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. Classical approximation

. QFT and classical statistical field theory

. Real-time fermions

. Classical equilibrium and critical exponents
. Cosmological applications of scalar fields

. Gauge fields and heavy ion collisions

. Turbulent scaling, Dual cascade

Non-equilibrium condensation



15 thousand millon years

Tthousand millon years




| \) non-thermal fixed point

Nge(P)
thermal equilibrium



Non-equilibrium QFT

We want to describe Non-equilibrium QFT (HIC, reheating, cold atom experiments,...)
What can we do?

Need to develop and test different aprroximation schemes
classical simulations
2PI studies
HTL approximation
stochastic quantisation
Boltzmann equation

transport coefficients in eq. + hydro

All methods have different range of applicability
Possibly need more than one of them to describe the physics



Classical approximation

QFT:  Z=[ Dgexp(iS[o])

Integral over all possible paths (b(x, f)

Calculate on the lattice? sign problem o s
(Equilibrium is OK: imaginary time e e P )

Which path has the biggest contribution?
The one with stationary phase

| Doexp(iS[9])> [ Dolssippoe—oexp(iS[o])

Classical Equation of Motion: 6—(1):0

@)= Dof(0)e® > £ (0)usion



Scalar fields

O(N) symmetric scalars:

S[o,)=J d*xdr| (0,0, =5 (V 6,V (92)
y(02)=m gL (02)

(01 V3)o,(x,)=—m¢,(x.1) =20} (x. )9, (x.1

O(4): Higgs of the weak interactions
sigma-pions effective modell

O(1): Inflaton field

O(N): Testground for field theoretical methods



Discretisation of the EOM on a space time lattice

Leap frog discretisation: (jt d)('{' 1 284)
D =T
ix.0)= (.0 e iv)
i, (x, )=V, (x,1)=m"¢,(x, )—%cbi(x,t)d)a(x,t) T““'W*( b+ t20)
Eliminate momentum: —I]—('H&) )(p ({;)

O(t+A1)=26(t)=p(t=At)+V7o(t)=V " (o(1))

Cubic spacetime lattice ~ x=n,a, n,=0..N,—1, n,=0...0

O(x,t+A)=2¢(x,t)—d(x, t—At)+A, ¢(x,t)—V ' (d(x.1))
A o(x,t) :Z (x+a,,t)-2¢(x,t)+d(x—a,, t))

i

1 4 5
I ' A:—— B — —_—
Improved Laplacian: 0 3 C >
A o(x,t)= E (Ap(x+2a,,t)+Bd(x+a,,t)+Co(x,t)+Bd(x—a, t)+Ap(x—2a,



asymmetric lattice a=a, a,=a,

a
Courant condition —L<0.1

Otherwise the solution is linearly instable

> Speed of light should “fit into lattice”

Energy conservation fulfilled in limit — a,=0

energy density
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Non-Relativistic Bose Gas

Dilute bose gas, s-channel interaction dominates (tuned with Feshbach resonance)

Gross-Pitaevskii equation

i@t‘P(x,t)z—ﬁA‘P(x,tHUhP(x,t)|2‘11(x,t) wec

Describes time-evolution of a Bose-Einstein condensate

Particle number exactly conserved nmt=f d’ x|¥ (x,t)|2
LW, ¥]=| q° Ly 0, W+~ lP@‘P ~Liver-Yg
| =Jd'x 2 2 2m|V - (Y
Canonical momenta
O L [ oo+ 0L i
= =—y .= ——
Pr86,W 2 Pv = sow 2

HW, W |=[d'xp,W+p, ¥ —L[W, ¥]= - |V1p|2+—(|tp| )’

2 2



Split-step method
1

i@t‘P(x,t)Z—EA‘P(x,t)+U|1P(x,t)|2‘11(x,t) weC
Naive discretisation break charge conservation (1—iRAt)<1
Split-step method: ,
‘P(HAt):exp(—iKAt)exp(—iVAt)‘P(t) VZUI‘PI(x,t)
2
o L Ak
2m 2m

P (x)=exp|—i VAt P(x,t)
calculate W '(k,¢) with FFT
W' (k)=exp(—i KAt)W'(k)

calculate W''(x,¢) with invFFT
P (x,t+At)=W""(x)

Always multiplying with phase factor

Discretisation correct to some order in timestep
but conserves particle number exactly

W(t+At)=exp(—i KAt)W(¢)
L Expand in linear order

P (t+At)—W(t)
At

——i KW(¢)




Functional represenatation of nonequilibrium physics
(o(2,)(2,))=2 Initial density matrix ~ p;

Schrédinger picture  ¢(¢)> U (0,¢)¢ U (¢,0) with U (¢,0)=exp(—i H¢)

A A

<¢<t1>$(t2>>:Tr(piU(to,tl)&) U(tzﬁ)q) U(tl,to))
Ink
: £, 12
Schwinger-Keldysh contour Jc__];/ — f N

Path integral representation:

Z=[ D¢" D¢~ (9" (t,)lpdo™ (£,) exp(iS[o" =i S[¢])

Now define G=



For O(N) scalars:



Classical statistical field theory

Use some ensemble of initial conditions, and classical EOM 5 , —

(F(9))= Do DxP(0g7) £ (0)310(x,1)=0,(x,1)]
eg. /(9)=0(z)..0(z,)

Functional delta function

S N=Z A e Bl (el)I=E

dk :
Fourier representation of the delta function 5(x):f 2_GXP(Z kx)

Define classical action with to variables:

S.[¢.]=EOM[¢]¢ such that EOM [¢]=58S,[¢.¢]/5¢



S[EOM[$]]1=8[8S,[¢.9)/8¢]=

Use this in the averages:

