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Abstract

The formation, dynamics and decay of excitons — bound electron-hole pairs — play a
central role in the optical and electronic response of semiconducting and insulating
materials, thus making a deep understanding of these processes crucial for the
design and optimization of optoelectronic devices like solar cells, LEDs or lasers.
Experimentally, time- and angle-resolved photoemission spectroscopy (trARPES)
has been shown to be particularly suited for studying the properties of excitons on
a microscopic level. In order to interpret the experimental photoemission data, the
development of a first-principles quantum-mechanical description of photoemission
from excitons is indispensable.

The recently developed formalism of “exciton photoemission orbital tomogra-
phy” (exPOT) is particularly suited for the analysis of such data and is compu-
tationally efficient, hence allowing for its application to real-world systems. Until
now, however, it has been restricted to photoemission simulations based on iso-
lated model systems like single molecules or molecular clusters. In order to apply
exPOT to systems with non-negligible substrate-adsorbate or inter-molecular in-
teractions and to novel 2D semiconductors, an extension to periodic systems is
imperative. This is the primary objective of this thesis, in which the theoretical
framework is extended in a detailed derivation. The focus lies on the involved ap-
proximations as well as a comparison between exPOT and the related formalism of
ground-state photoemission orbital tomography, both on the level of isolated and
periodic systems.

Having successfully extended exPOT to periodic systems, we then give details
on an efficient implementation, which enables us to apply it to monolayer hexagonal
boron nitride (hBN) to show how quasiparticle (GW) energy bands, Kohn-Sham
wave functions and the exciton’s transition weights (obtained from the eigenvec-
tors of the Bethe-Salpeter Hamiltonian) are related to calculated photoemission
intensity distributions.

In a second application, photoemission data obtained in trARPES experiments
involving four molecular layers of sexithiophene (6T) molecules adsorbed on a crys-
talline substrate is analyzed. Using the extended exPOT approach, we show that
photoemission simulations involving a free-standing monolayer of 6T molecules
are able to explain the distinct photoemission distribution observed experimen-
tally. We find that inclusion of the correlated nature of the excited state is crucial
for reproducing the experimental data. Additionally, we show that cluster-based
simulations can be used as a first estimate for photoemission from the system,
while inter-molecular interactions ultimately require a periodic treatment.

As a third application and motivated by the success of the previous findings,
we simulate exciton photoemission from an isolated dimer consisting of a single
PTCDA and a single H2TPP molecule and show that the system is a promising



candidate for future studies of charge-transfer excitons in type-II organic hetero-
interfaces. This motivates more sophisticated studies which take the realistic in-
terface structure into account using our extended exPOT formalism, but is beyond
the scope of this thesis.

To conclude, comparison with experimental data has shown the practical ap-
plicability of exPOT for periodic systems. In addition, our theoretical studies have
shown its predictive strength for the planning of future experimental studies. Our
formalism thus provides not only a sophisticated framework for the analysis of
experimental data but also a powerful tool for streamlining material selection and
determining key experimental parameters.



Kurzzusammenfassung

Die Entstehung, zeitliche Entwicklung und der Zerfall von Exzitonen — gebundenen
Elektron-Loch-Paaren — spielen eine zentrale Rolle in der optischen und elektro-
nischen Reaktion halbleitender und isolatorischer Materialien. Ein grundlegendes
Verstéandnis dieser Prozesse ist daher entscheidend fiir Design und Optimierung
optoelektronischer Gerate wie Solarzellen, LEDs oder Laser. Auf experimenteller
Ebene hat sich zeit- und winkelaufgeldste Photoemissions-Spektroskopie (trARPES)
als besonders geeignete Methode zur Untersuchung von Exzitoneneigenschaften
auf mikroskopischer Ebene erwiesen. Um die experimentell erhaltenen Daten zu
analysieren, ist die Entwicklung einer quantenmechanischen Ab-initio-Beschreibung
der Exzitonen-Photoemission unerlasslich.

Der vor Kurzem entwickelte Formalismus ,,exciton photoemission orbital to-
mography “ (exPOT) ist fiir die Analyse solcher Daten besonders geeignet und ist
dabei recheneffizient genug, um eine Anwendung auf reale Systeme zu ermoglichen.
In seiner bisherigen Form konnte exPOT allerdings nur auf isolierte Systeme wie
einzelne Molekiile oder molekulare Cluster angewandt werden. Um ihn auch auf
Systeme mit nichtvernachlassigbaren Substrat-Adsorbat- oder intermolekularen
Wechselwirkungen und auf neuartige 2D-Halbleitersysteme anwenden zu konnen,
muss er auf periodische Systeme erweitert werden. Diese Erweiterung ist das zen-
trale Ziel der vorliegenden Dissertation und wird detailliert hergeleitet. Der Fokus
liegt dabei auf den involvierten Naherungen sowie einem Vergleich des exPOT-
Formalismus zur verwandten Methode fiir Grundzustands-Photoemission, wobei
sowohl isolierte als auch periodische Systeme betrachtet werden.

Nach erfolgreicher Erweiterung des exPOT-Formalismus auf periodische Sys-
teme erklaren wir, wie dieser effizient implementiert werden kann und wenden ihn
schliefllich auf eine Monolage hexagonales Bor-Nitrid (hBN) an, um den Zusam-
menhang zwischen (GW) Quasiteilchenenergiebéndern, Kohn-Sham-Wellenfunk-
tionen sowie exzitonischen Ubergangsgewichten (welche wir aus Eigenvektoren
des Bethe-Salpeter-Hamiltonians erhalten) und den berechneten Photoemissions-
Intensitatsverteilungen zu erklaren.

Als zweites Beispiel analysieren wir trARPES-Photoemissionsdaten eines vier-
lagigen Films von Sexithiophen-Molekiilen (6T) auf einem kristallinen Substrat.
Wir zeigen, dass exPOT-Photoemissions-Simulationen basierend auf einer freiste-
henden 6T-Monolage die experimentelle Photoemissions-Verteilung erklaren konnen,
wobei die Berticksichtigung der korrelierten Natur des angeregten Zustands von
entscheidender Bedeutung ist. Zusatzlich zeigen wir, dass Cluster-basierte Simula-
tionen zwar fiir eine erste Analyse der Photoemission von diesem System geeignet
sind, intermolekulare Wechselwirkungen im System aber letztlich eine Verwendung
unserer periodischen Erweiterung erfordern.

Motiviert durch die bisherigen Erkenntnisse simulieren wir als dritte Anwen-



dung Exzitonen-Photoemission aus einem isolierten Dimer, bestehend aus einem
PTCDA- und einem H2TPP-Molekiil und zeigen, dass dieses System ein vielver-
sprechender Kandidat fiir zukiinftige Untersuchungen von Ladungsiibertrags-Exzi-
tonen in Typ-II-organischen Hetero-Grenzflachen darstellt. Dies motiviert wei-
terflihrende Untersuchungen, welche die realistische Grenzflachenstruktur unter
Verwendung unseres erweiterten exPOT-Formalismus berticksichtigen, jedoch iiber
den Rahmen dieser Dissertation hinausgehen.

Zusammenfassend konnten wir also durch den Vergleich mit experimentellen
trARPES-Daten die praktische Anwendbarkeit des auf periodische Systeme er-
weiterten exPOT-Formalismus zeigen. Zusatzlich unterstreichen unsere theoreti-
schen Untersuchungen dessen préadiktive Starke fiir die Planung zukiinftiger Expe-
rimente. Unser Formalismus bietet daher nicht nur einen fortgeschrittenen Ansatz
zur Analyse experimenteller Daten, sondern auch ein leistungsfahiges Werkzeug
zur gezielten Materialauswahl und zur Festlegung entscheidender experimenteller
Parameter.






Disclaimer on AI Usage

Artificial intelligence (AI) tools — mostly ChatGPT and UniGPT — have been used
by the author of this thesis to various degrees and at various stages of the research
and writing process. Examples of such use cases are generating code, bug fixing,
literature search, improving language and assistance in learning new concepts.
While small parts of the text may therefore be traceable to an Al source, the vast
majority of the text was personally written by the author of this thesis. Note that
Chapters [ and [5] contain text partially written by co-authors of the respective
publications and that the usage of Al tools by co-authors cannot be ruled out.

Due to the increasingly tight interlacement of such tools with the research
process and the difficulty in tracking their usage precisely across many years, dif-
ferent tools and collaborators, it is, in general, not possible to give a citation-like
line-by-line list of instances where Al tools have influenced this thesis directly or
indirectly.

The author of this thesis takes full responsibility for the content printed.



10




Danksagung

Nach 21 Jahren Ausbildung — elf in der Schule und zehn an der Universitat — ist es
schier unmoglich eine Liste all jener Menschen anzufiihren, die an der Entstehung
dieser Arbeit Anteil haben.

Ich will mich daher kurz halten und bedanke mich zuallererst bei meinem Grup-
penleiter Peter Puschnig fiir die Moglichkeit an einem Projekt wie Orbital Cinema
mitarbeiten zu konnen sowie fiir die hervorragende Betreuung wahrend dieser drei
Jahre. Zuséatzlich bedanke ich mich bei allen Kollegen fiir die angenehme Zusam-
menarbeit, vor allem bei Dominik Brandstetter fiir die Kameradschaft und die
vielen hitzigen, letztlich aber doch freundschaftlichen Diskussionen aller Art sowie
bei Christian Simon Kern fiir die gute Zusammenarbeit in Theorie und Implemen-
tierung.

Schlieflich mochte ich mich bei meiner Familie bedanken, die es mir erst ermog-
licht hat, mich iiber die vielen Jahre vollends auf das Studium zu konzentrieren.
Insbesondere bedanke ich mich bei meiner Mutter Irene, fiir die unzahligen Stun-
den wahrend meiner Schulzeit und einen moralischen Kompass, bei meinem Vater
Gerhard, fiir die stets wohltuende Ablenkung vom Alltagsstress und einen poli-
tischen Kompass, bei meinem Grofivater Karl, fiir die andauernde Unterstiitzung
wahrend des Studiums — etwa durch die vielen Fahrten zum Bahnhof — sowie bei
meinem Bruder Immanuel, fiir die konstante Hilfe bei den vielen, vermeintlich
kleinen Arbeiten im und um das Studium herum und meiner Schwester Julia, fiir
die vielen guten Unterhaltungen, nicht zuletzt wahrend der unzahligen Zugfahrten
in der gemeinsamen Studienzeit.



12




Contents

1__Introduction| 17
2 Theoretical Background| 21
2.1 Introductionl . . . . . . . ... oo 21
[2.1.1 System Types| . . . . . . ... ... 22
[2.1.2  Many-Body Hamiltonian| . . . . . . ... ... ... ... .. 24
[2.1.3  Born-Oppenheimer Approximation| . . . . . . ... ... .. 26
2.1.4 Flectronic Problem| . . . . . ... .. ... .. ... ... 32

[2.2  Density Functional Theory| . . . . . . ... ... ... ... ... .. 34
[2.2.1  Electron Densityl . . . . . . .. ... ... ... ... ..., 34
[2.2.2  Hohenberg-Kohn Theorem I} . . . . . .. ... .. ... ... 40
[2.2.3  Hohenberg-Kohn Theorem II and Levy’s Constrained Search| 42
[2.2.4  Kohn-Sham Approach| . .. ... .. ... ... .. ..... 44
[2.2.5 Jacob’s Ladder of Exchange-Correlation Functionals . . . . . 53
2.2.6  Kohn-Sham DFE'T in Practicel. . . . . . . ... ... ... .. 58

2.3 MBPT [. GW and Quasiparticle Approximation| . . . . . . . . . .. 61
[2.3.1 Quantum Field Operators| . . . . . . ... ... ... .... 61
2.3.2  One-Particle Green’s Function| . . . . . . ... ... ... .. 62
[2.3.3  Spectral Function and Relation to Photoemission| . . . . . . 67
[2.3.4  Hedin’s Equations|. . . . . . . . ... ... ... .. ... .. 69
2.3.0 GW Approximation|. . . . . . . .. .. ... L. 72
[2.3.6  Quasiparticle Approximation|. . . . . . . ... ... ... .. 72
237 GWin Practicel . . . . . .. ... 80

2.4 MBPT II: BSE and Excitonsl. . . . . . ... ... .. .. ... ... 83
- 1 1 s Functionl. . . . . ... 83

2.4.2 Two-Particle Correlation Functionl . . . .. ... ... ... 86
[2.4.3  Independent-Electron-Hole Propagator| . . . . . . . ... .. 87
[2.4.4  Bethe-Salpeter Equation| . . . . . .. .. ... ... ... .. 88
245 DBSkin Practicel . . . . . . 0.0 98

[3 Theoretical Description of Photoemission| 101
.1 Introduction| . . . . . . . . ... o 101
[3.2  Angle-Resolved Photoemission Spectroscopy| . . . . . . . . . . . .. 103
[3.3  Photoemission Orbital Tomography . . . . . . ... ... ... ... 107
3.3.1  Fermi’s Golden Rule for Photoemissionl . . . . . . . . . . .. 107
[3.3.2  Dipole Approximation| . . . . .. ... ... ... ... ... 109
[3.3.3  Sudden Approximation|. . . . . . ... ... 109




CONTENTS 14

[3.3.5  Dropping Indirect Terms| . . . . . . ... ... ... ... .. 111

[3.3.6 Dyson Orbital| . . . .. ... ... ... ... .. ....... 113

[3.3.7 Plane-Wave Approximation| . . . . . ... .. .. ... ... 113

[3.3.8  Photoemission Intensity| . . . . . . ... ... ... ..... 115

8.3.9  Ground-state POT| . . . . ... ... .. ... ... ... . 116

3.3.10 FExciton POT] . . . . ... .o o oo 121

[3.3.11 Implementation — PO'l' in Practice] . . . . . . . . ... ... 128

[4 Hexagonal Boron Nitride| 135

M1 Introduction| . . . . . . . . ... 135

4.2 Calculation of hBN Quasiparticle and Optical Properties| . . . . . . 135

1.3 Exciton Photoemission in hBNl . . . . ... ... ... 0. 136

4.4  Pump Polarization Eftects in 2D hBN|. . . . . ... . ... ... .. 141

[4.4.1 Theoryl. . . . . . . .. 141

42 Results. . . .. .. .o 142

(4.5 Summaryl . . ... 143

4.6 Computational Details) . . . . . . . .. ... ... ... ... ... . 143

[> Sexithiophene - 67| 145

.1 Introduction| . . . . . . . ..o 145

[>.2  Pump-Probe ARPES of a 6T Film| . . . .. ... ... ... .... 146

[>.3  Computational Results| . . . . . .. ... ... ... .. ... .... 149

[>.4  Comparison: exPO'l' and Experimental Datal. . . . . . . .. .. .. 152

[5.5 Summaryl . . . ... 155

[>.6 Computational Details| . . . . . .. ... ... .. .. ... ..... 155

[6.6.1 Monomer and Clustersl . . . . .. ... ... ... ... ... 155

[5.6.2  Periodic 6T Layer|. . . . . . ... ... ... ... ...... 157

6 Exciton Photoemission of a Type-II Organic Hetero-Interface| 160

6.1 Introduction|. . . . . . . . .. . 160

[6.2  Quasiparticle GW Energy Levels) . . . . ... ... ... ... ... 161

6.3  Frenkel and CT Excitons| . . . . . . . . . . .. .. ... ... .... 163

[6.4  Momentum-Space Fingerprints of Excitons) . . . . . . . . .. .. .. 164

(6.0 Summary| . . ... 169

[6.6 Computational Details| . . . . . .. ... ... ... ... .. .... 170

BET _PTCDAl . . . . oo 171

6.6.2 H2TPPl . .. ... ... .. . ... .. 171

[6.6.3 PTCDA/H2TPP Dimer| . . . . ... ... ... ....... 172

[7_Conclusion| 176
Appendices

[A° Mathematical Background| 179

[A.1 Hilbert Spaces|. . . . . . . .. ... ... ... 179

(A.1.1 One-Electron States| . . . .. .. ... .. ... ... .... 179

[A.1.2 Many-Electron States|. . . . . . .. ... ... ... ... .. 186

[A.1.3 Fock Space| . . . . . ... ... 188

[A.1.4 Operators in First and Second Quantization| . . . . . . . .. 190




CONTENTS 15

[A.2 Notation for Basis Expansions . . . . . . ... .. ... ... .... 192
(A3 Functionald . . . . . . . .. 193
[A.4 Fourier Transformationl . . . . . . . . . . . .. ... ... ... 194
[A.4.1 Convention for Position Arguments| . . . . . . . . ... ... 194

[A.4.2 Convention for Time Arguments/. . . . . . . . ... ... .. 196

(B Density Functional Theory| 198
[B.1 Ground-State Density of an Infinite Surface| . . . . . . .. ... .. 198
(8.2 Normalization of Bound In-Plane Bloch States . . . . . . ... . .. 200
[B.3 Brillouin-Zone Samplingl . . . . .. ... ... ... ... 201

[C Many-Body Perturbation Theory| 204
[C.1 Bethe-Salpeter Equation| . . . . . . . .. ... ... ... ...... 204
(C.1.1 Derivation of BSE in Matrix Form| . . . ... ... ... .. 204

(C.1.2 Tamm-Dancoft Approximation|. . . . . . . .. .. ... ... 220

[C.1.3 Gas-Phase Systems| . . . . . .. ... .. ... ... ... .. 221

(C.1.4  Periodic Systems| . . . . . . . . ... ... ... ... ... 222

[C.2 Screened Coulomb Interaction| . . . . . . . .. .. ... ... .... 227

(D Photoemission Orbital Tomography| 232
[D.1 Equivalence of Dyson-Orbital Expressions . . . ... ... ... .. 232
[D.2  Photoemission Matrix Element of Periodic Systems| . . . . . . . .. 234
[D.2.1 Crystal-Momentum Conservation| . . . . . .. .. ... ... 234

[D.2.2 Thermodynamic Limit and Renormalization| . . . . . . . .. 237

D23 R e Maiis Fl i Foiter T o239

[D.3 Fermi’s Golden Rulel . . . . . . . . . . ... .. 240
[D.3.1 Transitions to the Continuous Spectrum| . . . . . . . . . .. 240

[D.3.2 Momentum Maps and Band-Structure Plots| . . . . . . . .. 244

[D.3.3  Large-Energy-Interval Integration| . . . . . . . ... ... .. 248
[EE_List of Publications| 251

(Bibliography| 253




CONTENTS

16




1 Introduction

The formation, dynamics and decay of excitons — bound electron-hole pairs —
plays a central role in the optical and electronic response of semiconducting and
insulating materials. A deep understanding of these processes is therefore essential
for the design and optimization of optoelectronic devices, for example in light-
harvesting [IH3] or in LEDs and lasers [4H6].

As an experimental tool, time- and angle-resolved photoemission spectroscopy
(trARPES) has been shown to be particularly suited for the time-dependent mi-
croscopic study of excitons [7HI5], where the usage of ultrafast probe pulses has
been shown to allow for the time-dependent measurement of exciton dynamics on
femtosecond timescale [12HI6].

To analyze the experimentally obtained photoemission data from trARPES ex-
periments at a quantum-mechanical level, a first-principles theoretical description
of photoemission from electronically excited systems is required. A noteworthy
and in principle very powerful approach is given by real-time time-dependent den-
sity functional theory (TDDFT) [17, 18], which allows for the direct simulation of
trARPES experiments. In practical calculations however, computational limita-
tions typically restrict us to the usage of local or semi-local exchange-correlation
functionals, which are not well-suited for describing the correlated nature of charge-
transfer (CT) or Wannier excitons — essential types of excitons for many appli-
cations. A particularly suited theoretical framework for the description of not
only localized Frenkel-type excitons, but also CT and Wannier excitons is given
by many-body perturbation theory (MBPT) [19]. Within the field of MBPT, the
nonequilibrium Green’s function (NEGF) approach [20] poses a highly accurate
formalism for the simulation of trARPES experiments based on the nonequilib-
rium lesser Green’s function. Again, however, computational costs make practical
applications intractable for most systems of interest such that simulations based
on the NEGF approach have so far been restricted to model systems or Wannier-
Hamiltonians [21) 22], often neglecting the influence of the probe pulse on the
transition probability to the photoelectron state [23, 24]. In one-step models for
photoemission, effects related to the probe pulse are encoded in the photoemission
matrix element, which is therefore crucial for accurately describing the photoe-
mission process and is further found to encode rich information about quantum
geometrical effects [25, 26], such as the Berry curvature [27, 28] or orbital an-
gular momentum [29, B30]. Moreover, matrix element effects often become the
dominant contribution to the observed angular dependence in the photoemission
signal of organic or hybrid organic/inorganic systems, forming the basis of the
successful framework of photoemission orbital tomography (POT) [3TH33]. While
originally developed for photoemission from the electronic ground state, POT has
recently been extended to exciton photoemission orbital tomography (exPOT) [34]
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which forms a cost-effective approach for the simulation of trARPES experiments
while still incorporating matrix element effects. The exPOT formalism is based on
Fermi’s golden rule and uses an excitonic initial state which is in practice obtained
via MBPT calculations. As a consequence of this construction, it is restricted
to low exciton densities, while the approaches mentioned above can in principle
be used in the linear and nonlinear pump-regime. It is thus particularly suited
for investigations of isolated exciton dynamics in trARPES experiments involving
low pump-pulse intensities. Due to its low computational cost, exPOT’s practi-
cal applicability is in that regard only limited by the underlying ab initio MBPT
calculations, hence allowing for its successful application to real materials [12] [16].
Until now, however, exPOT has been limited to photoemission simulations based
on isolated model systems like single molecules or molecular clusters. While such
model systems are often warranted, an extension to photoemission simulations
from periodic surfaces is needed to incorporate substrate-adsorbate interactions
or inter-molecular interactions [35] as well as for the simulation of photoemission
from 2D semiconductors which form an important class of materials for the prac-
tical applications mentioned in the beginning [4] [5].

An extension of exPOT to photoemission simulations of periodic systems there-
fore poses a promising path for simulating trARPES experiments and is the pri-
mary objective of this thesis. We begin in Chapter [2] with an overview of the
theoretical framework underlying the exPOT formalism. After applying the Born-
Oppenheimer approximation to the nuclear-electronic Hamiltonian and clamping
nuclei, we focus on the electronic part of the Hamiltonian. Ground-state density
functional theory (DFT) is introduced first generally and then in the Kohn-Sham
flavor. Based on the DF'T calculation, MBPT is introduced with a focus on the GW
approximation for the calculation of quasiparticle ionization energies and electron
affinities. Based on these results, the Bethe-Salpeter equation (BSE) is introduced,
allowing us to calculate the excitonic states of the materials of interest.

Equipped with this theoretical framework, Chapter [3| gives a brief introduction
into the experimental conditions under which exPOT is applicable, followed by a
detailed derivation of not only exPOT but also ground-state photoemission orbital
tomography [33, 35] (ground-state POT). The two frameworks are closely related
and their derivations largely coincide, thus motivating a combined derivation which
allows us to compare them and point out similarities and differences. For similar
reasons, both exPOT and ground-state POT are derived on the level of isolated
systems as well as on the level of periodic systems, which allows us to directly
connect our extended formalism to the original formulation of Ref. [34]. During
the derivation, we focus on the approximations underlying ground-state POT and
exPOT and discuss their viability. Finally, Chapter [3| also contains details for an
efficient implementation of ground-state POT and exPOT for periodic systems.

With this implementation at hand, Chapter [4] presents monolayer hexagonal
boron nitride (hBN) as a first example system for the exPOT formalism for pe-
riodic systems. The calculated photoemission angular distributions (k-maps) are
discussed by decomposing k-maps in terms of the formalism’s building blocks. The
direct influence of the BSE eigenvector which describes the correlated nature of
an exciton, on the k-maps is explained, with a particular focus on the influence of
the pump pulse’s polarization direction.

Next, Chapter [5| discusses photoemission from sexithiophene (6T) molecules
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adsorbed on an oxygen-passivated copper substrate. Being the only chapter that
features experimental results [16], exPOT is used to reproduce and explain the
distinct photoemission distribution observed in trARPES experiments involving
four layers of adsorbed 6T molecules. In contrast, it is shown that a simplified
approach that neglects the correlated nature of the excited state fails to do so.
Photoemission simulations using molecular clusters are compared with those per-
formed for a calculation involving a free-standing monolayer of 6T molecules. In
addition to this analysis on the influence of the system size on the simulated pho-
toemission pattern, the importance of including excitonic effects for reproducing
the experimental k-map is discussed in detail.

Finally, Chapter [6] gives an outlook for future applications of exPOT for CT
excitons in systems involving a type-II organic heteromolecular interface, with the
particular example of an interface between PTCDA and H2TPP molecular layers.
We perform calculations on the level of an isolated molecular dimer, analyze how
exciton dynamics may be observed in corresponding trARPES experiments and
argue why an extension to simulations based on the realistic interface structure
is promising and advisable, thus again reinforcing the importance of exPOT for
periodic systems.
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2 Theoretical Background

2.1 Introduction

In this chapter, we introduce the theory framework underlying the photoemission
simulations of Chapter [3] We will start from the electronic-nuclear Hamiltonian of
a generic atomic system and use the Born-Oppenheimer approximation to arrive
at the electronic Hamiltonian. From thereon, we focus on the electronic prob-
lem: starting with the description of the electronic ground state, we will first
introduce the general framework of density functional theory and then focus on
the Kohn-Sham formalism for the calculation of ground-state properties, notably,
electronic orbitals and -energies. Equipped with these orbitals, we then use many-
body perturbation theory to calculate (electronically-) excited-state properties: we
first introduce the one-particle Green’s function and demonstrate its close relation
to photoemission simulations. Then, we show how it can in principle be calcu-
lated using Hedin’s equations, and how it is calculated in practice based on the
quasiparticle approrimation and the GW approximation. Finally, we introduce
the two-particle Green’s function and the two-particle correlation function. We
will start from the latter’s equation of motion, the Bethe-Salpeter equation, in its
exact form and derive the commonly-used version based on additional, commonly-
used approximations. We explicitly derive the final equations for systems using
periodic boundary conditions (termed periodic systems throughout the text) and
locally constrained systems (termed gas-phase systems), allowing us to effectively
describe charge-neutral excited states in terms of ezcitons, which will then serve
as a basis for our excited-state photoemission formalism.

Throughout the text and unless stated otherwise, we will include electronic spin
in our equations, however, neglect spin-orbit coupling. Note that many parts of
the theory are however compatible with and easily adapted to an inclusion thereof
(see e.g. Footnote 17 in Ref. [36]). Similarly, all other relativistic effects will be
neglected and we will start from the commonly used nonrelativistic Hamiltonian
describing an atomic system of nuclei and electrons.

For this Hamiltonian and throughout the text, we will use atomic units, unless
stated otherwise. That is, we set the reduced Planck constant to A = 1, the elec-
tronic mass to m = 1, the elementary charge to e = 1 and the vacuum permittivity
to € = 4.

Lastly, we will occasionally use the following shorthand notations: Denoting
position, spin and time-arguments as r;, s; and t;, respectively, we first define
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(1,7 =1,2,3,... here and belowﬂ):

x; = (v, 8)
i = (x,t;) = (14, 84, ) (2.1)

Defining t* =t £ 7 (n > 0, infinitesimal), we write:
it = (25, £5) (2.2)
We write delta-functions as

6(zs,25) = 0(rs — 75)ds, 5,
0(1,7) = (i, x)0(t; — t)) (2.3)

[ s
/d(xi,xj) =

and integrals as

I
T
S

w
o3

I
—
<y
8
—
<y

8

and:

/ d(i) = / dz; /R dt,
[t = [ae [

Note that we above assumed the particle to be of spin-3, since we typically use
this notation for electrons. The notation can trivially be adapted to other particle-
types by summing accordingly over the spin coordinate. Occasionally it will also

be useful to use a shorthand for a set of coordinates, for example:

(2.5)

{z} =x1,29,...,2n
{r}=ri,ry ... 1y (2.6)
Finally, the Coulomb interaction kernel will occasionally be written as:

1

'U(:Ch .Z'Q) = m

v(1,2) = ———6(t; — ta) (2.7)

2.1.1 System Types

Throughout this text, and especially when applying our photoemission formalism
to real systems, we will meet two types of atomic structures which we label gas-
phase systems and periodic systems.

"'We will occasionally also use primed arguments as well as contextually obvious variations
like y instead of x;.
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Gas-Phase Systems

We will routinely perform ab initio calculations and photoemission simulations
from isolated molecules or isolated molecular clusters. Since such calculations
involve a single molecule or cluster which is not adsorbed on a surface, we call
them gas-phase calculations.

Details on the spectrum of corresponding effective one-electron Hamiltonians
(e.g. from Kohn-Sham DFT) can be found in Appendix , where the Hamil-
tonian’s potential V' is roughly localized around the molecule’s/cluster’s nuclear
positions. When solving such one-electron problems, electronic orbitals are usually
expanded in Gaussian basis sets, such that the Schrodinger equation is transferred
from a differential equation to an algebraic equation in terms of the basis expan-
sion coefficients and the resulting solutions are expressed as linear combinations of
Gaussians. See also Secs. and on the basis sets we used in our practical
calculations.

Lastly, note that gas-phase calculations mostly serve as a first step to simu-
late the photoemission from molecules adsorbed on some substrate (by rotating
the molecule to the same orientation it would have on the substrate, see also
Sec. , but for comparison to experiments, we usually want to go a step
further and perform periodic calculations.

Periodic Systems

As hinted above, single molecules and molecular clusters often only serve as a first
step in the simulation of photoemission experiments. This is the case because
we want to focus on experiments investigating photoemission from a sample that
consists of an adsorbate on a (planar) crystalline substrate (together forming a
periodic — hence the naming of such systems and of calculations involving them
— structure, see Sec. such that inter-molecular interactions and often also
substrate-adsorbate interactions become important.

Usually, we are in particular interested in photoemission from the adsorbate
(and maybe the substrate’s surface below it), while the sample’s bulk properties
are of minor relevance. This justifies the approach commonly taken in theoreti-
cal surface science of approximating the substrate by an atomically thin structure,
usually consisting of around five layers of atoms. Note that, due to this approxima-
tion, the calculated photoemission signal for photoemission from the substrate has
to be taken with caution. Luckily, we are usually more interested in the photoe-
mission signal from the adsorbate, which is often (partly) energetically separated
from the substrate signal. Additionally, given the limited mean-free-path length of
photoemitted electrons, the substrate photoemission signal is additionally weak-
ened relative to the adsorbate photoemission signal [35], which additionally justifies
our approach of focusing on the latter. While the theoretical calculations for sub-
strate photoemission could in principle be converged by gradually increasing the
number of used layers, we can also go the opposite way and remove the substrate
completely from the simulation! That is, we first optimize the geometry of the
adsorbate on the substrate, but then remove it and calculate the photoemission
signal from the free-standing adsorbate. This is for example done in Chapter
where this approach is justified by the electronic decoupling of the adsorbate from
the substrate.
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Additionally, we are usually not interested in surface/edge effects stemming
from the lateral sides of the sample. As long as we make sure not to focus the
experiment’s light sources solely on the edge of the sample, photoemission from
the “inner part” of the surface will be dominant and the outer edges of the sample
are practically irrelevant. Given that focus areas are generally much larger than
inter-atomic distances, this is in practice automatically the case. The interaction
of the photoelectron with the surface is then independent of the size of the surface,
as long as it is macroscopically large (that is, a surface area of 1 cm? or of 1 m? will
lead to the same results). This justifies our second simplification, where we model
the sample by an infinitely extended surface (which we usually align such that the
surface-normal of the side with the adsorbate points in the positive z direction).

In summary, we model the real sample by an infinitely extended, periodic and
atomically thin surface. In practice, this is done by defining a surface unit cell con-
taining the system’s atomic structure (thin substrate + adsorbate), whose infinite
repetition in the in-plane directions gives us the infinite, thin surface. The poten-
tial V of a corresponding effective one-electron Hamiltonian (see Appendix
is then — in z direction — roughly localized around the infinitely extended, thin
atomic region. In contrast to gas-phase systems, the Schrodinger equation is then
usually solved using plane-wave basis sets, see for example Secs. and

On a technical point, note that modelling our system as an infinite plane can
lead to mathematical difficulties. For example, the bound states of an effective
one-electron Hamiltonian (e.g. Kohn-Sham DFT) become non-normalizable (see
Appendix for details) and extensive quantities, like the number of electrons
in the system, diverge. In the following, the theoretical frameworks of density
functional theory (DFT) and many-body perturbation theory (MBPT) is therefore
first developed for finite systems — which can in principle be single molecules, but
also macroscopically large, but still finite, crystals. In the end, we then show
how the key quantities and equations needed for our photoemission formalism
behave (and stay well-defined) when performing the thermodynamic limit, that
is, approaching the infinite (thin) plane described above. Occasionally we will
explicitly perform this limit by starting with a macroscopically sized but finite
surface and arguing that key quantities like Kohn-Sham wave functions or the
electron density (compare Ref. [37]) in the interior region of the finite surface
should be — to very good approximation — identical to those of the infinite system
with differences only occurring around the lateral sides of the finite surface (and of
course beyond the lateral ends of the finite surface, where for example its ground-
state density quickly vanishes while that of the infinite system does not).

Finally, note that while we usually keep the theory general, our practical cal-
culations consider gapped systems, in particular semiconductors. In preparation
for this we will occasionally focus on such systems, which is then either stated
explicitly or should be obvious from the given equations.

2.1.2 Many-Body Hamiltonian

We use the many-body Hamiltonian operator as our starting point for the quantum-
mechanical description of atomic systems. We separate the atoms into nuclei and
electrons and denote the position and momentum operator (vector) of electron i by
7; and p,, respectively. Similarly, we denote the position and momentum operator
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of nucleus £ by Rk and Pk, while the Z denotes its charge and M, its mass. The
Hamiltonian operator for a system of K nuclei and N electron then reads:

H=T,+T,+U.+U,,+U.,, (2.8)

with the electronic kinetic energy (with p* = p? + p> + p2)

= Zpl, (2.9)

the nuclear kinetic energy

~

2

Z ﬁ’f (2.10)

the electron-electron Coulomb interaction

N I

. 1 1

Uee = 5 T~ = (211)
i=1 j=1,j#i |7 — 7]

the nucleus-nucleus Coulomb interaction

K K

R 1 VAV

Um=52 > 15 =7 (2.12)
k=1 1=1,12k | B — Ry

and the electron-nucleus Coulomb interaction

S ) P

i=1 k=1

(2.13)

l

Using the Hamiltonian Eq. we can then solve the time-independent Schrodinger
equation

H|Yw) = Up | Thn) (2.14)

to obtain the eigenstates {|Y,,)} representing stationary states of the system with
energies {U,,}. These states serve as a basis of the system’s Hilbert space, i.e.,
any physically allowed state can be written as a linear combination (compare also

Appendix
1) => cm|Th). (2.15)

m

Exact solution of this many-body Hamiltonian would yield correlated (anti-
/symmetric with respect to indistinguishable particles; compare Appendix |A.1.2)
nuclear-electronic states with wave functions

m ({2}, {X}), (2.16)
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where we used the notation of Eqs. and to express electronic spin- and
position coordinates. Similarly, X, = (R, Sk) denotes the k-th nuclear position
and spin coordinate and we introduced:

{X}EXl,XQ,...,XK (217)

The only system of nuclei and electrons for which exact analytical solutions exist
is the Hydrogen atom (and hydrogen-like atoms, that is a nucleus surrounded by a
single electron), which poses a two-body problem involving a nucleus and a single
electron. Already the Helium atom, comprised of a nucleus and two electrons,
poses a three-body problem and is not solvable analytically (details on these two
systems can be found in standard quantum mechanics textbooks, e.g. [38, 39]).
In addition, the cost of solving the many-body Schrédinger equation Eq. nu-
merically generally grows dramatically with the system size — compare for example
Ref. [40], which shows the exponential wall we hit when using simple variational
methods (there, in terms of electrons only, see below) — necessitating the introduc-
tion of cost-reducing approximations and alternative computational and theoretical
approaches (compare for example Sec. where we calculate the electron density
instead of a wave function). In the upcoming sections we will introduce and build
upon such approximations and methods, eventually allowing us to calculate prop-
erties of systems involving hundreds of electrons in the practical calculations at
the end of this text.

2.1.3 Born-Oppenheimer Approximation

As a first step towards solving the Schrodinger equation of larger systems, we
use the Born-Oppenheimer approximation (BOA) to separate the problem into
two individual tasks, one for the nuclei and one for the electrons. While this
approximation is often presented in a form that omits spin, we explicitly include
it in the derivation (compare also Ref. [41]).

Electronic Problem

To arrive at the BOA, we start by introducing the electronic subproblem. In
analogy to Eq. we create a shorthand for the set of nuclear positions:

{R} =R\, Ry,...,Rg (2.18)

We then clamp the nuclei to a given set of positions { R}, and define the electronic
Hamiltonian as:

gm Ly P SRRz 2.19
€ _52 2; Z 7l Zz\ﬁ—RlJ (219)
7 7 j= 1,]7&1 =1 k=1

Importantly, in contrast to the full Hamiltonian Eq. 2.8} the nuclear positions only
enter as parameters, instead of being operators. For a given { R}, solution of the
electronic Schrodinger equation

A |wiRY) = pIRY | piR) (2.20)
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gives us the electronic eigenstates {’llléR}>} with energies {E}R}}. Note that we
indicate the dependence on the nuclear positions by the superscript { R}. Assuming
a smooth dependence of the electronic energies {ES}{R} } on the nuclear coordinates

{R}, their index g can then be thought of as indexing different potential energy
surfaces (PESED as a function of the nuclear positions, thus influencing the nuclear

equation of motion (see Eq. below).

Born-Oppenheimer Expansion

We continue by noting that for each nuclear configurations {R}, solving the
electronic Schrodinger equation Eq. will give us a distinct set of solutions

{ \II;ER}>}. More importantly for the derivation of the BOA, however, each of

these sets of solutions forms a basis for the electronic subspace of the full Hilbert
space (see Appendix [A.1)). Using in addition the spin-position states [{X}) (com-
pare Eq. as a basis for the nuclear subspace, we can construct a basis for the
full Hilbert space using (tensor-product) basis vectors:

9. {X}) = [wi™) @ [{X}), (2.21)

where { R} is implicitly contained in {X}. Note that, in this construction, we use
for each nuclear basis vector [{X}) the specific electronic solutions corresponding
to the corresponding nuclear positions { R}. This thus deviates from the definition
of the tensor-product basis given in Def. [6] Since the electronic eigenfunctions at
each { R} form a basis of the electronic subspace, it is however immediately obvious
that the vector of Eq. also form a basis of the tensor-product space (for each
[{X}), simply rotate the electronic basis vectors). We now use this product basis
to expand the solutions {|Y,,)} of the full Schrédinger equation Eq. Using
orthonormality of the basis vectors (compare Appendix , we can write:

T =Y / d{X} |g. 1X}) g (XL} (2.22)

where [ d{X} is to be understood in analogy to the electronic notation of Eq. .
This expansion is commonly known as the Born-Oppenheimer expansion [43]. In

position-spin-representation, Eq. becomes (using Eqs. and the spin-

position basis vectors {|{z},{X})} and the tensor-product space’s inner product)
Tn({z}, {X}) = {z}, {X}Tm)

=) VP {hEP X)), (2.23)

g

with the electronic wave function

v ({o}) = ({z} L) (2.24)

2Not to be confused with photoemission electron spectroscopy, for which we also use the
abbreviation PES.

3 Deviating from the notation of Eq. we assume that the position integral and spin
summation does not contain identical states multiple times, compare Eq. and Ref. [42]
on anti-/symmetrized position states. Otherwise, prefactors taking into account the “multi-
counting” have to be included in Eq. @
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and
EQ{XY) = (g, {XHTm) - (2.25)

Nuclear Problem

The remaining derivation is simpler when switching to position-spin-representation,
where we can use the well-known position-representation of the momentum oper-
ator to get:

2
VRk

(o () T ) L 30 Vi

k=1

{a}, {X}T) (2.26)

Inserting the Born-Oppenheimer expansion Eq. into the full Schrédinger equa-
tion Eq. and projecting onto the position-spin basis state [{z}, { X }), we write:

(e (XY ) = U ({2}, (X} L) (2.27)

Using
({2}, (X} O |T) = gzz; e e T (229

and

{} XN, + T + T [ T) =
= {ah XN T+ O+ On 3 [ A0} g X)) g LXHT)
= (b O3 [0y (I 0)) o [ (0. (X T
— (o} XU Y [ ) (B (i) o [0 (o, (X))

= B ({2} U ) (g, {X}T), (2.29)

g

the full Schrodinger equation in position-spin-representation becomes:

> U {HED X))+
+Y BB (ahEO (X)) = UL Y I ({a)EW (X)), (2.30)

g

where we have used the definitions Eqs 4] and 2.25] The equation of motion
for the electronic wave functions {\Il } is gwen by the electronic Schrodinger

equation Eq. [2.20, To find an equation for the {um }, we project the Schrodinger
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equation onto a specific electronic wave function \II}ER} (at the same {R}) and use
their orthonormalityﬁ to get:

K

—ZZ / d{xy i = {}[ R’“* 2.’ Z’“Zl | P AR (X D+

I= 11#3

+E{R} h)({X}) UnZ0({X})
(2.31)

Using the Leibniz rule for the second derivative

Vo[ (r)g(r) = (Vo () g(r) + 2(V,f(r)) (Veg(r)) + f(r) (Vig(r))  (2.32)

and, again, orthonormality of the electronic basis functions, we then get:

WX} + EPED (X))

[ V%:ck = YA,

— _|_ -
M =114k Ry, — Ryl

1
2
1

k

Mxl

i

1

3 (Ve ED (X)) / Ay (2)) (Va2 ({)))

1

k;

l\DI»—t
fMN

RS (o) / Az} () (V3,0 ({) = U, 20 ({X})

(2.33)

1

Introducing the nonadiabati(ﬂ coupling coefficients Ay, , (which are actually oper-
ators in the nuclear Hilbert space, here represented in the position basis) as

:__Z /d{ Yo ((2}) (V% 0 ({2}))

2 / e} o™ *({}) (V o, 0% ({2}) V. (2:34)

we can more compactly write:

: [ S Al =00((x )+

_ _|_ - -
M I=1,1%k Ry, — Ry ’

+EMED({XY) +2Ahg~ ({X}) = U 2P ({ X)) (2.35)

Born-Oppenheimer Approximation

Note that, until this point, no approximations have been made. In the Born-
Oppenheimer approximation, we now neglect the nonadiabatic coupling terms,

4Compare Footnote

5As is shown below, neglecting these coefficients decouples the different potential energy sur-
faces. That is, changes in the nuclear positions cannot lead to transitions of the electronic state
from one PES to another one (adidbatos is ancient Greek for “impassable”). On the contrary,
inclusion of these coefficients allows for the electronic state to transition between PESs, giving
rise to the chosen naming.
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that is, we setf]

Ah,g =~ 0. (236)
Eq. then becomes
K K
— — _— X
N S el
k=1 1=1,l#k
+ESPED({XY) = Un 2 ({X)), (2.37)
or in operator-form
(Tn+ E,({R}) ) 29D = U, |29, (2.38)

where:

E,({R}) {X}) = B [{X})
{X}ER) ==X (2.39)

That is, for each electronic PES Eg{R}, we get a decoupled/ individual equation of
motion for a nuclear-position dependent function. It is at this point adequate to
think of 2 as the nuclear wave function for nuclei in an “external” potential given
by the electronic PES. For each electronic PES E{ ) , we thus get a set of nuclear

Solutlon {Jﬁ’}m, and the solutions of the full Schrodlnger equation become

Tong({o}, {X}) = U ({2} = ({X})
Tomg) = /d{w}d{X} {a} AX D T ({2}, {X})
=i & |29), (2.40)

where the last line is to be understood in a symbolic way, since ‘qu}> is not a
specific electronic state but signifies that the electronic state depends on the nu-
clear positions ({({z}, {X}| ‘\Ilg}> o <{x}|\112 {X}=Y) with {R}
from {X}). Note that, since both, the electronic (Eq. 2.19)) and nuclear (Eq.

6Note that, following the nomenclature of Ref. [43], this approximation would be called the
Born-Oppenheimer adiabatic approximation, to distinguish it from the Born-Oppenheimer ap-
proximation where the diagonal elements Ay 4 are not neglected. Note also, that more precisely,

we may write the (adlabatlc) BOA as 37, Ap 4= gum ({X}) ~ 0

"Note, that in “{Hm b, the subscript m implies that the set contains elements for all the
different values of m. Conversely, g is fixed. Similar notation is occasionally used throughout the
text.

8Upon insertion of the solutions Eq 2.40] into Eq. we get terms of the form

- i o 2 (VR (0)) (VR ED(XD) + (T3, E,R}({:c})) =0 xD] T is not
immediately obvious that those terms vanish within the BOA, such that the used product func-
tions are really solutions of the full Schrédinger equation. However, given the BOA Eq. and
using the fact that the electronic states form a (complete) basis of the electronic Hilbert space,
it can be immediately shown that these terms must be zero, since all their linear coefficients in
the BOA product-basis (BOA solutions form basis, see below) are zero.

9Compare Footnote [3| regarding the position-spin integrals.
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Hamiltonians are Hermitian, such products of their eigenstates form a (complete)
basis for the full Hilbert space (compare comments below Eq. but now rotate
the full electronic-nuclear basis according to the nuclear solutions). Solutions be-
yond the BOA may therefore be built from linear combinations thereof. Secondly,
it is important to note that the product wave function shown in Eq. must not
be confused with the product wave function of independent particles. The elec-
tronic factor still depends parametrically on the nuclear positions (and the nuclear
factor depends on the electronic state/PES), thereby accounting for the interaction
between electrons and nuclei.

To summarize, we have found that within the Born-Oppenheimer approxima-
tion Eq. [2.36] solutions of the full Hamiltonian reduce from a sum over electronic
states Eq. to simple products Eq. of an electronic and a nuclear wave
function. These two factors can be calculated separately, with the electronic prob-
lem having to be solved first. The electronic PES is then used to obtain the
nuclear wave functions. In other words, through the BOA, we neglect coupling of
the different electronic PESs via the nuclei. The eigenstates of the full Schrodinger
equation are restricted to a single PES, with nuclei living inside this PES without
any nuclear state leading to mixtures of/ transitions between different electronic
PESs. Note that, starting from Eq. we have therefore labeled the eigenenergy
of the full system as U, , (instead of U,,), with g indexing electronic PESs and m
indexing different nuclear states within that PES.

The validity of the BOA is discussed in detail in Refs. [43], 44]: to summarize,
the nonadiabatic coupling terms Eq. can be neglected as long as electronic po-
tential energy-surfaces are well-separated energetically (which is violated in case of
conical intersections between potential-energy surfaces) and improves with grow-
ing nuclear masses. While we omit a detailed discussion here, these results were
to be expected from the observation that the BOA decouples different electronic
potential-energy surfaces and by the fact that the nonadiabatic coupling terms
scale inversely with the nuclear masses.

Lastly it shall be mentioned, that the commonly given justification of the BOA
in terms of large electronic velocities and small nuclear velocities should be taken
with caution. To briefly state the argument, the idea is that nuclear positions are
quasi-static from the point of view of the electrons, such that the electronic motion
depends only parametrically on the nuclear position, giving rise to the electronic
Schrodinger equation Eq. [2.20f Conversely, from the nuclear point of view, elec-
trons move very fast, such that their instantaneous positions do not influence the
nuclei. Still, the nuclei are affected by the potential energy due to their interaction
with an electron-cloud (averaged over the electronic movement), resulting in the
nuclear equation of motion Eq.[2.38] This argument is problematic, since for both
electrons and nuclei, solution of the time-independent Schrodinger equation gives
the quantum-mechanical wave function, and with it a static probability distribu-
tion of electronic and nuclear positions in space. Within this time-independent
wave function, the concept of a particle’s velocity is unclear, as the particles do
not move on classical trajectories, but rather follow the aforementioned probabil-
ity distribution. The velocity argument should therefore be treated as a classical
intuition for, but not a complete justification of the BOA.
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2.1.4 Electronic Problem

For the rest of this text we now invoke the BOA. In addition, we assume that in
the energetic ground state of the full system, nuclear delocalization is negligible,
that is, nuclei can be approximated to be fixed in space at the positions denoted
by {R} (essentially treating them like classical particles with fixed positioan_U[).
Moreover, we will assume that nuclei stay in these positions when the system is
excited electronically (compare also comments in Sec. [3.1]). Assuming lastly that
(energetic) effects due to the nuclear spins can be neglected, these approximations
together then allow us to identify the full system’s stationary states with the sta-
tionary electronic states obtained by solving the electronic problem at the nuclear
configuration {R}. In other words, we describe the system’s behavior purely based
on its electronic states (for a given {R}), which can in principle be obtained by
solving the electronic Schrédinger equation Eq.

P |0y = B0 (g (2.41)
with
am L Ine v 1
ﬁiR} = iLiR + = = 2.42

where we introduced shorthand notation for the one-electron part h of the elec-
tronic Hamiltonian:

K
iRy Z Lo 3 _ L (2.43)
(2 21 P |')’;7‘—Rk”

which in position-spin-representation becomes (for a one-electron state 1):

N Kooz
(W ) = (@l 5 = 3" P )
k=1
2 K Zk
- _7_; ‘T—Rk‘ @ZJ(TaS)
= hIB (r)(r, s), (2.44)

with commonly used notation introduced in the last line. Note that we will drop
the superscript {R} in the rest of the text.

Now, even after the Born-Oppenheimer approximation and after clamping the
nuclei, we are left with a problem of N interacting particles (electrons) where we
still run into the exponential wall of Ref. [40] when using rather direct variational
approaches to solve it. To still be able and (approximately) solve the electronic
Schrodinger equation, we will introduce new computational methods and cost-
reducing approximations in the upcoming sections. There is, of course, a wide field
of available methods [45]. Without giving an exhaustive list, among the available

0These ground-state positions are obtained by minimizing the function f({R}) = Uy, ({R})+
E,—o({R}) (g = 0 denotes the lowest potential-energy surface) — a procedure we call geometry
optimization. In this context, f is often called the total energy.
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methods for ground-state calculations we find wave-function-based methods like
the Hartree-Fock method (HF) or (truncated) Configuration-Interaction methods
(CI), density-based methods like Kohn-Sham density functional theory (KS-DFT)
and quantum Monte Carlo methods like variational Monte Carlo (VMC). From this
list of available methods, we choose KS-DFT for our ground-state calculations, due
to its favorable scaling with the number of electrons (O(N?), see Ref. [46]) and its
easy applicability to both molecular systems (via Gaussian basis sets) and periodic
systems (via plane-wave basis sets). Both of these properties will later be needed
when performing calculations involving molecular clusters and periodic surfaces
involving hundreds of electrons/]

1 Also, on a more practical note, we will use the GW/BSE method for excited-state calcula-
tions. This is a further reason for choosing KS-DFT as our method for calculating the ground
state, since many available GW/BSE codes rely on the availability of a ground state calculated
with a KS-DFT code.
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2.2 Density Functional Theory

As mentioned before, we will use density functional theory (DFT) to calculate
properties of the electronic ground state of our system. As is detailed below, we
will, however, not try to obtain the ground-state wave function, but instead try to
find the ground-state electron density, which is the central object in DFT.

Given the success of density functional theory (DFT), there is a wide range
of available literature. We will therefore keep this section rather short and focus
on the general formalism. The interested reader can find left-out derivations in
classical DFT textbooks, see e.g. Refs. [46-49)].

As noted in Sec. we first focus on finitely sized atomic systems and finally
explain in Sec. how the thermodynamic limit can be performed to approach
the infinite surfaces we are interested in modelling.

2.2.1 Electron Density

Let us now introduce the electron density, the central quantity of DFT. To get
there, we first recall the precise meaning of the N-electron wave function.

N-Electron Wave Function

First, the symmetrization postulate tells us that only antisymmetric N-electron
states are physically allowed (since electrons are fermions), see Appendix
for details. Thus, also the N-electron spin-position state |{x}) must be an anti-
symmetric state [42, 50]! We symbolically write it as (note that we understand
product states here as antisymmetrized and omit the subscript A from the notation

of Appendix

{x}) = |x1, 29, .. N)
xTr; = (T'Z', Si) (245)

and interpret it as a state where one electron is at position r; with spin sy,
one electron is at position r, with spin s; and so on. Importantly, the states
|x1, 29, 3, ... xN) and |x9,xq,x3,...2xN), as well as all other permutations, are
therefore equivalent configurations, i.e., they describe the same physical state of an
N-electron system. As detailed in Eq.[A.22] they are in fact the same mathematical
object except for a possible, unphysical overall phase of —1. These antisymmetric
spin-position states form a basis of the N-electron (antisymmetric) Hilbert space,
such that the unity operator can be written as [42]

1 / 3 / 3 / 3 &
~ d’r d’rg- - d’ry [(r1,81),...) ((r1,81),...| =1,
N2 2 s [ [ dinee | dr (s, (s,

s1=Td s2a=1) sn=t4
(2.46)

or, more compactly:

1 [ e e (e} = 1 (2.47)
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Note that the % prefactor must be included, since every physically distinct state
is included N! in the expression.

Let us now suppose our N-electron system is in the (antisymmetric) state |W).
Then, the overlap of |¥) with the spin-position state |[{z}) is written as

({z} ) (2.48)

and |({z}|¥)|* is therefore the probability (-density function for positions and -
mass function for spins) of finding the system in the antisymmetric spin-position
state |{x}). Note that this interpretation assumes that the N-electron state is
properly normalized (importantly, bound states of finitely-sized atomic systems

can be normalized in such a way, see Appendix [A.1)
(VW) =1, (2.49)
such that insertion of Eq. gives us:

o [ et =1 (250)

Instead of only summing and integrating over physically distinct states (the result
of which should also be 1), we use unrestricted integrals and summations. As
a result, every physically distinct configuration/state is included N! times, via
physically equivalent permutations of the coordinates. These redundancies are
then accounted for by the prefactor.

Note that, due to the antisymmetrization, the physically allowed spin-position
states can not include two identical spin-positions x; = x;, since using two identical
coordinates and the antisymmetrized construction |z, zs,...xy) would result in
a 0 (compare Eq. [A.21). Thus, |({z}|¥)|* vanishes whenever at least two spin-
positions are equal — a result known as the Pauli principle (here for the special
case of spin-position one-electron states). We will get back to this later

Before continuing, let us look at the simplified situation of a simple 2-electron
system and briefly assume electrons to be spinless particles. Using this simplified
structure allows us to understand the consequences of including physically equiv-
alent states/configurations in our calculations. First, the probability for finding
two/both electrons in some volume V,, is then given by:

1
5/ dg’”l/ d*ry (71, 72| W) (2:51)

Here, every contributing physical configuration contributes via two permutations.
That is, the physical situation where one electron is at r; and another one is at rq
(both € V,,) is included via the two equivalent states |r1,7s) and |rq, m1). Extend-
ing V,, over all space R? the fact that |¥) is normalized ensures the result to be 1,
that is, the probability for finding the two electrons somewhere in space is 100%
(compare Eq. . Next, let us look at the probability for finding one electron
in V,, and one electron in V3, where V,, and Vj3 are disjoint, i.e., have no overlap.
This probability can be written without repeating equivalent configurations — and
thus without a prefactor — as:

/d?’m/ Py |(r1, 79| T)|? (2.52)
«@ V,(i
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Finally, in the most complicated case (which we do not need below), where the
two volumes partially overlap, we must use the first expression for the physical
situations that both electrons are in the overlap V., and the second expression
for the situations where one electron is in V,,/V, and the other is in V3/V,, the
situations where one is in V,/V, and the other one is in V, and the situations
where one electron is in Vj/V,, and the other is in V., which can easily be seen
when drawing a Venn diagram and listing the possible distinct physical situations.

Going back to the N-electron system and including spin again, the probability
of finding one electron in V,, with spin s,, one electron in V3 with spin sg, one
electron in V, with spin s,, etc. is then, under the condition of disjoint volumes,
given by:

/ d3r1/v Pry . (71, 84), (12, 55) ..U 7, (2.53)

where, as in the disjoint case before, every physically distinct state is only included
once. Note that if two of the volumes are the same, but the corresponding spins
are opposite, the resulting probability takes the same form. To see this, think back
to the two-electron example: The probability to find both electrons in V,,, one with
spin up and one with spin down is then simply given by

/ dry / &y (11, 1), (2, 1) D)2, (2.54)

where every physically distinct configuration is only included once and thus no
prefactor is neede

In the extreme case of infinitesimally small volumes {dV;} located at positions
{7}, the probability for finding one electron in dV; at r; with spin s, one electron
in dV5 at ro with spin s,, and so on is then given by:

1(r1,91), (2, 81) - .. (r, sn) O [ dVadVs - dVy (2.55)

The validity of this expression’s interpretation can easily be seen by distinguishing
two cases: (1) if all spin-positions are distinct, then the infinitesimal volumes are
either nonoverlapping, or they are identical (meaning two positions and the corre-
sponding infinitesimal volumes are identical), but the corresponding spins differ.
Thus, the expression derived above can be used (by assuming the wave function
to approximately constant in finite volumes {AV;} and then making the volumes
infinitesimal). (2) if two spin-positions are the same, the expression vanishes due
to the Pauli principle mentioned above, thus telling us that there is 0% probability
to find the system in a forbidden configuration.

With this understanding of the overlap ({z}|¥), let us define the N-electron
wave function adlk

v({z}) = Vi {z}¥) (2.56)

12Within the integral fVa d3ry, for a given 1, the point 7, = r; is of measure zero and can
safely be ignored, see also Footnote

BThroughout this text, we are occasionally sloppy in our language and use wave function and
state interchangeably. This is to be excused by the fact that the two quantities contain the same
information, such that no further problems should arise from this. In the presented equations,
the two quantities are of course always adequately distinguished.

1
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The \/LNf' is convention and is chosen for being a convenient choice in many sit-

uations. In particular, we then find that the wave function is normalized (in an
expression that includes N! equivalent permutations per physically distinct state):

[ dtaywitapr =1 (2.57)
Additionally, we find that
NU((71,51), (72, 51) - .. (T, s3)) > dVadVs . .. dVy (2.58)

has the same meaning as Eq. Note also, that we can use the antisymmetry of
the spin-position state |zq,xs,...xy) with respect to coordinate swaps, to find

|\I’(.Z'1, T2,T3,... LE'N)|2 = ’\I/(l'g, T1,T3y... .Z'N)|2 (259)

and so on, for all permutations.

Electron Density

Finally, let us now turn to the electron density n. We begin by introducing the
closely related spin density n, which is defined to be the quantity that, for a given
volume V' and spin s, gives us via

/v d>r ng(r) (2.60)

the expected number of electrons with spin s in volume V', provided that our system
is in some state |¥). Loosely speaking, we then say that ng(r) is the number of
electrons at r with spin s. Similarly, the electron density is given by

n(r) = ny(r) +ny(r), (2.61)

such that
/d3r n(r) (2.62)
v

gives us the total expected number of electrons in volume V', provided, again, that
our system is in some state |¥).

Our goal is now to determine how the (spin-) density of a given normalized
state |¥) can be calculated from the state’s N-electron wave function. To do so,
we introduce the following indicator function:

Nvﬁ |z1, o, ..., xn) = Nyg(z1, 29, ... 2n) |21, 22, ..., TN)
N

NV,5($17 To, ... ,QTN) = Z 1{/73(1131'), (263)
i=1

where:
1 freVands=5s

: (2.64)
0 otherwise

lys(r,s') = {
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For a given configuration |z1,zs,...,2xn), Nys(z1,22,...,2y) thus gives us the
number of electrons in volume V' with spin s. For a given N-electron state ¥, the
expected number of electrons in volume V' with spin s is thus given by the expec-
tation value of Ny ; with respect to the probability distribution given by the state.
Using the above-derived interpretation of |({z}|¥)|* as the state’s probability-
density function for positions and probability-mass function for spins, we sum over
all spins and integrate over all space, taking into account multi-counting via the
now well-known % prefactor and find for the expectation value:

¥ 2 X X [an [ e [ a0 PN o)) -

si=T|s2=T)  sn=TJ

“Y Y X [ [ e [ NG, 26)

s1="T4 s2=1,) sy="14

where we used the definition of the wave function in the second line. Inserting the
definition of the indicator function, this becomes:

IR /de% ASdBTQ---ASd3rN|\If({x})l2§;1v,s(msi):

si=Tds2=T0  snv=T,

:ﬁ;/vd%ﬂ Z/

3 Bri|U(..., (15, 8),... )]} =
j=Lj#isj=1, &

N

:N/Vd?’mH ST [ @ (), P, (2:66)

. 3
i=2s;=1, /R

where we used permutation symmetry Eq. to get to the last line. Comparison
with Eq. then allows us to identify the electron spin-density as:

ns(r) = N Z Z 3d?’r2.../R3 Cry [T ((r, s), (e, 82), - .., (T, sn))|

so=tb  sy=t7F
n(r) = ny(r) +ny(r) (2.67)
Electron Density of Slater Determinants

Since we will often encounter it, let us look at the special case of an N-electron state
that is a simple antisymmetrized product of N single-electron orbitals (compare

Eq. :
|(I)> = |¢17¢27"-7¢N> (268)
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The wave function of |®) is a Slater determinant [42] (this holds in general, so also
for non-orthonormal and even linearly dependent orbitals, see below):

P({r}) = 5 e} ®)

<ZL’1,CL’2, e ,$N|¢1,gf)2, .. .,¢N>

= —= > )" [Jono e

o1(z1)  di(x2) ... di(an)

1 |¢2(x1)  @alm2) ... ¢alzn)
:ﬁ f E . : (2.69)

on(T1) DN (T2) ¢N(.IN)

- 3-3)-

From this form of the wave function (and using completeness of the position-spin
states), it is immediately obvious that the one-electron orbitals must be linearly
independent, for this state to be physically allowed (that is, not vanish). Ad-
ditionally, we see that orthonormalization of the orbitals only changes the nor-
malization and global phase of the state and that, such states are automatically
normalized when they are built from orthonormal orbitals, that is (®|®) = 1 (see
Appendix . Thus, any normalized antisymmetrized product-state, can be
built from orthonormal orbitals (although of course not needed, we can even cre-
ate any desired global phase by shifting the global phase of one of the orbitals
appropriately)! This property will become very useful later, since, throughout this
text and especially in the upcoming subsections, we will often encounter such states
— where we will usually assume, without explicitly stating it, that it is normalized
(and can thus be constructed from orthonormal orbitals) — and for simplicity also
call the state itself a (single) Slater determinant.

