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Extreme thermal loads appear during ascent and reentry of future hypersonic planes. Besides of the avail-
ability of a hypersonic propulsion system also an efficient lightweight thermal protection system is manda-
tory for the feasibility of the entire mission. We consider a trajectory optimization problem enhanced with
a PDE modelling the heat load at the stagnation point of the plane. The thermal protection system heats up
depending on the flight path. A maximal thermal load is prescribed, which is mathematically modeled as
state constraints. These state constraints couple the PDE to the ODE resulting in a fully coupled system.
The thermal protection system is discretized in space into several layers using a finite volume scheme.
Considering the problem after semidiscretization as a classical ODE constrained optimal control problem,
the orders of the state constraints of the different layers are investigated. It turns out that the order is rising
with the number of layers starting from two (for the outer layer). The influence of the state constraints is
analyzed in numerical experiments. The numerical results are obtained by a direct solution method.

1 Introduction
The design of new hypersonic airplanes is a difficult
task. Flying in the hypersonic flight regime yields
considerable aerothermic loads. Therefore innovative
lightweight materials and a sophisticated thermal pro-
tection system (TPS) are mandatory for the airplane.
Budget and weight restrictions for the new hypersonic
airplane are directly connected with the design of the
TPS. One solution approach is to monitor the aerother-
mic loads during flights. A further step is to find an
optimal trajectory which stays below certain thresh-
olds on the different layers of the TPS. This allows
to use a not so demanding TPS. Intensive research in
designing hypersonic transportation systems was con-
ducted in the 1990s, see e.g. [1–10], and is currently
again intensified.
We consider a specific version of the above described
trajectory optimization problem. It is an optimal con-
trol problemwith ordinary (ODE) and partial differen-
tial equations (PDE). In particular, the flight path op-
timization problem is enhanced with a PDE describ-
ing the thermal load at the stagnation point, see e.g.

[11, 12, 13]. The problem is fully coupled. On the one
hand the position and velocity of the ODE-constraint
(equations of motion) enter the heat equation of the
thermal load. On the other hand a state constraint on
the temperature in the TPS establishes an influcence
of the PDE on the optimal flight path. Therefore, we
have to solve the full optimal control problem s.t. to
the ODE, the PDE and the state constraint.
For the numerical solution at first a finite volume ap-
proach is used in order to transform the PDE into a
system of ODEs. The resulting ODE-constrained op-
timal control problem s.t. a state constraint is then
discretized into a (finite dimensional) nonlinear opti-
mization problem, see e.g. [14] Chap. 4.5.
The aim of the paper is to describe in a detailed math-
ematical way the coupling between a complicated
but standard trajectory optimization problem with an
instationary heat equation together with state con-
straints. We will enhance the previous mathematical
description of [13]. The new contribution of this pa-
per lies especially in the detailed analysis of the order
of the state constraints of the different layers of the
TPS.
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Moreover in the meantime the theory and numerics
of optimal control s.t. PDE constraints has matured,
see e.g. the books [15, 16, 17]. Nevertheless today
only a few results for coupled ODE-PDE constrained
optimal control problems are available. A simplified
version of the hypersonic airplane – a rocket car –
was analyzed in [18, 19, 20, 21]. For the rocket car
detailed theoretical (and numerical) investigations are
available, in particular about the regularity of the La-
grange multipliers and about the nonlocal effects of
the state constraint via the heat equation. We compare
these effects with those observed in the numerical so-
lution of the much more challenging model of the hy-
personic plane.
The article is organized as follows. In Section 2
the trajectory optimization problem is introduced suc-
cessively. Emphasis is laid on the inequality con-
straints, the PDE and its discretization. In Section 3
the state constraints are analyzed and a link to DAE-
constrained optimal control problems is established.
Section 4 reports on a numerical test case of a mini-
mal fuel flight over a given range. The influence of the
heating constraint on the optimal flight path is investi-
gated in a comparative study.

2 Optimal control problem
Optimizing the hypersonic flight while considering
the thermal protection system gives rise to a complex
optimal control problem. Therefore, we introduce the
problem step by step. The model of the hypersonic
space vehicle together with the TPS is based on [12],
see also [11, 13].
We consider a minimum fuel — resp. maximum final
mass — range flight over a spherical rotating Earth in
the equator plane with free final time tf. The trajec-
tory optimization problem is modeled as an optimal
control problem using five state variables, the velocity
V [m/s], the flight path angle γ [−], the altitude H [m],
the range ζ [m], and the total mass m [kg]. Control
variables are the angle of attack α [−] and the equiv-
alence ratio ΦL [-] (needed for the computation of the
fuel consumption). Based on wellknown equations of
motion for flight mechanics, see e.g. [22], the optimal
control problem is given as

max
α(t),ΦL(t),tf

m(tf) (1)

s.t.
V̇ (t) = f1(V,γ,H,m;α,ΦL)

