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1. Introduction

In this paper we consider a control problem where the state satisfies a variational inequal-
ity of obstacle-type and the control variable is the obstacle itself. While the techniques
that we employ can be applied to a wider class of variational inequalities, we describe
them in detail for second-order elliptic obstacle problems: find y € K such that

(Ay — f,o—y)>0 forall ¢ € K, (1.1)

* Kazufumi Ito’s research was partially supported by the Army Research Office under DAAD19-02-1-
0394. Karl Kunisch was supported in part by the Fonds zur Férderung der wissenschaftlichen Forschung under
SFB 03, “Optimierung und Kontrolle”.
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where
K ={p € H(Q),y <y},

with
feH, Y e Uy with ¢ > 0ond%Q.

Here €2 is a bounded domain in R” with Lipschitz boundary 9 €2 and
V = Hy(Q), X = H'(Q), H = L*(),

endowed with the norms |y|y = |Vy|;2 and |y|x = (Iyliz + IVyIiz)l/z, respectively.
Further, (-, -) denotes the inner producton H, (-, -) stands for the duality pairing between
V and V* as well as X and X*, depending on the context, and A € L(V, V*) is defined
by

(Av, w) = o (v, w) forall v,weV,

where o (-, -) is a bounded bilinear coercive form on X x X, i.e. there exist M > 0 and
w > 0 such that

o(v,w) <M |v|x|w|x forall v,weX
and

o(v,v) >wlvl}  forall veV. (1.2)
Moreover, o is assumed to satisfy

o(v,v) >0 forall veX,

where vT (x) = max(v(x), 0) for a.e. x € Q. For fixed 2 € L2() satisfying x> 0ae.
on 2 the closed convex subset of admissible obstacles U,q of X is defined by

Uy ={¥ € X: ¥(x) >00n 92 and
— o(y,v) + (f,v) < (&, v) forall v € V with v > 0}. (1.3)

Note that U, # @ since the solution ¥ € HOl (Q) to AY = A — f is in Uy. For
¥ € H*(Q), with ¥ > 0 on 32, we have that ¢ € Uy if Ay < A — f a.e. in Q. For
¥ € X, with Ay not in L?(2), the geometrical interpretation of the second inequality
in the definition of Uy requires that v is convex downward at jumps in the derivative
of ¥. From Theorem 2.1 of this paper and also the results in [IK2], it follows that for
Y € Uyq the variational inequality (1.1) can be equivalently expressed as

Ay + 1= f, A=max(0,A +y — ), (1.4)

where A has the property that A < A.
The focus of the paper is directed to the following optimization problem which
involves the obstacle as the control variable:

minJ (v, ) = 80) + 5 [qu L IVYP) da
subject to (1.1) and ¢ € Uy,

(P)
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where oo > 0 and g isa C' functional on V that is bounded from below. We note that (P)
can also be considered as a bilevel optimization problem with the outer level defined by
J and the inner optimization given by

minio(y,y) — (f.y)  over ye€K,

for which (1.1) is the optimality condition. The main contribution of this work is the
development of an optimality system for (P). Such systems are frequently the basis for
numerical realizations and sensitivity analysis related to optimal control problems. We
also propose an algorithm for solving the optimality system numerically.

Let us consider for a moment the time discretized Black—Scholes model for Amer-
ican options, see, e.g. [S]:

1 2
—E(v—ﬁ)—l—%SzvSS—i-rSvS—rv <0Lu(S) > ¥(S)

for a.e. S € (0, c0), where i is the reward function. Here S > 0 denotes the price, v
is the value of the share, r > 0 is the interest rate, and o > 0 is the volatility of the
market. Several control problems can be formulated but a control problem discussed in
this paper is formulated as: given the measured value function v find a reward function
Y € H' that minimizes

o0 o0
/ (|v—5|2dS+af sl dS,
0 0

for some o > 0. Recall that ¥ (S) = max(0, K — §) for the put and ¥/ (S) = max(0, S —
K) for the call option, where K > 0 is the strike price. Thus the regularity of the involved
obstacles is just that allowed by U,y. However, differently from (1.1), the Black—Scholes
model is set on an infinite domain and the differential operator has weakly singular
coefficients, thus additional work will be necessary to apply the approach we present
here.

