu)A = (u- V)A)g (3.19)
holds for all ¢» € H'(Q)?. As a consequence the adjoint equation can be interpreted as

—vAXN+ (VU)X — (u- V)N = Vg = ji(u),
div =0, (3.20)
where the first equation holds in L?(2)?, the second one in L%(Q).
For the evaluation of %(E((u,p), t), (N Q) xxx|t=0, (1, D), (A,q) € X being the solution of (3.17), respec-
tively (3.18), we transform this expression back to ; which gives
<E((uap)7 t)a (>‘ﬂ Q)>X* xX = I/(V(U © Ft_l)ﬂ V(A © Ft_l))ﬂt
+ ((u oF; - V)uo Fy M o Ft_l)Qt — (div(ho Fy 1Y), po FiY)g,
= (f Ao B o, + (div(uo Fh) g0 F o,

To verify conditions (H1)-(H4) we introduce the continuous trilinear form c: H} ()4 x H} ()4 x H} ()% by
c(u,v,w) = ((u- V)v,w) and assume that

v > N|f|g-1 and v > M (3.21)
where N = sup,, , e mi W and M = sup,¢ g1 C(\Zi%?)’ with u the solution to (3.16). Condition (H1)

0
is satisfied by construction. If v is sufficiently large so that the first inequality in (3.21) is satisfied, existence
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of a unique solution (u,p) € H}(Q)? x L#(Q)/R to (3.16) is guaranteed, see e.g. [4,5,14]. The second condition
in (3.21) ensures the bijectivity of the linearized operator E'(u,p) [5], and thus (H6) holds. In particular this
implies that (H2) holds and that the adjoint equation admits a unique solution. To verify (H3) we consider for
arbitrary (v,q) € X and (¢,x) € X

(E((v,9),9) = E((,0),9) — E'((w,0), 2)((0,9) — (), (1, X)) x- x
= (v~ u) - V)(0 — ), ) < K[l sy |0 — ulps .

where K is an embedding constant, independent of (v,q) € X and (¢, x) € X. Verifying (H4) requires us to
consider the quotient of the following expression with ¢ and taking the limit as ¢ — 0:

V(I AV (u' — ), Ay Vp) — (V(u' — ), Vap)] + [((u! - A V)ub, L) — ((u' - V)ub, ) — ((u- AV )u, L))
+ ((u- V)u, )] = [(I(A) s Vb, p* — p) + (divep, p —p)]
+ [(It(At)kV (UZ - uk)a X) - (le(Ut - u)a X)]a

for (v, x) € X. The first two term in square brackets can be treated by analogous estimates as in Examples 3.1
and 3.2. Noting that the third and forth square bracket can be estimated quite similarly to each other we give
the estimate for the last one:

((F = D)(A)rV (uy, — ur), x) + (((Ae)k — ex) V(g — ur), x)(exV (uf, — ur) — div(u’ —u),x)

which, upon division by ¢, tends to 0 for ¢ — 0.
In the following calculation we utilize that (u,p), (A, q) € H2(Q)% x H'(Q), which is satisfied if I" is C2, see
e.g. [4]. Applying Lemma 2.3 results in

%(E((u,p), £, (0 @) x-xx o = (Y (=FuTh), VA)q + v(Vu, V(~VATR))q + Z//F(Vu, V) (h,n) ds

+ ((=VaTh) - V)uA)_+ ((u- V)(=Tu"h), ),

+ ((u~V)u,fV)\Th)QJr/F((wV)u,)\) (h,n)ds

— (=VpTh,div A)q — (p,div(=VATh))q — /pdiV)\ (h,n)ds
r
— (f, =V h)o — / FA(hyn) ds
r

+ (div(=VuTh), ¢)q + (divu, —Vg  h)g + / qdivu (h,n)ds.
N

Since divu = divA = 0 and u, A € H (Q)? this expression simplifies to

g(E((u,p),t), (>‘7 Q)>X*><X|t:0 = V(vua VT/)A)Q + ((u : V)u, wz\)Q - (pa div w/\)ﬂ - (fa 1/&)9

dt
+v(Vu, VAo + (Yu - V)u+ (u- V)ihu, Ao + (div ihu, ¢)o

+ I//F(VU,V)\) (h,n)ds,

where we have used the abbreviation

Yo =—(Vu)Th, ¥y =—(VN)Th.
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Note that 1y, ¥y € H'(2)? but not in H(Q2)?. Green’s formula together with (3.16), (3.20) entails

| &

(B{(05).0): (v ) xleco = (vhut (- Vayut o= Lot [ v(Goin ) dst [ plonn)ds

[oN

t
+ (Yo, VAN + (Vu)A — (u- V)A = Vq)a + / v (%, Z/Ju) ds
r

+/Fq(1pu,n)ds+1//r(Vu,V)\) (h,n)ds

- 7/111, <%,(V)\)Th> dsf/rp((V)\)Th,n)dsf/Fz/ <%,(Vu)Th) ds

- /r q((Vu)Th,n)ds +v /F(Vu, V) (h,n)ds — (51 (u), (Vu)' h)q

_ _/F (1/ (%,%) +p (%,n) tyq (%n)) (h,n) ds
— (41 (w), (Vu)"h)q.