=[F(V,H;α,ΦL)cos(α)−D(V,H;α)]/m
+sinγ

(

ω2E(rE+H)− g(H)
)

,

γ̇(t) = f2(V,γ,H,m;α,ΦL)
=[F(V,H;α,ΦL)sin(α)+L(V,H;α)]/(mV )
+cosγ

( V
rE+H +

ω2E(rE+H)−g(H)
V

)

+ 2ωE ,
Ḣ(t)=V sinγ, ζ̇ (t) =V cosγ,
ṁ(t) =−ṁF(V,H;α,ΦL) ,

(2)

(3)

(4)
(5)

with the gravitational acceleration g(H) = g0r2E/(rE+H)2 [m/s2], the gravitational constant g0 [m/s2], the
radius of the Earth rE [m] and the angular veloc-
ity of the Earth ωE [rad/s]. The expressions for
the thrust F(V,H;α,ΦL) [N], the drag D(V,H;α) [N],
the lift L(V,H;α) [N] and the fuel consumption
ṁF(V,H;α,ΦL) [kg/s] are given in [12, 13].
The control and state variables have to fulfill in-
equalities motivated by technical reasons and model
validity. These inequalities consist of state constraints
V > 0 [m/s], −π [−]≤ γ ≤ π [−], H ≥ 500 [m],
10 000 [Pa]≤ q(V,H)≤ 50 000 [Pa],

(6)
(7)

with the dynamic pressure q(V,H) and mixed
constraints

0[-]≤ n(V,H,m;α)≤ 2[-], (8)
with the load factor n=L(V,H;α)/(mg0). Further,
there are technical restrictions to the controls

−1.5π/180[−]≤ α ≤ 20π/180[−],
ΦL,min(V,H) ≤ΦL≤ΦL,max(V,H) .

(9)

To find an adequate trajectory boundary conditions
are added, especially for the range ζ . The numerical
example below is a minimal fuel flight over a given
range. Therefore the initial and boundary conditions
are set to

V (0)= 150 [m/s] ,V (tf)= 150 [m/s] ,
γ(0) = 0 [−] , γ(tf) = 0 [−] ,
H(0)= 500 [m] ,H(tf)= 500 [m] ,
ζ (0) = 0 [m] , ζ (tf) =9 ·106 [m] ,
m(0)=244 000 [kg] .

(10)

Up to now, the trajectory optimization problem con-
stitutes a classical ODE control problem with control
and state constraints. In the following, the thermal
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protection system is accounted for. The heating is
modelled using a nonlinear heat equation. Constrain-
ing the maximal temperature finally couples the PDE
to the ODE, resulting in a fully coupled ODE-PDE
control problem.
In hypersonic flight the heating of the plane is heav-
ily influenced by two layers around the plane, the bow
shock, and the boundary layer around the plane, see
Fig. 1 and 2. While the atmospheric temperature T∞
can be directly obtained from the altitude H of the ve-
hicle, the temperature after the bow shock T1 and the
temperature in the boundary layer Te are solutions to
a system of nonlinear equations. Therefore it is nec-
essary to compute all atmospheric variables after the
bow shock and inside the boundary layer.
Hypersonic flight causes a substantial heating of the
aircraft wall, therefore a sophisticated thermal protec-
tion system is needed. The thermal protection system
consists of several insulated layers of suitable materi-
als and thicknesses. For simplicity we consider here
only the most critical stagnation point. Further ther-
mal models for other important parts of the surface,
e.g. near the fuel tank, are described e.g. in [11, 12].
At the stagnation point a dTPS = 4 · 10−3 [m] thick
layer of carbon fiber reinforced silicon carbide ma-
terial C/SiC is assumed. The density of the material
is ρTPS = 2,100 [kg/m3]. The heat conductivity λTPS
and heat capacity cp,TPS of the material are modeled
by temperature dependent polynomials of degree three
resp. one.
The temperatureΘ(t,~x) in the thermal protection sys-
tem is dependent on time t and position ~x ∈ Ω. Ω

bow shock

stagnation point

❄

(V,γ ,H,ζ ,m)