Finally, note that the electron spin-density for such a state takes a simple form
(writing z, = (v, s)):

N/ L2y, X |®($1,$2,...,$N)|2
N
— _(N_ ol / d(xz,...,xN)I%;(—l)n|+|nE%(i)(%)%,@(@)

N
- 1 i 2 DTG (@) éway (@) [ [ dueyre
=2

I1,11

B mz [ b ()|
= Z |¢i($1)|2> (2-70)

where we used orthonormality of the orbitals.
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Trial Densities and N-Representability

Note that the electron density n for a given normalized state |U) is generally a
real-valued, positive semi-definite function that integrates (over all space) to N.
For later use, we call a function that satisfies these conditions a trial density (or
density candidate):

Def. 1. An N-electron (trial) density is a real, positive semi-definite function
that integrates (over R3) to N.

Note that we will often simply speak about densities instead of trial densities.
Importantly, it is not trivially clear if every trial density can be derived from an
N-electron statd'] via Eq. We therefore additionally define:

Def. 2. An electron (trial) density n (see Def. [1)) is called N-representable if
there is an (at least one) normalized N-electron state |U) that leads to n via

Eq. 2.67

Note that if we additionally restrict ourselves to N-electron states |¥) with a
finite kinetic energy expectation value — a sane assumption for physical systems —
then a clearer picture emerges: We can then find that the density of such a state
belongs to H'(R?) and that, conversely, every trial density n that lies in H*(R?) is
N-representable by such a state |¥) with finite kinetic energy [51]. Interestingly,
it can even be shown that n is in this case even non-interacting N-representable
(more on this below), that is, representable by a Slater determinant (with, again,
finite kinetic energy) [51]. Further details on these notions can also be found in
Refs. [52, [53].

2.2.2 Hohenberg-Kohn Theorem I

Equipped with the definition of the electron density n, we now focus on the basic
theorems of Hohenberg and Kohn [54] which underlie density functional theory.
We begin with the Hamiltonian of N electrons in an arbitrary external potential
v:

H=T+U.+V
N

DD

=1 j= 1,]#1

V=> o), (2.71)

i=1

14Where we here and in the rest of this section always mean pure and antisymmetric N-electron
states.
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where V represents the external potential, for which we can easily find:

(| V|¥) = /R 3 dro(r)n(r) (2.72)

Comparison immediately shows that the electronic Hamiltonian Eq. is of such
form, with electron-nucleus Coulomb interactions making up the “external” po-
tential.

In their first theorem, Hohenberg and Kohn (HK) then showed by reductio ad
absurdum that the external potential v is (up to an additive constant) determined
by the corresponding ground-state charge-density ng (related to the ground-state
wave function ¥ via Eq. . In other words, if we know the ground-state charge
density of the system, we could in principle obtain the external potential from
it. Note that in the original work by Hohenberg and Kohn [54] the Hamiltonian
built from the potential v is assumed to have a nondegenerate ground state. This
restriction can however be lifted, as is detailed in Ref. [55], such that even for a
potential leading to a Hamiltonian with a degenerate ground state, the potential
is uniquely determined (up to a constant) by any of the ground-state densities.

Importantly, via Eq. the ground-state charge density also gives us the num-
ber of electrons in the system (for periodic systems the number of electrons per unit
cell is the more relevant quantity, see Eq. . In combination with the derived
external potential, the ground-state charge-density therefore fully determines the
electronic Hamiltonian Eq. (up to an additive constant) and therefore con-
tains in principle all information contained in the HamiltonianE For the case of
a nondegenerate ground state, we then find a one-to-one mapping between the
ground-state wave function and the ground-state density, such that all information
contained in the ground-state wave function (that is, all information about the
system’s state) is therefore also contained in the ground-state charge density! For
a system with a degenerate ground state this simple one-to-one-mapping can break
down, but an alternative mapping between a ground-state density and a manifold
of ground-state wave functions can be constructed [55].

Since we will need it for the second theorem, let us introduce at this point
the concept of v-representability. While every real, positive semi-definite function
that integrates (over all space) to N may be thought of as an N-electron den-
sity (see Def. [1)), the HK theorems (as presented in Ref. [54]) are concerned with
v-representable densities, that is densities that can be derived as ground-state den-
sities from a specific external potential v. More precisely, we define:

Def. 3. We call an N-electron density (see Def. ng v-representable, when
there exists an external potential v which defines an N-electron Hamiltonian H,
of the form shown in Eq. [2.71] such that H, has a normalized ground-state wave

15 Except of course for information that changes when adding a constant to the Hamiltonian.
This is the reason why we cannot derive total energies of the system’s energy eigenstates from
the density alone, but only their relative energies. If one knows the external potential, we can
however, use — if its functional form were known — the energy functional Eq. to determine
the ground-state energy absolutely, and therefore all other eigenenergies. Alternatively, for finite
atomic systems, we may demand the potential to vanish at infinity such that the additive factor
should be 0.
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function ¥q that leads to that density ng via Eq. [2.67] |

The HK1 theorem (as presented in Ref. [54]) then tells us that for every v-
representable density, the density uniquely determines the potential (up to an
additive constant).

2.2.3 Hohenberg-Kohn Theorem II and Levy’s Constrained
Search

Knowing about the wealth of information stored in it, the question arises if we
can determine a system’s ground-state charge-density(-densities, if multiple exist)
directly, that is without the many-electron ground-state wave function(s) at hand.

To answer this question, we begin by rewriting the expression for the system’s
ground-state energy. In terms of a ground state |¥y) it reads:

Ey = (Wo| H, |Wo) = (Uo| T [To) + (V| Uee [To) + (Wo| V [Tp) (2.73)

In case of degeneracy, all degenerate ground-state wave functions will of course
lead to the same ground-state energy Ej.

Next, we want to express the ground-state energy in terms of a ground-state
density. In the case of a degenerate ground state, there can be multiple ground-
state densities, which then again should all lead to the same ground-state energy
Ey. For a given ground-state density ng, we can then simply pick any wave function
from the corresponding manifold of ground-state wave functions mentioned above
and calculate Ej from it using Eq. 2.73] While the choice of the ground-state
wave function is not unique, the resulting energy is, such that this process can be
thought of as a functional of the ground-state density. For nondegenerate ground
states this is of course trivially constructible via the one-to-one relation between
ground-state density and ground-state wave function.

To formalize this, we first define the universal functional F as

Fln] = (U] T, |Wo) + (Uo| Uee | W), (2.74)

where n is a v-representable density and |¥y) is a ground state from the corre-
sponding manifold. Note that comparison with Egs. and shows that all
ground states of the manifold give the same value for (Uo| T, |¥o) + (Ug| Us. |W).
Note also that F' is usually called the universal functional because it is indepen-
dent of the external potential v. For later use, we also define the kinetic-energy
functional and the electron-electron interaction functionals:

Fin] = Tn] 4 Uee|n]

T[n] = (Wo| T, | W)
Uee[n] = <‘IJO’ 0@6 |\IJO> (275)

Note that, technically, T and U, are not well-defined like this if there are multiple
ground states that correspond to n. We would need some additional criterion to
select one of them (for example, the one that minimizes T'). We will, however,
later only ever encounter the sum T'[n| + Ue[n], where the choice of the ground
state does not matter, so we do not need to further address this.
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Using the universal functional and the external potential, we can then define
the following energy functional as a functional of v-representable densities:

E,[n] = F[n] + /RS ro(r)n(r) (2.76)

For an N-electron system with external potential v and a ground-state density
ng, when comparing the energy functional Eq. together with Eq. to
the system’s ground-state energy FEy, Eq. .73 we then immediately see, that
E,[ng] = Ey. For a v-representable density corresponding to a specific potential v,
the functional E, thus gives us the ground-state energy of the Hamiltonian defined
by v via Eq. [2.71}

In its original form presented in Ref. [54] the HK2 theorem is then only con-
cerned with nondegenerate ground states, where it tells us that when taking all
N-electron v-representable densities into account, the (only) one that minimizes
E, (such that it assumes the ground-state energy Fjy) is the ground-state density
belonging to v. Since the proof simply uses the Rayleigh-Ritz minimum principle
for the ground state, it is trivially expandable to the case of a degenerate ground
state, where it then tells us that when taking all N-electron v-representable den-
sities into account, any of them that minimizes F, — resulting again in the value
Ey — is a (possibly one of multiple) ground-state density belonging to v.

Thus, the HK2 theorem in principle tells us how to find the (or one of them
if multiple exist in a degenerate case) ground-state density for a given external
potential v, namely by minimizing FE,. Unfortunately, however, it is not a very
practical tool, since for a direct minimization of the energy functional Eq. we
would need to know which trial densities are v-representable (such that we do not
leave the domain of F') and we would need an alternative form of the universal
functional really in terms of the density instead of (one of) the corresponding
ground state(s) (Since knowing the/a ground state would defeat the whole point
of DFT.).

At least the first of these practical concerns has been mostly alleviated by Levy
in Ref [56]. To see this, let us first redefine the universal functional and the energy
function in terms of N-representable densities:

Fln] = min (@] T, [9) + (9| T, |9))

E,[n] = F[n] + /RB d*ro(r)n(r), (2.77)

where the minimum is taken with respect to all wave functions that lead to n via
Eq. [2.67] Note that every v-representable density is trivially also N-representable
and that for a v-representable density, the definitions Egs. and coincide
with Eq.[2.77] For this reason the redefinitions given here can be regarded as mere
extensions (from v-representable to all N-representable densities) and we therefore
do not change the functionals’ symbols. Again for later use, we can in analogy with
Eq. define the kinetic energy and electron-electron interaction functionals for
N-representable densities:

Tln] = (V|7 |¥)
Ueeln] = (9] Uee |¥), (2.78)
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where |U) is the state that minimizes F in Eq.[2.77} And in analogy to Eq.2.75, T
and U,, are not well-defined if there are multiple wave functions that lead to n and
minimize F'. As before, we can in principle add some additional selection rule to
sanely define them, which is, however, again not needed, since we only encounter
the sum T'[n] + Ue[n].

Levy then showed in analogy to the original formulation of HK2 that when
taking all N-representable densities into account, the energy functional F, is min-
imized by the ground-state density (ground-state densities, if there are multiple)
of the system and assumes the ground-state energy FE,. Note that every N-
representable density that minimizes E, (i.e. every solution) is also v-representable
and is a ground-state densityﬁ with respect to v. Thus, in order to obtain the
ground-state density (densities) of the system, instead of using v-representable
densities and HK2, we can minimize Levy’s energy functional E,, Eq. .77, with
respect to N-representable densities. Put simply, the two minimization approaches
work with different domains, but they give the same solutionﬂ! In the following
we will refer to the minimization approach that utilizes Levy’s functional Eq.
as Levy’s constrained search (LCS).

2.2.4 Kohn-Sham Approach

We have now mostly alleviated the first of the two concerns given above Eq. 2.77}
instead of minimizing F, with respect to v-representable densities, we can minimize
it with respect to N-representable densities, which form a greater set of densities
such that the risk of exiting the domain of E, during minimization is reduced (see
also comments below Def. . If we knew the functional form of F' in terms of n,
we could then directly minimize F, (while making sure not to leave its domain)
to find a ground-state density of the system under study. Unfortunately, however,
the functional dependence of F' on n is not known and simple approximations are
accompanied by a rather large loss in accuracy [47]. The trick of Kohn-Sham DFT
[57] is then to investigate an alternative system of non-interacting electrons, whose
ground-state density is by construction the same as that of the interacting sys-
tem. For this system the kinetic energy can readily be calculated, thereby heavily
reducing the size of the unknown functional in the theory (which in KS-DFT is
called the exchange-correlation functional) and thus decreasing errors made due

to approximations of the unknown functional [47]! This way, the second concern
given above Eq. is addressed.

16 A density n is N-representable if there is an N-electron wave function ¥ that is related
to n via Eq. If n minimizes the energy functional F, for some v, then this means that ¥
minimizes the expectation value of H, (see Eq. and is therefore by Rayleigh-Ritz a ground-
state wave function. Thus, n is v-representable and is a ground-state density with respect to
.

17 All solutions of HK2 (i.e. finding minima w.r.t. v-representable densities) are also solutions of
LCS (i.e. finding minima w.r.t. N-representable densities), because all v-representable densities
(with energy Ey) are also N-representable densities (with energy Fy). All solutions of LCS are
also solutions of HK2, because they then are also v-representable densities (with energy Ey), as
shown in Footnote @
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HK and LCS for a Non-Interacting System

Similarly to HK1, let us start with the Hamiltonian of N electrons in an arbitrary
external potential v. In contrast to HK1, however, we drop the electron-electron
Coulomb repulsion, such that the Hamiltonian can be understood as the Hamilto-
nian of a fictitious type of non-interacting electrons:

H =T,+V
1 N
A e
: ;pz
N
V=> u(#) (2.79)
=1

Next, we define the non-interacting analog of v-representability:

Def. 4. We call an N-electron density (see Def. ng non-interacting v-
representable, when there exists an external potential v which defines an N-

electron Hamiltonian H, of the form shown in Eq. such that H, has a
normalized ground-state wave function ®, that leads to that density ng via

Eq. 2.67

At this point it is important to note that the (normalized) eigenstates — and
thus also the ground state(s) — of such a non-interacting system Eq. can
always be written, without approximation, as (single) Slater determinants of N
orthonormalized one-electron orbitals (see also Eq. [2.69). Every non-interacting
v-representable density is therefore related to a (at least one) (single) Slater deter-
minant ground-state wave function via Eq.

The argumentations in Refs. [54, 55] do not depend on the form of the electron-
electron interaction and can therefore be transferred over to the non-interacting sys-
tem. We thus find in analogy to HK1, that for every non-interacting v-representable
density, the density uniquely determines the potential (up to an additive constant).
Secondly, in analogy to before, we can define the non-interacting kinetic energy
functional

T(S) [n] = <(I)0| Te ’(I)0> ’ (28())

where n is a non-interacting v-representable density and |®g) is a ground state
(whose wave function can be written as a Slater determinant) from the correspond-
ing manifoldﬁ. The energy functional of non-interacting v-representable densities
then becomes

E®n] =T¥[n] + /R3 d*ro(r)n(r) (2.81)

and in analogy to HK2, we find that when taking all non-interacting v-representable
densities into account, EY) assumes a minimal value of Ey (the ground-state energy
of the corresponding non-interacting Hamiltonian), which it (only) assumes for the
ground-state density(-densities, if multiple exist) related to v.

Finally, also LCS in terms of N-representable densities can be transferred over.
We first define:

18 Comparison with Egs. and shows that all ground states of the manifold give the
same value for (®g| T, |Pg).
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Def. 5. An electron density n (see Def. 1)) is called non-interacting
N-representable if there is a (at least one) normalized N-electron (single) Slater

determinant |®) that leads to n via Eq. 2.67

Additionally, in analogy to Eq.[2.77] we define the non-interacting energy func-
tionals in terms of non-interacting N-representable densities as

T®)[n] = min <<<I>| T. |<P))

d—n

E¥[n] = T®[n] + /RB dro(r)n(r), (2.82)

which again can be understood as a simple extension of the domain of those func-
tionals. Note that the minimization here runs over all Slater determinants that lead
to n via Eq. [2.67] Thus, in analogy to before, in order to obtain the ground-state
density (densities) of the non-interacting system, instead of using non-interacting
v-representable densities and HK2, we can minimize Levy’s energy functional qus),
Eq. , with respect to non-interacting N-representable densitieﬂ.

Connection between Interacting and Non-Interacting Systems

Until now, all we have achieved is to transfer the HK theorems and LCS over to
the more simple system of non-interacting electrons. The key assumption of the
Kohn-Sham approach to DFT (KS-DFT') now is that for every physically relevant
system of interacting electrons Eq. the ground-state density is (densities are)
not only v-representable (which is of course always true, by definition), but also
non-interacting v-representable! In other words, we assume that for every ground-
state density n of every (physical) interacting system Eq. there exists an
effective, “external” potential v(*), such that for a non-interacting system Eq.
with that potential v(®), n is also a ground-state density. The idea of KS-DFT
then is to use the adequate potential v(®) and solve the simpler non-interacting
problem (see below). Leaving aside that the set of v-representable densities and
the set of non-interacting v-representable densities are not the same [51, 53] (we
simply assume that in our interacting physical systems, the ground-state density
belongs to both sets), we have to take into account the additional complication
that this potential v® will in general be different for different densities n. To
address these points we introduce the potential functional v(*)[-] (domain: non-
interacting N-representable densities, see below) which is a functional of a density
and demand:

G, = {n; | n; is interacting ground-state density at v}
GP[n] = {nl(s) n§5> is non-interacting ground-state density at v*)[n]}

|
Vni € GU n; € G(s) [TLZ] (283)

(%

19 Note that taking only non-interacting N-representable densities into account and formulating
the minimization in Eq. only with respect to Slater determinants suffices, because (each of)
the ground-state wave function(s) of the non-interacting Hamiltonian can be expressed as such
a (single) Slater determinant. Therefore, Levy’s argumentation (notably Eq. (17) in Ref. [56])
still holds, as does the Rayleigh-Ritz minimization argument (in terms of non-interacting N- and
v-representability) of Footnote
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In words: we want to construct v®*)[-] in such a way, that every solution n of
the interacting problem with external potential v can in principle be found as
the solution of a non-interacting problem with potentia v®[n]. This way, if we
can somehow construct this functional v(*)[-], then the solutions of the interacting
problem are self-consistent solutions of the non-interacting problem, where we call
a density n a self-consistent solution if it is a ground-state density of the non-
interacting system with potential v(*)[n)].

To proceed, we should now think about how the potential functional v(*)[-]
should look like to satisfy the above-mentioned behavior. We start by explicitly
stating the interacting and non-interacting minimization problems:

For the interacting problem with external potential v and Hamiltonian Eq.
our goal is to find an N-electron N-representable density ny that minimizes F,,,
Eq. [2.77} Instead of allowing only for variations dn that do not change the number
of electrons (such that n+dn remains an N-electron density), it is more convenient
to allow for arbitrary variations (or in other words: densities of an arbitrary num-
ber of electrons) and add the constraint on the number of electrons as a Lagrange
multiplier to the optimization problem. Thus, allowing for N-representable den-
sities of an arbitrary number of electrons, we are searching for a density ny that
satisfies (where F' is now a functional of N-representable densities of an arbitrary
number of electronsE[):

) {F[n] + /RS Ero(r)n(r) + p (N - /Rg d3m(r)) } =0 (2.84)

Assuming that the functional derivative of F' exists at every n, we can equivalently
search for a density ng such that:

OF
on(r)

+o(r) =p

no

/ d*rng(r) = N (2.85)

On a sidenote, there can in principle be multiple such critical points and we have to
choose the one density (or the ones, if there are multiple) from them that (globally)
minimizes F,. Note that if ng is a ground-state density then i can be identified as
the chemical potential of the ground state [53].

Similarly, for the non-interacting problem with the potential v®) (v(*)[7] for
some fixed density 7n), allowing for non-interacting N-representable densities of an

arbitrary number of electrons, we are searching for a density nés) that satisfies:

) {T(S) [n] + /R 3 Ero® (r)n(r) + p® (N - /R 3 d3rn(r)) } =0 (2.86)

20Note that for every non-interacting Hamiltonian with potential v(*)[n] (where n is some fixed
density!), the HK theorems and LCS again hold in the way detailed before.

21This, in principle, necessitates a deviation from the normalized N-electron pure states we
used until now when talking about N-representability. While details can be found in Ref. [53], we
do not go into details here, since the final density satisfying the stationarity condition is again,
thanks to the Lagrange multiplier, a density that integrates (over all space) to an integer number
N.
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Assuming that the functional derivative of T() exists at every n, we can equiva-
lently search for a density nés) such that:

ST
(s) —
on(r) n(()s>+v () =
/ Prol(r) =N (2.87)
R3

As before, there can in principle be multiple critical points besides the global
minimum.
Via comparison, we then construct the potential functional as:

VAR
- on(r)

W) = o) + 7o

(2.88)

r) .

with its domain being the non-interacting N-representable densitieﬂ. Now, sup-
pose ng is a ground-state density of the interacting problem. Thus, it satisfies:

OF
on(r)

+o(r) =p (2.89)

no

Let us now additionally assume (as stated above) that ng is non-interacting v-
representable. Thus, ng lies in the domain of v(®[-] and (the derivative of) 7®) and
we find that it satisfies:

VAR
on(r)

+ 0 [no](r) = p (2.90)

no

Further, since ng is non-interacting v-representable there exists some potential w
such that ng is the global minimum of E$) and satisfies:

ST
= 2.91
sn(r) |, +w(r) =p (2.91)
Comparison thus gives us:
w(r) =0 g (r) + (1) — p) (2.92)

Thus, v [ng] is the (by HK1, up to an additive constan unique external poten-
tial with respect to which ng is a non-interacting ground-state density! In other

22Note that every non-interacting N-representable density is trivially also an N-representable
density, such that both 7(8) and F (and their derivatives, which we assume to exist at all non-
interacting N-representable densities) are well-defined here.

23Note that, in order to satisfy Eq. for a given external potential v of the interacting
system, the additive constant p(*) — y must be absorbed into v(®)[-] [49], thus rigidly shifting
Kohn-Sham energies (see below). Instead of doing this, we can however cleverly choose the non-
interacting potential: starting from w(r) = v(*)[ng](r) + (u*) — 1) we find, using Eq. that
w(r) = v(r) + vs[nel(r) + vee[no)(r) + (1) — ). For finite systems, the sum of the potentials
on the right-hand side should vanish at infinity, while for repeated-slab calculations it should
(approximately) vanish in the vacuum region. Thus, w(r) — () — ) in said region. By
demanding w to vanish in said region, we thus obtain x(*) — y = 0 and w(r) = v*)[ng](r). From
now on, we can thus continue by using v(*) [no] as the external potential in the non-interacting
problem.
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words, ng is a ground-state density of v(*)[ng] and the functional v(*)[-] Eq. [2.88
thus satisfies the demand Eq. Thus, if ng is a ground-state density of the
interacting system it is a self-consistent solution of the potential functional v(*)[]
and therefor a fized point in the iterative scheme n; — v(® ;] = nigr — ...,
where n;,; is the non-interacting ground-state density at v(®)[n,] [58,59]. Of course,
there can in principle be additional self-consistent solutions to v(*)[-] which are not
ground-state densities of the interacting system, such that, for a given starting
density in this chain, we cannot be sure that the density we converge at is really
a ground-state density of the interacting systemﬁ [60, 61]! In practice, we assume
however that with a reasonable starting density we will obtain a fixed point that is
“close-enough” to a true ground-state density of the interacting system [61] such
that this point can be neglected in the following. For simplicity, instead of saying
that we get a density close to it, we will in the following thus simply write that
this iterative scheme gives us the/an interacting ground-state density.

Kohn-Sham Equations

The last thing to do now is to find solutions (i.e. ground-state densities) of the
non-interacting problem, given a fixed potential v(*). This is however a very simple
task, since the system is non-interacting: instead of finding ground-state densities
via minimization of the energy functiona]@, Eq. , we can just directly solve
the eigenvalue problem of the non-interacting Hamiltonian Eq. From the
obtained ground-state wave function we can then simply calculate the ground-
state density of the system (if there are multiple ground-state wave functions, care
must be taken, for example by choosing one of them). From there we can then
calculate the next potential in our iterative scheme and repeat until we achieve
self-consistency. Let us formalize this:

For a non-interacting Hamiltonian of the form Eq. .79 finding the ground
state(s) can be reduced to finding solutions of the one-particle equation

(57 +090) 169 =<0 (293)

or in position-spin representation:

<—%V2 + v (’r)> ¢i(7) = €ipi() (2.94)

Since the one-electron Hamiltonian is Hermitian, the solutions of this eigenvalue
problem can be chosen orthonormal (see Appendix [A.1.1). From this set of or-
thonormal orbitals, we then take the N with the lowest energies {g;} (this means

24Every self-consistent solution is a fixed point in such a chain and every fixed point of such a
chain is a self-consistent solution.

2To avoid this, we would need to additionally demand in Eq. that: ne G [n]=neaq,
for all non-interacting N-representable densities n.

26Note that the stationarity condition in Eq. is performed in terms of non-interacting
N-representable densities. Based on Eq. it can thus also be formulated as a stationarity
condition in terms of Slater determinants (where LCS for the non-interacting system shows its
usefulness), or, in fact, orthonormal orbitals (see text below Eq. and yields the same global
minimum for the energy functional. As can be seen by following Sec. 7.2 in Ref. [47] and simply
removing .J and F,. and replacing v by v(*) this leads to Eq. ﬂ
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that the ground state can be degenerate, if the highest of those orbitals is de-
generate) to form the (one of them, if it is degenerate) N-electron ground state.
We call these orbitals the occupied orbitals and the resulting wave function is a
Slater determinant, see Eq. And from this ground-state wave function, the
corresponding ground-state density can simply be calculated via Eq. 2.70]

In principle, we now know everything we need: we know how to solve the non-
interacting problem, and we know how we must construct the potential functional
v®)[.], such that the obtained (self-consistent) solution is also ground-state density
of the interacting problem. In our last step, to arrive at the most commonly used
form of KS-DFT, we follow Kohn and Sham [57] and split the universal functional

F of Eq. up?’}
Fln] = T®[n] + J[n] + E.[n), (2.95)

where T(®) is the non-interacting kinetic energy defined in Eq. and J is the
well-known Hartree energy:

— 1 31" 3T/M
wﬂ_z@ﬁ 4ﬂ o (2.96)

Having split off two familiar terms, all further effects contributing to the universal
functional must then be contained in FE,., the exchange-correlation energy func-

tional, for which we find (using Eq. [2.78)):
Eye[n] = T[n] — T®[n] + Uee[n] — J[n] (2.97)

As a small sidenote, it may not be immediately clear that T" of Eq. and 7
of Eq. lead to different energies for the same (non-interacting N-representable)

density n. However, comparing Eqs. and Eq. with Eq. it is clear that
they in general are based on different wave functions (leading to the same density)

and can thus yield different values for the same density.
Remembering the constructed potential functional Eq. [2.88 we can insert

Eq. to ﬁnd@:

o0J

+ 5Ewc
on(r)

N + on(r)

v [n](r) = v(r) =v(r) +vs[n|(r) + vn](r), (2.98)

n

with the Hartree potential v;[n] and the exchange-correlation potential v,.[n].
While the latter depends on the until now not explicitly defined exchange cor-
relation energy functional, the former has a well-known form [47]:

n(r’)

lr —r

wlal(r) = [ @ (2.99)

’

2"Note that, split up like this, the universal functional is now only defined for non-interacting
N-representable densities, since this is the domain of 7). So, compared to Eq. we have
shrunk its domain. However, the non-interacting IN-representable densities are precisely what we
need to find solutions, see text above, and we therefore abstain for readability from introducing
a new symbol for F' on this smaller domain.

28Where we assume that the functional derivative of E,. exists at every non-interacting N-
representable density n.
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Eqgs. [2.94] 2.70] and [2.98| together then form the Kohn-Sham scheme:

<_%v2 + v(s)(r)> 6i(x) = cii(2)

n(r)= Y |oilr.s)f

s=1,4 i=1
nl(r) = o) + [

+ vge[n](7) (2.100)

We can in principle start the loop from any of the three involved quantities, orbitals,
density or potential. Say we start from an initial guess for the density, then we
first calculate the KS potential from it. This potential is then inserted into the
eigenvalue equation, which we then solve. Then we take the N lowest-energy
solutions (where degeneracy in orbitals can lead to a possible free choice of orbitals,
as mentioned above) and construct a new density from them. This process is
repeated, until the density does not change anymorﬂ. And finally, thanks to
the way the potential functional is constructed, the density is then a ground-state
density of the interacting Hamiltonian. On a sidenote, we can see from Eq.
that changing the global phase of any KS orbital does not change the density and
that the KS orbital remains a solution of the Schrodinger equation in the first line.
Consequently, the global phases of the KS orbitals we obtain from this iterative
scheme are in principle arbitrary (this also holds when including the exact exchange
via the GKS scheme — see below — since the exchange operator is also invariant
under phase-rotations of orbitals and is linear [47]).

Occupying Orbitals and Electronic Spin

Note that the one-particle Hamiltonian of Eq. is spin-independent! As a
consequence, its solutions can be chosen as position-spin product states with one
spin-up and one spin-down orbital per spatial orbital ¢; [47, 53] (compare Ap-
pendix . Further, these two orbitals then have the same orbital energy and
the full set {¢;} of KS orbitals can thus be written as:

{6i} = {js}
9).5) = [j) @15)
8j,T = E:.j:\L (2101)

Occasionally the KS orbitals {¢;} are then called spin-orbitals to distinguish them
from the spatial orbitals {¢;}. Note that this form of the KS orbitals is not (as in
restricted Hartree-Fock theory) an approximation but simply a consequence of the
construction of the non-interacting problem based on a spin-independent external
potential [47]. We will occasionally call orbital (sets) that satisfy Eq. spin-
unpolarized orbitals. (Note also, that the exact exchange operator that can occur
in the GKS formalism (see below) is generally not spin-independent, see Ref. [47].
In our practical calculations we will use the GKS formalism only for systems with
an even number N of electrons. Additionally, we will use restricted (G)KS which

29Convergence in this iterative scheme can be improved by using more sophisticated iteration
schemes based on density-mixing [59].
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enforces spin-unpolarized orbitals. For each system under study we then find our
GKS ground state to be closed shell (see below), such that the exchange operator
becomes spin-independent.)

Assuming that the number of electrons N in our system is even and that the %—
th and % + 1-th spatial orbitals (sorted by energy) are not degenerate, every spatial
orbital (up to the £-th) is occupied twice in the constructed (non-interacting)
ground-state wave function and we find:

n(r) = 2n4(r) = 2n,(r) (2.102)

We then say that every electron is spin-paired and that the system has a closed
shell KS ground state or simply, that the system is closed shell. Alternatively,
if the number of electrons is odd and the %—th spatial orbital is not degenerate
with any other orbital, we can either occupy its spin-up or the spin-down version,
thus leading to different spin-densities, but, with either occupation, leading to the
same total density n. In the remaining scenarios the situation is accordingly more
complicated and of no further relevance to us (see below).

Note that in spin-density functional theory, an extension of DFT that also
allows for external magnetic fields besides the scalar external potential of Eq.
[47], the electronic orbitals are in general spinors (compare Eq.[A.16). Calculations
that allow for such general spinor-orbitals are termed non-collinear spin-polarized
while calculations that restrict orbitals to pure spin-up and spin-down states —
however without the degeneracy described above and with in principle different
spatial orbitals for the spin-up and spin-down states — are called collinear spin-
polarized. In contrast, we refer to the formalism shown in this section as spin-
unpolarized KS-DFT. Note that spin-density functional theory is needed if spin-
orbit coupling is to be included in the Hamiltonian [47]. Further details on spin-
density functional theory can for example be found in Ref. [62].

In our practical calculations later in this text we solely use spin-unpolarized KS-
DFT (and spin-restricted GKS-DFT) such that we always obtain spin-unpolarized
orbitals. Additionally, we will only encounter closed-shell systems, namely closed-
shell isolated molecules and clusters as well as semiconducting 2D systems.

Summary of KS Derivation

Note that — starting from typical approximations used in solid state physics and
quantum chemistry (Born-Oppenheimer approximation, nonrelativistic treatment)
— we formulated the general DFT formalism, as well as the KS scheme, based on
a couple of assumptions (e.g. the non-interacting v-representability assumption),
but we did not introduce any additional approximations! Under the condition that
these assumptions are correct, KS-DFT can therefore be understood as an exact
method and if we knew the form of the exchange-correlation energy functional, we
would obtain exact ground-state densities from it [59]. And from this density, a
wealth of information about the system (see Footnote is in principle obtainable
thanks to HK1. While this is an intriguing property of the method, the exact form
of the exchange correlation functional to date unfortunately remains unknown.
To use KS-DFT for practical calculations, we therefore need to use approxima-
tive forms of the exchange correlation energy functional, where approximations
on varying levels of sophistication exist and are arranged on the so-called Jacob’s
ladder of exchange-correlation functionals.
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2.2.5 Jacob’s Ladder of Exchange-Correlation Functionals

Details on a large set of commonly used exchange-correlation functionals and their
arrangement in the Jacob’s ladder can be found in Ref. [63]. We will restrict
ourselves in the following to a brief description of the different levels of Jacob’s
ladder given in Ref. [63] and list the specific functionals which will be used in
practical calculations in later chapters of this text.

Separation into Exchange and Correlation Functionals

First, note that the exact exchange-correlation functionals Fxc of KS-DFT is
often separated into two parts, namely the KS exchange functional EX° and the
KS correlation functional EXS:

Excln] = EX®[n] + E5[n] (2.103)

As explained before, Ex¢ is defined for non-interacting N-representable densities.
On this domain we can then go ahead and define its constituents.
First let us define the generic exchange functional of Slater determinants as:

Ex[®] = (| U, |8) — J[n[@] (2.104)

In words, it is the difference between the expectation value of the electron-electron
interaction in terms of the Slater determinant |®), and the Hartree energy derived
from the density that is obtained from said Slater determinant.

The exact KS exchange functional is then defined as [49)

EXS[n] = (@] Uee [®0) — JIn], (2.105)

where |®g) is (one of — see below) the Slater determinant that leads to n and mini-
mizes the kinetic-energy expectation value, see Eq.[2.82] The exact KS correlation
functional then becomes

EE&®[n] = Excln] — EX°[n] =
= T[n] — T [n] + Ueeln] — J[n] — (Po| Uee |Bo) + J[n]
= (Wo| Uee + T |Wo) — (Po| Uee + T |®0)
= (Wo| He [Wo) — (®o| He |0) , (2.106)

where | W) is the state that leads to n and that minimizes the universal functional’"}
see Eq. 2.77 Note that we used Egs. [2.97] [2.75] and [2.80] to get to the third line
and the fact that both states correspond to the same ground-state density together
with Egs. and to get to the last line.

Note that we have omitted a subtlety in the definition of the exact KS exchange
energy functional! It may occur that there are multiple Slater determinants {|®g ;) }

30Note that |¥g) is in general not a single Slater determinant, see Eq. Even though
we restrict ourselves here to non-interacting N-representable densities, the wave function that
leads to this density and minimizes the universal functional will in principle be a correlated
wave function. Note also, that, as stated before, every non-interacting N-representable density
is trivially also N-representable, which is why Levy’s universal functional is well-defined on the
non-interacting N-representable densities.
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that lead to n and minimize the kinetic energy expectation value. And while they
all lead to the same kinetic-energy expectation value, the expectation values of
the electron-electron interaction {(® ;| Ue. |®o;)} will in general be different, such
that EX® is not well-defined if multiple such determinants exist. As a result, also
EfS is then not well-defined! To end up with a well-defined functional, we may
add some selection scheme, that chooses one of the determinants. Alternatively, in
a more neutral scheme, we may also just take the average over the determinants.
Then, also (Dy| H, | Do) in EXS can be understood as an average over these deter-
minants, since (®g T ¢ |®o) is per construction the same for all the determinants,
as is (®g| V |g), which is the same for all states leading to n, see Eq. [2.72 With
this small point fixed, EX° and EE® are again well-defined for all non-interacting
N-representable densities.

The names of these functionals are chosen in analogy to Hartree-Fock (HF)
theory (see e.g. Ref. [47]): Assume n is the ground-state density for some given
external potential, obtained through the KS scheme. This means that n is v-
representable (w.r.t. that one specific potential, see HK1) and |¥;) is a ground
state of the interacting system (see above). Additionally, it is also non-interacting
v-representable (w.r.t. the corresponding unique KS potential, see HK1 for non-
interacting systems) and |®g) is a ground state of the non-interacting system (see
above). Then E%X9 has the same form as the exact exchange of HF theory. Both
methods can be understood to use the same functional Eq. [2.104] just with the
difference that we here use (a Slater determinant constructed from) Kohn-Sham
orbitals, while HF uses orbitals obtained through solution of the HF equations
[49]. Additionally, remember that in HF theory, the system’s ground-state wave
function is approximately written as a single Slater determinant (which constitutes
the only approximation made in HF, besides the typically used BOA and nonrel-
ativistic treatment) and the resulting expression for the systems energy contains
the HF kinetic energy, the energy due to the external potential, the Hartree term,
and the exchange term. All neglected energy terms, or, conversely, the difference
between the exact ground-state energy (Uo| H, |¥o) obtained for (one of) the ex-
act ground state(s) and the HF ground-state energy <<I)gF| H, |<I>EF> of (one of)
the HF Slater determinant ground state(s) is then termed correlation. Similarly,
the correlation energy of KS-DF'T is the difference between the exact ground-state
energy (Wo| H, |¥y) and the expectation value (®o| H, |y) using the KS ground
state.

When approximating the exchange-correlation functional, we often use separate
approximations, one for the exact KS exchange functional and one for the exact KS
correlation functional and use their sum as the approximated exchange-correlation
functional. We will get back to this separation below, in the context of hybrid
functionals.

Rung 1: Local Density Approximation (LDA)

Functionals of this rung have the following generic form [64]:

FLDAR] — /R @r n(r)exc(n(r)) (2.107)

This expression can be understood as a restriction of the functional dependence
of the exchange-correlation functional. That is, the functional (integrand) only
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depends locally on the density, or in other words, densities at different positions
contribute independently to the exchange-correlation energy. This is of course a
rather crude approximation and leads to large errors in many systems. After all,
the real electronic system consists of interacting particles such that the relation
of densities at different positions in space are crucial for the total energy of the
system. To give examples, this is why local (and semi-local, see below) functionals
fail to properly account for London dispersion interactions (where positions far
apart are correlated in the ground-state wave function [65], such that they have
to be accounted for together — otherwise minimization of the energy will lead to
a wrong ground-state density that does not account for this correlation) or why
TDDFT with such functionals fails to properly describe CT or Wannier excitons,
where the nonlocal correlation between an electron and a hole becomes crucial (and
thus the relative position of the two must be taken into account).

Note that though LDA is in general a class of functionals defined by the func-
tional form Eq. [2.107] it is in practice often synonymously used for expressions
based on the exchange-correlation energy of the homogeneous electron gas (see
e.g. Ref. [63]).

Rung 2: Generalized Gradient Approximation (GGA)

Functionals of the second rung additionally depend on the local gradient of the
density (local gradient meaning: same position as density itself) [64]:

ESSA ] = /RB d&*r n(r)exc(n(r), Vna(r)) (2.108)

They are termed semi-local because information of the density at some point r is
mixed with information on how the density changes around », thus the relation
between the density at r» and the density in the immediate neighborhood of r is
included.

For our practical calculations of extended systems we will use the PBFE func-
tional [66], a — if not the — standard GGA functional for solid-state physics.

Rung 3: Meta-Generalized Gradient Approximation (mGGA)

In the third rung, additional dependence on the local Laplacian V?n of the density
and/or on the local kinetic energy density T (see Ref. [47]) is included,

E}?SGA[n,T] :/ &r n(r)exc(n(r), Vn(r), Vin(r), 7(r))

T(r) =) (4] %2 % (2.109)

=1

where a dependence on 7 is most common [63], [64]. Based on the specific struc-
ture of the shown functional, mGGAs are, as GGAs before, termed semi-local
functionals.

Since we will not use this kind of functional, we will not further elaborate on
it. Just note that the explicit dependence on (G)KS orbitals via the local kinetic
energy density complicates the formalism (while the dependence on the Laplacian is
unproblematic), when compared to GGA functionals. While we could in principle
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treat the orbitals as functionals of the density and then use the normal KS scheme
(minimizing w.r.t. the density), mGGAs are in practice typically used within the
framework of GKS theory (see below), where the total energy is minimized with
respect to (GKS) orbitals.

Rung 4: Hybrid Functionals

The idea of hybrid functionals — the fourth rung of Jacob’s ladder — is to partially
include the exact exchange interaction of the electrons. Instead of directly including
our expression Eq. in the exchange-correlation functional of KS-DFT, hybrid
functionals are typically used within the framework of the generalized Kohn-Sham
(GKS) approachP]

Details on the GKS approach can be found in Refs. [67, [68], but to briefly
summarize, the general idea is to partially reintroduce electronic interactions into
the auxiliary electron system: the interaction is introduced as part of a functional
S of Slater determinants. In addition, we then introduce a density functional F*¥
via the Slater determinant(s) that minimizes S and leads to the density (thus the
domain of F° is given by the non-interacting N-representable densities):

F¥[n] = min (S[®)]) (2.110)
d—n
The difference between Levy’s universal functional Eq. of the fully interacting

system and F° of the partially interacting system is then called the remainder
energy functional R¥:

Fln] = F¥[n] + R°[n] (2.111)

This is then used to express the total energy of the interacting system for a given
external potential as a functional of non-interacting N-representable densities®}
This minimization is then carried out in terms of Slater determinants, that is, in
terms of their one-electron orbitals, leading to the GKS equationﬁ

As a special case of the GKS formalism, we define S as:

S[®] = (®| T, + al,, |) (2.112)

Here, 0 < o < 1 such that we quite literally have partially interacting electron.
The corresponding density functional then becomes:

d—n

F5[n] = min (((I)] T, + al. \@)) (2.113)

31 As is commonly done, we may at other points in the text simply refer to KS orbitals, KS
energies and so on and implicitly also mean GKS orbitals, GKS energies, etc.

32Compare Egs. and where we still used N-representable densities. Just like KS
theory assumes that the (all if many) ground-state density n of the interacting problem for
the given external potential is also non-interacting v-representable, and thus non-interacting N-
representable, (exactness of the) GKS theory assumes that for the chosen S, the density n can
be constructed from GKS orbitals obtained from the formalism explained here (we may define
something like “S-interacting-v-representability”), and thus also assumes that the density is non-
interacting IN-representable.

33When instead minimizing with respect to densities, we end up with a nontrivial integro-
differential equation known as the optimized effective potential (OEP) [68].
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Denoting one of the minimizing determinants by ®5 and using Eq. [2.104} this can
be written as:

FSn) = (®F| T, |®5) + aEx[®5] + a[n] (2.114)

Three comments are adequate here: first, note that while the total value of F*[n]
does not depend on the chosen minimizing orbital, the individual contributions
(®§| T.|®5) and aEx[®§] will in general depend on this choice, i.e., be different,
for a different minimizing orbital, assuming multiple exist. This is analogous to
the discussion of EX% given below Eq. 2.105 Second, if we define EGX® via
E$ES[n] = Ex[®3] (and assume problems related to the existence of multiple
minimizing determinant have been alleviated as for EX°, which we will do from
now on), then for a given density n, we will in general find E¢KS[n] # EX5[n],
because they use Eq. in terms of differing Slater determinants. Similarly,
<<I>g } 1. |<I>*g > may be called the GKS kinetic energy, and will for a given density in
general be different from the KS kinetic energy of Eq. and the exact kinetic
energy of Eq. Third, the GKS exchange E¢%® leads to the occurrence of the
nonmultiplicative Fock exchange operator in the GKS equations (in contrast, R,
see below, leads to a multiplicative potential.).

Continuing with the GKS formalism for the special case of Eq. 2.112] the re-
mainder energy functional is then usually approximated as [6§]

RS[n] = (1 — a)J[n] + (1 — a) VPP ] 4 VAP [p], (2.115)

where VPP and VEPP'* are approximative density functionals for exchange and
correlation, taken from the lower rungs of Jacob’s ladder, typically a GGA func-

tional’’] In analogy to KS-DFT (see Eq.[2.95), we may write

Fn] = F®n] + R%[n]
= <<I>g’ 1. “POS> + J[n] + Excn]
E%cln] = aBx|[®5] + (1 — a) VP [n] + VEPP[n] (2.116)

and call ES . a global hybrid (GKS) exchange-correlation functional — “hybrid”,
because it mixes the exact GKS exchange with an approximative exchange func-
tional, and “global”, because the same fraction of exact exchange is used at all
electron-electron distances, that is S was constructed as shown in Eq. 2.112] with
a global scaling factor a applied onto the Coulomb electron-electron interaction.
In contrast to such global hybrid functionals, there are also range-separated hy-
brid functionals, where the Coulomb interaction is split into a short range and a
long range part, that are then treated differently [63]. We will not get into these,
because they are not used later.

For our calculations of isolated molecules and clusters later, we will use the
B3LYP functional [69, [70], a global Hybrid functional. Note that BSLYP mixes
exchange and correlation functionals of both LDA- and GGA-kind, and deviates
in how it mixes them from the generic form for the GKS exchange correlation

34Note that if we take a meta-GGA functional, then the kinetic-energy density is expressed
in terms of the GKS orbitals and leads to a nonmultiplicative term in the GKS equations.
In contrast, using GGA functionals simply leads to multiplicative potential terms, one for the
exchange and one for the correlation part.
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functional given in Eq. [2.116, Simply adapting the remainder functional R® ac-
cordingly via the desired combination of approximative exchange and correlation
functionals, compare Eq.[2.115] however does not change anything in the formalism

and then gives us B3LYP in Eq. [2.116

Rung 5: Double Hybrids

Finally, the exchange-correlation functionals of rung five are known as double-
hybrids and additionally depend on unoccupied orbitals [63] [64] These functionals
are very expensive and rarely used as of writing, so we will not go into further
detail here.

Dispersion Corrections

Though they are not part of Jacob’s ladder, this is also the right time to introduce
dispersion corrections (commonly called van-der-Waals corrections [T1]). As men-
tioned above, local and semi-local exchange-correlation functionals do not properly
describe London dispersion interactions. In scenarios where these interactions be-
come important (for example when calculating adsorption heights of molecules on
some crystalline substrate), a dispersion correction can be incorporated into the
exchange-correlation functional.

Details on common dispersion corrections can be found in Ref. [72]. While
more sophisticated dispersion corrections in terms of nonlocal density functionals
exist, they are less widely used than simple atom-pairwise methods. Importantly,
the atom-pairwise methods we will use in practice (see below) give an energy con-
tribution to the total energy that does not depend on the density and therefore
does not affect KS orbitals and orbital energies, since they drop out after perform-
ing the functional derivative w.r.t. the density (same for GKS, when minimizing
w.r.t. the orbitals). Thus, they are not relevant for a single solution of the (G)KS
equations for a given external potential, but become relevant when performing ge-
ometry optimizations, where the total energy of different nuclear configurations is
compared.

For our practical calculations we will either not use any dispersion correction, or
use the Becke-Johnson (BJ) damping variant of the Grimme D3 correction 73], [74],
which is an atom-pairwise method.

2.2.6 Kohn-Sham DFT in Practice

We conclude this section on density functional theory by focusing on the parts we
need for our photoemission simulations. In brief, all we need to do is to solve the
Kohn-Sham equations Eq. where we need to settle on a nuclear geometry
that defines the “external” potential v and choose an exchange-correlation func-
tional from Jacob’s ladder (alternatively: use hybrids and GKS theory). There are
of course many more practical issues in such calculations. While a treatment of
those goes beyond the scope of this text, a rather practical introduction to KS-DFT
calculations can be found in Ref. [46].

Having solved the Kohn-Sham equations, we then use the obtained orbitals
and orbital energies (in Eq. we also use the exchange-correlation energy of
the orbitals) in the upcoming theoretical frameworks as well as directly in our
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photoemission simulations. Note that we can in principle obtain a complete set of
one-electron orbitals by first converging the ground-state density and then solving
the KS Schrédinger equation (first line in Eq. for all solutions, that is, bound
and scattering states (see Appendix . While this is in principle needed for
completeness (for example when expanding L in the Bethe-Salpeter equations, see
Appendix and while the scattering states could in principle be used as final
states in our photoemission simulations (see Sec. , we will in practice only
ever solve the KS equations for bound orbitals, namely its valence and (part of its)
conduction orbitals.

Note also, that throughout this section — and including the Kohn-Sham equa-
tions Eq. — we assumed that we are working with a physical, that is, finitely
sized atomic system. As explained in Sec. 2.1.1] we however routinely perform
calculations for a model system that is an infinitely extended thin atomic plane.
Such a system can be thought of as the thermodynamic limit of a finite crystal (see
Appendix . Note that extensive quantities diverge in this limit and must be
renormalized (for example to “per-unit-cell” quantities). A discussion of DFT for
infinite crystals can for example be found in Ref. [37]. We focus in the following on
the ingredients we need in practice for our photoemission simulations, namely the
KS orbitals and energies as well as the KS equations, which all stay well-defined in
the thermodynamic limit and only change minimally. Translational symmetry of
the surface tells us that the ground-state density (an observable quantity), must
also be surface-periodic. As a result of the system’s translational symmetry, also
the effective potential v*) is surface-periodic (while omitting a proof of this intu-
itive result, note that this is trivially the case for v and v;). Note that the ionic
potential v and the Hartree potential v; are strictly speaking ill-defined by them-
selves, due to the long-range Coulomb interaction and the infinite system size. For
charge-neutral systems (where the ionic and electronic charges in a unit-cell sum
up to 0), their sum is however finite (intuitively: a far-away unit cell looks essen-
tially like an uncharged area, see also Appendix F in Ref. [59]). We additionally
— of course — assume that v,. is constructed in such a way that it is well-defined
everywhere, such that the full KS potential v(*) is then well-defined. As detailed
in Appendix the KS orbitals obtained with this periodic potential are then
in-plane Bloch orbitals, with bound states {¢, 4} being indexed by a band index
n and a Bloch momentum q (from the surface Brillouin-zone). Lastly, as detailed
in Appendix the electron density is then obtained by integrating over the
Brillouin zone:

n(r)=>Y_ Z/BZ d2q|tn g (7, 5) |, (2.117)

s=td 7

where {u, 4} are the unit-cell-periodic parts of the Bloch functions — thus mak-
ing the periodicity of the density directly visible — which have to be normalized
according to Eq. [B.6] This normalization is essential to ensure that integration
of n over a single unit cell gives us the number of electrons in the unit cell (as
demanded from the density in Eq. . Of course, integrating n over all space
gives us a divergence — after all, there is an infinite number of electrons in an
infinite surface. Note that this expression for n assumes a gapped system, that is,
a system with only completely filled or completely empty bands. When perform-
ing spin-unpolarized calculations (KS-DFT as outlined above) where spin-up and
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spin-down orbitals have the same spatial wave function and the same energies, this
additionally means that the sum over spins can be replaced by a factor of 2 (with
n then indexing spatial bands). This is the type of system we will meet later in our
practical calculations (free-standing layer of 6T and free-standing layer of hBN).
For metallic systems, the sum must run over all — at least partially occupied —
bands and include the occupation number f,(q) in the integrand. In practice, the
integral is then evaluated using quadrature. Usually we sample the Brillouin zone
via a regular (usually rectilinear in coordinates of the reciprocal unit-cell-vectors)
grid of discrete Bloch momenta, N; and N, in each respective surface direction,
and calculate the density as (see Appendix [B.3):

occ. BZ

n(r) ~ NINQA Z S lunglr. o), (2.118)

s=tl n q

where A, is the area of the surface unit cell. Trivially, N; and Ny must then be
increased until the so-obtained electron density is converged.

Lastly, note that we often split DFT calculations into two parts, where we
first converge the density as described above. In a second step, we can then solve
the (G)KS equation (without updating the (G)KS potential/operator) to obtain
(G)KS orbitals and energies at any desired Bloch momentum. Importantly, we can
this way calculate solutions at any Bloch momentum independently (that is, the
solutions at q; do only depend on the density/KS operator we start with, but not
on which other Bloch momenta we solve for in the second step) [46]! This is partic-
ularly useful in the context of our photoemission simulations, where the resolution
of, for example, momentum maps is determined by the Bloch-momentum-grid of
available KS orbitals and -energies — a consequence of in-plane crystal-momentum
conservation, see Appendix [D.2.1]
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2.3 MBPT I: GW and Quasiparticle Approxima-
tion

Die Galoschen konnten, wie jeder, der etwas grindlich machen
will, nur eine Sache auf einmal tun. Er wollte Dichter sein,
das wurde er. Nun wollte er ein kleiner Vogel sein, aber als er
dies wurde, horte die vorige Eigentumlichkeit auf.

— Hans Christian Andersen, Die Galoschen des Gliicks
[insel taschenbuch 133. Insel Verlag, 1992, S. 166.]

Having introduced Kohn-Sham density functional theory (KS-DFT) as our go-
to method for calculating ground-state properties, the next step is to focus on
excited states. For this we use many-body perturbation theory (MBPT) and first
focus on charged excitations, where we focus on excitations that change the number
of electrons in our system from N to N + 1. Later, in our photoemission formal-
ism, we will use these states (the N — l-electron ones) to describe the remaining
electronic system after the emission of a photoelectron. As in Sec. we generally
assume systems to be finitely sized and only return to intricacies of infinitely sized
systems briefly around the end of this section.

2.3.1 Quantum Field Operators

Since we will need them repeatedly later in this section, we start by introducing
the so-called quantum field operators.

Say {|¢;)} is an orthonormal and complete set of one-electron states (ONB,
see Appendix with corresponding wave functions {¢;} and (second quanti-
zation) annihilation operators {a;} and creation operators {a/}. Then we define
the quantum field annihilation operator W(z) and creation operator Wi(z) as (for
some position and spin, z = (7, s)):

W) = 3 dula)a
Vi) = Y i)l (2.119)

Note that this is simply the equation for expressing annihilation and creation op-
erators belonging to the position-spin basis {|z)} in terms of the above-chosen
one-electron basis {|¢;)} [75]. The field operators ¥ (x) and ¥f(x) are independent
of the chosen one-electron basis {|¢;)} and represent respectively the annihila-
tion and creation of an electron at position r with spin s. As is commonly done
in solid-state physics, removing an electron from a system can be thought of as
adding an electron-hole — simply called a hole — to it, such that \if(x) is said to
create a hole at x. It can also easily be shown (see Ref. [75]) that the following
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anticommutation? relations hold:

(), ¥(@)} =0
(#!(), ¥ (@)} = 0
(), ¥!(a')} == oz — 2

(2.120)

We can also use the quantum field operators (just like any other set of annihi-
lation and creation operators), to express one-electron and two-electron operators
(see Appendix|A.1.4). Most notably, the time-independent electronic Hamiltonian

Eq. becomes:

Viry==>_ Ir—LkRkl (2.121)

With this we can also compactly write the time-dependent quantum field operators
as (assuming the Heisenberg picture):

U(z,t) = eiH@t\iJ(a:)e_iﬁet

Ul t) = eiH@t\i/T(m)e_iHet (2.122)
Note that the field operators are operators in Fock space and change the number
of electrons in a state they act on (see also Appendix [A.1.3)). While our electronic
Hamiltonian Eq. was initially restricted to the domain of N-electron states,

the second-quantized version of Eq. [2.121] takes the same form on the whole Fock
space (see Eq.|A.28) such that Eq. [2.122]is well-defined on all Fock space.

2.3.2 Omne-Particle Green’s Function

With the N-electron quantum field operators ¥(z,t) and ¥'(z,t) at hand and
writing the (normalized) ground statem of the N-electron Hamiltonian Eq. as
|N,0), we define the (time-ordered) one-particle Green’s function Gy as [77]:

Gy(z,t,2' 1) = =1 (N, 0] W (z,t)TH (' ¢')|N,0)0(t — t')
)

+i (N, 0| UF (2! )T (2,8) |N,0) Ot —t), (2.123)

35With {A, B} = AB + BA.

36 For degenerate ground states, we may additionally average over them, see Ref. [76]. This
is however not needed for the systems we meet in Chapters [4] [5] and [6] - which all exhibit non-
degenerate ground states — and an explicit treatment of systems with a degenerate ground state
is thus omitted for simplicity.
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where we use the Heaviside step functionP'}

1, ift
oy = b =0 (2.124)
0, ift<0

Note that there is a very intuitive meaning to the one-particle Green’s function.
Using Eq. , we find that in (N, 0| U (x, )Tt (2, ') |N,0), we first propagate
the ground state to ¢/, then add an electron at 2’ and then propagate from t' to
t. There, we then calculate the overlap with a state that started from the ground
state, was directly propagated to ¢t and then had an electron added at x. In the
case t > t', |Gy(z,t,2',t')|? is therefore the probabilitylﬂ of finding the system in a
state that is the ground state with an additional electron at x, if we started from
the ground state with an added electron at 2’ and then propagated for t —¢/ timﬂ.
Or, speaking more loosely, it is the probability of finding an electron at x, if it was
t —t' time ago added at ’. Similarly, for ¢’ > t, |Gy (x,t,2',t')|? is the probability
of finding the system in a state that is the ground state with an electron removed
at 2/, if we initially started from the ground state, removed an electron at x and
then propagated for ¢ — ¢ time. A removed or “missing” electron may also be
interpreted as a hole (see above), such that, loosely speaking, |G(x,t,2’,t')|* for
t' >t is the probability of finding a hole at 2/, if it was ¢’ — t time ago added at x.

Since we will use it later, and since this is how the time-ordering is usually
introduced, G1(z, t,2’,t') shall also be expressed in terms of a time-ordered product
T1]...] of field operators, where it takes the form [76] [77, 81l [82]:

Gi(x,t, 7', t) = —i(N,0| T xif(a:,t)\iﬁ(x',t')] IN,0) (2.125)

37 Note that we did not specify §(0) and therefore also Gy(x,t,2’,t') was not defined for
equal times ¢ = /. This is commonly done, see e.g. Ref. [78], but may be a bit un-
satisfactory at first sight. We may for example write §(0) = 1, such that Gi(z,t,2/,t) =
—i (N, 0] eilet [ (), T (a")| e71Het
given below, G1(x,t,2’,t) is the probability amplitude for finding an electron at x at time ¢, if
it was added at 2’ at time ¢, minus the same expression for a hole (with z and z’ swapped).
Being a mixture of electron and hole probability amplitudes makes this a less appealing quantity
than Gi(z,t,2’',t') for t # t’, which can instead be used to obtain solely the electron- or hole
probability amplitudes at (almost) equal time by taking ¢ = ¢~ and ¢ = ¢, respectively. This
is for example used in Eq. Additionally, whenever Gy(z,t,2',t) is integrated over, for
example in Hedin’s equations Eq. or when Fourier-transforming over ¢ — t’, see Eq.
it is important to remember that the result of such an integration does not change when changing
the integrand at isolated points (Thus the integral in Footnote [42| does not depend on the value
at 0.), see e.g. Refs. [T9,[80]. In these contexts, we may thus simply set G1(x,t, 2/, t) to any value
we like, without affecting the result, which is why it is usually not discussed.

38 Assuming, of course, additional normalization of those states for the probability interpre-
tation to be valid throughout this paragraph. See Eq. where the normalization of these
states can be read off as n(2’) and n(x) (using that time-evolution is unitary).

39 Note that, at first sight, |Gy (x,t,2',#')|? is strictly speaking the probability of ending up
in a state that is the ground state, propagated to t and then has an electron added at x, when
starting from the ground state, propagating to t’, adding an electron at =’ and then propagating
to t. However, since our electronic Hamiltonian is time-independent, the time-evolution operator
takes the simple exponential form shown in Eq. and (N, 0] eflet = EWNV.0t (N 0|, where
we used the notation of Eq. But since |[e/F(V:0)112 = 1 the time-evolution of the ground-
state bra drops out. The same holds for the time-evolution of the ground-state ket, such that
|G (x,t,2",')|? is simply the probability of ending up in a state that is the ground state with an
electron added at z, i.e. \iff(m) |N,0), when starting from \iﬁ(x') |N,0) and propagating for ¢ — ¢
time.

N, 0), where we used Eq. [2.122] Using the interpretations
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The time-dependent field operators inside the brackets are ordered from right to
left in ascending time, where a factor of —1 is applied for every needed permutation
of two operatorﬂ. This way, we retrieve Eq.

To see why the one-particle Green’s function (one-particle GF) is of interest
to us, let us rewrite it a bit to see its connection to charged excitations. Look-
ing at its definition, Eq. , we first note that in the first term, (N, 0| \if(x, t)
and WT(z/,#') |N,0) both describe (one as a bra and one as a ket) N + l-electron
states. Similarly, in the second term, (N,0|W(2/,#') and U(z,t)|N,0) describe
N —1-electron states. Denoting the eigenstates and eigenenergies of the N-electron
Hamiltonian as {|N, S)} and {E(N,S)}, respectively,

A, |N,S) = E(N,S)|N.S), (2.126)

we can expand Wi(z/ ') |N, 0) in the {|N + 1, S)} (orthonormal basis of the N +1-
electron Hilbert space) and ¥(z,t)|N,0) in the {|N —1,5)} (orthonormal basis
of the N — 1l-electron Hilbert space). Using the time-dependent field operators of

Eq. [2.122| we find:

Wl 1) [N,0) = SN + 1,8) (N + 1, S| (!, ) [N, 0)
S
=S IN +1,8) (N + 1, S| e B (a!)e |V, 0)

:Z‘N+1’S>61E(N+1,S)t’ (N+1,S|¢/T( "IN, 0) e —iE(N,0)t/
S

=D _IN +1,8) dEEHSEWNN 41, 5] ¥1(a") [N, 0)
S
(2.127)

Using additionally

(N0 W(z, t) [N +1,5) = (N,0] e (x)e 7 [N + 1, )
— 1E(NO <N 0‘\:[/( )‘N"—l S> —iE(N+1,5)t
— ¢ IBWFLO-EWON (N 0| T(z) [N 4+1,5), (2.128)

we find:

(N, 0| U (z, )W (2 ') |N,0) = (2.129)
= Z (N,0| W(z) [N 41,8) (N +1,8| U (a') | N, 0) ¢ {ENFLN)=EWN,0)(t=t)
S

Similarly:

(N, 0| Ul (2! "D (:c t)|N,0) = (2.130)
= Z (N, 0| Wi(2) [N = 1,8) (N — 1, S| W(z) | N, 0) e/ EN-18)-EN0) 1)

40Note that we leave T7...] undefined for situations where not all operators are at different
times, see also Footnote
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Using the fact that the field operators s W(z) and Wi(z) are adjoint operators of one
another and using (u| AT [v) = (v| A |u)*, we can then write the one-particle GF

ad]
Gy (z,t, 2’ 1) —1Zfs (2)e 5=t — ¢')
+iZfS‘ 2) f5*(x)e s g — t), (2.131)
S

where we have defined the Lehmann amplitudes

fg (@) = (N,0[ ¥(x) [N + 1, 5)
f5 (@) = (N —1,5|¥(z)|N,0) (2.132)

and the electron addition and removal energies

ek = E(N +1,8) — E(N,0)
e5 = E(N,0) — E(N —1,5). (2.133)

Notice, that G1(z,t,2',t") only depends on the difference ¢t — ¢/, as we would
expect with a time-independent Hamiltonian. Fourier-transforming with respect

to t — t' we find2}

(2,2, w) Zfs

with 7 = 0. This is the Lehmann representation of the one-particle GF. It tells
us that, Gy(z,2',w) is — as a function of w — a sum of poles, where the poles are
located at the positions {eg} and {¢£} (and are independent of z and z’). And from
Eq. [2.133] we can see that these pole positions are actually the electron addition
and electron removal energies relative to the N-electron ground state! That is, ef
gives us the change in energy when adding an electron to the N-electron ground
state, such that we end up in the S-th eigenstate (ground state S = 0 or excited
state S = 1,2,...) of the N + l-electron Hamiltonian. The electron addition
energies {¢£} are the negative of what is typically called the ground state’s electron
affinities. Similarly, eg gives us the change in energy when removing an electron
to the N-electron ground state, such that we end up in the S-th eigenstate of the
N — 1-electron Hamiltonian. The electron removal energies {5} are the negative
of what is typically called the ground state’s ionization energies.

s ( fs( ')
+m Zw_€s : (2.134)

4INote that the two sums run over different states, the first over eigenstates of the N +1-electron
Hamiltonian and the second over those of the N — 1-electron Hamiltonian.
42 Here we used the “limes-expression” for the Fourier-transform Eq. of the (exponentlally

damped) Heaviside function (t): as can be seen in Refs. [77, [83], [ dt 9 ewt=nt — +177’ such
that the Fourier transform is obtained via lim, o+ [; dtf(t)e'~ " and is wrltten as 7y, where
n = 0T. For the second term we similarly use [, dt 6(—t)e**"" = =L The electron addition

and removal energies sif then trivially enter the denominator in Eq. and determine the
pole positions. Note that when the pole positions acquire imaginary parts (negative for electron
addition, positive for electron removal), see quasiparticle Green’s function in Sec. our
convergence problems (and the remaining problem at w = ?RE?) disappear and we can set n =0
for w € R.
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We will later assume the ionization energies to be larger than the electron
affinities (as is commonly done, see e.g. Ref. [84]), which follows from the intuition
that it takes less energy to remove an electron from an N + 1-electron state than
from an N-electron state, since the nuclei (whose positions we take to be the same
for the N- and N + 1-electron states, as we do throughout this text) are more
screened by the other electrons in the N + 1-electron case than in the N-electron
case. Consequently, we find for any S and S’

el > E(N +1,0)— E(N,0) > E(N,0) — E(N —1,0) > g, (2.135)

When written as E(N + 1,0) + E(N — 1,0) > 2FE(N,0), this is known as the
convezity of the ground-state energy with respect to the number of electrons. While
this assumption is normally safe to use for systems typical in solid-state physics
and quantum chemistry, note that it lacks a rigorous proof and recently even a
counter-example has been claimed to have been found [85]. Assuming Eq. [2.135]
we will later also use the chemical potential

et +e, E(N+1,0)—E(N —1,0)

= 2.1
5 5 (2.136)

to separate the electron addition and electron removal part of the one-particle GF
and related quantities.

