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Abstract. An optimal control problem for the equations governing the stationary problem of
magnetohydrodynamics (MHD) is considered. Control mechanisms by external and injected currents
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1. Introduction. Magnetohydrodynamics, or MHD, deals with the mutual in-
teraction of electrically conducting fluids and magnetic fields. In particular the mag-
netic field interacts with the current in the fluid by exerting a Lorentz force. This
feature renders it phenomenally attractive for exploitation, especially in metallurgical
processes. The Lorentz force offers a unique possibility of generating a volume force
in the fluid and hence to control its motion in a contactless fashion and without any
mechanical interference. Therefore MHD technology is used routinely today by engi-
neers, for instance, to stir molten metals during solidification, dampen their undesired
convection-driven flow during casting, filter out impurities, and melt and even levitate
metals.

With the present paper, we wish to contribute to the application of the power-
ful methods from mathematical optimization to compute tailored magnetic fields for
MHD flow control. Although this work intends primarily to lay the mathematical
foundations of MHD optimal control, we believe we have chosen a problem setup of
practical relevance, allowing our results to be directly exploited in numerical methods
and applications.

Before we turn to the problem description, let us put our work into perspec-
tive. Throughout we always refer to stationary incompressible MHD involving vis-
cous fluids. Instationary problems will require an investigation in their own right,
and compressible MHD mostly occurs in the realm of plasma physics, whereas we
focus on the engineering aspects of MHD. While a remarkable amount of attention
in the past decade was devoted to the analysis of optimal control of the Navier—
Stokes equations (see, e.g., [9, 10, 11, 14] and the references therein), we are aware
of only a few contributions so far concerning the optimal control of the MHD system
[13, 16, 17, 18, 19, 24]. The majority of these papers treat the case of low magnetic
Reynolds numbers or use either the velocity-potential or the velocity-magnetic field
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formulation, which both result in the necessity of using artificial boundary condi-
tions. The MHD state equations alone have been investigated in a number of papers,
including [22, 21, 12].

We organized the material as follows: In the remainder of this section, we briefly
recall the stationary MHD state equations and their velocity-current formulation. In
section 2 the variational form of the state equations following [22] are introduced. Our
main results are given in section 3, where we consider an optimal control problem for
the MHD system. We derive the first order necessary optimality system and establish
second order sufficient conditions. In section 4, we analyze an operator splitting
scheme for the solution of the MHD state equation which makes use of existing solvers
for the Navier—Stokes equations and div-curl systems. We conclude with an outlook
on follow-up work in section 5.

Essentially, the MHD system consists of the Navier—Stokes equation with Lorentz
force, yielding the fluid velocity w and its pressure p, plus Maxwell’s equations de-
scribing the interaction of the electric field E and the magnetic field B.! In the
stationary case, the complete MHD system is given by

(1.1) V-J=0 VxE=0
(charge conservation) (Faraday’s law),
(1.2) V-B=0 Vx((ptB)=J
(No magnetic monopoles) (Ampere’s Law),
(1.3) J=0(E+ux B)
(Ohm’s law),

together with the Navier—Stokes system with Lorentz force

(1.4) o(u-Viu—nAu+Vp=J x B,
(1.5) V-u=0.

We refer to [25, 4] for more details. Here p denotes the magnetic permeability of the
matter occupying a certain point in space, and g, 1, and ¢ denote the fluid’s density,
viscosity, and conductivity. All of these numbers are positive. We emphasize that we
consider p to be constant throughout space; hence we assume a nonmagnetic fluid
and no magnetic material present in its relevant vicinity.

It is an outstanding feature in magnetohydrodynamics that, from the set of state
variables (u,p, E, B, J), the electric and magnetic fields E and B extend to all of
R3, whereas the velocity u and pressure p are confined to the bounded region 2 C R?
occupied by the fluid. The current density J is defined within the fluid region and
possibly also in external conductors.

Rather than treating the full set of variables (u,p, E, B,J), researchers often
describe MHD systems by a properly chosen subset, which is frequently taken as the
pair of primal variables (u, B). This entails that either B has to be considered on
all of R3, or that artificial shielding boundary conditions have to be assigned on 99
so that the coupled system can be considered on the fluid region 2 alone. Physically,
shielding boundary conditions represent a fluid being surrounded on all sides by a
perfectly conducting vessel. Such boundary conditions exclude the control action

LStrictly speaking, B should be called the magnetic induction, while H = p~! B is the magnetic

field. It is, however, common usage in MHD literature to call B the magnetic field.
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by means of distant magnetic fields. This is an especially attractive feature of MHD
control. In what appear to be the practically more relevant cases, where the outside of
the fluid region 2 is finitely conducting or nonconducting, hence permitting control by
distant magnetic fields, the proper boundary condition for B is an interface condition
requiring B to be continuous across d€) in both its normal and tangential components,
ie.,

(1.6) [Blaa =0,

where [-]sn denotes the jump of any quantity when going from the interior of €2 to its
exterior. As a consequence, B has to be considered on all of R3.

These shortcomings of the (u, B) formulation are not present in the velocity-
current formulation in the variables (u, J) of the state equation system (1.1)—(1.5) as
introduced in [22]. In this formulation, the magnetic field B is eliminated by means
of a solution operator B(J) which solves the div-curl system (1.2) for divergence-free
currents J and respects the interface condition (1.6). With the condition that it
vanishes at infinity, the solution is unique. Moreover, the irrotational electric field E
is replaced with its potential ¢ (unique only up to a constant). In our case of constant
permeability pu, the operator g(J ) is given by the Biot—Savart law,

(1.7) B(J)(z) = —ﬁ /R ﬁ x J(y) dy.

Inserting B = B(J) into (1.1)~(1.5) results in the velocity-current formulation of the
stationary MHD system,

(1.8) o(u-V)u—nAu+ Vp—J x B(J) =0, V.ou=0,
(1.9) o'+ Vo —uxB(J) =0, V-J=0

for the unknowns (u,p,J, ¢). Here u and p and the electric potential ¢ are confined
to the region 2 occupied by our conducting fluid, while J may additionally extend to
external conductors.

In general, the total magnetic field B is a superposition of the induced magnetic
field B(J) and other magnetic fields, for instance, those belonging to permanent mag-
nets or fields generated by given electric currents; see (3.7). We note in passing that
in the case of weakly conducting fluids, such as, for example, salt water, or more
generally, in the case of low magnetic Reynolds numbers R,, = poul (where u and
[ are typical velocity and length scales), the magnetic field associated with the in-
duced current is negligible in comparison with an imposed field [4]. Hence, E(J ) can
be replaced with a given field Bg. We refer to [19, 24, 17] concerning the optimal
control of weakly conducting fluids and to [15] for control approaches concerning the
instationary von Kéarman flow for a weakly conducting fluid with given Lorentz force.