(@)= J DoDAP(y7,) £ (9)0]0(x,1)=d,(x.1)]
=—J Do D, Plogm,) £ (0) 7 (6)0[ EOM[9]
= [ DODID,P(0,7,) £ ()] (0)exp(i(55,/55))

g | ~
IDWO q)o 750) DD(¢+%<T>,¢—%<T>) normalization Cl[q) q)]

(f(9))u= —fD¢D¢pr( Jexp(iS,[,9])




S.l0.9]=EOM[¢]o=] ¢,(8]=A)9,—m’¢, ——¢b¢b¢

S[o,d]=S [0, ]+quantum vertex (sl vertex, ot r”&
i v ¥
Feynman rules: %,/ ) % 1
Gir
..... S, (euseol S Quanhun




Classical field theory ¢=(¢) Schwinger-Dyson eq. + Mean field

given ¢(x,t=0)m(x,t=0) solve (T)-qu>+%m2q>+%¢3:0
Classical statistical field theory

Classical fluctuations dominate
over quantum for 4 P{x)

Fx,y)=o(x), (»)})>{e(x),o(y))=p(x,y)
Using classical EOM

(O(g,n))= [ De(0)Dn(0)P(e(0),7(0)O(e(r), (1))

Classical statistical field theory describes loop effects




Matching classical statistical simulations to quantum systems

Quantum mechanics : W (x)

Classical mechanics: P (x , p)

Wigner function matches quantum states and distributions of classical phase-space

(slf (&, p)ls)y=[ dedpw (x, p) f(x, p)

Generalizing for density matrix
Tr(pf (%, p))=] dedpW (x,p) f(x, p)
W (x, p)€R, but it might be negative 7, (x. )= f<x+y|p|x yye "™dy

For interesting states (Gaussian states, vacuum state,...)
Wigner function is positive

density matrix = P(¢(r=0),n(£=0))= Classical EOM

(O, n))= | D(0)D(0)P((0),7(0)O(p(t), (7))



What about fermions?

n<1 always in quantum regime

Fermions are always quadratic (if not, do a Hubbard-Stratonovich)

S=S[U,$]+PD(U, )P

Mode function expansion [Aarts, Smit (1998)]

W(x,t)= (2dﬁ)d(l;a(k)d>$(x,k,t)+c;’;(k)CD(‘;(x,k,t))

D(U,p)¥(x,t)=0 > D(U,$p)®, (x,k,t)=0
O (x, k1) > ®(x, 1) 4 N° modefunctions » O(N°) cost

Observables (and backreaction to bosons) calculated as

POWw=Y F.®(x,1)0D,(x,1) F,=(1—-n}, ) orn,,,

WO'P=) F'.®,(x,t)0' ®,(x,1)

i
r 1% u
F k_<1_nini,k> or n,; i

Bosons treated classically

Physics should be such that e, Ny > 1



Hubbard Stratonovich transformation

2 b.\> b’
exp(—aw*+be)=exp(-alo—2) +2)

Use it in a path integral:

| Dolx)exp([ d'x(~ag(x]+b(x)q(x))=

| Do(x)exp| [ d*x(~a cp—bg) 2+bg§)2) =exp bff;)z
Practically:
MW ()W (x) = (o + W ()W (x)p ()

@ is a constraint field, its EOM has no time derivatives.

Also possible if the interaction is not a square;

1

7kl x) s (x )+ A () (x4 B(x)a(x) > —U A(x)B(x)



What about fermions?

n<1 always in quantum regime

Fermions are always quadratic (if not, do a Hubbard-Stratonovich)

S=S[U,$]+PD(U, )P

Mode function expansion

W(x,t)= (2dﬁ)d(l;a(k)d>$(x,k,t)+c;’;(k)CD(‘;(x,k,t))

D(U,p)¥(x,t)=0 > D(U,$p)®, (x,k,t)=0
O (x, k1) > ®(x, 1) 4 N° modefunctions » O(N°) cost

Observables (and backreaction to bosons) calculated as

POWw=Y F.®(x,1)0D,(x,1) F,=(1—-n}, ) orn,,,

WO'P=) F'.®,(x,t)0' ®,(x,1)

i
r 1% u
F k_<1_nini,k> or n,; i

Bosons treated classically

Physics should be such that e, Ny > 1



LOW COSt fermions [Borsanyi, Hindmarsh (2009)]

D(U,§)®,(x,1)=0 2 F®,(x,1)0®,(x,1)
EOM is linear j=1..N,

With random numbers such that (&, :84.)=F,;0,9,
intialize N ,(x,0=0)=2 &, ®,(x,1=0)
evove D(U,¢)N (x,1)=0

<Z Nj(x,t)ONj(x, t)>=Z F.® (x,t)0P,(x,t)
J i

On average, we get back the mode function method

In practice the convergence is fast (in at least 2 dimensions)

N, <N’ - low cost fermions




Observables

classical quantum

(p(x)) (p(x))
F(x,y)=(o(x)o(y)) F(x,y)=58(x),4(»)
P (x, )= 0(x), ¢(»)ss) o(x, y)=i ([¢(x), d(»)])

Poisson bracket = “classical commutator”

(Ax), By =[] | S22V OB _0BLy) 0ALx

00(z) on(z) 0¢(z) om(z)
pcz(x,J’)‘x =0 0, pz<x y)‘ 6(7‘ y)
Homogeneous ensemble: F(x,y)=F(x—y)

F(oo,k)=f dxth(x,t)ei<kx_w)
F(t,k)={o(k, o))



Particle number, dispersion relation

Solve free field theory:
F(t,1", p)=(n,+1/2)ecos(w,(r—1"))
p
1 .
p(t,t’,p)zm—psm(u)p(t—t’))
0,0,/ F(t,t', p)=(n,+1/2)w, cos(w (t—t"))