Before turning to our contribution we also comment on some related work. There
are many references for variational inequalities, for example [BL1]. Control of obstacle
problems with the control given by f rather than i has been treated by several authors
before, we mention [B] and [MP] and the references given there. In that work no emphasis
is put on expressing the optimality system by means of equations rather than variational
inequalities. This distinction can be of importance for numerical techniques. In [OKZ]
and [H] control of obstacle problems are treated where the control is part of the domain,
respectively a coefficient in the differential operator, which relates to a problem in lubri-
cation theory. The work most closely related to ours is presented in [BL2] and [BL3].
There, however, H>?-regularity of the obstacles is required and the optimality system is
less complete than the one obtained in this paper. Control of obstacle problems with
H'-regular obstacles are considered in [AL] in the special case that the obstacle satisfies
the same Dirichlet boundary conditions as the state variable and the forcing function
obeys certain sign conditions.

We next briefly outline the approach that is taken and state the main result. For the
Lagrangian

L(%)\’lﬁ,l’s’?):J()’s‘/f)‘l'(Ay-f‘)\—f,l’)‘i‘(maX(O,)\'i‘y—lﬁ)—)w'?)



4 K. Tto and K. Kunisch

a formal application of the Lagrange multiplier method yields

A*p+sgnn+g'(y) =0,

(—a Ay +ay —sgnn, x—vy) >0 forall x € U,
p+(sgh—1)n =0,

Y € Uy,

(1.5)

together with (1.4), where sgn denotes the function defined by

0 it A+y—9)x) =<0,

sen (x) = {1 if (A 4y —9)x) > 0.

System (1.5) is only formal since x — max(0, x) is not C' regular. Define the C!-
approximation

2¢’
¢ 1\’ 1
max.(0,x) = { = — ), < —,
©. %) 2<x+2c> = 5
1
Oa X S )
2¢

1

17 )CZ_,

2c

(x) ] Il < o
sen. (x)={clx+—), x| < —,
Elle 2c 2c
1
0, X< —-——.
2c

The complementarity system (1.4) will be approximated by means of
Ay +max.(0, A +c(y —¥)) = f, (1.6)

where the max-operation was replaced by a generalized Moreau—Yosida-type regulariza-
tion. As will be seen from Theorem 2.2 below, this choice of regularization guarantees
that the regularized solutions y, satisfy y. < ¢ forall ¢ > 0 which, in turn, will imply that
for the regularized multipliers A, = max.(0, A4+c(y —)) wehave 0 < A, < A+1/c. It
will be shown that A, converges to A in (1.4), so that in particular the Lagrange multiplier
for each Y € Uy satisfies 0 < A < .

For any ¢ > 1 the regularized optimal control problem is introduced as

min J (y, ¥)

_ P.
subjectto Ay +max.(0,A+c(y —¥))— f =0 and ¢ € Uy. (Fe)

It will be shown in Theorems 2.1-2.3 of Section 2 that (P.) has a solution (y., ¥.) €
V x U, and every weak cluster point as ¢ — oo of solutions to (P,) is a solution to

|
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(P). Note in particular that the solutions to the regularized problems ( P.) are themselves
feasible. This can be achieved by use of the shift . The choice of regularization used here
constitutes a further development of this technique which was already used for obstacle

problems in [IK1] and control of obstacle problems [IK2], where the control was given
by the forcing f. For (y, ) € V x X define

F(y,¥) = Ay + max.(0, A + c(y — ¥)).
Then F is Frechet differentiable from V x X to V* with
F'(y,¥)(h, v) = Ah + c(sgn,) (h — v),
where
sgn, = sgn. (A + c(y — ¥)).
Moreover, since
(Ap + csgn, @, ) > o (@, p) forall @€V,

it follows from the Lax—Milgram theorem that F,(y, ¥): V — V* is surjective. Thus
the necessary optimality condition for (P,) is given by

Aye + max. (0, A + ¢ (yo — V) = f,
A*pe4csgn, pe + g'(ye) =0,

(—aAYe +aye —csgn. pe, x —Ye) 20 forall x € Un, (1.7)
S’ghc = Sgnc()_" + C(yC - wc‘))v
WC € Uad~

Under the additional requirement that
o(v,w) = (aVvu, Vw) + (I;VU, w) + (d v, w), (1.8)

wherea(x) > awitha > 0,d(x) > 0,anda, I; d arein L*°(R2), with |7 | L sufficiently
small so that o still satisfies (1.2), the following main result will be proved in Section 3.

