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Abstract

Titanium nitride is an important technological material which has a broad spec-
trum of applications. One of such applications is to act as a diffusion barrier
preventing the Cu interconnects in microelectronic components from interact-
ing with surrounding materials. Despite a wide technological use, the atomic
phenomena underlying the excellent performance of TiN as diffusion barrier are
poorly understood. The results of the few experimental studies devoted to mea-
suring the Cu diffusion coefficient in TiN are rather inconsistent and provide no
clear information about the atomistic mechanisms of diffusion. However, such
insights would be important for a rational design and improvement of the TiN-
based diffusion barriers demanded by continuous miniaturization.

Motivated by the unsatisfactory state of the art, this work presents an extensive
first-principles study of Cu impurity diffusion in bulk TiN aiming to discover
the Cu diffusion mechanism. A number of mechanisms are examined: intersti-
tial and vacancy-driven diffusion on both sublattices (Ti and N). In addition,
we investigate the effect of the non-stoichiometry of TiN on its diffusion proper-
ties, for TiN is known to exist over the wide range of compositions. Moreover,
we take into account the effect of temperature on all thermodynamic quantities
within the quasiharmonic approximation. This way, we obtain the temperature
dependent Cu diffusion coefficients in TiN for the considered mechanisms and
TiN compositions.

On the basis of our findings, we conclude that Cu diffusion in stoichiometric
TiN occurs via a vacancy mechanism on the Ti sublattice, while for N-deficient
TiN it occurs via a vacancy mechanism on the N sublattice. Our results for
the N-deficient TiN are in good agreement with the available high-temperature
experimental data. The insights obtained in this work allow us to suggest a
possible explanation for the discrepancy among the experimental measurements.

iii



iv



Kurzzusammenfassung

Titannitrid ist ein technologisch relevantes Material mit einem breiten Anwen-
dungsspektrum. Eine dieser Anwendungen ist die Verwendung als Diffusions-
barriere, die verhindert, dass Cu in mikroelektronischen Komponenten mit den
Umgebungsmaterialien reagiert. Trotz der gängigen Verwendung als Diffusions-
barriere weiß man erst wenig über die zugrundeliegenden atomaren Vorgänge,
auf denen die hervorragenden Diffusionseigenschaften von TiN basieren. Die
spärlichen experimentellen Studien zur Diffusion von Cu in TiN sind wider-
sprüchlich und geben keine klare Auskunft über den Diffusionsmechanismus selbst.
Die Kenntnis des Mechanismus ist entscheidend für gezielte Verbesserungen, die
durch die kontinuierliche Miniaturisierung notwendig gemacht werden.

Daher setzt sich diese Arbeit zum Ziel, die Massendiffusion von Cu in TiN mit
Hilfe von ab-initio Methoden zu untersuchen und damit den Mechanismus der
Diffusion von Cu in TiN aufzuklären. Dafür betrachten wir zwei verschiedene
Mechanismen: interstitielle und Leerstellen-Diffusion auf beiden Untergittern (Ti
und N). Zusätzlich wird der Effekt von nicht-stöchiometrischem TiN auf die Dif-
fusion untersucht, denn TiN kommt in verschiedenen Zusammensetzungen vor.
Weiteres wird der Effekt von Temperatur auf alle thermodynamischen Größen
mittels der quasiharmonischen Näherung miteinbezogen. Auf diesem Weg er-
halten wir temperaturabhängige Diffusionskoeffizienten für Cu in TiN für den
gewählten Mechanismus und die TiN Zusammensetzung.

Aus unseren Erkenntnissen schließen wir, dass die Cu Diffusion in stöchiometri-
schem TiN über Leerstellen des Ti-Untergitters erfolgt, während in stickstof-
farmen TiN die Leerstellen des N-Untergitters für die Diffusion infrage kom-
men. Unsere Ergebnisse für stickstoffarmes TiN zeigen gute Übereinstimmung
mit Hoch-Temperatur Experimenten. Außerdem bieten unsere Erkenntnisse eine
Erklärung, warum voneinander abweichen einzelne experimentelle Messungen.
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Chapter 1

Introduction

Miniaturization of the components in integrated circuits (IC), which is motivated
by higher production costs and functional efficiency, still remains one of the major
trends in the semiconductor industry [1]. Advancing size reduction poses an
issue as the decrease in the IC spatial dimensions consequently leads to increase
of the interconnet resestivity [2]. Thus, in order to diminish this problem Cu
has been incorporated into IC as an interconnect material. Despite having low
resistivity, copper interconnects possess some drawbacks: Cu atoms diffuse into
the surrounding dielectric materials [3], doping Si with Cu leads to formation of
deep energy levels in Si [4], and Cu also reacts with Si producing a Cu3Si [5]. In
order to prevent a resulting deterioration of the devise’s electrical performance,
the Cu interconnects need to be isolated from the surrounding materials. This can
be done by placing a diffusion barrier layer between copper and the dielectric.
The perfect diffusion barrier should efficiently prevent interdiffusion of all the
components and should not react with them. Moreover, it should have the least
possible effect on the electrical characteristics of the metallic contact to the Si [6,
7]. Thanks to its high thermal and chemical stability as well as low resistivity,
TiN appears to be a suitable candidate for a diffusion barrier between Cu and
Si [8, 9].

The performance of the TiN barriers against Cu diffusion was studied in a great
number of works [10–24]. The performance was graded according to the time
a film can withstand a certain annealing temperature before failure, i.e., before
Cu penetrates through the entire barrier film. It was shown that the diffusion
properties of the TiN barrier films are affected by a number of characteristics,
such as film density, composition, or microstructure. However, the exact mech-
anism of this influence is not clear. Several experimental studies went further
and measured the diffusion coefficient of Cu in TiN within various temperature
ranges [25–28]. In these works, the authors also attempted to interpret their
measurements according to the certain types of diffusion mechanisms, e.g. bulk
or grain boundary diffusion. However, the conclusions drawn from these works
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Chapter 1. Introduction

significantly differ from each other. For example, Chamberlain [25] obtained an
activation energy of 4.43 eV for Cu diffusion in TiN for the temperature interval
from 600 to 700◦C and identified this as the grain boundary diffusion, while Lim
et al. [26] for the temperatures 400-640◦C reported an activation energy of only
0.29 eV and also identified this as the grain boundary diffusion. Clearly, a detailed
study of the atomistic mechanisms of diffusion in TiN is required to address this
discrepancy. The first ab initio study of Cu diffusion in TiN was done by Tset-
seris et al. [29]. In this work, the authors considered several diffusion mechanisms
and calculated corresponding migration barriers, which allowed them to estimate
the relative importance of different mechanisms. However, this is not enough
to draw an unambiguous conclusion regarding the operative diffusion mechanism
since the effect of temperature was not taken into account.

The main goal of this work is to obtain not only the migration barriers, but
the full temperature-dependent diffusion coefficient for Cu impurity migration in
TiN. Calculating the absolute values of the diffusion coefficients corresponding
to the various diffusion mechanisms allows to uniquely identify the operative
mechanism for Cu diffusion. Moreover, the knowledge of the mechanism and
corresponding diffusion coefficient makes possible the direct comparison between
the theory and experiment, and therefore, can help understanding the origin of
the observed diffusion behavior as well as the ways to control it.

This work is structured as follows. In the first three chapters an overview of
the theoretical methods, which are applied in this work, is given. In Chapter 2
we briefly review the basics of density functional theory, including its essential
equations and the most common approximations for the exchange-correlation
energy. Then, in Chapter 3 we consider diffusion process in solids. Applying the
theory of random walk, we write equations for the diffusion coefficient for several
atomistic diffusion mechanisms. The correlation effect and calculation of the
jump rates are also discussed. Chapter 4 deals with the theory of point defects.
There, we obtain relations for calculating the concentrations of point defects in
the monoatomic systems as well as in the dilute and concentrated alloys.

In Chapter 5 we introduce a simplified approach for obtaining the vacancy for-
mation free energies from ab initio calculations. The formation free energies are
required for calculating the concentrations of defects which are, in turn, used for
calculating diffusion coefficient.

In Chapter 6 we begin investigating the Cu impurity diffusion in bulk TiN. We
identify the most abundant point defects as the function of TiN composition and
correspondingly choose the diffusion mechanism for our study. The respective
migration barriers are calculated and the correlation effect is acknowledged. As
a result, we evaluate the activation energies for considered diffusion mechanisms.
The effect of temperature is not explicitly taken into account at this stage.

Finally, Chapter 7 extends the results of the previous chapter by considering the
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effect of temperature. The vibrational free energy contributions are computed for
all thermodynamic quantities. Thus, we obtain the temperature dependent coef-
ficients for Cu diffusion in bulk TiN. We identify the operative diffusion mecha-
nisms depending on the TiN stoichiometry and compare results of our calculations
to the available experimental data. The remarkable agreement between theory
and experiment allows us for the interpretation of the experimental measurements
on the basis of the theoretical calculations.
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Chapter 2

Density Functional Theory

In this thesis, all calculations are performed within the formalism of the density
functional theory (DFT). Therefore, a brief overview of the basic principles of the
theory are presented below, including summary of its advantages and limitations.
The most common approximations to the exchange-correlation functional are
discussed.

2.1 Many-electron Problem. Wave Function Meth-

ods

If one interested in calculating the properties of a many-electron system, this can
be achieved via solving the time-independent Schrödinger equation:

(
−1

2

N∑
i=1

∇2
i︸ ︷︷ ︸

T̂

+
1

2

∑
i

∑
j 6=i

1

ri − rj︸ ︷︷ ︸
Û

−
∑
i,l

Zl
ri −Rl︸ ︷︷ ︸
V̂ext

)
Ψ(r1, ...rN) = EΨ(r1, ...rN).

(2.1)

Here, Ψ(r1, ...rN) is the many-electron wave function with ri denoting spatial
and spin coordinates of the i-th electron from the total number of N electrons.
The first term in parentheses in (2.1) is the kinetic energy of the electrons, the
second terms is the repulsive Coulomb interaction involving pairs of electrons and
the third term represents the attractive Coulomb interaction of electrons with
nuclei (index l runs over the number of nuclei). Within the Born-Oppenheimer
approximation [30] which is utilized throughout this work, the electronic and
nuclear variables are treated separately. Then, if one interested in solving the
electronic problem of the many-electron system, the nuclear kinetic energy can

5



Chapter 2. Density Functional Theory

be neglected and the nuclear coordinates Rl enter equation (2.1) as parameters.
Note that we use atomic units, so that

e2

4πε0

= ~ = me = 1, (2.2)

where e is the electronic charge, ε0 is the vacuum permittivity, ~ is Planck’s
constant, and me is the electronic mass.

The many-electron wave function Ψ(r1, ...rN) contains all possible information
about the system. But since it is a function of many variables it is possible to
solve Eq. 2.1 only for very simple cases. Therefore, some approximation to the
wave function has to be found. A widely used approach is to represent the wave
function in terms of a single Slater determinant Φ:

Φ =
1√
N !

∑
P

(−1)Pψ1P (1)ψ2(P2)...ψN(PN), (2.3)

where ψi are single-particle wave functions (orbitals) which are the eigenfunctions
of a single-particle time-independent Schrödinger equation. P is any permutation
of the labels 1, 2, ..., N , and (−1)P equals +1 for an even permutation and −1 for
an odd permutations. This accounts for the fact that the electronic wave function
has to be antisymmetric upon permutations, as it describes a fermionic system.
The method which uses a single Slater determinant as a representation of a many-
electron wave function is known as the Hartree-Fock approximation [31, 32]. A
single Slater determinant, however, does not provide sufficient accuracy since
electron correlatoins are not taken into account. A considerable improvement can
be achieved by taking into account a linear combination of Slater determinants
each with a different configuration of single electron orbitals. This leads to the
configuration interaction (CI) method. CI is, in principle, exact, however, its
accuracy depends on the number of configurations included. And the number of
required configurations grows rapidly when increasing the number of electrons in
the system [33]. Therefore, only relatively small systems with a limited amount
of electrons can be treated accurately with the CI method.

On the contrary, methods based on the electronic density do not require explicitly
calculating the many-electron wave function. All the information about an N
electron system can be determined from its ground state density, n(r). Thus,
in the following sections we will discuss the method allowing such calculations,
namely density functional theory (DFT).
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2.2. Density Functional Theory

2.2 Density Functional Theory

2.2.1 Hohenberg & Kohn Theorem

The basis for DFT provides the Hohenberg-Kohn [34] theorem. It states that that
the density n(r) of a nondegenerate ground state of a bound system of interacting
electrons in some external potential v(r) determines this potential uniquely (up
to an arbitrary additive constant). The proof of this theorem can be done by
demonstrating that the negation of the theorem leads to a contradiction. Suppose
n(r) is the density of a nondegenerate ground state of N electrons in the potential
v1(r), which corresponds to the ground state Ψ1, and the energy E1. Then,

E1 = 〈Ψ1|Ĥ1|Ψ1〉 =

∫
v1(r)n(r)dr + 〈Ψ1|T̂ + Û |Ψ1〉, (2.4)

where Ĥ1 is the total Hamiltonian corresponding to v1(r), and T̂ and Û are the
kinetic and potential energy operators defined in Eq. (2.1). Now, let us assume
that there is a second potential v2(r), different from v1(r), with ground state Ψ2,
which give rise to the same n(r). Thus,

E2 =

∫
v2(r)n(r)dr + 〈Ψ2|T̂ + Û |Ψ2〉. (2.5)

Then, according to the Rayleigh-Ritz minimal principle for Ψ1 gives the following
inequality

E1 < 〈Ψ2|Ĥ1|Ψ2〉

=

∫
v1(r)n(r)dr + 〈Ψ2|T̂ + Û |Ψ2〉

= E2 +

∫
[v1(r)− v2(r)]n(r)dr.

(2.6)

Equivalently,

E2 < 〈Ψ1|Ĥ2|Ψ2〉 = E1 +

∫
[v2(r)− v1(r)]n(r)dr. (2.7)

Adding Eqs. (2.6) and (2.7) leads to the contradiction

E1 + E2 < E1 + E2, (2.8)

from what follows that our initial assumption of the existence of a second potential
v2(r), which is not equal to v1(r) but leads to the same density n(r) is wrong.
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Chapter 2. Density Functional Theory

Thus, the Hohenber & Kohn theorem is proven. Note that the requirement of the
non-degeneracy of the ground state considered during proof can be lifted [35].

The density n(r) determines v(r) as well as N through

N =

∫
n(r)dr, (2.9)

therefore, it provides the full Hamiltonian Ĥ for the electronic system. Conse-
quently, the density n(r) implicitly contains all properties derivable from Ĥ via
solution of the Schrödinger equation.

2.2.2 Density Variational Principle

The most important property of an electronic ground state is its total energy
E0 [36]. According to the Rayleigh-Ritz principle, it can be found by minimizing
〈Ψ|Ĥ|Ψ〉 over all normalized, antisymmetric N -particle wave functions Ψ [37]:

E0 = min
Ψ
〈Ψ|Ĥ|Ψ〉. (2.10)

The formulation of the minimal principle in terms of density can be separated
into two steps [38]. First we consider all wave functions Ψ which give a given
density n(r), and minimize over those wave functions:

Ev[n(r)] = min
Ψ→n(r)

〈Ψ|Ĥ|Ψ〉 = min
Ψ→n(r)

〈Ψ|T̂ + Û |Ψ〉+

∫
v(r)n(r)dr, (2.11)

where we use the fact that all wave functions that give the same n(r) also give
the same v(r). Then we define the universal functional

F [n(r)] = min
Ψ→n(r)

〈Ψ|T̂ + Û |Ψ〉 = 〈Ψmin
n |T̂ + Û |Ψmin

n 〉, (2.12)

where Ψmin
n is that wave function which provides the minimum for a given n(r).

Finally we minimize over all N -electron densities n(r):

E0 = min
n(r)

Ev[n(r)]

= min
n(r)

(
F [n(r)] +

∫
v(r)n(r)dr

)
.

(2.13)

The potential v(r) is held fixed during minimization and thus, the minimizing
density is the ground state density. Thus, Eq. (2.13) represents the density or
Hohenberg-Kohn variational principle.
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2.2. Density Functional Theory

2.2.3 Kohn-Sham Self-Consistent Equations

We now write the Hohenberg-Kohn variational principle for a ficticious system
of noninteracting electrons moving in the external potential vs(r) [36, 39], so it
reads as

Evs(r)[n(r)] ≡
∫
vs(r)n(r)dr + Ts[n(r)] ≥ E, (2.14)

where Ts[n(r)] is the kinetic energy functional of the ground state of noninter-
acting electrons with density distribution n(r). We use the ≥ sign because the
nondegeneracy of the ground state was not assumed.

The Euler-Lagrange equations, with the constraint of the constant total number
of particles (2.9), has the following form

δEv[n(r)] ≡
∫
δn(r)

(
v(r) +

δ

δn(r)
Ts[n(r)]− ε

)
dr = 0, (2.15)

where n(r) is the ground state density for v(r). The Lagrange multiplier ε ensures
that the number of electrons is fixed. For this case, the ground state energy and
density can be obtained as

E =
N∑
i=1

εi; n(r) =
N∑
i=1

|φi(r)|2, (2.16)

where εi and φi(r) are respectively the eigenvalues and eigenfunctions of the
noninteracting, single-particle equations(

−1

2
∇2 + vs(r)− εi

)
φi(r) = 0. (2.17)

Considering now the problem of interacting electrons, we decompose the func-
tional F [n(r)] of Eq. (2.12) into the following terms

F [n(r)] = Ts[n(r)] +
1

2

∫
n(r)n(r′)

|r− r′|
drdr′ + Exc[n(r)]. (2.18)

Here, the first term on the right side is the kinetic energy functional for non-
interacting electrons, Eq. (2.14). The second term is the electro-static Hartree
energy [31]. The last term is the so-called exchange-correlation energy functional
and it is defined by Eq. (2.18). It contains, in principle, all many-body effects,
which are not accounted for in the first two terms.
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Chapter 2. Density Functional Theory

Now, the Hohenberg-Kohn variational principle for interacting electrons has the
following form

Ev[n(r)] ≡
∫
v(r)n(r)dr + Ts[n(r)]

+
1

2

∫
n(r)n(r′)

|r− r′|
drdr′ + Exc[n(r)] ≥ E.

(2.19)

The corresponding Euler-Lagrange equations, for a given total number of elec-
trons has the form

δEv[n(r)] ≡
∫
δn(r)

(
veff(r) +

δ

δn(r)
Ts[n(r)]− ε

)
dr = 0, (2.20)

where

veff(r) = v(r) +

∫
n(r′)

|r− r′|
dr′ + vxc(r) (2.21)

and

vxc(r) ≡ δ

δn(r)
Exc[n(r)]. (2.22)

Now the form of Eq. (2.20) is identical to Eq. (2.15) for noninteracting electrons
moving in some effective external potential veff(r) instead of vs(r). This means
that minimizing n(r) can be obtain via solving the single-particle equation(

−1

2
∇2 + veff(r)− εi

)
φi(r) = 0, (2.23)

with

n(r) =
N∑
i=1

|φi(r)|2 (2.24)

and veff(r) defined by Eq. (2.21). The set of Eqs. (2.21)-(2.24) has to be solved
self-consistently since the local exchange-correlation potential (2.22) functionally
depends on the density distribution n(r). These equations are called Kohn-Sham
equations. The self-consistent procedure carryes on as follows: one begins with a
trial effective potential veff , then diagonalizes the equations (2.23) producing the
one-electron energies εi and orbitals φi(r), which are used to create the density
n(r) via (2.24). This density then determines a new effective potential through
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2.3. Exchange-Correlation Energy Functional

equations (2.21) and (2.22). The procedure is repeated until the ground state
density is converged. The ground state energy E is then given by

E =
∑
i

εi + Exc[n(r)]−
∫
vxc(r)n(r)dr− 1

2

∫
n(r)n(r′)

|r− r′|
drdr′. (2.25)

The practical usefulness of ground-state DFT depends entirely on whether ap-
proximations for the functional Exc[n(r)] can be found which are at the same
time sufficiently simple and sufficiently accurate [36]. In the next sections we
briefly introduce the most common approximations to the exchange-correlation
energy functional.

2.3 Exchange-Correlation Energy Functional

2.3.1 Local Density Approximation

The most simple approximation for Exc[n(r)] (2.18) has already been proposed in
the original work of Kohn and Sham [39] and is called the local-density approx-
imation (LDA). If n(r) is varying sufficiently slowly, then it can be shown [34]
that

ELDA
xc [n(r)] =

∫
exc(n(r))n(r)dr, (2.26)

where exc(n) is the exchange-correlation energy per particle of a uniform electron
gas of density n. Its exchange part, ex(n), can be evaluated analytically and is
given as

ex(n) = − 3

4π
(3π2n)

1
3 = − 3

4π

(9π/4)
1
3

rs
= −0.458

rs
, (2.27)

where rs is the Wigner-Seitz radius defined as (4π/3)r3
s = n−1.