One possible (and useful) definition:

np(t)+1/2=\/F(t,t’,p)@t@,F(t,t’,p)‘

In classical simulations: If dispersion is known:
n,(6)=\o(r. p)Pyole, p)f) n,(t)=w, (o1, p)f)

,_ 0.0, Flt,t" p)l— (9]
’ F(t,t,p) (o7l

Dispersion relation: )



Initial conditions

Given n,, ,,(¢)=¢, calculate ¢(x,7=0),w(x,1=0)=¢(x,7=0)

2\ _
We must statisfy <|(|)k| )= Wy

1
YO ()=

1 -
Ek:Ekin+Ep0t: Eq)lzc+ k(l)k (nk+1/2)

Dephasing (equilibration between kinetic and potential energy) is very fast

o

Only the sum matters



Initial conditions

Lazy choice:

_ |2 +1/2)
q>k(r:0):6k,0q>+\/ L lm(gk )e”p", n,(t=0)=0 with random phase ¢,

“Democratic” choice (Wigner function: also absolute value is a Gaussian random)

_ +1/2) |
q)k(t:()):ék,oq)"'\/( = Z)k )e(pk’ nk<t:0):\/( zmk+1/2)wk

Rayleigh Jeans problem: Quantum half should not dominate physics
_ 1 High occupation in IR modes
EA_fo dk k E(Dk ? © Choose parameters such that
E1/2 < Ephysics

Instability ——» turbulence, universality ——» initial conditions don't really matter



Rescaling with the coupling

" 2 2 A3
Dimensionful EOM: ¢—V o+m d)"'gq) =0
Introduce dimensionless quantities: (i)L:i X, =xa, [,=ta,
a

| A
further rescaling: ¢ —\/%‘PL

Rescaled, dimensionless EOM: o' -V’ +m’ afq) '+¢'>=0 Coupling drops out

To simplify notation, drop prime, but rescale observables:

L (0)=\ o (e, pP) fole. o)

In initial conditions:

(A, . [3+N/6) | I Quantum half proportional
§,(1=0)=—"G e'" to coupling




Classical equilibrium vs Quantum equilibrium

Classical equilibrium: equipartition

All modes have energy E =T=K +V,

-2
_ @ = d oL <|<|>k| \=T12
. © 2 2 _l
nk—\/dq)k |><|¢k |>_ W,  Classical limit of Npr= Bw} " at 7> W,
eP
Rayleigh-Jeans problem
Energy content up to some cutoff EA:fs dk sz(Dk > ©

Classical field theory does not thermalize

(In the absence of a cutoff) —__ Classical simulations don't reach
the correct quantum equilibrium state



Second order phase transition

Taly
<L
Bare mass squared negative \\\ <7 /

Temperature contribution ~ 72 \/
7-\"""-.

=0
2nd order phase transition ——» critical scaling /\<®>
p<SZ(D’Sp’SI/VTF):S_(2_n)p<(D’p’Tr) \_
L , >
T W
—2-

p(oo,O,O)Noo -

Fourier transform p(S_Zt,Sp, 1Y Tr):s_<2_”_z>p(t, D, Tr)
2—11_1 . % NT—nuz
Z { Temporal correlation length t r
p(7,0,T,) gle g J
t
[

gl=|=p(1,0,(¢/g,)""*)

g



Classification of dynamical universality classes Model A: No conserved charge
Model B: conserved order parameter

Halperin and Hohenberg Model C: auxiliary conserved density

Universality given by slowest processes

A

Transport processes of conserved charges dominate

Energy density

Scalar field theory Momentum density

Relativistic fluid: ~ pressure transverse part of the momentum density

linear dispersion Quadratic dispersion

Model C: one conserved density z=2+alv

o=(0  Susceptibility exponent vanishes in 2d



Classical KMS

Quantum KMS from periodicity of the Greens function

Flo, p)=—ing(o)p(o, p) I

InthefarlR o< T F(u) p):—i%p(m p)

ipcl(u)’pJ T},):p((k),p,T},)
Classical KMS relation

1
pcl<t’p’Tr):_?6thl<t’ p’Tr)

Folt—=t" x=x",T,)=(d(t,x)o(t", x")); —(o(t, x))7 (d(t", x"))p

o,(t,p.T,) ——fd e "N w1, x)0(0,p)),

Near a 2nd order phase transition, physics is dominated in the IR
no Rayleigh-Jeans problem




2D scalars with O(1) symmetry

HZf ddx %n2+%(v¢)2+%m2(})2+2—2¢4

(0;=V)o(x,t)=—n(x, 1)~ 2o x, 1)

Initial conditions: Gaussian distribution for momenta
Field part is thermalized with the Metropolis algorithm.

Choose m’<0,, tune T to criticality

0) T,

p(t,

10 100
[Berges, Schlichting, Sexty (2009)] c



0) T2

p(o,p

Spectral function in Fourier space
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Checking for scaling

Introduce magentic field HneW=H+f ddeq)(x)=H+ V BD

@(ST,,,SMB):SB(I)<TI,, B)

Tﬁ

r

setsT,,zsgn(T,,) (ID(TF,B):

(I)12<B

)

Onsager solution: p=1/8,0=15,v=1

1TFH # # # # H+H4H++H++++++++ +
@ X
~o x X YalRad
=~ < .
S S
n o XX
= % %
= o< KX
- >§><<><>< T<T. +
e g( T>T, X
XX
X X
0.1 2 1 . " 5 " " ™ ™ .
0.01 0.1

BT, %2 (IT-T,T,) %



Dynamical scaling

Scaling function is approached
close to critical temperature

2—7]_1 /
zZ
p<t’09Tr)Nt g fg_
t
T=1.018 T, ——
T=1.022 T, -----
T=1.027 T ------
N 2 T=1.046 T oo
= 10 T=1.071T,
I3 ! T=1.097 T -
¢ T=1.1727T; -
=
|_
‘-; ------
|_
o
Il
Q
a