Finally, note that Gy is also closely related to the ground-state electron spin-
density:

Ju

—iGy (2, t, 2, t7) = (N, 0| Uf (2, )0 (x, t) |N, 0)
= (N, 0] Uf(2)¥(z) |N,0)
1 / /! /
- [dtahata"y V.ol
{2} Wi (2)T(x) [{2"}) ({«"}N,0)
1

~ (N2 / d{a'}d{a"} (N,0|{z’'})

('Y {a"}) Y oz —af) ({«"}IN, 0)

=1

=i ] A Y6 — ) () V.0

— [t} 36w - ) ool PP

_N / {2, 75, ., ox} [ Wo({z, 20, 3, .. ., an})?
= n(z), (2.137)

where we used that the electronic Hamiltonian is time-independent to get to the
second line (otherwise the bra and ket would need to be propagated to t and we
would get a time-dependent spin-/density, which is what happens in the Hedin
equations), expressed the field operators in terms of Dirac deltas in line four (com-

pare Ref. [75]), used Eq. to get to line six, used Eq. to get to line seven
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and identified the result with the electron spin-density of Eq. which we now
write as:

n(z) =n(r,s) = ns(r) (2.138)

The Hartree potential of Eq. can thus also be written as:

oslnl(r) = —i / o 3 G2 E)

e
Gy t, 2 t+
—i/dx’ 1 L ) (2.139)
r— 7’|

2.3.3 Spectral Function and Relation to Photoemission

A quantity closely related to the one-particle GF is the spectral function A, formally
defined as [84]:

Az, 2, w) Zfs 5w —ek) +Zf5 No(w—eg) (2.140)

There is a very intuitive meaning to A(z,x,w), which can be seen when inserting

Eq. 2.13%
Az, z,w) =Y [(N +1,8| ¥ (z) [N,0) P6(w — £¥)
S

+3 (N = 1,8]¥(x) [N, 0) [P(w — e5) (2.141)

Remembering that the field operators add /remove an electron at z, A(z, z,w) tells
us how likely it is to end up in state | NV £ 1, S) if an electron is added /removed at x,
and it gives us the associated change in the system’s energy. Or, stated differently,
for a given z and w, A(x,z,w) tells us if there is any (possibly multiple) N + 1-
electron state available at this energy change w, and if so, how likely it is to end
up in this state(s), if an electron is added to/removed from the ground state at
x. It may in this sense therefore be regarded as a local density of N + l-electron
states and it is already clear from this definition that there must be a close relation
between A and photoemission experiments.

Note that the spectral function is closely related to the one-particle GF via [84]

Az, 2’ W)
w—w +in sgn(w’ — pu)’

Gi(z, 2’ w) :/dw’
R

where we used Eqs. [2.135|and [2.136] It is trivial to verify this by inserting Eq.
and evaluating the delta functions. Alternatively, we can also use the Sokhot-
ski—Plemelj theorem to rewrite the poles in the Green’s function [83],86] and extract
the imaginary part as a sum over delta functions to find (for z = 2'l):

(2.142)

Az, z,w) = %%{Gl(:v,ac,w)} sgn(p — w) (2.143)

Having these relations at hand, we can now show that the spectral function, just
like G4, is closely related to photoemission experiments. Details on photoemission
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simulations can be found in Sec. [3.3] For our present purposes, it is enough to
remember that in a typical photoemission experiment an external light source
is applied onto an atomic system, which then leads to the emission of electrons
via the photoelectric effect. The emitted electrons then reach a detection device
and thereby reveal information about the atomic system via the photoemission
intensity (distribution). As shown in Sec. the ground-state photoemission
intensity for a photoelectron state |y) is then given by (compare Eq. and use
E(N,0) — E(N —1,5) =¢g):

Ioy o Y (VAP ldos)|” 6w + €5 — Fian)
S
dos(x) = (x|do.s) = (N — 1,8 ¥(x) |N,0), (2.144)

where A is the amplitude of the electromagnetic vector potential (in dipole ap-
proximation), Ey;, is the kinetic energy of the photoelectron and the sum runs over
the exact eigenstates of the NV — l-electron system. Expanding the Dyson orbital
state |dys) in one-electron (typically Kohn-Sham) orbitals using Eq. ,

|do,s) =Y |ém) (N = 1, 8] |N,0), (2.145)

we find:

2

Iy < > D> (A -Dldm) (N —1,8]@m [N,0)| 6(w+eg — Ean)  (2.146)
Defining
M“/,m = <7| A- ﬁ |¢m> (2147)
and simply using |2|? = zz*, we find (compare Ref. [82]):

Toy o< > Y MM, (N,0|al [N —1,8) (N = 1, 8]y |N,0) 6(w + 5 — Eiin)

S mmn

= Z My M Ay (Biin — w), (2.148)

¥y,mmmn

where we introducedﬁ the lesser spectral function

AS(z,2 w) = Az, 2", w)0 Z fs(x No(w —eg) (2.149)
and (using Eq. [2.119 and orthonormality of the one-electron orbitals)

~ [ dn [ awei(@ona)A% @'
= (N,0]a} [N —1,8) (N =1,8]ay |N,0)6(w—c5),  (2.150)
S

#3The Heaviside function (p — w) removes the poles at {e§} in the sense that [, dw f(w)d(w —
)01~ w) = FED)Bu—et) = 0.
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whose diagonal elements are again directly related to the Green’s function@:
1
A n(w) = =S{Gran(w)} O(n —w) (2.151)
’ T

On a sidenote, we find that A, (w) is diagonal for a non-interacting system
(whose one-electron Hamiltonian is the Hamiltonian with regard to which we
choose the one-electron orbitals), which follows from the N — l-electron eigen-
states simply being single Slater determinants built from the one-electron orbitals
(see also Sec. . Thus, also for a weakly correlated system, we can expect
the photoemission intensity I, to be dominated by the diagonal matrix elements
{A5 (B —w)} 87,

Within the approximations underlying Eq. [2.144] we have thus shown via
Eq. that the photoemission intensity from the ground state to (the set of
N-electron final states with) a scattering state |y) is given by the matrix elements
of the light-matter interaction Hamiltonian and by the matrix-elements of the lesser
spectral function™]

To conclude, note that it is a widespread approximation to simulate photoemis-
sion based purely on the (diagonal elements) of the lesser spectral function, thereby
also neglecting effects of the matrix elements {M, ,,} [82]. In Sec. we will go
beyond this approximation and include these so-called matriz-element effects. Im-
portantly, we should not get confused about what kind of matrix element we are
talking about: in the derivation shown above, the matrix elements { M, ,,} referred
to matrix elements of A - p between (| and the one-electron basis orbitals {|¢,,)}
(usually Kohn-Sham orbitals) and we needed to (double-) sum over those orbitals
to get the photoemission intensity. In contrast, in POT — compare Eq. — we
use a (single) sum over matrix element of the same operator and bra, however using
the Dyson orbitals {|d; )} as kets. These matrix elements then already contain
the necessary information that is otherwise stored in the spectral function. For the
POT formalism, as presented in Sec. the spectral function is thus of no par-
ticular relevance and we will continue with the closely related one-particle Green’s
function Gy, which not only contains the electron removal energies {eg } needed for
ground-state- and excited-state photoemission but also contains the ground-state
Dyson orbitals {dy s} (which are simply its Lehmann amplitudes, see Sec.
needed for ground-state photoemission simulations, see Eq. 2.144] Additionally,
G itself will be relevant for the derivation of the Bethe-Salpeter equation (via Ly,
see Sec. underlying our excited-state photoemission formalism.

2.3.4 Hedin’s Equations

Having seen the close relation between the one-particle Green’s function G; and
photoemission, the question now arises how we can calculate G; and obtain the
Lehmann amplitudes and electron addition/removal energies. The commonly used
approach to achieve this is to solve a set of integro-differential equations known as

4 This is a special case of Ay (W) = L3{G1;n,n(w)} sgn(p — w) (see also Ref. [77]), where we
define the matrix elements as in Eq. which again easily be seen by explicitly writing the
matrix elements on both sides and using the Sokhotski-Plemelj theorem. See also Eq.

45We could have, of course, also stuck with the “normal” spectral function by replacing

A;,n(Ekin — w) in Eq. [2.148| with Am,n(Ekin — w)ﬁ(u — Byin + w).
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Hedin’s equations. For their derivation, a small external time-dependent pertur-
bation ¢ is introduced and added to the Hamiltonian. This potential is only used
for variational calculations and is ultimately (for example for the evaluation of the
occurring functional derivatives) set to zero again [82] (we omit writing |,—¢ next
to each functional derivative for readability, compare Appendix . At given
points 1 and 2, the Green’s function of the perturbed system is then denoted as
G1(1,2;¢) and can be understood as a functional of the perturbing potential ¢.
For the remainder of this section, we drop the explicit functional dependence on ¢
for readability.

Based on Ref. [82], let us now introduce a couple of new quantities: The self-
energy 3 is formally defined as (see Sec. for an explanation of the used notation):

§G71(4,2)
¥(1,2) = —i [ d(3,4)v(1 1,4)— 1~ 2.152
(1.2 = =i [ as.1.36: 0.9 (2152)
where we used the inverse Green’s function:

/d(3)Gl(1,3)G11(3,2) =6(1,2) (2.153)

This definition of the self-energy is rather abstract. Its physical meaning will
however become very clear in the context of quasiparticle equation of motion
(see Eq. 2.177). With the definition of the total potential (time-(but not spin-
Jdependent Hartree potential of perturbed system plus perturbation itself)

V(1) =vs(1) + (1), (2.154)

we then define the vertex function

a2,3) =—- d 2.155
(1.2.3) = - (2.155)
the inverse dielectric function
_ oV (1)
e H1,2) = —2, 2.156
129 =55 (2156)
the screened Coulomb interaction
W(1,2) = /d(3)51(1,3)v(3,2) (2.157)
and finally the irreducible polarizability
on(1)
P(1,2) = 2.158
(1.2 = 55 (2158)

for which we may also use Eq. [2.137| (modified for a time-dependent Hamiltonian)

to express it as functional derivatives of the Green’s function.
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Hedin’s equations [81], R2] are then a set of five equations that relate these
quantities:

Gi(1,2) = G9(1,2) +/d(3,4)G§°)(1,3)2(3,4)G1(4, 2)

P(1,2,3) = 6(1,2)5(1,3) + /d(4,5,6, 7)%@1(4, 6)G1 (7,5)0(6,7,3)

P(1,2) = —i/d(3,4)G1(4,2)01(2,3)F(3,4,1)
W(1,2) :v(1,2)—|—/d(3,4)v(1,3)P(3,4)W(4, 2)

%(1,2) = i/d(3,4)01(1,4)W(1+,3)r(4,2,3) (2.159)

Note that GSO) denotes the Hartree-level Green’s function, whose Lehmann rep-
resentation can be seen in Eq. 2.169 These five equations can then be solved
self-consistently, thereby yielding the (in principle exact) self-energy ¥ and one-
particle Green’s function Gj.

The first line of Eq. is known as the Dyson equation of Gy [82]. Using

the equation of motion of G\, this can also be written as [76, 81} 82]:

i% — h(r) — UJ(T):| Gz, t, 2 ') =0(t — t)d(x — 2')

+/dt”/ZL’”Z(ZL’,t,l’ﬂ,t”)Gl(ZE”,t”,l’/,t/>,
R
(2.160)

where h is the one-electron Hamiltonian of Eq. Fourier transforming (see
Eq. with respect to t — ¢ (using time-translation invariance) and using the
Lehmann representation of the one-particle GF, Eq. [2.134] we then find that the
Lehmann amplitudes and the corresponding electron addition/removal energies
solve the following equation of motion [19, [81]:

[A(r) +vs(r)] 5 (2) + /dﬂf’z(%x'ﬁ?)ﬁ(w') =c5/5 (@) (2.161)

As noted in Ref. [81], the derivation of this equation assumed that the (real-
valued, exact) electron addition/removal energy £% is (related to an N = I-electron
state that is) part of the discrete spectrum of the N + l-electron Hamiltonian,
thus forming a discrete pole of Gy. If it is part of the continuous spectrum (see
Appendix [A.1.1)), the situation is more complicated [81]. We will get back to this
equation in the context of the quasiparticle approximation, where G is written in
terms of a small number of discrete poles (in the complex plane), each satisfying
an equation like Eq. see Egs. [2.168 and 2.177}

We will now introduce two approximations, namely the GW approximation
and the quasiparticle approximation. While these approximations can be applied
independently, we will in practice always use both of them.
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2.3.5 GW Approximation

As can be easily guessed from looking at Hedin’s equations Eq.[2.159] the equation
for the vertex function I'(1,2,3) poses a particular problem in practical calcula-
tions, since it involves the complicated functional derivative of the self-energy with
respect to the Green’s function. Fortunately, in many practical calculations, the
vertex function can be approximated as I'(1,2,3) = §(1,2)d(1, 3), yielding Hedin’s
equations in the GW approzimation [82]:

Ghi(1,2) = GO(1,2) + /d(3,4)G§0>(1,3)2(3,4)G1(4, %)

P(1,2) = —iG1(1,2)G1(2,1)

W(1,2) = v(1,2) + /d(3,4)v(1,3)P(3,4)W(4,2)

$(1,2) = iG (1, 2)W (1+,2) (2.162)

As can be seen from the last line, the GW approximation derives its name from
the simple form that the self-energy takes. Comparison with Eq. shows that
the GW approximation significantly simplifies the set of equations to be solved
self-consistently.

2.3.6 Quasiparticle Approximation

In practice, we almost never work with the exact Green’s function GGy in terms of
exact eigenstates of the N + 1-electron states, but instead use the quasiparticle
(QP) approximation (QPA) for a cheap and effective description of the Green’s
function in terms of particle-like charged excitations. In the following, we will
first derive an exact alternative representation of the Green’s function and then
introduce the QPA.

Besides the references used throughout this subsection, additional details on

the QPA can also be found in Refs. [88-90]

Complex-Pole Representation of G,

In preparation for the QPA, we first focus on an alternative representation of G
which we will call the complex-pole representation. While the Lehmann representa-
tion Eq. takes real energies w as its third argument, GG; can also be extended
to complex arguments 2z by analytic continuation. We denote the analytic contin-
uation by G and it can be shown that [76], 91] the complex-pole representation

(z,2', 2) Z“b” g B ), (2.163)

with (z serves as a parameter)
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satisfies
Gi(x, 7', w) = Gi(z,2',w) (2.165)

for real z = w.

QPA

Until now, we have made no approximations, that is, G; still satisfies Eq.
exactly. While G1 may in general be a complicated function of z, we are in principle
only interested in its values on the real axis. In the quasiparticle approximation, we
then assume that G; around the real axis is dominated by complex poles which arise
from the denominators vanishing (see Ref. [76] for details) and are thus located at
(close to the real axis):

z = E,(2) (2.166)

Assuming that there is only one quasiparticle energy z, per n (01": neglecting
additional solutions of z = F),(2), see Ref. [76, [91]), we then find G;; within the
QPA [76] (abbreviating G, (z, 2,) by én(z) and G (2, 2,) by tn(a):

G?P(x, T z) ~ é’l(x, r'2)

élQP(LC,xl, Z) _ Zgnw

_ZTL

B OFE,(z)

-1
) : (2.167)

where the quasiparticle renormalization factor g, arises from a linear Taylor ex-
pansion of (z — E,(2))"! around z, (while the quasiparticle orbitals ¢,(z) and
zﬂn(x’ ) are assumed to be approximately constant around z,), which is assumed to
be valid for z close to z,. In the QPA, the equations Eq. become:

Wm+wmwww+/m2mﬂ%wmw=%@m

WWHWNN%@T+/WTWwwMﬂw=%@®) (2.168)

While GGy in the Lehmann representation Eq. is a sum of real poles (Fin),
whose positions correspond to the exact eigenenergies of the N + 1-electron system
(relative to E(N,0)) and whose residues are given by the corresponding Lehmann
amplitudes (Dyson orbitals), G?P is a sum over quasiparticle poles located at the
complex quasiparticle energies with residues given by the quasiparticle orbitals
(and g,,). As is detailed below (via comparison to a non-interacting system), the
benefit of the QPA Green’s function C:‘?P is that it often reproduces GG; reasonably
well on the real axis, while needing far fewer poles in the summation! In that
sense, each quasiparticle pole can then be thought of as replacing many real poles
located at exact eigenenergies, as detailed below (this interpretation of course
becomes slightly problematic if two quasiparticle energies are very close such that
the poles overlap and “share” real poles).
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Experimental Support for the QPA

We have already seen in Sec. that there is a very close relationship between
experimental ground-state photoemission intensities, the spectral function A (via
Eq. and the one-particle Green’s function Gy (via Eq. 2.144). We have
seen in particular that the pole-positions of the Green’s function determine the
kinetic energies at which photoemission can occur (while the current argument
is performed based on ground-state photoemission, this point also holds in our
excited-state photoemission formalism).

Now, the experimentally obtained ground-state photoemission spectra of many
systems look exactly as what is predicted by the Green’s function within the QPA!
That is, when plotting the photoemission intensity as a function of kinetic energy
for a fixed photoemission in-plane direction (k,, k), they show dominant broadened
photoemission peaks (see also comments below Egs. and [3.45)), accompanied
by a much smaller background signal and possibly additional, smaller peaks (called
satellites) [82, 87]. This dominant broadened peaks can be understood as corre-
sponding to the quasiparticle poles and their dominance over other features in the
photoemission spectrum tells us that performing the QPA, which means neglecting
the remaining structure of the Green’s function, is well-justified (at least in the
context of photoemission). Thus, we find that the QPA can be expected to be a
good approximation to the Green’s function of many physical systems and that we
are justified to use it for the simulation of photoemission experiments.

Interpretation of the QPA

To understand why we identified each pole in Eq. with a quasiparticle, we fol-
low Refs. [82] [87] and first take a step back to analyze a system of non-interacting
electrons (e.g. electrons in an external4+Hartree potential, or the non-interacting
electrons of KS-DFT). When we solve the corresponding single-electron eigenvalue
equation we obtain one-electron orbitals {¢;} (forming an orthonormal one-electron
basis) and one-electron energies {€;}. The ground state (single Slater determinant
of wvalence orbitals) and all excited states of an N- and N 4 1-electron system
of such non-interacting electrons can then be written exactly as single Slater de-
terminants of these orbitals and their energies are simply the sums of the orbital
energies belonging to the orbitals from which the determinants were built. Let us
now choose these orbitals {¢;} and the corresponding creation and annihilation
operators to construct the quantum field operators ¥(z) and ¥f(x). Remembering
the definition of the Lehmann amplitudes, Eq. and using the orthogonality
of Slater determinants built from different orthonormal orbitals (see Ref. [42]), we
then immediately see that the Lehmann amplitudes of most N £ 1 eigenstates
vanish! In fact, the only N + 1 (N — 1) -electron eigenstates with nonvanishing
Lehmann amplitudes are the ones that differ from the N-electron ground state by
a single creation (annihilation) operator, that is, they represent the ground state
with simply an electron added in (removed from) some orbital ¢;. Trivially (using
the fact that all eigenstates are normalized to on@, the Lehmann amplitude of

46Which of course does not hold for N + 1-electron scattering states, compare Appendix
These states however lie energetically beyond the applicability of the QPA, so the argument
holds within the valid energetic range of the QPA and we do not need to dive any deeper into
the influence of Dirac delta normalization here.
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such a remaining state is then simply given by the orbital ¢;. The corresponding
poles are then located at the orbital energies {¢;} and the one-particle GF of such
a system takes the form

occ. unocc.

(0)
2.16
G :cxw E I % w—&—l—m ( 9)

where the first sum runs over the N orbitals with the lowest energy (which are
occupied in the non-interacting N-electron ground state) and the second sum runs
over the remaining orbitals. Note that all N + 1-electron states that contribute to
the Green’s function can therefore be understood by the addition or removal of a
single electron from the ground state and thus by the properties of said electron (its
wave function and its orbital energy). Using Eq. to calculate the ground-state
photoemission intensity from such a non-interacting system, we find:

occ.

oy o< > |V A-ploi)* 6(w + i — Fian) (2.170)

So, only the states {a, |N,0)} (one per occupied/valence orbital) can contribute
to the ground-state photoemission signal! That is, the possible system states after
photoemission are each fully described (relative to the ground state) by a missing
electron, that is, a photohole in orbital ¢,. Moreover, we see that the system’s
Green’s function exhibits poles at the orbital energies and that — exactly as de-
scribed in the previous section (where we talked about “dominant” poles) — pho-
toemission from such an idealized system is sharply peaked, namely around the
orbital energies (precisely: around Eyy, = w + &, = (k2 + &, + k2)/2, when plot-
ting the photoemission intensity as a function of Ey;, for a given in-plane direction
(ks, ky), see comments below Eqs. [3.39 and [3.45).

The interpretation of GQ in terms of quasiparticles now arises if the poles of
GQ can be 1dent1ﬁedl (one-to-one) with the poles of the non-interacting Green’s
function G1 (usually from KS-DFT) [87,02]. The quasiparticle Green’s function
GIQP can then be thought of as originating from G(lo) by having switched on the
electron-electron interactio. For each quasiparticle pole, its energy s?P (which
was called z; in Eq. |2 can be thought of as a “corrected” orbital energy e;
and the (left and rlght) qua81part1cle wave function as a corrected wave function.
Remember now, that G is the (approximated) Green’s function of a system of
interacting electrons and that in the Lehmann representation Eq. of the ex-
act G, each pole corresponds to an exact charged excitation of the system (where
exact here means that it is a transition to an eigenstate: |N,0) — |[N £1,5)). We
have thus achieved an effective description of the interacting system (or at least
(1) in terms of effective excitations that have particle-like character but also take
into account the interactions in the system (see also Refs. [93] [04]). Each of these
excitations is then called a quasiparticle (-excitation) of the system and can be

47In practice, this one-to-one identification is usually not given for all orbitals of the non-
interacting system, but restricted to orbitals around the Fermi level [19]. In other words, we
usually only have a one-to-one identification of these orbitals and the low-energy part of the
Green’s function in terms of quasiparticle poles.

48Strictly speaking, this interaction is of course already partially accounted for in the Hartree,/-
Fock and (G)KS schemes.
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thought of as an added “bare”[”| electron (or hole) that is “dressed” by a polariza-
tion cloud, which describes the way the other electrons in the system are affected
by its presence/addition. The bare electron (or hole) and the polarization cloud
together form a cohesive entity, thus allowing for the interpretation as a (quasi-)
particle [82]. In analogy to Ggo), the quasiparticle Green’s function can then be
thought of as a sum over possible states (see below) of the added electron/hole,
with the quasiparticle (one-particle) orbitals in place of the Lehmann amplitudes
and with the poles being located at the energy of the quasiparticle (-state). Us-
ing the QPA for the description of photoemission, the ionized system (with one
removed electron) can then be described in this effective single-particle way as a
photohole (via one of the quasihole states and the corresponding properties). And —
within the confines of the QPA’s applicability (see below) — the dominant peaks ob-
served in ground-state photoemission then correspond to the different quasiparticle
(quasihole when talking about direct photoemission) states (in our excited-state
photoemission formalism this is also the case, since we also describe the final state
of the remaining system via these quasihole states, see Sec. and below).

Quasiparticle States

Using the similarities between the exact Lehmann representation of Gy and the
quasiparticle approximation G'?P we can go a step further and assign a many-
electron state |[N 4+ / — 1, c/v)QP to each quasiparticle pole. As noted above, each
pole of the non-interacting Green’s function corresponds to a state that can can
be understood by the addition or removal of a single electron from the ground
state. Similarly, each of these quasiparticle states [N + / —1,c/v),p can then be
understood by the addition or removal of a quasielectron. To get to these states,
remember that for the exact Green’s function, the numerator in the Lehmann rep-
resentation contains the Lehmann amplitudes, which are connected to the system’s
exact charged excitations via Eq.

fs (@) = (N = 1,8 ¥(x) |N,0)
f&(x) = (N,0|¥(z) [N +1,S) (2.171)

In contrast, for G?P, the numerator is given by the right and left quasiparticle
wave function of the pole. Using that the quasiparticle orbitals are usually very
similar to the Kohn-Sham (KS) orbitals [36, [05], we can replace them by the KS
orbitals and can then identify the quasiparticle states of the system as effective
states satisfying the conditions (one QP state per KS orbital):

bu(7) = (N = 1,0]op ¥(z) [N, 0)
de(x) = (N,0] ¥ (2) [N + 1, ¢)gp (2.172)

49A bare electron or hole is what we have seen in the non-interacting case: the particle is added
to the system in a given orbital and the other electrons are unaffected by it. The difference
between a bare particle and a quasiparticle can also be nicely contrasted in terms of the people
in a crowd example of Ref. [82], where a “bare person” would walk through the crowd without
affecting others while creating a “bare person-hole” would correspond to removing a person from
the crowd without others reacting to it, that is, without others “filling up” the created empty
space.
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Expanding the field operators in KS orbitals using Eq. [2.119] this becomes:
! A
$u(x) =Y di(x) (N = 1,0|gpa; [N, 0)

bo(z) = Z@(a;) (N,0]a; [N +1,¢)p (2.173)

We then introduce the ansatz

IN —1,0)0p = @, |N,0)

where the first /second line shows how a QP state belonging to a valence/conduction
KS orbital looks like, where a, is the annihilation operator for KS orbital v, af is
the creation operator for KS orbital ¢ and | N, 0) is the system’s exact ground state.
In particular, the first state can be interpreted as a quasihole state and the second
one as a quasielectron state. Inserting this ansatz into Eq. we find:

!

du(1) = (N = 1,vlgp ¥ () [N, 0)
= Z ¢i(z) (N, 0| didi |V, 0)

= pu(@) (N, 0] 72, [N, 0) + Y ¢i() (N, 0] afa; | N, 0)
£V
e(z) = (N,0] W(2) [N +1,¢)0p

= ¢i(x) (N0 a;al |N,0)

= ¢e() (N, 0] (1 = 72) [N, 0) + 3 ¢i(x) (N, 0] a:a | N, 0) (2.175)
i#c

These equations do not hold exactly in general, since the exact ground state ex-
pressed in KS orbitals is a linear combination of the ground-state determinant |0)
(built from valence orbitals only), and singly, doubly, etc. excited determinantﬂ:

[N, 0) = co |0) + Z Cv1701d;&v1 10) + Z CU117)27517026LZQ&U2&11&U1 0) + ...

v1,C1 v1<v2,c1<C2

(2.176)

Assuming that the system’s ground state is not highly correlated, the ground-state
determinant dominates, that is, ¢y is rather close to 1 and the remaining coeffi-
cients are small (assuming normalization of the ground state to 1). In that case,
the equations are sufficiently well satisfied, thus justifying, for such systems, the
ansatz Eq. for the quasiparticle states of the system (after all we were simply
searching for states that satisfy Eq. . Note that, under this assumption, the
QP states are also automatically (approximately) normalized to 1.

Thus, we see that the one-particle Green’s function (in the low-energy do-
main) can be obtained via an effective description of the system in terms of the

50This is the basis of configuration interaction methods, see Ref. [96].
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quasiparticle states/excitations Eq. and the corresponding complex charged
excitation energies {5iQP}. Note that the quasiparticle states are not exact eigen-
states of the N +1-electron system, but rather a linear combination of energetically
almost degenerate (or fully degenerate) exact eigenstates [97], spread around the
real part of the quasiparticle energy. This is also reflected in the fact that the QP
states’ “energies” are complex-valued, so they are not energy eigenstates of the
system. Additionally, they are not stable states of the system. In particular, the

lifetime of a quasiparticle is determined by the imaginary part of its energy, where

larger imaginary parts (more precisely, larger ‘% (5?]3

>’) correspond to a smaller
lifetime of the quasiparticle state [82]. This can be understood conceptually as
follows: imagine, a system is prepared in a quasiparticle state. This state is a
superposition of exact eigenstates, each of which evolves over time based on its
energy (assuming a time-independent Hamiltonian). Since the states in the super-
position have slightly different energies, their phases evolve differently over time.
As a result, the overlap of the time-evolved state with the initial state shrinks and
the quasiparticle-nature is lost. Trivially, the larger the imaginary part and thus
(see below) the larger the spread of energies of the contributing states is, the faster
this process takes place. See also Ref. [08] for a study of different influences on the
quasiparticle lifetimes. Without going into detail, the QP energies are also neces-
sarily complex from the point of view of the spectral function, where each exact
excitation contributes a delta-peak on the real axis. To replace multiple (possibly
infinitely many, in thermodynamic limit) closely packed delta-peaks by a single QP
peak, the QP peak must be located in the complex plane off the real axis, leading
to a broadened structure on the real axis [87, [99] (this also explains why a larger
3 (<)
quasiparticle).

We conclude with two remarks: first, note that we did not include states like
G.|N,0) and af|N,0) in the set of quasiparticle states Eq. 2.174 Even though
these states are in general allowed — remembering that the ground state is generally
not a single Slater determinant — they are not expected to contribute significantly
to photoemission from the system, since the ground state is often (we also use
this approximation routinely in Sec. still close to a single Slater determinant.
Thus, they are not expected to contribute dominant poles to the quasiparticle
Green’s function. Second, going from the description of the one-particle Green’s
function in terms of the quasiparticle poles to the effective description of the system
in terms of the quasiparticle states Eq. may be seen as a conceptual leap,
and it is not immediately clear, how far this description can be taken. Based on
the close relation between GG; and photoemission (see Sec. , it is however
natural to assume that these states can be used for an effective description and
simulation of photoemission experiments (compare Sec. and Sec. , where
the effective states are used as final states describing the N — 1-electron system
after photoemission in terms of a quasihole).

corresponds to a larger energetic spread of eigenstates making up the

Quasiparticle Equation of Motion

As mentioned before, the quasiparticle orbitals {¢;} and {¢;} are typically very
close to the orbitals obtained from a KS-DF'T calculation and are thus in practice
usually replaced by those. It is then sufficient to focus on the first equation in
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Eq. 2.168 which readd"T}
[h(r) + vs(r)] éi(a) + / d2'S(x, 7', 27V 64(2') = 2P (), (2.177)

where ¢; is the KS orbital related to the (complex) quasiparticle energy 5?13. Note
that in analogy to the Kohn-Sham equations Eq. , the quasiparticle equatio@
Eq. is again an effective one-electron Schrodinger equation (see also
which can also be interpreted in that way). In comparison to the KS equations, the
local and energy-independent exchange-correlation potentiaﬂ is replaced by the
nonlocal and energy-dependent self-energy, which can then again be understood as
an effective (nonlocal, energy-dependent) potential. As mentioned before, a quasi-
electron (similarly for quasiholes) can be understood as a cohesive entity composed
of a bare electron and a polarization cloud, which encompasses the response of the
other electrons to its presence/addition and acts back on the bare electron. This
interaction is incorporated in the self-energy, whose name can then be understood
as originating from the fact that it describes the interaction between the bare
electron and the polarization cloud that it (the bare electron) itself created [82].

Since we already know the KS orbitals from the preceding DFT calculation, we
do not need to solve Eq. for them. We can then instead find a more useful
equation for obtaining the QP energies by adding and subtracting the exchange-
correlation energy@ e of orbital 4, projecting from the left onto ¢; and using
the orthonormality of KS orbitalﬂ, to find (compare Eq. the quasiparticle
equation in alternative form [19, [36, [82]:

g9F — KS _gre /dxdx'¢f(x)2(x, o' €9 o2, (2.178)

where X% refers to the KS energy of orbital i. This equation is typically used
in practical calculations, see below. Note that Eq. can be understood as a
first-order perturbative energy correction with the perturbation being the corrected
electron-electron interaction, that is, the difference between the self-energy and the
exchange-correlation energy [19].

Limitations of the Quasiparticle Approximation

While the quasiparticle approximation is highly useful for many systems, we have
to keep its limitations in mind before using it.

51The Hartree potential is evaluated at the ground-state density of the unperturbed system,
compare notes in Sec. [2.3.

52Following Ref. [19], we will refer to Eqgs. and as the quasiparticle equation. Some
authors instead call Eq. the quasiparticle equation, see for example Ref. citeGolze2019.

53Compare also the GKS scheme, see Sec.

54 Formulated like this Eq. is compatible with both, the KS and GKS schemes. In
the KS scheme, using the exchange-correlation potential v,. (at the unperturbed ground-state
density), we simply have £7¢ = [ dzv,.(r) |¢; (z)]* (for infinite surfaces the integration runs only
over the surface unit-cell, see Footnote , while, in GKS, we must use the expectation value
of the nonlocal exchange-correlation operator, see e.g. Eq. (14) in Ref. [68]. Note that in spin-
density functional theory, the exchange-correlation “potential” additionally acts nontrivially in
spin-space, see text around Eq. The same generally goes for the GKS scheme, see text

below Eq. [2.101
55 For infinite surfaces only integrate over the surface unit-cell and use Eq. [B.19
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First, we have already mentioned above, that the QPA breaks down for high-
energy excitations, which would be identified with KS orbitals far from the Fermi
level [19] (similarly, the quasiparticles of Fermi liquid theory lie near the Fermi
surface Ref. [77]).

Even at low energies, the quasiparticle poles do not incorporate all details ob-
served experimentally. In particular, photoemission experiments show an incoher-
ent background signal (which arises from complicated many-electron excitations)
and satellite peaks (which can be understood in a quasiparticle picture as a quasi-
hole plus additional quasiparticles, for example plasmons or phonons) which are
missing in the QPA spectral function [82, 87]. The fact that these additional fea-
tures are missing can also clearly be seen from the states Eq. that we identified
with the QPA. When working with these states in our photoemission formalism we
thus neglect this additional structure in the photoemission intensity distribution
(a justifiable approximation, as long as the QP contribution is dominant).

Lastly, note that the spectral weights {g;} serve as a measure for how well the
system can be described in terms of quasiparticle poles [19]. If they are close to 1
(up to a certain energy), then the experimental spectrum will (up to that energy)
be dominated by the quasiparticle peaks and other structures may be neglected
safelyﬂ. Conversely, if no dominant poles can be found via Eq. (above
some energy or at all), the experimental spectrum can be expected to feature no
dominant poles, with small spectral weights indicating satellite features [82].

2.3.7 GW in Practice

Starting from the one-particle Green’s function, we have now introduced a lot of
quantities and approximations. To not lose sight of our goals, a brief overview of
which of these quantities is needed for the photoemission simulation of Sec.
shall now be given, as well as an outline of how we calculate them in practice.
For ground-state POT, Sec. 3.3.9] we will need Kohn-Sham (KS) orbitals and
KS energies or quasiparticle (QP) energies in the GW approximation (we will not
perform QP calculations, Eq. , beyond the GW approximation). Similarly,
for exciton POT, Sec. [3.3.10} we will need to additionally solve the Bethe-Salpeter
equation (BSE; Sec. to obtain the BSE eigenvectors and eigenvalues.
Having obtained the KS orbitals and energies (with exchange-correlation en-
ergies explicitly calculated) from a preceding DFT calculation and assuming the
QP wave functions to be close to the KS wave functions, we can find the QP en-
ergies from Eq. Note that in this equation, the self-energy is evaluated at
the searched QP energy and there can in principle be multiple solutions (as men-
tioned below Eq. , from which a dominant one (with a large quasiparticle
renormalization factor) has to be chosen [19], which — as mentioned before — may
not be possible for orbitals far from the Fermi level [19, 100]. Assuming these
difficulties to be addressed, there are then various ways in which Eq. can be

56We can get some insight into why this is the case: from Eq. [2.167] we have g, =

-1
(1— a%f) ) . Thus, g, = 1 means 8E8’7Lz(z) = 0. Conversely, g, — 0 means
2=2zn

Z=2Zn

OE, (z)

5 — oo. Trivially, replacing E,(z) by z, is not well justified in the latter case since

Z=2Zn

E,(z) rapidly changes in the region around z,. The converse holds in the case g, = 1.
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solved, with GoW, and evGW being two widespread approaches, both based on
the GW approximation for the self-energy [I01]: in GoW,, the Green’s function
Ggo) is constructed from the KS orbitals and energies, see Eq. , and never
updated. Similarly, W, is built from the KS orbitals and -energieq’’| and also not
updated. Using this expression for 3, Eq. can then be solved iteratively until
convergence is achieved and the QP energies have been found (see also Figure 10
in Ref. [82)] for a flowchart of a Gy, calculation). To reduce computational costs,
the self-energy may be linearized around the KS energies, see Refs. [82], [102] for
details. In eigenvalue-self-consistent GW, evGW , the above approach is repeated
multiple times by updating the one-particle energies in the Green’s function after
every iteration. That is, we start with Gﬁ‘” and W, based on KS energies and cal-
culate a set of QP energies, which are then QP energies on the GoW level (which
is why GoWj is also termed single-shot GW). Then, we replace the KS energies in
the Green’s function by these new energieﬂ and also recalculate W based on this
new Green’s function. With the so-obtained new self-energy, we then again solve
Eq. as described before (where we may again us the linearization of ¥) and
we obtain a new set of QP energies. This process is then iterated until convergence
is achieved.

Note that the so-obtained spectrum of quasiparticle energies {55 often
closely resembles the KS-energy spectrum {e;}. This can be seen as a consequence
of KS-DFT being a sophisticated effective one-electron theory, where much of the
electron-electron interaction is already accounted for via the exchange-correlation
potential and motivates the use of KS energies in ground-state POT thus allowing
us to avoid expensive GW calculations. Note, however, that this is not a general
rule and KS energies cannot be blindly trusted for the calculation of photoemission
spectra [103]. This is not a surprise, since KS energies do in general not repre-
sent the system’s ionization energies and electron affinities (exception: the highest
occupied orbital, see Janak’s theorem in Ref. [49]).

With regard to the BSE (needed for exciton POT), construction of the BSE
Hamiltonian in the GW/BSE approach (see Appendix and Sec. for
details) presumes knowledge of the KS orbitals, QP energies and the screened
Coulomb interaction W. Using again KS orbitals from a preceding calculation, the
QP energies and W can then be calculated as described in the previous paragraph.

Note that we typically restrict ourselves to GoW, for periodic systems. In anal-
ogy to the ground-state electron density of an infinite surface (see Appendix ,
the KS Green’s function G(lo) (see of Eq. based on KS orbitals — in this case
Bloch orbitals — of an infinite surface contains an integral over the in-plane Bril-
louin zone (compare also Eqs. [2.137) and [2.131] with Eq. [B.8). As with the density,

QP)}

5"Which can be done by calculating P in the GW approximation, see Eq. based on
the KS-Green’s function Ggo)’ then calculating the dielectric function via (written symbolically)
e =1—vP [82, B7] and inverting it to finally calculate W via Eq. Note also, that W is
frequency-dependent and for the calculation of ¥ this frequency is integrated over, see Eq. (10)/
Eq. (23) in Refs. [95, [102] (which can easily be derived from Eq. and the convolution
theorem). In practice, we often only calculate the static interaction W (w = 0) explicitly and use
a plasmon-pole model to extend it to finite frequencies [95].

%8 As can also be explicitly seen from Eq. (8) in Ref. [I01], this slightly deviates from the
QP Green’s function Eq. (even after replacing QP orbitals by KS orbitals), since the
quasiparticle renormalization factors are omitted/ set to 1 (which may be justified by the fact
that the QPA is anyway only valid in the energetic domain where the {g;} are close to 1).
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this integral is in practice performed using quadrature (compare Appendix ,
where the number of used Bloch momenta must be converged to obtain a converged
screened Coulomb interaction Wy and GoWj self-energy. Additionally, G§°) con-
tains a sum over the unoccupied KS bands, where in principle all of them must be
included. In practice, this turns into an additional convergence parameter (where

7

in principle different values can be used for “the Ggo) used in the calculation of
Wy and “the Ggo)” that directly enters GyWWy). The resulting converged self-energy
can then be used in the quasiparticle equation Eq. which can then be solved
independently for any desired Bloch momentum g and band index n (based on
the KS wave function and -energy at that momentum and band index) to obtain
the QP energy 57(%13). This is similar to the behavior of KS-DFT when using a
converged density (see Sec. and can, as mentioned there, be used to easily
increase the resolution of photoemission distribution plots.

With this overview in mind, note that we have of course omitted many addi-
tional details needed for an efficient implementation of the GW (and BSE) method
— which depend heavily on the system type (gas-phase versus periodic calculations,
see Sec. [2.1.1)). See, for example, Ref. [104] on the implementation of GW (and
BSE) in the BERKELEYGW code [36}, 05, [104] and subtleties that occur when ap-
plying the GW (and BSE) formalism to periodic systems (where surface-periodicity
is used to perform calculations in Fourier space).
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2.4 MBPT II: BSE and Excitons

Having introduced basic concepts of many-body perturbation theory (MBPT) with
a focus on charged excitations in the previous section, we now focus on the MBPT
description of N-electron excitations, that is, (charge-)neutral excited states (i.e.
solutions of the N-electron Schrodinger equation that lie energetically above the
ground state). We are in particular interested in a specific type of excited states,
namely ezcitons, that is, excited states described (in an approximative fashion) by a
correlated electron-hole pair, which will then serve as the basis of our excited-state
photoemission formalism in Sec. In particular, we are interested in excitons
across all ranges of electron-hole separations, that is, Frenkel excitons (small sepa-
ration), charge-transfer excitons (medium separation) and Wannier excitons (large
separation), see Ref. [19] for details on this classification. Note that there again
exists a range of available methods for calculating excited states [45]. Since we
perform our ground-state calculations using Kohn-Sham density functional theory
(KS-DFT), an obvious choice would be KS-time-dependent DFT (KS-TDDFT),
where in particular the Casida formalism [I05] [I06] can be used to calculate exci-
tons. However, as of writing, KS-TDDFT remains a computationally demanding
method, which in practical calculations would often limit us to the use of adia-
batic LDA/GGA (ALDA/AGGA, see [107]) exchange-correlation functionals (see
Sec. [2.2.5] on typical approximations of the exchange-correlation functional used
in DFT). With such a semi-/ local exchange-correlation functional, the long-range
correlated nature of the electron-hole pair forming a charge-transfer or Wannier
exciton is often not captured sufficiently [19] (see also Ref. [108]). We therefore
instead continue along the route of MBPT and use the Bethe-Salpeter equation
(BSE), in combination with the GW approximation (thus called the GW/BSE
method), where the long-range interaction between electron and hole in charge-
transfer and Wannier excitons is sufficiently accounted for [19].

As usual, systems are initially assumed to be finitely sized, see Appendix [C.1.4]
for details.

2.4.1 Two-Particle Green’s Function
We start by introducing the two-particle Green’s function Go as defined in Ref. [109]:

Gy(1,2,1,2") = — (N, 0| T | ¥ (1)T(2)WH(2) Wi (1)]| |N,0), (2.179)

where we made use of the notation introduced in the beginning of Sec. 2.1 De-
pending on the four time-arguments, the field operators in G5(1,2,1’,2") can be
arranged by the time-ordering in 4! = 24 distinct ways, each of which can be inter-
preted in a way analogous to the interpretation of the two terms of the one-particle
Green’s function given below Eq. Out of all these terms, we will focus on
two, which are extracted via the conditions ¢y, = ¢, t» = t5 and the condition
that either ¢; > to or ty > t;;. The Green’s function Gs(1,2,1’,2’) can then be
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written aPPo
G2<Ilax27x1’ax2'7t17t2) —

= — <N,O| \iﬁ(l’ll,ﬁ)

— <N,O‘ \i’T(l'Ql,tQ)

t) W (200, )0 (2, 12) | N, 0) O(t1 — to)

\ij(xla
U (29, ta) Ul 2y, 6)U (21, 11) [N, 0) O(t, — 1),  (2.180)
where we — as usual — abstain from introducing a new symbol for G with this spe-
cific time-ordering. Inserting Eq.[2.122] we get (using that H, is time-independent):

GQ(:U17 Xo,Ty17, Tor, tl; t2) =
= — (N, 0] et (1) (2 ) e HO 22T (30 ) (0) e 7 H"2 | N, 0) O(t; — t)

— (N, 0] €Ut (1)) T () e He DG (21,) T (21 )eHeM | N, 0) O(ts — t,)
(2.181)

At ty > to, Go(xy, 29, T1/, T, 11, t2) gives us (minus) the overlap between two states:
in the first one (ket), we start from the ground state, propagate it to to, then add
a hole (remove an electron) at x5 and an electron at xy and then propagate from
ts to t1. In the second state (bra), we directly propagate to ¢; and then add a hole
at x1 and an electron at x; (which can be seen when looking at the ket belonging
to the bra). At ¢; > to, the absolute square |Gy(x1, T2, 1/, To, tl,tg)]2 thus is the
probability@ to end up in a state that is the ground state with an added hole at
xy and electron at x;, when starting from the ground state, adding a hole at x5
and an electron at xo and propagating for the time t; — t5. Or, loosely speaking,
it is the probability to find a hole and an electron at xy, and z; respectively, if
t1 — to time ago they were inserted at xo and xo (respectively). For to > t;
the interpretation is precisely the same, just with swapped coordinates. In short,
|Go (1, X2, 21/, Tor, 11, 752)|2 then is (loosely speaking) the probability to find a hole
and an electron at xo and x5 respectively, if t5 — t; time ago they were inserted at
x1 and z71/ (respectively).

Continuing the analogy to G, Gy in the chosen time-ordering also admits a
Lehmann representation similar to Eq. 2.134 To see this, we first use the com-

59 Note that ¢y, = tf, ty = tgL and t1 > tor or to > t1, was needed to get a time-ordering of
the field operators which allows for a clear interpretation of G5 in terms of an electron and a
hole (see below). In the upcoming discussion of Gy we can then set t; = t;” without harm. In
other words: except for the fact that G5 as defined in Eq. is strictly speaking undefined
at ty = t; (i = 1,2), the limit t; — ¢; can be performed within G5 without a problem, once
the time-ordering has been performed (i.e., once the related #-functions have been evaluated,
compare Eq. . For example, we can simply write f(t; — t5) instead of 6(t; — t5). The
resulting Green’s function Go is then a function of ¢; — t3 (see below) and defined everywhere
except for the set of measure zero given by the limit |t; — t3] — 0, compare Footnote

60See also Footnote

61Compare Footnotes [39] and
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pleteness of the eigenstates {|NV,S)} of the N-electron Hamiltonian to find:

G (w1, @2, v, Ty, b, 1) = — 3 (N, 0] @70t (20 )b ()1 =12) | N S)
S

(N, S| BT (20) (22)e 12 | N, 0) O(t; — t5)
+ (N, 0] 20 (29 ) U (5)e 0270 | N, §)
(N, S| Wt (210 (z1)eH | N, 0) Oty — 1)
= Z (N, 0] €PN (31, (g7 )e NS E—t2) | N Q)
S

(N, S| Ut (2 )W (20)e ENO | N 0)0(t; — t5)
+ (N, 0| eiE(N,O)t2\iﬁ<x2/)\i/(xQ)efiE(N,S)(tgftl) N, S)
(N, S| Ut (21) U (21)e PNV N 0) Oty — 1)

= — Z e (B8 =B t=t2) (N 0| U (21,)F (1) | N, S)

<N, S| \iﬁ(ﬂfgl)\i/(l’g) |N, 0> 9(t1 - t2)
+ ¢ TEWNS) BN t2=t) (N 0| U (29:) T () | N, S)
(N, S| Ut (1)U (1) [N, 0) Oty — t) (2.182)

In analogy to Eq.[2.133] we define the ezxcitation energies (often also called charge-
neutral excitation energies, because we do not change the number of electrons):

Qg = E(N,S) — E(N,0) >0, (2.183)

where the equality is only given at the ground state S = 0. And in accordance
with the Lehmann amplitudes of Eq. [2.132] we define:

xs(x,a') = (N, 0] Ui(a')¥(z) [N, S) (2.184)
Using additionally

Xs(w,a') = (N, S| Ui(2)¥(a) |N,0), (2.185)
we find:

GQ(£17 Lo, L1/, Loy, tl; t2) -

- _ Z e—iQs(t1—t2)XS(a?1, T1)X e (Tar, 12)0(t, — o)
s

+ G_iQS(tQ_tl)XS(x% ajz/)x*s(l‘l/, Zlfl)g(tQ - tl) (2186)

Note that Gy(z1, T2, 1/, o1, t1, t2) only depends on the difference t; —t5 as expected
with a time-independent Hamiltonian. Fourier-transforming (see Eq. [A.60) with
respect to t; — to we ﬁnd@:

Go(x1, 9, X1/, Lo, w) =
Xs (@1, 21) X5 (T, 2) - Xs (@2, 22 )X (Tr, 1)
w— Qg +1in w+ Qg —in

62Compare Footnotes and

: (2.187)
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with n = 0%, So, Ga(z1, 9, X1/, To,w) as a function of w is a sum of poles with the
poles located at (plus/minus) the excitation energies {{2g} (shifted by minus/plus
in). Note that also the ground state S = 0 with energy 2y = 0 is contained in the
sum! Instead of further evaluating this contribution, we will now get rid of it, so
we are left with a sum over excited states only (i.e. starting at S = 1).

2.4.2 Two-Particle Correlation Function

To get to an expression that excludes the ground state from the summation, we
use the one-particle Green’s function G; of Eq. [2.125| and define the two-particle
correlation function as:

L(1,2,1,2) = —Ga(1,2,1,2) + G1(1,1)G1(2,2)) (2.188)
Using the conditions ¢y, = t], ty = t3 and Eq. [2.122] we find

G1(1,1)G1(2.2) = — (N, 0| 0T (21T (a1) [N, 0) (N, 0] B (w0 ) ¥ (2) | N, 0)
(2.189)

and therefore

GI(L 1,>G1<27 2/) = —X0($1,$1/)X3($2I,9€2)
= —Xo(T2, T2 )Xo (T1, T1). (2.190)

Together with Eq. 2.186] we then get (using the same time-condition as for Gy)

L('rlnyalexQ’vtlatQ) -

= 3 eSO ()X (a, 22)0( — )
I efiﬂs(tgftl)xsccb To )X a(z1, 21)0(ty — t1), (2.191)

where we used Qy = 0 and 0(t; — t2) + 0(ts — t1) = 1 (except for t; = t9, where
Go and thus also L are undefined anyway) to cancel out the S = 0-part of the
sum with G1(1,1)G1(2,2'). While we denoted it here explicitly, it will later be
understood implicitly that the sum over S making up the two-particle correlation
function L starts at S = 1 (while that of G starts at S = 0) and therefore only
runs over excited states, thereby excluding the ground state. For the Lehmann
representation of L we then find (compare Ref. [36]):

L(Il,l’g,l‘l/ Tor, w) =

_ IZ Xs (21, Tv)x§ (T2, 22) _ Xs(2, T2 ) X5 (@1, 1)
w— Qg +1in w+ Qg —in

(2.192)

To summarize L(xy, %2, 1/, Te,w) as a function of w is therefore a sum over the
(charge-neutral) excited states of the N-electron system with each excited state
contributing a pole at £(Q2s — in).

Having seen the close relation between L and the charge-neutral excited states
we are interested in, we now introduce the independent-electron-hole propagator
Lo, which will then be used for calculating L.



2.4. MBPT II: BSE AND EXCITONS 87

2.4.3 Independent-Electron-Hole Propagator

We start by introducing the independent-electron-hole propagator Ly, which is de-
fined as [36]:

Lo(1,2,1,2) = G1(1,2)G4(2, 1) (2.193)

Lo(1,2,1,2) and |Ly(1,2,1’,2)|? can then be interpreted for a given time—orderin
of t; relative to to and of t, relative to ty,, by remembering the interpretation of

Gy (and |G1]%), which is given below Eq. . As detailed above, we are espe-

cially interested in the situation t;; = ti“, ty = t;“ and t; > ty or ty > ty/, where

Lo(1,2,1",2)) becomeﬁ:

Lo(1, T2, &1, Ty, Ty, ty) =
= (N, 0] U(zy, t1) T (20, t5) [N, 0) (N, 0| UF (21, t) U (29, t5) | N, 0) O(t; — t3)

+ (N, 0| T (29, 1)U (21, 1) | N, 0) (N, 0] U (g, to)WT (21, 1) [N, 0) Oty — 1)
(2.194)

For t; > ty, |Lo(z1, T, 11/, o, t1, o) |* is then (loosely speaking) the probability for
finding an electron at x4, if t; —t5 time ago it was added at xo, multiplied with the
probability for finding a hole at xy/, if £} — t5 time ago (at the same time) it was
added at x5. It can thus also be understood as the probability of finding a hole and
an electron at xy and x; respectively, if t; — ¢, time ago they were (at the same
time) inserted at x5 and xo (respectively), under the assumption that they do not
at all influence one another. Similarly, for to > t1, |Lo(x1, 22, 21/, Tor, 1, t2)|? is then
the probability of finding a hole and an electron at xo and x5 respectively, if to —t;
time ago they were (at the same time) inserted at x; and xy/ (respectively), under
the assumption that they do not at all influence one another. Comparing this to the
interpretation of G5 given below Eq. we can see that L is the equivalent to
(G5, under the assumption that the electron and the hole are independent particles,
which is the origin of Ly’s name.

Starting from Eq. we can again derive a Lehmann representation. Using

Eqgs. [2.129| and [2.130] we find

Lo(x1, 22, 217, Ty, 1, ta) =

= [ @) fe(x2) (fa ()" (fE(22)) eTES e Mg (1 — 1)

s,5"
+ fo (1) f3 (22) (f;(xl’))* (f§/($2'))* efi(eg’fsg)(tliw)g(h —t1) (2.195)

Once again performing the Fourier-transform Eq. with respect to t; — to, we

63 As detailed below, the cases t; > tor,t1r > to and tor > ti,to > t1 correspond to (inde-
pendent) electron-hole propagation. The remaining cases t1 > tor, to > t1/ and tor > t1,t1: > to
describe the (independent) propagation of two electrons and two holes, respectively. See for
example Ref. [T10] for an analysis of the two-electron or two-hole Bethe-Salpeter equation.

64 Here and in the discussion below, we set t = t5 and t] = ¢;, which can be done without
harm since, within Ly, these times do not occur together inside a time-ordering bracket and
because of the conditions t; > t5 or t» > t]. See also Footnote
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find:

3 : )
Lo(l’l,xz,.fll,l'gl,W) =1 — N
S,S’ w_(gg_gs’)+ n
)
( +

(2.196)

Comparison with the Lehmann representation Eq. of G5, we can see that
when neglecting the interaction of electron and hole, the poles occur at the energies
{£(s{ —eg)} and the amplitudes become products of an electron- and a hole-part.
This can very clearly be understood in the quasiparticle picture of Sec. [2.3.6, with
Ly being constructed from the quasiparticle one-particle Green’s function, where
— neglecting the interaction of quasielectron and quasihole — excitation energies
are then simply given by the energies of the created quasiparticles (see also Lg in

Appendix |C.1.1)).

2.4.4 Bethe-Salpeter Equation

Just like the Dyson equation in the first line of Eq. relates the one-particle
Green’s function G; with its non-interacting counterpart G@, we can find an
equation that connects the two-particle correlation function L to the independent-
electron-hole propagator Ly, the Bethe-Salpeter equation (BSE) [19, [36]:

L(1,2,1,2) = Ly(1,2,1,2)) +/d(3,4,5,6)L0(1,4, 1',3)K(3,5,4,6)L(6,2,5,2'),
(2.197)

where we introduced the electron-hole interaction kernel®%

5 [vs(3)8(3,4) + (3, 4)]
3G1(6,5) ’

K(3,5,4,6) = (2.198)

where v is the Hartree potential and X the self—energy@ as defined in Eq. .

As a sidenote, it is interesting to see that while the first term, Lg(1,2,1’,2"), on
the right-hand-side of the BSE is subject to the time-conditions t;, = t], to = t5
and t; > ty or ty > ty/, we find that Ly(1,4,1’,3) inside the integral is only subject
to t1, = t{. It does therefore not admit such a simple Lehmann-representation as
Ly(1,2,1,2") (Eq. and also contains two-electron or two-hole propagation
terms (see Footnote . The same holds for the additional occurrences of Lg
under the integral (the one on the very right is subject to to = t5, the others are
completely free), which we get when re-entering the BSE into itself. This issue
is taken care of through our use of the static-screening GW-kernel, see below (in

particular Eq. [2.208]).

65The functional derivative is evaluated at G; as defined in Eq. which we omit to write
for readability, compare Appendix

66Note that, as in Ref. [36], we chose to exclude the Hartree potential from the self energy,
which then leads to the sum of the two quantities here. Others include the Hartree potential in
the self-energy, see e.g. Ref. [I09]. See also Appendix B.2 in Ref. [82] on this.
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GW/BSE

Since we typically use the GW approximation to calculate the one-particle Green’s
function, it is not only practical but also consistent to again use the self-energy in
the GW approximation when solving the BSE. Using (1,2) = iG4(1,2)W (17, 2)
from Eq. 2.162] we thus write the electron-hole interaction kernel as:

§[v5(3)8(3,4) + 1G4 (3, )W (3+,4)]

K(3,5,4,6) = SC6.5)

(2.199)

Using Eq. [2.139] to express the Hartree potential in terms of Gy, we get [36] (using
the notation of Eq. [2.7):

K(3,5,4,6) = —i8(3,4)5(5,67)v(3, 6)
+16(3,6)5(4,5)W (3", 4)
SW(3+,4)

+1G1(3,4) 3G, (6.5)

(2.200)

The third term is usually neglected, thereby significantly reducing complexity of
the BSE [19] [36]. This then leads to the commonly used form of the electron-hole
interaction kernel:

K(3,5,4,6) = K*(3,5,4,6) + K%3,5,4,6)
K*%(3,5,4,6) = —id(3,4)8(5,67)v(3,6)
K%3,5,4,6) =1i6(3,6)0(4,5)W (3%, 4), (2.201)

where we introduced the exchange term K® and the direct interaction term K¢,
whose names are explained later in Sec. in the context of excitons.

BSE in the Static Screening Approximation

The Bethe-Salpeter equation in Eq. is formulated in real-time and shall now
be transformed to the frequency/energy domain which is where calculations are
usually performed.

For simplicity, we will adopt the static screening approximation for Wlﬂ From
translational symmetry in time, we already know that W (1,2) can only depend on
t; — to. Thus, we can Fourier-transform (see Eq. it with respect to t; — t
and write the result as W (z1, x2,w). In the static screening approximation we then
assume that the frequency-dependence of W can be neglected, that is:

Wz, x9,w) = W(xy1,22,0) = W(x1,29) (2.202)
This corresponds to the real-time form:

Thus, we assume W (1, 2) to be an instantaneous interaction (like v(1,2) in Eq.
and neglect retardation effects. A discussion of the static approximation can for
example be found in Ref. [I12].