Theorem 1.1. Assume that {g'(yc)}e>1 is bounded in L1(Q2) with ¢ > min(n/2, 1).
Then every sequence of solutions {(y., ¥.)}c=0 contains a weakly in V x X convergent
subsequence with indices {c,}2 |, limc, = 0o, and weak limit (y, y). Moreover, there
exists an associated p € V N L®(Q) and u € C(Q)* N H~(Q) such that

Pe, — p weakly in V and weakly star in L*°(£2),
Ue, ‘= CSgN, pe, — W weakly star in C(Q2)* and weakly in V*.
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Moreover, we have

Ay + 1= f, A=max(0, L+ y— ),

A'p+pu+g(y)=0 inV*,

(—aAY +ay —pu, x =) =0 forall x € Uy,

uy—v)=0 a.e. in€,

pr=0 ae. inQ, (1.9
o(p.p)+ (&), p) =0,

(W, p@yvey =0  forall ¢ € WH(Q),

with ¢ >0, where ¢q > n,

Y € Uyg.

It will follow from the proof that if y — (g’(y), v) is continuous from V to R for every
v e L®(Q) (e.g. g(y) = |y — Yal7». ya € L*(RQ) given), then the second equation in
(1.9) also holds in C(£2)*. Further, if the problem was cast in finite-dimensional spaces
or if u was an a.e. defined function, then in place of the last inequality in (1.9) we have
sgn (L = sgn p.

Note that identifying p by sgnn in (1.5), we find

ptn=pn,

and the fourth and fifth equations in (1.7) follow from (1.5), since sgn = 0 for y <
and sgn = 1 if A > 0. The last two equations are, however, not contained in (1.5).

Remark 1.1. Ifin the definition of U,q4 the space X is replaced by V, then the definition
of J can be replaced by J(y, ) = g(y) + («/2) fQ |V/|? and the result of this paper
remains correct if, in the optimality conditions, the term — At + v is replaced by —A.

2. Existence and Asymptotic Behavior for ¢ — oo

In this section we establish the existence and asymptotic behavior of solutions to (1.6)
and (P,). Let M denote the embedding constant of V into H,i.e. |¢|yg < M|¢|y, for all
pelV.

Theorem 2.1.

(a) Foreach c > 0 and Y € Uy _there exists a unique solution y. of (1.6) with
Ve <Y and 0 < A, = max.(0, A + ¢ (y. — ¥)) < A+ 1/2¢c. Moreover,

M |Q|1/2
|yc|V = —
2c

(b) Forevery Y € Uy we have y. — y strongly in V and L. — A weakly in H as
¢ — 00. Moreover, (v, A) is the unique solution to (1.4),0 < A < A and

M
yly < —

M [ -
(Aela +1flw) = ;(IKIHJr +|f|H)- 2.1

@

(Mg + 1 f1r). (2.2)
w
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(c) For arbitrary ¥ and 1@ € Uy let y. and y. denote the corresponding solutions

to (1.6). Then
| |l/2
2c

wlye = $el? sz(|i|H+ )w—x@m.

(2.3)

Similarly, if y and y are the solution to (1.1) with { and 1}, respectively, then

wly = $y < 2Alu 1Y =l
Proof. (a) Recall that A > 0 is fixed in L?(£2). Since

yeV - Ay +max.(0,A +c(y —¥)) € V*

2.4)

is an everywhere defined monotone, coercive, and hemicontinous mapping, there exists

a unique solution y. € V to (1.6). For any ¢ € V we find

o(ye =V, 0) +o(, @)+ (ke, ) — (f,9) =0,

(2.5)

where 1. = max.(0, A + c(y. — ¥)). We now utilize (2.5) with ¢ = max(0, y. — ¥).