Exact analytic expressions for the correlation energy part, ec(n), are known only
in extreme limits, namelt in the high-density limit (rs → 0) or the weak-coupling
limit [40] and in the low-density limit (rs →∞) or the strong coupling limit [41].
An expression which encompasses both limits can be written in the following
form [42]

ec(n) = −2c0(1 + α1rs) ln

(
1 +

1

2c0(β1r
1/2
s + β2rs + β3r

3/2
s + β4r2

s)

)
, (2.28)
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Chapter 2. Density Functional Theory

where

β1 =
1

2c0

exp(− c1

2c0

), (2.29)

β2 = 2c0β
2
1 . (2.30)

The coefficients c0 = 0.031091 and c1 = 0.046644 are known from the many-body
perturbation theory results for high-density limit [40], while α1 = 0.21370, β3 =
1.6382, and β4 = 0.49294 were obtained by fitting to accurate quantum Monte
Carlo correlation energies by [43]. These parameters provide representation of
the correlation energy of the non spin-polarized system. Representations for the
other types of systems are also available [44, 45].

It is obvious that LDA is exact for a uniform electron gas. It was expected to be
valid only for densities varying slowly on the scale of the local Fermi wavelength
λF . However, LDA has proven to be useful for many systems which deviate
significantly from a uniform electron gas. Being much more easier to solve, com-
paring for example to the Hartree-Fock equations, the Kohn-Sham equations in
the LDA give ionization energies of atoms, dissociation energies of molecules and
cohesive energies with an error within 10-20%. At the same time, the error for
bond lenghts of molecules and lattice parameters of solids is only a few percent.
Owing to its simplicity and accuracy, the LDA is still in use today despite the ex-
istence of the generally more accurate gradient approximations, which we discuss
in the next section.

2.3.2 Generalized Gradient Approximation

The natural way for improvement of the LDA (2.26), which is the first term of the
gradient expansion [36, 39, 46] for the slowly varying electronic densities, might
appear to be the inclusion of the higher terms of the expansion. However, the
second-order gradient expansion approximation (GEA)

EGEA
xc [n(r)] =

∫
exc(n(r))n(r)dr +

∫
Cxc(n(r))

|∇n(r)|2

n(r)4/3
dr, (2.31)

provides no systematic improvement to the LDA but, on the contrary, often
worsens its results. The reason for this failure arises from the unphysical behavior
of the GEA exchange and correlation holes [47]. The remedy is called generalized
gradient approximations (GGA) and has the following form for the exchange-
correlation energy:

EGGA
xc [n(r)] =

∫
f(n(r),∇n(r))dr. (2.32)
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2.3. Exchange-Correlation Energy Functional

Here, the function of density and its gradient f is chosen to satisfy known exact
properties of the exchange-correlation energy. This achieved via introducing a
cut-off procedure to get rid of the spurious long range part of the GEA exchange
and correlation hole. The GGA generally improves over the LDA description for
structural properties for systems significantly different from the uniform electron
gas, such as molecules. For solids, however, the error is of similar magnitude
as for the LDA but of the opposite sign for most of the cases [48, 49]. While
the LDA tends to underestimate the lattice constants of solids, the GGA with
approximately the same error overestimates the bond length. While there is only
one LDA, there are many different variants of GGA in use [50–52]. Currently the
most widely used implementation of the GGA is the PBE functional [53]. There
also exists a modification of this functional developed specifically to improve the
description of solids and is called the PBEsol [54]. This particular functional is
used in the first principles calculations performed in the current work.
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Chapter 3

Diffusion in Solids

3.1 Phenomenological Description

The equation which formally describes the diffusive motion of particles in an
isotropic medium has been first written in 1855 by Fick [55] and has the following
form:

Ji = −Di∇Ci (3.1)

This equation is called Fick’s first law and relates the flux of the i-th component,
Ji, with its concentration gradient ∇Ci through a coefficient of proportionality
Di, which is called the diffusion coefficient or the diffusivity of the component.
The diffusion flux has dimension of par m−2s−1 (number of particles (moles) trav-
eling through the unit area per unit time) and the concentration has dimension
of par m−3 (number of particles (moles) per unit volume). Thus, the diffusion
coefficient has dimension of m2s−1.

If the number of diffusing particles during diffusion process is conserved, which is
usually the case, the continuity equation for diffusion process can be written [56]:

−∇ · Ji =
∂Ci
∂t

(3.2)

Combining equation (3.2) and Fick’s first law (3.1), assuming that the diffusion
coefficient does not depend on concentration, one obtains Fick’s second law:

∂Ci
∂t

= Di∆Ci (3.3)

This equation is also called the diffusion equation. The solution of the diffusion
equation provides the spatial and temporal distribution of the concentration [57].
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Chapter 3. Diffusion in Solids

By measuring the concentration distribution in an experiment and using an ap-
propriate solution of the diffusion equation the diffusion coefficient can be ob-
tained [58].

In the number of experiments, it is also observed that the temperature dependence
of the diffusion coefficient can be accounted for by an Arrhenius equation:

D = D0 exp

(
− Q

kBT

)
. (3.4)

Here, the pre-exponential factor D0 and the activation energy Q are assumed
to be temperature independent. Plotting the experimental dependence D(T ) in
the coordinates ln(D) vs. 1/T one obtains D0 and Q. These quantities serve as
quantitative parameters for describing of the diffusion properties of the particu-
lar system and also have proven useful in establishing a qualitative connection
between diffusion and the other thermal properties of the materials.

3.2 Diffusion as a Random Walk

Despite the practical importance of equations (3.1) and (3.3), they provide no
information about the atomistic nature of the diffusion process. In 1905, Einstein
related the diffusion coefficient to the microscopic random motion, the Brownian
motion, of the particles [59, 60]. Considering motion of in total N particles,
Einstein introduced a quantity δ which represents the change in position in one
dimension x of an individual particle within the time interval τ . The value of δ
is different for each particle and has a certain probability distribution φ(δ) such,
that the number dN of the particles which are shifted between δ and δ+dδ within
the time interval τ can be written in the following form

dN = Nφ(δ)dδ, (3.5)

where

+∞∫
−∞

φ(δ)dδ = 1. (3.6)

Moreover, φ only differs from zero for small values of δ and fulfils the requirement

φ(δ) = φ(−δ). (3.7)

Assuming that the number of particles per unit volume ρ depends only on x and
t, and using a Taylor series one gets the following:
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3.2. Diffusion as a Random Walk

ρ(x, t+ τ) = ρ(x, t) + τ
∂ρ

∂t
+O(τ 2)

=

+∞∫
−∞

ρ(x+ δ, t)φ(δ)dδ

= ρ

+∞∫
−∞

φ(δ)dδ +
∂ρ

∂x

+∞∫
−∞

δφ(δ)dδ +
∂2ρ

∂x2

+∞∫
−∞

δ2

2
φ(δ)dδ + ...

(3.8)

In the first line of the equation we neglect the high order terms because τ is very
small. Using a Taylor expansion for ρ(x+δ, t) leads to the third line of (3.8). Note
that the terms containing odd powers of δ vanish due to the symmetry property
(3.7). The integral in the first term is equal to one due to the definition of φ(δ)
(3.6). Taking into account only the first and the third terms in the third line of
the equation (3.8) and denoting

D =
1

τ

+∞∫
−∞

δ2

2
φ(δ)dδ, (3.9)

equation (3.8) transforms into the following:

∂ρ

∂t
= D

∂2ρ

∂x2
. (3.10)

In this differential equation one can identify the diffusion equation (3.3) for one
dimension with D being the diffusion coefficient. Assuming that N particles start
their mutually independent movements at the origin at the initial time t = 0, the
diffusion equation has the following solution:

ρ(x, t) =
N√

4πDt
e−

x2

4Dt . (3.11)

From this equation, the mean square displacement of the particle in the direction
of the x-axis can be calculated as

〈x2〉 = 2Dt. (3.12)

For an isotropic medium, the displacements along the x-, y- and z axis are equal.
Therefore, with R being the total displacement of the particle
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Figure 3.1: Schematic illustration for a random walk of a particle on a lattice

〈x2〉 = 〈y2〉 = 〈z2〉 =
1

3
〈R2〉 (3.13)

and

D =
〈R2〉
6t

. (3.14)

Equations (3.12) and (3.14) relate the diffusion coefficient of the particle with its
mean square displacement which is known as the Einstein relation.

Now let us consider the random walk of a particle on a lattice. In this case, the
total displacement R of a particle is composed of a sequence of many individual
nearest-neighbor jumps of discrete length d. If the coordination number of lattice
is Z, then each jump direction will occur with the probability 1/Z.

According to Fig. 3.1 the total displacement of an individual particle in a sequence
of n jumps is

R =
n∑
i=1

ri, (3.15)

where ri is the jump vector. Then, the square of the total displacement is

R2 =
n∑
i=1

r2
i + 2

n−1∑
i=1

n∑
j=i+1

rirj. (3.16)

An averaging over an ensemble of particles produces the following:
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3.2. Diffusion as a Random Walk

〈R2〉 =
n∑
i=1

〈r2
i 〉+ 2

n−1∑
i=1

n∑
j=i+1

〈rirj〉. (3.17)

The first term on the right hand side of the equation contains only an average of
the individual jump lengths. The second term contains averages between jump i
and all subsequent jumps j.

If we consider a situation when each subsequent jump of a diffusing particle is
completely independent of all previous jumps, than the double summation in
(3.17) vanishes. This is because in the ensemble for every pair rirj there is
another particle with a pair rirj equal and opposite in sign [61]. Such a jump
sequence is denoted as a Markov sequence or as an uncorrelated random walk.
Thus, in this case Eq. 3.17 reduces to

〈R2〉 =
n∑
i=1

〈r2
i 〉. (3.18)

This relation can be further modified as in a lattice the jump vectors can take
only certain values. Assuming that only nearest-neighbor jumps occur, we obtain

〈R2〉 = 〈n〉d2, (3.19)

with 〈n〉 being the average number of jumps of a particle. Now, combining (3.14)
and (3.19), we obtain the following expression for the diffusion coefficient:

D =
〈n〉d2

6t
. (3.20)

We can introduce the quantity Γ, which is called the jump rate and is defined as
the average number of jumps a particle executes per unit time into one of its Z
neighboring sites, thus

Γ ≡ 〈n〉
Zt

. (3.21)

Then, we get for the diffusion coefficient of a particle diffusing via a random walk

D =
1

6
d2ZΓ. (3.22)

There are, however, certain types of diffusion mechanisms for which every jump
of a diffusing particle is not independent but has a memory about previous jumps.
Usually those are the mechanisms where defects serve as a diffusion vehicle, e.g.
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vacancy mediated diffusion, which will be discussed in more detail in Section 3.4.
The presence of a defect results in a predominance of the reverse direction for
the successive jump. As a consequence, the double summation in (3.17) does not
vanish. This effect is called the correlation effect and can be accounted for by
introducing the correlation factor f [62] via

f ≡ D

Drandom

, (3.23)

where D stands for the diffusivity from correlated diffusion, while Drandom denotes
the hypothetical diffusion coefficient from uncorrelated jump sequences. Using
(3.22) we can define an expression for the diffusion coefficient in more general
case:

D =
1

6
fd2ZΓ. (3.24)

Herein, f = 1 for uncorrelated diffusion and f < 1 for correlated process. The
exact value of the correlation factor depends on the crystal structure and the
diffusion mechanism. The calculation of this parameter will be discussed in more
detail in Section 3.4.

3.3 Diffusion as a Migration Over an Energy

Barrier

The theory of random walk considers diffusion as a sequence of many atomic
jumps. It is, therefore, important to know at which rates these jumps occur.
This can be achieved on a basis of the theory of absolute reaction rates, which
originally was formulated for calculating rates of chemical reactions [63]. The
theory postulates that the system, moving on a potential energy surface along the
reaction coordinates from an initial state to a final state, should overcome some
critical configuration at which the probability to reach the final state is certain.
This critical configuration is denoted as the activated complex or the transition
state and corresponds to a saddle point on the potential energy surface. It is
assumed that at any time there is equilibrium between the initial state and the
transition state configurations.

Wert and Zener [62, 64] applied this idea to the diffusion of a single atom in
a crystal. Consider an atom jumping in a crystalline solid in the x-direction
from the initial state (IS) configuration with the coordinate x0 to the final state
(FS) with the coordinate x1 through the transition state (TS) configuration with
the coordinate x′ (this process is illustrated in Fig. 3.2). Let the jumping atom
have three vibrational degrees of freedom in the IS and in the FS. In the TS, it
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3.3. Diffusion as a Migration Over an Energy Barrier

Figure 3.2: Atom migration in a crystalline solid from the initial configuration at x0

to the final configuration at x1 passing through the transition state configuration at x′.
Circles illustrate the change in atomic configuration during migration while the curve
shows the corresponding change in the free energy of the system.

has two vibrational degrees of freedom in the plane perpendicular to the jump
direction. The jumping atom interacts with all other atoms in the crystal. Thus,
the potential energy of the system φ(x, y, z, qi) depends on the position of the
jumping atom (x, y, z) and the positions of other atoms (q1, q2, q3, ...). In the
ensemble of such atoms the jump rate w, i.e. the total number of jumps per unit
time is written as

w = αn′〈vx〉, (3.25)

and the jump rate of a single atom is

ω =
w

n
= α

n′

n
〈vx〉. (3.26)

Here n′ is the linear density of particles at x′; n is the number of particles in the
site about x0 before the jump; 〈vx〉 is the average velocity of the particles at x′

crossing the barrier from site at x0 to x1; α is the transmission coefficient of the
barrier (α ≈ 1 in the classical case, and α > 1 if the tunneling occurs. Further α
considered to be unity).

According to the Boltzmann distribution the average velocity 〈vx〉 can be calcu-
lated in the following way:
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〈vx〉 =

∞∫
−∞

vx exp
(
− mv2x

2kBT

)
dvx

∞∫
−∞

exp
(
− mv2x

2kBT

)
dvx

=

(
kBT

2πm

)1/2

, (3.27)

where m is the mass of the atom.

Since the atoms in the IS and in the TS are in equilibrium, we have

n′

n
=
P ′(2)

P(3)

, (3.28)

where P ′(2) and P(3) are the partition functions for the particles oscillating in the
TS and IS respectively. Note, that subscripts indicate the number of degrees of
freedom in these states. In the TS one vibrational degree of freedom is replaced
with the translational one.

Assuming that kinetic energies of the particles at x0 and x′ are equal, only the
potential energy φ remains in P giving

n′

n
=

∞∫
−∞

...
∞∫
−∞

exp [−φ (x′, y, z, qi) /kBT ] dydz
∏
i

dqi

∞∫
−∞

...
∞∫
−∞

exp [−φ (x, y, z, qi) /kBT ] dxdydz
∏
i

dqi

(3.29)

In the harmonic approximation one can expand the function φ (x, y, z, qi) at x =
x0 restricting to the first two terms:

φ (x, y, z, qi) = φ (x0, y, z, qi) +
K

2
(x− x0)2 . (3.30)

Here, K =
(
∂2φ
∂x2

)
x=x0

, and
(
∂φ
∂x

)
x=x0

= 0.

The integration yields
n′

n
=

√
K

2πkBT

P ′(2)

P(2)

. (3.31)

Inserting (3.27) and (3.31) into (3.26), and using the expression for the Gibbs
free energy

G = −kBT lnP (3.32)

one arrives at the following relation for the jump frequency:
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ω = ν exp

(
−∆Gm

kBT

)
. (3.33)

Here ν = 1
2π

√
K
m

is the frequency of small oscillations about x0, which is inter-

preted as the attempt rate. ∆Gm is the free energy difference (note that in the
following, the ∆ sign is omitted for convenience) of the particle oscillating in the
yz plane at x′ and x0 respectively and it is called the migration free energy.

This theory, however, possesses a fundamental restriction. In order for the defini-
tions of the thermodynamic properties of the transition state (its energy, entropy,
volume, etc.) to make sense, the transition state has to exist long enough com-
pared to the time of thermal relaxation of the lattice in the region surrounding
the saddle point. This means the atom should climb to the energy barrier slow
enough such that at every intermediate stage, including the transition state, the
system remains in equilibrium.

There are several other assumptions which have been made during the derivation
of (3.33): (i) The harmonic approximation is used. This is a general feature of
all diffusion calculations. However, it should be noted that at the saddle point
the critical displacement amplitude reaches about the half of the whole jump
length and, therefore, by far exceeds the harmonic limit; (ii) Quantum effects are
ignored. Those are, however, likely to be important at low temperatures or for
diffusion of light atoms [65]; (iii) Essentially single atom jumps are considered
although the potential φ contains the coordinates of all other atoms.

Instead of the model of the isolated atom, Vineyard introduces a strict many-
body approach [66]. The approach is very similar to the one by Wert and Zener,
however, instead of considering jumps of a particular atom which occurs if the
fluctuation of the energy is big enough, all N atoms of the crystal having 3N
vibrational degrees of freedom are considered. He derives the following relation
for the jump frequency ω:

ω = ν? exp

(
− Em

kBT

)
, (3.34)

where

ν? =

3N∏
i=1

νi

3N−1∏
i=1

ν ′i

. (3.35)

Here, Em is the potential energy difference between the system in the TS and in
the IS. This is different from the result of Wert and Zener (3.33) in which the
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free energy difference has to be used. The quantity ν? defined in Eq. 3.35 is the
ratio of the product of 3N normal mode frequencies of the lattice in the IS to the
product of 3N − 1 normal mode frequencies of the lattice in the saddle point.

It is important to note that in Vineyard’s theory no thermodynamic arguments
have been applied, like for instance (3.28) and (3.32). Therefore, there is no need
to postulate equilibrium during all stages of migration. The transition state which
was the highest point on the free energy curve now corresponds to the special
atomic configuration in the crystal for which migration leads to the smallest
increase of the potential energy. However, for atoms in this special configuration,
Vineyard introduced a new set of frequencies ν ′ what led to appearance of ν?.
These frequencies are a purely mathematical construct and would not appear in
the real crystal since the transition state configuration is unstable. However, they
can be calculated using, for instance, first-principles methods.

Equation (3.34) can be written in slightly different form by using the following
relations [67]

3N∏
i=1

νi =

(
kBT

h

)3N

exp

[
3N∑
i=1

ln

(
hνi
kBT

)]
,

3N−1∏
i=1

ν ′i =

(
kBT

h

)3N−1

exp

[
3N−1∑
i=1

ln

(
hν ′i
kBT

)]
.

(3.36)

In the high-temperature limit (kBT � hν) the vibrational entropy of a harmonic
system is given as

S = 3NkB − kB
3N∑
j

ln

(
hνj
kBT

)
. (3.37)

Thus, (3.36) and (3.37) can be rewritten in the following way

N∏
i=1

νi =

(
kBT

h

)3N

exp

(
−S
k

)
,

N∏
i=1

ν ′i =

(
kBT

h

)3N−1

exp

(
−S

′

k

)
,

(3.38)

where S and S ′ are the vibrational entropies of the IS and the TS respectively.
Equation 3.34 now can be written as

ω =
kBT

h
exp

(
−E

m − TSm

kBT

)
, (3.39)
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where Sm = S ′ − S is the entropy of migration. Defining the Gibbs free energy
of migration as Gm = Em − TSm the alternative expression for the jump rate
becomes

ω =
kBT

h
exp

(
− Gm

kBT

)
. (3.40)

Again, it should be noted that here the free energy of migration is not a free
energy in the usual sense, since it is related to the special configuration of the
system (transition state) having one degree of freedom less than in its normal
state. This missing degree of freedom is responsible for the factor kBT/h in the
formulae for the jump rate.

3.4 Diffusion Mechanisms and Correlation

In a crystalline lattice, the atomic positions and therefore the migration paths of
atoms are subject to certain restrictions. This allows a simple description of the
diffusion process in terms of certain mechanisms. The knowledge of a diffusion
mechanism is important for identifying the parameters which enter Eq. (3.24),
therefore, for obtaining the diffusion coefficient. Knowledge about the diffusion
mechanism is particularly important for describing the correlation effect discussed
in Section 3.2 and consequently for determining the correlation factor f . There
are several diffusion mechanisms proposed in the literature, which might occur
in solids [56, 61, 65]. Here we consider only two such mechanisms, which are
relevant for this work: interstitial diffusion and vacancy mediated diffusion.

3.4.1 Interstitial Mechanism

An atom is considered to diffuse via an interstitial mechanism if it jumps from one
interstitial site to another nearest-neighbor interstitial site without permanently
displacing any surrounding atoms. As can be seen from Figure 3.3, in order to
move from one interstitial site to another, one atom should pull apart surrounding
atoms. It also requirs energy to break bond with neighbors, however, bonding
of interstitials to the surrounding atoms is usually weak compared to the atoms
at normal lattice sites. Thus, the energy barrier, an interstitial atom has to
overcome changing sites, is primarily due to the lattice distortion.