2. Function spaces and operators. In this section, we present the proper
functional analytic setting for the stationary MHD problem following [22]. Through-
out, let 2 denote a bounded domain in R? with Lipschitzian boundary, and let L?(12),
H'(Q), and H(Q) and, in general, W'?(Q) and W,?(Q) denote the usual Sobolev
spaces [1] for 1 < p < co. In addition, for I = 1,2, let V!(R?) stand for the completion
of H'(R3) with respect to the seminorm which measures only the /th order derivatives
[21]. Furthermore, H'/2(9Q) is the trace space of H(Q), endowed with the norm

91l zr172(80) = Inf [ @[ m1(q),
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where the infimum extends over all ® whose trace coincides with ¢. The norm duals
of H}(Q) and H'Y/2(0Q) are H'(Q) and H~'/2(0Q), respectively. The norm dual of
WyP(Q) is W1 (Q), where p’ is the dual of p, i.e., p’ = p/(p—1). Boldface notation
indicates the triple Cartesian product of a space with itself, e.g., L*(Q) = [L?(Q)]?,
and the symbol L2, (Q) denotes the subspace of divergence-free (solenoidal) functions
in L*(Q). Finally, we denote by A* the adjoint of a bounded linear operator A and
by X’ the dual of a normed linear space X.
We will consider solutions

w e H' () N L, (), J € L, (),

p e L*(Q)/R, ¢ € H'(Q)/R,
which satisfy (1.8)—(1.9) in variational form. In order to obtain the variational for-

mulation, we multiply (1.8)—(1.9) by smooth test functions (v, q, K,1), where v has
zero Dirichlet boundary values. Integration by parts yields

(2.1)
o [(wVuvsn [ Vu: Voo [ (V0)Pe) = [ (1% B0 [ (7w

Q

sot [k [ K90 - @By k- [1ve- [ .

where j = J - n denotes the given boundary values in the normal direction for the
current J. In (2.1),

3
Vu : Vv = /Vui-Vvi,

and P(p) denotes the projection of p on the functions with zero mean,

P(p)=p—|ﬁl|/ﬂp-

Based on (2.1), we introduce the bilinear forms

ai(u,v) :n/ﬂ(Vu : Vo), (IQ(J,K):O'_l/QJ'K,

dwp) == [ (V-u)P) d(3.0)= [ T (Vo)
and trilinear forms
b(u,v,w):g/ﬂ(u~V)v~'w, c(u,v,w):/g(uxv)~w,

where u,v,w € H (Q), J, K € L*(Q), p € L*(Q)/R, and ¢ € H'(Q)/R. Note that
¢ is defined on any LP*(Q) x L*2(Q) x L**(Q), where 1/p; + 1/pa + 1/p3 = 1.

Let us now turn to the forms introduced above. Besides the obvious continuity
properties, they satisfy the following.
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LEMMA 2.1 (LBB conditions [7]). The constraint forms di and da satisfy the
following Ladyzhenskaya—Babuska-Brezzi (LBB) conditions on Hy(Q) x L*(Q)/R,
and on L*(Q) x H'(Q)/R, respectively:

d
inf sup 1w, 2) > f1,
peL2(Q)/R ucH)(Q) 1wl g2 Q)Hp||L2 (Q)/R
inf sup d2(J, )

SEHL(Q)/R JEL2(Q) Tzl ol mryr —

for some (1,32 > 0.
Let us define the following spaces associated with the constraint forms d; and ds:
Vi={ve H)Q) : di(v,p) =0 for all p € L*(Q)/R},
V0 ={®, € H'(Q) : (®1,v) =0 for all v € V;},
Vo={K e L*(Q) : dy(K,$) =0 for all ¢ € H'(Q)/R},
VY ={®y € L*(Q) : (@3, K) =0 for all K € V5}.

Note that [26]

Vi={veH}Q) : V-v=0onQ},
Vo={KecL*(Q):V-K=00nQand K -n=0on d0N}.

LEMMA 2.2 (properties of constraint forms). If ®; € V° and ®5 € V¥, then the
equations

dy(v,p) = (®1,v) for allv € H{(Q),
do(K, ¢) = (9, K) for all K € L*()

are uniquely solvable for p € L?*(Q)/R and ¢ € H'Y(Q)/R, and [|pllr2)r <
c1 |1l g-1() and |8]l g1 (o)/r < c2 || P2l L2(q) hold for some c1,ca > 0.
Proof. See [7, Chap. I, Lem. 4.1]. ]
LEMMA 2.3 (passing to the limit in ¢).
(1) Let u™ — w in L*(Q), v" — v in L3(Q), and w € L5(Q). Then c(u™, v"™, w)
— c(u,v,w).
(2) Letu € L*(Q), v* — v in L*(Q), and w™ — w in L°(Q). Then c(u,v™, w")
— c(u,v,w).
Proof. For the first claim, we use the estimate

le(u”, v, w) — c(u, v, w)| <

/Q(unx(vn_v))-w‘+

[ (@ —wx0) ).

We apply Hoélder’s inequality to the first term, using the native norms of all three fac-
tors involved. It converges to zero since||v™ —v/| s () converges to zero and [[u" | g2(q)
is bounded by assumption (1). Hélder’s inequality again shows that [(- X v) - w is a
continuous linear functional on L*(Q) so that also the second term converges to zero.
The second claim follows similarly, using the splitting

[ @ o) wr

e(u, v", w") - c(u,v,w)| < +

[xv)- @ —w). o
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LEMMA 2.4 (properties of E) The following properties hold:

(1) The Biot-Savart operator (1.7) maps any given J € L*(R3) to B(J) €
VY(R3). The restriction of B(J) to Q lies in H'(Q).
In this sense, the Biot-Savart operator defines a continuous linear map be-
tween L*(R®) and H*(Q), i.e.,

1B () < eslld Lo

for all J € L*(Q) and some cg > 0.

(2) If J € L2, (Q), then B(J) is the unique solution of the div-curl system (1.2)
vanishing at infinity.
The operator B is self-adjoint in L*(R3).

Remark 2.5. Whenever J has compact support, as will be the case in our appli-
cations, B(J) belongs to H'(R?). However, it is sufficient for our purpose that the
restriction of B(J) to € is in H'(Q), as guaranteed by the lemma.

Proof of Lemma 2.4. Consider the Newton potential

(o) =~ [ T ay.

which defines an isomorphism from L?(R3) to V#(R3) [21, 3]. One argues that B(J) =
V x Lo(J) holds for all J € L*(R?). This implies that B(J) € V! (R?).
Since V'(R?) embeds into H{,.(R?) [3], claims (1) and (2) follow. Theorem 2.7

and Remark 2.8(b) in [21] imply that (3) holds. To prove self-adjointness, we multiply
B(J) by a function C € L*(R2) and integrate over R>:

c.BJ)=-L C(:c)-(/Rmny(y)dy>dcc

R3 A R3 s |z —yf?

:—ﬁ/]RS /]R3 C(z)- (m xJ(y)) dx dy

__ : =Y
Ty J(y) ( . C(x) x P da:) dy.

_H . Yy
17 o J(x) </R$ P x C(y) dy> dx.

Since the left-hand side by definition equals [ps J - B*(C), we have found B*(C) =
B(C). O

We conclude this section by a compact embedding result whose proof can be
found in [7].

LEMMA 2.6 (compact maps and embeddings). For a bounded domain © C R?
with Lipschitz boundary, the embeddings H* () — L57¢(Q) and L*(Q) — W~16-¢(Q)
are compact for all e > 0. In addition, the pointwise product map (u,v) — wv is con-
tinuous from H'(Q) x H'(Q) to WH3/2(Q), and the latter embeds compactly into
L37¢(Q) for all e > 0.