67Taking the frequency-dependency into account leads to the more complicated dynamical BSE
(DBSE), see Ref. [111].
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Entering the kernel Eq. [2.201] into the BSE Eq. 2.197] and using the static
screening approximation we get for our time-ordering t;, = t, ty = tj with
t1 >ty Or tog >ty

L(1,2,1,2) =Lo(1,2,1',2))
. / d(3, ) Lo(1,3, 1', 3)o (g, 22)3 (ks — t2) (4,2, 4%, 2)
+i / d(3,0) Lo(1,4, 1, 3)W (23, 22)5(tF — £)L(3,2,4,2)

:Lo(l,Q, 1/,2/) —i/d(l’g,l‘4)/dt3

Lo(x1, w3, w17, 3,11 — t3)v(w3, T4) L(24, To, T4, T, b3 — t2)

- Lo(l'l, Xy, T17,T3, tl - tg)W(.Tg, 33'4)[1(333, T2, T4, Tor, Z53 - t2)

(2.204)
For the last line, we used that
LO((xla tl)a (.Tg, t3)7 (xl’a ti’_)a (ZU3, t3))
Lo((x1,t1), (x4, t3), (217, t7), (23, t3))
L((SL’4, t3)7 (:EQ’ t2)7 <I4, tgr)v ($2’7 t;))
L((x37 t3)> (1:27 t2)7 (SB4, t;)’ (x% t;))
(2.205)

all only depend on the respective time—diﬁerenceﬂ. We can then perform a variable
transformation t3 — t3 — ty and perform the Fourier-transform (see Eq. [A.60)) with
respect to t; — ty (keeping in mind our conditions on ti,ty/,ts,te). Using the
convolution theorem for the integral, we find:
L(wy, w9, 21, 2o, w) =Lo(1, T2, T1/, T, W) — i/d(xs,m)
L0<$17 T3, X1, T3, CL))U(:C?,, .I'4)L(CL'4, Lo, Ty, T, LU)
—Lo(fL‘l, Ty, X1, T3, W)W(Qfg, I‘4)L(ZL’3, Lo, Ty, Lo, LU) (2206)

Finally, when introducing the static-screening kernel

K($3,$57 Ty, 1756) = Kz(9€37$57$4, 5156) + Kd($3, $5,$4,$6)
Kx(953,$5,$47$6> = —15@3,$4)5(I57$6)U($3,$6)
Kd(l‘g, T5,T4, IL‘G) = ié([L‘g, I6)5($4, I‘5)W($3, ZL‘4), (2207)

we get the static BSE (SBSE) in the frequency domain:

L<wlax27$l’7x2’7w) :Lo(xl,.ﬂjg,xl/,le,W) +/d($3,x4,x5,x6)

Lo(fl, T4, X1, T3, W)K(f?n Ts5, T4, %)L(IG, X2, X5, Tor, W)
(2.208)

68We also use the product-nature of Lg, compare Footnote
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BSE in Orbital-Representation

For practical calculations, we convert the static BSE into a matrix-eigenvalue prob-
lem by expanding L, Ly and K in Kohn-Sham (KS) orbitals and using their com-
pleteness. Details on the derivation can be found in Appendix where the
derivation starts from the BSE in the GW- and static approximation, Eq. and
uses an expression of Ly in terms of KS orbitals and quasiparticle (QP) energies
(compare the exact Lehmann representation of Ly, Eq. :

Lo(xlax%xl/ Zor, w = 1Z¢C 1 (é(vgg)¢*(xl’>ffzgl)

")
_¢v(931)¢c($2) (1’1’) (932')
7 -

(2.209)

For gas-phase calculations (isolated molecules and clusters), the full BSE then
reads:

(87 —P)Xe + Z S X [V = W Y = QX
(97 — e@P)Yue + Z [Virs = Wo] X + [Vt = WS ] Yo = =, Y0,
(2.210)

where v and v" denote valence orbitals and ¢ and ¢ denote conduction orbitals
(see Eq. on the matrix elements of V' and W). This generalized eigenvalue
problem must be solved for positive energies €2, > 0, such that we obtain L as

T1,T * (qror
L(xlax27xl’ Tor, CL) _IZXm L ll)Xm( 2/, 2)

W— Qe+ 1)
Z X mj’f&gx’"(zl' 7). (2.211)
wit P
ZX” “Ge(@) 05 (y) + Yoo ()07 (y) (2.212)

In the Tamm-Dancoff approximation (TDA; see Sec. |[C.1.2) the BSE simplifies to

(97 — e@P)X0e + ) [Ven = Wb ] X0 = QX (2.213)

and y,, becomes

Xm(2,y) = Y Xy ()83 (y). (2.214)

v,C

69Note the symbol reuse compared to Eq. [2.184] which is based on the similarity of Eq. [2.211
and the exact Lehmann representation of L, Eq.[2.192] See also Footnote
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For periodic and gapped (the type of system we meet in our practical calculations)
systems we restrict ourselves to the TDA (which we use in practice for periodic
systems), such that the BSE reads:
QP P Q b Q7 b 7 — "
(e NN+ 3 Vedut, - Weght | X = QueXi (2215)

cq+Q c
v ,q'

Similarly to before, L reads

N BZ
m X 7:C / m Tor, T
L(l’l,l‘g,xl/ Tor, W —IZZX 7Q L 1 X Q( 2% 2)
m=1 Q mQ+177
m=1 Q w+Qm,Q_i7l
with:
Xm@(@:y) = Y X, G beqra(®)6),4(y) (2.217)

v,c,q

Note the appearance of the Bloch momenta g and ¢’ when comparing to the gas-
phase equations above. Note also, that the problem splits into a separate eigenvalue
equation for each @, which is a consequence of lattice-translation invariance.

Effective States

Note the similarities of the exact Lehmann representation of L, Eq.[2.192]
L(zy, 9, 21/, Tor, w) =

Xs(@1, T )X5 (@2, w2)  Xs(@2, 22 )xG (21, 1)
w— Qg +1in w+ Qg —in

: (2.218)

with the expression we have found above for L after having applied a multitude
of approximations to the BSE, most notably, the QPA-like approximation of Lj.
The summation here runs over the exact excited states of the N-electron system,
with Qg being the excitation energy of |N,S) and ys being defined as (where we
expand it in KS orbitals in the second line)'

Xs(@,y) = (N, 0] ¥l (y)¥(z) |N, S)
= (N,0[a}a; [N, S) ¢i()9; (y), (2.219)
2
where both ¢ and 7 run both over all valence and conduction orbitals.
Motivated by this similarity and in analogy to what we did in the context of the
QPA of G, see Eq. [2.174], we introduce effective excited states of the N-electron

system. Starting with gas-phase calculations, for solution m of the full BSE, the
corresponding effective excited Statelﬂ |N, m> must satisfy:

Xon (T, Y) ZX“(bc (y) + Y oo ()7 (y)

= Z (N, 0] afa; [N, m) ¢i()¢5 (y) (2.220)

1,

70 Note that we re-use the notation |V, S) of exact eigenstates. It should be clear from the
context, whether we are talking about exact eigenstates or these effective (exciton) states.
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Using orthogonality of the KS orbitals, this can be written as (which has to be
fulfilled for all v, v/, ¢, ¢):

(N, 0]l [N, m) -
(N, 0] ala, [N,m) =
(N,0|ala, |N,m
(N, 0]aldy N,

,C

X,C
Y.

) =
m) = (2.221)
Note that for a calculation beyond the TDA (so with nonzero Y'), these demands
can not be fulfilled if the ground state is (approximated by) a single Slater deter-
minant of valence orbital{" | Note also, that constructing an effective state | N, m)
satisfying Eq. is in general not a trivial task and will not be done herein. As
we will see later, in order to simulate photoemission from an excited system, we
in principle do not even need to know how these effective states look like (see text
around Eq. . Instead, it will turn out to be sufficient to assume that they
can in principle be constructed (such that we can work with an object “|N,m)”)
and that the excited system can be described by them. In the commonly used
Tamm-Dancoff approximation, the conditions Eq. become:

(N,0]ala. [N, m) = X2
(N,0|dla, |N,m) =0
(N,0]alay [N, m) =0
(N,0]alae [N, m) =0 (2.222)
With the ansatz
IN,m) =" Xpeala, |N,0), (2.223)

v,C

7L At this point, it is important not to get confused about the relation of the ground-state
DFT calculation and the BSE calculation. Kohn-Sham DFT describes the electronic ground
state in terms of fictitious non-interacting electrons and gives us (in principle) the exact ground-
state density, as calculated from the occupied/valence KS-orbitals. However, the single Slater
determinant constructed from these valence orbitals (the “KS ground state”) is not the exact
ground state (it just gives the same electron density as the exact ground state). These valence
(and conduction) orbitals then enter the BSE via the KS-quasiparticle approximation we use for
Ly, see Eq. where we replace the quasiparticle orbitals by the KS orbitals (using that they
are usually very similar). Contrary to what one might expect (due to the BSE calculation being
“based on” the DFT calculation) we however, for the solution of the BSE, never used the KS
ground state determinant as an approximation of the exact ground state. Thus, the ground state
used in the context of the BSE (which, for solving the BSE, we in fact do not need to know
explicitly) still generally allows for de-excitations. Note however, that the BSE calculations
(which, again, do not assume a simple KS ground state) are later used for the simulation of
photoemission from excitons. And there, it will ultimately prove useful (compare text around
Eq. to approximate the exact ground state by the KS ground state, using the fact that for
many systems (if the ground state is weakly correlated), the KS ground state is the dominant
contribution to the exact ground state (compare Eq. .
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we find:

3@:

2 (N, 0| alayalas [N, 0) =0

D¢ (N, 0| dlapatas |N,0) =0 (2.224)

C

If we additionally assume the ground state to be (close to) a single Slater determi-
nant of valence orbitals, we find the conditions to be reduced to

Xoe L xve (2.225)
and thus obtain the commonly used expression@:

IN,m) =" Xpeala, |N,0) (2.226)

v,

Thus, within the TDA and assuming the ground state to be close to a single
Slater determinant, the effective excited state |V, m) can be written as a linear
combination of excitations (annihilation of electron in valence orbital and creation
in conduction orbital), with the linear coefficients given by the BSE eigenvector
X™. Note also that under these assumptions, |N,m) is normalized if the ground
state is normalized and the BSE eigenvector is normalized (Eq. within TDA).
Note that Eq. is of significantly simpler form than a generic N-elelctron state,
which, besides a ground-state contribution and de-excitations (annihilation of elec-
tron in conduction orbital and creation in valence orbital), can also contain valence-
to-valence and conduction-to-conduction transitions as well as double-, triple, etc.
transitions!

For periodic (and gapped) systems, working in the TDA, we write our effective
excited state for solution m, @ as |N, (m,Q)) and demand analogously to before:

Xm,Q(x7y) Zchq¢c q+Q )¢ (y>

v,c,q
!

= > (N0]d]gaig [N, (m, Q) dig (2)8] 4(y) (2.227)

4,q9',3,9

Using again orthogonality of the (Bloch) KS orbitals we find:

<N70’ dz,qdaq’ ‘N’(
<N,O] di,qdv«f ‘N7(
(N, 0]} gt q [N, (m,
(N,O|a J0e.q |N, (m, Q

’L) C’q
5q’,q+Q

Q)) =
Q)) =0
Q)) =0
) =0 (2.228)

2 Compare Eq. (16) in Ref. [36]. Note that there, the creation and annihilation operator
(which anticommute) are swapped, which is a result of the negative sign used in Eq. (10) of
Ref. [36] as compared to our convention Eq. [2.184
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With the ansatz

N, (m, Q) =Y Xpdal 1 oing|N,0), (2.229)

’U7C’q

we find:

Z fn <N O| qucq z +Qaqu N 0> XUCQ5q ,q+Q

v,c,q
U,C ~ ~ !
D XN, 0| af g g6l 4, ohng |N,0) =0
,¢,q
0,C At A !
Z 0 <N 0] @f, 4o a0t q1log |N,0) =0
,6,q
ST XEEUN, 0]l gao, g0l 4, qing IN,0) = 0 (2.230)

If we additionally assume that the ground state is (close to) a single Slater deter-
minant of valence orbitals, we find these conditions to be reduced to

Xped = xoed (2.231)

and obtain the common expression@:

N, (m. Q) =Y X»dal  obvq N.0) (2.232)

v7c q

Excitons

To conclude this section, an interpretation of what we have found is overdue. In
short, we have achieved a description of the N-electron excited system in terms
of an effective two-particle problem [87]. That is, the BSE can be understood
as a two-particle Schrodinger equation with solutions given by the two-particle
wave functions {xm} (or {xm.}). In particular, as a consequence of the cho-
sen time-ordering, the wave functions are electron-hole wave functions, with the
first argument denoting the electronic coordinate and the second one the hole-
coordinate@. That is, we describe a charge-neutral excited state by a correlated
electron-hole pair, which we call an exciton and the wave function is usually called
the exciton wave function. This becomes particularly clear from the exciton states
(within TDA) we have constructed, see Eqs. [2.226/ and [2.232} which through com-
parison to the quasielectron and quasihole states of Eq. [2.174] can be understood
as a correlated state of a quasihole and quasielectron (we usually just call them
hole and electron). In periodic calculations @ is called the exciton momentum and
plays the same role as the Bloch momentum ¢q in a single-particle Bloch orbital
¢n,q'

We can now also interpret the exchange K and direct K¢ interaction kernels
of the BSE, see Eq. namely as the interaction between the electron and hole

Compare Eq. (33) in Ref. [36] and see Footnote
"This can be seen by comparing the interpretation of L (see text on the closely related Go
given below Eq.[2.181]) and the found expressions for L, as for example given in Eq. [2.211
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forming the exciton. As its name already gives away, K* leads to an exchange
interaction (in analogy to Hartree-Fock’s exchange) between electron and hole,
while K¢ describes the attractive, screened interaction between electron and hole
[36] (as expected, quasiparticles interact “weakly” through the screened Coulomb
interaction [94]).

Note that we have ended up with this description of the excited system based
on the form Eq. of Lo. This way, an effective description of the system in
terms of the quasiparticle states has entered the BSE, which ultimately resulted
in the appearance of excitons, which, as said above, can be thought of a correlated
quasielectron and quasihole pair, thus itself forming a quasiparticle, i.e., an effec-
tive particle-like description of the system. Thus, we can expect our approximative
description of L to break down in the scenarios where the KS-quasiparticle descrip-
tion of Ly breaks down (see Sec. , for example for excitons largely composed
of electronic orbitals far from the Fermi level (typically: high-energy excitons).
Note also, that the exciton energies {Qy,,} (or {Qm.q}), which can be thought of as
the energy that is needed to create the different excitons, are real-valued, meaning
that the exciton states are obtained as/treated like long-lived /exact eigenstates of
the N-electron system (compare text one paragraph below Eq. and Ref. [30]).
This is of course an approximation: they are not the exact eigenstates of the N-
electron system, which are in general much more complicated N-electron states,
with excitons being an effective quasiparticle description, just like the quasiparticle
states of the ionized N =+ 1-electron systems. On a technical note, the exciton en-
ergies are found to be real as a consequence of the BSE Hamiltonian being pseudo-
Hermitian and an additional assumption (for details on this, see Sec. [C.1.1]). For
the BSE Hamiltonian to be pseudo-Hermitian, the quasiparticle energies had to
be assumed real. Thus, the exciton states are obtained as long-lived excitations as
a consequence of assuming the quasielectron and quasihole states to be long-lived
(with negligible imaginary parts in their energies).

Note that the effective states that we obtained from the BSE above are single-
exciton states. That is, we understand them as states where a single exciton has
been created/added to the ground state. As is commonly done with quasiparticles
(compare the treatment of phonons [113]), we could go a step further and introduce
quasiparticle (here: exciton) creation and annihilation operators and use efficient
second quantization language to construct additional excited states containing mul-
tiple quasiparticles, that is, in our case, N-electron excited states containing mul-
tiple (interacting) exciton{™| [[I4HI16]. This is however beyond the scope of this
text. In Sec.[3.3.10, when simulating photoemission from excited states, we will
assume the exciton density to be low enough, such that exciton-exciton interaction

"Note that this may be seen as a contradiction with L being written as a sum over all (!)
excited states in the system, see Eq. One could come to this conclusion, since from the
BSE and the various approximations we used, we obtained L as a sum over the single-exciton
states only, see e.g. Eq. Assuming, however, that the amplitudes {x} of the many-exciton
states are negligible, this can be extended to a sum over all single- and many-exciton excited
states without (significantly) changing L. At least for systems with weakly correlated ground
states (which are the systems we will focus on later in Sec. , we can easily see that this is
in fact the case: from Eq. (or the periodic analog), we find that the n-exciton states, n > 2,
are given by terms containing n valence annihilation- and n conduction creation operators, such
that the overlap in the second line of Eq. (under the assumption of a weakly correlated
ground state) indeed becomes small.
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becomes weak and can be neglected [114], 1T17] and photoemission from the system
can effectively be described by one of the single-exciton states given above (or a
statistical mixture of multiple (of different type/state), non-interacting excitons,
see Sec. . It is then also common to speak of the second exciton-state m = 2
simply as the second exciton of the system, etc., since we never treat the case of
two excitons existing at the same time.

To conclude, even though we had to employ a multitude of (commonly used) ap-
proximations to arrive at the final form of the BSE, the formalism has proven highly
successful for the calculation of excited-state-, in particular optical properties
[19, 118]. Notably, the BSE yields significant improvements over the independent-
(quasi)particle method, where the excited state is described by a non-interacting
quasielectron and quasihole [I04]. In particular the lowest excitonic energy of the
system (which is called the optical gap if the exciton is optically allowed, which
necessitates Q = 0 for periodic systems [30]) is smaller than the fundamental gap
of the independent-particle method (compare Ly in QPA), which is a result of the
exciton binding energy [19], that is, the binding energy between electron and hole.
Based on this success of the BSE in the calculation of optical properties, we will
use the effective exciton states shown above for the description of photoemission
from excited systems, see Sec. (thus, as in Sec. , using these effective
states beyond their immediate domain of use, which is L).

Spin-Structure of the BSE

Note that we have not explicitly treated the electronic spin in the BSE until now.
As it turns out, the computational cost of solving the BSE can be dramatically
reduced when we neglect spin-orbit coupling and when our system of interest has
a closed-shell spin-singlet ground state, which is precisely what we will meet in our
practical calculations later in this text. Without giving an explicit derivation, the
simplification of the BSE can be sketched as follows:

First, note that whenever spin-orbit coupling is neglected, GGy is given by a
Kronecker delta in the spin-arguments [119]. Consequently, Lo is given by two
Kronecker deltas in its spin-arguments. As mentioned in Sec. [2.2.4] — compare also
comments above Eq. (25) in Ref. [36] — (only) when neglecting spin-orbit coupling
we can use spin-unpolarized Kohn-Sham DFT for our ground-state calculation
and thereby obtain spin-unpolarized orbitals — that is, pure spin-up and spin-down
orbitals that contain the same spatial orbitals and have the same KS energy"|
When using spin-unpolarized orbitals in Eq. we can immediately see that
Ly is given by two Kronecker deltas in its spin-arguments. Further, using spin-

76 Note that, while not explicitly stated in Ref. [36], their Eq. (25) assumes that the orbitals
are spin-unpolarized. Note also, that in the exact-exchange-GKS formalism, orbitals are not
automatically spin-unpolarized, see text below Eq. In our practical calculations we however
use restricted GKS (RGKS) to enforce spin-unpolarized orbitals. Lastly, note that for spin-
unpolarized orbitals, the QP energies we obtain from Eq. are then also equal for the two
orbitals: the first part, ef9 —e2¢, is trivially the same for KS-DFT orbitals (see also Footnote
and also the same in RGKS when the system is (as in our practical calculations) closed-shell
(where the exchange-operator becomes spin-independent, see text below Eq. . The second
part is based on the self-energy and is the same for both orbitals since, when neglecting spin-orbit
coupling, the self-energy acts as a Kronecker delta in its spin-arguments [I19] — which can easily
be seen in the GW approximation from the properties of G; and W mentioned throughout this
paragraph.
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unpolarized orbitals in Eq. [2.209] and labeling spatial orbitals by v and ¢ and spin
by s, and s., the sum at the beginning can be written as > 5 > . > >  whenever
both spin-orbitals belonging to spatial orbital v are valence spin-orbitals and the
same holds for the conduction orbitals. Remembering that Ly was constructed in
a QPA-like form based on KS orbitals, this is the case if the KS ground state is
closed-shell, so all valence spatial-orbitals are doubly occupied (closed-shell spin-
singlet ground state, see Refs. [19, B0, 119]). Using additionally that the matrix
elements of V' and W in orbital-representation (see Eq. with spin-unpolarized
orbitals are also given by two Kronecker deltas in the spin-indices [77] (where we
use that W(-,-) is spin-independent [81]), it can then easily be seen that the BSE
falls apart into an equation for spin-singlet excitations and an equation for spin-
triplet excitations [19, [36] [77, 119], with the triplet equation containing no direct
interaction term V' anymore and the singlet equation containing it twice, i.e. it
contains 2V, see for example Refs. [19, 36]. Importantly, the size of the BSE
Hamiltonian in the respective subproblems is then only one fourth of that of the
original BSE Hamiltonian [120] — thus dramatically reducing memory consumption
— and is indexed purely by the spatial-orbital indices. Since we are interested in
optically-allowed excitations, all our practical calculations shown later employ the
spin-singlet equation [77, [119] (although a decay to spin-triplet excitations cannot
be ruled out and may be of interest in studies beyond this text). As an example,
the gas-phase exciton wave function of Eq. can then be written as (with v
and ¢ indexing spatial orbitals):

Xm ((Tea 36)7 (Th’ Sh)) = [Z X:JCQDC(TS)SOZ(rh)] {% (5T7586T75h - 5¢,Se5¢,8h)

v,C

(2.233)

where we started with

Xon (Tes5e)s (Thosn)) = 3 X0y o (re, 5 )85 o, (Th 5n)

V,C Sv,Sc

=Y > X0 (1) a5, 05 (TH) s, s, (2.234)

V,C Sv,Sc

and used:

X;;Lc _ XU,T, [y - XT’L;;%CJ
NG
xubet = xvtel — (2.235)

Note that s, here denotes the spin of the initially occupied orbital, so the inverse
of what is commonly understood as the “hole’s spin” [36]. Our effective states, see
Eqs. [2.226] and 2.232] then also take a corresponding form. A detailed discussion
of the spin-stricture in the BSE can also be found in Ref. [120].

2.4.5 BSE in Practice

We now conclude this section by again focusing on the parts we need in practice
for our photoemission simulations — in this case photoemission from an exciton.
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As can be seen in Sec. we need in practice the exciton energies {{2,,( )} and
the excitations {X,,( @)}, which we obtain by solving the Bethe-Salpeter equation
(in the gas-phase variant Eq. or in the periodic variant Eq. .

Note that in order to construct the BSE Hamiltonian we first need to perform
DFT and GW calculations. In particular, we need Kohn-Sham wave functions (see
Sec. for the calculation of the matrix elements of V and W. In addition,
for the latter we also need the static screened Coulomb interaction or, equivalently

(see Eq. [C.137)), the static (inverse) dielectric function (see Sec. [2.3.7)). Lastly,

we need quasiparticle GW energies corresponding to the used KS orbitals (see
Sec. . With all these quantities at hand, the BSE Hamiltonian can then be
constructed and diagonalized such that the needed quantities are obtained. Here,
we can distinguish between iterative diagonalization techniques that give us only
the energetically-low-lying excitons (which are the ones we are generally interested
in here) or full diagonalization that gives us all excitons. Further details on how
the BSE is solved in practice can for example be found in Ref. [104].

With the so-obtained BSE eigenvectorﬂ {Xm(@)} and eigenvalues {€2,,(q)} we
can then use the exPOT formalism, see for example Eq. Two final comments
are important here: first, note that the exPOT formalism uses GW quasiparticle
energies and KS wave functions in addition to the mentioned BSE-quantities, see
for example Eq. [3.54] It is crucial that we use the exact-same KS wave functions
that were used in the construction of the BSE, since the (in principle arbitrary,
see text below Eq. phases of KS orbitals are relevant in the coherent sum
over conduction orbitals (compare similar comments in Ref. [36]). While we for
consistency should (and typically do) use the same GW quasiparticle energies that
were also used in the construction of the BSE, using different energies poses no
direct problem, as long as the assignment to valence-KS orbitals is clear — see also
the text above Eq. 3.51] Secondly, note that for periodic systems, the Brillouin
zone sampling used in the BSE (see Appendix determines the resolution of
momentum maps and band-structure plots that we can create with the obtained
BSE eigenvectors. This is a consequence of in-plane crystal-momentum conserva-
tion, see Appendix [D.2.1] Thus, the BZ sampling in the BSE must be converged
not only from a physics-related standpoint, but also with regard to the desired
resolution of the momentum distributions we want to calculate and plot.

"T0Of course, the full eigenvectors also contain de-excitations, provided the BSE has been solved
beyond the TDA. Since the exPOT formalism only uses the excitation-part (see text around
Eq. , we will routinely speak of the excitations alone simply as the BSFE eigenvector for
simplicity.
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3 Theoretical Description of
Photoemission

In this chapter we focus on photoemission simulations. We start with a small in-
troduction to angle-resolved photoemission spectroscopy (ARPES) and then focus
for the remaining chapter on our theoretical approach for simulating ARPES ex-
periments. The derivation is kept general for as long as possible, until a separation
into ground-state and exciton photoemission as well as into gas-phase- and periodic
systems becomes necessary. While the previous Chapter recapitulates well-known
theory and serves as a basis for the upcoming photoemission formalism, this chap-
ter contains new results developed by the author and co-workers during his PhD.
Besides the unifying treatment of ground-state and exciton photoemission in a
single consistent manner, the main result constitutes the extension of the exciton
photoemission formalism to periodic systems, which was first published by the
author and co-workers in Ref. [I21]. Additionally, details for an efficient imple-
mentation of the ground-state and exciton formalism are given, which have been
developed by the author and were used for the practical calculations presented in

Chapters [4] and [5

3.1 Introduction

The fundamental observation underlying all experimental techniques given below
is, that the interaction of light and matter can best be understood when describing
light as consisting of elementary particles, called photons. While the quantum-
theory of light is far beyond the scope of this work, it is for our purposes sufficient
to know that the energy of the photons is determined by the frequency w of the light
(electromagnetic radiation) and that a photon can be absorbed by an atomic system
(matter), whereby the photon ceases to exist and its energy is absorbed by the
system. This absorption process is governed by the following energy-conservation
law:

Eﬂrw:Ef, (31)

where E; is the (initial) energy of the atomic system before absorption, Ey is its
(final) energy after absorption and w is the photon energy in atomic units (A = 1)
A complete picture of such absorption processes needs to account for virtual states
[122], energy broadening effects, changes in the full nuclear-electronic state of the
system (compare Sec. , etc. and is, again, beyond the scope of this work.
Further details can for example be found in Ref. [123].
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We are herein interested in situations where the Born-Oppenheimer approxi-
mation (see Sec. can be used and additionally assume the nuclei to be com-
pletely frozen@, such that the state of the atomic system is completely described
by an N-electron state. Additionally, we assume that before and after absorption
the system resides in a pure eigenstate of the N-electron Hamiltonian. For the
energy-conservation we then find

E(N,i) +w = E(N, f), (3.2)

where E(N,i) and E(N, f) are respectively the energy of the initial and the final
state (using the notation of Eq. 2.126)).

A special case of this absorption process is the excitation from the electronic
ground state to a bound@ excited state of the system, for which we find the energy-
conservation

w = E(N,S) — E(N,0) = Qg, (3.3)

where E(N,0) and E(N,S) are respectively the energy of the ground state and
the excited state and {2g is the excitation energy. We will revisit this process in
pump-probe photoemission below.

The second case of interest to us is the excitation from a bound state of the
system to a scattering state, that is, a state that has a non-vanishing electron-
density asymptotically far away from the nuclei (and is thus non-normalizable and
part of the Hamiltonian’s continuous spectrum, see again Appendix |[A.1.1)). In
the sudden approximation, we then assume that the N-electron scattering state
can be expressed sufficiently well as the antisymmetrized product of a state de-
scribing a bound part of the system and a state describing the scattering part of
the system. We will restrict ourselves to the special case where the bound part
is an N — l-electron state and the scattering state is a one-electron state. The
photon-absorption-induced transition to such a state is known as photoemission
(also: photoelectric effect) and the one-electron scattering state is known as the
photoelectron state. Note that this antisymmetrized product state is strictly speak-
ing in general not an eigenstate of the N-electron Hamiltonianﬂ and does therefore
strictly speaking not have a distinct energy! We will get back to this at the end of
Sec. [3.3.1] Assuming then additionally that the N — 1-electron state is an eigen-
state of the NV — 1-electron Hamiltonian with energy E(N —1, f) and denoting the
photoelectron (kinetic) energy as Eyi,, we approximate the product state’s energy
(distribution) by the single value E(N, f) ~ E(N — 1, f) + Ex, and get for the
energy conservation:

E(N,i)+w=E(N —1,f) + Eyn (3.4)

"8We keep the nuclei frozen for simplicity and for computational reasons. However, the N-
electron exciton state used in Sec. [3.3.10] as well as the N — 1-electron post-photoemission states
could in principle also be calculated for changed (relaxed) geometries. Note also, that in the
context of (exciton-) photoemission from periodic system, a coupling to phonons (see also Q # 0
in Sec. may become important for some systems (and temperatures) but is beyond the
scope of this work.

™ An electronic state is called bound if the electron density of the state falls of quickly when
moving away from the nuclei. See Appendix E for details.

80When writing its energy as F(N, f) we thus slightly abuse the notation Eq.
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Note that we did not further specify the initial state beside the condition that it
is a pure N-electron energy eigenstate. The most common initial state is simply
the N-electron ground state, from which photoemission will be called ground-state
photoemission. We can however take an excited state as our initial state and thus
look at excited-state photoemission. In a pump-probe photoemission experiment
(see below), we then use a first light source to bring the system to an excited state
(specifically excitons, see Sec. and then a second light source that leads to
photoemission from the excited state.

3.2 Angle-Resolved Photoemission Spectroscopy

Figure 3.1:  Definition of angles in ARPES. An incoming light pulse with polar
angle 0, and azimuthal angle ¢, is indicated in green. An outgoing photoelectron of
photoelectron momentum k with polar angle 6 and azimuthal angle ¢ is indicated
in blue. In ground-state ARPES, there is one incoming pulse — the probe pulse —
while in pump-probe ARPES there are two incoming pulses — the pump- and the
probe pulse — at generally different angles. The atomic system is located at the
origin.

Using the concepts introduced above, it is now straightforward to give the
generic setup of an angle-resolved photoemission spectroscopy (ARPES) experi-
ment. In brief, in an ARPES experiment we irradiate an atomic system with a
light-source and count the number of emitted photoelectrons as a function of their
kinetic energy Fi;, and the angles 6, ¢ (see below) at which they are emitted. The
number of emitted electrons at a given energy FEy;, and angles 6, ¢ is called the
photoemission intensity 1(Eyn, 6, ¢) and I itself is called the photoemission dis-
tribution. Comparison of experimentally obtained photoemission intensities with
simulated ones then allow us to extract system properties — see for example Ref. [16]
— from the experimental data. Before going into more details, let us introduce the
main building blocks of such an experiment.

Sample

The atomic system from which photoelectrons shall be emitted is usually called the
sample. The goal of an ARPES experiment then is to obtain information about
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the sample by measuring the photoemission distribution / and using theory (see
below) to derive system properties from it. Therefore, if the properties of a specific
system shall be determined it is of utmost importance that the sample has been
prepared in the desired state before photoemission.

We focus herein on photoemission from surfaces of crystalline solids, with a
particular focus on surfaces (then called substrate) with adsorbed molecular lay-
ers/films or 2D semiconductors — the adsorbate. For such system it is then crucial
that the crystal’s surface has been cleaned of contaminations and is as close to a
perfect (microscopically planar) crystal surface as possible.

In our computational simulations we assume that the adsorbate forms large-
scale well-ordered domains (experimentally usually self-assembled) on the sub-
strate, where each such domain can be described by a periodically-repeated su-
percell. For the case of adsorbed molecules, the supercell may then contain only a
single molecule meaning that all molecules in the domain are rotated equally (usu-
ally as a result of geometrical/spatial constraints or inter-molecular interaction),
or it may also contain multiple molecules. Trivially, the smaller the supercells are,
the better, since the computational cost in performing the involved calculations
(DFT and possibly GW and BSE, see below) grows rapidly with the system size
(see Sec. [2.1.4).

The adsorbate is typically rotated differently (or mirrored) in the different
domains, hence why they are often also termed rotational (or mirror-) domains.
Meaningful application of ARPES demands that there are not too many different
rotational orientations of the adsorbate, since the presence of too many rotational
orientations can result in the dependence of the photoemission intensity on possibly
both, the azimuthal ¢ and polar 6, angle becoming less structured (smeared out),
making its analysis less fruitful (see also Sec. on symmetrization of k-maps
over domains).

Besides, this discussion presupposes that the additional structure (for example
molecules) stick at all to the substrate, i.e. that it can be bound by the crystal
surface (at the used temperature), and that we know how long we need to deposit
it onto the substrate to get sufficient coverage (or possibly a distinct number of
layers). The latter point is important not only so we know which structure we
are working with, but also because sufficient coverage is often needed to suppress
photoemission from the crystalline substrate (when we are more interested in the
adsorbed structure), see also Ref. [35].

It should therefore at this point have become clear that sample preparation
is a difficult task on its own, and that the sample is usually kept (starting in
preparation and throughout the ARPES experiment) in vacuum-chambers, often
at low temperatures. Fortunately, additional techniques like scanning tunnelling
microscopy (STM) or low-energy electron-diffraction (LEED) can be used to assess
translational order and to identify different domains as well as estimate coverages.

Probe Light-Source

The next building block of any ARPES experiment is the probe light source, whose
job it is to stimulate photoemission from the atomic system. As a first demand, the
light source has to be monochromatic, that is, deliver photons with a sufficiently
sharp photon energy w. Note that this assumption can become problematic in
ultrafast trARPES (see below) experiments, where probe pulses can become very
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short (down to the attosecond-scale [124]). In these cases, the delta-functions
enforcing energy conservations given below (e.g. in Eq. must be replaced
by an appropriately broadened (typically Gaussian) peak, see also Appendix .
Additionally, the energy of the photons must be large enough such that photo-
electrons can be emitted from the system, that is, it must be large enough such
that Ey, in the energy conservation law of ARPES Eq. can become positive.
Typical values for POT and exPOT (see below) are in the extreme ultraviolet,
specifically from 15 eV to 50 eV (going to too high energies beyond this range will
lead to the breakdown of the dipole approximation, see Sec. . We assume
a directed light-beam which can be characterized by its angles-of-incidence 6obe
and @probe, Which is then directed at the atomic system, the sample, as illustrated
in Fig. 3.1l Additionally, while this is not strictly necessary, we restrict ourselves
herein to polarized light-sources with the unit-vector € denoting the polarization
direction (which is defined relative to the light’s direction, as determined by the
angles-of-incidence).

As a last important demand, the intensity Ag of the light-beam must be high
enough such that within reasonable time-scales a large-enough amount of elec-
trons is emitted leading to a statistically-significant photoemission distribution
I (such that the true distribution can be read from it, see below). However, it
must also be weak enough, such that we stay in the linear regime (as explicitly
used in Eq. . We can then neglect interactions between photoholes (which
encompasses the case where an already ionized area photoemits again, before the
photohole can be filled by charge transfer, typically from the substrate) — com-
pare Sec. 2.3.0] — as well as two-photon processes and theoretically describe the
whole photoemission process, based on a single photoemission event. Within the
used approximations — the so-obtained calculated photoemission distributions is
then the true quantum-mechanical probability distribution of the photoemitted
electrons, which the experimentally measured intensity distribution approaches
asymptotically with increasing measurement time, that is, increasing number of
collected /detected photoelectrons,

Note that we usually use light-sources that emit Gaussian pulses, that is, the
light’s intensity over time follows a (repeated) Gaussian envelope. We will thus
also often talk about the probe-pulse, when referring to the probe-light

Detector

Finally, the photoelectrons emitted from the sample hit a detector, which has to
be able to measure/count the number of emitted electrons as a function of their
kinetic energy and their emission angles 6 and ¢, see, again, Fig.[3.1] Alternatively,
so-called momentum microscopes directly measure the in-plane momenta k, and
k, instead of the emission angles, see also Eq. .

Ground-state ARPES

In a ground-state ARPES experiment, the sample is then directly irradiated (some-
times at low temperature) by the probe light for a fixed amount of time and the
detector counts the emitted photoelectrons. Once finished, the obtained photoe-
mission distribution I can be analyzed by comparison to theory.
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There are various ways in which the data cube I can be sliced as a function of
the variables Ey,, 0 and ¢. A very common way is to look at so-called momentum-
maps or k-maps, where we fix the kinetic energy FEy;, and plot the remaining
angular photoemission distribution as a heatmap. For such k-maps, the angles are
usually converted to in-plane (meaning: parallel to the crystal surface, see text on
sample above) momentum components k, and k, of the photoelectron momentum

k (see Sec.[3.3.4) via

]{72
Ekin == 5

k= ki+kZ+k2
k., = ksin(6) cos(¢)
k, = ksin(0) sin(¢)
k., = kcos() (3.5)

and the intensity is then plotted as a function of k, and k,. See also Appendix
for details on how the photoemission intensity is plotted in momentum maps (and
photoemission band-structure plots). Examples can be found throughout the re-
maining text, see for example Fig. |5.2b. To obtain statistically more significant
k-maps from experimental data, we often integrate over a given energy window,
that is, look at the k, and k, distribution of all photoelectrons within said energy
window. See also Appendix. for details.

Pump-Probe ARPES

In pump-probe ARPES or excited-state ARPES, we use an additional light-source,
the pump-light, or pump-pulse, to bring the system (which is, again, often cooled)
to a (bound) excited state, and then use the probe light to emit photoelectrons
from the excited system.

We focus, as for the probe-light, on the case of a monochromatic light-source
(thus assuming a long-enough pump-pulse duration), and on the special case of
a resonant excitation, that is, the photon energy coincides (reasonably-well) with
some (charge-neutral) excitation energy of our sample, see Eq. (compare also
Sec. . Additionally, as for the probe-pulse, we demand the pump-pulse to
be polarized (see also Sec. , which can be used to maximize the probability of
exciting the system by aligning the polarization with the transition dipole from
the ground state to the excited state [36]. The pump-pulse must again form a
directed beam and is characterized by its angles-of-incidence 0,y and @pump, see
Fig.|3.1] Regarding its intensity, for our description of the excited system in terms
of isolated excitons (see Sec. , we again need it to be weak enough to stay in
the low exciton-density regime (well below the exciton Mott transition threshold,
such that excitons can be viewed as isolated), but strong enough to sufficiently
excite the system (create a sufficient amount of excitons). That is, we again stay
in the linear regime (see e.g. Ref. [125]). Take the pump-probe experiments of
Chapter [f] as an example, where we can see in Fig. that the pump-related
photoemission signal is approximately ﬁ of the ground-state-related signal (see
below).
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As mentioned above, after exciting the sample with the pump-pulse, the probe
pulse is then used to stimulate photoemission and the photoelectrons hit the de-
tector. This process of pump — delay — probe — detect is then repeated many
times, such that the photoemission distribution I becomes statistically-significant.
Now, since we think of the excited system in terms of particle-like excitations,
excitons (see Sec. , we can still talk about a ground-state signal, which then
describes photoemission of an electron that was not part of an exciton (correlated
electron-hole pair). Trivially, the repeated process mentioned before thus gives us
a photoemission distribution which is a mixture of a ground-state photoemission
signal and an excited-state photoemission signal. It is then the task of theory to
disentangle these signals (see comments below Eq. [3.65).

Lastly, in a variation of pump-probe ARPES known as time-resolved ARPES
(trARPES), the above-given process is repeated multiple times, but with varying
time-delays between the pump- and the probe-pulse. The photoemission inten-
sity data cube then gets an additional dimension, the time-delay t between the
pump-and the probe-pulse. By comparing the intensity distribution across differ-
ent time-delays, the temporal evolution (formation, decay) of the created excitation
can be analyzed (see also the comments on the pump-probe time-delay given in

Sec. |3.3.10)).

3.3 Photoemission Orbital Tomography

To analyze the photoemission distribution obtained from ARPES experiments we
perform ab initio simulations of photoemission on the basis of Fermi’s golden Rule.
The comparison and analysis of experimentally obtained ARPES intensities with
theoretical simulations based on the formalism[s;f] shown below is termed photoe-
mission orbital tomography (POT) and comes in various flavors and levels of so-
phistication.

3.3.1 Fermi’s Golden Rule for Photoemission

The starting point for our photoemission simulations is Fermi’s golden Rule, a
result of first-order time-dependent perturbation theory, giving us a simple expres-
sion for the transition rate (transition probability per unit time) from an initial
state to a final state of an N-electron quantum-system, where both states must be
eigenstates of the N-electron Hamiltonian Eq. [2.42]

The perturbing Hamiltonian H represents the action of the probe pulse on the
system, whose intensity must be small enough (see above) to justify the use of first-
order perturbation theory. Assuming a monochromatic probe pulse of frequency
w and using the Coulomb gauge, the electromagnetic field is determined by the
electromagnetic vector potential [39] [126]:

A(r,t) = A(r)e ™ + A*(r)e! (3.6)

The perturbation is then given by the light-matter interaction Hamiltonian (some-

810ccasionally, we also refer to the theoretical formalism itself as POT.
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times called the minimal coupling Hamiltonian) [38], 126]:

A1) =35 (~AG1) b~ b Alrt) + AGun) - AGn) (B

i=1

Assuming a weak probe pulse, the quadratic term can be neglected (linear regime)
and we get

(“ A1) B~ i AP, 0)) = —Hiye ™ = Al (38)

N | —

N
=1

with the time-independent operator

—_

EZ— )b+ Py A7), (3.9)

\)

which will for simplicity be called the light-matter interaction Hamiltonian from
now on (remembering that strictly speaking, the light-matter interaction is given
by the time-dependent operator given in Eq.. Note that Hiy is not Hermitian if
A is complex (circular polarization)! We have thus found, that the perturbation H
is harmonic in time! The first term corresponds to photon absorption, the second
one to stimulated emission of a photon. We can then use Fermi’s golden rule for
a harmonic potential and find for the photon absorption par@ the transition rate
from the initial state to a single final state [39, 126]:

Wiy = 21 [(N, fl B IN,9)| 8w+ E(N,3) = BN, ), (3.10)

where |N,i), E(N,i) and |N, f), E(N, f) are respectively the initial state and
its energy and final state and its energy. Note that the delta-function enforces
the energy conservation already mentioned in Eq. [3.1] While the above form of
Fermi’s golden rule is commonly met in photoemission theory [92], the appearance
of an isolated Dirac-delta (not inside an integral) may appear mathematically
questionable. In a more rigorous treatment, we calculate the rate of transition from
an initial state to a group of final states, where the above expression represents a
transition rate density and is integrated over [39, 126]. Details can be found in
Appendix where we also mention details of the presumed normalization of the
initial and final state.

On a final, technical note, as mentioned above, the initial- and final state used
in Fermi’s golden rule must in principle be exact (properly normalized) eigenstates

82Gtimulated emission is only possible when starting from an excited state and is therefore
irrelevant for ground-state ARPES. In excited-state ARPES, we can justify neglecting it (i) by
the fact that we generally have a very low excitation density (see text above about the pump-
pulse) and (ii) more generally by the fact, that it does not contribute to the photoelectron
distribution and is therefore not of interest to us (Strictly speaking, stimulated emission reduces
the number of excitations and therefore the relative strength of the excited-state signal relative to
the ground-state signal. However, it does not change the “internal” energy- and angle-distribution
of each of these two signals! Based on point (i) before and since we never try to predict absolute
intensities, or the relative strength of the ground- vs excited-state signal anyway, the influence
of stimulated emission can be neglected.). See also Ref. [126] on the smallness of the stimulated
emission matrix element relative to the absorption matrix element.
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of the N-electron Hamiltonian, which is why we use the notation Eq. 2.126] Al-
ready in Sec. [3.3.3] we will break this demand by approximating the final state
by an antisymmetrized product state, which is in general not an exact N-electron
eigenstate. Similarly, in the context of excited-state photoemission, we will use
an approximate excited state of the N-electron system, an ezciton, as the initial
state. Assuming in both cases, that the used states are to good approximation
(although not exactly) eigenstates of the N-electron Hamiltonian, we are justified

in still using Fermi’s golden rule and (ab)using the notation Eq. [2.126

3.3.2 Dipole Approximation

We continue by applying the commonly used dipole approzimation [92], where the
spatial dependence of the probe pulse is neglected, that is A(r) ~ A = Age,
where € is the polarization vector. Note that, while we use A in the upcoming
equations, we ultimately will only calculate relative photoemission intensities such
that the value of Ay drops out of the calculation. This approximation is justified
whenever A(r) varies only weakly on atomic length scalef™| [92]. This is usually
well-justified for the probe-energies of 15-50 eV typically used in POT, which
correspond to wavelengths of ~ 820-250 A, such that even in the “worst-case”
scenario of grazing-incidence, the dipole approximation remains justified. The
light-matter interaction Hamiltonian then becomes:

N
Hy~» A-p=A-P, (3.11)
i=1
with the N-electron momentum operator:

N
P=>p, (3.12)
i=1

Inserting this into Eq. we get the starting point for all upcoming variants of
POT:

Wisy =2 [(N. /| A~ PIN.i)| 6w+ EOV.i) ~ BN /) (3.13)

3.3.3 Sudden Approximation

The next approximation which we use is the sudden approximation, which was al-
ready introduced above Eq.[3.4l As detailed there, we approximate the N-electron
eigenstate by the antisymmetrized product of an N —1-electron (bound) eigenstate
IN — 1, f) (energy E(N —1, f)) and a one-electron (scattering) photoelectron state
[7) (energy Exin):

1 A
[N, (f;7)) = WA(W ®|N=1,1))

E(N,(f,7) = E(N =1, f) + Exin, (3.14)

83From a more technical point of view, the region where A(r) must remain approximately
constant is given by the region where the Dyson orbital and the photoelectron state both have
relevant amounts of density, see Eq.
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where the prefactor ensures proper normalization (see Appendix and Eq.
for details). In such a product state, all correlation between the photoelectron and
the remaining N — 1-electron system is neglected (besides the always-necessary
antisymmetrization). As can be guessed from its name, this approximation is valid
under the assumption that the photoelectron is instantaneously removed from the
remaining system [92]. Loosely speaking, there is then no time for the N-electron
state of the system to adapt/change into a correlated N-electron state includ-
ing correlations between a remaining system and a scattered electron. Instead,
the two systems are fully separated/decoupled, except for the antisymmetrization.
The sudden approximation is therefore particularly justified whenever a photoelec-
tron does not need to pass through a lot of the remaining system before escaping,
which is for example the case for the emission from planar molecules adsorbed on
a substrate. Additionally, higher probe energies increase the photoelectron kinetic
energy such that it leaves the system quicker. In POT, we generally use 15-50 eV
for the probe-energy and consequently generally expect the sudden approxima-
tion to be justified — at least for electrons coming from high-lying orbitals (like a
molecular HOMO).

The transition rate to this product final state then reads:

VViH(f,'y) =2 <N,(f,’)/)|AP|N,Z> 25(W+E(N7i>_E(N_laf)_Ekin)
(3.15)

3.3.4 Photoelectron States

Before continuing the derivation, let us briefly look into the photoelectron states
{|7)} in a bit more detail. These states describe the possible states of the pho-
toemitted electrons and must therefore be non-normalizable, since the photoelec-
trons are not bound anymore, that is, their wave functions generally do not vanish
at infinity (compare Appendix .

Instead of simply describing them as free particles via plane-wave states (see
Sec. , more sophisticated approaches account for the influence of the remain-
ing system on the photoelectron state. Common to these approaches is the use of
scattering boundary conditions, where we demand the photoelectron states far from
the atomic system to be composed of an outgoing plane wave and an ingoing wave
[1277129]@ These boundary conditions are also known as time-reversed LEED
boundary conditions, since they describe the inverse of a LEED (low-energy elec-
tron diffraction) experiment, where we have an ingoing plane-wave and outgoing
(scattering) wave. Note that, due to the use of these boundary conditions, we will
occasionally also simply refer to the photoelectron states as scattering states.

A common approach to including the influence of the surface and incorporate
these boundary conditions is to obtain the photoelectron states via solution of the
Lippmann-Schwinger equation [127, 130]. Equivalently, they can also be obtained
as solutions of the Kohn-Sham equation (using a converged ground-state density)
by employing scattering boundary conditions [128]. Note that for systems modelled

84Note that the apparent difference in the boundary conditions presented in Ref. [129] (for
example in Chapter 10) and in Refs. [127] [12§] is geometric, since the latter focus on periodic 2D
systems while the former focuses on finitely-sized systems.
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as periodic surfaces, the photoelectron states are then Bloch functions in the in-
plane directions [128] [130].

Calculated in such a way, note that the scattering states are orthogonal to the
bound Kohn-Sham (KS) orbitals and that scattering states and bound states to-
gether span the entire single-particle Hilbert space [129] (in case of spin-unpolarized
KS-DFT, all these states are pure spin-up/down states, see text around Eq. .
More importantly for us, every scattering state is uniquely indexed by its photoelec-
tron momentum k (and, in principle, its spin, compare Sec. and has energy
JO— % — compare Ref. [130] and Chapter 10 in Ref. [129]. Here, k denotes the
momentum of the outgoing plane wave in the scattering boundary condition far
from the atomic system and is thus the momentum measured at the detector in an
ARPES experiment.

Note also that since they are non-normalizable to 1 we instead resort to Dirac
delta normalization. That is, for two photoelectron states v and vy, we haveP}

(Yl = 6(k — k') (3.16)

Compare Ref. [129] as well as Appendix This is also the normalization
needed in Fermi’s golden rule, see Appendix for details.

Lastly, note that a middle ground between the simple plane-wave approximation
and the approaches described above is for example given by the damped plane-wave
photoelectron state of Ref. [35], where the photoelectron state is modelled by a
plane wave that vanishes exponentially in the atomic surface. This exponential
decay serves as a first step towards a proper description of the photoelectron state,
which becomes apparent when, again, thinking of it as originating from the inverse
of a LEED experiment, where the effect of an ingoing electron on a surface can
intuitively be understood to exponentially decay inside the atomic region.

The explicit treatment of such scattering states is however beyond the scope of
this text and we will in fact later resort to the simple plane-wave approximation, see
Sec. Further details on scattering states can also be found in Refs |84 [126]
and the spin-dependence of scattering states is discussed in Ref. [I31]. See also the
comments in Chapter 10-c, notably, below Eq. (10.21) in Ref. [129] for a general
discussion of scattering states and scattering boundary conditions.

3.3.5 Dropping Indirect Terms

We continue by making use of the second-quantization formalism (see also Ap-
pendix . We denote the complete set of orthonormal one-electron orbitals by
{¢:} (creation operators {a!} and annihilation operators {@;}). These should be
obtained via some effective one-electron theory, in practice we will always use Kohn-
Sham density functional theory (KS-DFT) to get these orbitals. Note that for com-
pleteness, {¢;} must in principle also contain scattering states, see Appendix .
The initial state |V, i) can then exactly be expressed as a linear combination of
Slater determinants build from these orbitals (compare Appendix . Later,
we will choose the initial state to be either the (an) N-electron ground state, or
a (bound) N-electron excited state. If we restrict ourselves to not-too-high-lying
excited states (which is precisely the domain we work in, compare Sec. and

85We omitted spin here for simplicity. For photoelectron states that are spin-position product
states, we additionally get an overlap of the spin-functions, see Sec. [3.3.7}
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if we have used a sophisticated one-electron theory, the initial state is then usually
composed of Slater determinants built from the energetically more low-lying bound
orbitals.

Next, we focus on the photoelectron state, which we denote as usual as |y) and
normalize via Eq. . We can then define a corresponding creation operator d,Ty
and annihilation operator @, and write the final state as (compare Eq. :

1 .
WA(W@’N—Lf))

When using photoelectron states obtained as scattering solutions of the Kohn-
Sham equation (see Sec. [3.3.4), these scattering states (and creation/annihilation
operators) are simply the scattering states (and corresponding operators) men-
tioned in the beginning of this section. Conversely, in the plane-wave approxima-
tion of Sec.[3.3.7], they are plane waves with corresponding operators. To incorpo-
rate the various approaches, we write the photoelectron state |y) in a general form
by expressing it as linear combination of the one-electron orbitals {¢; }:

al IN—1,f) (3.17)

iy = (3.18)

Finally, following Refs. [84], [87], we express the light-matter interaction A - P
in terms of creation and annihilation operators:

a . z : (int) At A
l,m

W = (&1 A plom) (3.19)

Plugging everything into Fermi’s golden rule Eq. |3.15 we get:

2

Wit =27 | D > shim (N =1, flasafan [N, i)
7 Im
S(w+ E(N,i) — BE(N — 1, f) — Exin) (3.20)

We now continue by neglecting terms j # [ (compare Ref. [84]). First, remember
that we generally assume that the initial state consists mostly of low-lying bound
orbitals. When using Kohn-Sham scattering orbitals as our photoelectron states,
orthogonality of bound- and scattering states (see Sec. and Appendix
then tells us that action of a; will annihilate the whole state it acts on, unless [ = j.
Conversely, in the plane-wave approximation, the linear combination in Eq.
will generally also contain bound-state contributions (simply calculate the overlap
of a plane wave and a bound orbital to see this) and it is thus not immediately
clear how we can justify neglecting terms j # [ in that case.
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To better understand this approximation, note that Comparison@ with Ref. [132]
shows that neglecting terms j # [ corresponds to singling out the contribution of
direct photoemission to the transition rate and neglecting indirect contributions
like the Auger effect. Thus, while the indirect terms j # [ do not vanish in the
plane-wave approximation, we can justify neglecting them by the fact that we
want to single out and focus on the contribution of direct photoemission to the
photoemission signal.

Neglecting now these indirect terms the transition rate becomes:

ZZ RS (N =1, f| 4 | N, i)

5@+MM@—(N—Lﬁ—&w (3.21)

2

z~>f'y =27

Using Eqs. and we can then more compactly write:

2

th“ — 1, f| | N, )

Mw+ﬂMn—ﬂN—Lﬂ—&w (3.22)

z—>f'y =27

3.3.6 Dyson Orbital

We can write the transition rate Eq. even more compactly when introducing
the Dyson orbital d; ;(z):

;,“if tht) —1, fl@m N, i)
=Z\¢m N — 1, flam | N, i)

di(z) = (zldis) = (N = 1, f| () |N,d), (3.23)

where we used the quantum field operator of Eq. in the last line. Note that
the given definition coincides with the definition of the Dyson orbital given e.g.
in Ref. [132] (Eq. (8) there) which can for example be seen by expanding both
quantities in our one-electron ONB {¢;} and observing that they have the same
expansion coefficients and are therefore equal (see Appendix .

The transition rate then becomes:

I/Vi_)(fﬁ) 2m v, di, f

B (m) ( S(w+ B(N,i) — E(N — 1, f) — En) (3.24)

3.3.7 Plane-Wave Approximation

As mentioned in Sec. [3.3.4], we resort in our practical calculations shown below, to
the simple (spin-) plane-wave approzimation (PWA) for the photoelectron states,

86Compare the “third approximation” in Ref. [I32] which there leads from Eq. (4) to Eq. (9).
Similarly, neglecting terms j # [ here leads from the same starting point to the same form of the
matrix element, see Eq.
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which are then called plane-wave final states (PWFS) and read:

e(r,s) = (1, 5] 10) = (2m) 2" 70 (s)

> o(s)? =1, (3.25)
where the chosen normalization ensures (using Eq. |A.51)):

Crabisr) = [ 3 )2 mn e (5)0/(s
B o=t
=0k —K) Y o"(s)o'(s) (3.26)

S:Tawl/

In the PWA, we describe the photoelectron as a completely free particle in empty
space (compare Appendix and thereby neglects the influence of the remaining
system on the photoelectron state, compare Sec. m For a pure spin-up (by
convention in z direction) plane wave we use o(s) = ds+ and equivalently o(s) = d5 |
for a spin-down plane-wave.

Clearly, the PWFS approximation works better at higher kinetic energies (i.e.
at higher probe energies), since the potential of the remaining system then becomes
a smaller term relative to the kinetic-energy part of the Hamiltonian, such that the
Hamiltonian is effectively closer to that of a free particle. Similarly, it should work
better for photoemission of electrons that are already at the interface of the system
to the vacuum, since electrons emitted from there would then be less affected by a
potential of the nuclei or other electrons (compare Sec. 3.3.4). Examples for this
are electrons emitted from 7 orbitals of planar, flat-lying molecules adsorbed on
some substrate [33]. More generally, however, the PWA has been proven successful
(for probe-energies in the 15-50 eV probe-energy range) in ground-state POT of
organic molecular layers [I33HI35], as well as 2D materials [136, [137]. Similarly,
its usability for exciton POT has been shown in Ref. [16].

Continuing in the PWFS, the matrix element in the transition rate Eq.
then becomes

h'(yl:’z),di’f = (Vo A-Dldif)
— i 3 2 / P e FT0" () A - Vdy (1, s)

s=1.1 R

=—A-k Z (2%)_3/2/ d*r e *To* (s)d; ¢ (7, 5), (3.27)

s=t) R?

where we used partial integration and dropped surface terms to get to the last

lindﬂ We can identify the integral in the last line as the Fourier transform Eq.

87TFor gas-phase systems as well as finitely-sized periodic systems (from where we can then
perform the thermodynamic limit), the Dyson orbital (built from a bound N and N — 1-electron
state) can be expected to vanish at infinity, which becomes particularly clear in the variant of
the Dyson orbital given in Ref. [I32].
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and thus find:

h(vi;?,di,f =—A-kF [dfj})} (k)
7 (r) =Y 0" (s)dis(r,s). (3.28)
—

where dl(c}) denotes the spin-projected Dyson orbital The transition rate then be-
comes:

2
Wiosisoon = 27 1A K | F [d7)] ()] 0w + BON,i) = BV = 1,/) = Fia)

(3.29)

Note that the prefactor |A - k:|2 is a distinct result of the PWA and will appear
many times below. It controls the influence of the probe-polarization on the PWA
photoemission distribution I(k, o) (see e.g. Eq. and will due to its simple
and always-same appearance not be explicitly mentioned in the discussion of the
various PWA photoemission expressions given below.

3.3.8 Photoemission Intensity

Until now, we have focused on the transition rate W;_,(s,) from some initial state to
a specific final state, given by the antisymmetrized product of some photoelectron
state |y) and a specific eigenstate | N — 1, f) of the remaining N —1-electron system.
In a photoemission experiment, the photoelectron then hits the detector, while the
remaining system remains “untouched”, that is, the experiment does not measure
in which state the system remains after photoemission. Therefore, to calculate the
photoemission intensity for some specific photoelectron state and initial state, we
have to sum up the transition rates, Eq. over all eigenstates of the N — 1-

electron system}

2
nt .
L=CY ‘hg,d}’f) Sw+E(N,i)— B(N—1,f) — Ban)  (3.30)
f
Note that we have included an overall constant C' (which is independent of |v)
but may depend — via the absorption rates — on the initial state) that accounts
for influences like the (pump- and) probe pulse intensity and -absorption rate as
well as the duration of the experiment. In the calculation of relative photoemission
intensities for different photoelectron states {7} this constant can be dropped such
that we obtain:
'Y’di,f

gy ‘h(int) )2 5w+ E(N,i) — E(N — 1, f) — Exn) (3.31)
f

Finally, when identifying one photoelectron state 74 s with each photoelectron mo-
mentum k and spin s =1 / | (see Sec. [3.3.4} in the PWA, Sec. 3.3.7] we can

88These eigenstates form an orthonormal basis of the N — l-electron system. From the
probability-based derivation of Fermi’s golden rule (Ref. [120]) and its use with N-electron final
states in the sudden approximation (Appendix it then becomes clear that summing over the
N — 1-electron eigenstates gives us the transition probability — and further the transition rate —
to a specific photoelectron state.
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trivially choose them to be pure spin-up/down), we then get the relative intensity
of different photoelectron momenta and spins via:

. 2
Ii(k’ S) x Z h’(}’k,ts):di,f

f

§(w+ E(N,i) — E(N — 1, f) — Eyn) (3.32)

Note that, in analogy to the comments given below Eq.[3.10] the expression Eq.
should formally be understood as a photoemission intensity density, which then
allows us to calculate the photoemission intensity for a group of final states. Details
can again be found in Appendix [D.3] see for example Eq. [D.53]

On a final, technical point, note that in the case of degenerate N — 1-electron
final states, the choice of the subspace basis does not influence the resulting pho-
toemission intensity! Suppose we have a subspace of g degenerate N — 1-electron
final states. Focusing on the matrix-element-part (since the delta function is the
same for all the degenerate states in the subspace) we find:

M)
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where we used Eq. [3.23]

3.3.9 Ground-state POT

We are now finally at the point where we can give practical expressions to calculate
the photoemission intensity distribution I. We start with photoemission from the
ground state, that is:

IN,4) = N, 0) (3.34)
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Let us start with the general expression Eq. for the photoemission intensity,
so with an arbitrary photoelectron state of momentum k and spin s:

Io(k,s) Z
!

Note that the Dyson orbital here takes the form (see Eq. |3.23):

h(int)

Vi,s>do,

" 5w+ E(N,0) — B(N — 1, f) — Fian) (3.35)

do.s(x) = (z|doy) = (N — 1, f| U(x) [N, 0) (3.36)

Comparing with Eq.[2.132] we can identify this with the electron-removal Lehmann
amplitude f; (z). Similarly, using Eq. we can identify the electron-removal
energy ¢, = E(N,0) — E(N — 1, f) in the delta function. This strong relation of
the photoelectron intensity to the one-particle Green’s function and the spectral
function has already been illuminated in Sec. [2.3.3]

In the quasiparticle approximation (see Sec. , which is in fact motivated
by observations made in photoemission experiments, we then replace the sum over
exact eigenstates {|N — 1, f)} by a sum over quasiparticle state®] with quasi-
particle orbitals replacing the Dyson orbitals (see Eq. . In practice, the
quasiparticle orbitals are usually not explicitly calculated, but we instead simply
use the one-electron orbitals already mentioned in Sec. [3.3.5] which will typically
be (occupied) Kohn-Sham orbitals. Concomitantly, the exact electron-removal en-
ergies {6]7} are replaced by the quasiparticle energies (where typically only the real
part of the complex quasiparticle energy is used), such that we have Ey;, = w+¢&,,
where ¢, is the energy of the “removed quasielectron”, that is, the v-th quasipar-
ticle energy. These are in practice either calculated on a GW level, or replaced by
Kohn-Sham energies, where we are often limited to the use of Kohn-Sham energies
for computational reasons. As mentioned in Sec. KS energies are often suffi-
cient for the study of photoemission spectra, can, however, not be trusted blindly
[T03]. Lastly, while details on the validity of the quasiparticle approximation can be
found in Sec. [2.3.6] the presented approach has proven highly successful, compare
for example the references given in Sec. [3.3.7]

Gas-Phase Calculations

For gas-phase calculations, we then sum over the discrete occupied/valence or-
bitals {¢,} with energies €, and get for the photoemission intensity (starting from

Eq. 3.35):
h(int)

'Yk:,s:(bv

2
5(0.) + &y — Ekin) (337)

Iy(k,s) Z

(%

In the PWA this becomes (compare Eq. [3.29):

Io(k, 5) o< |A- K23 |F [60] (k)| 5w + 2, — Eian). (338)

89Note that we do not need to explicitly derive the form of these quasiparticle states. It is
sufficient to assume their existence and that they satisfy Eq. Thus, it is here not necessary
to use the states given in Eq. and thus, which was an assumption of Eq. we do not
need to restrict ourselves to a weakly correlated ground state. Details on the normalization of
these states can be found in Appendix @
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where the spin-dependence enters via the photoelectron state, see Eq. [3.28 Fur-
ther, if our KS orbitals are spin-unpolarized and spin-paired (see text around
Eq. and Footnote then we find Iy(k,T) = Io(k,)) = Io(k). It is then
sufficient to use spatial orbitals {(} to obtain (v here indexes the spatial orbitals
instead of spin-orbitals):

Io(k) o |A-K[* Y [Flp.] (K)|” 6(w + &, — Eian) (3.39)

Out of all the variants, Eq. is what we will use later for practical calculations.
As we can see, the photoemission intensity based on this formulation has a very
simple structure: for a fixed probe energy w, each orbital can contribute at some
specific kinetic energy given by Fy, = w + €,. The momenta k at which photoe-
mission from this orbital occurs are then points on a hemisphere (with k, > 0,
since we want to simulate photoemission from surfaces, see below) with radius
k = v/2FEyn. The resulting k-map can thus be thought of as a hemispherical cut
through the Fourier-transformed orbital, justifying the methods name photoemis-
sion orbital tomography. See Appendix for further details. Thus, for a given
w, we get one k-map per orbital, located at iy, = w + €,.