Usually, the fraction of interstitial sites occupied by atoms is very small compared
to the empty sites. This implies that all possible directions for the jump of an
interstitial atom to adjacent interstitial sites are equally probable and indepen-
dent of the previous jumps. Thus, the sequence of jumps of the interstitial atom
is uncorrelated and consequently the correlation factor equals unity, f = 1. Also,
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Figure 3.3: Schematic illustration of the interstitial diffusion mechanism

since no defects are needed for jumps via this mechanism, the jump rate Γ in
Eq. (3.24) is simply determined by (3.40). Therefore, the diffusion coefficient DI

of an atom diffusing via an interstitial mechanism is obtained as

DI =
kBT

h

Z

6
d2 exp

(
− Gm

I

kBT

)
. (3.41)

The interstitial mechanism is known to operate in interstitial alloys with elements
of small atomic radius such as boron, carbon or nitrogen (e.g. C in α- and γ-iron).
It may also occur in radiationally damaged substitutional alloys. Highly energetic
particles, for instance neutrons, can kick out atoms from their normal lattice sites
forming so-called self-interstitials, which are quite mobile once formed.

3.4.2 Vacancy Mechanism

Vacancy mechanisms are the dominant mechanisms for self-diffusion and diffu-
sion of substitutional solutes in metals [56]. An atom is said to diffuse via a
vacancy-mediated mechanism if it jumps into an adjacent vacant site (Fig. 3.4).
Consequently, atoms travel through the crystal via a series of exchange jumps
with vacancies, which are occasionally situated in the vicinity.

To jump from one lattice site to another, an atom needs energy to break bond
with the neighboring atoms. However, in a close-packed lattice, the distortion
caused by the movement of an atom into a vacancy is rather small, thus the
energy barrier of migration is comparably low. Nevertheless, diffusion via this
mechanism is significantly slower than for the interstitial mechanism. This is due
to the limited amount of vacant lattice sites. Hence, each atom must wait an
appreciable period of time until a vacancy becomes available. Thus, the jump
rate Γ of an atom exchange with a particular neighboring vacant site can be
written as

Γ = ωV p. (3.42)

26



3.4. Diffusion Mechanisms and Correlation

Figure 3.4: Schematic illustration of the vacancy diffusion mechanism

Here, ωV denotes the exchange rate between an atom and a vacancy and p is
the probability to find a vacancy on a nearest-neighbor of a diffusing atom.
In the case of the self-diffusion, p is simply the vacancy concentration, Cv =

exp
(
−Gf

V /kBT
)

[67], with Gf
v being the vacancy formation free energy. The

properties of vacancies are discussed in detail in Chapter 4. The correlation ef-
fect for the vacancy mechanism is related to the fact that to perform an exchange
with a vacancy an atom must wait for the appearance of a vacancy on one of the
adjacent sites. And immediately after the first vacancy-atom exchange jump, the
vacancy is available for a reverse jump. Thus, the diffusing atom has a higher
probability to go backwards.

In the case of self-diffusion, the correlation factor is a constant number for a
given crystal structure. For example, for an fcc lattice f = 0.7815, for bcc
f = 0.7272 (see [68, 69] for details). Thus, the self-diffusion coefficient D via
vacancy mechanism in a cubic lattice has the following form

D =
kBT

h
fa2 exp

(
− Gm

0

kBT

)
exp

(
− Gf

V

kBT

)
. (3.43)

Here, a denotes the lattice parameter and Gm
0 is the migration free energy of the

atom-vacancy exchange jump.

Next we consider the vacancy-mediated solute diffusion. In this case, the proba-
bility p to find a vacancy at a nearest-neighbor site of a solute atom is different
from the one in the pure solvent and can be written as

p = Cv exp

(
− GB

kBT

)
. (3.44)

The difference is due to the interaction between a vacancy and the solute which
can be expressed in terms of the Gibbs free energy of binding GB (see Chapter 4
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Figure 3.5: Schematic representation of the “five-frequency” model in an fcc lattice.
Gray and white balls depict the solvent atoms in the different (100) planes, the black
ball is the impurity atom and the squares illustrate the vacancies.

for details). If GB is negative (positive) the probability p is enhanced (reduced)
compared to diffusion of the solvent atoms.

We consider a dilute fcc alloy for describing the correlation process of the so-
lute diffusion by the vacancy mechanism. To do so, the so-called ‘five-frequency
model’ [70–73] is often applied. In a dilute alloy each solute atom can be con-
sidered to diffuse in a pure solvent. Within the ‘five-frequency’ model, the in-
teraction of a solute atom with its surroundings is considered up to the first
nearest-neighbor distance. This leads to five types of vacancy-atom exchange
rates, which are illustrated in Fig. 3.5.

ω2 corresponds to the rate of the solute-vacancy exchange jump, ω1 is the rate of
the solvent-vacancy exchange, ω3 is the rate of a vacancy-solute pair dissociation
and ω4 is the rate of the reverse process. All other types of vacancy-solvent jumps
are assumed to happen at a rate corresponding to the one in the pure solvent, ω0.
Within this formalism Manning [74] derived the expression for the correlation
factor f2 of the solute diffusion:

f2 =
2ω1 + 7Fω3

2ω2 + 2ω1 + 7Fω3

. (3.45)

F is called the escape probability. It has the following numerical expression in
terms of the parameter α = ω4/ω0:

7F = 7− 10α4 + 180.5α3 + 927α2 + 1341α

2α4 + 40.2α3 + 254α2 + 597α+436
. (3.46)
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It varies between 2
7

and 1 when the ratio α is changed from infinity to zero.

The correlation factor f2 depends on all vacancy-atom exchange rates. It, there-
fore, also depends on temperature, unlike the correlation factor f for the self-
diffusion. There are several special cases to be emphasized: (i) If the solute-
vacancy exchange is much slower than vacancy-solvent exchanges (ω2 � ω1, ω3, ...),
f2 goes to unity. Frequent vacancy-solvent exchanges randomize the vacancy po-
sition before the next solute jump. Thus, the solute diffusion turns out to be
practically uncorrelated. (ii) In the opposite situation, when the vacancy-solute
exchange is much faster than vacancy-solvent exchanges (ω2 � ω1, ω3, ...), f2

goes to zero. Thus, the solute motion is highly correlated. The solute atom
bounces back and forth between two neighboring lattice sites. iii) For a tightly
bound solute-vacancy pair, dissociation jumps ω3 are highly unlikely. Then, (7.3)
simplifies to

f2 ≈
ω1

ω2 + ω1

. (3.47)

In this case the vacancy-solute pair travels as a unit via ω1 and ω2 jumps.
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Chapter 4

Point Defects

Point defects affect various important crystal properties. They contribute to the
thermal and electrical conductivity, they influence the microstructure and the
mechanical properties of metals and they often control the diffusion mechanisms.
Lattice vacancies are the predominant defects in simple metals. The concentra-
tion of other types of point defects is relatively low in hcp and fcc structures, while
interstitials are also important for more open structures, such as bcc and the di-
amond structure. The theory of point defect concentration arises from purely
statistical mechanical considerations, since the Gibbs phase rule postulates that
pressure and temperature are sufficient to fix all macroscopic thermodynamic
properties of a one-component system [67, 75]. Therefore, statistical mechanics
is needed to account for the very existence of point defects. It is convenient to use
the constant pressure ensemble for describing defects in crystals since volume is
not constant upon introducing point defects. Hence, defect concentration formu-
lae are usually expressed in terms of the Gibbs free energy for which temperature
and pressure are the thermodynamic independent variables [67]. Below, we first
consider the case of a monoatomic metallic system and assume the concentration
of point defects to be so low, such that there is no interaction between them. Fur-
ther, we treat the case of a dilute substitutional binary alloy and the influence of
impurities on defect concentrations.

4.1 Vacancies in Pure Metals

Consider an ensemble of X crystals, all having the same number N of identical
atoms. Each crystal can have any volume Vi and any number of vacancies Nv

and can exist in any of a set of quantum states with energy Ej. The probability
f(Nv, Ej, Vi) that a crystal exists in a state with particular values of Vi, Nv and
Ej is given as [67]
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f(Nv, Ej, Vi) =
1

Zp
w(Nv)Ω(Nv, Ej, Vi)e

−(Ej+PVi)/kBT . (4.1)

Here, Zp is the partition function, which is connected to the Gibbs free energy of
the system through the relation

Zp = e−G/kBT . (4.2)

The term w(Nv)Ω(Nv, Ej, Vi) in (4.1) is the degeneracy factor which represents
the number of distinct wave functions for a crystal with Nv vacancies in a state
with volume Vi and energy Ej. In this factor, w(Nv) is the configurational statis-
tical count – the number of ways to distribute N atoms and Nv vacancies over the
lattice sites. It is associated with the configurational entropy Sc via Boltzmann’s
formula

Sc = kB lnw(Nv). (4.3)

Ω(Nv, Ej, Vi) is the degeneracy of the crystal containing Nv vacancies, except for
the configurational contribution. For a given energy and volume, Ω depends only
on the number of vacancies and not on the configuration of their destribution
over the lattice sites. Performing the summation in Eq. 4.1 over all energies and
volumes for a given number of vacancies one obtains the probability that the
crystal has Nv vacancies:

f(Nv) =
1

Zp
w(Nv)

∑
Ej ,Vi

Ω(Nv, Ej, Vi)e
−(Ej+PVi)/kBT . (4.4)

Here, it is assumed that all lattice cites are equivalent, i.e., there is no dependence
of the energy and volume on the distance between vacancies.

Let us introduce the free energy G{Nv} by

e−G{Nv}/kBT =
∑
Ej ,Vi

Ω(Nv, Ej, Vi)e
−(Ej+PVi)/kBT . (4.5)

Then, (4.4) reads as

f(Nv) =
1

Zp
w(Nv)e

−G{Nv}/kBT . (4.6)

The free energy defined in (4.5) does not include the configurational entropy term
arising from the configurational statistical count w(Nv). This fact is identified
by braces for the argument of this free energy.
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Now, we perform summation of (4.6) over all values of Nv yielding

e−G/kBT =
∑
Nv

w(Nv)e
−G{Nv}/kBT , (4.7)

where G is the total Gibbs free energy of a crystal and G{Nv} is the Gibbs
free energy of a crystal containing Nv vacancies, except for the configurational
contribution of the vacancies. While deriving (4.7), we taken into account the
fact that the sum of the probabilities is unity,

∑
Nv
f(Nv) = 1, and applied the

relation (4.2).

The equilibrium value of Nv is given by the most probable value of (4.6) which
is obtained by requiring the following[

∂ ln f (Nv)

∂Nv

]
Nv=Nv

= 0. (4.8)

Here, Nv is the equilibrium number of vacancies. Then applying (4.8) to (4.4)
and using (4.5) one obtains the following relation:[

∂ lnw (Nv)

∂Nv

]
Nv=Nv

=
1

kBT

[
∂G{Nv}
∂Nv

]
Nv=Nv

. (4.9)

It should be noted that the number of atoms is held fixed while performing the
differentiation above. Thus, vacancies can be thought to be formed by moving
atoms from the sites inside the lattice to the crystal surface. The right hand
side of the equation (4.9) represents the Gibbs free energy increase due to adding
one vacancy to the crystal, but does not include the configurational entropy
contribution. It is called the free energy of vacancy formation and denoted as
Gf
v :

Gf
v =

(
∂G{Nv}
∂Nv

)
Nv=Nv

. (4.10)

On the left hand side of (4.9), the quantity w(Nv) represents the number of
ways to distribute N atoms and Nv vacancies among the (N + Nv) lattice sites,
therefore

w(Nv) =
(N +Nv)!

N !Nv!
. (4.11)

Using the formula of Stirling, ln x! ≈ x lnx, one can approximate the logarithm
of (4.11) as

33



Chapter 4. Point Defects

lnw(Nv) = (N +Nv) ln(N +Nv)−N lnN −Nv lnNv, (4.12)

from which we can compute the derivative

∂ lnw (Nv)

∂Nv

= ln
N +Nv

Nv

. (4.13)

Now inserting (4.10) and (4.13) into (4.9) one obtains the expression for the
vacancy concentration Cv:

Cv =
Nv

N +Nv

= e
− G

f
v

kBT . (4.14)

This equation shows that the vacancy concentration increases with temperature
via a Boltzmann factor of the free energy of vacancy formation. Since Gf

v is typ-
ically much larger than kBT , even close to the melting temperature, the number
of vacant sites is much smaller than the number of normal sites and, hence, Nv

is often neglected in the denominator of (4.14).

An alternative and somewhat more compact way to obtain (4.14) is to write the
total Gibbs free energy of a crystal G(Nv) containing an arbitrary number of
vacancies Nv as sum of the configurationless Gibbs free energy G{Nv} and the
configurational entropy as

G(Nv) = G{Nv} − kBT lnw(Nv). (4.15)

Then, the equilibrium concentration of vacancies can be obtained as

∂G(Nv)

∂Nv

= 0. (4.16)

In analogy to the previous procedure, the total number of atoms in the crystal
is kept constant while performing the derivative, therefore vacancies are assumed
to form by transferring atoms from the inside to the surface of the crystal.

Similar to the vacancy concentration, expressions for the concentration of other
types of point defects can be obtained, e.g. divacancies, self-interstitials. Gener-
alizing expression (4.15) for the case of a crystal containing various point defects,
it can be shown [67] that the concentration CX of defects of type X is

CX = ge
−

G
f
X

kBT , (4.17)

where Gf
X is the formation Gibbs free energy of a defect X and g is a geometrical

factor which accounts for the existence of the number of equivalent configurations
of a defect.

34



4.2. Vacancies in Dilute Substitutional Binary Alloy

4.2 Vacancies in Dilute Substitutional Binary

Alloy

A binary alloy of atoms A and B is called dilute when the number of atoms B
is much smaller that the number of atoms A (not more that few percent). In
this case B is called the solute (or impurity) and A the solvent (or matrix). In a
substitutional alloy, atoms A and B as well as vacancies occupy sites of the same
lattice.

It is important to note that the vacancy energetics is altered by the presence of a
solute atom, i.e. the Gibbs free energy of vacancy formation in an alloy is different
from the one in the pure solvent. Considering that the interaction of solute and
vacancy is restricted to the first coordination sphere, it is possible to distinguish
the Gibbs free energy of vacancy formation in the pure solvent Gf

v(A) from the
one next to a solute atom Gf

v(B). If Gf
v(A) > Gf

v(B), then there is attractive
interaction between the vacancy and the solute, while the interaction is repulsive
in the opposite case. We can introduce the Gibbs free energy of binding Gb as

GB ≡ Gf
v(B)−Gf

v(A). (4.18)

Note that hence a negative sign of Gb indicates attractive solute-vacancy interac-
tion. Then, the total concentration of vacancies in a dilute substitutional binary
Ctot
v alloy can be written as [56]

Ctot
v = e

−G
f
v (A)
kBT

(
1− ZCB + ZCBe

− Gb

kBT

)
. (4.19)

Here Z is the coordination number and CB is the solute fraction. The first term in
Eq. (4.19) represents the equilibrium vacancy concentration in the pure solvent.
The term in parenthesis is larger (smaller) than unity if the interaction between
solute and vacancy is attractive (repulsive), and consequently the total vacancy
concentraction in the alloy is higher (lower) than in the pure solvent. We define
the quantity

p = Cv exp

(
− GB

kBT

)
(4.20)

which expresses the probability that a vacancy can be found in the in the vicinity
of a solute atom. This expression is particularly interesting for studying the
vacancy mechanism of solute diffusion.
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4.3 Point Defects in Non-dilute Alloys

When the number of atoms B is comparable to the number of atoms A, then such
a binary alloy AxB1−x cannot be considered as a dilute alloy. Therefore, Eq. (4.19)
is no longer valid and alternative approach has to be applied for calculating point
defect concentrations. The dilute solution model (DSM) [76, 77] can serve as such
an approach. It is a grand-canonical method which is based on the statistical-
mechanical formalism of low-temperature expansion [78] and allows calculating
point defects concentrations as a function of both temperature and the alloy
composition.

Let us consider a crystalline compound consisting of N lattice sites, with Ni being
the number of sites occupied by a chemical species i. Ni can be written as a sum
Ni =

∑
p

ci(p) of site-occupation numbers ci(p) over lattice sites p. ci(p) is equal

to 1 if the lattice site is occupied by species i and equal to 0 otherwise. We then
introduce a thermodynamic potential Ω(µi, T, V,N), where T is the temperature,
V is the the crystal volume and µi are the chemical potentials of species i. The
grand canonical potential Ω is related to the grand canonical partition funtion Z,

Ω = −kBT lnZ, (4.21)

where Z is defined as

Z =
∑
σ

exp

[
−

(
Eσ −

∑
i

µiN
σ
i

)
/kBT

]
. (4.22)

Here, the sum is over all possible arrangements σ of atoms over N lattice sites,
and Eσ and Nσ

i denote the energy and number of sites ocucpied by species i for
configuration σ. Inserting (4.22) into (4.21) and using a Taylor series expansion
for the logarithm, one obtains

Ω =

(
E0 −

∑
i

µi
∑
p

c0
i (p)

)

− kBT
∑
p

∑
ε

exp

[
−

(
δEε(p)−

∑
i

µiδc
ε
i(p)

)
/kBT

]
.

(4.23)

In this equation, E0 and c0
i (p), respectively, denote the energy and composition of

species i at site p in the ground state configuration. The second term of Eq. (4.23)
represents the sum over different possible changes ε of chemical identity at a given
lattice site p. The variables δEε(p) and δcεi(p), respectively, are the change in
energy and site-composition with respect to the ground state configuration due
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to the change ε at site p. Thus, δEε(p) = Eσ − E0 for a change at the site p.
Nσ
i =

∑
p c

σ
i (p) as given above, and then δcεi(p) = cσi (p)− c0

i (p) for a species i at
the site p. It is -1 if the species was removed, +1 if added, and 0 if unchanged.
So, effectively, (δEε(p)−

∑
i µiδc

ε
i(p)) is the defect formation energy and then the

sum runs over all types of defects and all sites to account for the changes upon
introducing a defect.

The average concentration of spesies i on lattice cite p, 〈ci(p)〉, can be derived
from eq. (4.23) as follows:

〈ci(p)〉 =− ∂Ω

∂µi(p)
=

c0
i (p) +

∑
ε

δcεi(p) exp

[
−

(
δEε(p)−

∑
j

µjδc
ε
j(p)

)
/kBT

]
.

(4.24)

This equation expresses the defect concentrations in terms of the chemical poten-
tials. For an alloy with n chemical species the values of the chemical potentials
at a given temperature are fixed by specifying the n − 1 relative compositions
Ni/Nj. It is also required that Ω should vanish at zero pressure. From these
n constraints the chemical potentials at a given alloy composition and tempera-
ture are determined, thus, the sublattice concentrations of point defects can be
computed from Eq. (4.24).

The expressions obtained above are expected to be accurate for dilute concentra-
tions of defects, since only the first-order terms are considered in the expansion
of the logarithm when deriving (4.23). For higher concentrations, the terms be-
yond the first-order must be considered in the expression for the thermodynamic
potential Ω in order to account for the interaction between defects [79].
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Chapter 5

A Single-Volume Approach for
Vacancy Formation
Thermodynamics Calculations

This chapter describes a simplified computational technique of calculating the
Gibbs free energy as well as the entropy and enthalpy for vacancy formation.
We apply this method in order to obtain the concentration of vacancies as the
function of temperature.

The creation of a point defect in the system associated with a volume change.
When calculating the properties connected to this defect, e.g. formation energy,
the influence of the volume change has to be taken into account. In practice,
this means that a number of supercell calculations for systems with vacancy
has to be performed in order to find the equilibrium volume separately for the
supercell with and without a vacancy. While such calculations can be routinely
accomplished with state-of-the-art computers and codes, they may become a
serious issue when the effect of temperature needs to be accounted for. Therefore,
is would be convenient to develop a formalism in which the vacancy formation
volume can be ignored and which allows to use the same equilibrium volume
for both supercells with and without a vacancy. In the work presented below,
we discuss how dropping the volume dependence in such computations affects
the vacancy formation thermodynamics and show the way to restore the true
thermodynamic quantities from the single-volume calculations. The results have
been published in Europhysics Letters and this publication [80] is reproduced
below. The header of the article is shown in Fig. 5.1.

Author contributions

Andrei Ruban originally suggested the idea for this work and also was the author
of the initial draft of the manuscript. Sergey Zamulko and Oleg Gorbatov have
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Figure 5.1: Header of the article [80], which was published in Europhysics Letters.
It shows the reference, title and all contributing authors with their affiliations. This
chapter reproduces this article.

contributed to the discussion and preparation of the manuscript. I have per-
formed and analyzed all calculations and also prepared the figures for this publi-
cation. Peter Puschnig has suggested numerous improvements to the manuscript
and has made a significant contribution to its content. The final version was
developed together with all co-authors.