Since max.(0, x) > max(0, x) > x it follows that
(her @) = (M, @) +cloly.
Moreover, by the assumptions on o, we have
o (Ye — ¥, max(0, yo — ¥)) = 0.
Using these inequalities in (2.5), we find
clolly + (o) +a(.9) < (f.9).
Since ¥ € U,q, this implies that ¢ = 0 and hence y. < . Note that

1
0 < max.(0, x) < max <x, 2—) forall x € R.
c

Hence we have 0 < A, < A + 1/2c¢ a.e. on €2, for every ¢ > 0. From

0 (Yer Ye) = —(Ae, yeo) + (fs ye)

we conclude that

_ |Q|]/2
by} = yelad 17D < iy (114 5= 4171

and hence

M _ |Q|1/2
[Yelv = — | [Aw + +1flu)-

w 2c

(2.6)

2.7)
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(b) From (2.7) it follows that {y.},>; is bounded in V, and 0 < XA, < x+1/2¢
implies that {A.}.>; is bounded in H. Hence there exists y € V and A € H such that for
a subsequence {c,} of {c},

(Ye,» Ac,) converges weakly in V x H to some (y,A) € V x H,

where y < ¢ and 0 < A <  a.e. in Q.
Taking the limit in (1.6) we find for n — oo that

Ay+r=f inV* (2.8)

Since for n — oo by the definition of A. and (2.6)

M ]
OS )"C,‘s_—i_ycn_l// + 3_)()\‘3)1_1/,)507
Cn 4c;

we find that (A, y — 1) = 0, and thus
A =max(0, A + (y — ¥)).

Combined with (2.8), this implies that (y, A) is the unique solution to (1.4). Therefore
the whole family {y., A.}.>1 converges weakly in V x H to the unique solution (y, A)
of (1.4). Finally, since H embeds compactly into V*, we have that A, — A strongly in
V*. By the Lax—Milgram theorem A € £(V, V*) has a bounded inverse and therefore
¥y — y strongly in V as ¢ — oo. Taking the limit in (2.1) we obtain (2.2).

(c) From (1.6) we have

0 (Ye—Yes Ye— ) +(max (0, A+c(ye—¥)) —maxc(0, A+c(Fe =), ye—7Ie)

= 0.

Expressing

1 - - A A
yc—y5=;(A+c(yc—¢)—(A+c(9c—1ﬂ)))+1/f—w,

and using the monotonicity of x — max,(0, x) we obtain

22
2c

wlyc—yél%/S—()»c—?»e,llf—lzf)52(|)_»lﬁ+ )wf—w/?m
and (2.3) follows. Taking the limit ¢ — oo implies (2.4). O

Theorem 2.2. There exists a solution (y*, ¥*) € V x Uyq to (P). Similarly, for every
¢ > 0, there exists a solution (y., ¥.) € V x X to (P,).

Proof.  Let {(yn, ¥)}52, be a minimizing sequence for (P). Due to the properties of
the cost-functional J and by (2.2), the sequence {(y,, ¥»)},-, is bounded in V x X.
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Hence there exits a subsequence, denoted by the same symbol and (y*, ¥*) € V x Uyq,
satisfying y* < ¢* such that ¥, — ¥* weakly in X and y, — y* weakly in V. By
Theorem 2.1(c), moreover, it follows that y, — y* strongly in V and that y* is the
solution to (1.1) with ¢ = ¢ *. Due to the weak lower semicontinuity of norms and
continuity of g: V — R it follows that

JO5 Y < lim inf  J (ya, ¥,
n— 00

and consequently (y*, ¥*) is a solution to (P). The existence of a solutionto (P,),c > 0,
can be argued analogously. |

Theorem 2.3. There exists a weak cluster point in V. x X of the family of solutions
{(ve, ¥e)} to (P.) as ¢ — o0, and every such weak cluster point is a solution to (P).
Moreover, every weak cluster point is a strong cluster pointin V- x X.