T∞ := T (H)
p∞ := p(H)
ρ∞ := ρ(H)
κ∞ := κ(T∞)
a∞ := a(H)
u∞ := V
M∞ :=u∞/a∞

T1
p1
ρ1
κ1 = κ(T1)
a1 =

√
κ1R T1

u1 = u∞ ρ∞/ρ1
M1 = u1/a1
cp,1 := cp(T1)
h1 = cp,1T1

Figure 1: Bow shock in front of airplane (schematic dia-
gram).

represents the spatial neighborhood of the stagnation
point. The temperature distribution is modelled with
the instationary nonlinear heat equation

ρTPS cp,TPS(Θ)∂Θ
∂ t = div[λTPS(Θ)gradΘ] , (11)

see [13]. We consider in the following for simplicity
only a 1D model at the stagnation point. The 3D coor-
dinate~x is therefore substituted by the 1D spatial axis
x (interior normal of the wall), i.e. x ∈ [0,dTPS], see
Fig. 2. We complete the parabolic PDE with initial
and boundary conditions:

Θ(0,x) = 300 [K], x ∈ [0,dTPS] ,
∂Θ
∂x (t,0) = q̇aero(V (t),H(t),Θ(t,0))
−εσ(Θ(t,0)4−T∞(H)4), t > 0 ,

∂Θ
∂x (t,dTPS) = αq(Θ(t,dTPS)−Tin)
+εσ(Θ(t,dTPS)4−T4in), t > 0 .

(12)

Therein, ε [-] resp. αq [J/(m2 · s ·K)] denote the emis-
sivity resp. the heat transfer coefficient between the
thermal protection system and the air. Both bound-
ary conditions consider heat conduction and radiation.
The heat flux q̇aero(V,H,Θ1) on the outer boundary
depends on the atmospheric variables in the boundary
layer. The formulas for the heat flux q̇aero(V,H,Θ1)
can be found in [12, 13].
With the heat equation we monitor the heat distri-
bution in the stagnation point. Additional state con-
straints Θ(t,x)≤ Θ̃max(x) are imposed. They are sub-
ject to material constraints (or budget constraints and
might even allow to use less expensive material).

bow shock
T∞

T1 Te Tin
✟
✟
✟
✟

boundary layer
✟✟

airplane wall, 1st layer of TPS, Θ13rd layer of TPS, Θ35th layer of TPS, Θ5
✲ x interior normal at stagnation point

Figure 2: Zoom of Fig. 1, schematic diagram at stagnation
point after finite volume discretization.

 !#



 !"#$&'!( ')&*+*,"&*'- '. " /()$!0'-* )1"-$ 02&2 /$"& 1*+*&0

In the following we apply a semidiscretization. This
allows to transform the ODE-PDE optimal control
problem to a pure ODE constrained control problem.
Accordingly, we can analyze the state constraint using
the concept of an order of a state constraint, which is
well-established in optimal control s.t. ODEs.
Therefore, we apply a standard finite volume dis-
cretization to the different layers of the thermal pro-
tection system. In particular, we consider N layers
resulting in
Θ̇1(t) = g1(Θ1,Θ2,V,H) =
= [Rout−ψ2]/[dρTPScp,TPS(Θ1)],

Θ̇i(t) = gi(Θi−1,Θi,Θi+1) =
= [ψi−ψi+1]/[dρTPScp,TPS(Θi)], i= 2,3,N− 1,

Θ̇N(t) = gN(ΘN−1,ΘN) =
= [ψN−Rin]/[dρTPScp,TPS(ΘN)],

(13)
(14)
(15)

with ψi = Θi−1−Θid λTPS
(

Θi−1+Θi2
)

and d = dTPS/N
and Tin = 300 [K]. The boundary conditions of the
heat equation are transformed by the discretization to

Rout := q̇aero(V,H,Θ1)− εσ
(

Θ41−T∞(H)4
)

,
Rin := αq

(

ΘN−Tin)+ εσ
(

Θ4N−T 4in
)

.
(16)

Initial conditions for the temperatures in the layers of
the thermal protection system are

Θi(0) = 300 [K], i= 1, . . . ,N . (17)
The state constraints transform to

Θi(t)≤ Θi,max, i= 1, . . . ,N . (18)