Abstract

The vacancy formation Gibbs free energy, enthalpy and entropy in fcc Al, Ag, Pd,
Cu, and bcc Mo are determined by first-principles calculations using the quasi-
harmonic approximation to account for vibrational contributions. We show that
the Gibbs free energy can be determined with sufficient accuracy in a single-
volume approach using the fixed equilibrium volume of the defect-free supercell.
Although the partial contributions to the Gibbs free energy, namely, the for-
mation enthalpy and entropy exhibit substantial errors when obtained directly
in this approach, they can be computed from the Gibbs free energy using the
proper thermodynamic relations. Compared to experimental data, the tempera-
ture dependence of the vacancy formation Gibbs free energy is accounted for at
low temperatures, while it overestimates the measurements at high temperature,
which is attributed to the neglect of anharmonic effects.
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5.1 Introduction

The vacancy formation energy is an important parameter which determines phase
and structural transformations in solids at finite temperatures. Being difficult to
measure [81–83], it is generally believed that it can be obtained relatively easily
by first-principles calculations based on density functional theory (DFT) as has
been done in the past in a large number of publications [84–108].

However, there are two major problems in such DFT calculations. First, it is not
clear to what extent the inevitable approximations in the exchange-correlation
functional affect the results. Even for metallic systems, where effective short-
range screening of electrostatic interactions takes place, an accurate account of
the large gradient of the electron density near the vacant site may still pose a
problem [54, 107, 109–112]. The second problem arises if one wishes to account
for the temperature dependence of the vacancy formation energy.

On the one hand, most of the existing phenomenological models, which involve
this quantity, assume that the vacancy formation energies and entropies are tem-
perature independent, and, therefore, it is enough to determine the vacancy for-
mation energy only at 0 K. On the other hand, it has been demonstrated in
several ab initio calculations [90, 103, 104] as well as in a more approximate
atomistic modeling [113, 114] that the vacancy formation energy can change dra-
matically with temperature. For instance, first-principles molecular dynamics
(MD) simulations by Smargiassi and Madden [90] showed a decrease of the va-
cancy formation free energy in Na by a factor of two from 0 K to close to the
melting point. In contrast to this finding, Mattsson et al. [103] obtained a sig-
nificant increase of the vacancy formation energy with temperature for Mo in
first-principles MD simulations.

A similar increase has been obtained in Ref. [104] for Al, while the more recent
calculations by Glensk et al. [112] have demonstrated that the overall vacancy for-
mation free energy substantially decreases if anharmonic contributions are taken
into consideration, similar to the results by Smargiassi and Madden [90]. In
summary, this means that neither the vacancy formation energy nor the vacancy
formation entropy can be considered to be temperature independent. The work
by Glensk et al. [112] also demonstrates that the quasi-harmonic approximation
substantially overestimates the vacancy formation free energy at high tempera-
tures. Thus, in order to accurately reproduce the temperature dependence of the
vacancy formation energy at high temperatures, one should account for anhar-
monic vibrations of the atoms next to the vacancy.

In this work, we establish a thermodynamically consistent approach which is
based on quasi-harmonic calculations using one fixed equilibrium volume of a
defect-free supercell. Being able to eliminate calculations of the equilibrium vol-
ume of the defected cell presents an important simplification in the computational
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algorithm, which allows one to study the temperature dependence of the vacancy
formation energy by more elaborate methods such as ab initio molecular dynam-
ics. We demonstrate our method for vacancies in fcc Al, Cu, Ag, Pd, and bcc Mo
using PBEsol functional [54], which has been chosen as to minimise the error for
the exchange-correlation energy near the vacancy. The numerical results support
our single-volume approach. It should be noted that when comparing the so-
obtained results to available experimental data, anharmonic effects beyond the
quasi-harmonic approximation should be considered.

5.2 Thermodynamic Properties of Vacancies

In pure metals, the free energy (per atom) related to the thermally induced
vacancies can be defined as follows

Gvac = cGf − TSconf ≡ c[Hf − TSf ]− TSconf . (5.1)

Here, c is the concentration of vacancies, Gf is the vacancy formation free energy
associated with a single vacancy, Hf is the vacancy formation energy (enthalpy),
Sf the vacancy formation entropy, and Sconf the configurational entropy related
to the vacancies. Using the thermodynamic relation(

∂Gvac

∂T

)
P

= −S, (5.2)

where S = cSf + Sconf is the total entropy of the system related to vacancy
formation, assuming no interaction between vacancies one finds

c

[
∂Hf

∂T
− T ∂Sf

∂T

]
+
∂c

∂T

[
Hf − TSf − T

∂Sconf

∂c

]
= 0. (5.3)

If both Hf and Sf are temperature independent, one immediately finds the con-
centration of noninteracting vacancies using the entropy of an ideal solution,
Sconf = −kB[c ln c+ (1− c) ln(1− c)], which is a well-known result:

c ≈ exp(Sf/kB) exp(−Hf/kBT ). (5.4)

In general, the equilibrium concentration of vacancies is obtained from the corre-
sponding minimization ofGvac at a fixed temperature, which leads to the following
equation:

c

[
∂Hf

∂c
− T ∂Sf

∂c

]
+

[
Hf − TSf − T

∂Sconf

∂c

]
= 0. (5.5)

However, as long as there is no interaction between vacancies, the first term in
this equation vanishes and the concentration of vacancies is determined from the
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last term, which again leads to (5.4). Moreover, since in this case, the last term
in (5.5) is zero, the first term in (5.3) should be also zero, and thus the following
important relation between the vacancy formation enthaply and entropy should
be satisfied:

∂Hf

∂T
= T

∂Sf
∂T

. (5.6)

This means that if the vacancy formation enthalpy is temperature dependent, so
should be the formation entropy, and they are connected via Eq. (5.6).

Vacancy formation energy calculations require, in general, finding the equilib-
rium volume corresponding to the minimum of the Gibbs free energy of systems
(supercells) without and with a vacancy denoted as G0 and Gv, respectively. The
difference in equilibrium volumes of those supercells with and without and with
a vacancy, Ω0(T ) and Ωv(c, T ), (normalized by the number of sites) is related to
the vacancy formation volume, ωf :

ωf (T ) =
∂Ωv(c, T )

∂c
. (5.7)

Here, we have neglected the concentration dependence of ωf , which should be
insignificant. So, the equilibrium volume of the system with vacancies can be
written as

Ωv(c, T ) = Ω0(T ) + cωf (T ). (5.8)

In practical applications, however, it would be computationally advantageous to
determine the thermodynamic properties of vacancies without the need of finding
the equilibrium volume of the supercell with vacancy. In such an approach, one
performs all supercell calculations, both, with and without a vacancy for the
equilibrium volume of the defect-free system. We refer to this approximation as
the single-volume approach. The validity of this simplification arises from the
fact that the difference in the equilibrium volume of two systems is usually small.
As a consequence, the free energies of the systems with and without a defect
exhibit small variations as a function of volume due to the fact that their first
derivatives are zero at the equilibrium volume.

This approach can be particularly useful in calculations of the self- or substi-
tutional impurity diffusion coefficients at a certain temperature. Although the
directly calculated vacancy formation entropy and enthalpy can be in error in this
approach, they still obey relations (5.2) and (5.6). Below we demonstrate this
approach in calculations of the vacancy formation free energy, enthalpy and en-
tropy for five metals: Al, Ag, Cu, Mo and Pd. The following notations are used.
Quantities corresponding to calculations in which the equilibrium volumes Ω0(T )
and Ωv(c, T ) are explicitly taken into account are denoted as G, S, H. Those nu-
merical results in which a single volume Ω0(T ) has been used for both supercells,

without and with vacancy, are abbreviated as G̃, S̃, and H̃, respectively.
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5.3 Computational Details

In this work, the vacancy formation free energy Gf (T ), is obtained as a sum of
three different contributions:

Gf (T ) = Hf (T ) +Gel
f (T ) +Gvib

f (T ). (5.9)

Here, Hf (T ) is the vacancy formation energy (we consider the case of zero pres-
sure) at the corresponding temperature T . Gvib

f (T ) and Gel
f (T ) are the contribu-

tions to the vacancy formation free energy from lattice vibrations and thermal
one-electron excitations, respectively. In particular, the vacancy formation en-
ergy, Hf , is obtained as

Hf (T ) = Ev(T )− N − 1

N
E0(T ), (5.10)

where Ev(T ) and E0(T ) are the total energies of the supercells with and without
vacancy, respectively, and N is the number of atoms in the supercell without
vacancy.

The contribution from the thermal one-electron excitations to the total energy,
Eel, and free energy, Gel, has been determined as

Eel(T ) =
π2

3
N(EF )k2

BT
2 (5.11)

Gel(T ) = −π
2

3
N(EF )k2

BT
2, (5.12)

where N(EF ) is the density of states at the Fermi energy, EF , per supercell.
We have neglected this contribution for Al, Cu and Ag due to its insignificant
contribution to the total free energy of vacancy formation in these cases.

All ab initio calculations in this paper are performed by the frozen-core full-
potential projector augmented wave (PAW) method [115, 116] as implemented in
the Vienna ab initio simulation package (VASP) [117–119]. The PBEsol gener-
alized gradient approximation [54] has been utilized, which minimizes the error
for open systems like surfaces and vacancies. Besides, this functional reproduces
quite well the lattice constants of 4d metals (Ag, Pd, Mo), which is important
for description of the first-principles thermodynamics of defect properties.

The size of the supercell for fcc Al, Ag, Cu and Pd was 2×2×2(×4) containing
32 atoms in the defect-free cell, and for bcc Mo the size of the supercell used was
3×3×3(×2) containing 54 atoms in the defect-free supercell. We have checked the
convergence of the vacancy formation energy in the case of copper with respect
to the supercell size and found that the difference between the 0 K vacancy
formation energies for supercells containing 32 and 108 atoms was less than 0.01
eV. Therefore, we conclude that the size of the supercell used in the present
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Figure 5.2: (Color online) Calculated equilibrium lattice parameters of Ag, Al, Pd,
Cu, and Mo obtained in the quasi-harmonic approximation as a function of temperature
(full lines) compared to the experimental data (symbols) for Al [121–123], Ag [123, 124],
Cu [124, 125], Pd [126], Mo [123, 127, 128]. Dashed lines show the equilibrium lattice
parameters obtained for supercells with vacancy.

study is sufficient for obtaining reasonably accurate vacancy formation energies.
All atoms were allowed to relax during calculations of the defected supercells. The
plane wave energy cutoff was 500 eV. The integration over the Brillouin zone has
been done using a 10×10×10 grid of the Monkhorst-Pack (MP) mesh [120] in
the case of Cu, Pd, Mo, 12×12×12 in the case of Al and 14×14×14 for Ag.
The convergence tolerance for the total energy was 10−8 eV/atom, while 10−3

eV/Å for forces on atoms during local lattice relaxations.

The free energy of lattice vibrations is calculated in the quasi-harmonic approx-
imation using the phonopy code [129] where the dynamical matrix has been
obtained by the small displacement method [130]. The unit cell was taken to
be identical to the supercell while calculating phonon dispersion. Symmetry was
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considered while performing displacements reducing the number of displacements
to one for defectless supercells and to 7 and 13 for supercells with a vacancy in the
case of fcc and bcc materials respectively. The amplitude of displacements was
0.005 Å in the case of Al and 0.01 Å for the other metals. The linear dependence
of the force with respect to the displacement amplitude was checked in the case
of Cu. The linear regime preserves at least up to displacements of 0.07 Å.

5.4 Results

As a first step, we have calculated the temperature dependence of the equilibrium
lattice parameters of the five investigated metals for the defect-free supercells
within the quasi-harmonic approximation. As can be seen from Fig. 5.2, the
calculated lattice parameters for Al, Ag and Pd are in very good agreement
with the experimental data, especially at low temperatures. Somewhat worse
agreement is observed for Cu and Mo which is attributed to a deficiency of PBEsol
for these elements. Nevertheless, the character of the temperature dependence is
still well described within the quasi-harmonic ab initio calculations. We have also
performed quasi-harmonic calculations for supercells with a vacancy in order to
find the respective equilibrium volumes. The obtained data is shown in Fig. 5.2
as dashed lines.

Based on these results, we are able to compute all thermodynamic properties
describing the vacancy formation as a function of temperature. We illustrate the
effectiveness of the single-volume approach in Fig. 5.3 using Al as an example.
Here, we show the properly calculated values of the vacancy thermodynamic
properties, G, S and H for Al, obtained in calculations with the corresponding
equilibrium volumes together with their counterparts, G̃, S̃, H̃ obtained for the
single equilibrium volume of the defect-free supercells. First of all, one can see
that G and G̃ are very close to each other. This is to be expected since the
variation of the free energy of the supercells is small close to their equilibrium
volume. Moreover, the close agreement of G and G̃ provides the basis for using
the thermodynamic relation (5.2) in order to determine formation enthalpies and
entropies. The resulting entropy and enthalpy terms are shown in panels (b) and
(c) of Fig 5.3 and are denoted as S ′ and H ′, respectively.

One can see that S ′ and H ′ are very close to the directly calculated values, S
and H. On the other hand, the difference between S and S̃ as well as between H
and H̃ is significant. This implies that using the entropy and enthalpy of vacancy
formation directly obtained for a single-volume of both supercells, one introduces
a substantial error. It is interesting that the huge errors in S̃ and H̃ compensate
each other and produce accurate result for the Gibbs free energy when summed
up.
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Figure 5.3: (Color online) (a) The vacancy formation Gibbs free energy, (b) vacancy
formation entropy and (c) vacancy formation enthalpy in Al. G, S, H correspond
to the calculations done at the equilibrium volumes of supercells with and they are
plotted by solid lines. G̃, S̃, H̃ are the vacancy formation free energy, enthalpy and
entropy determined in the single-volume approach and plotted by dashed lines with
diamonds. The vacancy formation entropy, S′, and enthalpy, H ′, are obtained from
G̃ using relation (5.2). Black dots show available experimental data [131]. Gfit is the
quadratic fit of the experimental temperature dependent vacancy formation free energy
shown by black solid line.
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Figure 5.4: (Color online) (a,b,c,d) The vacancy formation Gibbs free energy; (e,f,g,h)
the vacancy formation entropy in Cu, Ag, Pd and Mo, respectively. For notations see
Fig 5.3.

In Fig. 5.4, we show analogous results for four other metals: fcc Cu, Ag, and
Pd as well as for bcc Mo. Overall, the differences between the numerical values
for G and G̃ are reasonable small. In the case of Cu, it is negligible, while it
is somewhat larger in the case of Ag, and is about 0.04–0.05 eV for Mo and
Pd. However, it is mostly a constant shift. Moreover, the energy differences
can be regarded as minor when taking into consideration typical errors related
to various approximations for the exchange-correlation potential. At the same
time, the agreement of formation entropies, S and S ′, is very good in all the
cases showing that the single-volume approach is reasonably accurate for different
metals. Regarding the temperature dependence of G, we notice a pronounced
influence of the electronic free energy for Pd and Mo. In the case of Pd, G
first decreases and than rises with the temperature, for Mo the decrease of G
is much more pronounced than for all other metals. This is because a vacant
site differently affects the density of states at the Fermi energy in these metals,
increasing it in Mo and decreasing in Pd, leading according to (5.11) to the
respectively negative and positive contributions to the vacancy formation free
energy.

Figs. 5.3 and 5.4 also include available experimental data [131] obtained by a
conversion of the experimental vacancy concentrations to the vacancy formation
free energies. In all the cases considered here, the experimental formation energies
are smaller than the corresponding theoretical results. One obvious problem with
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such a comparison is the fact that experimental data are available only for rather
high temperatures, while the theoretical results obtained in the quasiharmonic
approximation are expected to be accurate for low temperatures. Indeed, the
experimentally observed character of the temperature dependence of the vacancy
formation free energy at high temperatures can most probably be attributed to
anharmonic effects as discussed in detail by Glensk et al. [112].

Using a quadratic fit as proposed in that work [112], one can get a qualitative
picture of the expected temperature dependence of the vacancy formation free
energy in the real systems, Gfit. Such fits to the experimental data are shown
in Fig. 5.3 and 5.4, respectively, as the black lines. As one can see, in the case
of Al and Ag, quasi-harmonic PBEsol calculations provide a very good descrip-
tion of the vacancy formation free energy at lower temperatures, while for Cu,
the calculations considerably overestimate the low-temperature extrapolation of
experimental data by about 0.2 eV. We note that Glensk et al. [112] have found
similar result for Cu when using the local density approximation (LDA) or the
AM05 [109, 110] exchange-correlation functional. Since the latter produces re-
sults very close to the PBEsol functional used in this work, our large error for
Cu could be attributed to the failure of PBEsol in this particular case. However,
we think that the most possible source of discrepancy is the PBEsol error for the
equilibrium lattice parameter of Cu, which effectively leads to overbinding and,
as a consequence, to the large values of the vacancy formation energy. In the
case of Ag and Al, the PBEsol error for lattice constant is very small, and the
low temperature vacancy formation free energy in reasonable agreement with the
extrapolated experimental data.

5.5 Summary

The quasi-harmonic approximation provides an accurate thermodynamic frame-
work for vacancy formation calculations. We demonstrate that a single-volume
approach can be applied for the calculations of thermodynamic properties of va-
cancies. In this case, however, the enthalpy and entropy should be calculated
from the Gibbs free energy using proper thermodynamic relations. These insight
can be used in order to simplify the description of thermodynamic properties
of defects including vacancies. At temperatures close to the melting point, the
inclusion of anharmonic effects due to vibrations of the vacancy should be con-
sidered.
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Chapter 6

Cu Diffusion in Single-crystal
and Polycrystalline TiN Barrier
Layers: A High-Resolution
Experimental Study Supported
by First-principles Calculations

In this chapter, we study the diffusion properties of TiN, where the the chapter
essentially consists of two parts. The first and the main part is devoted to the
experimental preparation of the high quality TiN films and to the testing of their
performance against Cu diffusion. Two types of the films were studied, namely
a single-crystalline and a polycrystalline TiN. The second part of the chapter
presents the ab initio study of Cu impurity diffusion mechanisms in the single-
crystal TiN. Here, we study several diffusion mechanisms by calculating respective
migration barriers for Cu diffusion. The influence of the stoichiometry of TiN is
considered and for certain compositions, N-deficient or perfectly stoichiometric
TiN, the activation energies for diffusion are estimated. Note that the effect
of temperature was included only via the thermal lattice expansion for which
the data was taked from experiment [132]. The work has been published in the
Journal of Applied Physics. This publication [133] is reproduced here and its
header is shown in Fig. 6.1.
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The experimental work has been done by Marlene Mühlbacher and co-workers
in the group of Christian Mitterer at the Montanuniversität Leoben and in the
group of Lars Hultman at Linköping University. Marlene Mühlbacher has written
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Figure 6.1: Header of the article [133], which was published in the Journal of Applied
Physics. It shows the reference, title and all contributing authors with their affiliations.
This chapter reproduces this article.

the part of the manuscript related to the experiments and also prepeared all
the figures for the publication. Planning of the theoretical part has been done
mostly by me, Maxim Popov, and Peter Puschnig. I have performed all the DFT
calculations in this work and have also written a major part of the theoretical
section. The dilute solution model code and expertise on this method was kindly
provided by Hong Ding. The results and the structure of the manuscript have
been discussed by all authors of the manuscript.

Abstract

Dense single-crystal and polycrystalline TiN/Cu stacks were prepared by unbal-
anced DC magnetron sputter deposition at a substrate temperature of 700◦C and
a pulsed bias potential of -100 V. The microstructural variation was achieved
by using two different substrate materials, MgO(001) and thermally oxidized
Si(001), respectively. Subsequently, the stacks were subjected to isothermal an-
nealing treatments at 900◦C for 1 h in high vacuum to induce the diffusion of Cu
into the TiN. The performance of the TiN diffusion barrier layers was evaluated
by cross-sectional transmission electron microscopy in combination with energy-
dispersive X-ray spectrometry mapping and atom probe tomography. No Cu
penetration was evident in the single-crystal stack up to annealing temperatures
of 900◦C, due to the low density of line and planar defects in single-crystal TiN.
However, at higher annealing temperatures when diffusion becomes more promi-
nent, density-functional theory calculations predict a stoichiometry-dependent
atomic diffusion mechanism of Cu in bulk TiN, with Cu diffusing on the N sub-
lattice for the experimental N/Ti ratio. In comparison, localized diffusion of Cu
along grain boundaries in the columnar polycrystalline TiN barriers was detected
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after the annealing treatment. The maximum observed diffusion length was ap-
proximately 30nm, yielding a grain boundary diffusion coefficient of the order of
1016cm2s−1 at 900◦C. This is 10 to 100 times less than for comparable underdense
polycrystalline TiN coatings deposited without external substrate heating or bias
potential. The combined numerical and experimental approach presented in this
paper enables the contrasting juxtaposition of diffusion phenomena and mecha-
nisms in two TiN coatings, which differ from each other only in the presence of
grain boundaries.