Proof. Let (y*,¥*) be a solution to (P) and let y* denote the solution to (1.6) with
Y = y¥* € Uy. Then

Je ¥e) <TG Y), 2.9

where (y., ¥.) is any solution to (P.), ¢ > 0. The properties of J together with (2.1)
imply that {(y., ¥)}.>1 is bounded in V x X. Hence there exists a sequence {c,}, with
limc, =00,y € V,and ¥ € Uy such that y. — y weakly in V, ¥, — ¢ weakly in
X and strongly in H. By Theorem 2.1(b),(c) we have y.,, — y = y(¢) strongly in V,
where y(v) is the solution to (1.1). Using Theorem 2.1(b), once again we find y* — y*
strongly in V. Taking the limit in (2.9), we obtain J(y(), ) < J(y*, ¥*) and thus
(v, ¥) = (y(¥), ¥) is a solution of (P). It remains to argue that ¥, —  strongly
in X. This follows from the fact that

o 2 * o *12
g(yc'n)+§|1//cn|x fg(yc”)'i'ihh I
which implies that

lim sup [¥, [y < [¥"|x <lim inf |y [x.
n—oo

n—00

Thus lim, . |¥¢,|x = |¥|x which together with weak convergence implies strong
convergence of 1, to ¥r. O

3. Proof of Theorem 1.1

Let {(y., ¥)} be a sequence of solutions to (P.) that converges weakly, and hence by
Theorem 2.3 also strongly in V x U,q to a solution (y, ¥) of (P) as ¢ — oo. The first
equation in (1.9) follows from Theorem 2.3. We henceforth denote the jth equality or
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inequality in (1.7), respectively (1.9), by (1.7)(j), respectively (1.9)(j). Taking the inner
product of (1.7)(ii) by p. we find

o (pe, pe) + C(ng/nc Pe> Pe) = _(g/(yc)» De)s

where sgn, = sgnc(): + c(y. — ¥),0) > 0. Since o is coercive on V, there exists a
constant M; independent of ¢ > 1 such that

|pely + (SN pes pe) < M. 3.1)
Here we also use the fact that

18" (Ve)s Yol < 18" (o) lpowmsn |yel prn- < K18 (ve)lLalyelv,

where K is the embedding constant of V into L>"/"=2 and L4 into L>"/**+? By as-
sumption the term {|g’(y.)|L+} is bounded.

_ By Stampacchia’s weak maximum principle [T] and the regularity requirements on
a, b, d in (1.8), there exists M, independent of ¢ > 1 such that |p.| .~ < M3|g' ()| La.
Again boundedness of {|g’(y.)| L« }c>1 implies the existence of a constant M3 independent
of ¢ > 1 such that

|pelr= < Ms. (3.2)

Next we show that j, = ¢ sgn, p, is bounded in L' () uniformly with respect to ¢ > 1.
For ¢ > 0 define

1, X =€,
1, 3
Pe(x) = —Ex +£x, x| < e,
-1, x < —g,

and note that 0 < p;(x) < 3/2¢ on R. Taking the inner product of (1.7)(ii) with p,(p.),
we obtain

(@ pL(P)V Per Vpe) + (BY pe. pL(P) pe) + (d pe. pe(pe)) + (€ SgD, pe. pe(pe))
= —(8'(e)s Pe(pe))-
Due to (3.1), there exists M, independent of ¢ > 1, such that
(b V pe, (PP < M.
Since p, > 0 we have

(c SEHC Pes> Pe(pe)) < |g/(yc)|L‘ + My.

Moreover, 0 < p.p:(p:) — |pc| a.e. in 2 as ¢ — 0. Thus by Lebesgue’s bounded
convergence theorem

lelpr < 18" (o)l + Ma. (3.3

Hence {it.}c>1 is bounded in L'(£2) and consequently it is also bounded in C(2)*.
Hence by a corollary to Alaoglu’s theorem and the fact that C(2) is separable there
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exists a weakly star convergent subsequence with limit u € C*(€2). By (1.7)(ii) the
family {{tc}c>1 1s also bounded in V* and thus there exists a further subsequence which
converges weakly to ;e in V*. Moreover, { p.}.> isbounded in VN L*(£2). Consequently
there exist a subsequence {c,};; and u € C(2)* N V* and p € V N L*°(R2) such that

(3.4)

e, — o weakly in V* and weakly star in C(2)*,
Pe, — p weaklyin V and weakly star in L>(£2).