Arguing as in example 3.3 one eventually obtains by Theorem 2.1

Oou O\ O\ ou
dJ(u,Q,I‘)h:/F<V <%,%> +p <%,n> —l—q(%,n)) (h,n)ds

+ /Q(jl(u) div h + j1 (u)Vu® h) da

- /F (” (%%) P (%”) +q(%7n) +j1<u)) (h,n) ds.

3.5. Lack of shape differentiability of the state variable

We provide an example where the chain rule approach to obtain the shape derivative of the cost functional
with respect to perturbations of the domain is not applicable, whereas the technique presented in this paper
guarantees shape differentiability of the cost.

We consider the volume functional

J(u, Q) = /Q Vul? da (3.22)

subject to the constraint

(E(u,Q),9) xxx = (Vu, Vi)a — (f,¥)a = 0, (3.23)
where X = H}(Q). Differently from the previous examples we assume that Q C R3 is of class C*! and
f e Whi(Q) with ¢ € (1,%). As a consequence we obtain v € W37(€2) [7]. The equation on the perturbed
domain is the same as in (3.2), whereas the adjoint equation is given by

<Eu(u7 Q)w7p>X*><X = (Vﬂ)a Vp)Q - Q(VU, Vl/))sz = 07 l/f € Xa (324)
which can be interpreted as

Ap = 2Au, in Q,
p=0, onI'. (3.25)

Since u € W34(Q) we obtain Au € WH9(Q) which entails p € W34(Q). Sobolev’s embedding theorem then
implies Vu, Vp € L3(Q)% and Au, Ap € L3/2(Q) for each ¢ > 1. Thus the last term in (3.24) is well defined.
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Since u € W39(Q) we have %% € W2_%’Q(I‘) and since I' is a two-dimensional manifold it follows that
9u ¢ LX(I). Similarly 22 € L*(T).
If the shape derivative of u existed in H'(2), then it is the variational solution to

Au' =0, in Q,
0

u = fa—::(h,n), on I (3.26)

Let us choose h such that k| = n. Due to the assumption that ¢ € (1, £) the space W27%’q(F) is not embedded
in Hz(T') [8]. Hence there exists g € W2_%’Q(I‘) \ Hz(T"). Since the mapping f — g—z is a homeomorphism from
Whe(Q) to WQi%’q(F), see [8], [7] (Chap. 1), there exists f € W4(Q) such that g—z = g. Since the Dirichlet
solution operator of (3.26) is a homeomorphism from H'(Q) — H3(I) it follows from (3.26), with (h,n) = 1
on T, that u cannot be shape differentiable with shape derivative v’/ € H'(Q) for this choice of f. As a side
remark we mention that (3.26) admits a very weak solution v’ € L*(Q) since 2%(h,n) € L*(T).

Next we use the technique of Theorem 2.1 to argue that the shape derivative of J for problem (3.22) and (3.23)
exists and we compute its form. This computation holds for any perturbation characterized by h € C%1(U,R?).
Theorem 2.1 is not directly applicable since the functionals in (2.1) do not include derivatives of the state. We
therefore give an independent proof following the lines of the proof of Theorem 2.1. We first address (H1’),
(H2)—(H4). Conditions (H3) and (H4) follow by the same arguments as in the example of Section 3.1. To verify
(H1’) of Remark 2.1 it suffices to verify the existence of %(E(u, t), D) x*xx|t=0 where u and p stand for the
solutions of (3.23), respectively (3.24). This follows from

Eut)p)xcx = [ (AT AVD o~ [ flpds
Q Q
= / (AtVu, AyVp) Iy dz — f(po Ft_l) dz
Q Q
(2.8) and Lemma 2.3. To verify (H2) note that

is bounded for t — 07,
L1(Q)

-0

if f € Wha(U). Since u® —u € W9(Q) C L>(Q),

st fat )| < 0

t

for some constant M independent of ¢ > 0, thus }|u’ — u|% < M and hence u' — u in X as ¢ — 0. Then,

S< ft*f )l’u,t—ule,
t L

u' —ulpe = |u' — |2 (Ju* — ulpea)® < Clu' —ul 2 u —ulg,

I -1
t

S0t~ ot )

|ft|Lq+‘

Lo>e

where % + % =1, and thus p > 6. Now,

where pa = 6 and C is the embedding constant of X into L5(£2). Thus,

LSt~ fout )| =0
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and )
¥|ut - u|?X - 07
which implies (H2).
The difference of the cost function at 2; and €2 can be written as

J(ug, Q) — J(u, Q) = |Vut|2d:nf/ |Vul|? dx
Q Q
:/(It|Vut|27|Vu|2)d:E+/ L(|AVut)? — |Vul|)?) dz
Q Q
= R(t) + S(1).