6.1 Introduction

Since its implementation in the 1970s, TiN has become one of the commercially
most successful thin film materials [9, 134]. Its applications range from hard
protective films [135], decorative purposes [136], and coatings on medical im-
plants [137], to diffusion barriers in microelectronics [138]. Such barrier layers
are employed to separate the conducting Cu or Al metallization from the Si
substrate and surrounding dielectric materials in integrated circuits. Refractory
transition metal nitrides in general and TiN in particular are well suited as diffu-
sion barrier materials, due to their high melting points, high thermal stability and
good electrical conductivity [28]. Numerous studies are available concerning the
barrier performance of TiN and putting forward ways of improving its efficiency.
One of the earliest investigations by Chamberlain [25] showed that interdiffusion
between r.f. sputtered polycrystalline Cu and TiN layers at temperatures up to
600-700◦C was very limited and presumably occurring via grain boundary or dis-
location mechanisms. As a consequence, a widely applied approach to improve
the TiN barrier performance is densification by rapid thermal processing or a
plasma treatment in NH3 atmosphere [14, 15, 23], or by facilitating the forma-
tion of Al-oxides to stuff grain boundaries [19, 21, 139, 140]. However, the second
effect is limited to Al metallization, since the formation of Cu-oxides at the TiN
grain boundaries is thermodynamically not favorable [11, 19]. A more promising
strategy for Cu metallization might therefore be to tune the microstructure of
the TiN barrier layer by adjusting the deposition parameters [11]. For exam-
ple, Gupta et al. [141] grew TiN layers with different microstructures by varying
the substrate temperature TS in a pulsed laser deposition process. Tempera-
tures around 600◦C led to domain matching epitaxial growth of TiN on Si(100),
while lower substrate temperatures resulted in polycrystalline (TS ∼ 450◦C) and
nanocrystalline (TS ∼ 25◦C) TiN films. Polycrystalline barriers were least resis-
tant against Cu diffusion, with the boundaries between columnar grains providing
direct diffusion paths. In the highly textured epitaxial TiN films, the Cu diffusion
presumably occurred along low angle grain boundaries. Additionally, the TiN-Si
interface with its high dislocation density could have acted as a segregation sink
for Cu atoms. Nanocrystalline TiN performed best, which was attributed to the
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effectively much longer diffusion paths along grain boundaries between nanosized,
equiaxial grains. The diffusivity of Cu in TiN could also be influenced by the
relative orientation of adjacent grains, as proposed by Moriyama et al. [27], who
found that in fiber structured TiN layers the Cu diffusivity decreased with de-
creasing the mosaic spread angle of the grains by depositing at higher substrate
temperatures. However, it has to be considered that a variation in the deposition
temperature will not only lead to the formation of different microstructures, but
will also influence the overall film density. In general, deposition at higher tem-
peratures results in the growth of denser films, due to enhanced surface diffusion
of ad-atoms to equilibrium sites, promotion of island coalescence and stimulated
desorption of impurities [142]. The application of a negative bias potential to the
substrate has similar effects. Bombardment of the growing film with energetic
particles will lead to the elimination of interfacial voids and subsurface porosity,
and therefore increases film density [143]. Studies by Lee et al. [20] showed that
for TiN films of comparable stoichiometry and microstructure, the film density
was the decisive factor determining the failure temperature of the barrier. An
evaluation of Cu diffusion in TiN films of different microstructures should there-
fore ideally be carried out by studying barrier layers grown at the same substrate
temperature and with the same bias voltage, to ensure comparable conditions
during film formation and growth.

In the present paper, we compare the diffusion of Cu in single- and polycrystalline
TiN barrier layers deposited at a substrate temperature of 700◦C under a bias
voltage of -100 V, sufficient to obtain dense films. The microstructural variation is
achieved by using different substrate materials. Single-crystal (001)-oriented TiN
can be readily grown on MgO(001), since both materials have the same crystal
structure and a lattice mismatch of only -0.7 % [144–147]. Similarly, the growth of
columnar polycrystalline TiN on Si and SiO2 is widely reported [9, 148, 149]. Pris-
tine and annealed TiN/Cu stacks are investigated by high-resolution transmission
electron microscopy (TEM) techniques and atom probe tomography (APT). TEM
is used to gain insight into the microstructures of the TiN layers, while APT pro-
vides three-dimensional maps of the chemical composition in the interface and
diffusion regions. Additionally, possible atomic Cu diffusion mechanisms in the
single-crystal TiN barrier are examined by density-functional theory (DFT) cal-
culations.

This combined approach of state-of-the-art experimental techniques and first-
principles calculations allows us to draw a direct comparison between diffusion of
Cu in films with different microstructures but deposited under the same condi-
tions. It is thus possible to pinpoint diffusion phenomena and mechanisms in the
bulk (supported by DFT calculations) as well as along distinct grain boundaries
(by site-specific APT measurements) in a technologically relevant material for
diffusion barriers.
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6.2 Experimental and Computational Details

TiN/Cu bilayer stacks were deposited in a laboratory-scale magnetron sputter-
ing system on polished single-crystal (001)-oriented MgO substrates (10×10×0.5
mm3) and polished (001)-oriented Si wafers (20×6×0.5 mm3) with a 5 nm thick
thermal SiO2 layer. This amorphous SiO2 layer prevented the diffusion of Si from
the substrate into the TiN layer at elevated temperatures during the deposition
process. The substrates were cleaned by successive rinses in ultrasonic baths of
acetone and ethanol before being mounted on a rotating substrate holder in the
deposition chamber, which has a base pressure below 105mbar. The deposition
system was equipped with three independent magnetron sputtering sources. The
target-to-substrate distance was 80mm and the targets were tilted at an angle
of 13◦ with respect to the substrate normal. All targets were sputter-cleaned
in pure Ar for 5 min, with a shutter shielding the substrates. Additionally, the
substrates were etched for 5min in an Ar plasma immediately prior to deposition
by applying a bias voltage of 500V to activate and clean the surface.

TiN layers were grown reactively in mixed Ar/N2 atmosphere (35 sccm Ar, 5
sccm N2) at a substrate temperature of 700◦C and a pressure of 4.5×10−3 mbar.
During deposition, two 2 inch diameter Ti (99.995 % pure) targets were operated
in magnetically unbalanced direct current mode with a power density of 6.2 W
cm−2. Using these conditions, a deposition rate of 11 nm min−1 was achieved for
TiN grown onto substrates at an asymmetrically pulsed bias potential of -100 V.
Subsequently, the samples cooled down for 1h inside the vacuum chamber until
a substrate temperature of 50◦C was reached. To remove possible impurities
that might have adsorbed during this cooling step, the TiN surface was cleaned
again for 1 min by Ar ion etching with a bias voltage of -500 V. The Cu toplayer
was then deposited in a pure Ar discharge at a pressure of 4.6×10−3 mbar. The
power density at the single 2 inch diameter Cu (99.99 % pure) target operated
in magnetically unbalanced direct current mode was set to 2.1 W cm−2. The Cu
deposition was carried out at floating potential with a film growth rate of 13 nm
min−1.

Two batches of TiN/Cu stacks with different layer thicknesses were studied: TiN
(100 nm) / Cu (130 nm) and TiN (180 nm) / Cu (130 nm). To obtain distinct
diffusion profiles of Cu in TiN, the samples with the thicker TiN layer were
subjected to isothermal annealing treatments at 900◦C for 1h in a vacuum furnace
at a pressure below 10-6 mbar. The annealing program comprised a ramp-up step
with a heating rate of 30 K/min, an isothermal annealing step lasting 1 h, and a
cooling step at a system dependent cooling rate.

Crystal structures of the pristine samples were characterized by X-ray diffraction
(XRD) measurements with a Bruker-AXS D8 Advance diffractometer. The used
Cu-K radiation was parallelized in a Goebbel mirror and recorded with an energy-
dispersive SolX detector with a 0.12◦ slit via scans in BraggBrentano and grazing
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incidence (2◦ incidence angle) mode. The density of the deposited TiN films was
determined by X-ray reflectivity (XRR) measurements in a Rigaku SmartLab 5-
axis diffractometer equipped with Cu-Kα radiation, a parabolic multilayer mirror
in the primary beam and a secondary graphite monochromator. For the fitting of
the measured data, the Leptos Bruker software was used. Values for the density
and surface roughness of the TiN layer were obtained by fitting the critical angle
and the intensity slope according to the NevotCroce interface model with a genetic
algorithm fit [150, 151].

To investigate the TiN/Cu interface region in pristine and annealed samples with
APT and cross-sectional TEM, samples were prepared site-specifically [152] using
a Zeiss Auriga SMT scanning electron microscope equipped with an Orsay Physics
Cobra Z-05 focused ion beam (FIB) unit with Ga+ ion source. All samples
were fine-polished with a 5 kV Ga+ beam to remove surface defects due to Ga+

implantation before further analysis.

The microstructural and analytical TEM investigations were performed with a
FEI Tecnai G2 TF20 UT TEM equipped with a field emission gun operated at
200kV yielding a point-to-point resolution of 0.19 nm. An energy-dispersive X-ray
(EDX) detector was used to obtain elemental composition maps in combination
with atomic number-contrast STEM imaging with a high-angle annular dark field
(HAADF) detector.

Atom probe data collection was executed in an Imago LEAP 3000X HR local
electrode atom probe operated in laser (532 nm wavelength) pulsing mode. The
base pressure in the analysis chamber was below 5×10-11 mbar. While all in-
vestigated specimens had a similar geometry with a tip radius smaller than 50
nm and a shank angle around 10◦, we found that two different parameter sets
were needed for measurements for the two substrate materials, MgO and Si/SiO2.
The parameters were chosen to maximize the signal-to-noise ratio and avoid pro-
nounced thermal tails in the recorded mass spectra. In case of bilayers grown
on MgO, a pulse rate of 200 kHz and pulse energy of 0.2 nJ at a specimen base
temperature of 60 K yielded the highest spectral quality. Samples deposited on
Si/SiO2 were analyzed with pulse energy of 0.1 nJ and a repetition rate of 200
kHz at 40 K. The three-dimensional reconstruction of the tips was performed
with the Cameca IVAS 3.6.6 software based on the tip radius evolution with in-
creasing evaporation voltage. Input parameters were an evaporation field of 30
V nm−1, image compression factor of 1.65 and field factor of 3.3.

First-principles calculations based on DFT employing the generalized-gradient
approximation with the PBEsol exchange-correlation functional [54] were per-
formed with the Vienna ab initio simulation package [119, 153]. Ion-electron inter-
actions were described by means of the projector augmented wave method [115],
with a plane-wave energy cutoff of 400 eV. For all calculations, a 3×3×3 supercell
of TiN was used, consisting of 216 atoms for a defect-free cell. A Monkhorst-
Pack k-point mesh [120] of 4×4×4 was used for Brillouin zone sampling with a
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Methfessel-Paxton [154] smearing of 0.2 eV. This k-point mesh ensures the conver-
gence of the migration barriers within 10 meV. The calculations were performed
with two different lattice constants: i) 4.212 Å(corresponding to the equilibrium
lattice parameter at 0 K) and ii) 4.278 Å(corresponding to the experimental
value at 1273K [132]). Migration barriers were calculated using the nudged elas-
tic band method [155] (NEB) with three intermediate images. For selected cases,
the convergence of the minimum-energy pathway was tested by comparing NEB
calculations with three and seven intermediate images. The resulting heights
of the migration barriers were found to agree within our numerical accuracy,
suggesting that three intermediate images are sufficient for the present investiga-
tions. The equilibrium defect concentrations were predicted by the dilute-solution
model [76, 156] (DSM) as a function of the TiN composition.

6.3 Experimental Results and Discussion

6.3.1 Structure of Pristine TiN/Cu Stacks

Figure 6.2 shows X-ray diffractograms comparing patterns of as-deposited TiN/Cu
bilayers grown on (001)-oriented MgO and Si/SiO2 substrates. Both samples were
measured in grazing incidence and Bragg-Brentano geometry. In Bragg-Brentano
mode the scattering vector is always oriented normal to the substrate surface and
thus only reflections from crystallographic planes parallel to the substrate plane
are observable. However, in grazing incidence configuration the Bragg reflections
are caused by sets of crystallographic planes that are not parallel to the sub-
strate surface nor to each other [157]. This fact can be utilized when comparing
data from single- and polycrystalline films measured in both configurations. Fig-
ure 6.2(a) shows the grazing incidence diffractogram of the TiN/Cu stack grown
on Si/SiO2. All peaks are consistent with (111), (200), and (220) reflections of
fcc TiN [158] or fcc Cu [159], indicating that both layers are polycrystalline when
grown on Si/SiO2. Due to the small incidence angle of 2◦ no Si substrate peak
is observable. The measurement in Bragg-Brentano mode (not shown) yields an
identical diffraction pattern apart from an additional Si substrate peak at 69.1◦.
On the other hand, the TiN/Cu bilayer assembly deposited on a MgO substrate
(Figure 6.2(b)) exhibits no peaks in grazing incidence geometry, suggesting that
the TiN as well as the Cu layer grow with their (001) planes oriented parallel
with the substrate surface.

This can be verified by repeating the measurement in Bragg-Brentano mode.
In this configuration, a pronounced double peak is observable, related to the
(200) planes of the TiN film and the MgO substrate [158, 160]. Additionally,
a reflection consistent with the (001)-oriented Cu toplayer [159] appears at a
diffraction angle of 50.4◦, indicating that both the TiN and the Cu layer grow
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Figure 6.2: X-ray diffractograms of pristine TiN/Cu stacks grown on (a) Si(001)/SiO2

and (b) MgO(001) measured in grazing incidence and Bragg-Brentano geometry.

epitaxially on (001)-oriented MgO. Since the lattice parameters of fcc TiN and
fcc MgO are almost identical (4.24 and 4.21 Å, respectively), which is also evident
in the peak overlap in the diffractogram, epitaxial TiN of high single-crystalline
quality can be grown readily on MgO substrates, given enough energy is provided
during film nucleation and growth. In case of the epitaxial Cu toplayer misfit
dislocations will relieve some of the strain between the TiN and Cu lattices. This
is confirmed by high-resolution TEM investigations (Figure 6.3) of the pristine
TiN/Cu bilayer deposited on MgO (001). Figure 6.3(a) provides a cross-sectional
overview image of the layer arrangement obtained with a HAADF detector in
STEM mode. Both layers appear single-crystalline and free of grain boundaries
within the observed area. Furthermore, the interfaces are smooth and without
any evident interdiffusion. Information about the atomic arrangement directly at
the Cu-TiN interface can be gained from a high-resolution bright-field micrograph
recorded along the [100] zone axis (Figure 6.3(b)). The measured lattice spacing
of the (020) planes in Cu is 0.182 nm. Compared to the bulk value of 0.181
nm for fcc Cu [159], the Cu layer is minimally strained along the [010] direction.
Since the lattice mismatch between Cu and TiN is -17 %, fully strained epitaxial
growth of Cu would result in a larger lattice strain. The excessive strain is thus
relaxed by misfit dislocations at the Cu-TiN interface as also found in Refs. [161,
162]. A similar mechanism has also been observed for the growth of epitaxial
Cu on MgO(001) [163]. As an example, one misfit dislocation represented by
an extra half plane in the Cu layer terminating at the interface is marked with
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Figure 6.3: TEM images of the pristine single-crystal TiN/Cu stack grown on
MgO(001): (a) cross-sectional dark field image giving an overview of the layer ar-
rangement, (b) high-resolution bright field micrograph of the Cu-TiN interface with a
misfit dislocation marked by an arrow, and (c) the corresponding SAED pattern show-
ing an epitaxial cube-on-cube orientation relationship between the Cu and the TiN
layer.

an arrow in Figure 6.3(b). The (020) lattice spacing in the TiN layer is 0.202
nm. With respect to the bulk value of 0.212nm, TiN is compressed along the
[010] direction. In addition to the complex strain state resulting from the lattice
mismatch between the layers and the substrate, and the differential contraction
of the materials during cooling-down from deposition temperature [164], another
possible reason for these compressive lattice strains could be the incorporation
of Ar as well as the interplay of point defects (interstitials and vacancies) often
observed in sputtered TiN [9, 165, 166]. To confirm epitaxial growth of the
TiN/Cu stack, selected area electron diffraction (SAED) patterns were recorded
along the Cu-TiN interface. A representative SAED pattern (Figure 6.3(c)) shows
spots consistent with single-crystal Cu (appearing farther outside due to the
smaller lattice parameter) and single-crystal TiN with a cube-on-cube alignment
between the two layers.

In contrast, the TiN film grown on the Si/SiO2 substrate exhibits a fine grained
nucleation layer close to the TiN-Si/SiO2 interface, morphing into a typical
polycrystalline zone T microstructure [167] with a dense array of cone-shaped
columnar grains, as displayed in the cross-sectional bright-field TEM image in
Figure 6.4(a). The Cu toplayer consists of comparably large grains without a
discernible orientation relationship to the underlying TiN. While the TiN-Cu
interface is smooth and well-defined, the Cu surface is wavy. A bright surface
layer visible on top of the Cu film can be related to the formation of a native
CuO2 layer in ambient atmosphere. Similarly, the amorphous SiO2 grown to
prevent Si diffusion into the TiN film is visible in Figure 6.4(a) as a bright 5nm
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thick interlayer at the TiN-Si interface. To rule out the possibility of Cu diffu-
sion occurring already during the deposition process, micrographs as shown in
Figure 6.4(b) were recorded with a HAADF detector, where the contrast scales
with Z2 (atomic number squared) [168, 169]. No inter-diffusion layers of different
contrast were detected across either of the two interfaces, nor along the grain
boundaries in TiN. A SAED pattern obtained along the [110] zone axis at the
TiN-Si interface (Figure 6.4(c)) shows diffraction rings for polycrystalline TiN in
agreement with the XRD investigations. Brighter sections of the rings are not
related to film texture but to the restricted sample area and thus the limited
number of grains illuminated within the selected area aperture. Figure 6.4(d)
provides a closer look at the Cu-TiN interface in a high-resolution micrograph.
As an example, two grain boundaries running almost perpendicular to the inter-
face in the columnar TiN barrier layer are marked by arrows. The boundaries are
dense without discernible intercolumnar porosity. In the vicinity of the interface
the column width is approximately 10-15 nm. The Cu-TiN interface is flat and
the tops of the TiN columns are only marginally rounded, revealing very shallow
troughs at the boundaries.

Not only the film structure but also the film density affects the diffusion barrier
performance [20]. Therefore, we investigated the development of the density in
the TiN/Cu stack by XRR measurements. In our previous study [24], we found
that the density of a single-crystal TiN film deposited on MgO(001) with the
same parameters as for the TiN barriers presented in this paper was 5.4±0.2gcm3,
which is in agreement with the bulk value [8] of 5.39 g cm3. Due to the contribu-
tion of grain boundaries, sputtered polycrystalline films are generally expected to
be less dense. The recorded XRR curve for the polycrystalline barrier is shown in
Figure 6.5(a). The best fit was achieved by a model comprised of a 4.8 nm thick
CuO2 surface layer, a 139.0 nm thick Cu layer, a 214.6 nm thick TiN barrier,
and a 4.9 nm thick SiO2 layer on the Si substrate. A slight deviation in film
thicknesses measured by TEM and obtained from XRR fits can be attributed to
variations due to shadowing effects at the outer margins of the samples and the
limited area observed in TEM. Figure 6.5(b) displays the resulting density depth
profile, where the zero point is defined as the interface between the Si substrate
and the thermal SiO2. The density of the polycrystalline TiN layer deposited
at 700◦C is 5.3±0.2g cm−3, which is 98 % of bulk density. Similar observations
have been reported by Petrov et al. [149] and Patsalas et al. [170], who found
that given enough energy in the form of moderate ion bombardment or substrate
heating is provided to the film forming species to promote ad-atom surface diffu-
sion and to fill voids, sputtered polycrystalline TiN films will grow with almost
fully dense grain boundaries and a relatively low intragranular defect density.
Although the grain boundaries still will be the main diffusion channel in poly-
crystalline barrier layers, their high internal density is expected to restrict the
migration of Cu atoms more severely than in comparable barrier layers deposited
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Figure 6.4: TEM images of the pristine polycrystalline TiN/Cu stack grown on
Si/SiO2: (a) cross-sectional bright field image giving an overview of the layer arrange-
ment, (b) dark field micrograph displaying no discernible Cu or Si diffusion along the
grain boundaries between columnar TiN grains, (c) corresponding SAED pattern show-
ing (111), (002), and (220) diffraction rings related to TiN, and (d) a high-resolution
bright field micrograph of the Cu-TiN interface with two grain boundaries marked by
arrows.

at lower substrate temperatures without externally applied bias potential. The
density of the Cu toplayer with a value of 8.6±0.2g cm−3 is slightly below bulk
density (8.9gcm−3), owing to limited atomic mobility during the growth process
at 50◦C and floating potential.