These are the convergence claims above (1.9). Passing to the limit in (1.7)(ii) and (iii), we
obtain (1.9)(ii) and (iii). By Theorem 2.1 we may assume that possibly after choosing yet
another subsequence we have that A, = max,, (0, A+c, (Y., — ., )) is weakly convergent
in H with limit 1. A short calculation shows that on set § = {x € Q: 0 < sgn, < 1} we
have A. < (1/2¢)sgn,. From (3.1) and (3.3), we find (deleting the subscript n)

{ _ 12
/ [Pehel /|Pc)~c| +/ [Pehel < — / |pc|sgn, + </ |Pc|2> [Aclu
Q s oS 2¢ Js oS

| 12
ﬁ“‘vch‘ + </Q\s sgn,. Pe Pc) [Acla

1 M\
ﬁ'ﬂc'L‘ + <T> [Aclg — 0 for ¢ — oo.

IA

IA

Thus p.A. — 0in L' () and hence in C(2)*. Since p. — p stronglyin H, p.A. — ph
weakly star in C(€2)* and thus pA = 0 a.e. and (1.9)(v) holds. Note that

He(Ye — V) = csgn, pe(ye — Y.) — 0 strongly in L' (Q)as ¢—o00. (3.5
In fact, with T = {x € Q: $gn,.(x) > 0} we have by (3.1)

/ e (e — )] = cf 1S3, pe (e — )|
Q Q

172
< C(SFgVIlC Pes pc)]/2 </ Sghc lye — Ipc|2>
T
_ 1)\
< (SEHCPC,PC)W (/ M+Z|2> -0 for ¢ — oo.
T

For ¢ € Wol’p(Q), p > n,wehave p(y. —¥.) €V, o(y —¢¥) € V and

(Mc(yc - Ilfc)v 90) - <,LL, % (y - w»V*,V
= (e, @ Ye — Ve — (¥ = ¥)) + (e — (0, @(y — Y))ve v

1,
as ¢ — oo. Hence, forall ¢ € W, P p > n, we have

0= Llirglo(uc(yc — V), @)t o = (tey Ve — V)@ v+ v
= (1 0 =P)hvey = (Y =), @)ty i

This implies that u(y — ¥) € L'(Q), u(y — ¥) = 0 a.e. and (1.9)(iv) follows.
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Inequality (1.9)(vi) follows from (1.7)(ii). Note that

pecsgn, pep >0 ae.in Qforevery ¢ e WH(Q)

with ¢ >0, where ¢ > n.
Consequently (i, p @)y« v > 0 for all such ¢, which is (1.9)(vii).
Remark 3.1 (Sufficiency of Optimality Condition (1.9)). Assume that
g =31y = valizq) (3.6)

for some y; € L2(RQ), that (y*, ¥*, A*, p*, u*) € V. x X x H x V x (L®(Q)* N V*)
satisfies (1.9), and that

v* <ys on T={x:A\*(x)=0. (3.7)
Then (y*, ¥*) solves (P). In fact, let (y, ¥, L) € V x Uyg x H satisfy (1.4), i.e.
Ay +xr=f, A =max(0, 1 +y — ),
with y # y*. Then by (1.9)(1)—(v)
JO) =IO = 80) =80 + 5 W — S 1
> (y* —Yd,y — y*)H +O[(I/f*s K[f - w*)X
=—(uy—y)—o( Ly =)+ -y
= (" ¥ —y)+ (&, p).

From (1.9) (vii) we deduce that (u*, min(0, p*)) > 0.
Hence from (1.9) (ii), (v) and (3.6)

0 < o(p*, min(0, p*)) + (u*, min(0, p*)) = (ya — y*, min(0, p*))
< (g =¥ +¢¥* —y*, min(0, p*)) < (yg — ¥*, min(0, p*)) 2 4) <0

and therefore p* > 0, and (A, p*) > 0. This implies that (p*, ¥ — y) > 0 and since
Y —y € V wehave (u*, ¥ — y) > 0by (1.9)(vii). Thus we find J (y, ¥) > J(y*, ¥*),
and hence (y*, ¥*) is optimal for (P) and (1.9) is sufficient, if (3.7) holds.