3. The optimal control problem. We analyze an optimal control problem
for the stationary MHD system motivated by the applications described in [4]. A
typical geometry that we have in mind is depicted in Figure 3.1. We assume that the
electrically conducting fluid, e.g., a liquid metal, is contained in a vessel occupying
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Fic. 3.1. General setup: Fluid region Q (cube), external conductor Qin; attached to the fluid
region, and external conductor Qext separate from the fluid region.

the domain 2. On part of the boundary J€2, an external conductor {2;,; is attached.
The current distribution in i,; is assumed to be known, but its magnitude can be
adjusted. The purpose of such a propulsion device is to drive the fluid in € in a desired
way, both through the action of the magnetic field induced by the current in Q;,; and
through the current, which is “injected” into the fluid region 2 through the electrodes
attached to its surface. The same assembly can be found in electromagnetic filtration
devices. Since in some cases it may be undesirable to attach the external conductor
to the surface of the fluid vessel, we included a second conductor .. separately from
the fluid region in which, again, the current distribution is given but its magnitude
can be controlled. This external conductor has an impact on the fluid motion in 2
solely through its induced magnetic field. An assembly in which a number of such coils
is distributed around the fluid vessel can be found, e.g., in electromagnetic stirring
devices [4, 23], albeit their magnetic field is usually amplified by yokes in the coil
centers, which are currently not included in our model in view of the assumption that
the permeability p is constant. In addition, we allow for another external magnetic
field Byt which is subject to optimization. In practice such a field cannot be shaped
at will. We consider it as originating from a permanent magnet whose field is again
known except for its magnitude, which serves as an optimization parameter.

From (1.8)—(1.9) we recall the stationary MHD system in velocity-current formu-
lation,

(3.1) o(u-Viu—nAu+Vp=J x B, V-u=0 on (),
(3.2) o' J —uxB+Ve¢=0, V-J=0 on Q.
We will consider solutions

(3.3) y=(u,p,J,9)

with

u e H'(Q) N L3, (Q), J € L, (),
p e LX(Q)/R, ¢ € H'(Q)/R,
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which satisfy (3.1)—(3.2) in variational form, together with the following boundary
conditions:

(34) J -n= Jinj ‘n on 8Qmj N o9,
(3.5) J-n=0 on 90\ 0,

with the injected current Ji,; specified below. For the fluid velocity, we impose
Dirichlet boundary conditions

(3.6) u=~h on 0.

For our setup the total magnetic field B is the superposition of the field B(J)
induced by the current J inside the fluid domain, the fields E(Jext) and E(J inj)
induced by the currents in the external conductors (whether or not attached to the
fluid domain), and the magnetic field Bey; associated with the permanent magnet,
ie.,

(3.7) B = B(J) + B(J ext) + B(Jin;) + Bext.

We repeat that the external magnetic field By and the current fields Jexe and Jiy;
are assumed known except for their magnitude. For instance, in the case of a smooth
wire, the current field simply follows its shape, and thus

(38) Jext = Iext . jexh Jinj = Iinj . :jinj, Bext = Bext : Eexta
where
(39) u = (Iext7linj7Bext) € R3

is the vector of control variables. Herein, Iy and Iin; denote the adjustable scalar
current strengths and J ext and J inj are the given solenoidal current field distributions
in the external conductors (e and (inj, respectively. In practice, these currents
must be maintained by an adjustable voltage source. Likewise, Beyt relates to the
strength of the external magnetic field (associated with a permanent magnet) Byt.
The boundary conditions (3.4)-(3.5), together with Assumption 3.1(3) below, close
the current loop and ensure that the total current J + J eyt + Jinj is solenoidal on R3.

The restriction to finite-dimensional controls is motivated by applications. Non-
parametrized distributed current and magnetic fields (Jext, Jinj, Bext) € L3y (Q) X
(Hl(Qinj) N L3, (Qinj)) % V!(R?) can be used as controls if the norms in the objec-
tive below are adjusted accordingly. Besides technical difficulties, the most significant
change that will occur is in the necessary optimality conditions (3.28) (see Theo-
rem 3.11 below), which will involve Poisson equations.

We are now prepared to state our optimal control problem as follows:

Ce . (67 ap (o'%}
Minimize 7“”“ - ud||2L2(Qu,ob5) + 7||B — Bl 720, 0 7||J — JallZ20, )

X inj B
() L2 o o 2 i + | Bese

subject to (3.1)—(3.7).

The control objective reflects the goal of steering the fluid velocities and the
magnetic and current fields towards the given desired fields uq, Bg, and J g4, possibly
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only on subdomains €2, obs C €, QB obs C R3, and Q. obs C Q of interest. The desired
fields are L? functions in their respective domains of definition. One may choose
among those goals by setting the respective weights a equal to zero. The control
weights v are assumed to be positive. Note that due to the “state times control”
terms u X B (through Ohm’s law (1.3)) and J x B (the Lorentz force), problem (P)
is a particular type of bilinear control problem.
We shall require the following assumption for the analysis of the MHD system
(3.1)—(3.7).
Assumption 3.1 (problem data).
1. Q, Qiyj, and Qey; are bounded mutually disjoint domains with C%! boundary,
such that €)i,; and € have a part of their boundary of positive surface measure
in common; see Figure 3.1.

2. The boundary velocity h € H/?(9Q) satisfies Joqh-m=0.
3. Jexs and Jiy; are (current) fields in L3, (Qext) and H(Qi) N L3, (),
respectively, satisfying [, o0 Jinj -1 = 0.

4. Bext is a divergence-free (magnetic) field on R? such that its restriction to 2
lies in L*"(Q) for some & > 0.
5. The nonzero fields Eext, E(j oxt); and g(j inj) are linearly independent.

The assumption J inj € H 1(Qinj) implies that the normal trace jinj - n, when
restricted to the intersection 02 N 0Qn; and extended by zero, yields a function
j € L?(09); hence in particular j € H~'/2(9Q) holds. The latter is needed to
ensure the existence of a lifting Jo whose normal boundary values coincide with j,
see Lemma 3.2 below. Note that j € H~'/2(9Q) can in general not be achieved if
merely Jinj S Liiv(Qinj)'

In order to eliminate the boundary conditions for the velocity and current and to
homogenize the problem, we introduce liftings wy and Jg of the given boundary data
such that

uo € H'(Q), uoloq = h, V-ug=0,
JOELQ(Q)v JO'”|8Q:ja V'JOZOa
with
(3.10) J=Jinj-non QN0 and  j=0on 9N\ 0Qy;.

Such a lifting exists according to the following lemma. Note that Assumption 3.1(3)
implies that [, j = 0 as required in part (b) of Lemma 3.2 below.
LeEmMA 3.2 (lifting). Let 5; be the constants from the LBB condition (Lemma 2.1).
Then we have the following:
(a) For every h € HY?(8Q), there exists ug € H'(Q) such that uglag = h and
di(uo,q) = 0 holds for all ¢ € L*(Q)/R, i.e., V -ug = 0. Moreover, the map
h — ug can be chosen linearly and continuously, such that

lwoll 1o < (1 +5f1)||h”H1/2(aQ)

is satisfied.
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(b) For every j € H=/2(9Q) which satisfies (j,1)oq = 0, there exists Jo € L*(Q)
such that dy(Jo,1) = (j,1)4q holds for all p € H'(Q)/R, ie., V-Jg =0
and Jog -m = j. Moreover, the map j — Jo can be chosen linearly and
continuously, such that

1 Tollz2) < By il a-1/2(00

is satisfied.

Proof. The claim is a consequence of the LBB condition; see [22] for details. Note
that for functions Jo € L*(Q) such that V - Jo € L*(2), the normal trace Jo - n
exists with values in H~/2(9Q) [7]. 0

As a consequence, the fluid velocity and current can be written as

u = ug + u, J:J0+j,

where % € H)() and J - = 0 on 0. It is important to note that in view of the
current boundary condition (3.4)—(3.5), the lifting Jy depends on the control variable
Iin;. We emphasize this dependence whenever appropriate by writing

(3.11) Jo = ATin Tins - 1),

meaning that Jy is the lifting, according to Lemma 3.2(b), of the function j in (3.10).
We now consider the homogenized state equation to find

(3.12) 7= (t,p,J,0).