& To

z=2.05+0.15
.\i.ka'\-;.\:h N=1024 Jlr
100000 ¢ + 7194201 . 1
S r
N=256 ¥
T -2.04 +0.07
;i%& T 204 2007
10000 | #...ffx,\ N=128 @
I :r\%\ Tr'2-0 +015 _
.%.\,%
1000 | Ry
T 0K
A
100 - M
0.01 0.1

Fit z for best data collapse:

\

(T-T) T =T,




Non-equilibrium lattice field theory

2nd Lecture

Dénes Sexty
Uni Heidelberg

Schladming Winterschool 2013

5. Cosmological applications

6. Gauge fields

7. Turbulent scaling, Dual cascade
Non-equilibrium condensation



Cosmological applications

Inflation FUROR,
slow roll

1thousand million years

reheating
Far from equlibrium

Which mechanism?
Temperature?
Equilibration time?

Standard cosmology



Non-equilibrium scalar fields on expanding background

Cosmology: isotropic expansion

Expanding comoving metric ds’=dt* —a’ dx’
=4 G=3H §—Ag+m’ p+2¢'=0
a
Friedmann equation H’= 872 o
3m’,

Conformal time dn:dt/a(t),dedxphyS/a(t), p=alt)d

a cp+m2a2cp+ch3=O
a 6

EOM simplifies ¢ "=Ap—



Parametric resonance [Kofman, Linde, Starobinsky (1994)]

End of inflation Slow roll ends  Condensate starts oscillating

D(x,t)=D(t)+q(x,¢)

<T5+ép—V2cp+lm2(CT>+cp)+%((I>+cp) =0

2
= 1 o=y N =3\
EOM of zero mode: (I)+§m ((D)"'g(q) )—0
EOM of fluctuations: q’jk+(m2+k2)cpk+%(CT)chk+interacti0ns)=O
2 2 2 A 2
=m+k+=O
meﬁ,k 2

@ (¢t )oscillates: ®(t)=d,sin(w,¢)

Matthieu equation
dzy
dx’

+[A4—2qcos(2x)]y=0



Instability bands of Matthieu equation: B
A=2q
A=m’+k* 2q=LCI)2 N
2 3
: : 2
2q> A Wide band parametric resonance
1

10" P Lo
7 F TN - ...........
10 S~ e -]
. 6 F - ~k
Resonant modes amplifyed 10 ¥ Iy
10 F B2
Ny 4E
Scattering fills up ]03 3 n=10*
the whole IR 10 & N=400 MN=2500
2 E T]=]00
10
Distribution slowly evolves 10 g
towards equilibrium I K, | |
1 10
k/0,

[fig: Micha, Tkachev (2004)]



Iﬂybﬁdinﬂaton

| 2002 N a4l 20702, 1 2
Sf (0,W 3" W)+—(0,0"®)—m W' =L W'~ g D Wt~ @
o [Linde (1994)]

¢® Inflaton

Y Higgs field

m><0

Simplification: fast quench

21p2_L1p4
S= f (0,W0"W)—m"W=Ls

At =0 start from W=0



Tachyonic instability

EOM in fourier space neglecting interactions:

W (t)=—(k"+m*) W, (1)

Instability for &*<|m|’: ‘Pk(t)NeXp((\/|m|2—k2)t)

Saturation from coupling backreaction

W(x,t)=W(t)+y(x,1)

T2 2
Saturation when AW ~|m|

Particle number nkzmk|‘llk|2~ W, |‘PO|2~ W,

L (W)t (2) 00y

At the end of tachyonic instability

24
Mass term
|ml”
A
Overoccupation n,~~ for k<|m|

A




Tachyonic instability with O(2) Higgs field

8 u u 0.4
o Goldstone 0.35 | - i |
_____ nggs ' : T 1 %:/ i lwé'd\l\’ﬁr/\f\ I 1/3
61 Inflaton 0.3 i
5 ~ p/3 0.25 WGoldstone —
o 4 r 0.2 r Whiggs
= i w —— .
g S 0.15 W"Ij Inflaton ; F R Tanet S S Heosee
< e /4 el B & U A R T8 1Y ¥ S ORI S sos o
s 2}t t=85 . 0.1 +l|'\"I‘l,\\f)i\/U\a%a‘w‘dm”b}ﬂ%’ﬁw/%K’VV*“’*’*”‘*’””W’”’“‘”"*"’
11 0.05 5,'|"
| 5:,'::""
0r 07 '* tinstability=/0
1t . ] -0.05 i/
_2 1 1 1 1 _0-1 7 1 1 1 1 1
0 5 10 15 20 25 80 100 120 140 160 180 200
Y time

Equation of state

pP=WwWE

Equation of state is measured as the universe expands isotropically

Spectra far from equilibrium

Well defined equation of state Prethermalisation

[Borsanyi, Patkds, Sexty (2003)]



Gauge fields

Link variable: UM(x)ZeXp(iaMAM(x))
UeSU(N) U=exp(ir,@,)

Plaquette variable:

U =exp(=iF,.a,a)  Fo=gFik
AN
U, +U,=2-¢ F. F, (a,a,) a4 ’
4_N 1_Tr<UuV+U;\1/> Fa Fa <Cl a )
gz N T ouvy ouvifuy

asymetric lattice

a,=a, a,—a,

l S

ition 4
Courant condition Y01
a

S



Electric field squared Magnetic field squared

S[U, (x))=5 % _Tr(U+UW) ) 2N 4 CTr (U, + U
uw 2 a, t Plags N < a, s Plags 2N
88 Minkowski metric

. —=0 ?
EOM: SU group structure:

o o f(e™U) D Tr(UV)=iTr(A,UV)

Left d tive: =

eft derivative: p £(U) e . D.Tr(U™ V) =—iTe(V U '3 )
D, ., S[U,(x)]=0 Equation of motion 0,E=..,0,B=...
D, . ,S[U,(x)]=0 Gauss constraint Div E=p



Gauge symmetry UM(x)ég(x)UM(x)g_l(x+aM) with g(x)eSU(N)

For calculation of the dynamics, choose temporal gauge U,(x)=1

Any gauge can be fixed afterwards.

