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Sequential equilibrium

> al strategies (b;)

» Subgame perfection — reasonable strategies?

» Sensible system of beliefs for given behavioral strategies
» Consistent assessment

» Sequential rationality: b; as best responses

» Sequential equilibrium
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Behavioral strategies

» Mixed strategies vs. behavioral strategies
bi(a,I) € ]0,1], and ZaeA(I) bi(a, 1) =1

o A(I) all actions available at information set [ for i
o (a,I) specific action a available in information set [

o bi(a, ) probability attached to (a, I)
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» bi(a, 1) =(1/2,1/2), bi(a,2) = (2/3,1/3)

» mixed strategy <+ behavioral strategy

o $1={(L,L),(L,R),(R,L),(R,R)}, with m; = (1/2,0,1/3,1/6)
o mi < bi(a, 1) =(1/2,1/2), bi(a, ) = (2/3,1/3)

o joint behavioral strategy: b = (b1, b2, ..., by)
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Subgame perfection — reasonable strategies?

Player 2
| m r
L 10,5 0,5 0,5
Player1 M | 4,0 | -1,1 0,4
R|10,4| -1,1 4 .0




SPNE: s = (L, m)

» 2 never plays m, as for any belief about player 1 p(M), p(R)
so = m yields lower expected payoff (= 1) than my = (1/2,0,1/2)
— SPNE nonsensical
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System of beliefs for given behavioral strategies

» Belief p(z):

fix I: at which node in I is player? Y  _, p(z) =1

» System of beliefs p

» For given b, which p are sensible?

o Bayes' rule, if possible
o consistent assessment
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beliefs: [a] =1/3, [8] =1/9, [v] =5/9
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rule is not always applicable

— every belief satisfies Bayes' rule
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Consistent assessment

» Assessment: (b, p)
o (b, p) is sensible if it satisfies consistent assessment
Definition. (b, p) is a consistent assessment if there exists a
sequence of completely mixed behavioral strategies 0™ — b such

that associated Bayes' rule induced systems of beliefs p™ — p.

o consistency requires what holds at all p™ to hold in limit p
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o b =(1—-1/n,1/n) — (1,0)
for all by, player 3's belief p"(a) = 1/3 by Bayes' rule
p"(a) =1/3 —>1/3 =0p.
consistency requires: for b = (1,0), p(a) = 1/3
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Sequential rationality

r: how to form p for given b

left:
a given p: what is best b (NE) : sequential rationality
ombine both: sequential equilibrium

(i) fix assessment (p, b); calculate expected payoffs of [

vi(p, O|T) = ) per p(2) ui(b]2)

(i) compare v;(p, b|I) across b;; find best responses

Definition. Assessment (p, b) is sequentially rational if Vi, for
every [;, and every b’:

Ui(pa b‘l) 2 vi(pv (b;, b—z)‘])

Notes:

o assessment (p, b) need not be consistent

o sequential rationality captures every I;, while SPNE only captures
those I; that are actually “reached”
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Example for vi(p, b|I) for specific b
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Figure 7.32. Payoffs conditional on an information set. See Fig. 7.33 for the calculation of 1's
payoff conditional on / having been reached.
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Figure 7.33. Calculating payoffs at an information set. Treating separately each node, x, y,
and z within 1’s information set labelled f in Fig. 7.32, we see from (a) that 4 (& | x) =

3(6) + 3(3) = 4, from (b) that w1 (b | ¥) = 5[2(8) + 7(12)] + [0] = 3, and from (c) that

ur(b | 2y = 3161+ 313 (4) + L(12)] = 6. Hence, vi(p, b | 1) = p(x)us (b | ) +
PON(B 1) +p@ib | = 4@ L IQ - 16 =4, 118

rmation



The nonsensical SPNE is not sequentially rational

» Sequential rationality rules out 8 = (L, m)

o in Iz, sequential rationality is not consistent with player 2 choosing m

o problem of SPNE was that I is not reached during game
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Sequential equilibrium (SE)

Definition.
Assessment (p, b) is a sequential equilibrium, if it satisfies both,
consistent assessment and sequential rationality.

» Note. Every finite extensive form game (with perfect recall)
possesses at least one sequential equilibrium. If (p, b) is a sequential
equilibrium, then b is a SPNE.
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(2) (3 S

= (o1, B1,71,%,9,28,2y) = (1/2,1/2,1/2,1/2,1/2,1/2,1/2) is a SE,
where z, y, and (23, z) respectively are the behavioral strategies 1,
2, and 3 place on H on their respective information sets.
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A SE in which no player quits...

ent: (p, b) = (eu,ﬁl,’)g, Ly Yy 23, zv)

p b

o beliefs (Bayes): a1 =z, 81 = zy/(xy + yx), v1 = zy/(xy + zx)

o sequential rationality:

?Jl(H ]1) = ’1}1(T|[1)

H IQ) = 'UQ(T|IQ)

U2

as

Isg) = v3(T'|Isp)
H|I3y) = v3(T|I34)

(
?Jg(
(

U3
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Solving for a SE...

s(H|lsy) =712+ 72 (—=2) =471 — 2

Isy) =71 (—2) +72(2) = —4m + 2

Isg) = P12+ B2 (—2) = 4p1 — 2
vs(T|I3g) = P1(—2) + B2 (2) = —451 + 2
v (H|1L2) 122y — 2(1 — 2)] + a2 [—223 + 2(1 — 23)]
v2(T|12) 1228 — 2(1 — 23)] + a2 [—22y + 2(1 — 2)]
vi(H|L) = y[—42y +4(1 — 2)] + ¥ [—42s + 4(1 — 2p)]
v (T|h) = yl4zs —4(1 — 28)] + ¥ [42y — 4(1 — 2)]

Note. as = (1—a1), Bo=(1—=f1), v2=(1—m), y=1-y
just enough equations to determine

(p,b) = (a1, 81,71, 2, Y, 28, 24)= (1/2,1/2,1/2,1/2,1/2,1/2,1/2)
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