In its variational form, the homogenized system is given by

a1 (T + uo, v) — c(J + Jo, B,v) + bW + uo, @ + ug, v) + dy (v,p) = 0,
dl(avq) :Oa
(3.13) . ~
CLQ(J+J0,K) +C(K,B,’UI+’U10) +d2(K,Q§) = 0,
dQ(jaw) :O

for all (v,q, K,¢) € H)(Q) x L*(Q)/R x L*(Q) x H'(2)/R, where we set
(3.14) B = B(A(IinjJinj - 1)) + B(J) + B(Jext) + B(Jinj) + Bext

as an abbreviation. The homogeneous solution ¥ is sought in the space
(3.15) Y = HL(Q) x L*(Q)/R x L*(Q) x H'(Q)/R.

In its strong form, (3.13) corresponds to

—nAw + p(a - V)u + p(t - V)ug + p(ug - V)u + Vp
=nAug — p(ug - V)ug+J x B+ Jy x B,
c ' J—axB+Ve=—0c'Jy+uyx B

plus the incompressibility conditions V-4 = 0 and V- J =0and boundary conditions
J-n =0and u = 0 on 90. We note that the velocity boundary condition is
incorporated into the space H é(Q), whereas the boundary condition for the current
is of variational type.
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We now comment on the solvability of (3.13)—(3.14) and thus of the original system
(3.1)—(3.7). As was observed in [22] for the MHD system without Jext and Bext, the
existence of a solution seems to be contingent upon the smallness of the liftings ug
and Jo, i.e., smallness of the boundary data h and Ji,j - n. Note that, while the
Navier—Stokes nonlinearity p(u - V) is conservative in the sense that b(u,u,u) = 0,
this is not the case for the bilinear terms J x B and u x B. The existence proof given
in [22] uses the LBB theory [7, Chap. IV, Thm. 1.2], and it is based on a limiting
process of Galerkin approximations. Applying this technique to the present situation
likewise yields solvability, provided that the data h and Jiy; - n are sufficiently small.
Under stronger assumptions involving also the remaining controls Jext and Bext,
uniqueness of the solution can be proved using [7, Chap. IV, Thm. 1.3]. In any case,
the required bounds on the data seem not exactly tangible since they involve the
embedding constants of H'() < LP(2) and the constant in the Poincaré inequality,
as well as the norms of the lifting operator A and the Biot—Savart operator B. This
is the reason that we refrain from stating the exact conditions here.

We provide here an alternative existence proof based on the Leray—Schauder fixed
point theorem; see, for instance, [6, p. 222]. Let us define the operator A:Y — Y’
by its components:

Al (bu, 6p, 6J,6¢)(v) = a1 (6u,v) + di(v, &p),
A%(bu, bp, 6T, 66)(q) = d1(6u, q),

A3 (6w, 6p, 6T, 6¢)(K) = az(6J, K) + do( K, 6¢),
A (6w, 6p,6J,60) () = da (6T, ).

We observe that A is an isomorphism since (A;, 43)(-, -, 0,0) defined between H(Q) x
L2(2)/Rx{0}x{0} and its dual is an isomorphism, and so is (A3, A4)(0,0, -, -), defined
between {0} x {0} x L*(Q) x H'(Q)/R and its dual; see [22].

PROPOSITION 3.3 (state equation). Suppose that Assumption 3.1 holds and that
lwoll () and [|JollL2(q) are sufficiently small. Then the homogenized state equa-
tions (3.13)—(3.14), and hence the original system (3.1)—(3.7), possess at least one
variational solution. Every such solution satisfies the a priori bound

[l zr ) + 1712200y < 1 [ ollz2 (o) (1 + [ Joll 20 + |u|2)
(3.16) + 2 ol g (1+ 19001320y + ul?)
Moreover, we have the bound
(3.17)
Pl 2@y /r + |l 1 Q)R < €3 <||u||H1(Q) + ) + 122 @) + HJHiz(Q)) .

Proof. The proof can be found in the appendix. 0

Remark 3.4. The constants ¢; and ¢y are of the form ¢;(1 — ||Jo|| — ||wol|) ™.
From the proof we infer that the larger the viscosity n of the fluid is and the smaller
the conductivity o is, the larger the liftings ug and Jg in Proposition 3.3 are allowed
to become, and thus the larger the boundary data h and the control Ii,; are allowed
to become.

The variational form of the state equation (3.13) gives rise to the definition of the
PDE constraint operator

(3.18) e:Y xR* =Y.
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The components e (7, u)(v), ..., e*(7,u) (1)) are defined through the left-hand sides of
(3.13). This concise form of the MHD system

(3.19) e(u)=0 inY’

will be used below to argue existence of the Lagrange multipliers in the optimality
system, based on the following results on the linearization of e whose proofs are only
given as necessary.

LEMMA 3.5 (linearized PDE constraint). The operator e is infinitely Fréchet
differentiable. Its first order partial derivative with respect to the state variables in
the direction of by = (du, 6p,8J,8¢) is given by

(3.20) el (@,u)(6y)(v) = a1 (8u,v) — c(6J, B,v) — c(J + A(LinjJinj - ), B(6J), v)
+ b(bu, utug, v)+b(utug, du, v)+d; (v, 6p),

€2 (7,u)(6y)(q) = di(bu, q),
e3(7,u) (6y)(K) = az(6J, K)+c(K, B, 6u)+c(K, B(8J), ttuo)+dz (K, 5),
e;l(@, u)(6y) (V) = d2(6J,9),

where we have set again B = g(A(Iinjjinj n)) + B(J) 4+ B(Jext) + g(Jinj) + Byt
As for the control variables, the first order derivative in the direction of du = (6lext,
5Iinj7 5Bext) 8

3.21
i;(g,)u)(éu)(v) = —¢(6Tinj AT inj - ), B,v) — (T 4+ ALinjJinj - ), 8L B(A(Jinj-m))
+ 6Luxe - B(Jext) + 8Iinj - B(Jinj) + 6 Bext - Bext, ),
ez (7, u)(6u)(q) = 0,
€3 (7, u) (8u)(K) = az(8Iin; - A(J iy - ), K),
+ (K, 6Iinj'g(A(jinj'n))+6lext'g(jext)+5linj'g(jinj)+6Bext'-§ext7 u+u)
€u(y, u)(u)(y) = 0.

We note that in its strong form, the system e, (y,u)(8y) = (¢, f, g, h) € Y’ corre-
sponds to

—nAbu + p(du - V)(u + ug) + p((w + ug) - V)éu + Vép
= 6J x B+ (J +Jo) x B(6J) +é,

bu
bu

V. éu="f,
o7 18J — 6u x B — (i + uo) x B(8J) + Vép = g,
V-J=h

The first and third components of e, (¥, w)éu must be read as

— 6Iinj . A(jinj ’I’L) x B — (j + A(Iinjjinj . n))
X (6Iinj : E(A(jmj . TL)) + 6Iext : E(jext) + (SIinj . E(jlnj) + 6Bext : Bext)
and

0" 6 iy - A(JTinj - 1) — (T + wg)
X (6Iinj : g(AA(jmJ . n)) + 6Iext : g(jext) + 6Iinj . g(jmj) + 6Bext : Eext) )
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respectively. R R
In preparation for the following proposition, let us define the operator C : Y — Y’
by its components:

CH (7, u) (6, 6p, 8J,60)(v) = —c(8J, B,v) — c(J + Jo, B(6J),v) + b(6u, & + ug, v)
+ b(u + ug, bu, v),

C*(y,u)(6u, 6p,6J,6¢)(q) =0,

C3 (7, u)(6u, 6p, 6J,6¢)(K) = (K, B, 5u) + ¢(K,B(8J), 6 + ug),

04@, u)(du, 6p, 6J,6¢)(¢p) = 0.