4. Some Numerical Examples

In this section we propose a numerical realization of the optimality system (1.9). It
appears that in earlier work algorithmic aspects for optimal control of obstacle problems
with control given by the obstacle were not addressed. The algorithm is described on the
continuous level. Clearly for implementation purposes an adequate discretization must
be utilized.
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Algorithm

(i) Setk =1, choose ¥, y € (0, 1] and ¢ > 0.
(ii) Solve

Ay + A= f,
A =max(0, A +y — ¥y)

for (v, M) € V x H.SetZ; = {x: y(x) < Y ()}, Ay = Q — I;.
(iii) Solve

A'p=—g'(y) inZ,
p=0 ondZ;

for py on Z; and set

pe =0 on A.
@iv) Set
0 onZ,
= {_8/()%) — A"pr on Ay

(v) Solve —aAyr + oy = uy for 1/Afk+].
(vi) Set Y1 =y Y1 + (1 — ¥) Y.
(vii) Terminate if |2y —max(0, Ag+ yx — Yrs1)|r2 < &, otherwise update k = k+1
and go to (ii).

Below we report on numerical results with this algorithm based on a finite-difference ap-
proximation involving the three-, respectively five-, point approximation of the Laplacian
in dimensions one or two, and g given by (3.6). First we make a series of remarks.

Remark 4.1. (i) The algorithm uses an iteration loop with respect to the variable .
As a result one iteration of the algorithm requires the solution of one obstacle problem
in step (i), and two elliptic solves, one for p; on the subset Z; of €2 in step (ii) and one for
$k+l in step (v). We relate the algorithm to the optimality system (1.9). Clearly (ii)—(v)
of the algorithm correspond to (1.9)(i)—(iii). Moreover, u(y — ¥) = 0, i.e. (1.9)(iv), is
realized by algorithm (iv), and pA = 0, i.e. (1.9)(v), is realized by algorithm (iii). Finally
(1.9)(vi) and (vii) are realized since u pr = 0 componentwise on each iteration level k
and by (iii) of the algorithm.

(i1) The existence of a unique solution to (iii) is guaranteed if Z; is a sufficiently
regular domain (e.g. 9Z; Lipschitzian).

(iii) For some examples we restricted ¥ to satisfy homogenous Dirichlet boundary
conditions, i.e. ¥ € V. In this case the potential term « ¥ in (v) was eliminated.

(iv) Unless specified otherwise we ignored the constraint —(Vir, Vv) 4+ (f, v) <
(A, v) forall v > 0 in the definition of U,q. A possible numerical realization can be based
on a penalty term of the form B|(Ay + f — )_\)+|2Lz.

(v) Concerning the stopping criterion, note that if Ay = max(0, Ar + yx — Yg+1)
then (Yg+1, Ak+1) = (Vk, Ax). This follows from the fact that for given ¥ (respectively
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Figure 1. Example 1. y;: dash-dot, ¥* = y™*: solid line. (Left) v = 0 on boundary. (Right) No boundary
conditions for .

Yr+1) the solution to the system in (ii) is unique. Unless specified otherwise we stopped
the algorithm with & = 107! in the one-dimensional case and with ¢ = 1077 in the
two-dimensional case.

(vi) For solving the complementarity system (ii) we used the primal—dual active set
strategy, see [IK3] and the references therein. We recall that this algorithm typically has
finite step convergence for discretized problems.

(vii) Clearly the algorithm requires further investigations, which are not within the
scope of this paper. These include a convergence analysis, investigation of the effects
of lack of strict complementarity, and proper choices for the relaxation parameter y.
Alternatives for solving (1.9) or the original problem (1.1) are of interest as well.

Example 1. Thisis aone-dimensional example with 2 = (0, 1), = 0.5,and f = 10.
The choice of y, is based on solving —Ay + A = f, A = max(0, A + y — ¢) with
¥(x) = 1 — x and setting y; = 2. In Figure 1 we depict the solutions for the grid
size h = ;—2 for the cases Uy,g = HOI(Q) and Uy = {¥ € HY(Q): ¥ > 0ondQ},
respectively. Not surprisingly the results are completely different. By the choice of y,
it can be expected that for the solution y we have y < y; in €2, which is confirmed by
the numerical results. Further, for the case U,y = HO1 (£2) one can conjecture that the
solution to (1.9) is such that all of €2 constitutes the active set, i.e. that for the solution we
have y = . Assuming strict complementarity this implies that p = 0, since Ap = 0.
Consequently, © = y; — y > 0 in  which, using (1.9)(iii) with Uyq = HOl (), gives
the equation, for ,

—aAY +ay = ya,

which finally determines all variables (y, A, p, u, ¥) of the solution to (1.9). Precisely
this solution is found numerically.