Note that we can also use Eq. to simulate photoemission from the sys-
tem’s (low-lying, see Sec. unoccupied/conduction orbitals, starting from the
LUMO (lowest unoccupied molecular orbital). Formally, the usage of Eq. is
then justified by assuming that the orbitals are filled in the ground state, making
them effectively valence orbitals and thereby including them in the set of valence
orbitals used in the derivation given above (In principle, we can even assume that
e.g. the LUMO+1 is filled, while the LUMO is not, which may happen if (gas-
phase-)DFT orders the orbitals incorrectly.). Physically, this is justified by the
fact that we use gas-phase calculations to simulate photoemission from molecules
adsorbed onto a substrate (see below), and electronic charge-transfer from the
substrate (often metallic) — which is missing in the gas-phase calculation — to the
molecules may fill up initially (meaning: in the case of an isolated molecule) un-
occupied molecular orbitals (typically in energetic order obtained from gas-phase
Kohn-Sham DFT), making them “visible” in ARPES experiments. The same holds
for ground-state POT of periodic systems (see below) and can for example be seen
in Figs. [5.2] and [4.5]

Finally, note that it is also common [121] to express the energy conservation not
in terms of quasiparticle energies, but in terms of the related ionization energies,
such that then energy-conservation instead reads as 0(w — &, — Eyn). The sign-
change is explained below Eq. [2.134]

Periodic Calculations

While gas-phase calculations can serve as a first step to simulate the photoemis-
sion from molecules adsorbed on some substrate (by rotating the molecule to the
same orientation it would have on the substrate, see also Sec. , they neglect
interactions of the molecule with the substrate (on the electronic and often also
geometric level). Additionally, if only a single molecule (or a too small cluster)
is used, possibly important inter-molecular interactions are not (sufficiently) ac-
counted for. For more sophisticated photoemission simulations of molecular films,
as well as for 2D semiconductors, periodic calculations can then be used.
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We start by modelling our system as a macroscopic but finite (thin) surface,
such that the bound KS orbitals can to good approximation be described via Bloch
orbitals on a discrete Bloch momentum grid (see Appendix for details).
Replacing the discrete orbitals used above by the so-obtained valence-band Bloch
orbitals {¢,} with energies {€,4}, we get for the photoemission intensity for
generic photoelectron states:

ZZ

Note that we here assume the system to be gapped, such that we have only fully
filled bands — the valence bands — and fully empty bands — the conduction bands.
These are the systems we will meet in practice later. In the PWA we further get:

1nt)
Vi,s:Pv,q

8(w + €v.q — Biin) (3.40)

(ksmp4k|§:Z]f (B)| 6(w + 20.qg — Fian) (3.41)

For spin-unpolarized and spin-paired systems we then find (compare Eq. (4) in
Ref. [35]):

OC ‘A k‘ ZZ "F (70”‘1 ‘ 5((") +5vq Ekin) (3.42)

This is the variant we will use later.

We can further simplify Eq. by using crystal-momentum conservation: To
see this we follow Appendix and initially restrict ourselves to photoelectron
states that are periodic at the ends of the macroscopic finite surface, such that
their in-plane Bloch momenta g, are restricted to the same grid as those of the
bound KS states used above. That is, the allowed photoelectron momenta take
the form

k = q,+ G%” + e k., (3.43)

where G, || is an in-plane reciprocal lattice vector. Comparison with Appendix
and in particular Eq. then gives us

x|A- K[ Z Cug, ( / d r/ dz G711 ’“He—lkzz

5@+%%—@m, (3.44)

which can be further evaluated to:

L
Io(k) 5[4 K 30| Y g, (G + :Go) [ d 00
v G, 0

5<w + gv,q,Y - Ekin) (345)

2

Finally, as detailed in Appendix this expression stays well-defined when ap-
proaching an infinite surface again, such that the restriction on the photoelectron
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momenta is lifted and they become effectively continuous again. Compared to
Eq. we have thus eliminated the sum over the Brillouin zone which will sig-
nificantly improve computational efficiency when implementing the formalism, see
Sec. B.3.111

Note also that in the above equations, ¢, 4 (G) denotes the plane-wave expan-
sion coefficients of u, 4 (actually, 1,4 , see Appendix for the difference in
normalization). While such an expansion can generally be performed, it is already
clear from the appearance of the coefficients that plane-wave code packages in com-
bination with a repeated-slab approach form the optimal basis for our formalism,
since we directly obtain these coefficients in such an approach!

We will return to Eq. later to show how it is used in practice. For now,
let us briefly analyze what we have found. First, remember that Iy(k) is (propor-
tional to) the number of photoelectrons with momentum k that are emitted from
the ground state. For a given photoelectron momentum k, the photoemission in-
tensity is intrinsically connected to the valence orbitals at the Bloch momentum g, .
That is, only the Bloch orbitals {(pw7 }» can contribute to the photoemission inten-
sity at k. Additionally, photoemission is then only possible if Fy;, = %2 =w+teyg,
for any of the valence bands v. Further, we can also look at Eq. from the point
of view of the system’s valence bands: for valence band v, photoemission at the
in-plane photoelectron momenta k, and £, is connected to the single Bloch orbital

Puq, With kzyy = @, ./ + G,y and can only appear at By, = k2—2 =W+ Eygq,

(k. =4/2 (w + 51,,,17) — k2 — kZ). When thinking of molecular systems, where the

highest valence band can often be identified with the gas-phase HOMO of a single
isolated molecule, the photoemission signal from this band then usually appears
as the gas-phase HOMO k-map, with different parts of the k-map appearing at
different kinetic energies, in accordance with the HOMO’s band structure. Com-
pare also Appendix which explains how the momentum map may be pieced
together again, if desired.

Note also, that from the above conditions it may first appear that a momentum
map at a given kinetic energy should be rather empty, after all Fy;, = % = Wtepq,
is likely only (exactly) satisfied for few to no photoelectron momenta on the hemi-
sphere defined by FEy;,. At this point it is thus important to remember again
that [y(k) as presented here is strictly speaking an intensity density. Real mo-
mentum maps instead show the intensity for photoelectrons on a finite kinetic-
energy interval d Fy, and are in practice calculated by replacing the Dirac delta

[Bin—(wtev.a, )]
20%

, compare Appendix |D.3. Note also, that

with a Gaussian exp (—

this Gaussian broadening of the delta function can also be used in the gas-phase
(ground-state POT and exPOT) calculations in order to mimic experimental con-
ditions. As long as valence-orbitals are energetically separated such that only a
single valence orbital contributes significantly (considerable Gaussian weight) at a
given kinetic energy it is however not necessary from a computational viewpoint,
since the k-maps are not “split up” by a band dispersion, that is, each valence
orbital there leads to a complete k-map at a given kinetic energy and in principle
zero photoemission anywhere else (when neglecting broadening).
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3.3.10 Exciton POT

The second type of initial state we are interested in are excitons, a specific type
of N-electron excited states which can be characterized by a correlated electron-
hole pair (see Sec. for details) which is used as an approximate eigenstate in
Fermi’s golden rule (in practice: long-lived, such that finite-lifetime-effects like
energy-broadening or its decay can be neglected). The resulting formalism is
termed exciton POT, or exPOT and was first published in Ref. [34], where it
was formulated for gas-phase calculations as detailed in the following.

Gas-Phase Calculations

We start again with gas-phase calculations, where the exciton initial state is given
as a sum over valence and conduction orbitals:

IN,i) =|N,m EZZIUJAMW> (3.46)

Note that we assume here that the initial state is the m-th exciton state of the sys-
tem, following the notation@ of Ref. [34]. Also note that the exciton state is writ-
ten in the Tamm-Dancoff approzimation (TDA) (thereby neglecting de-excitations)
and under the assumption of a weakly correlated ground state (compare Eq. .
We will get back to this later.

The Dyson orbital Eq. [3.23| for final state |N — 1, f) then becomes

ZZZ — 1, flaata, |N,0), (3.47)

where 7 runs over all orbitals, valence and conduction (omitting, as usual, scatter-
ing states, compare Appendix . We now apply two approximations: (1) we
assume that the final state can be expressed as ay|N,0), i.e. as the annihilation
operator for orbital f acting on the ground state (compare Eq. and (2) we
assume that the ground state is (close to) a single Slater determinant built from
the valence orbitalslﬂ. We then get (using the orthonormality of the orbitals):

(N — 1, flaala, |N,0) = (N, 0] atajala, |N,0) = 6y 560 (3.48)

Thus, f must refer to a valence orbitall Indexing the final state by the valence
orbital v it annihilates from the ground state, the Dyson orbital becomes:

1) =) XJge(x) (3.49)

9ONote that in Sec. we followed the matrix-notation used in Appendix|C| where excitations
where written as X;¢ and X%/ From hereon, we follow the notation of Refs. [34] and [121],
thus writing them as X", for gas phase systems and X% @ for periodic systems.

91 As mentioned below this approximation is also 1mphc1t1y used in other places throughout
this derivation. Even though it therefore poses a slight inconsistency with other expressions used
(e.g. with Eq. , we may go beyond a single Slater determinant ground state (as suggested
in Ref. [34]) and write it instead as a sum of Slater determinants (compare Eq m Using a
final state a,- |N,0) and an initial state Eq. the matrix element (N, 0| a v,a] fa, |V, 0) must
then be expanded and becomes a double—sum over Slater determinants and the whole formalism
becomes more cumbersome. While this may be beneficial for systems with moderately-correlated
ground states (at highly-correlated ground states, the other expressions used here may become
problematic), we keep the following derivation simple and consistent, thus restricting ourselves
to a single Slater determinant ground state built from occupied KS orbitals.
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For completeness, note that we in principle do not need to use the form Eq.
to arrive at the Dyson orbital Eq. [3.49] As outlined in Sec. 2.4.4, we do not
necessarily need to know the exact form of the exciton states, but merely need
to assume they can in principle be constructed and that they satisfy Eq. [2.221]
Using, as before, a final state as|N,0) and denoting the effective exciton state as
|N,m), the Dyson orbital becomes

dm,g(x) = ¢j(x) (N, 0] ala; |N,m)
)2 X o) i f =
N {ZU Yrou(z) if f=c, (3.50)

where we used Eq. This way, de-excitations can in principle be incorpo-
rated into the formalism. Note that, following the energy conservation outlined
below, the de-excitation-based signal is expected to occur at kinetic energies de-
termined by the conduction orbitals, and thus be separated energetically from the
excitation-based signal discussed below (with the de-excitation-based signal oc-
curring at higher kinetic energies). This justifies the computational approach we
will occasionally take later, where Bethe-Salpeter equation (BSE) calculations are
performed beyond the TDA, we however only take excitations into account when
simulating exciton photoemissionlﬂ (see Chapter @ Note also, that this way we
can drop the assumption of a weakly correlated ground state when introducing
the effective exciton state (which was needed for the derivation of Eq. . For
the case f = v of Eq. 3.50, so the excitation-based signal, approximating the
ground state as a single Slater determinant is, however, still intrinsic to the form
of the (quasiparticle) final state a, |V, 0), as outlined around Eq. Thus (re-
membering additionally that under the assumption of a single Slater determinant
ground state we cannot have de-excitations, see text below Eq. , the exciton
states Eq. may be seen as a more consistent description relative to the used
(“valence-hole”) final states. For the case f = ¢, so the de-excitation-based signal,
it should be noted that the final states {a.|NV,0)} were not included in the KS-
quasiparticle expansions of Gy (compare Eq. 2.174) and L, (compare Eq. [2.209).
Just like the de-excitations, such states are only allowed if the ground state is cor-
related, that is, it contains also excited determinants (compare Eq. . We will
not dive any deeper into the validity of these “conduction-hole” final states and the
de-excitation-based signal, but acknowledge, that closer examination thereof poses
an interesting path for future work! For the systems studied later, de-excitations
only form a minor contribution to the BSE eigenvector (compare Eq. and we
thus focus from hereon again on the excitation-based signal, thus continuing the
derivation from Eq. [3.49

Following Eq.[2.183] we write the initial state energy as E(N, i) = E(N,0)+Q,
with €2, denoting the excitation energy of the m-th exciton. In analogy to the
quasiparticle approximation used in ground-state POT, the energy of the final
state |[N — 1, f) = |N — 1,v) = a, | N, 0) is expressed in terms of the quasiparticle
energy of orbital v, such that E(N — 1, f) = E(N,0) — ¢, and the transition
rate Eq. to this specific final state and an arbitrary photoelectron state |v)

92The fact that X, is then not normalized to 1, see Eq.|C.71, is of no harm, since exPOT only
gives relative photoemission intensities anyway, see e.g. Eq.[3.54]
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becomes:

VVi:m%(v,’Y) =27 ’h(int)

2
V¥sdm v ‘

5(w 4 Qm + €0 — Fiin) (3.51)
To get the photoelectron intensity according to Eq. we sum over all final states,

that is, over all valence orbitals, and get for a photoelectron state of momentum k
and spin s:

h(int)

'ch,37dm,v

2
Limm (K, ) oy 8(w 4 Qum + £y — Fin) (3.52)

v

In the PWA, this becomes (using the linearity of the Fourier transform):
2

Limm(k,s) o< |[A-K[*) S(w+Qm +ey— Ean)  (3.53)

> XiLF [68] (k)

Further, if our KS orbitals are spin-unpolarized and spin-paired (see text around
Eq. and Footnote [76) and our exciton is a spin-singlet exciton whose BSE
eigenvector then satisfies Eq. 2.235 we find I, (k, 1) = Limn(k,|) = Lin (k).
The same holds for the spin-triplet (v 1 ¢ 1 +v | ¢]) while for (v 1 ¢{) we find
Licm(k,)) = L, (k) and I;—,,(k,T) = 0 and for (v c?) we find [,—,,(k,T) =
Ii(k) and I;—,(k,)) = 0 (compare Refs. [36, 120]). With I,—,,(k) as defined
now for the different situations — in practice we focus herein on singlet excitons —
it is then again sufficient to use spatial orbitals {¢} to obtain (v and ¢ here index
the spatial orbitals instead of spin-orbitals) and we find:

2

Lim(k) o< |[A-K[* ) §(w+ Qp + €y — Fiin) (3.54)

> X Fled (k)

This final variant is what we will use later for practical calculations. In terms of
this formulation, photoemission from an exciton can then be understood as follows:
For a given probe energy w and starting from exciton m, photoemission can occur
at kinetic energies { Exi, = w+ ), + €4}y, €ach corresponding to one of the valence
orbitals which contribute to the exciton and where the photohole can thus reside
after photoemission. Conversely, the k-map at each of these energies is given
by a linear combination of Fourier-transformed conduction orbitals, which can be
thought of as the orbitals from which the (photo)electron was taken (in contrast
to ground-state POT, where the photoelectron can be thought of as having been
taken from a valence orbital). The correlated nature of the exciton initial state is
encapsulated in this linear combination via the BSE eigenvector X and leads to
the coherent superposition of conduction orbitals, such that resulting k-maps can
in principle significantly differ from those of the individual contributing conduction
orbitals. As in ground-state POT, the one-electron orbitals are usually (and in the
upcoming applications: always) Kohn-Sham DFT orbitals, namely the orbitals
based on which the BSE is solved and the BSE eigenvectors and exciton energies
are obtained. For the orbital energies, we usually (in applications below, again,

always) take GW-level quasiparticle energies. See Sec. [3.3.11] for details.
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Periodic Calculations

As in ground-state POT, the exPOT formalism can readily be extended to periodic
calculations. The following derivation is based on Ref. [121], where exPOT was
first extended to periodic calculations by the author of this thesis and Christian
S. Kern, with auxiliary input from the remaining co-authors of that manuscript.
Throughout the derivation we assume our system to be gapped, that is, we assume
its KS ground state to be given by fully filled wvalence bands and fully empty
conduction bands. Additionally, we again start with a macroscopic but finite
(thin) surface, such that the bound states are Bloch(-like) orbitals on a discrete
grid of Bloch momenta.

Compared to Eq. for non-periodic systems, the expression for the initial
state |V, i) now involves an additional sum over the crystal momentum q (compare

Eq. 2.232),
IN,i) = |N ZZZXM il v oloq |V, 0), (3.55)

and represents the m-th exciton with center-of-mass momentum . Note that we
again restrict ourselves to the TDA, which is commonly used for periodic systems
[118] (compare also the discussion around Eq. [3.50). The Dyson orbital Eq.
for a generic final state [N — 1, f) becomes (expressing the quantum field operator
in Bloch orbitals {¢; 4}, where j runs over all valence and conduction bands):

ZZZZZ ch ¢Jq )<N_17f|dj,q’di7q+de,q|N70>
(3.56)

We apply the same approximations as before, writing the final state as |N — 1, f) =
agq |N,0) and assuming a single Slater determinant ground state built from
valence-band orbital§”] The matrix element then becomes (using orthonormal-
ity of the Bloch orbitals)

(N =1, f]| aj,q/aLﬁQaU,q IN,0) = (N, 0] a},q,,aj,q,a;qwav,q |N,0)
= 5f,v5q”,q5j,c(sq’,q+Q (3'57)

and the Dyson orbital reads

dm.Q) (1.0 ZXfcq” Pe.qr+@(T), (3.58)

where f denotes a valence band. For a final state |[N — 1, f) = [N — 1, (v,q)) =
dy.q |IN,0) and an arbitrary photoelectron state, the transition rate then becomes:

int 2
hgvdgm,Q),(v,q)‘ 5(W+Q +5vq Byin), (3.59)

Wizm,@)—((w,a),7) = 27

where, in complete analogy to the gas-phase case, Q™) denotes the excitation
energy of the exciton and ¢, 4 is the quasiparticle orbital energy determining the
final-state energy E(N —1,(v,q)) = E(N,0) —€,4.

93See also Footnote [91) and the discussion around Eq. [3.50
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The photoemission intensity for a photoelectron states of momentum k and
spin s is then obtained by summing over all final states, that is, over the valence
bands and the Brillouin zone:

]Z mQ)kS ZZ

In the PWA, this becomes:

Licimq)(k,s) o< |A - K|° ZZ

2
mt m,
k, s) (m,Q), (v, )’ 5((,0 + Q( @ + 8U,q - Ekin) (360)

SXEDF [ara] 0

S(w+ QMm@ e - — Egy) (3.61)

And finally, analogously to Eq. [3.54] we find for a spin singlet/triplet exciton
based on spin-unpolarized and spin-paired (in the ground state) KS orbitals that
the PWA intensity becomes (with v and ¢ denoting spatial bands):

—mq (k) o< |A - K[ ZZ

2

Z X Flecqrql (k)

5w+ QM e, — Fin) (3.62)

As above, this spin-less and PWFS-approximated variant is what we will use in
practice below. Note that Eq. forms the key result of this text and was first
presented by the author of this text and co-workers as Eq. (16) in Ref. [121].

We now use crystal-momentum conservation to further simplify Eq. Fol-
lowing along the same steps that lead us to Eq. [3.45] we again initially restrict
ourselves to photoelectron states that are periodic at the ends of the macroscopic
finite surface, such that their in-plane Bloch momenta q., (€ BZ) are restricted to
the same grid as those of the bound KS states used above. That is, the allowed
photoelectron momenta again take the form

k= q, + G%” + e, k., (363)

where G, | is an in-plane reciprocal lattice vector. Comparison with Appendix[D.2]
and in particular Eq. then gives us

Licmay(k) < |A-K[*) ..
ZZ chﬂ, Q mod Gccqw / d T‘|/ dz e‘G"' —iG, - 7‘\|€—1kzz

5(&) + Q(m Q) + &y v,q,—Q mod G — Ekm (3 64)

which can be further evaluated to:

Itmay () o |A-KEY
L
z kZ
ZXUCII —Q mod G ch,qﬂ/(G%” + esz)/O dz 6 G )z
G-

5(0.) -+ QmQ) + €v,q,—Q mod G — Ekin) (365)

2
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Finally, as detailed in Appendix this expression stays well-defined when
approaching an infinite surface again, such that the restriction on the photoelectron
momenta is lifted and they become effectively continuous again. Compared to
Eq. we have thus again eliminated the sum over the Brillouin zone. Before
continuing, a few comments are noteworthy:

First, note that Eq. can be understood analogously to Eqs. and [3.45}
Ii—(m,q)(k) is the number of photoelectrons with momentum k that are emitted
from the initial state, which is the m-th exciton with center-of-mass momentum Q
(more on Q below). For a given photoelectron momentum k, the photoemission
intensity is intrinsically connected to the valence orbitals at the Bloch momentum
q, — Q mod G and the conduction orbitals with Bloch momentum g.,. First, the
kinetic energies at which photoelectrons are emitted are determined (for a given
probe-energy w and exciton energy Q(™®)) by the (quasiparticle) valence band
structure. In particular, photoemission at k, and k, (with k,/, = q,, Jy T G /y)

is then only possible at Ejy;, that satisfy i, = %2 = w4+ QmQ) 4 Ev,q,—-Q mod G
for any of the valence bands v. As before, this can be understood as the photohole
determining the energy available to the photoelectron. The photoemission inten-
sity contribution for each valence band that satisfies the energy condition is then
obtained by summing over all conduction bands and is determined by the plane-
wave coefficients of the conduction orbitals at Bloch momentum g, with linear
coefficients given by the BSE eigenvector (at g, — Q mod G), thereby including
the electron-hole correlation of the excitonic state. Again, as in the gas-phase case,
this can be understood as photoelectrons having been emitted from the conduction
bands.

Second, in analogy to Eq. [3.45] we should understand Eq. as an intensity
density. As detailed there, real momentum maps are calculated using finite kinetic-
energy interval d Ey;, and a Gaussian in place of the Dirac delta. Details can be
found in Appendix (where we also discuss the normalization of initial and final
states).

Third, remember that the exPOT formalism derived here does not take into
account how the excitonic state has been created, it simply starts from it as the
initial state. Therefore, even though @ # 0 excitons cannot be directly created
by an optical pump-pulse and are therefore called optically-dark or momentum-
forbidden, the exPOT formalism can still be used to simulate photoemission from
such exciton states and is therefore also suitable for systems where exciton-phonon
coupling becomes important. The same goes for the optically dark spin-triplet
states discussed above Eq.

Fourth, note that the excitation energy Q@ leads to an energetic separation
between the exciton-photoemission signal, which occurs at Fy, = w+ QmQ) 4 Evg
and the ground-state photoemission signal of Eq. which occurs at Ey, =
W+ €y.,4, for a given valence band v and Bloch momentum g. This is an important
result, because it allows us to disentangle the exciton signal from the much stronger
ground-state signal (see Sec. , at least within this energy-window [0, Q(m’Q)}
above the signal from the Fermi-level. This of course also holds equivalently for
the gas-phase formulations of ground-state POT and exPOT.
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Exciton Photoemission From Mixed States

The derivation of both, the gas-phase and periodic exPOT photoemission inten-
sities given above is based on a single exciton state (m for gas-phase, (m, Q) for
periodic systems) as the initial state. This is of course a simplification, since due to
energy broadening (in combination with off-resonant pumping) the state created
by the pump pulse can in principle be a superposition of many different exciton
states. Such a superposition state is out of reach for the exPOT formalism derived
here (Fermi’s golden rule itself, which stands at the very beginning of POT, as-
sumes a pure eigenstate as the initial state, see Sec. . At finite temperature,
exciton-phonon coupling may additionally become relevant for periodic systems,
making the situation even more complicated.

Not all is lost, however, since such complicated superposition states tend to
very quickly dephase into statistical mixtures of pure states, see for example
Ref. [I38]. Such statistical mixtures are then again accessible to exPOT by decom-
posing/deconvoluting an experimentally obtained momentum map into a linear
combination of momentum maps from pure excitons, with the linear coefficients
representing the weights (€ R™, including 0) of each contributing pure state. For
periodic exPOT, the photoemission intensity then reads (for the gas-phase, just
remove Q and the corresponding sum):

I(k) =) vmali-ma(k) (3.66)
m  Q

If such a deconvolution can be performed for given experimental data, the con-
tributing exciton states and their weights are then obtained from it. When looking
at exPOT’s energy conservation, as expressed by the delta function, it becomes for
example clear, that in the case of large-enough energetic separation of excitons (i.e.
their excitation energies) as well as low valence-band dispersion, deconvoluting ex-
citon signals becomes a less demanding task due to the smaller energetic overlap
of the signals. Similarly, differing valence-band contributions may lead to exciton
signals at differing kinetic energies, while differing conduction-band contributions
may lead to photoemission in different angular directions (different parts of the
momentum maps). In the case of overlapping signals, deconvolution techniques
like least-squares fitting can be used.

Thus, exPOT is applicable for situations where dephasing has already occurred
and the system is in a mized state with incoherent population of different excitonic
states [139] [140]. For pump-probe ARPES and in particular trARPES, we thus
focus on pump-probe delays that are longer than the dephasing time of the system.
In the case of smaller delays, the exPOT formalism may still be used for comparison
with experimental data — for example by comparing to calculated momentum maps
of single excitons — should however be treated with caution. For pump-probe delays
below the exciton lifetime(s), the time-dependent exciton photoemission signal can
then be calculated (or deconvoluted, if many excitons are present) using the exPOT
formalism. To conclude, note that in Chapter |5 good agreement with experimental
data was achieved using only a single exciton.
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3.3.11 Implementation — POT in Practice

Having the ground-state POT and exPOT theory at hand, we still need to imple-
ment it to perform photoemission simulations. The aim of this section is not to
give all details of the implementation based on which the upcoming calculations
were performed, but rather an overview. We focus in the following on the case
of using both the PWA and the spinless versions of our formalism, since all up-
coming calculations have been done under these approximations. Note however,
that dropping these restrictions is not a major problem, and in our PyTHON [I41]
implementation for periodic systems we have in fact also included a damped plane-
wave photoelectron state [35] and a spinor (PWA) photoelectron state. Note that
the A -k polarization factor is trivial to implement and is therefore not mentioned
below.

Gas-Phase Systems: Ground-state POT

For the ground-state photoemission from gas-phase calculations, Eq. the im-
plementation is straightforward [142]: we first need a parser for the wave func-
tions obtained from DFT (usually available on a real-space grid as cube-files).
Additionally, we need a parser for KS (here: ORCA [143, [144]) or GW (here:
F1EsTA [145]) energies of the orbitals, in practice we usually use KS energies in
ground-state POT. To get the photoemission signal from a given (valence) orbital,
it is then Fourier-transformed and values at a k, and £, grid on a hemispherical cut
of the appropriate radius (determined by w and the orbital energy) are extracted,
with subsequent calculation of the absolute square (not mentioned from now on)
giving us the k-map. As detailed in Appendix [D.3] we additionally multiply the
so-obtained k-map by a Gaussian weight and sum over orbitals, whenever multiple
occupied orbitals are energetically close at the desired kinetic energy. Finally, a k-
and k,-dependent geometric factor may be included, see Appendix for details.

Gas-Phase Systems: exPOT

For the exciton photoemission from gas-phase calculations, Eq. [3.54] the imple-
mentation is similarly straightforward: in addition to the wave function parser and
the orbital-energy parser we need a parser for the BSE eigenvector (here: FIESTA).
For a given exciton m there are then multiple photoemission signals, with (ki-
netic) energetic locations determined by the valence orbital energies. The k-map
at each of these energies is then obtained by Fourier transforming the conduction
orbitals, taking a hemispherical cut of each (Fourier-transformed) orbital at the
radius determined by kinetic energy (as determined by the valence-orbital energy)
and calculating the linear combination at a grid of k, and k, values while using the
BSE eigenvector’s entries (at the given valence-orbital index) as coefficients. From
there we may additionally sum over valence band and use the geometric factor as
detailed before. Note that it is important to use precisely the KS orbitals which
were used in the BSE, due to the in-principle arbitrary phases (here:signs) of the
KS orbitals, see Sec. 2.4.5] Note also that, since we already have them available
from solution of the BSE, we typically use GW orbital-energies in the exPOT
formalism.
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Periodic Systems: Ground-state POT
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Figure 3.2: Interpolation scheme for momentum maps used in the implementation
of POT for periodic systems. Momentum space is shown from the side for a fixed
value of k, and the black half circle is a cross-section (at k,) of a (half-spherical)
surface defined by Fy;,. Green crosses indicate the grid of reciprocal lattice vectors
{G} and blue +-markers indicate the internal set {G + q}. Photoemission inten-
sities are precalculated on {G + q} and then interpolated to points on the sphere
(red cross) by taking neighbors (red circle) into account.

To see how we use Eq. [3.45]in practice, let us evaluate the remaining integral:

L
/ dz e(Gh:)2 (3.67)
0
For k, ¢ {G.} we find:
L _ i(Gaka)L _
d 1(G27kz)z == —6 kz z .
| e T h#16 (368)

Conversely, for k, € {G.} we write G, , = k, and find

L
/ dz 7% = Lo o (3.69)
0
In the latter case we thus find for the photoemission intensity:
) 2
Io(k) o< |A-K[*) e, (GY)| 0(w+eug, — Eiin), (3.70)

where we defined G, = G, | +e.G. 5. This expression is very appealing due to its
computational simplicity: to calculate the photoemission intensity at k = g, + G,
all we need are the plane-wave coefficients {c,q (G)}, and the corresponding
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orbital energies {gv,qv}v, both of which are directly available — the prior of course
only if wave functions are calculated using plane-wave basis sets. For this reason,
our implementation is based on this equation and is directly compatible with plane-
wave codes like VASP [146H149] and QUANTUM ESPRESSO [I50HI52]. While a
connection to codes that do not use plane-wave basis sets is possible, an additional
computational step where these coefficients are calculated would be necessary. Note
that based on Eq. we can only calculate photoemission at the discrete surface-
normal momenta k, € {G.}. If we used a sufficiently large vacuum in our slab unit
cell (resulting in a slab height of ~20-50A), these values will lie close enough to each
other such that we can then use interpolation techniques to obtain photoemissions
at values k, ¢ {G.} (see also below). On the other hand, if the used vacuum
was on the shorter end (but still large enough to allow the bound states to decay
in it, see Appendix for details, e.g. paragraph around Eq. , then this
can — depending on the used interpolation technique — lead to artifacts in the
calculated momentum maps, most notably ring-like structures. For such cases it
may then make sense to additionally implement photoemission based on Eq.
via inclusion of the sum over GG,. This can in fact also be done in a highly efficient
way, for example by using vectorized operations based on the grid of {G,} values
and a desired, finer grid of {k,} values (the damped photoelectron state of Ref. [35]
has been implemented in a similar way) and then interpolating to arbitrary values
of k, based on the obtained data on the finer grid. This simple task is however left
for future work.

Let us now briefly focus on how momentum maps are then calculated in our im-
plementation of Eq. the first input to our code are pre-calculated KS orbitals
on a set of Bloch momenta {q} determined by the used sampling of the surface
Brillouin zone (compare Secs. and [B.3). Typically — for momentum maps —
we use a regular sampling of the Brillouin zone. The used repeated-slab unit-cell
determines the grid of lattice vectors {G} Combining these, we get a set {G+q} of
photoelectron momenta, below called the internal set, for which the photoemission
intensity can be directly obtained from the plane-wave coefficients {c, ,(G)} by
using Eq. and the corresponding pre-calculated orbital-energies {e, 4}, which
form the second input to our code. That is, we first pre-calculate Iy(k) on the
internal set of photoelectron momenta which gives us a dataset of photoemission
intensities. To get a k-map at a given kinetic energy Fyi,, we can then determine
a set of photoelectron momenta {k} on the hemisphere determined by Ey;, and
interpolate the photoemission intensities from the known dataset to the new pho-
toelectron momenta (not in the internal set). While the effect of this interpolation
in the k, direction has already been discussed above, note that we can also use this
step to decrease the in-plane spacing of the photoelectron momenta compared to
the Brillouin-zone spacing (assuming regular sampling) of the KS orbitals which
determined the spacing of the photoelectron momenta in the internal dataset. Of
course, the spacing of the internal set determines the achievable resolution in the
so-obtained momentum maps. Note that this interpolation of course assumes that
FEin is smaller than the plane-wave cutoff of the plane-wave wave-function coef-
ficients, which is typically well-satisfied for converged DFT calculations and our
probe-energy range of 15-50 eV (see Sec. . Note also, that in practice, as
in the gas-phase case before, we replace the Dirac delta by a Gaussian centered
around Fy, = ’2—2 and may use the geometric factor shown in Appendix .
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The interpolation scheme is shown schematically in Fig. for a quadratic
unit-cell of side length @ = 10 A and height L = 30 A in combination with a
3 x 3 I'-centered regular BZ sampling (which is rather rough, compare the 10 x 40
sampling used for exciton momentum maps in Chapter , see Sec. . These
value determine the internal set {G + g}, which is depicted in Fig. for a fixed
k, from the set (say k, = 0). Photoemission intensities are precalculated on this
set and are in a second step interpolated to points on a hemisphere determined by
Eyiy in order to give us the desired momentum map. For the cut at the chosen k,,
the hemisphere appears as a half circle in Fig. For any desirable point k on
that circle (hemisphere) the photoemission intensity is then obtained via interpo-
lation based on the photoemission intensities at the neighboring points from the
internal set. This neighborhood is indicated in Fig. by a circle, but is in real-
ity of course spherically symmetric around the desired momentum k (red cross).
While regular sampling of the BZ results in the internal set being a regular grid
and would therefore allow for the usage of corresponding specialized interpolators,
we generally use a radial basis function interpolator instead (SCIPY’s RBFInter-
polator [153]), which allows interpolation agnostic of the used BZ sampling (and
is thus automatically compatible with the way photoemission band-structures are
calculated, see below).

While we have now focused on momentum maps, note that our implementation
is also able to calculate photoemission band-structure plots. Though such calcu-
lations could in principle be performed analogously to above by first calculating
intensities on an internal regular grid and then interpolating to the desired k.-
k,-path and kinetic energies, we in practice instead use Kohn-Sham orbitals and
orbital energies that have already been calculated for Bloch momenta on the de-
sired path. Based on this non-regular Brillouin-zone sampling we then proceed as
before and achieve this way high-resolution band-structure plots with low compu-
tational cost. The interpolation can then be performed as described above, with
the only practical difference being that viewed from a desired point k on the path,
the internal set {G + g} will generally be more dense in the directions along the
path than perpendicular to it, such that photoelectron momenta (from the internal
set) along the path will be dominant reference points in the interpolation (since
they are generally nearer to k).

Note that to simplify the implementation and since we are usually interested in
calculating k-maps, we can also calculate the dataset mentioned above for a pre-
determined kinetic energy. That is, instead of using Fy;, = %, we can already
use the specific kinetic energy-value in which we are interested and insert it into
the delta function (or, in practice, the Gaussian). This was done in the actual
implementation used later. For band-structure plots, we then need to repeat this
process for each kinetic energy in the plot, hinting at the general approach given
above being worth an implementation in future work.

Without going into details, note that the implementation has additionally been
sped up by dropping plane-wave coefficients for large reciprocal lattice vectors be-
yond common kinetic energies, caching of plane-wave coefficients and other calcula-
tion results in calculation-specific databases and the overall usage of vectorization
wherever adequate.

Lastly, note that the above approach necessitates the implementation of wave-
function and orbital-energy parsers. Wave functions and KS energies can in the
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current implementation be parsed from QUANTUM ESPRESSO, VASP and YAMBO
[154], 155] while GW energies can currently be parsed from BERKELEYGW [30),
95, 104] and YAMBO.

Periodic Systems: exPOT

The exPOT formalism is implemented analogously to the ground-state formalism:
for k. € {G.} we again write G., = k. and G, = G| + e.G., and find from
Eq. [3.65}

Licm,q)(k) o< |A - k’2 Z Z Xl(;TZ,ﬁ)—Q mod Gcc,qW(Gv)
5(&) -+ Q(m’Q) —+ &TU,qW_Q mod G — Ekin) (371)

In practice we then typically solve the Bethe-Salpeter equation using a regular sam-
pling of the surface Brillouin zone (see Sec. [2.4.5)). With an additional parser for
the BSE eigenvectors (and eigenvalues) the code is then handed the BSE eigenvec-
tor and the corresponding Kohn-Sham orbitals (which must be the same used for
the solution of the BSE, see Sec. , that is, their plane-wave coefficients. Using
additionally the GW energies used in the BSE we then again calculate photoemis-
sion intensities on the internal set {G + q} of photoelectron momenta. Note that
for Q # 0 excitons, the Bloch momentum of the BSE eigenvector and the orbital
energies must be shifted accordingly.

From the so-obtain dataset of photoemission intensities we can then again cal-
culate momentum maps and photoemission band-structure plots as detailed above.
Note, however, that for the latter, a specific Brillouin-sampling along the desired
path is non-trivial, since the internal set {G + g} is determined by the sampling
used in the BSE, which is typically — in our case, always — regular.

Note also that Eq. can be seen to coincide with Eq. (B5) in Ref. [121] when
remembering the identity ¢, ¢(G) = ¢, 41 (G — G').

The implementation was done in one package together with the ground-state
implementation for periodic systems described above and shares the efficiencies
mentioned there. The two methods share wide areas of the code, with the only
major difference being the linear combination of plane-wave coefficients in the
exPOT case. At the current time, exPOT maps can be created based on QUANTUM
ESPRESSO wave functions in combination with BERKELEYGW GW energies and
BSE eigenvectors. Additionally, a BSE and GW parser has been implemented
for YAMBO which can be used in combination with QUANTUM ESPRESSO wave
functions or YAMBO’s own wave-function format.

Symmetrization of Momentum Maps

When simulating photoemission from adsorbates (molecules or 2D semiconductors,
see Sec. , we have to take into account all domains which are found on the
surface. These domains can either be the result of the substrate’s or the adsorbate’s
symmetry, or we can in principle also have symmetry-inequivalent, but degenerate
or (quasi-stable) nondegenerate structures/domains.

Assuming for simplicity that all different domains are symmetry-equivalent and
given by in-plane symmetry operations and restricting ourselves for simplicity to
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the PWA (as in the practical calculations given below), we can then simply pick one
of them and perform the photoemission simulation for that one specific domain.
In particular, this simulation is performed without the |A - lc|2 prefactor, since this
factor depends on the orientation of the surface relative to the probe laser. We
then obtain the k-map (without polarization prefactor) for one specific domain.
The k-maps for the other domains are then obtained by applying the symmetry
operation, that connects each domain to the one used for the calculation, onto
the k-map. Assuming for simplicity that the probe-pulse illuminates a large area,
the k-maps belong to the different domains can then simply be summed up with
equal weights. For smaller probe-pulse areas, different domains may dominate and
we may need to fit their weights to the experimental k-map. Finally, the |A - k;\2
prefactor is multiplied onto the result of said summation/combination. Note that
this procedure neglects effects of domain-boundaries and is therefore best-suited for
systems with large domains and for large probe-pulse areas, such that boundaries
are negligible. Note also, that in the scenarios like the one shown in Sec. [4.4] where
the exciton initial state depends on the orientation of the atomic system relative
to the pump polarization, it may be necessary to perform multiple calculations
for otherwise symmetry-equivalent domains. For the case of hBN this was not
necessary, since there is only a single rotational domain (when assuming a perfect
monolayer).

For gas-phase calculations, we neglect the substrate and only include the ad-
sorbed molecules, thus neglecting inter-supercell inter-molecular interactions. Us-
ing only one domain then means that we take the molecules from the corresponding
supercell, without repeating the cell. If the molecule was not commensurate with
the substrate, or if inter-molecular interactions are sizable this cell might contain
multiple molecules. In both cases, assuming that the molecules are (relative to
each other) not heavily deformed, we may additionally (or: partially) neglect the
inter-molecular intra-supercell interaction by using only a single molecule (or: a
smaller cluster from which the supercell can be constructed approximately via dif-
ferent orientations) and symmetrize over its momentum maps, in addition to the
symmetrization over the domains.

For periodic simulations, we simply take one of the symmetry-equivalent su-
percells and simulate photoemission from the system, as if the whole surface was
given by this single domain (assumption of large domains). Symmetrization of the
so-obtained photoemission intensity over all supercell orientation then gives the
experimentally-expected photoemission signal.
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4 Hexagonal Boron Nitride

This chapter is based on results which have first been published in Ref. [121] and
the text and figures in this chapter have widely been adopted from there and
subsequently restructured. The formalism of exPOT for periodic systems was
co-derived and the original text was co-written by the author of this thesis and
Christian S. Kern, with auxiliary input from the remaining co-authors of that
manuscript. Similarly, the ab initio calculations were performed and analyzed by
the author of this thesis and Christian S. Kern, with auxiliary input from the
remaining co-authors of that manuscript. Photoemission simulations were carried
out by the author of this thesis.

4.1 Introduction

The aim of this chapter is to exemplify the exPOT formalism for periodic systems
by the simulation of excitonic photoemission in monolayer hexagonal boron nitride
(hBN) — a prototypical 2D system.

We begin this chapter with a brief overview of hBN’s quasiparticle and opti-
cal properties, where we will in particular focus on the two low-lying absorption
peaks S; and Ss, each of which is related to a (two-fold) degenerate excitonic
subspace. We continue by illustrating the consequences of our theory for exciton
photoemission, where the peculiar structure of the S; and S5 excitons ultimately
allows us to directly dissect photoemission intensity distributions in terms of in-
dividual contributing factors. Finally, we show how the degenerate nature of S;
and S; leads to a direct dependence of photoemission intensity distributions on the
pump-polarization.

4.2 Calculation of hBN Quasiparticle and Opti-
cal Properties

As a starting point, we obtain wave functions and energy levels from density func-
tional theory (DFT) calculations with QUANTUM ESPRESSO [I50H152], using the
PBE-GGA exchange-correlation functional [66] and a lattice constant of 2.507 A,
see Fig. (a). To compensate for the systematic underestimation of the band
gap within semi-local DFT, we apply the GyW, method to correct the energy lev-
els. Utilizing the BERKELEYGW code [36], 05, 104], we obtain a direct (indirect)
band gap of 7.6 eV (7.4 eV), which is comparable to literature values from similar
methods, see e.g. Ref. [I57] for a comparison. We show the Gy, band structure

in Fig. [4.1] (b).
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Figure 4.1: (a) Atomic structure of hBN. Boron and nitrogen atoms are depicted
in red and blue, respectively. The vectors a; and as span the primitive unit
cell, which contains one atom of each kind. (b) GoWj band structure of hBN.
Quasiparticle energies are shown along the I' — K — M — I" high symmetry path.
The calculated band structure exhibits an indirect band-gap, with the valence-
band maximum and conduction-band minimum being located at K (and K’) and
', respectively. Panel (a) was created with BLENTOM [156].

Subsequently, we use the DFT wave functions and GoW, energy levels, and
solve the Bethe-Salpeter equation (BSE) within the Tamm-Dancoff approxima-
tion (TDA) and for @ = 0. This yields the excitation energies €2, and the BSE
eigenvectors |N, (m,Q = 0)) =: |N,m), which we will use to simulate photoe-
mission spectra via Eq. [3.62] As shown in Fig. £.2] the BSE optical absorption
spectrum (see Eq. (26) in Ref. [36]) features a range of excitonic peaks below the
band gap. These are often interpreted as hydrogen-like solutions of the Wannier
equation [I58], though they have also been found to deviate from that simple
model [I59]. For comparison, we include the optical spectrum computed within
the independent-particle approximation (compare Eq. , shown as a dashed
blue curve in Fig.[4.2] In the following, we focus on the two lowest excitons, located
at 5.3 eV (S1) and 6.2 eV (Ss).

Both, S and S, are composed of two degenerate eigenstates of the BSE Hamil-
tonian. This results in an additional dependence on the pump polarization, as
discussed in Sec.[£.4] For S at 5.3 eV, the two degenerate valence-conduction tran-
sitions occur at K and K’, respectively, with their momentum-dependent transition
weights indicated in Fig. |4.3| (a). The situation is similar for Sy at 6.2 eV, albeit
with transition weights being more spread out along the Brillouin-zone boundary,
as can be seen in Fig. 4.3 (b).

Additional details on the computational methods described here can be found

in Sec. 4.6l

4.3 Exciton Photoemission in hBN

With the quasiparticle and optical properties at hand, we now illustrate conse-
quences of our theory for exciton photoemission from monolayer hBN. In the fol-
lowing, we use a 26.5 eV probe energy with a Gaussian energy broadening of 0.1 eV
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Figure 4.2: Optical absorption spectrum of monolayer hBN. Independent-particle
spectrum, based on a GoW; calculation in dark blue and the BSE spectrum in
pink. In the latter, S; and S5 energies are marked by arrows.
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Figure 4.3: Low-energy excitons of monolayer hBN. Panels (a) and (b) show the
GoWy band structure with overlays indicating the BSE eigenvector composition of
the S (blue) and Sy (green) excitations of the system, respectively.

(see Appendix . For a better insight into the pump-induced effects on the mo-
mentum maps, we ignore the trivial effect of probe polarization, which gives rise
to the |A - k|? prefactor in Eq. throughout this chapter. Note that our for-
mulation only considers excitonic photoemission, thereby neglecting photoemission
from the initially populated electronic structure and associated effects like its de-
population due to exciton creation, which is justified by the energy conservation in
excitonic photoemission Eq. as explained below Eq. the exciton energy
Q0mQ) is transferred to the photoelectron, yielding higher kinetic energies than
those obtained from ground-state photoemission directly from the valence bands
(see Fig. , thus allowing us to focus solely on the exciton photoemission signal.

In Fig. [£.4] we show the simulated bandmap for photoemission from the S
exciton together with the Gy band structure (full blue lines) along the I' — K" —
M, path (corresponding to the k, direction, see inset). According to Eq. the
energy dispersion of exciton photoemission is determined by the hole component
of the exciton. Consequently, the exciton’s trARPES signature appears at the
photoelectron kinetic energy corresponding to the valence band energy plus the
pump energy 2 (blue dashed line). This finding, which is well-established in the
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Figure 4.4: ARPES bandmap for the S; exciton in k, direction (cut of the BZ along
' — K" — M, see inset with three neighboring BZs). The G¢W}, band structure is
overlaid in full blue lines, with a duplicate of the valence band, shifted by 2, as a
blue dashed line.

literature [23], [160], enables the estimation of the exciton’s spatial extent from
photoemission data under the assumption of an s-like envelope function [7, 8, [T61].
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Figure 4.5: Momentum maps for three different cases: (a) valence band at Ej, =
Evem — 0.2 eV (B, = 18.6 €V), (b) conduction band at E, = Ecgy + 0.6 eV
(Exin = 26.6 €V), and (c) S; exciton at E, = Eypy +Q — 0.2 eV (B, = 23.9 eV).

Next, it is expedient to compare momentum maps of exciton photoemission
with those for photoemission from the ground state, which we obtain by the stan-
dard way of simulating POT [35] (see Eq. [3.42). In Fig. [4.5] (a), we present such
a map for a kinetic energy slightly below the valence band maximum (VBM)
(E — Evpm = —0.2 eV). It is composed of six triangular features, each around the
K /K’ points. This pattern is analogous to the case of graphene, where the triangu-
lar features are also broken in the outgoing direction of the Brillouin-zone, leading
to croissant- or horseshoe-like shapes. This “dark corridor” is due to matrix ele-
ment effects in the photoemission process and has already been described in great
detail for the case of graphene [I62H164]. When assuming a static population of
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the conduction band, it would also be accessible to photoemission from the ground
state, which we simulate in panel (b) of Fig. [4.5] using a kinetic energy of 26.6 eV,
which is above the conduction band minimum (CBM) (E — Ecgy = +0.6 V).
Note that this is a hypothetical example for illustration purposes; in an actual
experiment, this would correspond to the situation where a formerly unoccupied
state gets populated by e.g. a charge-transfer process across an interface. In con-
trast to the valence-band case depicted in panel (a), the features around the Dirac
point are now elongated in the directions going to the M /M’ points, which is rea-
sonable when looking at the band structure (see e.g. Fig. and compare text
below Eq. for the connection between the band structure and photoemission).
Remarkably, the dark corridor from the matrix element effect is now pointing to
the inside of the BZ. Returning now to the simulation of exciton photoemission,
we show a momentum map of the S; exciton in Fig. 4.5| (c), using a kinetic energy
of 23.9 eV and a pump polarization as indicated by a black arrow. As already
discussed in the preceding paragraph, the exciton inherits the energy dispersion
of the hole (here: the highest valence band), but, in light of Eq. follows the
momentum distribution given by the Fourier-transformed electron part of the ex-
citon wave function (here: the lowest conduction band). As a direct imprint of the
latter, the dark corridor is also pointing to the inside of the BZ, which we can see
clearly in Fig. 4.5 (c). Having established the unoccupied part of the electronic
structure as another direct marker of exciton photoemission, we will now examine
the different contributions to the momentum maps in more detail.

Using Eq. [3.62] we dissect the photoemission maps for both excitons, S; and
S5, in order to understand the influence of each contributing factor. Since — -in
this case to a very good approximation — -both excitons only involve transitions
from the highest valence to the lowest conduction band (denoted as £ from hereon),
the sums over v and ¢ in Eq. collapse. Consequently — remembering crystal-
momentum conservation (see for example Eq. — we are left with a single
product of |F[{]|?, g and |X|?, involving only wave functions from the lowest
conduction band, energies of the highest valence band and BSE transition coeffi-
cients from the highest valence band to the lowest conduction band. Fig. [4.6shows
these three factors, as well as the full photoemission maps, for the two excitons in
rows (a) (S1) and (b) (S3), respectively. The direction of the pump polarization
is indicated in the rightmost column. For both excitons S; and 53, the triangular
patterns are generated by the g factor (broadened Gaussian, see Appendix ,
with | F[¢]]? only leading to slight modifications. The maps in the first two columns,
| F£]|? and g, are very similar between the two excitons S; and Sy, with minor
differences arising due to the unequal photoelectron kinetic energies (23.9 eV for
S1 and 24.8 eV for Sy). Since all other areas already have vanishing intensity, the
additional multiplication with the BSE eigenvector can at most lead to intensity
differences within the area of the horseshoes. As can be seen from the third col-
umn, the BSE eigenvectors of the two excitons differ significantly in this area, and
are ultimately responsible for the distinct appearance of the respective photoemis-
sion maps (rightmost column of Fig. . In the following, those differences are
inspected more closely.

For Si, the BSE eigenvector (third column in Fig. [4.6| (a)) mostly exhibits a
six-fold symmetry. It is centered around the K and K’ points and varies weakly
along the contours of the horseshoes, thus leading only to small intensity variations
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Figure 4.6: Decomposition of exciton ARPES maps for S} in row (a) and S5 in
row (b), with black arrows indicating the polarization of the pump laser. First
column: Fourier-transformed conduction-band wave functions. Second column:
energy-conservation function. Third column: BSE eigenvectors. Fourth column:
resulting exciton ARPES maps as products of first to third columns. Each map
in the first three columns is individually normalized to one. For S; in row (a),
the horseshoes point away from I', with minor modulations along their contours.
For Sy in row (b), four of the six horseshoes are rotated, when compared to the
first exciton. This is a direct result of the differences in the momentum-space
distribution of their BSE eigenvectors.

(fourth column in Fig. 4.6[ (a)) along them. Contrary, in the case of Sy in row (b),
the BSE eigenvector exhibits a nodal line perpendicular to the pump polarization
— -which has broken the six-fold symmetry — -while being non-zero along the re-
maining four sides of the hexagonal BZ. Since the pump polarization was chosen
along a high-symmetry direction (indicated by black arrows in the rightmost col-
umn), it acts as a symmetry axis for the BSE eigenvector and, consequently, for
the resulting photoemission map. In contrast to the BSE eigenvector of 57, the re-
gions around K and K’ show much more details for S, particularly featuring small
nodal lines, which, upon multiplication of the BSE eigenvector with the horseshoe
pattern produced by |F[¢]|? and g, suppress photoemission intensity. Moreover,
the local maxima are shifted off K and K’. As can be seen in the last column of
Fig. [4.6] the combination of all three factors effectively leads to a redistribution
of spectral intensity within the horseshoes. By selectively accessing the different
factors in Eq. [3.62], we are thus able to deconvolute different contributions to the
momentum maps. In the general case of multiple transitions within an exciton,
however, the sums over different valence and conduction bands remain and, as a
result, the above analysis would become less straightforward, especially due to the
coherent summation of the electron part. Since in the present case of the hBN
example we found the most asymmetry to arise due to the BSE eigenvectors in
conjunction with the pump polarization, we will discuss this effect in more detail
in the following.
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4.4 Pump Polarization Effects in 2D hBN

4.4.1 Theory

In the derivation of the exPOT formalism for periodic systems shown in Sec.|3.3.10},
we assumed the system to be in an eigenstate of the BSE Hamiltonian, |N, (m, Q)).
As we have seen now for hBN, exciton S; and Sy in fact belong each to a two-
dimensional degenerate subspace. The two excitons in each subspace obtained
from diagonalizing the BSE Hamiltonian then serve as a basis for their respective
subspace. Any linear combination of the two “basis-” excitons from such a subspace
is again a BSE eigenstate and therefore a usable initial state for exPOT. The
question then arises, which linear combination should be used as the initial state
in exPOT. Naturally, if we want to simulate pump-probe ARPES experiments,
we should use the linear combination that we expect to appear in experiments.
Assuming a resonant (to S; or Sp) pump-pulse and negligible pump broadening
as well as all other effects that may create a more diverse population of excitonic
states (compare the section on mixed states in Sec. [3.3.10), we can expect the
pump-pulse to create a linear combination |N,S;) (dropping Q = 0 for simplicity)
of the two basis-excitons with the expansion coefficients ¢! , dependent on the
polarization E of the pump pulse, given by the optical tran51t10n matrix elements
(from first-order time-dependent perturbation theory [126]):

[N, 51) :Zcin|Nam>

m

¢ o (N,m|E-P|N,0) (4.1)

Here |N,0) denotes the ground state and P the N-electron momentum operator
(compare Sec. [3.3.2)). Note that m here indexes the eigenvectors as obtained from
diagonalizing the BSE Hamiltonian, so m = 1,2 for S; and m = 3,4 for S;. Note
also, that the transition matrix elements may alternatively be calculated based
on the velocity operator for a more sophisticated treatment of the electron-photon
interaction [36], [165]. These velocity-based transition matrix elements are directly
available in the BERKELEYGW code and were used to form the superposition
states throughout this chapter.

The transition density matrix elements (BSE eigenvector elements) of the su-
perposition (eigen)state | |N,.S;) can then also be written as a linear combination
>, c quc)q of the elements of the basis-vectors. Explicitly writing this linear
combination, Eq. [3.62 reads (Q = 0):

Ii-s, (k) | A - k|* ZZ ZZCZ X0 Flpeql (k)

) (w + Ql + Ev,g — Ekin) (42)

To summarize, the procedure presented in this section can be understood as a
simple basis change within the subspace of degenerate eigenstates, or, in other
words, as a change from the basis obtained through solution of the BSE to a basis
determined by the pump polarization.

In 2D systems excitons typically occur as degenerate pairs, and only their su-
perposition should be considered as the physical exciton, which then, for instance,
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also respects the symmetries of the system [159], [166]. In contrast to those eigen-
states, the pump pulse in general breaks the system’s symmetry and may create
superimposed exciton states that depend on the pump polarization. Until now,
we have used the pump-polarization depicted in Fig. 4.6, Now, we will also try
out other pump polarizations and will see that the pump polarization can have a
considerable imprint on exciton photoemission.

4.4.2 Results
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Figure 4.7: Influence of pump laser’s polarization on exciton photoemission. The
four columns show ARPES photoemission maps for different polarizations of the
pump laser (black arrows). (a) shows photoemission from the lowest-energy exciton
while (b) shows the second exciton. In the case of the first exciton, only small
differences in the intensity distribution along the horseshoes are visible, while for
the second exciton, there is a strong dependence on the pump polarization, with
different polarizations leading to different rotations of the horseshoes. In the case
of both excitons, the photoemission maps are mirror symmetric across the (high-
symmetry) polarization directions.

As outlined above, the summation of energy-degenerate BSE eigenvectors, in
order to form a superimposed exciton, involves coefficients that depend on the po-
larization of the pump pulse. The influence of pump polarization is illustrated in
detail in Fig. 4.7, Panels (a) and (b) depict the photoemission from the S; exciton
(5.3 V) at a kinetic energy of 23.9 eV and the Sy exciton (6.2 eV) at 24.8 eV, re-
spectively. The black arrows indicate the polarization direction of the pump pulse.
Photoemission from the first exciton is only weakly dependent on the pump pulse’s
polarization and retains the horseshoe intensity pattern. Varying the polarization
reveals minor variations in the intensity distributions along the horseshoes. For
the second exciton, however, there is a strong dependence of the photoemission in-
tensity distribution on the pump pulse, where different polarization directions lead
to different redistributions of spectral weight within the horseshoes. Although the
probe pulse polarization may introduce an overall attenuation in an trARPES ex-
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periment, pump-induced effects on exciton photoemission are therefore expected
to be observable, provided that sufficient energy and momentum resolution are
achieved.

4.5 Summary

As a proof of concept, we have applied the exPOT formalism for periodic systems to
the prototypical case of monolayer hexagonal boron nitride. The resulting exPOT
maps exhibit distinct patterns for different excitonic states. These patterns are
characterized by an energy dispersion that follows the hole states, while the electron
part of the exciton wave function is reflected in the photoemission matrix element.
The photoemission intensity is further modified by the BSE eigenvectors, which
introduces an additional dependence on the pump polarization, resulting in the
suppression of spectral weight in the momentum maps as a direct consequence of
the excitonic character.

4.6 Computational Details

For the example of monolayer hBN, we calculate Kohn-Sham DFT wave functions
and energies in QUANTUM EsPRESSO (PWSCF v.7.2 and v.7.3.1) [150-152] us-
ing the Perdew-Burke-Ernzerhof exchange-correlation functional [66], ONCV pseu-
dopotentials, a 12x12x1 BZ mesh and a cutoff energy of 50 Ry and 200 Ry for the
wave functions and the representation of the density, respectively. The lattice con-
stant was set to 2.507 A (bulk experimental value: 2.506 A [167]) and we use a
vacuum layer of 20 A, as well as a truncation of the Coulomb interaction in z direc-
tion [I68], in order to avoid spurious interaction between repeated slabs from the
periodic boundary condition. Based on these ground-state properties, we perform
a GoWj calculation using BERKELEYGW 4.0 [30], 05, 104] (as is commonly done,
we only correct the energies, but leave the Kohn-Sham wave functions unchanged).
For the GoW, calculation as well as for all other BERKELEYGW calculations, we
use the slab truncation scheme [104]. In particular, we use the NNS subsampling
technique, which, for systems with reduced dimensionality, accelerates convergence
with respect to the Brillouin-zone sampling [169]. Additionally, for faster conver-
gence with respect to the number of empty bands, we used the static remainder
approach of Ref. [I70] (“exact_static_ch” flag set to 1). For the calculation of the
static inverse dielectric function we use a 12x12x1 sampling of the Brillouin-zone,
a cutoff energy of 30 Ry for reciprocal lattice vectors and sum over 200 bands.
Based on this, we use the generalized plasmon pole model [95] to calculate (sum-
ming again over 200 bands) the GyWj energies for 4 valence and 44 conduction
bands, using the same BZ mesh and reciprocal lattice cutoff as for the inverse di-
electric function. Finally, using again BERKELEYGW 4.0, we construct the (static)
BSE Hamiltonian within TDA (Eq. and for Q = 0 using 4 valence and 9
conduction bands on a 12x12x1 BZ mesh, interpolate it to a 96x96x1 BZ mesh (4
valence, 4 conduction bands) and diagonalize it.
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5) Sexithiophene - 6T

This chapter contains results of a combined experimental and theoretical study
which has been published in Ref. [16]. The text and figures in this chapter have
widely been adopted from there and subsequently restructured. The author of this
thesis contributed to the main text given there, and wrote Appendices B and C,
with significant input from Peter Puschnig and auxiliary input from the remaining
co-authors of that manuscript. The ab initio calculations and photoemission sim-
ulations were performed and analyzed by the author of this thesis, with auxiliary
input from the remaining co-authors of that manuscript.

5.1 Introduction

As a second application of exPOT for periodic systems we use a-sexithiophene
(6T) thin films. 6T is a prototypical organic semiconductor, which is relevant for
optoelectronic applications such as solar cells [3], and its photophysics has been
extensively studied in the past, both, experimentally [I7THI74] and theoretically
[T75HI7T7]. As substrate, we select oxygen-passivated Cu(110) which leads to the
growth of uniaxially aligned molecules in a herringbone structure [I78-180]. This
ensures intermolecular overlap of the molecules’ 7 electron systems, enabling exci-
ton delocalization across multiple molecules, which is an essential condition to ex-
plore the crossover from localized Frenkel excitons to delocalized Frenkel-Wannier
excitons [I81 [182] and thereby necessitates the use of molecular clusters or peri-
odic systems in exPOT simulations (see below). This contrasts with earlier trPOT
work on weakly coupled molecules [10], in which flat-lying molecules with negligible
intermolecular coupling have been investigated, where excitations were essentially
confined to single-molecule Frenkel excitons.