The quantities ug and J are the liftings according to Lemma 3.2 for given arbitrary
but fixed controls u and boundary data h. R

PROPOSITION 3.6 (linearized state equation). For any giveny € Y, u € R3, and
h e HY? (09), the linearization with respect to the state variables of the operator e
can be decomposed as

(3.22) ey(y,u) = A+ C(y,u),

where A:Y — Y’ is an isomorphism, independent of (y,u), and C(y,u) : Y Y is
a compact linear operator.

Proof. The isomorphism property of A has been noted previously; see the defini-
tion of A immediately preceding Proposition 3.3. As for compactness of C, we recall
that B € L*™(Q) (see Lemma 2.4 and Assumption 3.1) and infer from Lemma 2.6
that 6J +— 6J x B is compact from L*(Q) to H'(Q). Hence 6J — ¢(6J,B,") is
compact from L2(€) to H'(Q). Similarly, by Lemmas 2.4 and 2.6, §J — J x B(6.J)
is compact from L?() to H~(Q), and hence 6J — ¢(J,B(8J),-) is compact from
L?(Q) to H*(Q). In addition, §u — b(du, @ + ug, -) and du — b(@ + ug, du, -) are
continuous from H () to L¥2(Q), which embeds compactly into W~ 1375(Q) for all
£ > 0 and thus into H (). This completes the proof of compactness for C*. As for
C3, welet p = 2(3+¢)/(1+¢) < 6 and observe that §u — c(-, B, §u) is continuous from
LP(Q) to L*(Q). In view of the compact embedding H{(Q) — LF(Q), this map is
compact from H{(Q) to L*(Q). Finally, since §.J — B(8J) is continuous from L*(Q)
to V1(£2), which embeds compactly into L*(2), the map 6.J  c(-, B(8J), 6 + ug) is
compact from L?(Q) to L*(Q), which completes the proof. |

The previous proposition allows us to draw the following conclusions about the
properties of the linearized state operator e, (¥, ).

PROPOSITION 3.7 (bounded invertibility of e, (¥, u)). Ezcept for a countable set
of (n,0) values, the operator e,(y,u) is an isomorphism. Moreover, e,(y,u) is an
isomorphism whenever n is sufficiently large and o is sufficiently small.

Proof. For (&, f,g,h) € Y', consider the equation

(3.23) (A+C(7,u)) (bu, 8p,8J,69) = (e, f.g.h)
and define A : Y — Y” through its coordinates
Al (6w, 6p, 6, 6¢)(v) :/wu : Vv—/(V~v)P(6p),
Q Q
.A2 — A2
A3 (6u, 8p, 6J,6¢)(K) = / 6J - K+/ K -V (6¢),
Q Q
A4 _ A4
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where (v, K) € H}(Q) x L*(Q), i.e., A arises from A by setting = o = 1. Multi-
plying the first two equations in (3.23) by 7! and the last two by o, we find that the
following equation is equivalent to (3.23):

(324) (A + 777161 + O—CQ)(&UH 6})7 6']5 gq\b) = (7771‘3 f_7 g, }_L)a

where 5Ap =n~"16p and 555 = 06¢ and C; = (C,C5,0,0)", Co = (0,0,C3,Cy) . From
the proof of Proposition 3.6 we have that A:Y — Y’ is an isomorphism and that C;
and Cy are compact operators from Y to Y. Moreover, (3.24) is equivalent to

(3.25) (I +n7'Ky + 0/Cs) (6u, 8p, 80,6) = (e, f,,h),
K= A‘lch Ko = A‘lcz.

Hence, K7 and Ky are compact operators in Y. Therefore the spectrum of 1, denoted
by > (K1), consists of 0 and at most countably many eigenvalues, with 0 being the
only possible accumulation point. For —n ¢ > (K1) we have

(326) (I + U(I + 77_1’C1)_1’C2)(5u7 5]\97 6']7 g(E) = (I + n_llcl)_l(eﬂ f7 g, h)

Since (I +771K1) has a continuous inverse, we find that (3.26), and hence (3.23) are
solvable if —o=1 & S ((I + n71K1)"1K2). Since the set of points S := {(n,071) :
—n € X(K1),—o7t € B((I —n~K1)71K2)} is countable in R?, the first claim fol-
lows. The second claim is a consequence of a Neumann series argument applied to
(325). O

From the proof of Proposition 3.7 we conclude that e, (¥, u), and therefore e, (¥, u),
is generically surjective. Lack of surjectivity of e, (7, u) occurs if and only if (n,o~1) €
S. In that case, Fredholm’s alternative provides another way to prove surjectivity of
ex (7, u). Note that e, (7, u) du can be written in the form

eu(§7 U) ou = 6Iinj wl + 6cht 7/)2 + 5cht wS

with v; € Y’. In the following proposition, (A 4+ C)* : Y’ — Y refers to the Hilbert
space adjoint.

PROPOSITION 3.8 (surjectivity of e, (4, u)). If span {11,12,13} D ker(A + C)*,
then e, (g, u) is surjective.

Proof. Since A : Y - V' is an isomorphism and C' is compact, the Fredholm
alternative implies that the range of A + C is closed and R(A + C)* = ker(A + C)*,
with dim ker(A + C)* =: L < oo. Let {w;}2, C Y’ be a basis for ker(4 + C)*,
orthonormalized such that (w;,w;)y, = 6;5. For arbitrary f €Y', define f = f—
Zf:1<f, wi)y,-wi. Then f € ker(A+C)** and there exists 7 such that (A+C)zy =

f. By assumption there exist (6Iinj, 6lext, 0Bext) such that e, (¥, u)ou = f— fand
the claim follows. ]

Having established these properties for the stationary MHD system and its
linearization, we now return to the optimal control problem. We recall that we
aim to
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o e . ~ au, aB
minimize f(y,u) = 7”“ - Ud||%2(nu,obs) + THB - Bd”%?(ﬂgyobs)
a g Yext “Yinj VB
(P) + 7”*] - Jd||%2(QJ,ObS) + B Lot |” + 2J Ting|* + 7|Bext|2

over j € Y and u € Uaa
subject to e(y,u) =0,

where u = i+ ug and J = J +J,. B is defined in (3.14), and U,q in Assumption 3.9
below. Recall also that the lifting Jo, and hence B, depends on the control fi,;. In
order to ensure well-posedness of problem (P), we need the following assumption on
the problem data.

Assumption 3.9 (control problem data). Assume that the boundary data

Pl 172 00
is sufficiently small, and that for some fixed r > 0 and all controls in the set

Uad = {(IextalinjaBext) S R3 : ‘Ilnj‘ S T‘}7

the liftings ug and Jg = A(Iinjjinj -mn) allow the existence of a solution to the sta-
tionary MHD system.

In fact, smallness of h and Ij,; implies by Lemma 3.2 smallness of ug and Jo,
which in turn implies existence of solutions according to Proposition 3.3.