6.3.2 Diffusion in Annealed TiN/Cu Stacks

To activate the diffusion of Cu from the toplayer into the TiN films, the samples
were subjected to isothermal annealing treatments at 900◦C for 1 h. In case of
the single-crystal TiN/Cu stack, de-wetting of the Cu toplayer was evident af-
ter the annealing treatment. The reasons for solid state de-wetting of Cu films
include strain-induced instabilities due to the lattice mismatch and faceting in-
stabilities (surface energy γCu(111) < γCu(001)) [171]. This behavior was observed
previously and can be interpreted as a sign of the efficiency of the employed bar-

61



Chapter 6. Cu Diffusion in Single-crystal and Polycrystalline TiN Barrier
Layers: A High-Resolution Experimental Study Supported by First-principles
Calculations

Figure 6.5: (a) Experimental and calculated XRR (fitted by a genetic algorithm fit
according to the Nevot-Croce interface model) curves and (b) corresponding density
depth profile of the polycrystalline TiN/Cu stack grown on Si/SiO2 at 700◦C.

rier layer [172]. Further investigations were performed directly at the center of
the formed Cu agglomerates, to ensure that enough Cu was available as a diffu-
sion source. Cross-sectional TEM images of the TiN/Cu stacks after annealing
obtained with a HAADF detector are shown in Figure 6.6. The single-crystal
TiN/Cu bilayers grown on MgO(001) (Figure 6.6(a)) still exhibit no internal
structure, indicating that the epitaxial configuration is stable up to temperatures
of 900◦C. The Cu toplayer is now discontinuous and has agglomerated to islands
with a diameter of up to 4 µm due to solid state de-wetting. A black rectan-
gle at the Cu-TiN interface marks the area where the corresponding qualitative
EDX maps, also displayed in Figure 6.6(a), have been recorded with the pixel
size set to 1×1 nm2. The RGB image constructed from the signals of the Cu-K
and the Ti-K edges, which are also shown separately for clarity, has an area of
20×50nm2. The signal from the N-K edge was too weak to be considered signif-
icant and is therefore not plotted. During scanning, the Cu-TiN interface was
oriented slightly inclined, to ensure that no sample drift took place influencing
the EDX mapping over the otherwise featureless sample. No discernible diffusion
of Cu across the interface could be detected by EDX.
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Figure 6.6: STEM-HAADF images and corresponding EDX maps (pixel size 1 × 1
nm) of the Cu-K and the Ti-K edges of the (a) single-crystal TiN/Cu stack grown on
MgO(001) and (b) polycrystalline TiN/Cu stack grown on Si/SiO2 after the annealing
treatment (900◦C, 1 h).

In contrast to the single-crystal bilayers, the onset of grain boundary diffusion is
evident in the polycrystalline TiN/Cu stack presented in Figure 6.6(b). While
the Cu-TiN interface is smooth with minimal troughs at the column boundaries
in the pristine sample (Figure 6.4(a,d)), pronounced Cu accumulation and begin-
ning penetration is observed locally at TiN column boundaries after annealing at
900◦C for 1 h, leading to a wavy appearance of the interface. Corresponding ele-
mental maps (pixel size 1×1 nm2) confirm the preferential diffusion of Cu along
grain boundaries in the polycrystalline TiN layer. Because of the uncertainty of
the exact location of the interface and limitations in the spatial resolution of the
probe, it is however not possible to quantify the diffusion length precisely from
the acquired maps. Moreover, according to Ficks second law, the concentration
of the diffusing Cu atoms will decrease with increasing diffusion length [173]. In
combination with the small excitation volume in the thin TEM foil, the EDX
detector might not receive sufficient X-ray counts to resolve the low Cu concen-
trations further along the grain boundaries [174].

To complement the TEM findings, the annealed single- and polycrystalline TiN/Cu
bilayers were also investigated by APT. Three datasets were measured and eval-
uated in each case with consistent results. A cylindrical region of interest (∅ 20
nm × 100 nm) containing the Cu-TiN interface is shown in Figure 6.7 for both
samples after annealing at 900◦C. For clarity, only Cu and TiN ions have been
plotted. Throughout the TiN layer, Ti and N ions have also been detected in their
dissociated forms, but are not shown here. Additionally, significant amounts of
Ar ions have been observed as impurities. This is a result of the sputter deposition
process, where Ar ions impinge on the growing film and become trapped [175].

Hereafter, the differences in chemical composition and diffusion characteristics in
the two samples will be discussed in more detail: Figure 6.7(a) shows the three-
dimensional reconstruction of the annealed single-crystal TiN/Cu stack. Each
data point in the reconstruction represents one measured Cu or TiN ion. The
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corresponding volume concentration distribution of Cu ions is plotted alongside
to visualize the elemental composition in the vicinity of the interface. The N/Ti
ratio in the TiN(001) barrier layer, obtained after performing a decomposition
of overlapping peaks in the recorded APT mass spectrum, is 0.92. This ratio
is confirmed by elastic recoil detection analysis of a single-layer TiN(001) film
deposited with the same parameters as the studied barrier layer, indicating that
the peak decomposition algorithm is suitable to accurately describe the chemi-
cal composition in the investigated sample volumes. A slightly substoichiometric
composition is typical for sputtered TiN films, and N vacancies have been identi-
fied as the primary defect in these structures [148, 176]. Ar impurities are evenly
distributed in the TiN(001) barrier layers as discrete atoms without any evident
clustering. According to APT the overall Ar concentration in TiN is below 1 at.
%. The Cu(001) layer is essentially Ar free as a result of the limited ion irradi-
ation during the deposition at floating potential. The Cu-TiN interface appears
well-defined in the reconstruction. Only minor intermixing with some Cu atoms
positioned in the TiN layer (3 nm into the TiN layer, one out of every 100 atoms
is Cu) and vice versa can be observed in the near interface region. In the con-
centration distribution of Cu, a rapid drop occurs from 100 at. % Cu in the pure
Cu film to 0 at. % Cu in the barrier layer. This behavior corroborates the TEM
and EDX findings, confirming that single-crystal TiN is effective in preventing
Cu diffusion after annealing at 900◦C for 1 h. The onset of Cu diffusion into
the TiN(001) barrier could only be observed after a 12 h annealing treatment at
1000◦C, as reported in our previous study [24]. The good performance of this
barrier can be related to the dense, ordered structure of the single-crystal TiN
layer and the lack of fast diffusion channels such as grain boundaries.

Figure 6.7(b) displays the reconstruction and Cu distribution profile in a rep-
resentative annealed polycrystalline APT specimen. All of the three evaluated
specimen reconstructions contained at least one TiN grain boundary along which
Cu diffusion was observed. The reconstruction shown in Figure 6.7(b) was cho-
sen as a representation because the specimen contained several grain boundaries,
and thus offered the most diverse illustration of Cu diffusion profiles. Again the
chemical composition of the TiN layer was calculated after analyzing the mass
spectrum. The obtained N/Ti ratio of 0.99 is higher than for the single-crystalline
case. During the annealing treatment, the grain boundaries can act as sinks for
N vacancy annihilation in polycrystalline TiN, giving a possible explanation for
this observation [177]. Furthermore, a change in the distribution of Ar impurities
is evident when a larger reconstructed region (not shown here) of the TiN layer
is investigated. While the Ar is still evenly spread throughout the TiN, some Ar
bubbles with a diameter in the range of a few nanometers can be found. Pre-
sumably, the formation of these bubbles is energetically more favorable at the
boundaries between the columnar grains, because of the relatively large stress
associated with the incorporation of Ar in bulk TiN [175, 178]. The overall Ar
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Figure 6.7: Three-dimensional APT reconstructions (∅ 20 nm × 100 nm) and cor-
responding Cu concentration plots of the (a) single-crystal TiN/Cu stack grown on
MgO(001) and (b) polycrystalline TiN/Cu stack grown on Si/SiO2 after the annealing
treatment (900◦C, 1 h).

concentration in the TiN layer is below 1 at. %, and no Ar impurities could be
observed in the Cu layer. To our knowledge, this is the first observation of Ar
bubbles in TiN films containing so little as 1 at. % Ar, and corroborates the
usefulness of APT for functional ceramics.

In the three-dimensional reconstruction shown in Figure 6.7(b), local migration
of Cu across the interface is evident, which is indicative of an active grain bound-
ary diffusion mechanism during the annealing treatment at 900◦C. This is even
more prominently displayed in the volume concentration plot of Cu. The TiN
structure revealed in the TEM images (Figure 6.6(b)) after annealing is repro-
duced with its characteristic columns (diameter in the range of 10-15 nm) and
troughs at the boundaries, as marked by the black dotted line in the APT con-
centration plot in Figure 6.7(b). Along these boundaries a locally increased Cu
concentration can be measured. A grain boundary represents a transition struc-
ture between two crystals and thus the incorporation of local defects is required
to account for the change in grain orientation and translation. Therefore, the
atomic packing in a grain boundary core is less dense than in a perfect crystal.
As a result, a grain boundary will always provide a faster diffusion path than
a single crystal [179]. Still, the migration of atoms along the boundary may be
hindered by tuning its density. In the present study, a high internal density of
grain boundaries was achieved by promoting the ad-atom surface diffusion and
film densification during deposition of the TiN barrier layer by supplying energy
in the form of substrate heating (700◦C) and moderate ion bombardment (-100
V bias potential). The longest Cu diffusion path measured in a grain boundary
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in Figure 6.7(b) is approximately 30nm. In comparison, the diffusion depth in a
polycrystalline TiN barrier deposited at room temperature without an externally
applied bias potential was already more than 25nm after annealing for 30min at
temperatures as low as 750◦C, as reported by Moriyama et al. [27]. Figure 6.7(b)
also shows that the penetration depth of Cu into the TiN layer is not uniform,
which further illustrates the dependence of Cu migration through grain bound-
aries on their atomic structure. For example, it was found that grain boundaries
with small misorientation and mosaic spread angles generally perform better in
constricting diffusion, due to their higher atomic packing density [27, 180, 181].
In this context it also has to be noted that because of the nature of TEM and es-
pecially APT investigations, only limited areas of the samples could be analyzed.
It is therefore possible that for other grain boundary configurations in the same
sample, Cu atoms could migrate further into the TiN layer. However, to demon-
strate the general good performance of the dense polycrystalline TiN barrier, we
assume a maximum diffusion length of 30nm as measured in Figure 6.7(b). Since
no significant lattice diffusion is observed in the single-crystal TiN film, it is fur-
ther assumed that diffusion only occurs along the grain boundaries and diffusion
into the grains is negligible. With an infinite source diffusion approximation, the
grain boundary diffusion coefficient D at a given temperature can then be derived
from Einsteins formula [60]

x̄ = 2
√
Dt, (6.1)

where t is the time for diffusion. This yields a grain boundary diffusion coeffi-
cient of (6 ± 2)×1016cm2s−1 for a temperature of 900◦C in dense polycrystalline
TiN, which is 1-2 orders of magnitude lower than for comparable TiN coatings
deposited without external substrate heating [27, 28].

6.4 Theoretical Considerations on Cu Diffusion

in Single-crystal TiN(001)

The experiments outlined above suggest that diffusion in polycrystalline TiN
occurs via grain boundaries at a rate 2 orders of magnitude higher than bulk
diffusion [24]. To explain such a difference, a thorough comparison of the diffu-
sion mechanisms in bulk and along the grain boundaries is required. There are,
however, two factors to consider: i) the structure of the grain boundaries involved
in the diffusion process is presently unknown; and ii) although the Cu-diffusion
in bulk TiN has already been investigated by means of ab initio atomistic cal-
culations [29], the relevant diffusion mechanism and the role of stoichiometry
in TiN remains unclear. Thus, in this section the focus is laid on the diffusion
mechanisms in single-crystal TiN.
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The diffusion process from a macroscopic point of view can be described with an
Arrhenius type equation:

D = D0 exp (−Q/kBT ) . (6.2)

Here, D0 is the exponential pre-factor and Q is the activation energy. The diffu-
sion parameters, D0 and Q, are determined by the underlying atomistic mecha-
nism of diffusion and are often used to compare different mechanisms. To predict
the most probable diffusion mechanism, the activation energies corresponding to
various possible mechanisms described below were calculated, and the mechanism
with the lowest activation energy was identified as the most likely one for the dif-
fusion of Cu in bulk-like TiN. In particular, it has to be distinguished between
vacancy-mediated impurity diffusion and a diffusion mechanism via interstitial
positions. The vacancy-mediated impurity diffusion coefficient for a fcc lattice
can be written as follows [73]:

D2 = a2f2Cvω2. (6.3)

Here, a is the lattice parameter, f2 is the impurity diffusion correlation factor,
Cv = exp(−Gf+Gb

kBT
) is the vacancy concentration adjacent to the solute atom and

ω2 = kBT
h

exp(− Gm
2

kBT
) is the impurity jump rate from transition state theory [63].

The free energies difference G (symbol ∆ is omitted for convenience) in the previ-
ous equations can be written as G = E − TS with E being the energy difference
and S the entropy difference. Thereby, equation 6.3 becomes

D2 =
kBT

h
a2f2 exp

(
Sf + Sb + Sm2

kB

)
exp

(
−Ef + Eb + Em

2

kBT

)
. (6.4)

Here, Ef (Sf ) is the vacancy formation energy (entropy) and Eb(Sb) is the vacancy-
impurity binding energy (entropy). The latter is defined as the difference between
vacancy formation energy (entropy) in the vicinity of solute atoms and that in the
pure bulk. In the convention adopted here, negative values of Eb correspond to an
attractive interaction between vacancy and solute. Finally, Em

2 (Sm2 ) is the impu-
rity migration energy (entropy). This is the energy (entropy) difference between
the system in the initial state and the system in a configuration corresponding to
the top of the energy barrier which the impurity atom has to overcome in order
to diffuse to the nearest-neighboring vacancy site.

For the interstitial diffusion mechanism, the diffusion coefficient is given by the
following expression:

D2 =
kBT

h
a2 exp

(
Smint
kB

)
exp

(
−E

m
int

kBT

)
. (6.5)
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Table 6.1: Calculated excitation energies of intrinsic point defects in TiN. The ground
state energy per formula unit of the stoichiometric TiN is E0 = −19.912 eV.

Defect Excitation energy (eV)
VN 10.705
VTi 11.972
TiN 10.098
NTi 11.957
TiInt -1.636
NInt -3.918

In the present study the entropic, in particular vibrational, contributions were not
taken into account, which prohibits calculating D2. However, when comparing
equations 6.4 and 6.5 to the Arrhenius form for the diffusion coefficient (equa-
tion 6.2), the activation energy can be approximated as Q = Ef + Eb + Em

2 + C
(here C takes the contribution from the correlation factor into account) for va-
cancy mediated mechanisms and Q = Em

int for the interstitial mechanism. In
the following, we focus on comparing activation energies obtained for various
mechanisms, in order to clarify their relative importance.

6.4.1 Defect Concentrations

The simplest point defects considered are vacancies both on the N and Ti sublat-
tices denoted as VN and VTi, respectively, antisites (TiN and NTi) and interstitials
(TiInt and NInt). In order to compute concentrations of those defects within the
DSM, the associated excitation energies are calculated. They are defined as the
energy difference between the defective and the perfect supercell.

Defect excitation energies are shown in Table 6.1. Here, the effect of temperature
was taken into account by using the supercell calculations with the experimentally
measured lattice parameter at 1273 K [132], but no entropy contribution was
considered. It has to be noted that the values of the excitation energies themselves
do not have a direct physical meaning, since they are governed by the number
and kind of atoms in the supercells, which are different for each considered defect.

Solving the DSM, concentrations of defects (cd) as well as chemical potentials of
Ti and N (µTi and µN) are obtained as a function of the TiN composition. The
concentrations of defects are converted to the effective formation energies (Ef )
using the relation Ef = −kBT ln(cd), where kB denotes the Boltzmann constant
and T is the temperature. These energies are shown in Figure 6.8 as a function of
the N concentration in TiN. VN and VTi have the lowest defect formation energies
in the N-deficient and Ti-deficient region respectively, and consequently they are
the dominant defects in the corresponding concentration regions. Therefore, it
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can be concluded that the only defects which can significantly influence the Cu
diffusion process are vacancies, while contributions from other types of defects
are negligible.

Furthermore, the formation energies Ef (CuX) of a Cu impurity on the correspond-
ing sublattices X (Ti, N or Int) in TiN are calculated. The following relations
were used for calculating Ef (CuX) for a dilute concentration of Cu:

Ef (CuTi) = E(CuTi)− E(TiN) + µTi − µCu,

Ef (CuN) = E(CuN)− E(TiN) + µN − µCu,

Ef (CuInt) = E(CuInt)− E(TiN)− µCu.

(6.6)

Here, E(TiN) is the total energy of the bulk TiN supercell, E(CuX) is the total
energy of the TiN supercell with Cu on site X, and µCu is the chemical potential
of Cu corresponding to the energy per atom in fcc Cu. The calculated values
of Ef (CuX) are plotted in Figure 6.9. In the N-deficient region of TiN, the Cu
impurities reside mostly on the N sublattice, while they occupy the Ti sublat-
tice in stoichiometric TiN. The formation energy on the interstitial sublattice is
significantly higher compared to the other two sublattices, which implies that
the fraction of interstitial Cu impurity atoms is nearly vanishing in the whole
considered composition range.

Figure 6.8: Effective formation energy of point defects in TiN as a function of com-
position obtained from the DSM at a temperature of 1273 K.
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Figure 6.9: Formation energy Ef (Cux) of a Cu impurity on different sites in TiN as
a function of composition at 1273 K.

6.4.2 Migration Barriers and Activation Energies

Considering the two types of diffusion mechanisms discussed above, the respective
migration barriers and the total diffusion activation energies have been calculated.
The simplest possible diffusion mechanism for a Cu impurity in the TiN single
crystal is diffusion via interstitial sites as described by equation 6.5. The most
stable interstitial configuration for a Cu atom is found to be in the center of a
TiN cell. Migration of a Cu impurity between stable positions is calculated using
the NEB method and occurs with the energy barrier Em

Int of 1.39 eV at 0 K and
at the slightly lower value of 1.23eV at high temperature, owing to the larger
lattice spacing at elevated temperatures. The energy barrier of 1.39 eV at 0 K is
in good agreement with the previously calculated value of 1.4 eV (Table 6.2).

The second possible mechanism for Cu impurity diffusion is via vacancies as de-
scribed by equation 6.4. In this case, diffusion takes place via solute-vacancy
exchange jumps. Both possibilities of Cu atom diffusion either via the Ti sub-
lattice or via the N sublattice are considered: The five-frequency model [73] is
applied to analyze these processes. This model is commonly used to describe the
impurity diffusion correlation factor, which depends on the vacancy-jump fre-
quencies near the impurity. Taking into account vacancy-impurity interactions
only up to the second-nearest neighbor, in this model the correlation factor f2

from equation 6.3 for the diffusion coefficient in the fcc lattice can be written
as [74]
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f2 =
2ω1 + 7Fω3

2ω2 + 2ω1 + 7Fω3

, (6.7)

where

7F = 7− 10α4 + 180.5α3 + 927α2 + 1341α

2α4 + 40.2α3 + 254α2 + 597α + 436
. (6.8)

Here, α = ω4/ω0, and ωi = kBT
h

exp
(
− Em

i

kBT

)
are the rates of different types of

vacancy jumps in the vicinity of a solute atom with being equal to the migration
barrier of the corresponding jump (entropic contribution is not included). ω2

corresponds to the solute-vacancy exchange jumps, ω1 is the rate of vacancy-
solvent jumps in the first coordination shell of the solute atom, ω3 is the rate of
vacancy jumps from the first-nearest neighbor positions to solute atoms at more
distant sites, and ω4 is the rate of reverse jumps. All other vacancy-solvent jumps
are assumed to occur at a rate of ω0, which corresponds to the solvent-vacancy
exchange jump in the pure solvent.

The migration barriers Em
i corresponding to all ωi for Cu diffusion are calculated

both via the Ti and N sublattice and are presented together with the value for
the barrier for migration via interstitial sites Em

Int in Table 6.2. For the numerator
in equation 6.7 it has been found that 2ω1 � 7Fω3, and 2ω2 � (2ω1 + 7Fω3) for
the denominator. Therefore, equation 6.7 can be approximated as f2 ≈ ω1/ω2.
Substituting equation 6.7 into equation 6.3 for the diffusion coefficient results in

D2 = a2Cvω1. (6.9)

Table 6.2: Migration barriers Emi [eV] corresponding to the different vacancy exchange
jumps (ωi) in the vicinity of the impurity atom and for migration via interstitial sites
calculated with the lattice parameters at 0 K and 1273 K.

Em
0 Em

1 Em
2 Em

3 Em
4 Em

Int

Ti sublattice
0 K 4.08 2.96 0.27 4.18 4.16

1273 K 3.69 2.54 0.08 3.74 3.74

N sublattice
0 K 3.75 2.62

(2.8a)
1.90

(2.0a)
4.14 4.20

1273 K 3.32 2.20 1.70 3.67 3.63

Interstitial
0 K 1.39

(1.4a)
1273 K 1.23

aReference [29] (values in parentheses)
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Figure 6.10: Activation energy of Cu impurity diffusion in TiN at 1237 K.

This means that the diffusion process of a Cu impurity via a vacancy is limited by
the vacancy exchange with a solvent atom in the vicinity of the solute atom. As
a consequence, the activation energy for vacancy mediated diffusion transforms
into Q = Ef + Eb + Em

1 .