In the following, we first focus on the experimentally-obtained excited-state
photoemission signal and show that a simple independent-particle photoemission
calculation fails to reproduce the observed intensity distribution. This motivates
the use of more sophisticated photoemission simulations based on our exPOT for-
malism. To perform these simulations, we first introduce model systems of varying
sizes, ranging from a single molecule to a full, free-standing layer of 6T molecules
and discuss their differences. Finally, we compare the photoemission signal based
on low-lying excitons of these systems to the experimental data, show that the ex-
perimental intensity distribution is well-reproduced by our simulations and discuss
the remaining discrepancies.
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5.2 Pump-Probe ARPES of a 6T Film

In contrast to the example of hBN given in Chapter [ experimental momen-
tum maps have been obtained for this system via trARPES experiments. While
time-dependent changes in the excited-state momentum signatures are discussed
in Ref. [16], these effects are rather smal]@ and we herein restrict ourselves to the
k-map obtained at a time-delay of 0 fs between the pump- and the probe pulses
(and at energies integrated from 0.6 and 1.4 eV above EF, see below). In this
section, experimental details and an initial comparison to theory are given. More
details on the sample preparation and time-resolved ARPES experiments as well
as information on the post-processing of the experimental data can be found in
Appendix A of Ref. [16].

The ultrafast trPOT measurements on aligned a-sexithiophene (6T) films were
performed using femtosecond high-harmonic probe pulses, to record the momentum-
space distribution and time evolution of the exciton. As illustrated in Fig.[5.1h, the
experiments used a sample consisting of an oriented thin film of the rod-like organic
semiconducting molecule 6T, whose chemical structure is depicted in Fig. [5.1p, ad-
sorbed on an oxygen-passivated Cu(110) surface. This substrate serves two impor-
tant purposes. Firstly, it electronically decouples the molecules from the metallic
substrate [10], thereby preventing a rapid quenching of the exciton. Secondly, the
(2 x 1) missing-row O-reconstruction aligns the 6T molecules with their long axes
along the y = [001] direction of the Cu substrate since the molecules get trapped
in the troughs between two adjacent Cu-O rows. Importantly, the molecules do
not adsorb flat, but with their molecular planes tilted by ~ 32° about their long
axis [I80], as indicated in Fig. 5.1, thereby facilitating an effective overlap of
the 7 electron systems between neighboring molecules. For these experiments,
a four-monolayer film was chosen, in which the molecules adopt a herringbone-
like arrangement with alternating tilt angles, similarly to the stacking in the bulk
crystal structure of 6T [183].

In order to select the photon energy and polarization direction of the pump
laser pulse, we computed the optical properties of 6T. In a first step, we performed
GW/BSE (Bethe-Salpeter equation) calculations for an isolated 6T molecule. The
resulting quasiparticle energies of the frontier molecular orbitals, obtained within
the GW approximation, are depicted in Fig. and show a gap of 5.3 eV be-
tween the lowest unoccupied molecular orbital (LUMO) and the highest occupied
molecular orbital (HOMO). The solution of the BSE then reveals the energetically
lowest exciton S to exhibit a transition dipole moment parallel to the long axis of
67T at a transition energy of 2.8 eV. Thus, for an isolated 6T molecule a substan-
tial exciton binding energy of 2.5 eV is to be expected. Note that the calculations
also show that, in addition to the major HOMO to LUMO contribution, there is

94Remember that the exPOT formalism becomes inapplicable if the system is in a superposition
state of nondegenerate excitons, which is why for such cases we restrict its applicability to time-
delays larger than the dephasing time, see Sec. Using the k-map at a time-delay of 0 fs
(remember also that both pulses are Gaussian pulses and we here mean that their intensity peaks
hit the system at the same time) is here justified by the fact, that we do not observe much time-
dependence in the experimental data (within the selected window of kinetic energies), such that it
does not make a significant difference which time-delay is used for comparison with theory. This
little time-dependence at early times may also hint that it is unlikely that such a superposition
state has been created by the pump pulse.
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Figure 5.1: (a) Structural model of four monolayers of 6T (yellow) on the Cu(110)-
(2 x 1)O substrate in which molecular planes are tilted by £32° with respect
to the sample surface (gray: copper atoms, red: oxygen atoms). The normal
incidence pump (blue) and p-polarized probe at 55° incidence (red) pulses as well
as the angular distribution of the emitted electrons are illustrated. (b) Chemical
structure of 6T. (c) Illustration of the lowest optically allowed exciton state S
with the primary HOMO to LUMO and the secondary HOMO-1 to LUMO+1
contributions.

a secondary 8%-share of a HOMO-1 to LUMO+1 transition in the S; state. As
shown in Refs. [14], 34], such an entangled excited state is predicted to exhibit a
clear energy and momentum space signature.

Based on this analysis and on experimental optical reflection data [I7§], a
normal-incidence pump pulse linearly polarized parallel to the long molecular axis
was used for the trPOT experiments, in order to maximize the transition rate
into the S; exciton. The pump energy was chosen to be 2.35 eV in line with ear-
lier reflectance measurements on this 6T film [I78], thus somewhat smaller than
the computed transition energy for the isolated molecule. The linearly-polarized
probe pulse (21.7 eV), created by high harmonics generation (HHG), was incident
at an angle of 55° with the electric field oriented along the [001] crystallographic
direction (i.e., the y direction), thereby optimizing the photoemission cross-section
for molecular emission. The photoelectrons were detected with a time-of-flight
momentum microscope, allowing a 4D data cube I(Eyy, ks, Ky, t) to be recorded.
Thus, the photoemission intensity I was measured as a function of the photoelec-
trons’ kinetic energy Ky, their two parallel momentum components k, and k,,
and the delay time ¢ between the pump and the probe pulses, respectively. Note
that in the actual analysis of the data, energies are defined with reference to the
Fermi energy EF, such that an energy value of zero corresponds to electrons emit-
ted from the Fermi level, negative energies indicate occupied states while positive
values signalize transiently excited states.
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Figure 5.2: (a) Momentum-integrated photoemission spectrum with molecular
emission from the HOMO and HOMO-1 below the Fermi energy Er and the exci-
tonic signature above Er at t = 0 fs. (b) Momentum maps averaged over the blue-
shaded energy regions indicated in panel (a) corresponding to the HOMO (lower
row) and exciton (at t = 0 fs, upper row). The experimental data (left column)
are compared to simulations for the HOMO and LUMO, respectively, computed
in the independent particle approximation (IPA) for a free-standing monolayer of
6T molecules. (¢) Momentum-integrated intensity, averaged over energies between
0.6 and 1.4 eV, as a function of delay time indicating an exponential decay of the
exciton with a lifetime of 7 = (422 £ 15) fs.

An overview of the photoemission data is given in Fig. [5.2h, which shows
momentum-integrated spectra at ¢t = 0 fs both for occupied states below the Fermi
energy Er and for energies above, the latter enhanced by a factor of 1000 for the
sake of clarity. Below Eg, we find the HOMO and HOMO-1 emissions at about
—1.5 eV and —2.3 eV, in agreement with a previous study [I79]. A momentum
map taken around the HOMO peak is shown in the lower left corner of Fig. [5.2b.
The comparison with a simulation for a free-standing layer of 6T molecules (lower
right corner; using Eq. for the HOMO-band only and integrating over all ki-
netic energies of photoelectrons coming from the band, compare Sec. shows
excellent agreement and clearly supports this assignment. It is important to note
that the simulation takes into account both the polarization of the probe pulse,
which is incident from the negative k, direction and which gives rise to the “up—
down” asymmetry in the maps, as well as the molecular tilt angle of £32° in the
molecular film which has been determined by static POT [33], 180].

Above Fp, the pump pulse creates an excitation whose photoemission signa-
ture peaks at 1.05 eV. As shown by the delay scan in Fig. 5.2k, we observe a
single-exponential decay with a lifetime of (422 £ 15) fs, which is somewhat larger
than the 250 fs observed for a single layer of PTCDA molecules on the oxygen-
passivated Cu(110) surface [10], presumably owing to the thicker organic film in
the present case. The momentum distribution at ¢t = 0 fs is shown in the top left
corner of Fig. . It is characterized by two emission features (major lobes) along
the k, = 0 line symmetrically grouped around the I' point, and another weaker,
minor lobe at k&, ~ 1.7 A~ In a first attempt, we associate this observed mo-
mentum pattern with the LUMO of 6T, which is depicted in the top right corner
of Fig. [5.2b. For simulating this map, we assumed that an electron populates the
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LUMO-band of the free-standing 6T layer, but no interactions whatsoever with
the remaining hole are considered[f] (using Eq. for the LUMO-band only, in
the same way as before for the HOMO-band). In contrast, the experimental map
for 6T shows marked differences to the so-obtained simulated map. While the
map employing the independent-particle approximation (IPA) is characterized by
two stripe-like features along k, in the k£ regions of the major and minor lobes,
respectively, the simulation fails to reproduce the observed intensity modulation
along the k, direction in the major lobe region, resulting in an intensity maximum
at normal emission, rather than two separated peaks with a minimum at normal
emission. A possible origin for this discrepancy could be that electron-hole corre-
lations cannot be ignored for 6T. Furthermore, it needs to be clarified whether an
additional LUMO+1 contribution, as predicted for an isolated 6T molecule, could
contribute to the deviation between experiment and theory regarding the momen-
tum distribution of the excited-state photoemission. To answer these questions,
we have performed ab initio simulations on various levels of sophistication, which
shall now be shown.

5.3 Computational Results

We have performed density functional theory (DFT) and GW/BSE calculations
as well as exPOT simulations for five systems: a monomer, a monolayer trimer, a
monolayer tetramer, a periodic free-standing monolayer and, finally, a bilayer hex-
amer of 6T molecules. Details on the used geometry as well as the computational
methods can be found in Sec. [5.6] The geometries can be seen in Fig. [5.5f-j. Be-
fore comparing the exPOT simulations to the experimental exciton k-map shown
in the top left corner of Fig. [5.2b, we compare key properties of the five systems
as obtained from the ab initio calculations.

Quasiparticle GW energies can be found in Fig. [5.3] For the monolayer, we
plot a path in the by direction of the Brillouin zone — corresponding to the as
direction in real space, the direction along which inter-molecular interaction leads
to a sizable band dispersion.

The calculated optical absorption spectra for light polarized along the long
molecular axis (y direction) are shown in Fig. 5.4 Note that each spectrum was
normalized to a maximum value of 1.0 for better comparability.

The monomer spectrum shows a single optically active exciton, while for the
trimer and tetramer additional, albeit much weaker, optically active excitons ap-
pear. For the monolayer, we observe an overall redshift of the spectrum, which
is due to the different computational treatment of the monomer and clusters as
opposed to the extended monolayer. For the latter, we used a single-shot GyW,
calculation on top of a PBE starting point, while for the former we could afford
B3LYP starting points and self-consistent evGW corrections. The spectrum of
the free-standing monolayer is dominated by two optically active excitons, where
the first exciton, S, exhibits a transition dipole moment about twice as large as
the one of the next optically active exciton, S3. Finally, for the bilayer hexamer
system we observe an additional blueshift of the spectrum when compared to the

95This photoemission simulation is thus effectively equivalent to the situation detailed below
Eq. where the LUMO is populated via charge-transfer from the substrate.
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Figure 5.3: GW quasiparticle energy levels of 6T. From left to right, the GW
energy levels of a 6T monomer, trimer, tetramer, monolayer and (bilayer) hexamer
are shown. Monomer and cluster calculations were performed on the evGW level
and the monolayer calculation on the GoW, level. The monolayer band-structure
is directly plotted using the GW energies that were used in the BSE and is shown
for a path from I' to I's in by direction. Cluster-orbitals have been identified with
HOMO-1-LUMO+1 of the monomer and accordingly color-coded. Similarly, the
related energy bands of the monolayer have been color-coded accordingly. The
Fermi level is shown as a dashed gray line.

monomer and other cluster calculations, which can be attributed to the changes in
the electronic structure due to the now-present interlayer interaction. Importantly,
it can be seen that the spectrum is composed of a multitude of optically active
excitons with varying sizes of the transition dipole moment |d,|?. This complicates
the simulation of excited-state photoemission, as detailed below.

The compositions of these optically active excitons are summarized in Table[5.1],
where the transition probability from valence orbital v to conduction orbital ¢ in

exciton m is given by (compare Eq. |C.71])
m m|2
pU—>C = |XUC (5'1)

in the cluster and monomer case and
BZ
2
pvm—>c = Z ‘X:Zq} (5'2)
q

for the periodic monolayer. Specifically, we find that the contribution of the
HOMO-1 to LUMO+1 transition shrinks from 8.4% in the monomer, to 6.2%
(6.6%) in the tetramer (trimer) and only 2 — 3% in the monolayer. Conversely,
going from the monolayer clusters to the full monolayer, the HOMO to LUMO
transition grows even more in importance, fully dominating all other contributions
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Figure 5.4: Optical absorption spectra of different 6T systems. The spectrum of
the monomer is dominated by a single optically active exciton at 2.83 eV, which
is also the lowest-energy excitation of the system. For the trimer (tetramer) the
most active exciton is the third (fourth) one, located at 2.97 eV (3.00 eV). For
the monolayer, the lowest-energy exciton is located at 2.07 eV and is the most
optically active one, followed by the third exciton which is located at 2.36 eV. In
the hexamer (bilayer) system, the spectrum is composed of a multitude of optically
active excitons with the overall most dominant one being located at 3.24 eV. Each
vertical line denotes an individual (optically active) exciton, with the exciton’s
transition dipole moment |d,|* determining the height of the line. The heights
have been normalized on a per-system basis such that the brightest exciton of each
system has a height of 1.0. Similarly, all spectra are normalized individually to a
maximum value of 1.0.

to the excitons shown in Table [5.1] For the hexamer system we picked excitons 12
and 18 as exemplary excitons, since they are both rather low-lying and optically
bright. For both, we again find that they are dominated by the HOMO to LUMO
transition, with the HOMO-1 to LUMO+1 transition contributing less than 2%.
As a technical note regarding this analysis, we point out that, in the case of the
many-molecule clusters, there are multiple orbitals with monomer-HOMO charac-
ter and multiple orbitals with monomer-LUMO character (which can for example
be identified by their k-maps via Eq. . The same has been verified for HOMO-
1 and LUMO+1 of the monomer. Thus, when calculating the contribution of a
particular transition to a given exciton, e.g., the HOMO to LUMO transition of
the tetramer, we sum p', . over these orbitals. For the example of the HOMO to
LUMO transition of the tetramer, this means that we sum up transitions across
four valence and four conduction orbitals (making it a sum of 16 contributions).
See also Fig. |5.3| on the identification of energy levels.

It is insightful to analyze the LUMO+1 contributions to the excitons shown
in Table [5.1] The parts connected to the HOMO are suppressed by the at least
~30 times more intense HOMO to LUMO transition. Note that this rules out the
second option offered at the end of Sec. to explain the discrepancy between
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the IPA photoemission map of the LUMO and the experimental exciton k-map.
Note also, that for the LUMO+1 contribution connected to the HOMO-1, energy
conservation demands [34] the emission features to be expected 0.8 eV below the
peak at E — Fp ~ 1.05 eV (compare Fig. and Eq. [3.62). Taking into account
the rapidly rising photoemission background when approaching the Fermi level
and the predicted (by the monolayer calculation) approximately 20-30 times lower
intensity than the main peak (connected to the HOMO), it becomes clear that a
possible LUMO+1 contribution from this transition is extremely hard to detect
experimentally, thus explaining why it was not found in the experimental exciton
photoemission data. The same argument of course then also holds for transitions
connected to even lower valence bands/orbitals.

Table 5.1: Properties of low-lying dominant optically active excitons of the
monomer, trimer, tetramer, monolayer and hexamer. In addition to the exci-
tation energy, the energy difference to the lowest exciton S; of each system is
given in parentheses. For each system individually, the transition dipole moment,
|d,|?, in the direction of the light polarization of the optically strongest exciton is
normalized to 1. The last four columns contain the transition probabilities from
HOMO/HOMO-1 to LUMO/LUMO+1 for each of the excitons.
H H-1 H H-1

System Exciton Energy (eV) |d,]? l l l b
L L+1 L+1 L
Monomer St 2.826 1.000 0.884 0.084 0.000 0.000
Trimer S 2.972 (0.361) 1.000 0.882 0.066 0.007 0.009
Tetramer Sy 3.005 (0.410) 1.000 0.883 0.062 0.008 0.010
Monolayer St 2.070 1.000 0.931 0.031 0.006 0.008

Monolayer Ss 2.358 (0.288) 0.529 0.916 0.021 0.025 0.017

Hexamer S12 3.084 (0.510) 0.272 0.948 0.014 0.023 0.004
Hexamer Sis 3.242 (0.667) 1.000 0.932 0.017 0.021 0.013

5.4 Comparison of exPOT Simulations to
Experimental Exciton k-map

As mentioned before, the experimental exciton k-map depicted in the top left
corner of Fig. is characterized by two emission features (major lobes) along
the k, = 0 line that are symmetrically grouped around the I" point and are centered
respectively at k;max ~ £0.85 A‘l, and another weaker, minor lobe at k, ~
1.7 A='. Note that the presence of a minor lobe at k, ~ 1.7 A-! but not at
k, ~—1.7 A~ s attributed to the influence of the probe laser’s angle-of-incidence
on the photoemission maps. In all our exPOT simulations shown in Fig. [5.5h-e and
we neglect the polarization prefactor for simplicity, leading to minor lobes at
both k, ~ 1.7 A=' and k, =~ —1.7 A~'. Note also, that for all simulated k-maps in
this whole chapter we used the PWA.
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Figure 5.5: Simulated photoemission maps and exciton wave functions. (a) Simu-
lated momentum map for S; of the monomer, (b) S5 of the trimer, (c) Sy of the
tetramer, (d) Sp of the monolayer and (e) Sy of the hexamer. Panels (a)-(d) show
emission from the dominant optically bright exciton of each system and show a
clear progression towards an increase in the separation between the two intensity
peaks along k, = 0 (with trimer and tetramer yielding practically the same separa-
tion). For the hexamer, panel (e), Siz is one of multiple low-lying bright excitons,
as discussed in the text. Panels (f)-(j) show the corresponding fixed-hole electron
density |x(r., r, = fixed)|? (isosurface at 0.5% of maximum value). The hole has
been fixed 0.5 A above a carbon atom connecting the central thiophene rings, as
indicated by the red crosses. Panels (f)-(j) were created with VESTA [184].

Let us now take a look at the exPOT simulations (Eq. for monomer and
clusters and Eq. for the periodic monolayer, using energy-integration as de-
tailed in Sec. for the five systems and see if the experimentally observed
lobe-structure is reproduced. Note that for monomer, trimer and tetramer, there
is a clear optically dominant exciton which has been chosen to calculate the ex-
POT map of the respective system. For the monolayer, we use S; (and S3) and
for the hexamer we use Sio, as detailed below. The results are shown in Fig.
and can be summarized as follows: First, all five systems exhibit photoemission
along the k, = 0 line and at &k, ~ £1.7 A-1 already leading to qualitative agree-
ment with the experiment. Second, the monomer does not exhibit the experi-
mental intensity modulation along the &, = 0 line. It exhibits a maximum at
the I' point, while we experimentally find two lobes being symmetrically posi-
tioned around the I' point, with a minimum (along k, = 0) in between. The
experimentally observed intensity modulation, however, already appears for the
trimer (tetramer), but with a smaller separation of the intensity peaks, located
at Epmax ~ £0.54 A7 (kg max =~ £0.54 A~1) when compared to the experimental
positions of k; max ~ £0.85 A-1. This value increases to ky max =~ £0.64 A-1in the
case of S7 of the monolayer system. As we can see from Fig. [5.5g-1, the exciton in
the trimer, tetramer and periodic monolayer calculation significantly extends over
multiple molecules, thus explaining, why the monomer simulation was not able to
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reproduce the experimental k-map. Note that the first question posed at the end
of Sec. [5.2], has now also been answered: the photoemission modulation along the
k, = 0 line is very likely a result of the electron-hole correlation present in the
exciton, which has been neglected in the IPA LUMO map shown there.

Notably, the optically bright S; exciton of the monolayer (see Fig. does
also exhibit an intensity modulation along the k, = 0 line, however with an inten-
sity peak appearing at the I' point. Moreover, for S; and S3 we observe slightly
different intensity distributions in the minor lobe region at k, ~ £1.7 A-1. How-
ever, because of the only ~ 0.3 eV higher excitation energy of S; and its weaker
transition dipole moment compared to Sy (see Fig. , the present time-resolved
POT experiments are not able to reveal the presence of Ss.

Of all monolayer ab initio calculations, the one involving a full periodic mono-
layer is the most sophisticated one and (comparing K, max), as expected, has the
best agreement (via S;) with the experimentally obtained k-map. Note, however,
that there remains a small deviation regarding the position of the k, = 0 lobes,
for which experimentally a value of k; max =~ £0.85 A-1 is found while the mono-
layer S7 k-map shows them at k; max ~ £0.64 A-1. We attribute this difference
to the simplified structural model consisting of only a single 6T layer, while the
experiment is performed on four layers of 6@. Unfortunately, ab initio GW/BSE
calculations for such a four-layer periodic structure (or even a bilayer) are out of
reach for computational reasons. This was the motivation for performing the 6T
hexamer calculation shown above, where we use a hexamer cluster containing three
molecules in the first and three in the second layer (see Appendix , thereby
allowing a first assessment of the influence of additional 6T layers on the exciton
k-map. Note that the main absorption peak of the hexamer is composed of several
excitons (see Fig. and it is not trivial to predict which (possibly: combination,
see Sec. on mixed states) of them corresponds to the excitation created in a
pump-probe ARPES experiment of a 4ML system. In an informed guess, we ex-
pect the low-lying bright excitons S7; and Si2 to correspond to the experimentally
created excitation, both of which exhibit the characteristic double-lobe momentum
pattern with only slightly varying k; max positions. Choosing S12 as an exemplary
exciton, as it is the lowest-lying exciton with appreciable oscillator strength, we
can see from Fig. that it again exhibits the double-lobe momentum pattern
along the k, = 0 line, however with a small change in kg max. Unfortunately, the
lobes are shifted towards k; max ~ £0.42 A1, a smaller value than what was ob-
served for the other systems. There are many possible reasons for thiﬂ: first,
since we expect interlayer interactions to be the deciding factor in shifting k; max
to the experimentally observed value, we can expect the geometry of the second

96Note that we rule out problems related to exciton superposition states that may be probed
at pump-probe time delays smaller than the dephasing time (compare Sec. on mixed states
and superposition states), since the k-map within the chosen energy window showed little time-
dependence, as already mentioned before. Additionally, a combination of S; and Ss in terms of
a mixed state has been tested but lead to an additional (small) decrease of ky max, such that we
also rule out such a mixed state as the explanation for the discrepancy.

97 Although theoretically possible, we omit here the possibility that a 2ML sample would in
experiments show a kg max as small as what was obtained from the hexamer. Since the periodic
monolayer calculation shows a value of k; max ~ £0.64 A-1 and the 4ML experiment gives a
value of kz max =~ £0.85 A~1 we expect a 2ML experiment to exhibit a value within or close to
these two boundary cases.
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layer relative to the first layer to be crucial. And even though the hexamer geom-
etry is based on the experimentally obtained structure of a 6T multilayer (crystal)
systems, already small deviations from the experimental geometry (here: 4ML)
could become important. Due to the high computational cost of the corresponding
GW/BSE calculations, photoemission simulations for additional geometries have
been postponed to future work. Second, looking at the fixed-hole exciton wave
function (compare Eq. of 15 depicted in Fig. [5.5j, we can see high electron
density at the right molecule in the upper layer, indicating that the exciton would
possibly extend over more than three molecules in that layer if the cluster was
larger. “Forcing” the exciton into a too small cluster will likely affect the interac-
tion between the molecular layers and is a likely second source for the deviation
from the experimental k-map. Unfortunately, GW/BSE calculations for larger
clusters were too expensive at the current time and are again left for future work.
To conclude, even though k; max went into the wrong direction, the important re-
sult here is that the presence of the second layer indeed affected the position of
the maxima, thus strengthening our assumption that using a single periodic layer
of 6T causes the discrepancy between theory and experiment.

5.5 Summary

To summarize, we have seen that the distinct momentum pattern obtained from
a pump-probe ARPES experiment of a four-monolayer thick film of 6T molecules
could not be reproduced by a photoemission simulation that disregards the electron-
hole correlation in the optically-excited state. In contrast, this correlation is ex-
plicitly accounted for in the exPOT formalism and we found that exPOT pho-
toemission simulations already show good agreement with the experiment when
employing a small monolayer cluster of only three molecules as a model system.
The best agreement with the experimental momentum map was achieved via ex-
POT simulations using a periodic monolayer of 6T molecules, where the remaining
disagreement is likely due to the use of a single monolayer instead of the experi-
mental four-monolayer geometry.

5.6 Computational Details

In the following, we provide details of the ab initio calculations underlying this
chapter, where we first focus on gas-phase systems (monomer and clusters) and
then detail the calculations involving the free-standing molecular monolayer.

5.6.1 Monomer and Clusters

In this section, we provide details of our GW/BSE calculations for an isolated
6T molecule, a cluster containing three and one containing four molecules, as well
as for a cluster of six molecules. The geometries of the monomer, trimer and
tetramer system were obtained by cutting out one/three/four molecules along the
ap direction from the periodic monolayer shown in Fig. [5.6, such that these can
be regarded as monolayer clusters. In contrast, the hexamer cluster is a bilayer
cluster. In its first layer, it is simply the trimer system mentioned before. To these
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(a) y=[001]

Q
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Figure 5.6: (a) Top-down view of the monolayer. The unit cell vectors are shown
in black, where ay determines the row-slip (purple) of 2.807 A. The row-distance d
(blue) equals 5.335 A, and the unit cell length (orange) is 25.258 A. (b) Side view
of the monolayer. The molecules are tilted (red) by 31.5° relative to the zy-plane.
Created with VESTA [184].

three molecules, we then added three additional molecules as a second layer, based
on the herringbone-like arrangement found experimentally in Ref. [I83]. That is,
for each molecule of the first layer (rotated by +31.5° against the layer plane), we
created a molecule in the second layer which is rotated by —31.5° against the layer
plane and shifted by about half of the cell length in ay direction (0.49]az|) and by
3.785 A in z direction (see Fig. )

In a first step, we performed single-point ground-state density functional the-
ory (DFT) calculations using ORCA 5.0.4 [143| [144] with the 6-311G* Gaussian-
orbital basis set [I85], [186] and the BSLYP hybrid functional [69, [70]. The resulting
Kohn-Sham orbitals and energies then served as the basis for the GW calculation.
For this second step, we employed the FIESTA code [145]. Specifically, we per-
formed an iterative, self-consistent correction of the Kohn-Sham energies (evGW)
while keeping the wave functions unchanged. For a single 6T molecule, we ex-
plicitly corrected 10 occupied (valence) and 10 unoccupied (conduction) orbitals.
Orbitals beyond there were rigidly shifted by the correction that was applied to the
HOMO-9/LUMO+9. For the trimer/tetramer/hexamer calculation, we explicitly
corrected 30/40/60 occupied and 30/40/60 unoccupied orbitals.

In the third step, we solved the (static) Bethe-Salpeter equation (BSE) within
the Tamm-Dancoff approximation (TDA, see below), Eq. Using again the
FIESTA code, we iteratively diagonalized the BSE Hamiltonian. This way, we cal-
culated the first 20 excitons of the monomer, trimer and tetramer system, where
we constructed the BSE Hamiltonian by including all valence orbitals up to 20 eV
below the HOMO and all conduction orbitals up to 20 eV above the LUMO. This
resulted in the use of 72 valence and 135 conduction orbitals in the single-molecule
calculation, 218 valence and 381 conduction orbitals in the trimer calculation and
291 valence and 507 conduction orbitals in the tetramer calculation. Similarly, for



5.6. COMPUTATIONAL DETAILS 157

the hexamer system we calculated the first 60 excitons, where we used 10 eV as
the orbital-inclusion cutoff, leading to the inclusion of 281 valence orbitals and 319
conduction orbitals. Note that this smaller cutoff was chosen for computational
reasons. Tests with the trimer system showed that using this smaller cutoff does
not lead to significant changes in the momentum maps of low-lying excitons. In
particular, this applies to those excitons dominated by HOMO to LUMO contri-
butions, which are the excitons of interest here (where we identify the first three
valence/conduction orbitals of the trimer with the monomer’s HOMO and LUMO).
This demonstrates that the use of this somewhat smaller cutoff value for the hex-
amer system is well justified. In all cases, we used the TDA, since test calculations
with the monomer showed the de-excitations’ total weight to be less than 2% of
that of the excitations in the BSE eigenvector of S;. That is, we found:

Z X5 > 502 v, (5.3)

Also, the excitations (see also Table for the absolute size of the dominant
excitations) were found to change by less than a percentage point when employing
the TDA, that is (employing equal normalization for comparability):

Z!X&I =
Zlel TDAl

X5 = X5 T < 0.01 o, e (5.4)

5.6.2 Periodic 6T Layer

This section summarizes details of our ab initio GW/BSE calculations for a free-
standing, periodic monolayer of 6T. Its geometry is based on the experimentally
determined structure of a 6T crystal [I83]. We use a skewed unit cell containing
one molecule per cell as depicted in Fig. Just as in the cluster case, we perform
a series of DFT, GW and BSE calculations to get all the quantities required by
the exPOT formalism, Eq. [3.62|

For the first step, the ground-state DFT calculations, we used QUANTUM
EsprEsso (PWSCEF v.7.2) [I50HI52], employing the PBE functional [66], ONCV
pseudopotentials and a plane-wave energy cutoff of 70 Ry for wave functions and
280 Ry for the density. To avoid spurious interactions between repeated slabs
in the z direction, the unit cell height was set to 28.525 A, which corresponds
to a vacuum layer of 25.521 A. Additionally, we employed a truncation scheme
for the Coulomb interaction [168]. For this and all upcoming steps, unless stated
otherwise, we utilized a 2 x 8 x 1 BZ mesh.

Steps two and three, the GW and (static) BSE calculations, were performed us-
ing BERKELEYGW 4.0 [36, 95], [104] using the slab truncation scheme [104]. Before
performing the GW step, we employed BERKELEYGW’s PARABANDS tool to cal-
culate stochastic conduction pseudo-bands [187] to reduce the calculation times and
the scaling of the subsequent GW/BSE calculation. We protected 27 conduction
bands, which were then utilized for the construction of the BSE Hamiltonian. The
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remaining conduction bands were compressed into 520 pseudo-bands, resulting in
a total of 620 bands (including the 73 valence bands). The actual GW calculation
was then conducted at the GoWj level (and without changing the orbitals), where
we used the generalized plasmon pole model [95]. For faster convergence of the
GoWy energies with respect to the BZ mesh, we used the nonuniform neck subsam-
pling (NNS) technique [I69]. Additionally, for faster convergence with respect to
the number of empty bands, we used the static remainder approach of Ref. [I70]
(“exact_static_.ch” flag set to 1). As a substep, we calculated the static inverse
dielectric function by employing a cutoff energy of 20 Ry for reciprocal lattice vec-
tors and summing over 500 bands. Finally, we obtained the GyW, energies of 27
valence and 27 conduction bands by summing again over 500 bands and using the
same plane-wave cutoff as before. Then, for use in the ensuing BSE calculation,
we recalculated the static inverse dielectric function applying the same settings as
above, but without the NNS subsampling.

For solving the BSE, we considered 27 valence and 27 conduction bands in the
construction of the direct and exchange kernel matrix. Note that for solving the
BSE, we calculated wave functions on a finer BZ mesh, 10 x 40 x 1, and interpo-
lated the GoW, corrections and the direct and exchange kernel to the finer grid
(interpolating from the 27 coarse valence and 27 coarse conduction wave functions
to 20 fine valence and 22 fine conduction wave functions). Then, by fully diag-
onalizing the BSE Hamiltonian in the Tamm-Dancoff approximation, Eq. [2.215]
and restricting ourselves to excitations with center-of-mass momentum @ = 0, we
obtained the exciton energies and eigenvectors for optical excitations.
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Figure 5.7: In analogy to Fig. p.5} (a) simulated momentum map for S; of the
monomer and (b) the corresponding fixed-hole electron density |y (7., 7, = fixed)|?
(isosurface at 0.5% of maximum value). The hole has been fixed 0.5 A above a
carbon atom connecting the central thiophene rings, as indicated by the red crosses.
Panel (b) was created with VESTA [184].
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6 Exciton Photoemission of
a Type-II Organic Hetero-
Interface

6.1 Introduction

f by

Figure 6.1: Molecular structure of the studied systems. (a) and (b) show respec-
tively the isolated PTCDA and H2TPP molecules. (c¢) Top (d) front and (e) side
view of the PTCDA/H2TPP dimer. For clearer visibility the PTCDA molecule
is colored green and the H2TPP molecule is colored orange in (c¢). Atomic colors
in (a), (b), (d), (e): hydrogen:white, carbon:gray, nitrogen:blue, oxygen:red. Note
that H2TPP’s phenyl rings are twisted, forming a propeller conformation. Created
with VESTA [184].

Charge transfer (CT) excitons are highly relevant not only in naturally oc-
curring processes like photosynthesis [I88], but also in practical applications like
organic photovoltaics [I89], such that the study of related phenomena like CT ex-
citon transport in solids or the recombination process poses a promising endeavor.
As a powerful experimental technique, trARPES can be used to study the forma-
tion and decay of CT excitons by measuring momentum-space fingerprints of the
excited state as a function of the pump-probe delay time.

In this chapter, photoemission momentum maps (k-maps) are simulated for
a model hetero-organic interface system. We choose PTCDA and H2TPP as
the molecules forming the interface since the specific level alignment of the two
molecules makes the existence of low-energy charge transfer (CT) excitons very
likely. As shown below, the system indeed exhibits two distinct low-energy CT
excitons, making it a promising test system for the study of ultrafast exciton for-
mation and decay dynamics via ultrafast trARPES experiments. Experimentally,
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such an interface can be realized by adsorbing a (or multiple) film(s) of PTCDA
on a Cu(001)-20 substrate [10], followed by the deposition of an H2TPP molecular
layer. Since the calculations in this chapter are performed on a gas-phase theory
level and for a single PTCDA/H2TPP dimer, we choose one particular dimer ge-
ometry which is expected to mimic the geometry of extended films. The individual
molecules as well as the chosen dimer geometry can be found in Fig. [6.1]

Note that the usage of molecular clusters as a first stepping stone towards a full
simulation of extended molecular layers is motivated by the findings of Chapter [
As was shown there, already photoemission simulations involving small molecular
clusters can be able to reproduce experimental momentum patterns of extended
molecular layers with qualitative agreement. Crucially, it was found that the used
molecular cluster must be large enough to sufficiently account for intermolecular
interactions. In our current system, the interaction between neighboring PTCDA
molecules and neighboring H2TPP molecules is expected to be less relevant than
the interaction between the tilted 6T molecules of Chapter 5| thus justifying the
usage of a single molecule from each molecular layer.

We begin by focusing on quasiparticle GW energies and show how the energy
levels of the dimer are related to those of the monomer systems. In agreement
with this assignment of the dimer orbitals we then identify the low-energy excitons
of the dimer as CT excitons and the energetically higher-lying excitons as Frenkel
excitons. Finally, we analyze photoemission fingerprints of the various dimer exci-
tons and show how the experimentally-observed photoemission signal may change
under a decay from the optically active Frenkel excitons to the optically dark CT
excitons.

6.2 Quasiparticle GW Energy Levels

Having performed the necessary ab initio calculations (details can be found in
Sec. , we start the analysis of the dimer system with a comparison of the GW
quasiparticle energies obtained for it, as compared to GW energies of an isolated
PTCDA molecule and an isolated H2TPP molecule, Fig. [6.2 First, comparing
the two monomer systems, we find a type-II level alignment of the PTCDA and
H2TPP frontier orbitals, that is, we find the following energetic order: HOMO
of PTCDA < (HOMO-1 and) HOMO of H2TPP < LUMO of PTCDA < LUMO
of H2TPP. Based on this ordering, and assuming little hybridization in the dimer
orbitals (such that each dimer orbital in the relevant energetic domain is effectively
an orbital of one of the monomers), we can expect the dimer’s HOMO to sit on the
H2TPP molecule, while its LUMO should sit on the PTCDA molecule. As shown
in the center of Fig. [6.2] this is in fact the orbital structure we found (via Kohn-
Sham DFT + GW) for the dimer: using Loewdin population analysis, each dimer
orbital was partially assigned to the PTCDA or H2TPP molecule, with the result
that the orbitals in the shown energy range of [-8 eV,0 eV] are all mostly located
on only one of the two molecules, with the HOMO and HOMO-1 being located
on the H2TPP molecule and the LUMO on PTCDA. Note that, for each dimer
orbital, the sum of PTCDA and H2TPP contributions shown is not 100%, which
is an artifact resulting from the omission of atomic orbitals contributing less than
0.1% to the dimer orbital. In addition to the energetic ordering, by looking at the
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Figure 6.2: GW orbital energies of PTCDA, PTCDA/H2TPP dimer and H2TPP.
The GW quasiparticle energies are shown on the left (green) for the PTCDA
monomer and on the right (orange) for the H2TPP monomer. The orbital energies
of the dimer are shown in the middle, where the vertical line corresponding to each
orbital has been colored based on a Loewdin population analysis, thereby showing
what percentage of the orbital is sitting at the PTCDA (green) or the H2TPP
(orange) molecule.

orbital’s wave functions, the HOMO and HOMO-1 of the dimer can respectively be
identified with the HOMO and HOMO-1 of H2TPP, and the dimer’s LUMO can
be identified with the LUMO of PTCDA. Note additionally, since they will become
relevant later, that the HOMO-2 of the dimer can be identified with the HOMO of
PTCDA and the (almost degenerate) LUMO+1 and LUMO+2 of the dimer can
respectively be identified with the (almost degenerate) LUMO and LUMO+1 of
H2TPP.
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6.3 Frenkel and CT Excitons
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Figure 6.3: Composition of dimer excitons. For the first 7 excitons (m) of the
dimer (rows), the composition in terms of valence to conduction transitions (v — c)
given by the Bethe-Salpeter equation (BSE) eigenvector via ‘Xch ? is shown. Each
column corresponds to a specific transition, where the names of the dimer orbitals
have been colored based on Fig. orbitals mostly located on PTCDA are colored
green, orbitals mostly located on H2TPP are orange. Here, “L” refers to the
dimer’s LUMO, “H” to the HOMO, “L+1" to the LUMO+1, and so on. For each
exciton m and transition v — ¢, the corresponding field is colored by the location
of the valence orbital (upper half) and conduction orbital (lower half), where the
opacity is determined by the strength of the transition in the exciton, | X7, ? Tf the
transition strength is larger than 0.05, its value is explicitly written into the field.
As can be seen from the figure, excitons 1 and 2 (S; and Ss) are CT excitons with
the electron being located on PTCDA and the hole being in both cases located
on the H2TPP molecule (in the HOMO and HOMO-1 orbital, respectively), while
the other five excitons are Frenkel excitons, with exciton 5 (S5) being located on
PTCDA and the other four being located on H2TPP.

With the dimer’s HOMO and HOMO-1 being located on H2TPP and the LUMO

on PTCDA, we expect the system to exhibit low-energy charge-transfer (CT) ex-

citons. Having computed the low-energy eigenstates of the BSE Hamiltonian (see

Sec. , the composition of the dimer’s first 7 excitonic states is shown in

Fig. [6.3] In particular, the contribution of the valence to conduction transition

v — ¢ for each exciton m is given by the solute square of the) corresponding
5.3)

eigenvector element ‘X{]}C 2 (compare Sec. . Note that, for a given exciton m,
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the sum of the elements can be larger than 1, since we did not use the Tamm-
Dancoff approximation, and the BSE eigenvector including de-excitations {Y} is

normalized to (compare Eq. |C.71):

Sl = =1 (6.1)

Note however, that ) |X;’fc % s usually not much larger than 1, because de-
excitations usually contribute much less to the exciton. In fact, due to their rather
small contribution to the excitons under consideration (see Table and since
they are not directly included in the exPOT formalism Eq.[3.54] such de-excitations
are not further analyzed here. Focusing on the composition of the excitons in terms
of excitations v — ¢, we can then see from Fig. [6.3] that the two lowest-energy
excitons S7 and Sy are indeed CT excitons: S; is dominated by the HOMO to
LUMO transition, such that the hole is located on H2TPP while the electron sits
on PTCDA. For S; we get the same results, just with the hole residing in the
HOMO-1 instead of the HOMO.

The next five excitons are all Frenkel-type excitons, each located on a single
molecule only, with S5 being located on PTCDA and the other four on H2TPP. As
mentioned above, we can identify the dimer orbitals with orbitals of the monomer
system (see Fig. [6.2). Consequently, the five Frenkel-type excitons of the dimer
system can also be identified with excitons of the respective monomer system. In
particular, S5 of the dimer corresponds to S; of the PTCDA monomer system,
which is an almost pure HOMO to LUMO transition (‘X{;‘C > ~ 0.997 for v =
HOMO, ¢ = LUMO and m = S; of PTCDA). Similarly, S3, S4, Sg and S7 of the
dimer can respectively be identified with Sy, S5, S5 and S; of the H2TPP monomer
system, which can be seen when comparing with Fig. [6.6]

6.4 Momentum-Space Fingerprints of Excitons

Having determined that S; and S; are CT excitons, the next question is how to
access them in a measurement and obtain an unambiguous experimental finger-
print of their CT character. Table summarizes the low-energy excitons of the
monomer systems and the dimer. In particular, we can see that the S; and S,
CT excitons of the dimer are optically almost dark, that is, the transition dipole
moments are very small in all directions. The first bright exciton of the dimer is
the S5 exciton, which lies ~ 0.75 eV above the dimer’s S; and has above been
identified with the lowest-lying exciton, S, of the PTCDA monomer. Addition-
ally, another =0.5-0.65 eV higher in energy we find that the dimer’s Sg and S
(which have been identified with H2TPP’s S3 and S;) are optically very bright.
These effects arising from the strengths of the transition dipoles can also be seen
in the optical absorption spectra shown in Fig. [6.4] where we can clearly identify
the dimer’s absorption peaks with those of the monomer systems.
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Figure 6.4: Optical absorption spectra of PTCDA, H2TPP and the dimer. In
the shown energy-window, the PTCDA monomer’s spectrum is dominated by a
single absorption peak which is given by the optically bright S; exciton (2.52 eV)
of PTCDA. For the H2TPP monomer we see a very dominant absorption peak
produced by the S5 (2.99 eV) and 54 (3.08 eV) excitons of H2TPP, followed by a
higher-energy smaller peak which is dominated by the 57 (3.80 eV) exciton. For
the dimer, we find an absorption peak related to its S5 (2.42 eV) exciton, a very
high peak related to its Sg (2.93 V) and S7 (3.06 €V) excitons and a minor peak
related to its Sig (3.80 eV) exciton. For each optically active exciton, a vertical
line is shown, whose height is given by the exciton’s transition dipole moment
|d|? + |dy|* 4 |d.|* (velative to the ground state), where arbitrary units have been
chosen such that the highest line has a height of 1.0. Similarly, spectra have been
normalized such that the maximal height is 1.0. Note that, in contrast to Fig. [5.4]
the vertical lines have been normalized collectively and also the spectra have been
normalized collectively. Note that the highest calculated exciton of the dimer is
Sa0, which has an excitation energy of 3.92 eV (PTCDA: Sy at 5.73 eV; H2TPP:
Sao at 4.76 €V), such that possible absorption peaks beyond this energy have been
neglected from the spectrum.

Let us now focus again on the question of how to access the CT excitons in
a pump-probe ARPES experiments. Since they are both optically dark, we need
to pump the system to one of the optically bright excitons, hoping that energetic
relaxation results in a population of S; and/or Sy. Before distinguishing possible
pathways for a pump-probe experiment, a few comments are adequate: First, note
that we can see from Table 6.1 that the transition dipole of all optically active exci-
tons are in-plane (|d,|* ~ 0), — and in fact also each almost purely in x or y direction
— thus suggesting the use of a normal-incidence pump light with an appropriately
chosen polarization direction (or an s-polarized non-normal-incidence pump light
in combination with an appropriate azimuthal orientation relative to the sample).
Second, as detailed in Ref. [34] and below Eq. [3.54] the photoelectrons emitted
from a given exciton m may exhibit various kinetic energies which are determined
by the energetic positions of the valence orbitals which contribute to the exciton m.
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Table 6.1: Exciton energies and transition dipoles for PTCDA monomer, H2TPP
monomer, and dimer. As in Fig. the transition dipole moments have been
normalized (for all systems together), such that the larges value becomes 1.0 (see
S, of H2TPP).

System  Exciton Excitation Energy (eV) |d.|* |d,|* |d.|?

PTCDA Sh 2.517 0.000 0.603 0.000
PTCDA S 3.533 0.000 0.000 0.000
H2TPP Sy 1.937 0.006 0.000 0.000
H2TPP S 2.137 0.000 0.016 0.000
H2TPP Ss 2.991 0.793 0.000 0.000
H2TPP Sy 3.084 0.000 1.000 0.000
H2TPP Ss 3.439 0.000 0.000 0.000
Dimer Sy 1.669 0.003 0.000 0.000
Dimer S 1.895 0.000 0.015 0.000
Dimer Ss 1.971 0.003 0.000 0.000
Dimer Sy 2.147 0.000 0.004 0.000
Dimer Ss 2.418 0.000 0.200 0.000
Dimer Se 2.932 0.558 0.000 0.000
Dimer Sz 3.060 0.000 0.985 0.000
Dimer Ss 3.245 0.000 0.000 0.000

The momentum distribution for a given kinetic energy — corresponding to valence
orbital v —is, on the other hand, determined by the dominant conduction orbitals,
that is, the conduction orbitals {c} which are connected to the valence orbital v
via a large element of the (absolute square of the) BSE eigenvector, |Xg’fc 2, Third,
the following discussion describes how photoemission from pure exciton states is
expected to be observed experimentally. In the case of statistical mixtures (for
example of S; and Sy after relaxation, Sg and S7 briefly after the pump pulse or
any of the states involved in a possible decay pathway), the exPOT formalism can
still be used to disentangle the photoemission signal, see Sec. [3.3.10, Coherent su-
perposition states are however beyond the reach of the exPOT formalism presented
in Sec. [3.3] Thus, whenever the system enters a coherent superposition state, the
application of the formalism becomes problematic, until dephasing of the state has
occurred. In principle, any particular stage in the decay pathway may even be
more short-lived than the dephasing time, thus possibly (if the state at that stage
is a superposition state) making it inaccessible to the formalism. The estimation of
decay pathways, exciton lifetimes and dephasing times thus may become crucial to
predict experimental outcomes. Fourth, the upcoming discussion neglects a pos-
sibly substantial energy broadening of the probe pulse used in ultrafast trARPES
experiments, which would energetically “smear out” the discussed photoemission
data, possibly even leading to overlaps of otherwise energetically separated signals.

As a first pathway to reach the CT excitons, we discuss the optical excitation
of S5, followed by a relaxation to S; or Sy. As can be seen from Fig. these
three excitons are all dominated by a single transition, where in all three cases,
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the electron sits in the dimer’s LUMO. In the S5, the hole resides in the HOMO-2,
while in 57 and S5 it respectively sits in the HOMO and HOMO-1. Thus, if we
first occupy the S; via the pump pulse (Qpump ~ 2.42 e€V) and then transition
to the S; (S2), neglecting possible intermediary populations of other excitons, we
can expect to obtain k-maps derived by the dimer’s LUMO (which is PTCDA’s
LUMO), however at changing kinetic energies: using a probe energy w, photoemis-
sion from the S5 should result in a LUMO k-map at Ey;, = w —4.95 eV (compare
Eq. and Table [6.4)), while photoemission from the S; (S2) results in a LUMO
k-map at Ey, = w — 4.47 eV (B, = w — 4.51 V). Given that the k-map of
the LUMO is only mildly dependent on the kinetic energy (compare Fig. ,
such a transition from S5 to Sy (S2) would be experimentally observed as an ener-
getic blueshift(!) of the exciton photoemission signal by 0.47 eV (0.44 V), while
the photoemission angular distribution (k-map) would remain mostly unchanged.
More intuitively, this pathway can be understood as first creating an electron-hole
pair on PTCDA (corresponding to PTCDA’s S} exciton), followed by a transition
of the hole from PTCDA onto the H2TPP molecule (equivalently: followed by an
electron of H2TPP hopping onto PTCDA and filling the hole there, leaving a hole
on H2TPP). In this transition, the electron in the excited state remains in the same
orbital all the time (PTCDA’s LUMO), while the hole transitions (from PTCDA’s
HOMO to H2TPP’s HOMO or HOMO-1, depending on whether we transition to
S1 or Sg) Note that there is also a minor HOMO-1 to LUMO+2 contribution to
S5 (see Fig. [6.3)). If visible (compare the HOMO-1 to LUMO+1 transition of 6T
discussed in Chapter |5)) experimentally, it would appear as the LUMO+42 k-map
(which is H2TPP’s LUMO+1), located 0.96 eV above the main peak and should
disappear via the transition to S; or Ss.

Other possible pathways consist in first exciting Sg (Qpump ~ 2.93 €V) or S7
(Qpump ~ 3.06 ¢V) and then relaxing to the low-energy CT excitons. Photoemission
from Sg would be visible in terms of two signals: a LUMO+1 k-map at Ey, = w —
3.47 eV and an &~ 40% less intense LUMO+2 k-map at Fy;, = w—3.21 ¢V. Similarly,
photoemission from S7; would be visible in terms of two signals: a LUMO+2 k-
map at E, = w — 3.34 €V and an, again, ~ 40% less intense LUMO++1 k-map at
Eyin = w—3.08 eV. Through relaxation to S; or Sy, these signals would disappear,
with the LUMO k-map at the energies given above appearing. Thinking again
intuitively, in Sg and S7 we first create an electron-hole pair on H2TPP. In the
relaxation, the electron would then transition onto the PTCDA molecule (from
H2TPP’s LUMO and LUMO+1 to PTCDA’s LUMO), while the hole remains on
H2TPP and partially remains in the same orbital (it sits initially in HOMO and
HOMO-1 of H2TPP and afterward in either of them, depending on whether we
transition to Sy or Ss).

Regarding the pathways involving a relaxation from Sg or S7 to the low-energy
CT excitons, note that, as can be seen from Fig. the dimer’s LUMO (PTCDA’s
LUMO), LUMO+1 and LUMO+2 (LUMO and LUMO+1 of H2TPP) have very
similar k-maps, except that the LUMO+1’s k-map is rotated by 90° relative to
that of the LUMO+2 (and of the LUMO, in the chosen dimer geometry). Note
additionally, that PTCDA orders on the Cu(001)-20 substrate suggested in the
introduction in two rotational orientations that differ by a 90° in-plane rotation,
such that photoemission from the PTCDAs’ LUMO orbitals can be expected to be
correspondingly averaged [10]. As detailed above, a decay from Sg or S7 to the CT
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excitons is expected to show a transition from a LUMO+1 and LUMO+2 signal
to a LUMO signal. The time-dependent evolution of the observed photoemission
intensity angular distribution in such a decay thus strongly depends on the relative
orientation of the H2TPP molecules and the PTCDA molecules in the interface
structure of the experimental sample. If the H2TPP molecules were oriented as
in Fig. then the observed angular distribution would only change minimally,
while a rotation of the H2TPP molecules relative to the PTCDA molecules could
lead to a clear change — a rotation — of measured k-maps during the decay.

In principle, we can think of exciting even higher-lying excitons and analyze
what photoemission signal to expect from them. This is not done here, however,
since Sg and S; already demand a quite high pump-energy, possibly already higher
than what we expect to be able to produce in planned pump-probe experiments.

We conclude with three remarks: first, we have already established that a treat-
ment that takes into account the true, experimentally-observed relative rotational
orientation of the PTCDA layer and the H2TPP layer is crucial for a comparison
of the above analysis to experimental results. To further improve on the provided
analysis, it is however also important to take into account the true relative posi-
tion of PTCDA molecules and H2TPP molecules and the fact that H2TPP has
a larger area (when lying flat) than PTCDA, such that within some surface area
there are likely less H2TPP molecules than PTCDA molecules present. Having es-
tablished the existence of C'T excitons in the isolated dimer systems, it is crucial to
incorporate all these effects to determine the exact form of the multilayer’s exciton
wave functions and the corresponding photoemission signals. A cluster-based or
periodic treatment based on a realistic interface structure (possibly also including
multiple, differently-rotated H2TPP molecules per unit cell) is therefore advisable
for further theoretical analysis of the system. Based on our experience with the
6T molecule, compare Chapter [} a periodic treatment seems more promising here,
since cluster calculations there could only be performed with up to six molecules,
while the periodic treatment was possible using a 2 x 8 Brillouin zone mesh.

Second, note that an additional aspect to take into account is the geometry of
the multilayer system. When employing the structure suggested in the introduc-
tion, the uppermost layer of the system would be the H2TPP layer, followed by the
PTCDA layer(s) (and then the substrate). Now, as detailed above, photoemission
from the CT excitons S; and S, as well as the Frenkel-type exciton S5 is domi-
nated by emission of electrons from the LUMO, which is located on the PTCDA
molecule and thus not in the uppermost layer. As a result, the assumption of
a plane-wave final state may become problematic (see Sec. and could thus
necessitate the use of more sophisticated photoelectron states, see Sec. [3.3.4]

Lastly, the above discussion is of course not able to predict the decay pathway
that the optically pumped PTCDA/H2TPP heterostructure will take. We have
however seen in Chapter 5| that experimentally observed energy- and angular pho-
toemission intensity distributions of trARPES experiments can be well-understood
with our exPOT formalism. Based on the above analysis of photoemission finger-
prints of the various excitons of the heterostructure we are thus already well-
prepared to analyze trARPES data and assign a decay pathway to it.
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6.5 Summary

To summarize, we have seen that an isolated dimer consisting of a single PTCDA
and a single H2TPP molecule (in the geometry shown in Fig. exhibits two
distinct low-energy CT excitons. Though they are optically dark, excitation of
higher-lying Frenkel-type excitons followed by a decay could make them accessible
to pump-probe ARPES experiments. Such decay pathways are predicted to be
observable via distinct k-maps appearing and disappearing at distinct energies,
determined by the involved excitons (where an analysis in terms of the exPOT
formalism is possible within the usual constraints, as discussed in Sec. .

Thus, the system constitutes a promising candidate for the analysis of CT exci-
tons via ultrafast trARPES experiments. In order to further solidify the framework
presented here, additional theoretical analysis in terms of cluster calculations or
calculations using a realistic interface structure and periodic-boundary-conditions
as well as an analysis of the discussed decay dynamics in terms of exciton lifetimes
and dephasing times may therefore be worthwhile and are kept as future work.
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Figure 6.5:  Photoemission momentum maps of the PTCDA/H2TPP dimer’s
LUMO (first column), LUMO+1 (second column) and LUMO+2 (third column) at
kinetic energies of 10 eV (first row), 20 eV (second row) and 30 eV (third). Orbital
names are colored according to their assignment to the individual molecules (green:
PTCDA, orange:H2TPP). A dashed square (black in first row, white in second and
third row) is plotted above each k-map with the sides located at k, = +1.6 At
parallel to the £, axis and k, = £1.6 A~ parallel to the k, axis for simpler
comparison of different orbitals and kinetic energies. The k-maps shown here
were calculated as | F [¢.] (k)|?, with k vectors on the hemisphere defined by the
respective kinetic energy (compare text below Eq. and the description of
photoemission pathways given in Sec. . The probe-polarization prefactor has
been left out and maps are individually normalized to a maximum value of 1.

6.6 Computational Details

This section provides details on the density functional theory (DFT) and GW/BSE
calculations performed for (i) an isolated PTCDA molecule, (ii) an isolated H2TPP
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molecule and (iii) an isolated dimer composed of one PTCDA and one H2TPP
molecule. These calculations have been performed in a very similar fashion as the
6T monomer and cluster calculations presented in Sec. [5.6.1}

Throughout all three systems, ORCA 5.0.4 [143] [144] was used for ground-state
DFT calculations, where in all cases, the B3LYP hybrid functional [69} [70] was used
in combination with the Grimme D3 dispersion correction with the Becke-Johnson
damping scheme [73], [74]. As a basis, we again used the 6-311G* Gaussian-orbital
basis set [185], [186].

6.6.1 PTCDA

Focusing first on the PTCDA monomer calculation, the initial molecular geometry
was taken from the MOLECULAR ORBITAL DATABASE [190]. After an additional
geometry optimization with ORCA (using “TightOpt” convergence thresholds) —
the optimized geometry is shown in Fig. (a) — the Kohn-Sham wave functions
and energies obtained for the converged geometry (which barely changed from the
initial geometry) then served as a basis for the GW calculation. Using the FIESTA
code [145], we iteratively corrected (evGW) the first 20 valence and first 20 conduc-
tion orbital energies, while leaving the Kohn-Sham wave functions unchanged, until
self-consistency was achieved. Orbital energies beyond the HOMO-19/LUMO+19
were rigidly shifted by the HOMO-19/LUMO+19 correction, respectively. A small
selection of quasiparticle GW energies can be found in Table [6.2]

Finally, to obtain the system’s excitonic states, we used the FIESTA code to
solve the (static) BSE, Eq.[2.210 based on the GW energies and Kohn-Sham wave
functions. Since the small system size (as compared to the 6T hexamer cluster of
Sec. allowed for it, we did not use the Tamm-Dancoff approximation (TDA)
and therefore also included de-excitations in the exciton wave function (compare
Eq.[2.212). The BSE Hamiltonian was constructed using a 100 eV inclusion cutoff
for valence- and conduction orbitals, leading to the usage of 69 valence- and 383
conduction orbitals. By iterative diagonalization of the BSE Hamiltonian, we then
obtained the first 20 excitons of the PTCDA monomer.

Table 6.2: GW quasiparticle energies of the PTCDA monomer.
Orbital Energy (eV)

HOMO-1 -9.443
HOMO -7.724
LUMO -2.325

LUMO+1 -0.507

6.6.2 H2TPP

For the H2TPP monomer the completely same procedure and computational set-
tings as for the PTCDA monomer were used, making a separate description un-
necessary. Just note that the 100 eV inclusion cutoff used for the construction
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of the BSE Hamiltonian resulted in the usage of 112 valence- and 691 conduction
orbitals.

The optimized geometry is shown in Fig. [6.1|(b).

A small selection of quasiparticle GW energies can be found in Table[6.3] Note
that we can understand the orbital energies of H2TPP in more detail via the
following symmetry consideration: neglecting briefly the tilt of the phenyl rings,
the presence of the two central hydrogen atoms reduces H2TPP’s symmetry from
Dy, to Doy, and thus breaks apart otherwise degenerate molecular orbitals. In
reality, due to the tilt of the phenyl rings, the geometry can only be seen as
approximately Dop-symmetric or “even more approximately” Dg,-symmetric. Note
however, that for molecular orbitals with little density on the phenyl rings and
the central hydrogens, the approximate Dy, symmetry leads to almost degenerate
orbitals, as is the case for LUMO and LUMO+1 of H2TPP.

As reference for the main text, the composition of the H2TPP monomer’s first
four excitons is given in Fig. [6.6]

l { l {
1 1 1 1
4 0.42 0.61
3 0.59 0.35
c
2
k)
=
]
2 0.6 0.4
17 0.39 0.61

Figure 6.6: Composition of H2TPP’s excitons. In analogy to Fig. but now
only for the H2TPP molecule and in terms of its (monomer) orbital labels (compare

right side of Fig. [6.2).

6.6.3 PTCDA/H2TPP Dimer

For the construction of the dimer, we used the monomer geometries of PTCDA and
H2TPP calculated above and aligned the molecules by PTCDA’s short axis and
H2TPP’s central hydrogen-hydrogen axis. Next, all internal degrees of freedom
within each molecule were frozen, rendering them rigid. Finally, while prohibiting
translations in the x- and y direction and while prohibiting rotations, the distance
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Table 6.3: GW quasiparticle energies of the H2TPP monomer.
Orbital Energy (eV)

HOMO-2 -7.636
HOMO-1 -6.194
HOMO -5.949
LUMO -0.974

LUMO+1 -0.948
LUMO+-2 0.865

between the molecules (z direction) was optimized using the RIIGID code [191], 192]
(created by the author of this thesis as part of his PhD). The so-obtained geometry
is shown in Fig. [6.1)(c)-(e). The distance between the flat PTCDA molecule and
the flat porphyrin core of the H2TPP molecule was thereby obtained as 3.967 A.

Using the Kohn-Sham wave functions and energies obtained for the optimized
dimer geometry, we then again performed a self-consistent evGW correction with
the FIESTA code. We again explicitly corrected 20 valence and 20 conduction
orbital energies, while rigidly shifting the remaining orbital energies and leaving
wave functions unchanged. A selection of quasiparticle GW energies can be found
in Table [6.4]

Employing again the FIESTA code, we used a 50 eV orbital inclusion cutoff
for the construction of the (static) BSE Hamiltonian (resulting in the usage of 182
valence and 646 conduction orbitals), which we then again iteratively diagonalized,
again not using the TDA, to obtain the first 20 excitons of the dimer system. As
a reference for the main text, the overall weight of the de-excitations of selected
excitons is shown in Table [6.5

Table 6.4: GW quasiparticle energies of the PTCDA/H2TPP dimer.
Orbital Energy (eV)

HOMO-3 -7.814
HOMO-2 -7.364
HOMO-1 -6.402
HOMO -6.143
LUMO -2.276
LUMO+1 -1.284
LUMO+2 -1.233

LUMO+3 -0.457
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Table 6.5: Weight of de-excitations of low-energy excitons of the PTCDA /H2TPP

dimer.

Exciton Zv,c }Ym 2

v,C

Sy 0.001
S 0.003
Ss 0.007
Sa 0.007
Ss 0.019
Se 0.055
Sz 0.069

Ss 0.002
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7 Conclusion

We have successfully extended and implemented the framework of photoemission
orbital tomography for excitons (exPOT) to periodic systems, thereby allowing for
ab initio simulations of trARPES experiments involving materials that are highly
relevant for real-world optoelectronic devices but have until now been out of reach
of the formalism. Notable examples of systems that have as a result become accessi-
ble to exPOT are 2D semiconductors, molecular layers in which the intermolecular
interaction leads to a sizable band dispersion (in the order of a few tenths of an
eV) and systems where substrate-adsorbate interactions are important. While the
examples shown in this text focus on optically bright excitons, our approach is also
suited for excitons with finite center-of-mass momentum, thereby bridging the gap
between ab initio many-body theory and experimentally measurable momentum-
resolved spectra.

Focusing first on 2D semiconductors, photoemission from monolayer hexagonal
boron nitride (hBN), Chapter , served as a proof of concept for the extension of
the exPOT formalism to extended systems using periodic boundary conditions. We
have seen how the exPOT formalism leads to distinct photoemission intensity pat-
terns for photoemission from a pure excitonic state, with the photoemission energy
dispersion being governed by the hole states. Conversely, the photoemission matrix
element is given by a linear combination of Fourier-transformed conduction-band
wave functions, weighted by components of the exciton’s Bethe-Salpeter equation
(BSE) eigenvector. This way, a direct link between the photoemission intensity and
ab initio quantities obtained from GW /BSE calculations is formed. By simulating
photoemission from a two-dimensional subspace of degenerate excitons, we have
additionally shown how the pump pulse’s polarization determines which specific
excitonic state within this subspace is created by the absorption of the pump pulse,
leading to a direct influence of the pump polarization on fine details of the exciton
photoemission angular distribution.