PROPOSITION 3.10 (existence of a global minimum). Under Assumptions 3.1
and 3.9, problem (P) possesses at least one global optimal solution in Y x Uaa.-

Proof. The proof follows along the usual lines. We set m = inf f(y, ), where
the infimum extends over all state/control pairs (§,u) € Y x Unq which satisfy the
state equation (admissible pairs). Note that m is nonnegative and finite since f
is nonnegative and the set of admissible pairs is nonempty (Assumption 3.9 and
Proposition 3.3). Now if {(y™,u™)} is a minimizing sequence, we can infer from the
cost functional that the controls u™ are bounded in R3. By the a priori estimate
(3.16), g™ is bounded in Y. We extract weakly convergent subsequences, still denoted
by index n, such that

a" —au  in Hy(Q), p" —p in L*(Q)/R,

J* —J in L*(Q), " — ¢ in HY(Q)/R,

u" —u in R3.
Note that the lifting ug is independent of n and that J = A(I{}ljjinj M) converges
strongly to some Jg in L?(Q). In order to pass to the limit in e(5",u™), we consider
the individual terms in (3.13). For the terms involving the bilinear forms a; and d;,
the convergence is evident. In addition, b(u™, u™,v) — b(u,u,v) is known from the
theory of Navier—Stokes problems, see [7, Chap. IV, Thm. 2.1]. The convergence of all
terms involving the trilinear form c¢ follows from Lemmas 2.3 and 2.6. Consequently,
the weak limit (¥, u) satisfies the state equation e(y,u) = 0, and hence the weak limit
(u+wug, p, J+Jo, ¢) satisfies our inhomogeneous MHD system. The claim now follows
from the weak lower semicontinuity of the objective, by which

m < f(g,u) <liminf f(7",u") =m. O
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THEOREM 3.11 (optlmahty system). Let Assumptions 3.1 and 3.9 hold, and let

the state y = (u, p, J @) € Y and control u = (Zext, Tinj, Bext) € Uaa constitute a local
optimal pair for problem (P). In addition, let e, (y,u) be surjective. Then there exists
a unique Lagrange multiplier

A=(v,¢, K,9) €Y
which satisfies the adjoint equations

a1 (6w, v) + b(du, u,v) + b(u, bu, v) + di (bu, q) + ¢(K, B, bu)
(3.27a) + o / (1 — wq) - 51 = 0,

Qu,ol’)s
(3.27b) di(v,6p) =0,
—c(8J,B,v) — ¢(J,B(6J),v) + as(6J, K) + ¢(K,B(6.J),w)
(3.27¢) + do(6J, ) + aB/ (B — Bg) -g(é,]) + aJ/ (J—dJdqg)-6J =0,

QB obs QJ.0bs

(3.27d) do(K,64) =0

for all (6u,8p,8J,60) € H(Q) x L*(Q)/R x L*(Q) x H'(Q)/R, and which satisfy
the three scalar optimality conditions

(3.28a)
— (I, B(Jext), v) + c(K, B(Jext), ) + Yext Lext + o / (B~ Ba) - B(Jexi) = 0,
QB obs
(3.28b)
[— o(J, B(Tinj),v) + (K, B(Tin), w) + Yinj lin + OéB/ (B — Bq) - B(Jij)
QB,obs

- <¢~Iinj 'n7¢>anagmj:| (Tinj — Iinj) 20 for all |7inj| <,
(3.28¢)
- C(Ja Eextvv) + C(K7 Bexta ’U,) + 'YBBext + O[B/ (B - Bd) * Eext =0.

QB obs

Proof. Our proof relies on a classical abstract multiplier result; see, e.g., Maurer
and Zowe [20]. Since f is Fréchet differentiable, e is continuously Fréchet differentiable,
and e, is assumed surjective at (7, u), it follows that there exists a Lagrange multiplier
PYS 37, which satisfies

Fo(@.u) (8y) + (N, ey (7, u) (8y)) = for all 6y € Y,

2

(3.29) fu(@,u)(6u — bu) 4+ (X, eu(y u)(éu —6u)) > 0 for all bu € Upq.
Above, the duality holds in Y x Y. It is now straightforward to verify that (3.29) is
nothing else but (3.27)—(3.28). 0

The elements of the Lagrange multiplier A are termed the adjoint velocity v,
the adjoint pressure ¢, the adjoint current density K, and the adjoint potential ),
respectively, all defined on 2.

In order to improve our understanding of the adjoint system (3.27), we also para-
phrase it in its strong form. Exploiting the self-adjointness of the linear Biot—Savart
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operator E, we obtain the dual state equations on 2,

(3.30)  o(Vu) v —p(u-V)v—nAv+Vg— B x K = — Xy o (U — Ud),
c 'K -B(Kxu+vxJ)+Vi)—Bxwv
(3.31) = —yX0.(J = Ja) = @BXap .neB(B — Ba),

plus incompressibility conditions

(3.32) V-v=0 onQ, V-K=0 on{
and boundary conditions

(3.33) v=0 on 09, K -n=0 ondf.

The symbol x 4 denotes the characteristic function of a set A. Note that the controls
Iext, Iinj, and Beyx appear (hidden within B) in the adjoint equations (3.27a) and
(3.27¢), or in (3.30)—(3.31) for that matter. The reason is that the state equations
(3.1)—(3.2) contain the “state times control” terms u x B (through Ohm’s Law (1.3))
and J x B (the Lorentz force).

Let us now turn to a condition which ensures the strict local optimality of a given
point (y, u, A) satisfying the first order optimality condition set forth in Theorem 3.11.
To this end, we define the Lagrangian function for problem (P) as

ap Qg
)+7||B—Bd||2L2(QB,ObS)+7HJ_JdH%2(QJ,obS)

u,0bs

—~ (6
L(y7u7 A) = ?U”u _ud||2L2(Q

Vext Vinj
2 2
+ b(a + UQ,’I/E + anv) + dl(vap) - dl(a’aq) + a2('] + JOaK)

+ C(K,B,’l/i + ’ll,o) + dg(K,(ZS) - dZ(jaw) + <Iinj:jinj : TL,Z[J>

+ |Iext|2+ |Iinj|2+77B|Bext‘2+a1(a+u07v)_C(j+J0aB7v)

(')Qﬂé)Qi,,j ’

where again u = u+ug, J = .7+A(Iinjjinj -n), and B is defined in (3.14). Moreover,
ug is the fixed lifting of the velocity boundary data h from Lemma 3.2, and B is still
taken according to (3.14). It is readily checked that the following quadratic form is
the Hessian of £ with respect to the state/control pair:

L (g, u, N)[(6y, 6u))* = awflbuliaq, ..
+ ’Yext‘(slext‘Q =+ Yinj |6Iinj |2 + FYB|6Bext|2 + 2b(6u7 6“” 'U)
—2¢(6J,6B,v) + 2¢(K, 6B, 6u)

) aslléTia, o, + @Bl16Bl1a @, )

with the abbreviation
6l§ = g((SJ) + 6Iinjg(jinj) + (SIeth(jext) + 6Bext§ext~

PROPOSITION 3.12 (second order sufficient conditions). Suppose that (g, u, \) sat-
isfies the optimality system consisting of (3.13)—(3.14), (3.27)—(3.28), and that e, (¥, u)
is boundedly invertible. If, moreover,

ayllu — ud||2L2(Q y+as||B— Bd\lisz,obs) +ayllJ - JdH%ﬂ(QJ‘ObS)

u,0bs
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is sufficiently small, then there exists a neighborhood U of (§,u) and k > 0 such that
1@, = f@u) + s (-l + 7 - 51%)

holds for all (y,w) € U satisfying the state equation. In particular, (y,u) is a strict
local optimum for (P).
Proof. We shall argue that there exists p > 0 such that the coercivity condition

(3.34) £ (G, u N6y, 6w = p (118yll% + |6ul?)

holds for all (6y, éu) € Y x R3, which satisfy the linear MHD system (see Lemma 3.5)
(3.35) ey (Y, u) 6y + ey (Y, u) du = 0.