Coulomb gauge

Find IocaI minimum of
M[gl= > 1-ReTrU¥(x 1—ReTr(g(x)U,(x)g " (x+a,))

x,i=1.3 x,i=1.3

Use g(x)=h,(x)=ih, a

——lz Tr(U )—Tr(U .(x—a,)\,))=0
J ! ! a
Using Uu(x)zexp(iaMAM(x)) ZjAj(x)—Aj(x—aj)ZdiVAZO
Search for the minimum using a relaxation algorithm

Overrelaxation, stochastic overrelaxation, Fourier acceleration ...



Equations of Motion

D, ., S[U,(x)]=0 Define: Vo (x)=U,,=U,(x)U, (x+a,)
E;(x) —éTr(VM(x)Oa)
. 2
E(x)=E(x—a))==2=% 2 |TrU,(x)U,,(x+a,)U, (x+a,) U, (x) o+
asm;én

TrU,(x)U, (x+a,—a,)U, (x—a,)U,(x—a,)o

a

U (x+ay)=V, (x)U,(x)

w

To build the new link, we need inversion of ~ Tr (U o)
Tr(Uc)=b* » U=?
For SU(2) this is easy:
U=a+ib,o, with a*+b,b.=1 Tr(Uo,)=2ib,

For SU(3) there's no analytic formula
numerical solution with Newton iteration



Gauss Constraint

Initial conditions: two timeslices
Uu(to) Uu(to"'ao) - Eﬁ(x)
Must respect Gauss constraint

Simplest solution: Uu(t0+a0):UM(to) > E.=0
dephasing

Minimize Gauss violation
Otherwise use Gauss quenching fixed Uu(to) change Eu(t:())

Steepest descent

Gauss constraint fulfilled initially

\

Gauss constraint fulfilled at all times



Hamiltonian vs. Lagrangian formulation

Lagrange formulation:

Space time lattice with temporal and spatial links

DS

EOM is calculated from the action: DU, (x) =0
H

Electric fields live in group space (represented by temporal plaguettes)
Needed: inversion of Tr(U\Y) Tr(UN")=b" —» U=?

Hamiltonian formulation .
a . a\2
Space discretisation first: H<Eu’ Uu)—§<Eu) +B Zspaﬁa,plaq. Tr(U)

Then Hamiltonian EOM is discretised in time
E (t+At/2)=E;(t—At/2)-D,H(E;,U,)
U,(t+At)=exp(iAtNE)U,(t)
Electric fields live in Lie algebra space

Needed: matrix exponentialization



Initial occupation~1/a.,
Fermions are neglected

Large initial anisotropy

Fixed box vs longitudinal expansion

Heavy-ion collision timescales and “epochs” @ LHC
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Hot Hadron Gas
15< T < 18 fmic

Chemical "Freezeout”
T > 181imfc

Semi-hard particle production
0<T<01me

01<T <2mf

1 fmle ~ 3 x 10~** seconds



Plasma Instability (aka. Weibel Instability)

(Weibel, PRL 2(1959) 83, Mrowczynski, PRC 49 (1994) 2191)

2y

O,

X

O

B

anisotropic particle distribution
seed of magnetic waves

|

The current is bent to amplify
magnetic field (flamentation)

i

Exponential growth of certain modes

Phenomena also exsits in pure gauge
theories (without charged fermions)



Initial Conditions

lots of particles in the transverse plane

anisotropic distribution: few particles in the longitudinal planes

Gaussian initial configuration with:
2 2 2
I<X+I<y K

A?(k, t=0))=Cexp|— —
(JAT( )°) p IAT 242

A A

C Is given by fixing energy density

zero initial momenta ——» Gauss constraint is trivially fulfilled

To avoid numerical problems, a small plateau is added
mimicing the quantum n=1/2

Ki+k2 K
2A°  2A7

Amp

et Amp~10"°
K|

(JA?(k,t=0)F)=MAX|Cexp




Results

5= t
[ p=02 1/4
- p=3.0
ool P Growth rates
N—
g_— 108 1.00 :
il s | 0.90 ¥
f 10 0.80 * % 8 Oy
—_ m O o
E" 104 0.70 .¥.
= 0.60 | i
< 2 g *
10 0.50 | =
- *
10° 0.40 | ) o
0.30 | e
107 0.20 | T4y im. 965 —+— -
0 50 100 150 - o D 23
At-e4 0.10 . sec. 963 1kt -
0-00 n L L n 1 n n n n ‘ 1 n n n n 1 L L n Sneq. 1|2|8 n Vrnr"r{[:]lrrnrrrzn
0.0 05 1.0 1.5 2.0 2.5
p, /el

Timescales from secondary rates:

1/y,~0.3fm/c  optimistically ~ (e=30Gev/fm’)
1/y...~0.8fm/c pessimistically  (e=1Gev/fm’)



Comparison of SU(2) and SU(3) results

Solving the EOM: Tr(UNY) —» U=?
1 . |
SU(2) is simple: ba:—ET;’<U0‘ ) U:mﬂba%

SU(3) : Newton method is used for numerical solution

1014
1012
« 101
108
10°
10% |
102
10°

(A (t,p)/A(t=0,p)|

1072

Berges, Gelfand, Scheffler, Sexty PLB (2009)