Combining the results for (i) the vacancy formation energies derived from the
DSM calculation, (ii) the binding energy Eb of a vacancy with a Cu impurity,
which is found to be weak and repulsive (0.07 eV) for a CuN-VN pair, and at-
tractive (-0.05 eV) for a CuTi-VTi pair, and (iii) the migration barriers from the
NEB, the composition dependent activation energy of Cu impurity diffusion in
TiN is obtained as presented in Figure 6.10. It is found that among all possible
investigated diffusion mechanisms, the interstitial diffusion mechanism has the
lowest activation energy. In the N-deficient region, the mechanism with the sec-
ond lowest activation energy is Cu impurity diffusion via the N sublattice, while
in the N-rich region the diffusion via the Ti sublattice is more favored.

In summary, the calculations show that the diffusion of Cu via interstitial sites
has the lowest activation energy as compared to the vacancy-mediated diffusion
mechanisms. However, this diffusion mechanism is highly unlikely because of the
high formation energy associated with a Cu atom on the interstitial site. There-
fore, we propose the diffusion of Cu in TiN to occur via a vacancy mechanism.
From the DSM model we conclude that in N-deficient TiN, the Cu diffusion oc-
curs via the N sublattice due to the elevated concentration of N vacancies. This
results in a relatively small activation energy of about 2.6 eV for a N concen-
tration of 49 at. % at 1273 K. This theoretical prediction is in good agreement

72



6.5. Conclusions

with the activation energy of 2.7eV obtained experimentally by Moriyama et al.
for bulk diffusion of Cu in TiN, although it has to be noted that the TiN films
investigated by Moriyama et al. were N-rich [27]. In stoichiometric TiN, however,
the formation energy of Cu on the Ti sublattice is significantly lower compared
to the N sublattice. For this reason, we expect Cu to diffuse via the Ti sublattice,
with a considerably larger activation energy of 3.87 eV, while diffusion on the N
sublattice is unlikely to take place, in spite of the slightly lower activation energy
of 3.65 eV.

6.5 Conclusions

A combination of high-resolution techniques for structural and chemical charac-
terization was used to compare the diffusion of Cu in single- and polycrystalline
TiN layers grown by reactive magnetron sputtering under the same deposition
conditions. No Cu penetration into the single-crystal barrier could be observed
either by TEM or APT after an annealing treatment at 900◦C for 1 h. Theoret-
ical studies suggest that at higher temperatures, when diffusion becomes more
prominent, the stoichiometry of the TiN film will determine the prevailing atomic
diffusion mechanism. This implicates a strong dependence of Cu diffusion prop-
erties on the main type of defects in the TiN(001) structure. In the slightly
substoichiometric films studied in the present paper, Cu diffusion is therefore
expected to occur eventually via vacancy sites on the N sublattice.

In comparison, localized diffusion of Cu occurring along TiN columnar grain
boundaries can be observed after the 900◦C annealing treatment in the polycrys-
talline TiN barrier. The penetration depth is non-uniform and is presumably
related to the internal structure and density of the respective grain boundaries.
Still, the maximum measured diffusion length is only approximately 30 nm, which
is considerably smaller than in underdense polycrystalline TiN deposited at low
substrate temperatures.

These results for single- and polycrystalline TiN layers highlight the importance
of maintaining a dense and, as far as possible, defect-free microstructure to design
reliable and efficient diffusion barriers. This can be achieved by epitaxial growth
of the TiN and Cu layers on lattice-matched substrates.
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gend) represented by Österreichische Forschungsförderungsgesellschaft mbH and
the Styrian and the Tyrolean Provincial Government, represented by Steirische
Wirtschaftsförderungsgesellschaft mbH and Standortagentur Tirol, within the
framework of the COMET Funding Program is gratefully acknowledged. LH ac-
knowledges support from the Swedish Research Council Project Grant #20134018
and the Knut and Alice Wallenberg Foundation for the Electron Microscopy Lab-
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Chapter 7

Ab initio Study of Cu Impurity
Diffusion in Bulk TiN

This chapter provides an extensive DFT study of Cu impurity diffusion in TiN.
By studying the vibrational contributions to the free energy, we explicitly calcu-
late the diffusion coefficients for the mechanisms, which were considered in the
previous chapter. The temperature dependence of the thermodynamic properties
of TiN as well as the thermodynamics of defects was calculated fully from first
principles. We identify that the mechanisms of Cu impurity diffusion depend on
the TiN stoichiometry and directly compare ab initio diffusion coefficients for
known mechanism to experimental data. On this basis, we are able to interpret
various experimental results in terms of the atomistic mechanisms of diffusion.
The results of this work have been published in Physical Review B. This publi-
cation [182] is reproduced here and its header is shown in Fig. 7.1.

Author contributions

This publication is the continuation of the work on theoretical description of
the Cu impurity diffusion mechanism in TiN, which has been started in the
previous chapter. The core idea of this paper has been developed together by
all authors. I have performed and analyzed all DFT calculations presented in
this work. Also, I have prepared the figures and written the initial draft of the
manuscript. Furthermore, I have participated in the meetings where all authors
were discussing the possible interpretations of the experimental measurements
based on the diffusion coefficients obtained in this work. Together with all the
co-authors of this work, I have iterated the manuscpript until its final version.
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Figure 7.1: Header of the article [182], which was published in Physical Review B.
It shows the reference, title and all contributing authors with their affiliations. This
chapter reproduces this article apart from some possible changes.

Abstract

TiN is an important material used as a diffusion barrier in microelectronic de-
vices to prevent copper from contacting silicon. There is, however, little known
about the elementary atomistic processes underlying the excellent performance
of TiN. In this work, we perform a density functional theory (DFT) study of
the copper impurity diffusion coefficient in bulk TiN. Several diffusion mecha-
nisms are considered. For each mechanism, the temperature effect is taken into
account within the quasi-harmonic approximation. Moreover, the influence of
the TiN stoichiometry on its diffusion properties is taken into account through
the change in the concentrations of the intrinsic point defects as a function of
composition. These concentrations are obtained via a thermodynamic formalism
based on the dilute solution model. We find that in stoichiometric TiN the copper
impurity diffusion proceeds via the vacancy mechanism on the Ti sublattice. In
the off-stoichiometric TiN0.96, the dominant diffusion mechanism switches to the
vacancy-mediated diffusion on the N sublattice. The Arrhenius equation for the
diffusion coefficient is D = 3.8·10−4exp(−4.5 eV/kBT ) m2s−1 for the stoichiomet-
ric TiN and D = 6.7·10−8exp(−2.7 eV/kBT ) m2s−1 for the substoichiometric TiN.
Our calculations provide the basis for a better interpretation of the experimental
measurements.

7.1 Introduction

Owing to their superior properties such as high hardness [135, 183–185], thermal
stability [166, 186] and corrosion resistance, transition-metal nitrides have found
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wide technological applications in various fields [16, 166, 185–187]. One impor-
tant application area for transition-metal nitrides is microelectronics, where these
materials are often used as diffusion barriers between semiconducting and con-
ducting layers [7, 188]. For instance, TiN is frequently employed as a diffusion
barrier to prevent interaction of Cu with Si causing formation of Cu3Si, which
leads to deterioration of the device’s performance [13, 18].

Although there are a great number of experimental works devoted to the study
of the TiN diffusion barriers and to finding ways on how to further improve
them [12, 14, 16, 20], only a few of them attempt to clarify the underlying dif-
fusion mechanisms. In the earliest work of Chamberlain [25], Cu diffusion in
polycrystalline TiN layers was studied in the temperature range between 600 and
700 ◦C. Chamberlain obtained a value of 4.4 eV for the diffusion activation energy
and grain boundary (GB) diffusion was suggested as a mechanism of Cu diffu-
sion in TiN. In contrast, much faster Cu diffusion in polycrystalline TiN films
with an activation energy of 0.29 eV in the temperature interval between 400
and 650 ◦C was observed in the work of Lim et al. [26]. The authors also sug-
gested that GBs are responsible for Cu diffusion. Moriyama et al. [27] observed
two different diffusion regimes of Cu diffusion in TiN at temperatures ranging
from 600 to 900 ◦C and suggested two diffusion mechanisms for two temperature
intervals: i) a GB diffusion mechanism with the activation energy of 1.4 eV in
the “low-temperature” interval between 600 and 800 ◦C and ii) a bulk diffusion
mechanism with the activation energy of 2.7 eV in the “high-temperature” inter-
val between 800 and 900 ◦C. Similar results, with two different diffusion regimes
in two different temperature intervals, were obtained by Lee and Kuo [28] but no
suggestions regarding diffusion mechanisms were made. This type of temperature
dependence of the diffusion coefficient was also observed for Cu diffusion in other
transition-metal nitrides films [28, 189, 190]. In the recent studies of Mühlbacher
et al. [24, 133], two estimates for the diffusion coefficients were given. The first
one is the diffusion coefficient of Cu in the single-crystalline TiN at 1000 ◦C,
which is significantly lower than the previously reported values. The second one
is for the polycrystalline TiN at 900 ◦C, which is related to the GB diffusion
mechanisms, and is close to the data of Lee and Kuo and Moriyama et al.

Taking into account this significant scatter of experimental data on copper diffu-
sion in TiN, a detailed ab initio study of the underlying atomic diffusion mecha-
nism is required for a comprehensive understanding of the diffusion properties of
TiN. The first steps in this direction have been done in two recent ab initio works
which have examined several atomic mechanisms of Cu impurity diffusion in TiN
and estimated the corresponding migration barriers [29, 133]. However, the re-
sults of these studies can only be used for estimates of the relative importance
of the various mechanisms and a complete temperature-dependent description of
Cu impurity diffusion in TiN is still lacking.

In this work, we have conducted a comprehensive study of the most probable
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diffusion mechanisms of Cu in stoichiometric and sub-stoichiometric TiN and
obtained absolute values of the corresponding diffusion coefficients as a function
of temperature in the interval from 650 to 1250 K. The accuracy of the applied
computational approach has been verified by direct comparison to experimental
data as well as by calculating a list of selected thermodynamic properties of TiN
and comparing them to available literature data. The present study sheds light
on the atomistic nature TiN acting as a diffusion barrier and may assist with an
interpretation of the experimental observations.

7.2 Methodology

In the present study, we consider two types of mechanisms for copper impurity
diffusion: a vacancy-mediated and an interstitial diffusion mechanism.

Vacancy-mediated Diffusion

Vacancy-mediated diffusion can occur either on the titanium or on the nitrogen
sublattice. When considering a specific diffusion mechanism, we expect that the
impurity atom moves only on one of the two sublattices and does not jump to a
different sublattice during the diffusion process. This assumption is based on the
comparison between the formation energies of the copper impurity on different
sublattices as will be discussed in more detail in Sec. 7.4.2.

Under the above mentioned assumption and given that both titanium and ni-
trogen sublattices represent ideal fcc lattices, we are able to describe a vacancy-
mediated diffusion process in TiN using an apparatus developed for fcc lattices.
In this case, the impurity diffusion coefficient D on either sublattice can be writ-
ten as [73]:

D = a2f2ω2Cv exp

(
− Gb

kBT

)
. (7.1)

Here, a is the lattice parameter, f2 is the impurity diffusion correlation factor,

Cv is the vacancy concentration, and ω2 = kBT
h

exp
(
− Gm

2

kBT

)
is the impurity jump

rate from transition state theory [63] with Gm
2 being the impurity migration free

energy. Finally, Gb is the binding free energy of the impurity atom with a vacancy.
The binding free energy in the dilute limit, in turn, is determined as the difference
between the vacancy formation energy in the vicinity of the impurity atom and
in the pure bulk and can be calculated as [191–193]:

Gb = Gvac,imp −Gimp +Gbulk −Gvac. (7.2)

In this equation, Gvac,imp denotes the free energy of the system containing the
impurity atom with a vacancy in its nearest neighbor site, Gimp is the free energy
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of the system with the impurity atom, Gbulk is the free energy of the pure bulk
system and Gvac is the free energy of the system containing a vacancy. In this for-
mulation negative binding energies correspond to attractive interactions between
the vacancy and the impurity, whereas positive binding energies correspond to
the repulsive interactions.

Within the formalism of the five-frequency model [70, 71], the correlation factor
f2 can be described as follows [74]:

f2 =
2ω1 + 7Fω3

2ω2 + 2ω1 + 7Fω3

, (7.3)

where F is given by

7F = 7− 10α4 + 180.5α3 + 927α2 + 1341α

2α4 + 40.2α3 + 254α2 + 597α + 436
. (7.4)

Here, ωi = kBT
h

exp
(
− Gm

i

kBT

)
are the rates of the different types of the vacancy

jumps in the nearest neighbor sites of an impurity atom, where Gm
i denotes the

migration free energy of the corresponding jump. ω2 corresponds to the impurity-
vacancy exchange jumps, ω1 is the rate of vacancy-solvent jumps in the first
coordination sphere of the impurity atom, ω3 is the rate of vacancy jumps from
the first-nearest neighbor positions of an impurity atom to more distant sites,
and ω4 is the rate of reverse jumps. All other vacancy-solvent jumps are assumed
to occur at a rate of ω0, which corresponds to the solvent-vacancy exchange jump
in the pure solvent. Finally, α is given by the ratio α = ω4/ω0. A schematic
representation of the various types of processes included in the “five-frequency”
model are depicted in Fig. 3.5.

In our previous investigations [133], we have already calculated migration barri-
ers corresponding to all the vacancy jumps. We have found that the correlation
factor f2 (Eq. 7.3) for the copper impurity diffusion in TiN can be approximated
as f2 ≈ ω1/ω2 since the term 2ω1 in the numerator of Eq. 7.3 is much larger
than 7Fω3 (due to the much lower energy barrier of the respective migration)
and 2ω2 � (2ω1 + 7Fω3) in the denominator (due to the even lower migration
energy). Therefore, the diffusion coefficient of the vacancy-mediated copper im-
purity diffusion in TiN can be simplified as:

D ≈ a2Cvω1 exp

(
− Gb

kBT

)
. (7.5)

This means that diffusion of a copper impurity in TiN via a vacancy mechanism
is limited by the exchange jumps of a vacancy with a solvent atom in the vicinity
of an impurity atom.
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Interstitial Diffusion

The interstitial diffusion coefficient can be expressed in the following form [56]:

D =
kBT

h

Z

6
l2 exp

(
− Gm

I

kBT

)
. (7.6)

Here, Z is the number of the equivalent directions for diffusion, l is the length of
the diffusion jump and Gm

I is the free energy of the impurity migration between
adjacent interstitial positions. Specifically, for the mechanism considered in this
work Z = 6 and l equals the lattice parameter a.

7.3 Computational Details

All calculations presented in this work are performed within the framework of den-
sity functional theory (DFT) as implemented in the Vienna ab initio simulation
package [119, 153]. For exchange and correlation effects, we employ a generalized-
gradient approximation using the PBEsol parametrization [54] which is known
to perform well in the description of the properties of solids [48]. Ion-electron in-
teractions are described using the projector augmented wave method [115], with
a plane-wave energy cut off of 400 eV. For all calculations we use a 2× 2× 2 su-
percell of TiN, consisting of 64 atoms in the defect-free cell. For these supercells,
a Monkhorst-Pack k-point mesh [120] of 10 × 10 × 10 is used for Brillouin zone
sampling with a Methfessel-Paxton [154] smearing of 0.2 eV. The high k-point
mesh density is essential for obtaining accurate forces and, therefore, for calcu-
lating phonon properties. In order to understand the impact of defects on the
electronic structure, we compare the electronic density of states (DOS) for bulk
TiN with the system containing a vacancy on both the Ti and N sublattices. It
turned out that the vacancies have only a minor impact on the electronic struc-
ture. Especially, they hardly change the DOS at the Fermi level, i.e., the metallic
character of the system is not affected.

The procedure of calculating the diffusion coefficient of the copper impurity atom
in TiN is based on the methodology described above and consists of the following
steps: (i) We calculate the thermal lattice expansion of TiN using the quasi-
harmonic approximation (QHA). Based on these results, we choose five lattice
parameters corresponding to temperatures of 650, 800, 950, 1100 and 1250 K for
which the diffusion coefficient will be calculated. (ii) At each temperature, viz.
lattice parameter, the total energy is calculated for the ground state structure
both, without defects and with the considered defects, which are vacancies on
the two sublattices, an impurity atom, and pairs of an impurity atom and a
vacancy. Here we do not take into account the effect of a defect formation volume.
This introduces only an insignificant error in the free energy since close to its
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minimum changes with volume are of second order. (iii) In order to find the
transition state structure and the energy for the diffusive jumps, we apply the
nudged elastic band method (NEB) [155]. Here, we checked the influence of
the supercell size on the migration barriers. For the nitrogen atom jumps at
1250 K, the migration energy differs only by about 2 % between the supercell
calculations containing 64 atoms and 216 atoms. This implies that a 64-atom
supercell is already sufficiently large for obtaining accurate migration energies.
(iv) We calculate the vibrational free energies for all structures calculated in the
previous steps. To this end, the phonon frequencies are obtained using the finite
displacement method as realized in the Phonopy program package [129]. (v)
At this point the interstitial diffusion coefficient is calculated. To compute the
vacancy-mediated diffusion coefficients, the equilibrium defect concentrations as
a function of TiN composition close to stoichiometry is calculated with the dilute
solution model [76] (DSM) as implemented in the modified PyDII code [156].

7.4 Results and Discussion

7.4.1 Thermal Properties

We calculate thermal properties of TiN using the quasi-harmonic approximation
(QHA). We calculate the free energy of bulk TiN as a function of volume V and
temperature T as:

G(V, T ) = E0(V ) +Gvib(T, V ), (7.7)

where E0(V ) is the total electron energy and Gvib(T, V ) is the vibrational free
energy [194]. Contributions to the free energy from electronic excitations, as well
as the pV -term are neglected.

We use the free energies defined in Eq. 7.7 to determine the temperature de-
pendence of the lattice parameter a, the linear thermal expansion coefficient α
as well as the heat capacity Cp of TiN. These results are presented in Fig. 7.2.
Panel (a) displays the calculated lattice parameter (full line) as a function of
temperature compared to the available experimental data. The resulting thermal
expansion coefficient as well as the calculated heat capacity of TiN are compared
to the experimental and ab initio data from the literature in panels (b) and (c)
respectively. All our results agree very well with the literature data apart from a
slight offset of the absolute value of a which is typical for the chosen exchange-
correlation functional [49].

Given that the obtained results for α and Cp reproduce the experimental data
quite well, we use those theoretical lattice constants in all subsequent calculations
of defect formation and migration and binding energies, as well as in the calcula-
tions of vibrational frequencies at finite temperatures described in the following
sections.
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7.4.2 Point Defects

We apply the DSM for calculating the concentration of defects in TiN as a func-
tion of composition to investigate how the stoichiometry of TiN affects the dif-
fusion properties. Off-stoichiometry in TiN can be realized via point defects,
such as titanium (VTi) and nitrogen (VN) vacancies, anti-sites (TiN, NTi), and
interstitials (IN, ITi). In our previous investigation [133], we have found that
the concentration of vacancies is significantly higher than that for the other de-
fects. Therefore, here we consider only vacancies being responsible for the TiN
off-stoichiometry.

Figure 7.3(a) presents the vacancy concentration on Ti- and N- sublattices cal-
culated at a set of selected temperatures ranging from 650 to 1250 K. Here we
will mainly focus on the N-deficient side of the plot shaded in red. As we can
see from the DSM results, in this case the concentration of N-vacancies is vir-
tually unaffected by temperature, whereas the concentration of Ti-vacancies has
a strong dependence: the amount of VTi gradually increases as the temperature
grows.

Such a behavior indicates the different character of Ti and N vacancies: While the
VN have constitutional (structural) character, i.e., they are responsible for the off-
stoichiometry, the VTi have thermal nature, i.e. they are excited by temperature.
An analogous picture is observed in the Ti-deficient (blue) region in Fig. 7.3(a)
for constitutional VTi and thermal VN respectively. Since the concentration of
vacancies is orders of magnitude higher than that of interstitials or anti-sites (not
shown in Fig. 7.3(a)), we can assume the minute role of the diffusion mechanisms
involving these defects. For instance, diffusion mechanisms that require nitrogen
interstitials can be neglected, which is supported by a molecular dynamics study
of the nitrogen self-diffusion in TiN by Sangiovanni et al. [195].

Figure 7.3(b) compares the defect formation energies of Cu atoms on Ti sites, N
sites and interstitial sites as a function of nitrogen concentration. Note that these
energies are defined in the same way as in our previous study [133], namely relative
to the energy required to put a Cu impurity atom on the nitrogen sublattice
(CuN). Using such a definition, a positive sign corresponds to an energy increase
in the system when changing sublattice from the nitrogen one. For N-deficient
TiN (red-shaded part in Fig. 7.3(b)), the most favorable position for the Cu
impurity is on the nitrogen sublattice, while in the stoichiometric and N-rich TiN
copper impurities on the titanium sublattice are favored.