The claim then follows from a Taylor series expansion of £ at (J,u, A); see, e.g., [20,
Thm. 5.6]. In fact, since ||6pl[z2(q)/r + [[06]lm1)/r < c(|0ul|gi() + [0 L2(0))
holds (cf. Lemma 2.2), we need to verify (3.34) only for the components éu and 6J
of 6y.

Since e, (y, u) is surjective, ey (y,u) : Y — Y has closed range and is continuously
invertible on its range [2]. Hence in view of (3.30)—(3.33), there exists k1 > 0 such
that

[0l er o) + 1K L2 (o)

< 1 (aullu—ual}z, ) FaslB=Bala, ) +oul T =Talliz, . )

u,0bs

holds. From (3.35) and the bounded invertibility of e, (¥, u), we have
(3.36) 16T L2() + 16wl fr1 (o) < 2[6ylly < ra2|ul
for a constant x5 > 0 independent of éu € R3. Hence
(3.37)
(6w 6u,0)] < raloul?0] o

< munsloul? (aullu—ualsq, ) +a5IB=Bal}xa, ) +oslT-Tala,..) ) -

u,0bs
Further there exists x4 independent of du such that
(6, 8B, v)| + |c(K, 6B, su)|
< Ka (H5J||L2(Q) + |5UD (||5J||L2(Q)||U||H1(Q) + ||K||L2(Q)||5U||H1(Q))
< C (aullu—ualiz, ) +asl B=Baliz@y o +osl T =Taliz, )

u,0bs
where C' = k1k2(k2 + 1)k4|6ul?. This last estimate, together with (3.36) and (3.37),
implies (3.34). 0

4. An operator splitting scheme. In this section, we address an operator
splitting scheme for the numerical solution of the MHD state equations (3.13)—(3.14).
Our approach is based on the hypothesis that one wants to decouple the system and
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put to use existing and validated solvers for the Navier—-Stokes equations and for div-
curl systems. The same idea can be applied to the adjoint system. Different iterative
schemes for MHD have been proposed; see, for instance [22, 5]. In [5] two decoupling
algorithms for the velocity-magnetic field formulation are discussed and numerical
examples are given. This work contains a stability result for a special geometry
but no convergence analysis. The classical proofs (see, e.g., [8]) for general purpose
decomposition techniques rely on monotonicity of the differential operators, not only
in each variable separately, but also jointly in all variables simultaneously, to obtain
unconditional convergence with respect to the problem data. This behavior is not
possible for MHD systems, and localization naturally leads to smallness requirements.

With this in mind, we analyze the following iterative scheme to compute a solution
of the MHD system for given controls u = (Iext, finj, Bext) € Uaa and given velocity
boundary data h. As before, ug and Jo denote the liftings according to Lemma 3.2.

ALGORITHM 4.1 (operator splitting scheme).

(1) Choose an initial guess Joc L3, (Q); set n = 0.

(2) Solve the div-curl system for B" ™' € V1(R3),
VB =0, Vx (u BT = Jn,

with the interface condition [B™ )50 = 0.
(3) Solve the Navier-Stokes system with Lorentz force for u"t' € H}(Q) and

p"t e L2(Q)/R,

—’I’]A’l/l:n—i_l + p(ﬁ”+1~ v)an+1+ p(an+1. V)UQ + p(uO A v)an+1+ vpn+1
= nAug — p(ug - V)ug + (J™+Jo) x (B4 By),
V.a'tt =0

with homogeneous Dirichlet boundary data on 0.

olve for J" : and " €
4) Solve for J"e L3, (Q) and ¢"+ € HY(Q)/R
O_—ljn+1_|_ V¢n+1 _ (’l/in_'—l-i-’u,o) % (Bn+1+B0) _ o_—lJo7
V-Jml =0

with boundary condition Jn+l.m =0 on 0.

(5) Unless ||,/]\"+17,/]\”||Lz(9) is sufficiently small, increase n and go to (2).

Note that the solution to step (2) is given by the Biot—Savart operator g(j ™).
In steps (3) and (4), By = B(Jo) + B(Jext) + B(Jinj) + Bexs collects the constant
contributions to the total magnetic field. Obviously, instead of computing the liftings
ug and Jo and repeatedly solving homogeneous problems in steps (3) and (4), one
may directly address the inhomogeneous ones with unknowns u"*4uy and Jntleg 0-
The same applies to the div-curl system in step (2), which yields B" 4By — By if
Jnis replaced with j”—&—Jg + Jext + Jinj-

Remark 4.2 (alternative form of step (4)). Note that step (4) in Algorithm 4.1
above is equivalent to the solution of the div-curl system on €2,

V. Jmt =0,
V X (07 T = V x [([@"Hug) x (B"M4-By)] — V x (071 Jy)
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with boundary condition Jntl.n =0 on 0f, provided that the right-hand side is in
L? (©). This can be guaranteed if Jo, Bext, and 92 are smooth enough.

For the proposed scheme, we have the following conditional convergence result.

PROPOSITION 4.3 (convergence of the operator splitting scheme). Let u € R?
and h € H1/2(8Q) be a given control vector and boundary data and suppose that
n is sufficiently large and o is sufficiently small. Then there exists p; > 0 such
that whenever the initial iterate J° € L3, (Q) satisfies ||J° + Jollzz) < pu, then
the iterates (J™, ") of Algorithm 4.1 converge in L*(Q) x H'(Q) to the necessarily
unique solution of (3.13)~(3.14) which satisfies ||J + Jollz2) < pJ-

Proof. The proof uses the Banach fixed point theorem. This choice is due to the
fact that the nonlinearities in (3.13)—(3.14) are not of strictly monotone or energy
preservation type, so that techniques analogous to those developed for decomposition
methods, e.g., in [8], cannot be used. Let T : L3, (Q) — L2, (22) denote the operator
which assigns to J" the value J"*! defined by steps (2)—(4) of Algorithm 4.1. Let
us denote by p; a common bound for the inhomogeneities @ = (Ioxt, finj) and h, i.e.,

|a] < pr and ||h||H1/2(aQ) < pr. Given the solenoidal current field j”, we infer from

Lemma 2.4 the existence of B" ™! satisfying the equations in step (2) and the a priori
estimate

| B" "Byl L3y < 1 p (Hjn +Jollzz) + W') + 1l Beil-

Here and below, the constants ¢; are independent of u, 1, o, iteration index n, and
controls u. Let us further assume that [|J"+Jgl|z2(q) < ps. Then we have

(4.1) |B" ™4+ Bol|p2) < c1(ulps + pr) + |Bexe).-

Standard estimates for the Navier—Stokes equations in step (3) imply that

@ ol prs oy < s (I Tol ey + 117
+ 2| T+ To | Boxs| + ez (IRl 2172002 + 1R300 )
(4.2) < co(un™ (0% + p) + pa| Besal + pr + 07 ).
By Lemma 2.1 and a direct computation (or by [7, Chap. I, Cor. 4.1]), the system
o 'J+V¢=fon, V-J=0o0n9
with given f € L*(Q) has a unique solution J € L3;,(Q) and ¢ € H'(Q)/R which

satisfies || J||z2(q) < o || fllL2(q). Hence we conclude from step (4) and (4.1) and (4.2)
that

(4.3) [T+ Joll 2y < o s @™ + uollpooyIB™ + Bol Loy
< 0 ¢ (s (0% + p3) + pa|Bessl + p1 + 0F) (1ps + p1) + | Bess]) + chl g
<ocs (uQU‘l(p§ +07) + | Bext (MPJ(PJ + p1) +pn (5 + o) + pJIBextl)