Explanation of slower growth

Initial growth of the longitudinal modes caused by tadpole

My sy3)— A My su2)

Y/ mt

Other diagrams suppressed by the
anisotropy ratio

0.30
025+ & . x
S SU(3) primary rate  +
0.20 t X X SU(2) primary rate X
X
0.15 + X
+
0.10 X
0.05 | L
=y
0.00 TOXXX X
-0.05

0 02 04 06 08 1
p, /¢

12 14 16 1.8




Heavy-ion collision timescales and “epochs” @ LHC
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Hot Hadron Gas &

Chemical "Freezeout”
15< T < 18 fmlc \ T > 18 fmlc

Equilibrium QGP
2<T <15 fmic

Weibel instability
Nielsen-Olesen instability

Non-equilibrium QGP
31<1T<2fmfc

Semi-hard particle production
0<T <0.1fmic

Scattering
Turbulence
Condensation?

*1 fmic ~ 3 x 10~ ** seconds

[Fig.:Strickland]



Cosmological reheating

15 thousand million years

1thousand million years

Inflation - reheating - standard cosmology

Conversion of vacuum-energy to particles

Parametric resonance .
Tachyonic instability ——® Overoccupation —— Turbulence —* Thermal eq.



Ultracold Atoms

Bose-Einstein Condensation
In equilibrium

Excite at low momenta 200

100

<

Topological defects
Quantum turbulence

Lattice site y

200 [

100

0 100 200 0 100 200

Lattice site x
[Nowak,Sexty,Gasenzer (2010)]



Tur__bulence

e

B

~ Kinetic energy cascade

Large scales » small scales

“Big whirls have little whirls that feed on their velocity,
and little whirls have lesser whirls and so on to viscosity.”

Kolmogorov (1941) Turbulent stationarity

Scaling law for radial energy density:  E(k)~P*°p" k™"



Kolmogorov turbulence

Energy pumped into the system in IR

Scale invariant flow 2 types(at least): constant energy flow
constant particle number flow

radial flux

ate(k):_vkp(k>

Energy density : €
Energy flux: p




Kolmogorov turbulence

Dimensional analysis:

E(k) ~ P2/3 p1/3 k—5/3

log E (k)
log(k)
“Local” evolution in k space Nonequilibrium, but
Stationary state: k independent energy flow stationary dynamics
Driven turbulence
only parameters present:
Radial energy density E [kg s7]
Radial energy flux P [kg m's™3] No source —» free turbulence
Density p [kg m™]
E (k)=const —» Power laws




“Natural” nonequilibrium initial conditions

Instability for some momentum band

Amplitude grows

o~ 23 \
; Q ; Secondary modes

At n~1/\ all diagrams become ~O(1)

A(t,p) / A(t=0, p)|°

Non-linear physics; instability saturates

Overoccupation

n~1/A Tachyonic reheating
Parametric reheating
Weibel instability
CGC




Turbulence and condensation in scalar field theories

~(P,)? n(p) ~ 1/A 1/A > n(p) > 1 n(p) < 1
NC,,  inverse particle ! direct energy ' quantum/
N0, : : ...
1 e cascade ! cascade ' dissipative
2 %, ! to UV | regime
c & I I
(=2 : |
o | |
— i ~ 1/po-32 | ~ g7P
1/A : :
| e s

A4

Log p

Kinetic theory

\ J
I

classical-statistical field theory

resummed kinetic theory / 2P| large-Nto NLO



Cascade in wave turbulence

Boltzmann equation:

an

ot

=C(¢t, p)=gain—loss

By integration one finds the flux in momentum space

Power law ansatz + constant flux —» exponents

Local interactions in Fourier space:
.ener __ - part __
0,(wn,)+V , j7"=0 o,n,+V ,j""=0

Energy cascade Particle number cascade



Weak wave turbulence

» par a
o,n,+V  j""'=0 ;tp:C(t,p)zgain—loss

Collision integral

C:f d92©2<p’l’q’r)[(l-l-np)(l+nl>nan_npnl(1+nq)(1+nr>]
Classical regime: n>1

C:J' dgzaz(p’ l,q,r)[(np"‘nz)nq”r_”pnl(”q"'”r)]

Integrated on a sphere = flux

Using the scaling ansatz 7, P W, p

d+1-3k+2d-5
Plug in collision integral: A(k)ock



C:J‘d92@2<p’I}q}r)[(np+nl)nqnr—npnl(nq+n,,)]

N+2 ;
VD) (8 pl—g—r)

S(w,+w,—w,—w,) 1
p ! q r)w,0,w, 0,

szﬁz(p,l,q,r)=7»2

(3d—4)—(d+1)d92@2(

dQ*7*(sp,sl,sq,sr)=s p.l.g,r)

Using the scaling ansatz %, P W, p

k
Plug in collision integral: ~ A(k)=[" dp P w,C(t, p)~kTTH T =T

ener 4 ar 5
Well known Zakharov results Ky =d—§ K t=d—§

ener __ 3 part _
Similarly for interaction with 3-vertex: Ky —d_i Ky =d—1



Turbulence = Universality

Weak wave turbulence

Power law distributions n(k)~k™*
Self similar evolution: n(k,t)~t"n,(kt?)
Fluctuation decay (@*), ~t"

[Micha, Tkachev (2004)]

n(k)=1I[n(k)]

| k-independent Particle cascade
Interaction through m-vertex stationary flow Energy cascade
+ 1 2
u=d(m—2)—1—m sz—u y=d p

“om+1l . 2m—1

Universality far from equilibrium



Scaling beyond kinetic theory

Obtaining the scaling solution analytically using 2PI

on(p) = (P F(p)— X5 (p)opa(p)

XXy = -@—b P =(py,p):