3 Analysis of the state contraints
In principle, PDE control problems with additional
state constraints are significantly more involved, since
the Lagrange multiplier of a pointwise state constraint
is a measure only. Therefore, methods that are not for-
mulated in the function space setting normally exhibit
mesh dependence, i.e. their iteration count increases
with finer meshes. An important aspect for adjoint-
based methods is the discretization of the measure.
Large errors might occur if it is not resolved prop-
erly on the temporal or spatial grid. Also direct meth-
ods, even if they are not based on a discretization of
the Lagrange multiplier, are usually slower and some-
times might fail to converge. For ODE control prob-
lems these difficulties can be analyzed using the order

of a state constraint. In the following we will apply
this concept for the ODE-PDE control problem after
semidiscretization.
For ODE control problems with scalar control the or-
der of a state constraint is defined as follows [23]:
The expression of a the state constraint is successively
differentiated w.r.t. the time while time derivatives of
state variables are replaced using the ODE. The order
is the minimal number of such differentiation steps
until a control variable appears in the expression. It
is well-known that the numerical difficulties increase
with rising order. It can be explained by linking the
problem to a system of differential-algebraic equa-
tions (DAE) [24]. In particular, if one considers the
active inequalities as equalities, the state-constrained
ODE control problem can be interpreted as an opti-
mization problem with a semi-explicit DAE. Accord-
ingly, the differential index of this DAE equals the or-
der of the state constraint increased by one ([25] p. 21,
[26]). Consequently, it is well-known that state con-
straints of order one can be solved accurately, while
state constraints of order two lead to instabilities com-
parable to semi-explicit DAEs of differential index
three.
For flight path optimization problems with multidi-
mensional controls this has to be generalized to: "a
state constraint of order p has differential index id ≥
p+ 1" [27, 28]. Since the differential index is con-
nected with the perturbation index [29] we also get a
glimpse on the numerical difficulties which have to be
expected.
In the following we consider the ODE-PDE opti-
mal control problem after semidiscretization in space
given by (1–10,13–18). Next we will analyze the or-
der of the state constraints in the context of ODE con-
trol.
Theorem: The dynamic pressure limit (7) is a state
constraint of order one. The temperature limit on Θ1
is a state constraint of order two. The temperature
limit on Θi is a state constraint of order i+ 1, i =
2, . . . ,N.
Proof: Since q̇ depends explicitely on both con-
trols α and ΦL, the dynamic pressure inequality
constraint is a state constraint of order one. On
the other hand Θ̇1 = g1(Θ1,Θ2,V,H) does not con-
tain any control explicitely. We have to differenti-
ate it with respect to time. Obviously Θ̈1 = ∂g1

∂V V̇ +
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· · ·= ∂g1
∂V f1(V,γ,H,m;α,ΦL)+φ(V,γ,H,m) depends

on the controls α and ΦL. Note that in general
∂g1
∂V 6= 0. Therefore the temperature inequality con-
straint Θ1 ≤ Θ1,max is a state constraint of order two.
Analogous reasoning using (13) proves the rest. We
skip the other state constraints (6), since they are not
active in the numerical studies below.
The Theorem shows that if the state constraint on the
inner layersΘi, i≥ 2 are not active at all at the optimal
solution, then only state constraints of order one or
two play a role. This is the case if the maximum of the
temperature is always attained at the outer boundary
(at the place of the heat source). The numerical results
below show this behavior. A proof of such a statement
was obtained for a simpler setting in [20] Thm 4.12.
Therefore the differential index of the semi-explicit
DAE is id ≥ 3, which has already severe numerical
consequences.

4 Results
In the following we solve the trajectory optimiza-
tion problem with N = 5 layers and temperature con-
straintsΘi,max = 1010, i= 1, . . . ,N. The main focus is
on the influence of the temperature constraint on the
solution. Therefore, the solution is compared to the
solution for Θi,max = ∞, which will be called the "un-
constrained problem" despite the fact that the other in-
equality constraints (6-10) are included in both cases.
In the unconstrained case the heat equation decouples
and can be simulated after the optimization. In con-
trast, an active temperature constraint leads to a fully
coupled ODE-PDE control problem.
The presented numerical results are based on a revised
Fortran code [13] and were computed using the direct
collocation software DIRCOL [30] for the solution of
the ODE constrained optimal control problem. The
resulting nonlinear program was solved by the SQP-
solver SNOPT [31].
The constrained solution exhibits an active tempera-
ture constraint Θ1 = Θ1,max on t ∈ [ton, toff] with ton .

=
1390.57 [s], toff .

