A Market Economy: Positive Theory

Main objectives of today’s session:

study existence of competitive equilibrium
(bounded consumption/production sets)

e preliminary remarks

e cxistence of equilibrium

1 Preliminary Remarks

e excess demand

I J I
z(p) = Z z1i(p) — Z Yi;(p) — Z wi;
z1(p)
)= | 27
Zr(p)
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e HDO of z;(p) and y;(p)
— HDO of z(p)

— normalization of p to unit simplex:

L
P={peRi|p>0) p=1}
=1

Definition 1 A Walrasian equilibrium s a price vector p* € P
and an attainable allocation (x,y) such that:

(1) all households mazximize utility s.t. budget constraints,
(7i) all firms mazimize profit s.t. technology constraints,

(111) all markets clear: z(p*) <0, and if z;(p*) < 0 then p; = 0.

e weak Walras law: p- z(p) <0
and if p- z(p) < 0= 3 : z(p) >0

— under which assumptions does weak Walras’ law hold?

e continuity of z(p)

— under which assumptions does continuity hold?
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2 Existence of Equilibrium

— a story of price adjustment

Theorem 1 Suppose weak Walras law and continuity of z(p)
hold. Then there exists a p* € P so that p* is a Walrasian
equilibrium price vector.

Proof steps:
1. Set up price adjustment functions p(p) : P — P
equivalently: ¢;(p): P —[0,1], I =1,...,L
2. Show denominator of g;(p) is strictly positive (...well defined)

3. Establish existence of a fixed point, p* € P, of o(p)

4. Show that this fixed point is a Walrasian equilibrium price
vector

5. Argue that in equilibrium weak Walras law holds as an equality

6. Argue that in equilibrium, bound on X is not binding
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e Step 1. price adjustment functions p(p) : P — P

max|0, p; + v 21(p)] [ =1
Zﬁzl max[(), Pn + In Zn(p)] | |

oi1(p) =

ceey

v > 0 (sensitivity to excess demand)

e Step 2. p(p) is well defined: denominator # 0

— denominator > 0 = claim: denominator > 0

— Proof.
Suppose not, then max|0, p,, + ¥, 2,(p)] = 0 (¥)
for all p, > 0, z,(p) < 0!
consequently, p - z(p) < 0
then, weak Walras law requires z;(p) > 0 for some [ but
then, max[0, p, + v, 2,(p)] > 0, contradicting (*) QED

— thus: max[0, p, + ¥, 2,(p)] > 0 (p(p) is well defined)

e Notation alert.

I —1

a = Z max|0, p, + Vn 2n(p)| >0

n=1

@l(p) :ozmax[(), pl_*_’}/lzl(p)]? | = 17"'7L
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e Step 3. Establish existence of a fixed point, p* € P, of p(p)

— continuous (why?)
—@i(p) > 0, pi(p) <1
- ZZL:1 oi(p) =1

©(p) : P — P, continuous
by Brower’s fixed point theorem:
dp* € P: p(p) =p°

— claim: p* is a Walrasian equilibrium price vector

e Step 4. A fixed point is a Walrasian equilibrium price vector

Case 1: p; = 0. Then %(p*) <0

Case 2: p; >0

p; = a max|0, p; + v z(p*)] > 0
(I —a)p; = ay ()
(1—a)p; z1(p*) = ay z(p*)? >0 (xx)

o ifa>1: z(p*) <0
but for no I, z;(p*) < 0; otherwise p* - z(p*) < 0
then by weak Walras law: 31 : z(p*) > 0 contradicting (**)
= 2(p*) = 0 for all markets with p; > 0
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from (**)

Z (1= a)p; zu(p”) = Z ay z(p*)

l l

o if « < 1, by Weak Walras law:

0> (1—04)2[1??‘21(1?*)]
(1—a) Zplzl (1—a) Zplzl

leCasel leCase2

=0+(1—a) Y pialp)<o

leCase2

= « Z ol zl(p*)2 <0

leCase2
= z(p*) =0Vl e Case 2

e Step 5: In equilibrium, weak Walras law holds as an equality
Bz(p*) > 0= p*- 2(p*) = 0 (weak Walras law)

= 21(p*) <0 =p =0
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e Step 6: In equilibrium, bound on X is not binding

attainable aggregate consumption:
O0<x<y+w,foralli=1,....L & 0<xr<y+w

upper bound ¢ on aggregate consumption set: ¢ > |x|
for any attainable x

by attainability: |z;(p)] < cforalli=1,...,1

= bound ¢ not binding
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