Scaling ansatz for the spectral function (commutator) p(x,y)=<[cP(X),CP(Y)]>

p(s"w,sp)=s "p(w,p)
Statistical function (anticommutator) F(X,Y):<{CP(X),CP()’>}>

F(s°w,sp)=s “F(w, p)

Stationarity condition

J(p)=20(p)F () =20 (p)ps(p)=0 > Scaling laws
Classicality condition F(p)>p(p)



Scaling analysis with sunset diagram

S(p)=] G(q)G(k)G(1)§W (p+q+k+I)

gkl

0= . V(p.q.k, 1’8" (p+q+k+1)[F(p)F(q)F(k)p(I)+
Forer:

- p)p(q)F(K)F(l)+

Zakharov transformation: 0 (p)F(q)F(k)F(l)}

swapping momenta
I'=€p; p'=%tl; k'=tk; I'=tl
F(p)F(q)F(k)p(l)=p(p)F(q)F(k)F(I)

0= . V(p.q.k 178" (p+qtk+i)p(p)F(q)F(k)F (1)

A A A
Solutions: 1+ £0 sgn(ﬁ)Jr& Sgn(&)Jr& Sgn(ﬁ)
90 90 ky ky [y [y
A=—1
On shell limit (=2 ede—4
» n shell limi = =
A=0 2->2 dominates 3 3




s - 02(G) J(p)=2",(p)Fy(p)— S (p)pa( p) =0
oG

Loop expansion of ®(G) —» Boltzmann scaling ¥=4/3.x=5/3
(in 3D)

2Pl to NLO in 1/N: Vertex: x x > < >O <

[J. Berges, NPA 699 (02) 847; G. Aarts et al., PRD 66 (02) 45008]

Zab (Jfa)’) - 3 -

Resummation of bubble chain > [Rscaling k=4,k=5
(in 3D)



IR resummation - Strong turbulence

1/N resummation: effective vertex

2(p)=], Ny (P+a)G(q) G (k)G (1) (p+gq+ik+1)

A (p)= A With one loop bubble:
T+ (p))(1+ 11 (p))
p p B B
(p)=], G(p)G(p—q)
The vertex scales:
In the IR: I1 >
(p) ?\eﬁv(Sp)Zszr?\eﬁ(p) with r=3+k —d
In the UV: Ny =A N(sp)=\(p)

Strong turbulence in the IR: k=4or 5 (ind=3)



From 2Pl to kinetic equations

Using Wigner coordinates
F (X)=[d'sexp(~ip,s")F(X +s/2, X —s/2)
Gradient expansion, spatially homogeneous ensemble:

0,p,(X)=0
200, F ,(X)=2(X)F (X)-20(X)p,(X)

p p

Define:

F,(X)=(n,(X)+1/2)p,(X)
(6, 2)= S22 o, (), ()

On-shell limit, only 2->2 contributes

0, My ( t,p)=f szﬁz[(l—l-np)(l—I—nl)nan—npnl(l +n,)(1+n,)

Effective kinetic description also valid at An>1

?\eﬁ(p_'_l)

[Berges, Sexty (2011)]



Weak wave turbulence in gauge theories

Lowest order contribution
to self energy:

Vabc _ Vabc + Vabc

uvy " O,uvy A,uvy

gulp—q),+g.,(g—k)+g,.k—p),

Vi (poa. k)=g 1™

leb,cuvy<x’y’z): Cac,bdgu\/Ai(x>+cab,dchyAi(x)+Cab,cdguvAi(x)
_ abe pcde ade pcbe
with A%(x)~1/g background field C“b’“’_gfdﬂf +f dﬂf )
g 0" (x=»)d" (x—z)
V, Kinematically forbidden on shell

Stationarity condition:

I,.(p)p(p)-0,(p)F(p)=0



Classical part of stationarity condinition:

HFp—HpF:quk 2w)'8W (p+q+k)V?
0(p)Fq)F(k)+F(p)p(q)F(k)+F(p)F(q)p(k)

Scaling ansatz:
F(sp)=|s| """ F(p) plsp)=|s|sen(s)p(p) V(sp,sq,sk)=s"V(p,q, k)

Transformation (swapping and rescaling)

pO Po Do
k e ’ _k
k — kop p—)ko
M,p—1II, F= quk )8 ptg k) )
A A
p(p)F(q)F(k)|1+|— Po sgn Po | Po sen Do
ko kol |q, g,
Solution: 3

A=—1 2




Scaling exponents from constant cascade

Cascades in O(N) scalar fields

1
1<<np<<—

Weak turbulence X

|
Strong turbulence np>X

Berges,Sexty (2010)

Universality:
no dependence on coupling, and N

Agrees with calculations using stationarity arguments with 2PlI:

Berges, Hoffmeister (2008)

Scheppach, Berges, Gasenzer (2009)

Ki;er:d—g ];Vt:d_g
KO =d+2z—n  kX=d+z-n

- ) non-thermal fixed point

initial
conditions
n(t=0,p)

Nge(P)
thermal equilibrium



Bose-Einstein Condensation and Thermalization
of the Quark Gluon Plasma

[Blaziot et al, 2011]

0; 0,
Initial CGC: €~ — ny~—2 - noeo—3/4~ S—1/4
X X,
4 3 ~3/4
Thermal eq: EeqNT neqNT — nye, 1

Elastic processes dominate
Particles pile up in the IR

Overpopulation leads to emergence of condensate



What is a condensate?