While the hBN example serves as a more didactical example for our formal-
ism, a comparison to experimental data was necessary to assess the viability of the
approximations made throughout the derivation shown in Chapter [3 In Chap-
ter [5| we therefore compared exPOT simulations to experimental data obtained in
trARPES experiments involving four layers of sexithiophene (6T) molecules ad-
sorbed on a crystalline substrate. Photoemission simulations from excitons of a
free-standing periodic layer were able to reproduce the experimentally obtained
photoelectron momentum patterns, therefore proving the suitability of our for-
malism for practical applications. In particular, we showed that the electron-hole
correlation of the excited state created by the pump pulse must be included in the
simulation in order to reproduce the distinct experimental momentum pattern.
We also performed photoemission simulations based on molecular clusters, which
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also showed good agreement with the experimental momentum pattern. Quanti-
tative agreement with experimental data was however best for the free-standing
monolayer-based simulation, thus confirming that molecular clusters can be used
as a first estimate for exciton photoemission from extended systems, while a pe-
riodic treatment is advisable when inter-molecular interactions lead to a sizable
band dispersion.

Finally, in Chapter [0, we simulated exciton photoemission from a dimer con-
sisting of a single PTCDA and a single H2TPP molecule, serving as a first step
towards the investigation of photoemission from charge-transfer (CT) excitons in
type-II organic hetero-interfaces. We found that the dimer exhibits two distinct,
low-energy CT excitons which are optically dark. Higher-energy Frenkel-type exci-
tons have, however, been found to be optically active such that the system may first
be pumped to these excitons, which subsequently decay into the CT exciton states.
The PTCDA-H2TPP interface is therefore found to be a promising candidate for
trARPES studies of CT exciton dynamics and more sophisticated photoemission
simulations based on the realistic interface structure are commendable.

To conclude, we have seen that the exPOT formalism for periodic systems is ca-
pable of reproducing and explaining experimental trARPES photoemission data on
a microscopic level by providing a direct bridge between photoemission intensities
and ab initio quantities. Further, our theoretical analysis has shown the predictive
strength of exPOT for the planning of state-of-the-art experiments on novel mate-
rials. In total, our formalism thus provides not only a sophisticated framework for
the analysis of experimental data but also a powerful tool for streamlining mate-
rial selection and determining key experimental parameters in frontier trARPES
studies.
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A Mathematical Background

Die Physik ist fiir die Physiker eigentlich viel zu schwer.

— David Hilbert
[Reid. Hilbert. Springer Verlag, 1996, S. 127.]

A.1 Hilbert Spaces

This section introduces single- and many-particle states and Hilbert spaces, as they
are used throughout this text. Additional details on many-electron states can for
example be found Chapter 6 of Ref. [42] or in Refs. [50, [75]. The used notions of
direct sums and tensor products can also be found in Refs. [86] 193] [194]. Details
on the Bloch theorem and periodic boundary conditions can for example be found
in Refs. [113, 195]. A treatment of theoretical surface science can be found in
Ref. [196].

A.1.1 One-Electron States

We begin with the Hilbert space[g_g] of a single electron, which is the vector space
whose vectors correspond to the physically allowed states of a single electron. In
the following we will show how we can obtain an orthonormal basis (ONB) of
this Hilbert space, which then allows us to express any physically allowed state
as a (unique) linear combination of the basis vectors. For clarity, we first treat
electrons as spinless particles and then add spin in a second step. The Hilbert
space of physically allowed spinless states is then given by:

L*(R?) = {cp ‘R®— C ‘ /R lp(r) 2 dPr < oo} (A1)

The norm of a state from L?*(R3) is defined as

tol = ([ rieere) (A2)

thereby allowing for the interpretation of |p|? as a spatial probability-distribution
(by normalizing the wave functions to ||¢|| = 1). Two states are said to be orthog-

98 A Hilbert space is a complete inner-product space [I97]. For simplicity, we do not consider
completeness throughout this section.
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onal, if their inner product (which induces the above norm)

(el = [ drimantr) (A3)

is zero.

In general, an ONB@ of any Hilbert space can be found by obtaining the eigen-
vectors of any Hermitian operator that acts on i@. In the main text we will
typically use the eigenvectors of the Kohn-Sham (KS) Hamiltonian (see Sec.
which consists of the kinetic energy operator and some scalar external potential v.
This operator acts on L*(R?) (unless we use spin-density functional theory where
it also acts on spin, see below) and as such its eigenvectors — which we obtain
by solving the corresponding Schrodinger equation — form an ONB of this space.
Note that this also holds true when using hybrid functionals in the GKS formalism,
where the Hamiltonian then additionally contains the (Hermitian) Fock exchange
operator (see Sec. . We distinguish in the following between gas-phase sys-
tems, where the atomic region is restricted to a small spatial region and periodic
surface systems (throughout the text simply called periodic systems), where the
atomic region extends infinitely in a plane, see Sec. [2.1.1]

Gas-Phase Systems

In the case of gas-phase systems, the atomic region is spatially confined to a small
volume (in our case a molecule or a molecular cluster). The bound states of the
system are then given by wave functions that are solutions of the Schrodinger
equation (in real space), vanish at infinity (boundary condition for Schrédinger
equation) and are elements of L?(R?). They are typically heavily localized in the
atomic region, quickly vanishing at distance. In addition to the bound states,
the Schrodinger equation admits scattering solutions or scattering states, whose
wave functions do not vanish at infinity [38]. That is, the scattering states are
non-normalizable and are thus not elements of L?(R?). They can instead be “nor-
malized” via the Dirac delta function, see Ref. [198].

The bound states and the scattering statesFEl together then form an ONBl@ of
L*(R3) [129] (see in particular Chapters 2 and 10 in Ref. [129] on the completeness
of scattering states in combination with bound states). In fact, L?(R3) can be
written as the direct sum (see Def. [7]) of a subspace spanned by the bound states
and a subspace spanned by the scattering states [129].

99 Where eigenvectors in degenerate subspace can always be chosen to be orthogonal.

100G ¢trictly speaking, the operator must be self-adjoint, see Ref. [I98]. As is common in physics
literature, we do not distinguish between these notions here and throughout this text. See also
Footnote on additional complications regarding the basis expansion.

101 Strictly speaking, a scattering state cannot be a basis element of L?(R?), since it does not
lie in that space. We will not further discuss this in the upcoming text, but note that we can
alleviate this nuisance by using the rigged Hilbert space construction [198]. Just like the bound
states are eigenstates with corresponding eigenvalues — which form the point spectrum — of the
Hamiltonian, we can then treat the scattering states as eigenstates with corresponding eigenvalues
— which form the continuous spectrum — of the Hamiltonian. Note also, that throughout this
whole text — including the main sections — we usually write basis sums via discrete indices for
simplicity, even though the basis may in fact also contain a continuous part, see Appendix

102With orthonormalization as discussed below. See also Footnote
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Lastly, for later comparison, the orthonormalization (with respect to Eq. |A.3))
of the basis states shall be given. Denoting bound states as {¢,} and scattering
states as {pg}, it reads (compare Refs. [129, [19§]):

<90n|90;z> = Onn’
<90k:’90k’> = 5("’ - k,)
(bnlor) =0 (A4)

Periodic Systems

In the case of infinitely extended surfaces, the atomic region stretches over an
infinite area in two directions but a finite interval in the third direction (which we
choose as the z direction). As detailed in Sec. we additionally assume the
atomic/nuclear structure to be in-plane periodic. As a result the effective potential
v in Kohn-Sham density functional theory (KS-DFT) is also in-plane periodic (see
also Sec. [2.2.6)), or, more generally (to also include the GKS scheme), the one-
particle Hamiltonian commutes with the in-plane translation operators. That is,
we define a surface unit cell and denote its in-plane unit cell vectors by a; and as
(area A.), such that the potential satisfies (generally: the Hamiltonian commutes
with translations built from a; and as):

v(r + aq)
v(r + asg)

v(r)

(r) (A.5)

This unit cell is then infinitely repeated in both in-plane directions to form an
infinite surface. This is the kind of system we use for simulations of photoemis-
sion from adsorbates on crystalline surfaces, where the sample is modeled by an
infinitely extended (in the in-plane direction) atomically thin (in the z direction)
substrate with the adsorbate sitting on top (see Sec. for details).

Let us now find the solutions of the Schrodinger equation for such a Hamil-
tonian, which then again form an ONB of L*(R?). To begin with, the infinite
surface’s in-plane symmetry allows us to use Bloch’s theorem, which states that
the solutions of the one-particle Schrodinger equation in a periodic potential (gen-
erally: if the Hamiltonian commutes with lattice translations) are given by (can
be chosen as) [195]:

Prg(T) = €9t (7). (A.6)

with v exhibiting the same periodicity as the surface atomic structure, the unit-
cell’s in-plane periodicity. Since the atomic structure is only in-plane periodic, the
Bloch functions are indexed by an in-plane Bloch momentum@ q (¢. =0).
Based on Bloch’s theorem, we now know how the solutions of the Schrodinger
equation look like. To actually calculate them, we now additionally invoke in-plane
periodic boundary conditions, which are in this context also known as Born-von
Kdrmdn periodic (BvK) boundary conditions [195]. That is, we define a finite

103Note that the Bloch momentum is at this point a complex-valued vector! Only when invoking
the periodic (or twisted) boundary conditions does it become real-valued [195].
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surface arealTE] consisting of N; and N» in-plane repetitions of the unit cell (re-
spectively, per direction) and demand solutions of the Schrodinger equation to be
periodic at the edges of this surface, that is:

o(r + Nia1) = ¢(r)
o(r + Naay) = () (A7)

This finite area can be understood as a cutout from the infinite surface (which
can be built from it via infinite repetitions in both in-plane directions) and is from
now on called the BuK area and its surface area is denoted by A. Via the above
boundary condition, we thus only find a subset of solutions of the Schrodinger equa-
tion, namely those that exhibit the demanded periodicity: starting from Eq.
and additionally invoking this in-plane periodic boundary conditions via the BvK
area, we then find that the allowed solutions are the Bloch functions with Bloch
momenta on the discrete grid (using the reciprocal lattice vectors by, by):

2

L .
qzzﬁbi, with n; =0,1,...,NV; — 1 (A.8)
i=1 "

Note that we can restrict ourselves to {g} from the first Brillouin zone or any other
primitive cell of the reciprocal lattice without loss of generality [195]. With this
in mind, we then simply say that q is from the Brillouin zone and assume some
volume has been chosen and is used consistently. Of course, if we want a complete
basis of L?(R3), we not only need this subset of solutions of Schrodinger equation,
but all of its solutions. We will get back to this later. For now, let us work on this
smaller grid of allowed Bloch momenta.

The boundary condition used in z direction then depends on the searched states.
To calculate the bound solutions of the Schrodinger equation we could in principle
invoke vanishing boundary conditions in the z direction. For computational reasons
(we can then use the same code packages that are used for bulk calculations),
however, we calculate them in practice in a roundabout way by using the repeated
slab approach in combination with periodic boundary conditions in z direction.
First, note that our atomic system is not periodic in z direction! It can be thought
of as being confined to a small interval in z direction, with bound states quickly
falling off outside that interval. Let us now choose a bigger interval, that encloses
the bound states, such that they are effectively zero (except for quickly vanishing
tails) outside that interval (in practice: enclose the atomic region and add vacuum
above and below it to form the slabm. We position our coordinate system such
that this interval starts at 2 = 0 and ends at z = L. Defining a3 to point in
the positive z direction and have length L, we then artificially repeat the atomic
structure in z direction, such that the resulting potential satisfies:

v(r + as) = v(r) (A.9)

104Tn this text we use the word (BvK) area to refer to both, a spatial region of the infinite
surface (the exact position does not matter due to periodicity), and the surface area of that
region. It is clear from the context which of the two is meant.

105Dye to z periodicity, only the total amount of vacuum matters, not how much of it was put
at either side individually. For simplicity, we often assume in the following text that the vacuum
is spread symmetrically, that is, the atomic structure is in the middle of the slab and bound
states vanish at z = 0 and z = L. A deviation from this convention is trivial.
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The potential is then periodic in all three dimensions (generally: the Hamiltonian
now also commutes with translations built additionally via a3) and the correspond-
ing three-dimensional unit-cell (unit-cell vectors a;, as and asz) is known as the
slab. This approach is known as the repeated slab approach, since the atomic
structure is now given by its structure inside the slab-like unit cell and is periodic
in all three unit-cell directions. We then use this artificial potential (or: artificial
Hamiltonian) and search for solutions of the Schrédinger equation that share the
same periodicity in z direction,

o(r+az) = o(r), (A.10)

and vanish in the vacuum region between two repetitions of the atomic structure.
Note that the vacuum used in the calculation must therefore be large enough to
allow the wave functions to vanish in between two repetitions of atomic structure
(states that do not vanish in between two repetitions would describe spurious
interactions between the repetitions.). To make sure the wave functions vanish in
it, we use in practice not only a large vacuum (> 10 Ain total) but also additional
decoupling techniques, see Secs. and . On the z interval [0, L], the so-
obtained states should then be practically identical to the bound states we would
have obtained by using vanishing boundary conditions! Outside that interval they
of course vastly differ, with the “real” bound states featuring quickly decaying tails,
while the so-obtained states are repeated periodically. When instead setting the
so-obtained states (manually) to zero outside [0, L] they are then practically (and,
for our purposes, sufficiently) identical to the “real” bound states for all z € R.
When performing integrals over z € R and the integrand contains a bound state —
calculated as described above — we can then restrict the integration to z € [0, L].

Having found a way to calculate the system’s bound states, we next focus on
its scattering states. They can be found by using the same treatment for the in-
plane directions, but invoking scattering boundary conditions in the z direction.
We will not go further into their calculation. Details can for example be found in
Refs. [127, 128 130] and in Sec. [3.3.4]

As mentioned before, when invoking the in-plane periodic boundary conditions
Eq. [AT7 we only find a subset of all solutions of the Schrodinger equation, namely
those with Bloch momenta given by Eq. [A.8 A way of obtaining all solutions
is then to calculate bound- and scattering states as described above and taking
the thermodynamic limit Ny, Ny — oco. In this limit, the boundary conditions of
Eq. cease to be a restriction on the wave functions and we thus obtain all
solutions of the Schrodinger equation (stated differently: by increasing Ny and Ny
we can obtain an “arbitrarily complete” set of orthonormal functions). As can
be seen from Eq.[A.8] this limit is accompanied by the grid of allowed Bloch mo-
menta becoming infinitely dense, such that the allowed momenta become effectively
continuous (but still restricted to the Brillouin zone without loss of completeness
[195]). All the bound and scattering states for all the (continuously spaced) Bloch
momenta then together form an ONBITE] of L*(R?). Thus, any physically allowed

106The states are delta normalized (see below), since these states, bound and scattering states
alike, are all non-normalizable and thus not physically allowed states of a single electron — that
is, they are not elements of L2(R?). This is not a surprise, since the model system we are working
with — an infinitely extended surface — is unphysical in itself. Still, they form a complete ONB
and (subsets of them) can be used for (quadrature) integrations, see Appendix See also

Footnotes @ and
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state can then be written by a (unique) linear combination of these states.

For completeness, we shall again give the orthonormalization (with respect to
Eq. . Denoting the bound states as {¢, 4} with in-plane Bloch momentum gq
and band index n and the scattering states as ¢ (compare Refs. [127, [128] [130]),

we write (compare Eq. [A.4)):

<90n,q ¢n’,q/> = 5n,n’§<q - q/)
<90k|<ﬁk’> = 5(k - k,)
(Pngler) =0 (A.11)

Lastly, note that it will occasionally become useful to remember that on its
inside, a macroscopically sized but finite surface (think of it like a cutout from
the infinite surface) closely resembles the infinite surface! In particular, we can
expect its bound states to closely resemble (in the inner region and above and
below that inner region) those of the infinite surface, except near the lateral sides
of the finite surface (and of course beyond those edges, where they should vanish).
To see this explicitly, let us assume that the finite surface is composed of N; and
Ny (both macroscopically large) repetitions of the surface unit cell. Since we are
only interested in its interior region, the shape in fact does not matter, so this
is not a restriction. Additionally, we demand wave functions to satisfy periodic
boundary conditions Eq. at the lateral sides. While this may be seen as a
restriction on the wave functions, note that this condition becomes irrelevant in
the thermodynamic limit Ny, Ny — oco. Thus, already for macroscopic systems, we
can expect that it effectively does not affect wave functions on the interior. Finally,
note that on its inside, the system appears translationally invariant, which only
breaks down in the small region near its edges. Thus, to good approximation, the
situation is the same as in the case of an infinite surface with enforced periodic
boundary conditions on a finite (BvK) region and the bound states of the finite
surface should — in the interior region — thus closely resemble Bloch orbitals Eq.
with Bloch momenta given by Eq.[A.§]

Spin

Until now, we have treated electrons as spinless particles. We now include spin in
our formulation: since electrons are spin-1/2 particles, electronic spin is described
via the Hilbert space C?, where we, by convention, choose the physical states of
spin-up in z direction, |1), and spin-down in z direction, |}), as our (orthonormal)
basis of C2. Physically allowed one-electron states are thus elements of the position-
spin Hilbert space:

H, = L*(R?) ® C? (A.12)

This is the Hilbert-space tensor product of L?(R3) and C?, which is abstractly con-
structed in the following (basis-dependent) way (compare Chapter 17 in Ref. [80]):

Def. 6. Let VV and W be two Hilbert spaces over K. Let {|v;)}; and {|w;)}; be
bases of the spaces, respectively. Then, the tensor product Hilbert space V@ W
is a vector space over K and is spanned by the basis {|v;) ® |w;) }; ;. Additionally,
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we define the tensor product of vectors, where, if |v) € V and |w) € W and
o) =) i fvs)
wy =" d; [wy),
J

we write
0) ® |w) =Y eid; o) @ |wy)
i,J

thus obtaining an element of V' ® W. Note that the basis elements of V @ W
are initially defined in a symbolic fashion (for every pair (|v;),|w;)) of basis
elements from V and W, there is a basis element in V' ® W which we denote
by |v;) ® |w;)). The tensor product of vectors then tells us how elements of V'
and W are related to elements of V ® W. To make it a Hilbert space, the inner
product on V' ® W is then defined for |v),|0) € V and |w) , |w) € W as

(0, W0, ) gy = (V[0)y, (WD),

where we introduced notation |v, w) = |v) ® |w). Trivially, if the bases of V' and
W are orthonormal bases, then so is the obtained basis of V @ W.

In the present case, we use {¢;} as an ONB of L?(R3) and {7, ]} as an ONB
of C? (both are vector spaces over C). Then the tensor-product Hilbert space is

spanned by an ONB that we obtain by combining all basis elements of L?(R?) with
all basis elements of C? (s =1, ]):

{lvi) ® )}, (A.13)

where |¢;) ® |s) describes the state of an electron in the spatial state/orbital o;
with spin s. States of the form [¢) ® 1) and |¢) ® |]) for a generic spatial state
@ are known as pure spin-up and pure spin-down orbitals. A generic state in this

space is then given by
() =D cislei) @1s)
ios=1l

=D 2 cislois), (A.14)
i s=t

where we used the compact notation of Def. [6] in the second line. Projecting onto
(r, s| (which is a vector in the tensor-product space), we get:

W(r,s) = (r,s|e) =Y cisi(r) (A.15)
It is then common to write the projections on s =1 and s =] for a given position
7 as a column vectorl Ok

g e(r, 1) ) ( 2 Cinpi(T) )
)= = ’ A.16
in=(n )= (& (410
107Viewed differently, we do not project onto a spin-state at all and simply use coordinate-

representation in the chosen spin-basis, with the first/second coordinate corresponding to the
spin up/down basis element.
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Such generic states are known as spinor orbitals.
Lastly, note that the inner product (and the induced norm) is usually expressed
via the spin-position basis:

Walt) = 3 / &1 (alr, 5) (. 5|ty)

s=T.l

= Z /R3 drpi(r, 8)by(r, s) (A.17)

s=T,}

To conclude, note that we in practice (in the main text) usually find our one-
electron basis states using Kohn-Sham density functional theory (DFT). Instead
of first searching for solutions of a spin-independent Schrodinger equation and
then simply adding spin on top (which corresponds to KS-DFT as presented in
Sec. [2.2.4]), we may from the beginning work with a Hamiltonian that is nontrivial
in spin-space (as in spin-density functional theory) to obtain an ONB of position-
spin space in terms of spinor orbitals. An overview of the different ways in which
spin can be treated in KS-DFT is given near the end of Sec. 2.2.4]

A.1.2 Many-Electron States

Denoting the one-electron (spin-position) Hilbert space introduced above as H,
the Hilbert space Hy of N electrons is then simply given by the tensor product of
N one-electron Hilbert spaces, which is commonly written as:

Hy = HPY (A.18)

An ONB of this Hilbert space can be constructed as shown above. That is, if {¢;}
is an ONB of H;, then an ONB of Hx can be constructed by taking all possible
combinations of N one-electron basis elements:

where we again used the compact notation of Def.[f] An arbitrary N-elelctron state
in this space is then again a (normalizable, see Footnote linear combination
of these basis states.

Note that this is not yet the Hilbert space we work with in practice, since we
need to additionally satisfy the symmetrization postulate, which says for electrons
(which are fermions), that only antisymmetric N-electron states are physically
allowed [42, [50], [75]. Let us first define the antisymmetrization operator A if
Y1, Y9 etc. are arbitrary elements of H,, so, arbitrary one-electron states, then
|41, %2, ..., ¥n) is an element of Hy (see tensor-product of vectors in Def. [f]). The
antisymmetrization operator then acts on this state as:

I [41, Yo, N) = [y, V), - - Yiewy )
i— L N~y
A_m;( 1)MT

W1, Pn, . UN) g = A1, s, )

1

\/_Z D)MIT by, 1o, - ) (A.20)
S
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where the sum runs over all N! permutations of {1,2,..., N} and |II] is the number
of transpositions in the permutation. Note that we can immediately see

|¢17¢27"'7¢i7"'7¢j7"'7¢N>A: _|¢17¢27"‘7¢j7"'7wi7"'7¢N>A7 <A21)

since swapping two orbitals simply adds one transposition to each permutation and
thus an overall —1 sign. In the same way we directly find [75]:

A = All = (—1)" A (A.22)

For reference, also note the action of the antisymmetrizer on the tensor product of
a one-electron state ¢ and an antisymmetrized N-electron state |9, s, ..., ¥N) 4

Al) @ [, 6, . o) 4 = ﬁ S AT
= VN |th, 1, 9, - ) 4 s (A.23)

where, in the first line, we implicitly replaced the N-electron permutation operator
by the equivalent N + 1-electron permutation operator (which only mixes the last
N states, without the first one).

The space H4 of antisymmetric N-electron states is then obtained from Hy by
using the latter’s ONB and antisymmetrizing each element of that basis to form a
complete set of states in H#;, which is then given by:

{‘¢i17¢i27---7¢iN>A} <A24)

Note that H4 is a subspace of Hy and inherits the inner product that it needs
to be a Hilbert space. The state [t)1, 9, ..., %n) 4 is then an element of H% and
is interpreted as the state of an N-electron system, with one electron in state 1y,
one electron in ¢y and so on. From Eq. [A.21] we find that antisymmetric N-
electron states spanning H4 cannot contain any two identical one-electron states
— a result famously known as the Pauli principle (e.g., for N = 2, |¢;, i) , = 0).
Additionally, we can see from Eq. that two antisymmetric N-electron states
built from the same one-electron states but in a different order/permutation, are
identical, except for a possible global phase difference of —1, and thus represent
the same physical state, such that we can drop all but one of those states from the
set {|@i,, iy, - - -+ Piy) 4} Without losing completeness in Hyy. With these points in
mind, an ONB of H% is then given by [42] (orthonormality follows through from
the original basis):

|Pir s Pins - -y Din) 4y 1 <dg < - < iy} (A.25)

Note that at this point we must know a way to index the one-particle orbitals to
allow for a unique ordering of them, which we then use consistently. This can for
example be done by ordering them energetically (with some “tie-breaker” in the
case of a degeneracy) and will become very relevant in the next section.

While not treated here explicitly, note that the electron-nuclear states of Sec.
(in particular also before invoking the Born-Oppenheimer approximation) can be
constructed in the same fashion, by first constructing a nuclear Hilbert space (via
tensor products) and then building the tensor product between the nuclear and
the electronic Hilbert space.
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A.1.3 Fock Space

Using the ordered one-electron states, the (orthonormal) basis elements of H4 can
also be written ad™

|7’L1,712, .. > =

11 ¢?i> , (A.26)
i A

with
n;, =0or1

> ni=N, (A.27)

where the first condition stems from the Pauli principle mentioned above and the
second condition is needed to restrict ourselves to N-electron states.

When dropping the second condition, we obtain the (orthonormal) occupancy
number basis of the Fock space, which is the Hilbert space obtained from building
the direct sum of the 0-electron- (Vaucuum)@7 1-electron-, 2-electron-, etc. Hilbert
spaces [75]:

F =z, (A.28)
N=0

where we use the (basis-dependent) definition of the direct sum of Hilbert spaceq ™}

Def. 7. Let V and W be two Hilbert spaces over K. Let {|v;)}; and {|w;)}; be
bases of the spaces, respectively. Then, the direct sum Hilbert space V & W is a
vector space over K and is spanned by the union of the bases of V' and W into
one set forming the basis of V @ W. Additionally, we define the direct sum of
vectors, where, if |v),, € V and |w),, € W and

’U>V = Z Ci |"Ui>v
W)y = Zdj Wiy

we write

[v)y @ [w)y, = Z Ci|vi)yow + Zdj W) yaw

1 J

thus obtaining an element of V @ W (where we temporarily added indices to
clearly show which spaces the vectors belong to). Note that the basis elements
of V.@ W are initially defined in a symbolic fashion (For every basis element
[v3),, of V, there is a basis element of V' & W, which we denote by |v;),,y,. The
same goes for the basis elements of W.). The direct sum of vectors then tells

1% Where we introduce compact notation |[], ¢1"") , = |¢i,, Pis,---) 4, where n; = 1 for all
orbitals included on the right and n; = 0 else.

109Note that the vacuum state is not the zero vector of the Fock space.

H0VWhile a basis-dependent formulation is not the most elegant one, it fits our purposes. It is
easily seen that this definition fulfills the properties of a direct sum as given in Chapter 17 in
Ref. [80].
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us how elements of V' and W are related to elements of V & W. To make it a
Hilbert space, the inner product on V' @ W is then defined for |v),|0) € V and
lw) , |w) € W as

(v +wlo 4+ )y gy = (V[0)y, + (W]D)y,
where we introduced notation |v 4+ w) = |v) @ |w). Trivially, if the bases of V'
and W are orthonormal bases, then so is the obtained basis of V & W.

Note that, since the basis of the Fock space is simply the combination of all
individual basis sets (of the O-electron, 1-electron, etc. Hilbert spaces) into one, a
generic vector in the Fock space is simply given by a (direct) sum of a O-electron,
a 1-electron etc. state (linear coefficients can be absorbed into the individual N-
electron states). The Fock space is thus able to describe quantum systems with
a variable particle number (we talked here about electrons, but these concepts
can of course also be used for other types of particles). We can traverse between
Fock-space sectors with different numbers of particles via the creation operator [75]

il |ny,ma, ) = (=1)Z551" |0y ny o e + 1,2 ) o (A.29)
which adds an electron in orbital a and the annihilation operator [75]
da |n17 na, .. > = (_1)23;11 " |n1a ng,...,Naq — ]-7 = > 67La,1 (A30)

which removes an electron from orbital a. Note that the creation operator destroys
the state (via the Pauli principle) if n, = 1 while the annihilation operator destroys
it if n, = 0. Occasionally we also use the particle-number operator [75]:

ﬁa |7’L1,77,2, .. > = &L&a ]nl, Na, .. >
= ng [n1,n9,...) (A.31)

For reference, note also the relation between the antisymmetrizer and the creation
operator:

A|¢a> ® |¢i1a¢i27 cee 7¢iN>A =V N! |¢a7¢i1a¢i2a s 7¢7;N>A
= VNI(=1)Z55 0y nay e + 1,2 ) o
== \/N!&L‘?’Ll,ng,...>, (A32)

where we used Eqs. [A.23] the Pauli principle and [A.21]
To conclude, note that, since it can describe states with a variable number

of particles, the Fock space can be used for the study of open quantum systems
or, for example, in effective theories when working with quasiparticles (where for
example a physical N-electron system can be described via a state containing
zero, one or multiple excitons, see Sec. . In the other parts of this text we
routinely use operators defined on the Fock space (creation/annihilation operators
or the Hamiltonian of Eq. , which allows us to efficiently traverse between
N-electron and N +1-electron states. We however never create superposition states
of different-electron-number states from the different sectors of the Fock space!
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A.1.4 Operators in First and Second Quantization

To conclude, we briefly show the action of one-particle and two-particle operators
on the antisymmetrized N-electron Hilbert space H4. Details can for example be
found in Refs. [42, [75].

One-Particle Operators

A linear operator O is termed a one-particle or single-particle operator if it is of
the form:

N
=1

where the {0;} (acting on Hy) are in principle all the same operator 6 (acting on
H1) and only differ in the “position” they act on. That is, for a simple product
state in Hy (thus not an element of H4 ), we have:

0i ([11) ® |12) @+ @ |1hy) @ -+ @ |hn)) = [th1) @ |[1h2) @ - @O [th) ® -+ @ [¢hw)
(A.34)

It is then trivial to see that O and the permutation operator I1 commute and thus
that also O and A commute! Thus, we have (using Eq. |A.20):

OA|¢17¢27"'7¢N>A:OA 17¢27"'7¢N>

A

|
N
=1

Azaz |¢17¢27"‘7¢N>

A1) @ [he) @ - @6 |h) @ -+~ @ [n)),  (A.35)

M-

=1

where we used linearity of A to get to the last line. Action of O on a generic
state in Hiy follows equivalently by expanding it in the basis Eq. and using
linearity of O. ) )

Note, that the fact that O and A commute leads to simple and well known

expressions like (compare Eq. [2.26)):
N N
{r}a D _pil0) = ({r}AD 5| 0)
i=1 i=1

=Y ({rHpAlw)

—iV,; ({r} A)

WE

1

<.
I

M-

SV, (], ). (4.36)

=1

where we used that the antisymmetrizer is Hermitian [126]. The same holds for
the two-particle operators below, see for example Eq. [2.28]
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The formulation shown above is known as the first-quantized formulation of the
operator O. Equivalently, its action on H% can be written in second quantization
as:

O = ZOZ“

Oij = <¢il 0l9;) (A.37)

for any orthonormal basis {¢;} of H; with corresponding creation and annihilation
operators. Notably, if we started with an M-electron operator O = Z L 0; with
M +# N, the resulting second-quantized version would look the same! In other
words, the second-quantized expression directly has a well-defined meaning on the
whole Fock space Eq.[A.28] The same holds for the two-particle operators and the
electronic Hamiltonian shown below.

An example of such a single-particle operator can be found in Egq. or in

Eq. B.19,

Two-Particle Operators

We often also encounter two-particle linear operators of the form@:

o(r;, 1) = o(r;, 'fil (A.38)
We can trivially see that O again commutes with IT and /l, such that:
O 1, a, ... ) 4 OA|¢1,w27---,¢N>
N
- Z o(P, 75) [Y1, %2, ., Yw) (A.39)

Note that o(7;, 7;) |11, s, . .., %) is in general not a simple product state anymore
but rather a linear combination of product states. More importantly for us, the
action of O on H4 can be written in second quantization as:

O: E O”klaaalak

.5,k

0= % / S /R G, 9)85 0 Yo )60, ol #) (A0

s=T, '=1,1

H1Note that we restrict ourselves to spin-independent interactions, which is the type of two-
particle operators we explicitly treat in the main text, see Eq.
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Electronic Hamiltonian

To conclude this section, we write the electronic Hamiltonian of Eq.

H, = Zh+ ZZ _T|

=1 j= 1,]7&
— A4l
pz Z - Rk| (A.41)

in second quantization. For the single-particle term we find:

U (), (A.42)

where we used the notation of Eq. and the quantum field operators Eq. [2.119]
For the two-particle term we similarly get:

—Z Z = 2 [ @) il

=1 j= 1]#1 ,7,k,1

A.2 Notation for Basis Expansions

Throughout this text, we routinely encounter expansions in terms of or summa-
tions over one-electron basis sets. See for example the definition of quantum field

operators in Eq. [2.119;

= Z ¢i(w)a; (A.44)

We usually write these expansions in terms of summations over discrete one-
electron states/orbitals. Now, as is detailed in Appendix [A.1.1} a one-electron
basis set can be obtained by solving a one-particle Schrodinger equation (usually
via Kohn-Sham DFT) and the resulting basis set generally contains scattering
states belonging to the continuous spectrum. For the case of an infinite surface,
even the basis states we call “bound” states are indexed by a continuous Bloch
momentum. As a result, when using such a one-electron basis, expressions like the
discrete summation have to be understood in a symbolic way while the exact ex-
pression would also contain an integral over the continuously indexed eigenvectors
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[198]. For example (assuming orthonormality and Dirac delta normalization as in
Ref. [I98] or Eq. [A.4]), the quantum field operators become:

U(w) = Y oula)i + / daga(2)ie (A.45)

In principle the same also goes for expansions via many-electron states, compare

for example Eq. [2.129]

A.3 Functionals

We start from the usual definition of a (scalar-valued) functional, given e.g. in
Ref. [197]:

Def. 8. Let V be a vector space over a field K (usually R or C). A functional
on V' is a map][’
F:V =K, v Flv].

°In a weaker definition, a functional may also be defined only over a subset of elements of
some vector space. Note also that in the main text we usually do not explicitly mention the
domain of the functionals we work with for simplicity.

An important class of functionals are those defined on vector spaces consisting
of functions (e.g. L?(R3)), that is mappings that assign a complex (or real, since
R C (CPED number to a function and can thus be thought of as “functions of
functions”. Based on the definition given in Refs. [47, [77, 199], we define the
functional derivative for such functionals of functions:

Def. 9. Let (V. ||-]|) be a normed vector space of functions with domain €2 and
let F' be a functional on V. Let fy € V be a function. We define the variation
of F under a change 6 f € V of the function as

0F[fo,0f] = Flfo+ 0f] = Flfo]-

If there exists a g, such that for any 0 f we have

SFLfo, 0f] = / drg(2)5 £ (x) + o |61,

then we say that F' is differentiable at fy, call g the functional derivative of F

at fo and write g(x) = %

fo.

®Here we use little-o notation (compare Ref. [200]): “4o(||df]|)” means that we add a
functional G of 0 f that falls faster than linearly when approaching 6 f = 0 (from any direction),
that is limsy o Tl = 0. Note that far from 6f = 0, the behavior of G[6f] is irrelevant.

Notice, that this definition is somewhat incomplete, because we did not specify
what ¢ actually is. This allows us to apply the definition to a wider range of

H28¢rictly speaking R is embedded in C.
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functionals. A natural choice would be to assume g to be an element of the same
vector space V' as fo. This is for example the case if V' is the Hilbert space L?(R?)
with the inner product (ulv) = [ps d®ru*(r)v(r) and F is Fréchet differentiable
at fom However, this definition also allows for ¢ to be an ordinary function
outside V' or even the symbolic kernel of a distribution, for example the Dirac
delta “function” of the delta distribution.

Using the functional derivative of Def. [ we can expand/calculate a functional
in the vicinity (i.e. for small 0f) of a function fy by neglecting the o(||0f||) term,
such that the variation §F in Def. [9] is linear in §f, hence why we also call this
expansion the linear approximation of the functional F' in the vicinity of f,. Note
that we can also go beyond the linear approximation by performing a Taylor series
expansion of F[fy + df], see Ref. [47].

Finally, note that we call a function f. a critical point of the functional F', if
the functional derivative of F' vanishes at f.:

OF

g(z) = 37 0) (A.46)

fe
For real-valued functionals F', the global minimizer (often also simply called the
“global minimum”) arg min . F'[f] is such a critical point [47] (assuming differ-
entiability of F' at the global minimum) hence why the search for critical points
becomes very relevant in practice, see for example Sec. That is, we search for
functions that satisfy Eq.[A.46] compare for example Eq. 2.85 Using Def. [9] this
may equivalently be formulated as a search for functions that satisfy

OF[fe,8f] = o(ll6f]), (A.47)
which we symbolically — compare for example Eq. — often simply write as:
0F =0 (A.48)

A.4 Fourier Transformation

This section lists the Fourier-transform conventions used throughout this text. A
central equation underlying this section is give by Eq. [B.14}

1

i ke __
o Rdxe d(k) (A.49)

A.4.1 Convention for Position Arguments

Plane waves

The plane waves {|k)},
(r|k) = (2m) 32T, (A.50)

U3 ig Fréchet differentiable at fj if there exists a continuous linear functional A, such that
IF[fo,0f] = A[0of] + o(||6f]]) [200, 201]. But if V is a Hilbert space with an inner product (u|v)
that is antilinear in the first argument and linear in the second argument, the Riesz representation
theorem [197] tells us that for every continuous linear functional A (i.e. for every element of the
continuous dual space V*), there exists a unique element h € V, satisfying A[v] = (h|v) Vv € V.
In our example of V = L?(R3), we can then identify h* as the functional derivative of F' at fj.
And for V = L?(R3), if h € V, then trivially h* € V.
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are the solutions of the single-electron (spinless) Schrédinger equation in free space
(V = 0, compare Appendix and form an orthonormal basis of L*(R?),
where the chosen normalization /prefactor ensures simple Dirac delta normalization
(which ensures simple expressions throughout the text, e.g. 1 2rs) = [gs &k k) (K|,
see also Ref. [19§])

(k|K') = o(k — k'), (A.51)

as can be seen by comparing to Eq. [A.49] We also refer to the plane waves as
momentum eigenstates, since they are common eigenstates of the momentum op-
erators p,, p, and p..

Continuous Fourier Transformation

Since the plane waves form a basis of L?(R?), any physical (spinless) state (see
Appendix can be expanded in them. Given a physical (spinless one-electron)
state |¢) we can expand this state in the plane-waves or in the position basis (or,
of course, any other basis) and the “expansion coefficients” are related via (using
(r|r') = 6(r —7') such that 1 2gs) = [os dr|r) (r]):

Fll(k) = (kly)
= [ i) e

= (277)’3/2 /]1@3 d*re * 7o (r) (A.52)
and
p(r) = (rlp)
~ [ @ik el
— (2m)52 /R ke FL (k) (A.53)

Here, F[g] denotes the Fourier transform of the wave function ¢, where we use the
symmetric normalization for the Fourier transformation Eq. and the back-
transformation Eq. of wave functions.

Note that, while we introduced it in terms of physical states, the Fourier trans-
form and back-transformation can also be applied to non-normalizable stateﬂ we
meet throughout this text. That is, we find for the position state |r'):

for(r) = (rlr') = 6(r — 1)
Flf)(k) = (2m) 727, (A.54)
where we can use Eq. (simply integrating over k instead of r) to verify that the

back-transformation leads again to §(r —7'). Similarly, we find for the momentum
eigenstate (plane wave) |k):

fw(r) = (r|k;’> — (27T)—3/2€ik/.1-
FLlelll) =0k =) (A.55)

114Gee also Footnote m
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Using the linearity of the Fourier transform Eq. then also allows us to Fourier-
transform the bound Bloch state |¢,, 4) (compare Appendix [B.2)):

Pn q Z Cn.q, G l(q+G)‘TH

Flelk) = (2m) 23 / dPryeila+ Gk / dzeteie, , of2)

R

{ d27“||€ are- k')r'] [(%)” ? / dze *+c, 4 g(2)
R
= 25 q+G - k||)]:[cmq,G](kz)7 (A.56)

where we used Eq. A.49| and introduced the one-dimensional equivalent of the
Fourier transform Eq.

Discrete Fourier Transformation

We routinely encounter functions that repeat periodically over a surface unit cell

(see Appendix for details):
u(r + ay) = u(r)
u(r + az) = u(r) (A.57)

Based on the in-plane reciprocal lattice vectors {G} (compare Eq. and only
sum over i = 1,2), such a function can be written as:

u(r) =Y ¢(G,2)e 9" (A.58)
G
Conversely, the expansion coefficients can be obtained via:

(G, z) = AL/A d*rje G Tu(r) (A.59)

Comparing with Eq. and Eq. shows obvious similarities (although the
prefactor has now been chosen antisymmetrically) and we refer to the expressions
shown here as the discrete Fourier transformation and back-transformation. Triv-
ially, the above expressions can also be extended to functions that are periodic in

all three directions (which we encounter in the repeated-slab approach, see Appen-
dices |A.1.1] and |D.2.3)

A.4.2 Convention for Time Arguments

We also routinely encounter time-dependent functions, for which we choose the
common antisymmetric Fourier-transformation normalization condition for the
transformation between time ¢ and frequency w. Additionally, we follow the sign-
convention of Ref. [77]. Denoting the time-dependent function by f and its Fourier-
transform by f it reads:

Fw) = / dtc £ (1)

f(t) = i/Rdcue_i“’tf(w) (A.60)

2
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B Density Functional Theory

B.1 Ground-State Density of an Infinite Surface

In Kohn-Sham density functional theory (KS-DFT), the ground-state electron den-
sity of a finite system takes the form (see Eq. [2.100)):

n(r) = 33 [6i(r, s)?

s=1,1 i=1
(B.1)

In the context of an infinitely extended surface, these occupied orbitals are in-plane
(bound) Bloch orbitals indexed by the continuous Bloch momentum from the Bril-
louin zone (see Appendix . We can explicitly transform the above equation
for the density to an appropriate expression for the infinite surface by starting
from a macroscopic but finite surface and performing the thermodynamic limit.
This derivation also serves as a recipe for other quantities occurring throughout
this text. As argued in Appendix the bound states (for our physical sys-
tems, the occupied states are of course bound states) of such a system are in the
interior region, to good approximation, Bloch functions with Bloch momenta given
by Eq. Let us denote the surface area of the finite surface as A = N1 N, A,
where A, is the area of the surface unit cell and N; and Ny are respectively the
number of repetitions of the unit cell (= number of Bloch momenta) forming the
finite surface. In the interior region, the density then simply reads (for a gapped
system with only fully filled/empty bands)

occ. BZ

n(r) =YD > |6ng(r.s)f
s=tl n q
occ. BZ

- Z ZZ'UR:Q(rﬂs)‘Qv (B.Q)

s=tl n q
with normalization

1
dQT/dZ Un (T, 8)]* = ——, B.3
S [ [t = B3

s=1{
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such that:

occ. BZ

/AC d27’||/dzn Z ZZ/ d27’||/d2|unq r,s)

s=T] n

=>1 (B.4)

(27r)

Since the area of the 2D Brillouin zone is Agy; = , the Brillouin zone area per

Bloch momentum is (%) and the density can be wrltten as:
occ. BZ
|unq r,s)|? (B.5)
s=t n q

Changing the normalization of the orbitals to

Z/ d2r|/dz|unq r,s)|° = (;:)2, (B.6)

s=1{

this becomes:

occ. BZ

Z ZZ (2m)° |Un.q(7, 8)|? (B.7)

s=tl n q

In the thermodynamic limit we then obtain the electron density of the infinite
surface as:

occ.

=) Z/ A2 gl o (7, 5))? (B.8)

s=T,0 n

Note that the new normalization we chose, Eq. is needed to ensure simple (with-
out prefactors) Dirac delta normalization of the Bloch states (see Appendix.
and results in the simple form of the density in the thermodynamic limit. We of
course retain (number of electrons in unit cell equals number of spin-bands, as is
well known from band formation):

occ.

/AC dQT/Rdzn =) Z/ d*q / d2r/dzd Pl g, 5)2

p——

occ.

_Z/BZ

=>1 (B.9)
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Note also, that we can now explicitly see that the electron density is surface-
periodic. Lastly, note that this expression for the density holds for all of the
infinite surface! While the expression Eq. only held for the interior region
of a finite surface, the infinite surface has no ends, so the final expression holds
everywhere.

B.2 Normalization of Bound In-Plane Bloch
States

This section is concerned with the normalization of (KS) Bloch orbitals. We restrict
ourselves in the following discussion to spatial orbitals for simplicity, since the
spatial dependence is where normalization complications arise as a result of the
thermodynamic limit. The discussion can trivially be extended to spatial-spin
product orbitals and to spinor orbitals (compare Eq. .

The “bound” states of an infinite atomic surface are described in Appendix[A.1.1]
as in-plane Bloch functions (with Bloch momenta in the surface Brillouin zone) that
vanish in the vacuum far above and below the surface:

Png(r) = €T U q(r)
Ung(T + @1) = Unq(T)
Un,q(T + G2) = tng(T)
lim unq(’l’*” +e,z)=0 (B.10)

z—+o00

They are non-normalizable and thus no elements of L?(R?) and we instead “nor-
malize” them via the Dirac delta, see Eq. [A.11}

<90n,q‘90n’,q’> = 5n,n’6<q - q/) (B.11)

The aim of this section is to show how this normalization determines the normal-
ization of the in-plane periodic functions {u, 4}

To begin, note that thanks to its periodicity, we can expand u,, 4 in a Fourier
series over the in-plane reciprocal lattice vectors (compare Eq. (3.34) in Ref. [130]):

Ung(r) = cnga(2)eC™ (B.12)

G

Now, insert this into the overlap of two Bloch states:
Goalowa) = [ Preiar)owa(
= / dre! q/_‘J)""”u (Tt g (1)
=2 / A2} 4.6(2) e g6 (2) / dr e TS (B.13)
GG’

Using the (2D version of the) expression

1

— [ dxe™™ = 65(k), (B.14)
2m
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we find:

Gralina) = Y [ detiyoerp @20 —a+ 6 ~6) (B9

G,G’

Using further that the Bloch momenta are restricted to the Brillouin zone, the
Dirac delta function’s argument can only vanish if ¢ = ¢’ and G = G’, such that
we get:

(Dnalpwa) = 3 / 0260 () w0 (2)27)5(d — @)

GG

=3 [ 246G emacz)2r o6~ a) (B.16)
G R

To continue, note that we can identify part of this expression as the overlap of two
periodic functions:

/ d2r||/dzuz7q(r)un q
Ac R

GG’

=AY /R dzct o c(2)ew qa(2), (B.17)
G

where A, is the area of the surface unit cell. Inserting this into Eq. we thus
find:

<90n7q | ‘Pn’,q’>

5(q' —q / d2r||/dzu ) Uy o(T) (B.18)

Finally, if we demand the orthonormalization of Eq. for the full Bloch state,
then the periodic parts must be normalized such that their overlap becomes:

/cd r”/dzu T)Up (7)) = O (;)2 (B.19)

B.3 Brillouin-Zone Sampling

We have shown that the (Kohn-Sham) ground-state electron density of an infinitely-
extended surface takes the form of Eq. (assuming only fully filled and com-
pletely empty bands):

occ.

Z Z/ d*qlun q(7, 8)|7, (B.20)

s=T, n

where the {u, 4} are normalized (here and below) according to Eq. [B.19| Trivially,
the density is periodic with the surface unit-cell:

n(r)
n(r) (B.21)

n(r +ap)
n(r + az)
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In practice, we can of course not calculate an infinite number of solutions of the
Schrodinger equation. Instead, we only calculate solutions at a finite number of
Bloch momenta. The used choice of Bloch momenta is known as the Brillouin
zone sampling. The density inside the surface unit cell can then approximately be
calculated using a finite set of Bloch momenta and numerical quadrature of the
integral [46]:

occ.

Z Zquwnq (r,s)| (B.22)

s=tl n q

For example, when using the F—centeredll-gl grid of Eq. — which corresponds to
the allowed Bloch momenta when enforcing periodic boundary conditions Eq. [A.7]
— the integral is approximated by a sum over N; N, Bloch momenta (A, is the
surface unit-cell’s area):

occ.

n(r) ~ Z NlNQA ZZ [Un.q(T, $) (B.23)

S=

This can be understood as dividing the Brillouin zone into equally sized cubic
sectors and assuming the Bloch states within each sector to be approximately
constant. Trivially, this approximation can then be improved by increasing the
number of used Bloch momenta until convergence is achieved. Note also, that we
have already encountered this expression in Eq. [B.7} it is the electron density in
the interior region of a macroscopic but finite surface, whose electron density can
intuitively be understood to converge to that of the infinite surface when increasing
its size via N7 and Ny (see comments in Appendix for details).

Alternatively, such quadratures are also routinely performed using shifted (off-
') but still regular (and rectilinear, in coordinates of the {b;}) Brillouin zone grids,
which can be understood as using Bloch functions that satisfy twisted boundary
conditionm (6(r + Niaq, s) = e?p(r, s), etc.). Lastly, integral quadrature may
be performed via irregular sampling of the Brillouin zone which generally requires
good understanding of the considered system.

While we have shown it above for the case of the electron density, this techniques
can of course be also used in other occasions where integrals over the Brillouin zone
are met.

15We call a BZ sampling I'-centered if it contains I'. Otherwise, we call it off-I".

116 Note that we above and in Appendix focused on periodic boundary conditions since
they are a standard choice and since our practical calculations of the electron density used a
T'-centered sampling of the Brillouin zone. We could have, however, equivalently worked with
twisted boundary conditions, which — as the periodic boundary conditions — become obsolete in
the limit Nl,Ng — 0Q.
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C Many-Body Perturbation
Theory

C.1 Bethe-Salpeter Equation

C.1.1 Derivation of BSE in Matrix Form

Our goal in this section is to derive a form of the Bethe-Salpeter equation (BSE)
for practical calculations. Based on various typical approximations, we will intro-
duce the BSE Hamiltonian as a matrix in Kohn-Sham (KS) representation, whose
diagonalization then allows us to construct the two-particle correlation function L
(in the electron-hole time-ordering, see Sec. [2.4)).

Throughout this section, indices ¢, j, k, [ run over valence and conduction
orbitals, while v only runs over valence- and ¢ only over conduction orbitals. Indices

a, b, d, e run over all pairs (v, ¢) and (¢,v). The same holds for the primed indices
like v’

Transition to Kohn-Sham Representation

We start with the BSE in the GW- and static approximation, Eq. [2.208

L(x1, g, w11, Ty, w) =Lo(x1, 22, 1/, T2, w) + /d($37374,5€5,l’6)

LO(xb Xyg, 21/, 1’3,(&))[(([53, X5, Ty, ':EG)L(:EG? X2, s, 1'2/,&))

(C.1)

Using the completeness of the KS orbitals, we can expand the quantities inside
the BSE in them'] which we call a transition of the equation from position-spin
representation to KS representation (basis change). Let {¢;} be the set of KS
orbitals, forming a complete and orthonormal one-particle basis. Then the set

{t:;}, with
Vi, y) = ¢i(2)d;(y), (C.2)

117 Note that it is not trivially clear that these quantities can be expanded via (tensor products
of) the basis functions of L?(R3) ® C2, after all we never examined which function spaces they,
for example L, belongs to. We will not go into detail here and simply assume that such an
expansion is possible. In fact, we will go a step further and assume that sums over orbitals can
be truncated, such that only a finite number of orbitals is needed for a satisfactory expansion
such that we can work with finitely-sized matrices and vectors. In particular, we assume that
only bound states are needed in the expansion while scattering states can be neglected (compare
Appendix . This is implicitly assumed throughout this derivation.
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forms a complete and orthonormal two-particle basiﬁ (with ¢ and j running
independently over the one-particle basis set), where orthonormality of the two-
particle orbitals follows from orthonormality of the KS orbital:

/ A,y (o, g, ) = / Az, 9):(2)6 () 61 (2)n(y)
= 0; 10, (C.3)
Note also:

Vij(z,y) = ¢z($)¢;(y)
= (¢;(y); ()"
;i(y, ) (C.4)

We now start with L, which we write as (the preceding i is motivated by the
Lehmann representation Eq. [2.192| of the exact L):

Ly, v, wv, v0,w) =i Y L (@) (on, o) (o, 22)  (C5)
(4,9), (k1)

Next comes the non-interacting electron-hole propagator Ly, which we write ac-
cordingly:

Lo(xb Zg, Xy, Ty, w) =i Z ngk,l(w)qm,j (331, lElfWZ,z(flfw, 372) (C6)
(1.9),(k,0)
Entering these into the BSE, we get:

Z L ¢1j x17m1/>¢kl(l‘2l ‘/EQ)
(4,9), (k1)

Z Lo kl ¢27](x17x1’)wkl<x2’ T3)
(4,3),(K,0)

—/d($3,$4,$5,$6) Z Lévjkj(w)wi,j(xl)xl’)¢z7l(w3a"L‘4)
(1.5):(k,0)
K (x5, x5, 04, ) Z Lk/ l/( w) i jr (T, T5)j (T2, T2) (C.7)
(@37, (K", )

Expanding the (static) interaction kernel K as

K (3, 5,24, w6) = Z K;il@/)w 3, T4 )y (T, T5) (C.8)
(1.7),(k.0)

and using orthonormality of the two-particle orbitals, we get:

Y Lia(@)tus(an, zo )i, (2, o) =
(:9),(k.1)

Z LE)’]kl wz,](xlaxl’)wkl(l?’ x2>
(4,9),(k,0)
i, kl 1, *
SN LYW KDL (@) (@, o)y (v, ) (C)
(Z7J)7(k7l) (i/7j/)7(k/7l/)

H8We mean here that it is a basis of square-normalizable functions of two spin and position
indices. This is why antisymmetrization is not relevant here, compare Appendix [A-T.2}
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Renaming indices, we get:

> L)t (@, w0 (w2, 12) =
(4.9),(k,0)

Z Lg%y ()i (w1, w10 ) 4 (w7, 2)
(4,3),(k,0)

i, k' 1 *
- E : E : L[)]k’,l’( )K' ’Lklj( )@Z’i,j(l"l»$1’)¢k,z($2’7$2) (C.10)
(Z7j)7(k7l) (i/7j/)7(k/7l/)

Using again that the two-particle orbitals are orthogonal, a comparison of expan-
sion coefficients gives us:

Lk’Jl( ) = Lf)’jw(w)— Z Lo k’l/( )K L;cl] (w) (C.11)
(#,3"),(K' ")

Alternative Form of BSE

Before continuing, we consider the BSE Eq. in an alternative form. From
Eqgs. [2.192] and [2.196] we can see that the exact L and L, satisfy the following
symmetry relation:

L<x17 T2, L1/, :CZ’?(-“-)) = L(.Z’g, Xy, Lo, T/, —U))

Lo($1,$2711/,$2uw) = Lo($2,$1,$2’,9€1'7 —w) (C-12)

Inserting this into Eq. [C.1] we find:

L(I’Q,xl,QZQ/,xl/,_W) :L0<x27x17x2/7x1'7_w) +/d(‘r3ax47x57x6)

L()(Zl'f4, X1,T3,T717, _W)K(x& Ty, Ly, l‘ﬁ)L(l’Q, Xg, Lo, Ts, —W)
(C.13)

Renaming 1 +» 2 and —w — w to get:

L(x1, g, k11, ko, w) =Lo(x1, 22, 1/, T2, w) + /d($37374,$5,9€6)

L('Tla Tey L1y Ty, CLJ)K(l'g, Ty, Ly, 'CEG)LO(:L‘ZH Lo, T3, m2’7("))

(C.14)

Renaming further 4 <+ 6 and 3 <+ 5, we get:

L(.Z'l,fljg,.’ﬂl/,le,W) :LO(mlax%xlUmQUw)+/d($37x47x57$6)
L(xy, w4, 01/, 23, w) K (25, 23, T6, T4) Lo (6, T2, T5, T2/, )
_Lo(ml,xg,x1/,$2/,W)+/d($3,$4,$5,$6)

L(xy, x4, 1/, x5, w) K (23, T5, T4, T6) Lo(26, 2, T5, Tor, w),

(C.15)
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where we used K (x5, 3,6, 14) = K(23, 25,24, 76) (compare Eq. [2.207] and use
v(z,y) =v(y,x) and W(x,y) = W(y,z), see below). Thus, using the same proce-
dure that lead to Eq. [C.I1] we get:

Ligw) = L) = >, Lify@KepLyiy@)  (C6)
(@,3"),(K",1)
We will use this second form of the BSE to simplify the upcoming calculation

of L. Our final expression for L, Eq. |C.89] again satisfies Eq. (as does the
approximated form of Ly we use below, Eq. [C.17)).

Eliminating (v,v) and (¢, c¢) Contributions

We continue by examining Ly in more details. Expressing Gy in a quasiparticle-
approximation-like form (compare Eq. but with KS wave functions {¢;}
instead of quasiparticle (QP) wave functions and neglecting the finite imaginary
par of the QP energies {5?13} and setting the QP renormalization factors to
1@, we find (compare Eq. , which is based on the exact G1) [36, 11§]:

(21)pu(22) @ (21/) Pr(w)
7 w — (ECQP - 55”3) +in
_ Pu(@1)@c(@2) Pz (21) 9 (22)
w ~+ (a?P — gf,”’) —in
_ iz¢c,v(x17 xl’)¢:7v(x2’7 172)

oo W (8" — 9P +ip
_@%,c(ﬂfl, Il/)@/);k,c(x% xz)

O
L0(1’1,5132>331/,1’2/,W) :12 £
v,C

C.17
w4 (28 — 9 —1ip ( )
Comparing with Eq. , we find that Lé’jw(w) = 0 except for:
IUc ( ) —1
b w —
O we w+ (27 —e97) — i
1
LS (w) = C.18
Oc,( ) w_(ech_ngp)_’_m ( )
From Eq. we then find
Ly (@) = Lyw) = > LywW) Ky L) (w) =0, (C.19)
(@,3"),(K',1")
and similarly:
Lyj (w) =0 (C.20)
Using Eq. we additionally get:
Ly(w) =0
Ly (w) =0 (C.21)

19This is needed for R to be Hermitian, see Eq. 'C.39l
120Gee Ref. [112] for the interplay of the renormalization factors and the frequency-dependence
of W in the BSE kernel.
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We can thus restrict index pairs in Eq. to combinations (v, ¢) and (¢, v), thus
writing the BSE as

Li(w) = L ,(w Z L (W) KSLY(w), (C.22)

where the indices appearing in the equation are the combinations (v, ¢) and (¢, v),
flattened into a single index. Before continuing, note that the (v,v) and (c,c)
sector is not present in L as a consequence of how the quasiparticle states have
been constructed in Eq. where we did not include quasiholes in conduction
orbitals and quasielectrons in valence orbitals.

For convenience, we now express Eq. [C.22] as a matrix equation. For a generic
matrix A, we introduce the (block matrix) notation:

‘ (U’, C,) (C,, U,)
A == (U, C) AZ;,CC’ Az/ﬁ)/ (C23)
(e o) | Aye A

Note that the upper index thus is the row-index and the lower one the column-
index. We leave the order of rows in the {(v, ¢)} sector arbitrary, however, demand
that the {(c,v)} sector is ordered accordingly. That is, if (v, c,) is the p-th
element in the ordered set {(v,c)} (p-th row), then (¢,,v,,) is the p-th element in
the ordered set {(c,v)} (N +p-th row; N is defined below). This will become useful
later. Additionally, we demand the same order for the columns (primed indices),
as is used for the rows (this is needed to write the BSE via matrix products). The
BSE then becomes:

L(w) = Ly(w) — Lo(w)K L(w), (C.24)

where L(w), Lo(w) and K are 2N x 2N matrices, with N = N,N,. (where N,/ is
the number of valence/conduction orbitals).
For later use, we also introduce notation for (block) column vectors (with rows

ordered as before):
(&)= (o

And for row vectors (with columns ordered as before):

(A B) = (W) (C.26)

Av,c
pue ) (C.25)

N Matrix
Continuing from Eq. [C.24] we can rewrite the BSE as:

M(W) = ]12]\7 —|— L()((.U)K
M (w)L(w) = Lo(w) (C.27)

Since Lo(w) is invertible (see below), also M (w) and L(w) are (thus also N(w), see
below), and we get further:

L(w) = M} (w)Lo(w) (C.28)
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Using that for matrices A and B, we have (AB)' = B™'A™!, we get:

L(w) = N Hw), (C.29)
with:
N(w) = Ly (@) M (w)
= Ly (@) [lay + Lo(w)K]
=Lyt (w)+ K (C.30)

Note that N is simply the inverse of L, N(w) = L™ (w). Thus, if we can determine
and invert N, we find L.

Matrix Elements of N

To understand how to invert N, let us first examine L;' and K in more detail.
Using the notation Eq.|C.23, we can see that L is a diagonal matrix with diagonal
elements given by Eq. % It can thus trivially be inverted, with L;' being a
diagonal matrix with entries:

Ly yof(w) = — [w+ (97 — e97) —in)
Ly o (w) = w — (%7 — e97) +1in (C.31)

For K, we use the decomposition Eq.[2.207|and the definition Eq. of the matrix
elements, to find:

K,i]l = — i/d(xg,x4,x5,x6)K(x3,x5,m4,$6)¢zj(m3,x4)¢kvl(x6,x5)
:—/d(.Tg,x4,$5,$6)(5($3,$4)5($5,1'6)1)(1'3,wﬁ)wzj(x3,$4)wk7l<$6,$5)
—|—/d(:cg,x4,x5,xﬁ)é(a:g,,xﬁ)é(m,x5)W(x3,x4)¢Zj(a:3,x4)wk,l(:c6,x5)
:—/d(xg,a:4)v(x3,x4)¢;‘,j(1‘3,x3)¢k’l(w4,x4)

—I—/d(ivs,934)W(333,£U4)1/)zj($3,934)¢k,l(93371’4)
— VP W, (C32)
where we defined:

Vkll] = /d($3,5U4)U($3,$4)¢zj($3,$3)¢k,l($4,374)

le’;g = /d(x:;, I4)W(l’3, $4)¢Zj (.T37 I’4)1pk’l<l’3, .Z’4> (C33)

Putting everything together, N becomes (showing the four sectors individually):
_ v,c ,
Ny (w) = [Lg 1(0,;)}”,,0, + K
= — |:CU -+ (5CQP — ngP) — 177:| (5;}/52/ - ‘/,Uzj:z/ + W:/:(;/
NS, = VIS WS
Ng;?}c/ — _‘/UC/:Z/ + Wi/”vc/

Ncc;j;/ (W) = |:CU — (ggP — 5?13) + 177:| (SZ)}/(SE/ — Vc,v + WC’U (034)

c ' '
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Properties of V and W
Using v(z,y) = v(y,z) and W (z,y) = W(y, z) (see Appendix (C.2)), we find:

Vkll] = /d($3,$4)v($3>$4)¢2j($3,353)%,1(3?4,3?4)
:/d($3,$4)v($3,$4)¢zj($4,$4)¢k,z($371¢3)
:/d(I3,$4)U(I3,$4)¢zk($3;$3)¢j,z‘($4,$4)

Lk
pu— ‘/J,Z

W;ﬁ{ = /d($3,$4)W(9€3;$4)¢Zj(xs,$4)¢k,l($37x4)
:/d($37I4)W($3,$4)@/}Zj(9047$3)¢k,1($47$3)
= /d(x37$4)W(33375U4)¢Zk,k(3737$4)¢j,i(-733,334)

Lk
Using that v(z,y) and W (z,y) are real (see Appendix [C.2), we additionally get:
(V*)ZJZ = (szzj)* :/d(ﬂ%I4)U($37I4)¢i,j(I3,133)@,1(134,%4)
= [ e (o 2w o, ) s,
=Vii
(W) = (W) :/d(x&1’4)W(l‘3a954)%,;'(«'537%4)1?2,1@37954)
:/d($3a$4)W<fU3,$4)¢Z,l($37$4)¢i,j($3,904)
ki

- /1’7.7

=W (C.36)

Resonant Matrix and Coupling Matrix

For later use, we now define the matrices R and C'. In analogy to the notation
Eq. used for L, K, etc., we define smaller matrices over combinations (v, ¢)

and (v, ) only (upper-left block in Eq. as:

=l 2)

v !