+ (p1 + p7) (ulps + pr) + |Bext|)> + 3| Linj]-
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Concerning the initialization, note that J° can be taken as zero. Then ||+ J|| L2(9)
is bounded by ¢3|finj|. Choosing p := 2c3|Iinj| and assuming that ||j”+J0HLz(Q) <ps

by induction, we obtain from (4.3) that ||J"1+ Jollz2(o) < pJ, provided that, for
instance, o is sufficiently small, or x4 and |Beys| are sufficiently small. From (4.1) and
(4.2) follows the existence of constants pp and p, independent of n such that

(4.4) [B"+Bollps) < pp and  [[u"+uol[g1(q) < pu

for all n. To prove that T is a contraction, let J; € Liiv(Q), 1 =1,2, and let K;
be their images under T'. Further let B; and u; denote the associated magnetic and
velocity fields according to Algorithm 4.1. Then

(4.5) |B1 — Ba|l gy < peall Ty — Toll L2 a-

Here and below, the constants are also independent of J 1 and J 5. Moreover, U =
U — Uy € Hé(Q) satisfies

— AU + p(U - V) (@y + uo) + p((d2 + ug) - V)U + VP
= (:jl — jg) X (Bl +B()) + (32 +J()) X (Bl —BQ)

for some P € L?(Q2)/R. This implies that

VU7 < cs (pquUH%?(Q) + 5l VU L2 11 — T2l 22 (@)
+psIVU| L2 | B1 — B2||L3(Q))

< o5 (pull VU300 + (o3 + 104 p) IVU 200y |91 = Tl 20y

<e¢s (pu”VUHiQ(Q) + 77/2||VU||%2(Q) + (pB +pca ,OJ)Q/(277)||=A71 - j2||i2(g))-

Hence if 7 is sufficiently large, or p,, is sufficiently small (which can be achieved by p,
| Bext|, and pr sufficiently small), we have

(4.6) VU2 < csn " (pB + pea p)ll Tt — T2l L2 o)-

Finally, we obtain from step (4)
K1 — K| < UC’7(||U||H1(Q)||Bl + Boll3(q) + w2 + ol g1 | B1 — B2||L3(Q)>
(4.7) <oer(npslon + wps) + peapn) 1T = Tallpz)-

Hence we conclude that if o is sufficiently small, or if u is sufficiently small and n
sufficiently large, then 7" is a contraction on the ball {J : ||J +Jol|L2(0) < ps}- |

5. Conclusion and outlook. In this paper, we have presented and analyzed
an optimal control problem for the stationary MHD system. We derived necessary
and sufficient conditions for local optimal solutions. In addition, we analyzed an
iterative scheme for the numerical solution of the MHD state equations which is
tailored to make use of existing Navier—Stokes and div-curl solvers. We believe that
in the face of industrial MHD applications, there is ample room to extend our results
in several directions. Of particular interest are the cases of instationary MHD flows,
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unknown current densities in external conductors, flows with thermal coupling and
Ohmic heating, and the case of material-dependent magnetic permeability. All of
the above present additional technical difficulties, which are the subject of future
investigations. Finally, devising an efficient numerical algorithm to solve optimal
control problems involving MHD flows presents another challenging task.

Appendix. Proof of Proposition 3.3. Let us define T": Y -V according to
(6u,8p,8J,6¢) = T(G,p, J, $)
if and only if
(A1) A(6u,8p,6J,8¢) = R(t,p, J ., §)

holds in Y’. That is, T' is the solution operator of a linear PDE, which depends
nonlinearly on the data (u,p,J, ¢). Defining the components of R as

RY@,p,J,¢)() = ¢(J + J0,B(Jo) + B(J) + B(Jext) + B(Jinj) + Bext, v)
—a1(ug,v) — b(u + uo, U + uop, v),
R(t,p, J, )(q) =0,
R*(t,p, J,0)(K) = —c(K,B(Jo) + B(J) + B(Jext) + B(Jinj) + Bex, 6 + ug)
—az(Jo, K),

R*a,p,J,6)(®) =0,

we easily verify that the solutions to the homogenized problem (3.13)-(3.14) are
exactly the fixed points of 7. In view of Proposition 3.6 below, A : VY = Vs
an isomorphism, and hence T is well defined from Y to itself. We now confirm
that 7" is compact. To this end, we consider a bounded and weakly convergent
sequence (u™,p",J" ¢") — (u,p,J,¢) in Y. Since the norm in Y’ of the right-
hand side in (A.1) is a quadratic polynomial in the norms of & and J , the sequence
(6u™, 6p™, 6J", 6¢™) == T'(u™, p™, .7", ¢™) is bounded in Y and thus possesses a weakly
convergent subsequence in }7, ie., (6u™, ép™, 60", 6¢™) — (bu,ép,8J,6¢). Using
Lemma 2.3, one confirms that the weak limit (du, 6p, 6J, 6¢) satisfies (du, Op, 6J,6¢) =
T(u,p, j,(b); i.e,, T is weakly continuous. The difference (éu™,oép™, 6J",6¢™) —
(6w, 6p, 6J, 6¢) satisfies (A.1) with right-hand side

R(aapv '-77 QS) - R(an)pna jn7 ¢n)7

which converges to zero strongly in Y , as a straightforward application of Lemmas 2.3,
2.4, and 2.6 shows. Hence T' is indeed compact. R

Now let (u,p,J,¢) be a fixed point of s- T for any s € [0,1]; i.e., (u,p,J, )
satisfies (A.1) with the right-hand side multiplied by s. Testing this system with
(u,p, j, ¢), we obtain

V|32 ) + 0 1T 320 = 5(c(Jo, B.@) — (T, B, ug) — b, uo, B)
— a1 (g, @) — as(Jo, J))
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with B according to (3.14). By Poincaré’s inequality [[u|p2(q) < cp||Va||g2(q), one
obtains

n ~ 10y ~ = ~ ~

(A.2) ey [@l[301 () + 0 11720 < 8(c(Jo, B, @) — e(J, B,ug) — b(d, uo, )
P

70,1(’1140,17) 7@2(]0,3)).

The application of the Leray—Schauder fixed point theorem requires that the left-
hand side be a priori bounded uniformly in s € [0, 1]. The bound may depend on the
controls (Iext, Iinj, Bext) and the boundary data h. We observe that the right-hand
side in (A.2) is bounded above by

(A3) 1 Toll 2@ 1B L2l Loy + 171 L20y 1B sy lwoll Lo o

+ ([ Vol 2 l@l| 71 0

plus a number of terms which are at most linear in ||u|| and ||J||. The latter can be
treated using Young’s inequality according to the pattern c||u|| < e ||a||* + ¢/(4¢),
and ¢ ||@/|? can then be absorbed into the left-hand side of (A.2) for sufficiently small
¢ > 0. However, in order for the terms in (A.3) to be likewise absorbed in the left-
hand side of (A.2), the coefficients ||Jol|z2(q), [[©ollzs(q), and [|[Vuol[pz2 (o) must be

sufficiently small. In this case, |||l g1 (o) and ||j||Lz(Q) are indeed a priori bounded
by the right-hand side in (3.16). In view of Lemma 3.2, the same bound holds for the
inhomogeneous solution w and J. Finally, the bounds for the pressure p and potential
¢ follow from Lemma 2.2. Hence we conclude the applicability of the Leray—Schauder
theorem which yields the existence of a fixed point of T'.
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