Example 2. For this two-dimensional example, Q2 = (0, 1)_ x (0, 1), « = 0.05, and

f = 30. Further, y, is based on solving —Ay + 1 = f, A = max(0, A + y — )

|
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Figure 2. Example 2: Optimal ¢ (left) and optimal y with no boundary conditions on .
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with ¥ (x, x,) = 2 — 1.5x;. Its solution is rotated clockwise by 90° and multiplied
by 0.2 to obtain y;. The numerical results for ¥ and y with meshsize & 6i4 and
U = (¥ € H'(Q): ¥ > 0on Q) are depicted in Figure 2. The corresponding data
yq is given on the left of Figure 3. The numerical result for U,y = HO1 (€2) and otherwise
the same problem data is given on the right of Figure 4. This is again an example where,
in the case U,y = HOl (£2), all of L is the active set and y = 1 at the solution. In this
case the algorithm required 15 iterations with the stopping criterion set to & = 1077
and 26 iterations for ¢ = 10~'%. Next we turn to the case, alluded to in Remark 4.1(ii),
where the upper bound on Ay + f — A is realized with a penalty term, with penalty
parameter 1. The corresponding results for v and y with A = f are given in Figure 4.

Comparing the results for v in Figure 2 to Figure 4 we can observe that the procedure
is effective.

Example 3. This is another two-dimensional example with Q = (0, 1) x (0, 1), @« =
0.5, f = 30 except on (0, 1) x (0.2344,0.6250) where f = —5, and y; = 0.5. In
this case for both choices of Uad described in Example 2, only a part of €2 is active.

The numerical results for 7 = 64, with and without homogenous Dirichlet boundary
conditions, are given in Figures 5 and 6, respectively.
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Figure 3. Example 2: desired state y; (left) and optimal v with Dirichlet boundary conditions.
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Figure 4. Example 2: optimal ¢ (left) and optimal y with no boundary conditions on ¥ and upper bound
for (Ay)T.
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Figure 5. Example 3: optimal ¥ (left) and optimal y with Dirichlet conditions on .
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Figure 6. Example 3: optimal  (left) and optimal y without boundary conditions on .



Optimal Control of Obstacle Problems by H!-Obstacles 17

References
[AL] D.R.AdamsandS. Lenhart: An obstacle problem with a source term, Appl. Math. Optim., 47 (2003),
79-95.
[B] V. Barbu: Analysis and Control of Nonlinear Infinite Dimensional Systems, Academic Press, San
Diego, CA, 1993.
[BL1] A.Bensoussan and J.L. Lions: Applications of Variational Inequalities in Stochastic Control, North-
Holland, Amsterdam, 1982.
[BL2] M. Bergounioux and S. Lenhart: Optimal control of bilateral obstacle problems, SIAM J. Control
Optim., 43 (2004), 240-255.
[BL3] M. Bergounioux and S. Lenhart: Optimal control of the obstacle problem in semilinear variational
inequalities, Preprint.
[H] M. Hintermiiller: Inverse coefficient problems for variational inequalities: existence of multipliers
and numerical realization, Math. Model. Numer. Anal., 35 (2001), 129-152.
[IK1] K.Ito and K. Kunisch: An augmented Lagrangian technique for variational inequalities, Appl. Math.
Optim., 21 (1990), 223-241.
[IK2] K. Ito and K. Kunisch: Optimal control of elliptic variational inequalities, Appl. Math. Optim., 41
(2000), 343-364.
[IK3] K. Ito and K. Kunisch: Semi-smooth Newton methods for variational inequalities of the first kind,
Math. Model. Numer. Anal., 37 (2002), 41-62.
[MP] F Mignot and J.P. Puel: Optimal control in some variational inequalities, STAM J. Control Optim.,
22 (1984), 466-476.
[OKZ] 7. Outrata, M. Kocvara, and J. Zowe: Nonsmooth Approach to Optimization Problems with Equilib-
rium Constaints, Kluwer, Dordrecht, 1998.
[S] R. Seydel: Tools for Computational Finance, Springer-Verlag, New York, 2002.
[T] G.M. Troianiello: Elliptic Differential Equations and Obstacle Probelms, Plenum, New York, 1987.

Accepted 11 May 2006. Online publication 11 June 2007.