= 4866.99 [s]. Fig. 4 shows the opti-
mized velocities of the constrained and unconstrained
case. At the beginning both curves coincide. At
around t ≈ 1000 [s] the velocity is reduced in order to
fulfill the temperature constraint later at ton. From this
we infer that the state constraint on the PDE has a non-

local time effect on the ODE control variables. This
is typical for ODE-PDE control problems, and it is in
coherencewith the observations in the rocket car prob-
lem [18, 19, 20, 21]. During the active arc [ton, toff] the
velocity is not exactly constant but slightly increasing.
Since the velocity in the constrained case is reduced
for a long time, the total flight time tf is increased to
meet the boundary condition on the range. The op-
timal altitude is displayed in Fig. 4. It is slightly in-
creasing during the active arc.
The temperature constraint causes an increase of 6 %
in the total flight time, see Tab. 1. While the fuel con-
sumption per time interval is lower due to the lower
velocity, the total fuel consumption m(0)−m(tf) is
higher due to the longer flight time tf. Ascent and de-
scent are rather similar in both cases, but descent starts
about 400 [s] later in the constrained case, see Fig. 4.
The controls angle of attack α and equivalence ratio
ΦL are depicted in Fig. 4.
The difference between the unconstrained and the
constrained case is mainly because of the active state
constraint on the outer layer of the TPS, see Fig. 3.
Depicted are the temperatures Θi in the i-th layer of
the thermal protection system for the reference case
and the constrained case. In particular, Θ1 is ac-
tive for a long arc [ton, toff]. The transition at ton into
Θ1 = Θi,max for t ∈ [ton, toff] is smooth, see the zoom
in Fig. 3. For the prototype problem of the rocket car,
this transition was proven to be differentiable in [21]
Thm. 3.3.4. The temperatures in the other layers are
nearly constant on approximately the same time inter-
val [ton, toff]. They fastly approximate a constant value,
their stationary values for Θ1 = Θmax. Due to Tin ≪
Θmax, these stationary values drop monotonously in

optimal control unconstrained constrained
problem (1–10,13–17) (1–10,13–18)

flight time tf 6 961.5 [s] 7 378.78 [s]
min. total fuel
consumption
m(0)−m(tf)

62 486.6 [kg] 62 787.7 [kg]
maximum
temperature
in TPS: Θ1

1 124.0 [K] 1 010.0 [K]

Table 1: Results of optimal control
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direction to the interior of the plane. Consequently,
we observe that the state constraints of order three or
more are not active at the optimum.
Alltogether we observe just an active arc (a bound-
ary arc) for one layer. In the continuous description
this corresponds to a line [ton, toff]× x0 in the space-
time cylinder of the heat equation with x0 = 0. In
the case of the rocket car problem there is a full anal-
ysis for such active sets and the corresponding line
measure, see [21]. In that case, it was proven that
the solution to the adjoint PDE is just unbounded
at (ton,x0) and (toff,x0) and possesses high regular-
ity elsewhere. Consequently, for precise numerical
results one specifically has to resolve these locations
accurately. Since x0 = 0 is given here, it suffices to re-
solve the times ton, toff accurately via using a fine time
grid.

5 Conclusion and Outlook
A complete mathematical description of the coupling
of the heat equations including the boundary condi-
tions of the TPS together with the standard trajec-
tory optimization problem is now available. This al-
lows a more detailed mathematical investigation of
the (numerical) solution properties. In particular, its
semi-discretized version – considered as an ODE-
constrained optimal control problem – can be ana-
lyzed using the concept of an order of a state con-
straint. It turns out that the arising state constraints
show orders of one or upto N+ 1 for N layers in the
TPS. However, the numerical results show that only
two state-constraints of order one and two are active,
the dynamic pressure limit and the limit on the outer
wall temperature Θ1. These two state constraints al-
ready yield an involved optimal control problem. The
proposed direct solution method is, however, able to
produce the optimal solution.
Since it is out of scope to establish deep theoretical
aspects for such a complicated and nonlinear dynami-
cal system describing the hypersonic plane, a simpler
prototype problemwas set up in former works, the hy-
personic rocket car [18, 19, 20, 21]. However, the nu-
merical results for the hypersonic plane are in agree-
ment with the facts that were proven for the rocket
car. In particular, the state constraint on the PDE vari-
able is active only on a line in the space time cylinder.
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Figure 3: Temperatures Θi [K] in the i-th layer of the TPS
(i = 1, . . . ,5 from top to bottom) (solid line: constrained,
dashed line: unconstrained) and zoom around ton.
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This is typical for ODE-PDE control problems, where
the controls enter just the ODE. Moreover, the spatial
position of the active set is fixed also for the hyper-
sonic plane. Accordingly, the state constraint can be
reduced to this spatial position, which frees compu-
tational effort and memory for the solution method.
Additionally, this reduction might also speed up the
convergence of the optimizer.
Coupled ODE-PDE control problems with state con-
straints, as the one investigated here, frequently arise
in applications. However, their analytical and numeri-
cal treatment deserves a closer investigation in the fu-
ture.
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Figure 4: Velocity V [m/s], altitude H [m], angle of attack
α , and equivalence ratioΦL (solid line: constrained, dashed
line: unconstrained)
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