A transition from the sublattice, that corresponds to the lowest formation energy
of the Cu impurity at a given stoichiometry, to any other sublattice implies a
significant energy penalty. On the one hand, this makes such transitions highly
unlikely, which justifies the assumption that the diffusion mechanism proceeds
only on one sublattice, i.e., the vacancy-driven diffusion. On the other hand, the
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Figure 7.2: (a) Lattice parameter a, (b) thermal expansion coefficient α and (c) heat
capacity Cp per formula unit of TiN as a function of temperature calculated in this
work (full lines), compared to the the available experimental [132, 196–202] (dots) and
theoretical [203–206] (dashed lines) data.
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Figure 7.3: (a) Concentrations of vacancies in TiN as a function of composition
calculated for the various temperatures. (b) The formation free energy Gf of the CuX

impurity atom on the different sublattices X (Ti, N, I) in TiN. The energies are shown
relative to the one of CuN. The full and the dashed lines correspond to the temperatures
of 650 K and 1250 K respectively.

reverse transitions are favored, and this fact renders an assumption on the one-
sublattice mechanism less convincing in the case of purely interstitial diffusion.
The latter, however, does not alter our conclusions due to the exceedingly high
formation energy of Cu interstitials.

7.4.3 Migration Barriers

We consider interstitial copper diffusion as the first diffusion mechanism. The
most stable configuration for a Cu interstitial is found to be the position in the
center of a TiN cage with the coordinates (1

4
, 1

4
, 1

4
) of the conventional unit cell

basis vectors. Copper diffusion via an interstitial mechanism proceeds by migrat-
ing a copper impurity between such neighboring interstitial sites. We calculate
the minimum energy path including the transition state for this process using the
NEB method.

The values of the migration total and free energies are presented in Table 7.1 un-
der the column heading CuI → I. The energy barrier at 650 K amounts to 1.52
eV which is only slightly increased by 0.03 eV including vibrational entropy con-
tributions. The total migration energy is gradually reduced as the temperature
grows due to the increased space available to the migrating Cu atom. This effect
is almost entirely compensated when incorporating vibrational contributions re-
sulting in only a marginal decrease of the free energy barrier Gm

I for interstitial
diffusion as a function of temperature. Note that we have found that only 1
intermediate image in the NEB calculation is sufficient. This finding has been
checked by computing the migration barrier at 1250 K with 7 images resulting
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Table 7.1: Calculated values for the total energy (E) and the free energy (G) differ-
ence for the various processes and defects in TiN. Cu−VN and Cu−VTi is the binding
energy of the copper impurity atom with the nitrogen and the titanium vacancy, re-
spectively (the copper impurity atom is placed on the same sublattice as the vacancy);
CuI → I is the migration energy of the copper impurity atom on the interstitial sub-
lattice; N→ VN and Ti→ VTi are the migration energies of the nitrogen and titanium
atom, respectively, in the adjacent site of the copper impurity atom sitting on the same
sublattice. All energies are given in the units of eV.

T, K a, Å
Cu−VN Cu−VTi CuI → I N→ VN Ti→ VTi

Eb Gb Eb Gb EmI GmI Em1 Gm1 Em1 Gm1
Present study
650 4.243 0.015 0.09 -0.12 -0.19 1.52 1.55 2.51 2.72 2.81 2.97
800 4.249 0.016 0.11 -0.14 -0.25 1.50 1.55 2.47 2.74 2.76 2.98
950 4.256 0.016 0.13 -0.15 -0.32 1.48 1.54 2.42 2.76 2.72 2.98
1100 4.263 0.015 0.15 -0.17 -0.40 1.46 1.54 2.38 2.78 2.68 3.00
1250 4.271 0.015 0.17 -0.18 -0.46 1.43 1.54 2.33 2.81 2.63 3.00
Tsetseris et al. [29]
0 4.237 -0.1 1.4 2.8

in practically the same transition state and barrier. The minimum energy path
for this calculation is presented in Fig. 7.4.

The second diffusion mechanism considered in this work is a vacancy-mediated
diffusion. As described in Sec. 7.2, the process which is responsible for the
vacancy-mediated copper impurity diffusion in TiN is the exchange of the host
atom, titanium or nitrogen, with the vacancy in the vicinity of the impurity atom
(ω1 in Fig. 3.5). The minimum energy path for the migration on the N and Ti
sublattices is presented in Fig. 7.4. As can be seen, the presence of a Cu atom
breaks the barrier symmetry. As a consequence, instead of one energy maximum
at the center of the migration path, as one may expect, a local minimum is found.
Although the energy difference between the local minimum and the surrounding
energy maxima (see Fig. 7.4) is only about 0.03 eV for the N sublattice, and
about 0.04 eV for the Ti sublattice, this structure is a true local minimum as
evidenced by the absence of imaginary eigenvalues of the dynamical matrix. In
contrast, the energy maxima correspond to the true transition states exhibiting
exactly one imaginary vibrational mode.

Here, we would also like to note that in order to identify the minimum energy
path and the transition state for the vacancy-mediated diffusion the NEB cal-
culations with 9 intermediate images have been performed on both Ti and N
sublattices for the structures corresponding to 1250 K. Migration barriers at dif-
ferent temperatures are evaluated with 1 intermediate image using the saddle
point structure obtained at 1250 K, rescaled to match the lattice parameter at
the respective temperature.
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Figure 7.4: Minimum energy path during migration of N atom in the vicinity of the
copper impurity together with the structures of the intermediate images at 1250 K. 1
denotes the migrating nitrogen atom, 2 is the copper impurity atom, 3 is the initial
position of nitrogen atom 1, and 4 is the initial position of the nitrogen vacancy where
the atom 1 is migrating to.

The values of the migration total and free energy are presented in Table 7.1,
labeled as N→ VN and Ti→ VTi for migration on the N and Ti sublattice,
respectively. Similarly to the interstitial mechanism, the migration total energy
decreases with the temperature rise due to the lattice expansion. However, in
the case of a vacancy mechanism this effect is completely suppressed by the
vibrational contributions leading to an increase of the migration free energy with
temperature.

Table 7.1 and in Fig. 7.4 illustrate that the lowest migration barrier belongs to
the Cu diffusion via the interstitial diffusion mechanism, whereas both vacancy-
mediated diffusion mechanisms have almost 1 eV higher barriers. Our results
agree with DFT calculations of interstitial Cu diffusion and nitrogen vacancy
diffusion data from Ref. [29] (Table 7.1) and suggest that once a Cu interstitial
is created, it will be much more mobile than Cu atoms located on either the Ti
or Ni sublattice. However, the formation energy of a Cu interstitial is very high;
therefore such a defect will be extremely unlikely, compared to CuN and CuTi
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defects (see Sec. 7.4b). Following Ref. [29] and our data presented in Fig. 7.3(b),
it would be reasonable to suggest that copper interstitials will be most likely
trapped by nitrogen vacancies and their diffusion will be continued via a vacancy-
mediated mechanism.

7.4.4 Diffusion Coefficients

Now, we can use the data from Table 7.1 to calculate the copper impurity diffu-
sion coefficient in TiN. Here, we consider two limiting cases: (i) Cu diffusion in
stoichiometric TiN, and (ii) Cu diffusion in substoichiometric TiN0.96. The choice
of the composition is dictated by two factors. On the one hand, the stoichiome-
try of experimentally investigated films is commonly nitrogen deficient with the
lowest reported value of 0.92 for the N/Ti ratio [24], although, unfortunately,
the composition of the TiN films is not always provided. On the other hand,
the DSM model is restricted to small deviations from stoichiometry [76] where
interactions between defects can be neglected. Therefore, we choose a value of
0.96, which is reasonable for experiments and still within the limitations of the
DSM approach. Moreover, it represents a concentration of defects where the off-
stoichiometry effect is already fully developed within this approach, as can be
seen in Fig. 7.3(a).

For both cases, stoichiometric and N-deficient TiN, we can estimate the total
diffusion coefficient as:

Dtot(TiN) = wCuN
DVN

+ wCuTi
DVTi

+ wICu
DICu

, (7.8)

where DVN
, DVTi

and DICu
represent the diffusion coefficients of the N-vacancy-

mediated, Ti-vacancy-mediated and Cu interstitial diffusion respectively; and
wCuN

, wCuTi
and wICu

are the Boltzmann weights related to the probability that
a Cu-atom occupies N, Ti or interstitial sites respectively calculated as:

wi =
exp

(
− Gf

i

kBT

)
∑
j

exp

(
− Gf

j

kBT

) , (7.9)

where Gf
i is the Cu-atom formation free energy on the i-th sublattice and the sum

in the denominator runs over all considered sublattices j (Ti and N sublattices
as well as the interstitial sites). The result of such a calculation is that for the
stoichiometric TiN wCuTi

≈ 1 � wCuN
and wICu

, and for the sub-stoichiometric
TiN0.96 wCuN

≈ 1� wCuTi
and wICu

. Using these relations we can simplify Eq. 7.8
to:

Dtot(TiN) ≈ wCuTi
DVTi

= DVTi
, (7.10)

Dtot(TiN0.96) ≈ wCuN
DVN

= DVN
. (7.11)
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Table 7.2: Calculated values of the effective activation energy Q and the pre-factor
D0 of the copper impurity diffusion for studied mechanisms and compositions in com-
parison to the experimental results.

Source Type D0,m
2s−1 Q, eV

Present study
TiN

VTi Bulk 3.8 · 10−4 4.5
VN Bulk 1.6 · 10−7 4.1
I Bulk 2.9 · 10−6 1.6

total Bulk 3.8 · 10−4 4.5

Present study
TiN0.96

VTi Bulk 3.9 · 10−3 5.9
VN Bulk 6.7 · 10−8 2.7
I Bulk 2.9 · 10−6 1.6

total Bulk 6.7 · 10−8 2.7

M. Moriyama [27]
Bulk 2.1 · 10−7 2.7
GB 1.2 · 10−13 1.4

K.Y. Lim [26] GB 6.4 · 10−15 0.29

M.B. Chamberlain [25] GB 9 · 103 4.43

To analyze our results and compare them to available experimental data, we use
an Arrhenius equation for the diffusion coefficient D which has the form:

D = D0 exp(−Q/kBT ). (7.12)

Here, D0 and Q are the effective pre-factor and diffusion activation energy deter-
mined from a linear fit of the ln(D) as a function of 1/T . Table 7.2 presents the
effective parameters Q and D0 obtained from the fit for the vacancy-mediated
and interstitial impurity diffusion mechanisms considered in this work. Fig-
ure 7.5 displays the linear Arrhenius plot of the total diffusion coefficients for TiN
and TiN0.96 along with the available experimental data from the literature [24–
28, 133]. One can see that the diffusion coefficient of Cu in stoichiometric TiN is
significantly smaller than that in substoichiometric TiN0.96 in the considered tem-
perature interval. Our data for TiN0.96 agree well with most of the experimental
data in the high temperature region. In particular, agreement with our calcula-
tions for the vacancy mechanism on the nitrogen sublattice can be seen for the
results of Chamberlain [25] at temperatures 600-635 ◦C in polycrystalline TiN.
However, the author assumed a GB diffusion mechanism. Also, measurement
of Mühlbacher et al. [24] for diffusion of Cu in single-crystalline TiN matches
our results for stoichiometric TiN although the film of Mühlbacher was not sto-
ichiometric. A probable explanation for these findings is that in both of these
experimental works a substantial amount of oxygen was present at the inter-
face between Cu and TiN films. The oxygen atoms might occupy the crystal
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Figure 7.5: Arrhenius plot of the calculated diffusion coefficient together with the ex-
perimental data. The red line with filled circles corresponds to the calculated diffusion
coefficient in N-deficient TiN0.96, and the blue one with open circles corresponds to sto-
ichiometric TiN. The green diamond represents the measurement for single-crystalline
TiN [24], while other experimental data are obtained from the measurements in poly-
crystalline TiN [25–28, 133]. An additional dashed green line represents a linear ex-
trapolation of the experimental data[27, 28] obtained at temperatures above 800 ◦C
which we refer to as “bulk diffusion”, related to the calculated diffusion coefficient in
N-deficient TiN0.96 (shown for illustrative purposes; see the text).

imperfections involved in the fastest diffusion mechanism: GBs in the case of
polycrystalline TiN, and the nitrogen vacancies in the case of substoichiometric
single-crystalline TiN. This increases the role of the less prominent mechanisms,
such as bulk diffusion on the N sublattice in polycrystalline TiN, and the diffusion
via VTi in single-crystalline substoichiometric TiN.

The measurements of the Cu diffusion coefficient by Lim et al. [26] substantially
exceed both the results of our calculations and the other experimental measure-
ments in the corresponding temperature range. Such a fast diffusion could be
explained by the presence of the intergranular voids and pores which seem to
have been present in the samples investigated by Lim et al. These defects would
inevitably increase the diffusion rate, since it would essentially mean that the
diffusion process is governed by surface diffusion. The migration energies for Cu
on TiN surfaces [29] of 0.1-0.36 eV (compared to 0.29 eV of Lim) further support
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this assumption.

Moriyama et al. [27] observed a change of the slope in the linear logarithmic
Arrhenius plot of the diffusion coefficient at the temperature of 800 ◦C and a
similar behavior of the copper diffusion coefficient in TiN was observed by Lee
and Kuo [28]. Moriyama et al. suggested that this change originates from the
switching of the diffusion mechanism of Cu from the GB diffusion at the tem-
peratures between 600 and 800 ◦C to the bulk diffusion at higher temperatures.
Agreement of the calculated bulk diffusion coefficient of Cu with measuarements
in the temperature interval of 800-900 ◦C supports this suggestion (see a linear
extrapolation of Moriyamas and Lee and Kuos data at temperatures above 800
◦C in Fig. 7.5), and allows us to propose that the mechanism of Cu diffusion
in sub-stoichiometric single-crystalline TiN and in polycrystalline TiN at tem-
peratures above 800 ◦C is the vacancy mediated diffusion on the N sublattice.
However, the mechanism of Cu diffusion in polycrystalline TiN at lower tem-
peratures, presumably along the GB, remains unknown and requires additional
study.

7.5 Summary

To summarize, we have performed an ab initio study of the copper impurity dif-
fusion in TiN as a function of composition and temperature. The quasiharmonic
approximation (QHA) has been applied to include the effect of the thermal lattice
vibrations and the dilute solution model (DSM) to calculate the equilibrium con-
centrations and effective formation energies of defects. The validity of the chosen
methodological approach has been checked by comparison of the obtained theo-
retical results to experimental and theoretical thermodynamic and kinetic data
such as thermal expansion coefficient, heat capacity, and impurity diffusion coef-
ficients. We have considered three possible Cu-impurity diffusion mechanisms in
TiN and found that for the stoichiometric TiN the operative diffusion mechanism
of the copper impurity is the vacancy-mediated diffusion on the titanium sublat-
tice, while for the N-deficient TiN diffusion occurs via vacancies on the nitrogen
sublattice. We have shown that Cu-impurity diffusion in TiN strongly depends
on the stoichiometry of the compound providing significantly faster diffusion in
the substoichiometric compound accompanied by a change of the dominating dif-
fusion mechanism as the stoichiometry goes from the ideal to N-deficient. Our
results confirm the suggestion by Moriyama et al. [27] about the bulk character of
high-temperature Cu-impurity diffusion in substoichiometric TiN polycrystalline
thin films and reveal the underlying atomic mechanism of diffusion. In order to
obtain a complete description of the diffusion processes in polycrystalline TiN,
additional studies of the diffusion along the fast diffusion paths, such as grain
boundaries, are required.
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Chapter 8

Summary and Conclusions

Here, a summary of the main results of this thesis is given and some conclusions
are drawn. After briefly summarizing the basic principles of the density functional
theory in Chapter 2, the thesis gives an account of the atomistic theory of diffusion
and point defects in solids in Chapters 3 and 4, respectively.

Chapter 5 describes our single-volume approach for point defects thermodynamic
calculations. Prior this work it has been known that neglecting the vacancy for-
mation volume leads to errors in the supercell calculations of the vacancy for-
mation free energy, entropy and enthalpy. While an error in the formation free
energy is expected to be small, the entropy and enthalpy of formation turn out
to be severely wrong. Chapter 5 shows that this issue can be easily overcome
by making use of standard thermodynamic relations. Thereby, the proper ther-
modynamic characteristics of vacancy formation can be obtained ignoring the
volume effect due to a vacancy. This approach has been utilized in the following
sections for calculating point defect concentrations.

The ultimate goal of this thesis is to obtain the temperature dependent Cu dif-
fusion coefficient in TiN. As a first step, it is important to identify the diffusion
mechanism. Hence, Chapter 6 investigates possible mechanisms of Cu diffusion
in TiN. Point defects often serve as a diffusion vehicle, so it is important to
know the concentration of various defects to suggest a diffusion mechanism. The
concentrations of intrinsic point defects depend on the TiN stoichiometry, and
since TiN is known to exist over a wide range of compositions, the dilute solution
model has been applied to connect the TiN stoichiometry with the concentra-
tion of the intrinsic point defects. It was found that the TiN off-stoichiometry
is accommodated primarily via vacancies suggesting three diffusion mechanism
for Cu: interstitial Cu diffusion (no defects involved), and the vacancy-mediated
mechanism on N sublattice and Ti sublattice. In order to calculate the respective
migration barriers, the nudged elastic band method has been utilized and the
“five-frequency” model has been employed to analyze the correlation effect for
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the vacancy-mediated diffusion. According to this model, the limiting factor of
Cu diffusion via the vacancy mechanism is the exchange jump of vacancy and
the matrix atom. Finally, the diffusion activation energies have been estimated
for each of the considered mechanisms. The interstitial mechanism is found to
have the lowest activation energy within the whole considered composition range.
Nevertheless, it has been argued that this mechanism was unlikely to significantly
contribute to the Cu diffusion in TiN due to the high formation energy of the
copper interstitial. Thus, it has been concluded that in the N-deficient TiN Cu
diffuses via the vacancy mechanism on the N sublattice, while in the stoichiomet-
ric TiN it prefers the Ti sublattice.

Chapter 7 aims at obtaining the diffusion coefficients corresponding to the mech-
anism suggested in the previous chapter. Thereby, a direct comparison between
calculations and the experimental data can be made. First, the thermal lat-
tice expansion of TiN is calculated within the quasi-harmonic approximation.
Then, for the certain set of temperatures and corresponding lattice parameters,
all parameters entering the diffusion equation are calculated, including also the
vibrational free energy contributions. In such a way, the coefficients of Cu diffu-
sion in TiN have been obtained corresponding to the various mechanisms and TiN
compositions. It is found that in the N-deficient TiN Cu diffusion occurs via a
vacancy mechanism on the N sublattice with the Arrhenius equation parameters
D0 = 6.7 · 10−8 m2s−1 and Q = −2.7eV. For the stoichiometric TiN, Cu diffusion
occurs via a vacancy mechanism on the Ti sublattice with the Arrhenius equation
parameters D0 = 3.8 · 10−4 m2s−1 and Q = −4.5eV. A very good agreement has
been observed between theory and experiment.

Based on the above-mentioned results, it can be concluded that the main goal of
this study has been achieved successfully. The mechanisms of Cu impurity dif-
fusion in TiN have been identified and corresponding diffusion coefficients have
been computed entirely from first principles. This work, therefore, illustrates the
efficiency of the density functional theory calculations for study the materials
diffusion properties and shows that it is particularly useful when there is no prior
knowledge regarding the diffusion mechanisms. The knowledge of the atomistic
mechanism of diffusion allows one to draw the following conclusions regarding
the diffusion process of Cu in TiN films. Firstly, experimental results suggest
that there are two main types of Cu diffusion mechanisms in polycrystalline TiN
films, namely the grain boundary diffusion and the bulk diffusion. Moreover, it
is assumed that there is a transition between these mechanisms from the grain
boundary diffusion at low temperatures to the bulk diffusion at higher temper-
atures. The theoretical results of this thesis confirm this assumption. They
also suggest that the temperature at which this crossover occurs depends on the
TiN composition. Secondly, the atomistic mechanism of diffusion helps under-
standing the discrepancy between results of the different experimental diffusion
measurements attributed to the same type of the diffusion. Thus, a rather high
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concentration of oxygen impurities, which was observed in some experiments at
the Cu/TiN interface, prevents Cu diffusion along the fast diffusion paths. This
increases the role of less prominent mechanisms, i.e. the vacancy-mediated diffu-
sion on Ti sublattice instead of N sublattice, and the vacancy-mediated diffusion
on N sublattice instead of the grain boundary diffusion. However, the exact
mechanisms underlying grain boundary diffusion remain unclear. Thus, the ex-
amination of the atomic structure of TiN grain boundaries as well as the defects
energetics at the grain boundary should be the subject of future studies.
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Philipsen, Sébastien Lebègue, Joachim Paier, Oleg A. Vydrov, and János G.
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son, Nils Sandberg, and Göran Grimvall. Vacancies in metals: From first-
principles calculations to experimental data. Phys. Rev. Lett., 85:3862–
3865, 2000.

[100] Thomas R. Mattsson and Ann E. Mattsson. Calculating the vacancy for-
mation energy in metals: Pt, Pd, and Mo. Phys. Rev. B, 66:214110, 2002.

112



BIBLIOGRAPHY
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