I ilibri N_Vf d’k L Manxi t
n equilibrium: = — aximum a =€
g 73 P M _q H=¢€,
Condensation: N>N_ .
. NO
Macroscopic occupation of the zero mode Condensate fraction N
Particle distribution: n,=5&(k)n,+n’,
In terms of 2point function F(x,y)={d(x),d(y)]

n=Fk)w,=> F((k=0)~V

2

F(k=0)
= ey Independent of the volume

| &@xdb(x)
-

condensate =




n(p) 2mgQq

Condensation in bose gas

Non relativistic scalars described by complex field

Gross-Pitaevski equation:

occupation in zero mode: condensate =

10000 F «
1000 +
100 |

10

0.1 ¢

0.01

conserved particle number

i0,Y(x,t)=|—

-5 | t=0

t Q2/(2m)=400
t Q2/(2m)=3000
t Q%/(2m) =9000

0.1
p/Qg

condensate

2

[Berges, Sexty (2012)]

¥ (x,t)

ne,= | d’x[¥ (x,t)

01 ¢

0.01 ¢

0.001 ¢

0.0001 |

1e-05

‘fd:%x‘l’(x,t)2
|

0
gV (e, 0F ¥ (1

-
e

N=16 ——

N=32 ----- -

N=64 ------ ]

------------------------ , . | N=128 | 1

1 10 100 1000 10000
tQ%/(2m




n(p) (A/6N)

Non-equilibrium Bose condensation

0O(4) massless relativistic scalars

Initial conditions: overpopulation

[Berges, Sexty (2012)]

2
3
d’xd (x
condensate — f b, (x)
V ens
0.1 .
10000 — .
. ) tQg=5 ] .
1000 ¢ t Qg = 400 ] 0.01 |
ﬁ tQg=2000 —— |
100 | t Qg = 15000 ] o
' t Qg = 100000 L -
' 2  0.001 ¢
10 F-- _ o )
L e o] L.
e
I O
1 i (@) r
' 0.0001 |
0.1} __ |
0.01 | 1e-05 |
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p/Qq
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tQq



2
S

0)/VQ

Ft,

Decay of the condensate

Particle number changing processes suppressed —» condensation

i

decay of condensate

N —

Suppression compared to 2->2

0.1

0.01

0.001

0.0001 F "

1e-05 g

1000
tQg

100000

10 100 10000

2
s

0)NQ

F(t,

0.1
0.01 |
@
4]
5 0.001 |
2
) 0.0001 t
1005 |
10 100 1000 10000 100000
tQq
0.1
0.01
0.001
0.0001 [
toos| 0(10) .
10 100 1000 10000 100000
t Qs



UV cascade in gauge theories

SU(2) gauge theory after Weibel instability and isotropisation

107 T ]
NN I S -y S
10 ' q K=135'|__ 002 ' 4/3 _____

0.1 1 0 1000 2000 3000 4000 5000
14 gl

[Berges, Scheffler, Sexty (2009)]

See also [Kurkela, Moore (2012)]
[Schlichting (2012)]
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gny

Gauge theory UV turbulence

Pure SU(2) gauge theory overpopulated initial condition

P
0.1 ¢
' same as scalar UV exponent

0.01 ¢ ]
0.001 \ ~. 3
\ ~ . .
Coulomb gauge \ ] Dlsper5|on
0.0001 L — —— 100 ¢
0.1 1 =14 —— -
pQs g XMsTo N T
10
N(IJ
o 1
N\Q_
8
01 ==~
A Coulomb gauge
0.01 --"'/"-/‘
0.01 0.1 1 10 100
p” 1Q3

[Berges, Schlichting, Sexty (2012)]



Time dependence of gauge theory exponent

t=0 —-—-—
t Q=315 -----
Th s tQq =730 ——
SRR A 'M'h. tQg = 1575 o
\tQg=4410 --- -
0.1 N
0.01 > 015 Fit n(p>~p_K [0.4: 1.0]
0.001 | i
Coulomb gauge :
0.0001 : '
0.1 1
p/Qg
24 |
22 H
Weak wave turbulence: , |
| 2 sl
k=3/2 With a condensate E }
= 1.6
R ——
T i
k=4/3 Without a condensate 1.4 % _______ Tﬁm{ﬁﬁgﬁﬁﬁﬁﬁ {HJ{HHHHHH
1.2 |
1 1 1 1 1 1 1 1 1 1
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Condensation in Abelian Higgs model

1 2 1 v .
S:fx(EDqu“q)—V(lq) |)—ZFWF“ ) with pC
3 2
F<k:O) fdxcp(x) 1 d gd .+
condensate = = =— | d xd X
v v 2 Jd'xd’yo" (x)o(y)
Initial condition: overpopulation
in Higgs field m2=0
Local gauge symmetry: o
; 0.01 ¢
q)(x)_)ezﬁ(x)cb(x)
> 0.001 ¢
Nonlocal contributions average to zero j{'f 0.0001
w 1-05 k-
1e-06
1e-07 ' ' L
10 100 1000 10000 10000(
Only local contribution tQq

1 d_ qd .+ 1 d.  + 1
ZJ d'xa’yo" (x)oly)>5 [ d'xe” (x)o(x)~;



Make it gauge invariant:

Sl dxd'ye (Koly) > [ dxd’ye (U lxy)e(y

Parallel transporter Ulx, y):f e Al
Y
Ulx,y)exp(i0(x))U (x, y)exp(—i0(y)) O(x)> e
0" (x)U(x,y)¢(y)  Gauge invariant
0.1
0.01 ¢
Non equilibrium > 0001 |
condensation in gauge theory g
& 0.0001 t

1e-05 :

1e-06 — ' '

10 100 1000 10000 10000(
: . t

[Gasenzer, McLerran, Pawlowski, Sexty in prep.] s



In the limit »>1 classical physics is exact
Classical statistical field theory includes loop effects

First principle numerical simulations
on real-time lattices are feasible

Describes instabilities, isotropisation, critical exponents,

expansion, cold gases, turbulence, condensation ...
(but not the final stages of thermalization)