The first term corresponds to Theorem 2.1 with jo = j3 = 0 and ji(u(x)) replaced by |Vu(z)|?>. Hence we
obtain as before

R(t) = /QIt|V(ut —u)[*dz + /Q(It —1)(2Vu, V(u' — u)) dz + /Q(QVU, V(u' —u))de + /Q(It —1)|Vul?) dz
= Rl(t) + Rg(t) + R3(t) + R4(t).

As in the proof of Theorem 2.1 we argue

and use the adjoint equation in R3(t)

R3(t) = (2Vu, V(u' —u))q = (V(u' —u), Vp)a

= (B(u",Q) — E(u,Q),p) x-xx
E(u',t) — E(u,t) — E(u', Q) + B(u,Q),p)x*x x
E(u,t) — E(u,0),p) xxx,

IS

which by (H4) and (H1’) gives

o1 d
%1_{% ;Rg(t) = —&<E(U,t)7p>X*><X|t=O-

It turns out to be advantageous to replace u' in S(¢) by the fixed solution u. This motivates the following
splitting (norms and inner products are taken in R3)
|A; V| — |Vul]? = |AV(u' —u) + A Vul? — |V(u' —u) + Vul?
= ((A4 = DV (u' = u), (A + D)V (u" — u))
+2((Ay = )V (u' — u), A4 Vu) + 2(V(u* — u), (A, — I)Vu)
+ |AVul? — [Vul?,

and this results in

S(t) = (I(Ar = DV (u' —u), (A + D)V (u" —u)),,
+ Q(It(At — I)V(ut — U),AtVU)Q + Q(ItV(Ut - u)’ (At _ I)VU)Q

+/ L(AVu — [Vul?) de = S1(£) + Sa(t) + Ss(t) + Sat).
Q
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In view of (H2) and (2.8) we conclude

1
lim =S;(t) =0, i=1,23.
t—0 t

Concerning Sy we argue
Su(t) = / L(|A:Vul?* — |Vul?) dz = / (1] Ay Vul? — |Vul?) dz — Ry(t)
Q Q
= S5(t) — Ra(t).

Since VZu € L3/2(Q,R3*3) and Vu € L3(Q)® we infer that |Vu|?> € W1(Q). Therefore Lemma 2.3 can be
applied to obtain

1 d
i35S0 =g J,

:/F|Vu|2(h,n)ds+Q/Q(Vu,V(—Vu-h))dx

/F<%)2 (h,n)ds+2/ﬂ(Vu,V(fVu-h))dx.

The boundary term above is integrable since Vu € W21(Q)3 implies Vu € L*(T')?, hence g—z € L*(T). Collecting
terms results in

|V (uo F,;l)|2 dz|i—o

dJ(u,Q)h:f%<]_:7(u,t),p>x*xx|t:0+/r (%) (h,n)ds
+2/(Vu,V(—Vu-h))dx (3.27)
Q

(note the cancellation of R4(t)). Using Proposition 2.37 in [13] the derivative above is calculated as in Exam-
ple 3.1:

d - d
&<E(U7t)ap>X*><X|t:0 = & (/Qt(V(UO thl)’v(pothl)) do — . f(pO Ftl)dl‘) |t:0
_ %@ (hyn)de + (V(=Vu - h), Vp)o + (Y, V(=Vp - 1))a + (£, Vp - h)a
r On on

= (V(=Vu-h),Vp)a,

where we used Green’s theorem and —Awu = f in the last step. Another application of Green’s theorem combined
with (3.25) shows

Ou Op
(V(—VU ’ h)7 VP)Q - (Ap7 Vu - h)Q - - %% (h, n) dz
Ju dp
=2(Au,Vu-h)g — g I on (h,n)dx
which implies
d - Ou 0
E<E(uat)ap>X*xX|t:O =2(Au, Vu - h)g — /r %E)_Z (h,n)dz.
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Inserting this expression into (3.27) and applying Green’s theorem one more time we are eventually led to

dJ(u, D)h = 2(Au, —Vu-h)q +2(Vu, V(=Vu- h))q

Ou Op ou\
+/F%%(h,n)dm+/r<%> (h,n)ds
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:/F%%(h,n)dzf/r <%)2 (h,n) ds. (3.28)

Note that such a functional is not covered by Theorem 2.1.
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