
WENDNER: INTERMEDIATE MICROECONOMICS

Important Principles of Unconstrained Optimization
(lectures 2,3)

1. Optimization – Maximization

Optimization is ubiquitous in economics. Consider households who maximize
utility at given prices and income, households who minimize expenditure
to achieve a given level of utility, firms that choose production plans that
maximize profits or minimize cost (given the level of output), or ... you
name it.

In this lecture, we consider some basic principles in unconstrained maxi-
mization. We do not look at minimization explicitly, as every minimization
problem can readily be converted into a maximization problem. In particular,
consider an objective function f : RN → R. Suppose, x∗ is the maximizer
of f(x), i.e. the vector x maximizes the value of the objective function —
which we normally denote in either of two ways: x∗ = arg maxx f(x), or
x∗ = {x ∈ RN | f(x) ≥ f(x′) for all x′ ∈ RN}. Using this notation, the
following lemma holds.

Lemma 1 x∗ = arg maxx f(x) ⇔ x∗ = arg minx−f(x)

Proof (contrapositive). Let ϕ : x∗ = arg maxx f(x), and ρ : x∗ = arg minx−f(x).
1. Sufficiency ϕ ⇒ ρ: If ¬ρ then x∗ is not the minimizer of −f(x), so
there exists a different vector x∗∗ for which the value of −f(x) is even
lower: −f(x∗∗) < −f(x∗). Now, multiplying this inequality by (-1) yields:
f(x∗∗) > f(x∗). This, however says that x∗ is not a maximizer of the maxi-
mization problem, which amounts to ¬ϕ. Thus, ϕ ⇒ ρ.

2. Necessity ϕ ⇐ ρ: This can be shown similarly as above.

Query. Show explicitly step 2 of the proof above.

So, we can always express a minimization problem in terms of a maximization
problem by just putting a minus sign in front of the objective function.

2. Ingredients of the Maximization Problem

In economic problems, we usually want to achieve a certain objective (max-
imize profits, utility, minimize cost, etc.). The objective is taken care of by
the objective function f(x). The argument x ∈ X is called a vector of instru-
ments or choice variables, where X is the set of feasible instrument vectors,
called opportunity set. For the time being, the opportunity set is RN . The
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maximization problem consists of choosing the set of x ∈ X such that the
value of the objective function is being maximized, i.e.,

max
x

f(x) subject to x ∈ X . (1)

The solution to problem (1) is denoted by x∗. Basically, we can expect the
solution to (1) to be (i) local or global, and (ii) unique or not unique (i.e.,
there are multiple solutions).

Consider a global maximum first. In this case, f(x∗) ≥ f(x) for all x ∈ X.
A local maximum is a vector of instruments x∗ such that f(x∗) ≥ f(x) for
x in a neighborhood around x∗. To be more precise, we need to define the
concept of a neighborhood here.1

Consider the space X ⊆ RN . The Euclidean distance2 between any two

points x, x′ in X is defined by: |x− x′| =
√∑N

i=1 (xi − x′i)2.

An ε-neighborhood at a point x∗ — synonymously, an ε-sphere about
x∗ — is the set of all points in X, whose distance from x∗ falls short of ε,
where ε denotes a Euclidean distance. Denote an ε-sphere by Sε. Then,
Sε(x

∗) = {x ∈ X | |x− x∗| < ε}.
Query. Is Sε(x

∗) a closed or an open set? Why?

The solution to (1) is a local maximum, if there exists a distance ε (however
small), such that f(x∗) ≥ f(x) for all x ∈ Sε(x

∗)∩X. From the definition it
follows that every global maximum is a local maximum (but not vice versa).

Next, let’s consider the existence-uniqueness-multiplicity distinction. If
problem (1) does not have a solution at all, then there is no x satisfying (1).
If problem (1) has just one solution, then only a unique vector of instruments
x ∈ X maximizes f(x). Finally, if problem (1) has several solutions, then
multiple vectors x ∈ X maximize f(x). In this case, suppose x and x′ satisfy
(1). Then clearly, f(x) = f(x′).

3. Existence and Uniqueness

But when can we be sure that there exists a solution to (1) at all? The Weier-
strass theorem provides sufficient (not necessary) conditions for a solution
to (1) to exist.

Theorem 1 (Weierstrass Theorem) If f(x) is continuous and X is closed
and bounded, then there exists a global maximum.

1In the present context, we restrict ourselves to Euclidean distances.
2Suppose, N = 2. Then, |x − x′| =

√
(x1 − x′1)2 + (x2 − x′2)2, where the subindexes

denote respectively the 1-st and 2-nd coordinate.
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Clearly, we need to define the concepts of continuity, closedness and bound-
edness.

Informally, a function is continuous if you can draw it without having to
“jump” with your pencil. More formally, f(x) is continuous if for all x ∈ X
and for all ε > 0 there exists δ > 0 such that f(Sδ(x)) ⊆ Sε(f(x)). So points
that are close in the domain correspond to points that are close in the image.

The domain X is bounded if the distance between any two points of X is
finite: |x− x′| ≤ k for all x, x′ ∈ X and k ∈ R+.3

Moreover, the domain X is closed if the set of limit points of X equals
X. 4 E.g., the set (0, 1) is open in R, while the set [0, 1] is closed in R.

Notice that the conditions provided by the Weierstrass Theorem are suffi-
cient but not necessary. Consider, e.g., the following maximization problem:
max0<x<1 over −(x−1/2)2. Clearly there is a maximum, while the conditions
of the Weierstrass theorem are not fulfilled.

The next question is: Are there conditions for a maximum to be a global
maximum? Actually yes.

Theorem 2 (Local-global theorem) If f(x) is concave and X is a convex
set, then every (local) maximum is a global maximum. If, moreover, f(x) is
strictly concave, then the global maximum is unique.

Query. What is a (strictly) concave function?

Query. What is a convex set?

4. Necessary Conditions

There are two necessary conditions for x to represent a maximum.

a. First order necessary condition. The gradient of f(x) equals zero:

∂f(x)

∂xi

= 0 for all i = 1, ..., N . (2)

b. Second order necessary condition. The Hessian matrix of f(x), H, is
negative semidefinite at x∗. I.e.,

H =




∂2f(x)/(∂x1∂x1) ∂2f(x)/(∂x1∂x2) · · · ∂2f(x)/(∂x1∂xN)
∂2f(x)/(∂x2∂x1) · · · ∂2f(x)/(∂x2∂xN)

...
...

∂2f(x)/(∂xN∂x1) ∂2f(x)/(∂xN∂x2) · · · ∂2f(x)/(∂xN∂xN)




(3)

3Remember that R does not include the following elements: {−∞, +∞}.
4A limit point of a set X is every x such that for any ε, (Sε(x) without {x}) ∩ X is

nonempty. Notice that x need not be an element of the set X.
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is negative semidefinite (also, see the notes on Hessian matrices).

5. Sufficient Conditions

The sufficient conditions for x to represent a maximum is:
The Hessian matrix of f(x) is negative definite at x∗.

Notice that every strictly concave (objective) function has a negative
definite Hessian matrix. Moreover, the results also hold for quasiconcave
objective functions.
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