Rows and columns are defined to be ordered in the same way as in (the upper-left
block of) Eq. [C.23] Using this notation, we define the resonant matriz R as:

RS, = (97 — e97)60,65 + Vb, — WS, (C.38)

—
,C
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Note that R is an Hermitian matrix (using that QP energies are assumed to be
real, that is, their imaginary parts are neglected):

(R = (RYL)

— (9P — 7)1 8 + VG — W

= (€97 — £T)aB5 + VY — WY

= RS (C.39)
Similarly, we define the coupling matriz C via:

ce, = Vit — W (.40

Note that C' is not Hermitian,

(e, = (00,)"

7C/ ’U/,C/
. v,e v,C
- ‘/;/,U/ WCI7'U/
v’ ¢!
# O (C.41)

but instead a complex symmetric matrix:

v, =V — W

v ! v ¢ v !
e '
J— ) — )
- ‘/;17(/‘ Wv,c
e
=Gyl (C.42)

BSE Hamiltonian
Using R and C, we then write N asFEl:

NW*:C%W_?QN_R @+Qﬁw—3)’ (C.43)
or explicitly:
V(@5 = = [+ (97 — £9) — in] 6055 — V&, + WS
= — (w— i) 005 — (R')1
INW)lgi = Vo +Wor

= - (C*)Z;,Cc’
[Ny = =V + Wi
- _O:/”Cc/
[N(W)]z}:uv/ = [W — (ggP — 552]3) + 177} 53/53 - ‘/C(’::Z/ + WCC/:’[;/

We now define the BSE Hamiltonian (matrix) H as

R C
H:(_@ ) (C.45)
121Note that this compact notation is only possible due to the way rows and columns are ordered

in Egs. [C:23| and [C.37]
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or explicitly:
H:j/’ycc/ — RZ;,CC/
H:/’j)/ - O;);’CC/
Hg;;uc/ - — (C*):})}?C/
HS . = — (R*)zfcl (C.46)
Additionally, we define the infinitesimal matrix
r —inly 0
e (T 0, o
or explicitly:
H,l/}/}:g/ = —177(5;}/(55/
H) =0
Hyo =0
We then find:
IN(w)]y5y = —woy oo + Hy' + Hy
(IN(@)]g = Hy'o
IN(@)]ye = —Hay
[N(w)]z/i)v/ - M(Sg/ég/ - H,Z)/”Cc/ - .H,l/)l/):s/ (C.49)
Thus (which can be easily checked using block-matrix multiplication):
0 -1 0 1
N(w) = N (wloy — (H 4+ H')] N (C.50)
]lN 0 ]IN
Explicitly:
ol N 0 —1x\" B pd [0
Np(w)=>" (]lN 0 > Wisy — (H 4+ H'))? (]lN (C.51)



C.1. BETHE-SALPETER EQUATION 213

For exampld?%}

ve 0 —1Iy\™" 0 1Ix)\°
V) =3 (1 0 et -+ (1)

d,e d v

YA

,C'

. &' 0 1 ¢
= Z _51)”56” [W]}'QN - (H + H/)]e <]1N 6V>

(CN7'U”)7€ v

=St i (1)

e v

YA

,C

YA

= —wlay — (H+ H')S 0 65,65,
(e 07)

= —[wlay — (H + H’)]i;fv,

= —wdy 0o + Hy' + H,5

= w805 — (R)'F, + st s

= — (w—in) 6505 — (R (C.52)

v

Using (ABC)™' = C~'B7 1A~ (and that N(w) is invertible), we then find L:
o 0 ]].N n1—1 O ]lN

We will now focus on H (and H'). Diagonalization of H will allow us to invert
wloy — (H + H') and thus find L(w). Note H (as H') is independent of w, so
we only need to diagonalize a single matrix to obtain L(w) for any w (within the
approximations made throughout this derivation).

Spectrum of the BSE Hamiltonian

First, note that eigenvalues of H occur in pairs. To see what we mean by this, we
begin with:

H — C%c fR) (C.54)

Defining the matrix

0 1y
= C.55
(0 ) (€59
we find
¢(=¢" (C.56)
122We utilize here the order of rows and columns used in Eq. [C.23] which gives us
0 —1x\"° 0 —1x\"° 0 —1y\"

= 0, = =065, = 0,65 and

In 0 J, o In 0 )., : I 0/, . i

0 —]lN c,v B
(M ! ) 0.
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and

CH*C = —H. (C.57)

. X . : . .
Thus, if €, and (Ym) are an eigenvalue and corresponding right elgenvecto
of H, then it is trivial to show that —€27 is also an eigenvalue and XT is the
corresponding right eigenvector! That is, if

Xm\ X
H (Ym) =Q,, <Ym) , (C.58)
then
Yo o (Yo
H <X:n) = - (X;;) ) (C.59)

Additionally, complex eigenvalues in fact occur in quadruples. To see, this, we
use the complex symmetry C' = CT and the Hermiticity R = R' to find:

R -C
T
Hf = (C’* —R*) (C.60)
Defining
_(In 0\ _
we find:
H=~"1H'y (C.62)

Thus, H is pseudo-Hermitian (compare Ref. [202]) and we find as a result — which

is again trivial to show — that if €2, is an eigenvalue with right eigenvector ( m> ,

Yo
then €2F is also an eigenvalue, with left eigenvector (X;fn —YJ@)! That is, if
Xm) _ X
() = (). o
then
(X§, —Vi)H =0 (X}, —Vl), (o)

or, equivalently:

HY (_X;;) = (iﬁ;) (C.65)

123Where <§m> denotes a column vector in the block notation of Eq.|C.25
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To summarize, the eigenvalues of H thus appear in purely real and/or purely
imaginary pairs {€,,, —Q,,} and/or in complex quadruples {€,,, —Q,,, Q* , —Q* }
[203]. Importantly, for most physical systems, the spectrum of H is purely real
[203], 204] (see below), which we will assume from now on. For a real eigenvalue
Q,,, we then find for the left and right eigenvectors at ££2,, (in the last line, the
overall sign was chosen in accordance with the next step):

() =on (32)

(Xl —Y1)H =Qu (X}, -Y])

Vi o (Y
" (X:;) =t (Xm)

(-YT XI)VH = -0, (-7 XT) (C.66)

Eigendecomposition of the BSE Hamiltonian

Note that the matrix vH is trivially Hermitian based on Egs. [C.62] and [C.61]
Assuming additionally, that vH is positive definite, which it is for most physical
systems, H’s spectrum becomes real (which was already used above) and H be-
comes diagonalizable [204], 205]. It can then be written as (compare Theorem 1 in
Ref. [204] and express the matrix-multiplication as shown below via column- and
row-vectors):

2N
H=> Q.R,Li, (C.67)

m=1
with positivdllzl eigenvalues and eigenvectors

21 >0>--- >0y >0

X B
R, = (Ym>7 m=1...N

L, = (X}, =Yi), m=1...N, (C.68)
negative eigenvalues and eigenvectors

Ly, = (YT XI), m=1...N, (C.69)
and the orthonormalization
LIRJ - (5i,j7 (C?O)

which further leads to:

L;ran = L;rVerRNer = Z |X111){C|2 - Z |Ynl;7c|2 =1, m=1... N (071)
(00) (v)

124Note that the eigenvalues are strictly positive, which is in line with the ground-state contri-
bution being eliminated in L (compared to G3) — compare comments around Eq. [2.192
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Importantly for later, unity (i.e. the identity matrix) can be written as:

2N
Loy =Y RyLi, (C.72)
m=1

Infinitesimal Shifts
We now include the infinitesimal matrix of Eq. (n > 0, infinitesimal),

y_ (—inly 0
e (Y, o

as a perturbation by correcting BSE eigenvalues in first-order perturbation theory
while leaving eigenvectors unchanged@. As we will see, this will result in the
infinitesimal imaginary shifts already known from Eq. 2.192]

Let us first treat the case of a nondegenerate eigenvalue €2,,. The first-order
correction to the eigenvalue is then given by [2006]:

AQ,, = LI (—Méﬂzv in(I)LN) R, (C.74)

IfQ,, >0 ie. 1 <m < N, we find:

AQ,, = (X, —Yni)( 0 in]lN) (Ym>

= —in Y | X0+ Ve (C.75)
(v,0)

For the case of a negative eigenvalue Qn,,, < 0 (1 <m < N) we conversely find:

_ (_vT ™ (—inly 0 Y,
s x0 (0 (1)
=in Y IX5 P+ Ve (C.76)
(v,0)

In the degenerate case, we can follow the approach presented in Ref. [38] (which
is shown there for the Hermitian case, but should conceptually transfer to the
non-Hermitian situation presented here), where one needs to determine the good
linear combinations of the degenerate eigenvectors. Whatever the good linear
combinations are — we do not need to know them for the argument presented here
— the corresponding change in the eigenvalue will be of the form —id*t (§+ > 0,
infinitesimal) for positive eigenvalues and 16" for negative eigenvalues (To see this,
just create a linear combination of right eigenvectors and — via complex conjugated
coefficients — the corresponding conjugate-transposed left eigenvector (with proper
normalization), which can both simply be written via the corresponding linear
combinations of {X,,} and {Y,,}, and use Eq. [C.74]).

Thus, we have found that all positive eigenvalues are shifted infinitesimally into
the lower complex half and all negative eigenvalues are shifted infinitesimally into
the upper complex half (compare Eq. . We will re-use 7 below to signify an
infinitesimal positive shift.

125We only correct eigenvalues, since adding an (albeit infinitesimal) imaginary part (see below)
to an otherwise real eigenvalue is a relevant change, while corrections to the eigenvectors would
only — via complex, infinitesimal coefficients — mix the already generally complex eigenvectors.
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L expressed in BSE eigenvectors

Remember now, that our initial goal was to calculate L, for which we found in

Eq. 053
Liw) = (1& ]lév> lwlon — (H + 1)) (_?IN 16V) (C.77)

We have diagonalized H + H' by first diagonalizing H and then including the
second matrix perturbatively, thus giving us:

N 2N
H+H =Y (Qn—in) RuLl, + > (Qm+1in) RuLl, (C.78)
m=1 m=N+1

Using Eq. [C.72] we find:

N 2N
wloy — (H + H') Zw—Q +1in) Ry, LT + Z (w— Qp —in) Ry LT
m=1

m=N+1
(C.79)
Based on the orthonormality Eq. we find the inverse as:
al 1
loy—(H+H)] ' =Y ———— Lt
Wiy — (H + H)] Zw—Qm—i- m+ Z w— —77R
m=1 m=N+1
(C.80)

Inserting the structure of the eigenvalues and corresponding left and right eigen-
vectors, this becomes:

N 1 X
. n1—1 - m t vt
(wlony — (H+H)] " = m§:1 P (Ym> (Xi —vih)
N
]_ Y* T T
+m§:1 R p— (X) (-yL xT) (C.81)

Finally, we get L:

L(w) = <]BV ]15V> wioy — (H + H')] ™! (_iN név)

N N
Y, 1 X
_ m D ¢k T N T T
Z m 17 (X ) (Ym Xm) mzzzlw—}—Qm—in (Y*) (X Ym)
Or, in coordinates:
N a
a 1 Ym
L) =2 oo (x7) o X,

—Zwm () @ v, (©83)

where a and b both run independently over all pairs (v, c) and (¢, v).
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L in Position-Spin Representation

We now express L in terms of positions and spins again by using Eq. [C.5}
L(xy, wa, wv, iy, w) =1 Y L)ty (w1, m0) g5 (02, 2) (C.84)
(1:9),(k,0)
As mentioned before, this can be written as:
L(xy, x9, 1/, Ty, w —1ZL“ Vo (21, 21 )Yy (T2, T2), (C.85)
a,b

where a and b both run over all pairs (v,c) and (¢,v). Here, Lj(w) is then the
element in row a and column b of the matrix L(w), as defined via Eq. Inserting

Eq. [C.83] we get:
N

. 1 Y, \ ¢
L($1>$2,$1/,$2',w) = 12_:1 m Z (Xm) %(1‘1,%/)]

S LX), v, $2)]

. al 1 X @
3 e [Z(ym) ¢a<x1>$l’>]
[Z (X Vi), v (2, 332)] (C.86)

And further (using Egs. [C.25| and |C.26)):

N

1
L(xy, g, w1, 20, w0) =1 Yy ————— Xy thew(x1, 210) + Y0y (21, 217)
;w—ﬁmjtm Z

(v,¢)

> Xes (v, wa) + Vs (2, 1)
(v,0)
N

. 1 *V,C *v,C
Y i | KR el ) 4 o)
D Xy (wy, w2) + YU, (2, 2) (C.87)

(v,¢)
With the definition
Xen(2,9) = Y X0 e (2,9) + Vi o, y)

(v,¢)

= X2he(2)0y(y) + Yo () d5(y)

(v,c)

X () = D X0y (2, y) + Yoy (a,y)
09

= X0 hn (@) bu(y) + Yo dh(x)de(y), (C.88)
(v.0)
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we finally find:

N *
L(xla Lo, X1, Tor, CU) =1 Z Xm(w;’flgxﬂf; 7 x2)

Xm (22, T2 )X (xy 1)
m C.89
Z w+ Q,, ( )

Thus, we find that we can construct L from the positive eigenvalues and corre-
sponding right eigenvectors of the BSE Hamiltonian. For reference, this eigenvalue
equation, that is, the Bethe-Salpeter equation, is given here in index-form. We
start from:

b a b a
o (Xm\ R C Xm\ X
This splits into two equations,

Z R C v,c Xm b_Q Xm v,c
- —C* —R* Y,,) “™\Y,

b
R C c,v Xm b Xm c,v
A S A

which can be further evaluated to read (compare Eq. |C.46)):

v,C v v,C vl v,c
§ RIS, X0+ O Y = QXY

v !
')

Z —CSX = RSV, = QY (C.92)

(v',e")

Using the definitions of R and C, this becomes:

(80 = e8XGk B [VE = WAL X IV~ W Vi = X
(2 Py + Z (Vo = Was ] X + [Virer = Wt ] Yoo = =, Y0,
(C.93)

which has to be solved for positive energies €2,, > 0. For comparison, see for
example Egs. (12)-(14) and (18) in Ref. [36]% or Eqgs. (19), (20) and (24)-(31) in
Ref. [118].

126Note that in Ref. [36] there is likely a typo in Eq. (14), where the second line should read
Py (X6)¥% (X5), so with swapped complex conjugation. This becomes obvious when inspecting
the conjugation patterns in Egs. (8), (9) and (11) in combination with the BSE, Eq. (7). In
contrast, Eq. (13) has the correct conjugation pattern (with x4 and x¢ being the argument of an
“unconjugated” orbital and x3 and x5 being the argument of a complex-conjugated orbital).
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C.1.2 Tamm-Dancoff Approximation

The Tamm-Dancoff approximation (TDA) is a widely used approximation in solid-
state physics and quantum chemistry and has been shown to invoke only small
errors in optical spectralTEl of many physical systems, in particular bulk semicon-
ductors and metals [204] as well as organic molecules [202]. The basis of the TDA is
the observation that for many physical systems, the coupling matrix C'is found to
be small™| (compare e.g. Ref. [36]) relative to R, which motivates setting C' = 0.
When applying the TDA, that is, when setting C' = 0, the BSE Hamiltonian then

becomes:
R 0
ne () o

Note that the BSE Hamiltonian is now fully Hermitian, since R is Hermitian! As

mentioned before using v from Eq. |C.61, yH = (g }g*) is positive definite for

most physical systems. Under this assumption R is positive definite and —R* is
negative definite. Since H is block diagonal, its eigenvalues and eigenvectors can
be obtained from the eigenvalues and eigenvectors of the two blocks R and —R*.
Thus, its positive eigenvalues are the eigenvalues of R. The eigendecomposition of
H then becomes (compare Eq. and equations below it):

2N
H=Y Q.R,Ll, (C.95)

m=1

with positive eigenvalues and eigenvectors

W >%>-->0Qy>0

Ll = (X}, 0), m=1...N (C.96)
and negative eigenvalues and eigenvectors

Ly, =0 XI), m=1...N, (C.97)

N+m

where Q,,, (m=1...N) and X,, are the m-th eigenvalue and right eigenvector of
R:

RXp = Qo Xom (C.98)

127 Although the error is often small, it is interesting to mention that the TDA has been shown
to always overestimate all eigenvalues of the BSE Hamiltonian [205].
128Gee for example Ref. [207] on the breakdown of this assumption.
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The two-particle correlation function then reads:

il X (T1, 21 ) X5, (T, )
L(wlax%ml’ax??w) :12 o

w—Qy +1in
Xm T2, Lo Xm(flflf 371)
Z T, , (C.99)
with:
Xom(,y) =Y X5 be() 85 (1) (C-100)

(v,¢)

and the necessary quantities are obtained by diagonalizing R:

(€97 — e )X0e+ D [Vir, —Wah] Xo = Qu X5, (C.101)

C
(v',¢)

where all eigenvalues {€,,,} are positive (see above). We call this eigenvalue equa-
tion the BSE in TDA.

To conclude, note that we often perform exciton photoemission simulations (see
Sec. based on BSE calculations in the TDA. For the exPOT formalism, the
quantity of interest is the ((v,c)-part of the) BSE eigenvecto@, X,,. While the
references cited in the beginning of this section are mainly concerned with the
excitation energies {€),,}, it is natural to assume the BSE eigenvectors to only
slightly change under application of the TDA, provided C' is small. This has been
explicitly verified for a gas-phase 6T molecule, see Sec. [5.6]

C.1.3 Gas-Phase Systems

For gas-phase systems like isolated molecules or molecular clusters, the above equa-
tions can be directly applied, with v and ¢ denoting respectively the discrete valence
and conduction orbitals. The valence- and conduction indices in the two-particle
basis functions are then independent (compare the discussion below Eq.
and can thus be summed over individually, such that the BSE becomes (compare

Eq. [C793)
(eQF — 9Py x Ve 4 Z (Vi —Was | Xoe + [Vt = Wt | Yo = QX0

/

(€9 Pyye 4 Z v X 4 Ve — W] Y = — QYo

(C.102)

And L is expressed as in Eq. using;:

ZX“ “bo(2) 0 (y) + Y2 by ()7 () (C.103)

129Gee text around Eq. for details.
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In TDA, this becomes

(& = edM)Xn D (Ve ~WED] X = QX (C.104)

and

= Xoc(x)dy(y): (C.105)

C.1.4 Periodic Systems
Two-Particle Bloch Orbitals

For periodic systems, the one-particle orbitals are Bloch orbitals {¢; 4}, where
i runs over valence- and conduction bands and g over the Brillouin zone (BZ).
Instead of directly working with an infinitely-sized surface (the type of periodic
system we are concerned with in this text), we follow the path of Appendix
and first perform the derivation for a macroscopically-sized but finite surface, whose
bound states (compare Footnote are then (approximately) Bloch-like in the
interior (and in the vacuum above the interior) of the surface, deviate from this
Bloch-like form in the small region around the lateral sides of the surface and
vanish in the vacuum beyond the lateral ends (and of course above and below the
surface, since they are bound states, see Appendix . We denote the surface
area of the finite surface as A = Ny N, A., where A, is the area of the surface unit
cell and Ny and N, are respectively the number of repetitions of the unit cell (=
number of Bloch momenta) forming the finite surface. The Bloch momenta of the
bound states are then given by the discrete grid@ Eq. , which contains in total
NN, allowed Bloch momenta (which lie, as usual, in the Brillouin zone). Given
that we use a finite number of valence- and conduction bands in our expansions
(compare Footnote , we thus again work with a finite number of orbitals and
thus with finitely sized matrices and vectors. In the end, the thermodynamic limit
may be performed/approached (see below).

Working now with the finite, macroscopic surface and approximating its bound
states to fully vanish beyond the lateral ends of the finite surface while being
Bloch orbitals on the inside (thus neglecting edge-effects, which become less and
less relevant the larger the surface becomes), the orthonormalization of the bound
states can be written as:

[ 65 g0

Note that this corresponds to the normalization of Eq.[B.3] Note also, that inte-
grals containing such Bloch-like functions can thus be restricted from all space to
the area of the surface. In the following we routinely use that the bound states ap-
proximately satisfy commonly known properties of Bloch functions, e.g. Eq.

Z/dszdwnq ) g ()

s=1,d
= CpnOaq (C.106)

130 We end up with this Brillouin-zone sampling by imposing periodic boundary conditions
on the bound states, which is argued by the fact that their behavior near the lateral edges is
irrelevant anyway. See also the text below Eq. [A.IT] for details.
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which holds true on the whole finite surface except for the small area near the

lateral ends. Lastly, note that since we are interested in periodic surfaces, the

Bloch momenta {q}, the exciton momenta {Q} (see Sec. as well as the

translations { R} and reciprocal lattice vectors {G} are in-plane quantities (0 in =z

direction). The derivation can however also be used for 3d-periodic systems when

appropriately adapting the orthonormalization of the bound states shown above.
The two-particle orbitals are then given by {t; g, jq, }, With:

wi,qi,j,qj (ZE, y) = sti,qi (x)¢;,qj (y) (ClO7)

As shown above, the specific form of Ly will allow us to drop combinations of two
valence or two conduction orbitals, so we will only need the valence-conduction
orbitals {ty. g, cq.} and {¥cq_v,q,}. Note that v and c are now band indices, while
they were the complete valence/conduction index (so, implicitly including Bloch
momentum) in the generic derivation given above.

We can rewrite this basis by using the periodicity of Bloch orbitals:

bqrc () = ¢q(T), (C.108)

where G is any reciprocal lattice vector. This then allows us to writd™] our two-
particle valence-conduction orbitals as {1, g0} and {¢cguq}, With:

¢v,q,c,Q<x> y) = ¢v,q(x)¢:,q+Q(y)
wC,Q,v,q<x> y) = ?bc,q—l-Q(x)@bz,q(y)a (C.109)

with @ restricted to BZ (and lying on the same discrete grid as the {g}) and where
we renamed g, to q. For later use, note that, for a lattice vector R, we have:

¢v,q,c,Q(rx + R, s,, Ty + R, Sy) = gbv,q(lr’x + R, 3x)¢:,q+Q (Ty + R, Sy)
= eiq'Rva,q("“r: Sr)e_i(quQ)'R(/ﬁ:,quQ(ryv Sy)
= eiiQ.va,q,c,QO“za S Ty, Sy)

Ve@ua(Te + R, Sz, 7y + R, s) = eiQ'RwC’Q,wq(rw, Sz, Ty, Sy) (C.110)

Note that, leaving the two-valence and two-conduction orbitals unchanged, all
properties needed from the two-particle orbitals are still given. That is, they
(talking about all four sectors, so including the two-valence and two-conduction
orbitals) were still constructed from all combinations of one-particle orbitals and
are thus still a complete and orthonormal (see below) two-particle set, i.e. a two-
particle basis. Secondly, they are still orthonormal (the four sectors are trivially
orthogonal to one another), where we in particular find:

/ d(z, y)¢qu,C,Q(I7 y)l/};’,q’,c’,Q’ (,y) =

= /d(x, y)¢v7q<$)¢:,q+Q<y>¢z/7q/(Z')QSC/’q/_,'_Q/ (y)
= 51},1}’ 6q,q’5c,c’5Q,Q’ (Cl]_l)

131 ntroducing compact notation 1, 4. for the orbital ¥, q.cq+q@ and similarly ¢. g, q for
VeqtQuv.q:
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and similarly for 1, 4. Thirdly, they still satisfy Eq. [C.4} which for the valence-
conduction orbitals becomes:

wv,q,c,Q(xa y) = ¢v,q(x)¢:,q+Q(y)
= (¢eqr(¥)nq(w))”
= w:,Q,v,q(:% JZ) (0112)

And finally, the valence-conduction orbitals are still constructed in a way such that
for every orbital 1, 4 . @ in the ve-sector, there is an element v, g . q in the cv-sector,
thus allowing for the compact notation Eq. and the ensuing efficient treatment
of the BSE in terms of matrices. Thus, the derivation shown above can be directly
applied using this basis set. Note however, that in the valence-conduction orbitals,
the Bloch momentum of the conduction orbital depends on that of the valence
orbital, which is a result of the symmetry operation Eq. we used above.
Written this way, we can thus not independently sum over valence and conduction
indices, but have to sum over the pairs ((v,q), (c,Q)) and ((c¢,Q), (v,q)). This
was already accounted for in the derivation above, see for example Eq. [C.I1]

Resonant Matrix

We continue by explicitly constructing the resonant matrix, which will turn out to
be blockwise diagonal in Bloch representation (expansion in Bloch KS orbitals).
To see this, let us first take a closer look at Ly, which becomes for periodic (but

finite) systems (compare Eq. [C.17)):

; Z ¢c,qc<x1)¢z qv(xl )¢ch<$2 )¢v,qv(~r2)

QP
0y e W = (5611 - 5v,q ) +1in

_%,qv (z1)9; d. (z1)0; v.q, ($2/)¢c,qc (z2)

W+(Ecq 5vQ,qP)_i77

L0($17$2;$1',$2';W) =

(C.113)

Note that we here implicitly assumed that our system is gapped (semiconductor
or insulator), such that all bands are either fully occupied or completely empty.
This is the type of system we perform calculations for in this text, see Chapters [4]

and [5l Using Eq. this can be written as:

. ¢c,q+Q($1)¢* (z1)@} q+Q(l‘2')¢v q($2)
! Z (6QP — @ )+1
v,q,¢,Q W= c,q+Q v,q T]

_¢v7q($1)¢z q+Q(351 ey, 7q($2’)¢c,q+Q(gj2)
P .
w+ ( cq+Q 8UQ,(1> 17
o wC,Qﬂ),Q(xh 3‘31’)% Q v,q (IQ' $2>
=1 Z QP
’U7q7ch W= (66 q+Q - 61} q) + 177
_ Vu,g.c Q(ﬂh, 1‘1')% a,c Q($2/, T3)
P . )
w+ ( cq+Q 87}627‘1) 17

Lo(ﬂfl,ZUQ,iUl',ﬂfz/,W) =

(C.114)

where €. 41¢ is given for momenta outside BZ via:

€c,q+Q = €c,g+Q mod G (C.115)
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As expected, Ly is still a diagonal matrix with diagonal elements given by:

v7q7c7Q JR— _1
O v7Q>ch - P P :
w—+ (5gq+Q —53(1) —in
1
Lo9pa = (C.116)
aQ7U7q P P :
w— (g —e0q) +1in

Next, let us look at V' which reads in this basis:
veigfo’ - /d(x?” x4)v(x3, x4)¢;,q,C,Q(I37x3)¢v’,q’,c’,Q’ (IE4,$4)
ch’):gj’iﬁq’ - /d(x& z4)v(23, 934)@1’;,%0,@(9537353)1/Jc/,Q',v',q/ (74, 24)
Vi = / (23, 24)0(23, T)V7 g 0.q (T3, T3) 0w g1 0 @ (T4, T4)

V;:g??ﬂq/ = /d($3,$4)U($3,$4)¢z,Q,u,q(x3,$3)¢c/,Q’,v/,q'($4,$4) (C.117)

Shifting integration variables by an arbitrary lattice vector R and using v(r3 +
R, s3, 7y + R, s4) = v(rs, S3,74,54) and using Eq. [C.110| we find:

(1 _ ei(Q—Q’)-R) praeQ g

v /!
v,q,C 7Q

(1 — el(QJrQ/)R) VvqucaQ _ 0

/ VAP
C,Q,’l),q

(1 . ei(_Q_Q/).R> Vc,Q,v,q —0

! ql o /
v7q7C’Q

Q—J“mﬂvWM —0 (C.118)

C/,Q,,'U/,q/ -
Focusing on the first and last line, we can see that the prefactor vanishes for an
arbitrary R (of the finite surface, take for example R = a; and R = a»), if and
only if:

Q-Q =G (C.119)
for some reciprocal lattice vector G. Since Q and Q' are both restricted to BZ,
this gives us:

Q=Q+G—-Q=Q (C.120)
Thus, unless Q@ = Q’, the matrix element of V' must vanish and we can write:
V'U7qzch — V'Ljaq)c’Q 5Q

’Ul7q,7cl»Q/ ,q’,c/,Q Q/
C»szvq J— C,Q,U,q Q
‘/CI,Q/,’UI,qI - ‘/ClnyU/,q/(sQl <C121)

Similarly, for W we find:
W:,’f;’ffq = /d(iUz,9134)W($3,$4)¢;,q,c,q(333,96’4)%',q/,c/,Q’(333,954)

vaqycyQ —
C/,Q/,’Ul,q/

[ dtaszw
Wfi,f?f;’ff@ / d(z3, 22)W (23, )7 0 4. g(T3, Ta) Vv g0 0 @ (T3, T4)
[ ez

d T3, T4 Zs, x4)w;,q,C,Q (LU3, x4)¢c’,Q/,v’,q’ (.I‘g, SL’4>

C7Q7U7q
WCI7Q/7’UI7q,

d T3,T4 xrs3, x4)w:Q,v,q($37 334)%/,@’,@',(1' (.’13'3, 1134) (Cl22)
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And thus, using lattice-periodicity*] of W'
_ ,Q-Q)R 0,q,6,Q
(1 e ) Wygewq =0

(1 _ ei(Q+Q’)~R> el

C b /7v’?q/
<1 . ei(—Q—Q/).R) WC’Q’U’, > = 0

! q!
v,q,C

(1@ @m)wedre  —0 (C.123)

Using the same argument as before, we find:

vaqvch — WU,(I,C,Q 5Q

Ulvq,7cl7Ql Ul7q/7CIVQ Q/
C,Q,U,q — CvQ1U7q Q
WC’,QI,vl,q/ - WC’,valyqléQl (0.124)

For the resonant matrix we then find:

v,q,c,Q QP  _QP\sv sc §q9 sQ Qu,g _ 1176Q.v.q
vaiq/7cl7Q/ o <8C7q+Q E/U7q )5v/66/6q/5Ql + ‘/C,’Q/77J,’q/ WC,7Q/7v/7q,
_ (QP P Q Qg Q ,Q,v, Q
= (000 — 0TS0 + ViU 03 — Wed i, 08
_ QP QP q ¢,Q,v,q ¢,Q,v,q Q
- |:(€C:Q+Q o €U7q )5;),55,5q, + ‘/C/)Qﬂ-),uq/ - WC,quvlzq/:| 5Ql (C'125)

If we arrange rows (and columns) by using @ as the outermost loop (when flatten-
ing v,q,c, @ into a single index) — which we are free to do, see comments below

Eq. — we thus see that R becomes a block diagonal matrix™3], with one block
per Q.

BSE in TDA

For simplicity, and since all periodic calculations performed in the main text use
it, we continue in the Tamm-Dancoff approximation@ (TDA, see Sec. . All
that is left to do then is to diagonalize R. And since R is block diagonal in @,
each @ can be treated individually, each giving us N = N,N.N, (positive, see
Sec. eigenvalues and corresponding eigenvectors of R. It is then common
practice to label eigenvalues and eigenvectors by @Q (and m, which enumerates
solutions for a given Q) and the BSE in TDA becomes (compare Eq. — for
each @ — an eigenvalue problem for a matrix of size N x N, with N = N,N.N,
(compare Egs. (34), (35) and (48) in Ref. [30]):
(g~ BN + 30 (VG - Wegl | XGY = e XY
v, ,q'

(C.126)

132Which becomes obvious from the relation Eq. of W to the reducible polarizability Yy,
as defined in Eq. See also Appendix B in Ref. [208]. Of course, on the finite surface W is
only approximately lattice-periodic, but becomes exactly lattice-periodic in the thermodynamic
limit.

133See also Appendix B in Ref. [208].

1347 treatment of periodic systems beyond the TDA can for example be found in Ref. [118§].
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And L becomes:

$1, 1) X, Q($2/ T3)

mQ+177

N BZ
L(xl,xQ,SEl/,xQ/,CU) :12 Z
m=1 Q
BZ
Z m,Q (22, T XmQ(CCy 1)
Q

w4+ Qg —in

m=1

(C.127)

with2}
Xma(@y) =Y X0 Soeqiq)) 4(y) (C.128)

vYC7q

To summarize, instead of directly diagonalizing the full BSE Hamiltonian, which is
in the current situation a matrix of size 2N x 2N, with N = NUNCNS, translational
symmetry and the TDA allows us to independently diagonalize Ng = N, smaller
matrices, each of size N x N, with N = N,N.N,.

Lastly, note that when taking the thermodynamic limit (where we typically
orthonormalize the Bloch functions according to Eq. sums over Bloch mo-
menta turn into BZ integrals, as can be seen in Eq. (48) of Ref. [36]. As explained
there in the context of Eq. (49)%% the BSE as it is written in Eq. can
then be understood as resulting from discretization of the BZ integrals (compare
also the BSE in Ref. [104]), with the grid of Eq. forming one possibility for
such a discretization (compare also Appendix . Instead of performing the
thermodynamic limit only to then discretize the resulting equations again, we can
thus simply work with the formalism derived here and increase the samplin of
the Brillouin zone (make it finer) until we reach convergence in the quantities we
want to calculate. This corresponds to the discretized version of the BSE used
in BERKELEYGW [30, 053], [104] which we use for periodic calculations. Further
computational details can for example be found in Ref. [104].

C.2 Screened Coulomb Interaction

In this section we derive properties of the screened Coulomb interaction W needed
in other parts of this text.

135Note that v, ¢ and q are independent and can thus be summed over independently. Compare
the discussion below Eq.

136Here we replace the two remaining integrals over the part of the BZ shown there by the
volume squared of that part (here: area) multiplied by the integrand evaluated at k., which
results in a factor of V' in front of the matrix element. This factor appears precisely when using
the normalization Eq. [B.19] instead of the normalization Eq. [B-3] thus explaining the difference
between Eq. (49) there and our Eq.

137"Where I'-centered sampling corresponds to the use of periodic boundary conditions, see Foot-
note while shifted (but still regular and rectilinear — in coordinates of the {b;}) grids corre-
spond to the use of twisted boundary conditions, see Footnote [116| - with which the derivation
shown here is equally compatible.



APPENDIX C. MANY-BODY PERTURBATION THEORY 228

Relation to Reducible Polarizability
The screened Coulomb interaction W is defined in Eq. as

W(1,2) = /d(3)51(1,3)v(3,2), (C.129)

with the inverse dielectric function (as in Sec. we omit writing |,—¢ next to
each functional derivative for readability):

e1(1,2) = ‘?;—((21)) (C.130)
Defining the reducible polarizability [82]
x(1,2) = gzg, (C.131)
we get [82]
e1(1,2) =6(1,2) +/d(3)v(1,3)x(3, 2), (C.132)
and thus [19):
W(1,2) = / d(3)5(1,3)0(3,2) + / d(3, 4)0(1, )y (4, 3)0(3,2)
— (1,2)+/d(3,4)v(1,4)x(4,3)u(3,2)
— u(1,2) +/d(3,4) (1,3)x(3,4)v(4, 2) (C.133)

Using that the bare Coulomb interaction is instantaneous, see Eq. 2.7, we get
further:

W ((z1,t1), (e, t2)) =v(21, 22)d(t1 — o)
+ /d(xg,x4)v(a:1,x3)x((x3,t1), (x4, t2))v(x4, 29) (C.134)
Based on time-translational invariance this can be written as:
Wz, e, t; — ta) =v(x1,22)0(t1 — t2)
+ /d(xg,x4)v(x1,m3)x(x3,x4,t1 —to)v(xy,9)  (C.135)

Finally, Fourier-transforming with respect to t; — to, we find (see Eq. |A.60)):

W(zy, z2,w) = v(xy, x2) + /d(xg,:U4)v(x1,xg)x(acg,x4,w)v(:z:4,x2) (C.136)

For reference, note that we can also find from Eq. [C.129, from the fact that v is
instantaneous and from time-translational invariance, that:

Wz, xe,w) = /d:vgs_l(xl,:tg,w)v(xg,zg) (C.137)
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Expansion in Excited States

The reducible polarizability y is related to the two-particle correlation function@
L via [19]:

x(1,2) = —iL(1,2,17,2%) (C.138)

This is precisely the time-ordering that was used for the derivation of Eq. [2.192
and we thus find:

X([L‘17Q}'2,W) = —iL<x1,$2,x1,x2,w)

Xs(T1, 1) X5 (72, 72) _ xg(xl,xl)Xs(sz,m) (C.139)

w— Qg +1in w+ g —in

For W we then find:
W1, z2,w) =v(21, 22) + Z/d($37x4)v($17I3)v($4’x2)
§=1
{Xs(:cs,xs)xg(a@’m) _ X5(s, 73)Xs (24, 74) (C.140)
w— Qg +in w+ Qs —in

Defining

ws(y) = / d(z)o(x, y)xs(r, @) (C.141)

and using that the bare Coulomb interaction is real and symmetric, see Eq. 2.7]
we get:

ws(r)ws(@z)  wilz)ws(@2)

w = C.142
(21, 02, w) = v(T1, To +Sz:1 w— Qg +1n Wt Qs — 1 ( )
Properties of IV in the Static Approximation
At w =0 we find:
ws(z1)w§(ws) + wi(rr)ws(xs)
W(zy, 29,0) = v(21, 29) + C.143
(w1, 22,0) = v(21, 23) Z et i ( )
Sincd™’] Qg > 0, we can safely let n — 0:
W (z1,22,0) = v(z1,22) — Z s (w5 () + wh(m us(z2) (C.144)
5=1 Qs
And further:
Wz, 29,0) = v(z1,22) — 22 R fws( xl Jws (@)
(w1, ) — 22 Rews( xl ws(2)] (C.145)

138Note that, remembering Eq. this shows the close relation between the BSE and linear
response!

139Tn contrast to the Lehmann representation of Gy (see Eq. , the Lehmann representation
of L, Eq. only contains excited states, see also the text below Eq. Thus, Qg is strictly
positive here.
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Thus, we find that W (xq,x2,0) is real
W (x1,22,0) = W*(z1,22,0) (C.146)
and symmetric

W(Jfl,.TQ,O) = W(.TQ,Il,O). <C147)
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D Photoemission Orbital
Tomography

D.1 Equivalence of Dyson-Orbital Expressions
Here we show the equivalence of our Dyson-orbital definition of Eq. and the

formulation used in Ref. [I32] by expanding both expressions in the one-particle
ONB {¢,} and showing that their linear coefficients are equal.

Second-Quantization Dyson Orbital
We start from the definition Eq.

di g(x) = (wldiz) = (N =1, f| ¥(x) [N, i) (D.1)
Projecting onto ¢; we find (using Eq. [2.119):

[ 63w o) = (N = 1, £l V.3 (D.2)

Let us now expand the initial state in single Slater determinants (compare Ap-

pendix :
|N,i) = ZCD |9D(1), DD@)s - - - DDV )
D

-3 e \ngD%ngDn N > (D.3)
D
Using Eq. we finally get:
/dx¢;(m)di7f(x) => ep(N—1,fla
D
j—1,_(D)
= Z CD(sLn(vD)(—l)Zl:l [
D J

<N—1,f|n§D),ngD),...,n§.D)—1,...> (D.4)

nt? nSP), >

First-Quantization Dyson Orbital

We start from the expression given in Ref. [132]:

d; s(z) = m/d{azg,...,xN}qz;N1>*({x2,...,xN})quN><{x,m2,...,xN}) (D.5)
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Projecting onto ¢;, expanding the initial state in Slater determinants and using

Eq. 2-50] we find:
/dm;(x)di,f(x) _ \/N/ s, o)UY ()
/ dzg; (@)U ({23, .., 2n})
- ED:CD\/N/d{xQ,...,:cN}\If;N‘”*({:cQ,...,xN})

%/ drg;(@) ({2, 22, on i nf”, . ) (D)

We now focus on the integral over x and use the expression for the overlap of two
antisymmetrized product states to find [42):

/dl’gb}k(l’) <{$,I’2, s 7IN}|n§D)’n§D)7 e > =

B / dag;(@) 3 (=D ] ono (@) (=)

— Z(—l)\ﬂl H¢H(i)<$i) /dx¢;f(m)¢n(1)(x) (D.7)

From the orthonormality of the orbitals we find that only determinants that contain
¢; and permutations that put it at first place can contribute:

N
/d$¢;($) <{l’>$2, ot ni?, > = 517n§_D> D (=DM ) [ ] ne (20)
11 1=2
(D.8)

Finally, we note that these surviving permutations are simply obtained by first
moving ¢; to first place, which may give us an overall minus sign, depending on
its initial position, and then performing all permutations of the remaining N — 1
orbitals at the back:

/dl’gb;k(l‘) <{l',l‘2, s 7xN}|ngD)7ngD)7 o > =

=5, w(—1)zi=n” <{x27 P n? e >
]
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Inserting this into Eq. we find (using Egs. and [2.47)):
/dxgzﬁ;(x)dzf(a:) =
1)k 1
:;Cp/d{lﬁ, Ce ,ZL’N}‘I’;N b ({CBQ, c. 7$N})m
J (D)(_l)Z{;I:l n? <{:U2, Ly nSP nlP a1 >

1,nj i
i—1 (D) o
:ZCD(SI n(vD)(_l)Zg:I " /d{$27,1’N}\P§cN 1) ({xQ,---7$N})
)
D
1 D D D
W<{$2,,$N}‘ng ),ng )7”.7,”‘5. )_17>

» 0

= Z cpd, n(p)(—l)zg;ll " <\1150N_1)|n§D), ngD), ot o > (D.10)
D J

Summary

Comparison shows that the expansion coefficients in the one-electron basis are
identical and we thus find:

dif(x) = (z|dis) = (N = 1, f| () |N,d)

_ \/N/d{xg,...,xN}\p;N1>*({x2,...,xN})xpgN)({x,xQ,...,xN})
(D.11)

Lastly, note that Eq. is denoted by d(z1) in Ref. [I32] and the authors there
continue the text with d(xy) as their chosen Dyson orbitals. The two expres-
sions however differ at most by an overall sign, which drops out when calculating
transition rates, compare Eq.

D.2 Photoemission Matrix Element of Periodic
Systems

The aim of this section is to show that relative photoemission intensities stay
well-defined when approaching the thermodynamic limit. For simplicity, we per-
form the derivation excluding spin. Inclusion is however trivially done by having
lattice-periodic functions u be spin-dependent and summing over spin in the matrix
elements A

D.2.1 Crystal-Momentum Conservation

We begin this section by deriving crystal-momentum conservation for a macro-
scopic but finite surface. As usual, we denote the area of the surface unit-cell A,
such that the area of the macroscopic surface becomes A = N;N,A., where Ny,
N, are the number of in-plane repetitions of the surface unit cell. As argued in
Sec. [A.1.7] the bound Kohn-Sham (KS) orbitals of such a system are then, in the
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interior region of the surface, to good approximation Bloch orbitals {¢, 4} with
Bloch momenta given by the I'-centered grid of Eq. [A.8}

Onq(T) = e Up,q(T) (D.12)

They only differ from the Bloch-like nature in the small region around the lateral
sides of the surface, and, of course, beyond the lateral sides, where they can be
expected to quickly vanish in the vacuum. Normalization of these orbitals over all
space leads to the normalization Eq. for their lattice-periodic parts:

/( d3r|§0n,q|2 ~ / d2rll/dz|90n,Q|2
R3 A R
~ [ [ s gl
A R
=1

We restrict ourselves in the following to photoelectron states that are in-plane

Bloch-states (compare Sec. [3.3.4)):
3(r) = i (r) (D.14)

(D.13)

We assume u., to be normalized according to Eq. such that a plane wave
(which is the final state we will work with in practice) v(r) = (27)~%/2e*7 is

Dirac-delta normalized, see Eq. (compare Appendix [D.3]).
Ground-State POT

We start with ground-state POT, where we use Eq.[3.40]as our starting point, where
the photoemission intensity is given by the discrete sum over Bloch momenta and
valence bands:

. 2
hglfptg,q‘ (5(“} + Ev,q - Ekin) (D.15)

BZ
Sy
q v

We now demand the final states to satisfy periodic boundary conditions at the
sides of the finite area, such that their (in-plane) Bloch momenta are restricted to
the same I'-centered grid of Eq. as the bound orbitals. We will get back to
this restriction later. Now, the photoemission matrix element of Eq. reads

(compare Eq. [3.19)):
h%tg,q = (1A -DPloug)

= —i/ d>r Y(1r)A - Vi, q(r)
R3

= —i/R3 dPr 0uq(r)A -V (1), (D.16)

where we partially integrated to get to the last line and used the fact that surface
terms vanish since the bound states of the finite surface vanish at infinity. Since
the bound orbitals quickly vanish in the lateral directions outside the finite surface,
it becomes:

h(vif;fzyq ~ —i/Ad2r|| /Rdz Oyq(T)A - VY (1) (D.17)
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Since the area around the lateral sides only makes up a small part of the surface,
we can further write:

W, ™ / d’r) / dz ¢TIy q(7)A - VY (7) (D.18)

Since the error we make due to these approximations becomes less and less relevant
(generally small relevant to the total matrix element), the larger the surface gets

13 7

(irrelevant in thermodynamic limit, see below), we use from now on the “=" sign
again. Inserting also the Bloch-form of the photoelectron wave function and using
the product rule, we find:

Srqu = /dzr”/dze 9-a,) Ty g(r) [A-V —1A - q ] ul(r) (D.19)

By expanding the cell-periodic functions in plane waves, see Eq. [A.58] we get:
Wi, ==1) / dPrel(a-9+ G =C)
GG

/R 0z cq(G2) [A-V —iA-(q, + Q)] &(G,2)  (D.20)

Since g and g, are Bloch momenta from the I'-centered grid corresponding to the
finite surface’s area A, we find:

Y>Pv,q

W = 160, AY [ 02 c0alG.2) [4-V ~i4- (a, + @] £(G,) (D21
G R

Using additionally

/ d*ry / dz uyq(r) [A-V —iA - q | ul(r) =
= d*ry | dz &G =D Tie, (G 2)[A-V —iA- (g, +G)|c(G,2)
;/ ||/ [ ]

= A, ;/Rdz cvq(G,2),[A-V —iA-(q,+ G)] (G, 2), (D.22)

we find:
hi™) = —iNiNagq, / d*ry / dz uyq(r) [A-V —iA-q Jui(r)  (D.23)
Ac R

We thus see that crystal momentum is conserved in photoemission, which is an
important result and will help us tremendously when implementing our photoe-
mission formalism.

exPOT

Let us now turn to the exPOT formalism, where we use Eq. as our starting
point:

1nt
Y d(m Q). (v,9)

(S(W -+ Q(m’Q) + Ev,g — Ekin) (D24)

mowaZ
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The Dyson orbitals in exPOT are given by Eq. (with f = v):
dim@)wa) (1) = > _ XD 00 1q(r)

= ngz,ﬁ))(pc,quQ mod G(T)7 (D25)

where we used Eq.|C.108, They are thus also Bloch functions (composed of Bloch-
like bound states) and their lattice-periodic functions are then written as:

Z ch uc,q—i—Q mod G(’r) (D26)

Following the above derivation we then we find crystal-momentum conservation in
analogy to Eq. as:

(int) o
Y:4(m,Q),(v,q)

= —iN1N20g+Q mod G.q, / d*ry / dz um’Q)(r) [A-V —iA.-q] u’ ()
Ae R

= —iN1N2dg.q,-Q mod G/ d27"H / dz uEZZ’Q)(r) [A -V —iA- qv} u(r)
Ao R
(D.27)

D.2.2 Thermodynamic Limit and Renormalization

Ground-State POT

We now again continue with ground-state POT to analyze how our equations
behave in the thermodynamic limit First, note that u, 4 is normalized according to
Eq.[B.3] Thus, with growing system size N; and Ny, the integral in Eq.[D.23 would
shrink as ~ \/% Let us now change the normalization to Eq.|B.19| Comparison

NiNs
with the old normalization Eq.|B.3[shows that we must include a factor of A(i\?j\/z .
Using u, q = S\T,? N, Uv,g We get:

NN
20, = im0, [ [ s g [4-V ~i4-0]u) (D25)

Note that, we generally assume the bound states to be restricted to a finite z
interval [0, L] while being practically zero outside of it (see Appendix|A.1.1]). Thus,
liy,q, is restricted to this integral (vanishes outside), such that we can write:

(int) : N1 N, 2 L ~ . «
h'y Pu.q = —127 Tcéq’q”’ B d TH ; dz U,L,’q(’l") [A -V — 1A - q7:| u,y('f')

(D.29)

Finally, we can re-insert the matrix element into the photoemission intensity
Eq. The Kronecker delta eliminates the sum over the Brillouin zone and
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2
we absorb the constant prefactor [27T %} into the proportionality (we calcu-

late relative intensities) such that we find:

- 2
_[O_yy [0¢ Z h,(;fptl)uh (5(&] + gv,q,y - Ekin); (D30)
with the renormalized matrix element:
L
hgﬁz,q = 0q,q, /A d27"|| /0 dz Uy q(T) [A -V —iA - qv] u’(r) (D.31)

Approaching now the thermodynamic limit, we can see that the renormalized ma-
trix elements and the (relative) photoemission intensities stay well-defined, that is,
they do not diverge! Further, since we used the normalization Eq. — which
is independent of the system size — the expression also does not vanish in the
thermodynamic limit.

In addition, our approximation for the bound states — that they are Bloch
functions — becomes exact in this limit and the edge effects in the photoemission
integral — which we neglected above, see Egs.[D.17land[D.18 - become irrelevant™}
And finally, the periodic boundary conditions we forced on the photoelectron state
become irrelevant in the thermodynamic limit. That is, the grid of allowed photo-
electron Bloch momenta becomes arbitrarily dense (the same holds for the bound
orbitals). At one specific photoelectron state, the formula for calculating the in-
tensity at that specific photoelectron state however remains unchanged and well-
defined. Note also, that in practice we can choose to normalize the surface-unit-
cell periodic functions to any (finite) value over A, (as long as we normalize them
consistently the same, of course) since the normalization drops out anyway when
calculating relative intensities.

To summarizes, we can approach an infinite surface by making our finite sur-
face arbitrarily large. In the process, the grid of allowed Bloch momenta becomes
arbitrarily dense (like the rational numbers Q are dense in R) and relative pho-
toemission intensities stay well-defined, justifying the use of our photoemission
formalism in combination with an arbitrarily large surface (model system) with a
Brillouin zone sampling that approaches continuity.

exPOT

We can again perform similar steps in the exPOT formalism. Following the same
derivation and introducing

{L?()TI,Q) (’I”‘) = Z Xé,TZ;qQ)aqq-i-Q mod G('r)7 (D32)

C

140The infinite surface has no ends; more formally: the edge area becomes vanishingly small
compared to the interior, such that the integral there is vanishingly small compared to the in-
terior. If, in a special case, there exists a photoelectron state where the integral in the interior
vanishes while the integral on the edge does not, then the resulting matrix element is still vanish-
ingly small compared to the photoemission intensities of other photoelectron states with nonzero
interior integral. And since we calculate relative intensities, the intensity of the prior is then still
vanishingly small.
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we then ultimately find:

,QHWOCZ

2

1nt
77d(m Q),(v,qy—Q mod G) 5((&) + Q + gv,q —Q mod G — Ekm)a

(D.33)

with the renormalized matrix element:

7 (int) o
Yd(m,Q),(v,q,-Q mod G)

qq —Q mod G/ d r|/ dz u(mQ [A V —-iA- q'y] u:('r) (D34)
For reference, note explicitly that:

Uya 0 moa (1) = D Xy o mod Gliea, (T) (D.35)

C

Having followed the above steps, note that the renormalized matrix element will
with the current normalization go to zero when approaching the thermodynamic
limit, which is a consequence of the fact that the Bethe-Salpeter equation (BSE)
eigenvector is generally normalized via (compare Eq. [C.71)):

Z Z | vc’c?) (D.36)

such that we can generally expect ug, mQ) \/ﬁ with growing system size Ny,
Ny (number of Bloch momenta in BZ equals number of unit-cell repetitions, see
Eq. . In practice this is not a concern, since we never actually approach
the thermodynamic limit, compare the discussion at the end of Appendix [C.1.4]
If we were concerned with this, this problem could however easily be mitigated,
by normalizing the BSE eigenvectors such that individual values to not go to
zero (e.g. multiply them by vV N1N2) and absorbing the resulting factor into the
proportionality constant such that it again is irrelevant for relative photoemission

Intensities.

D.2.3 Renormalized Matrix Elements and Discrete Fourier
Transform

The aim of this section is to further evaluate the renormalized photoemission ma-
trix elements of ground-state POT, Eq. and exPOT, Eq. [D.34] which may
generally be written as:

;r;“_/ d%/ dz ua(r) [A-V —iA - q,] ui(r) (D.37)

with in-plane unit-cell-periodic functions u4 and w,. In ground-state POT we
simply have

ug(r) = liy,q, (r), (D.38)
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while in exPOT we have (see Eq. [D.35)):

~(m,Q
() = @5 od & (r)

= Z Xﬁ?ﬁ)—Q mod GaQQ—y(’r) (D.39)

Now, remember that [0, L] is the z interval that the bound orbitals are located in
(assumed practically zero outside this interval). In practice, this finite interval in z
direction is determined by the used repeated slab unit cell and the bound states are
calculated in this approach (see comments on periodic boundary conditions and
vanishing boundary conditions throughout Appendix for details, e.g. the
paragraph around Eq. . The integral then runs over the volume of the slab
and we write uy inside this volume as (slab-periodic; again, see paragraph around

Eq. see also Appendix [A.4.1)
ug(r) = ca(G)eC, (D.40)

G

with (b; is the i-th reciprocal cell vector of the slab):

3
=1

Note that, while we argued here based on the repeated-slab calculations we perform
in practice, such an expansion of uy inside the interval [0, L] is generally possible
and not restricted to such calculations.

Inserting this expansion into photoemission matrix element we get:

. L .
thlj) =Y clG) /A dr) /0 dz €CT[A-V —iA-q,] u(r) (D.42)
G c

While we use this expression in the main text for the plane-wave final states,
it holds for all in-plane-Bloch photoemission states, for example for the damped
plane-wave state of Ref. [35].

D.3 Fermi’s Golden Rule

The aim of this section is to give precise meaning to the transition rate density
of Eq. and to give additional details of the practical calculation of photoe-
mission intensity distributions. For simplicity, we omit the photoelectron-spin in
the derivation. Its inclusion is however trivial for systems/treatments with pure
spin-up/down photoelectron final states, with transition rates and intensities sim-
ply acquiring an additional dependence on s (s =1 / ]) by using photoelectron
states 7y, s in place of k.

D.3.1 Transitions to the Continuous Spectrum

As detailed in Sec. [3.3.3 we model the N-electron states after photoemission as
an antisymmetrized product states each consisting of an N — 1-electron eigenstate
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IN — 1, f) (energy E(N — 1, f)) and a one-electron scattering/photoelectron state
[7) (energy Eign):

N.(f) > A © N = 1.£)

The prefactor originates from Eq. and guarantees us that these product states
are properly orthonormalized, provided that the N — 1-electron states are orthogo-
nal and normalized to 1 (bound states) and the photoelectron states are orthogonal
and Dirac-delta normalized (scattering states, see Appendix . This can be
seen by expressing the N — l-electron states as a linear combination of Slater
determinants (antisymmetrized product states based on some set of orthonormal

orbitals, compare Appendix [A.1.2)),

|N - ]-7f> = ZC(Df) ‘¢D(1)7¢D(2)7 .. '7¢D(N—1)>7 (D44)

D

such that we get:
(N, (L MIN(fA) =
= AOI® N~ 1 ) A() @ N -1, )

1 s
=N Z e A ((v| ® (D), dD@)s - - - dD(N-1)]) - --

D,D’
A(W) @ oDy dpr@)s - brv-1)))
= Z ey ) (7, ®p(1), DD@)s - - - » ODN-1)|V, PO (1) DD (2)s - - s PD(N-1))

D,D’
=30 Y en ) (epolne) - - (@pev-nltnm ), (D.45)
D,D’ 1T

where 1); is the i-th element of the ordered set {7/, ¢p/(1), dpr(2), - - - épr(n—1)} and
the step to the last line can be found in Ref. [42]. We now assume that the
photoelectron states are orthogonal to all orbitals used in the N — 1-electron final
stateslzrl. Under this assumption, only permutations can survive that leave ~" at
first place. The remaining permutations are precisely the ones we would find when
only calculating the overlap between [N — 1, f) and [N — 1, f’) and they have the
same number of transpositions as those that would occur there. We thus find:

(N, (£,)IN, (f79) = (/) (N =1, fIN =1, f) (D.46)

As detailed in Sec. we generally index the photoelectron states by their
photoelectron momentum k, such that their orthonormalization reads (vg|vy) =

Sk — k).

1411 line with Sec. this assumption becomes exact when using scattering KS states as our
photoelectron states and bound KS states for the construction of the N — 1-electron final states
while it is not generally true for a PWFS. In practice, we assume that the resulting inconsistent
normalization of the N-electron (sudden-approximation-)final states can be ignored. See also
comments below for a discussion of normalization-issues in practice.
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Note that we will in practice approximate the N — l-electron final states by
quasiparticle (QP) states, see Sec. . We interpret these as approximate eigen-
states with well-defined energies to justify using them in Fermi’s golden rule. Note
further, that these states are generally not orthonormal! Note however, that un-
der the assumption of a normalized single Slater determinant ground state (which
we routinely assume in Sec. , we can explicitly write these states in the form
of Eq. and they are then automatically orthonormal, as explained below
Eq. [2.176] If the ground state is an unnormalized single Slater determinant, then
these QP states are still orthogonal and are all normalized to the same value.
Normalization to the same value is in fact all we need, since this norm drops out
anyway when calculating relative photoemission intensities (see below). We thus
generally assume in practice that the ground state is close-enough to a single Slater
determinant, or, more generally, that our QP final states (be they Eq. or the
more general Eq. are approximately normalized@ equally (such that no fi-
nal state is artificially preferred in Fermi’s golden rule, which becomes particularly
important when summing over the final states to get the photoemission intensity,
see below). In the following derivation, we will however assume that they are fully
orthonormal eigenstates of the Hamiltonian, with these comments in mind.

Similar comments can be made about the initial state. In ground-state POT,
the initial state is the ground state, while in exciton POT we usually work with
the exciton states Eq. (or Eq. . Note that the latter generally assume
a single Slater determinant ground state, in line with the comments made above
about the final states. As explained below Eq.[2.226] these states are normalized if
the ground state is normalized (and the BSE eigenvector is normalized). If we are
only interested in the photoemission intensity distribution relative to some specific
initial state — which is usually the case — the initial state’s normalization is in
fact irrelevant again, since it drops out in relative intensities. Only if intensities
for different initial states were to be compared would this normalization become
relevant. See also comments below Eq. [3.30 In the following, we will however
again assume the initial state to be normalized.

Provided that the N-electron initial state is normalized, (N,i|N,i) = 1, we can
then follow Ref. [120] to find the transition rate density from the initial state | N, )
to the final state Eq. under the perturbation Eq. as (neglecting again the

emission part):
N 2
Wi, = 2m ‘(N, (f,7)] Bt | N, @)‘ §(w+ E(N,i) — E(N — 1, f) — Eun) (D.AT7)

That is, W;_, s, gives us — at large times — the probability (density) per unit time

for a transition from the initial to the (one specific) final state to occuﬂ.
Importantly, since the final state is a continuum state and our experiments do

not have perfect resolution, we can never meaningfully measure the transition rate

142Note that assuming/demanding them to be normalized is of course a sane approach. After
all they replace the exact IV — 1-electron eigenstates in the one-particle Green’s function, whose
normalization was essential in the derivation of the Lehmann representation, see for example the
expansion made in Eq.

43Note that it is a probability mass function with respect to the discrete N — l-electron final
states! This is why we can pick out one specific |[N — 1, f) when calculating transition rates (see
below), while the scattering-state must be integrated over. Compare the discussion involving

spin and position in Sec. @
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to such a single final state, but get instead the rate for the transition to a group
of final states. As detailed in Sec. [3.3.4] we can generally index our photoelectron
states by the photoelectron momentum k which is related to their energy via
By, = ’“2—2 We can thus also index them by the direction k/k and the kinetic
energy Fy;,. In photoemission experiments the photoemission intensity is then
generally obtained for a finite interval dFEy;, in the kinetic energy and a finite
domain of photoelectron directions which can be expressed as a solid-angle €.
The transition rate to a set of final states with the N — 1-electron in the state
IN — 1, f), the photoelectron momentum in the interval JFy;, around the value

FEyin and the solid angle 6€2 around k/k is then given by [126]:

Wiss 1. (6Bun.69) = /

6Ekin

B /5 0 p(Bin) W, (D.48)
where p is the density of scattering states and is given by:

P(Eiin) = v/ 2Eiin (D.49)

Neglecting (for now) energy uncertainties for simplicity, the N-electron initial and
N —1-electron final states as well as the probe energy w determine the photoelectron
kinetic energy at which a transition can occur. If this energy is not in d Fy,, then
Wit (5Bun,s0) Vanishes. On the other hand, if it is in the interval, then we can use
the Dirac delta. In total, we thus find:

Wil (6Bum,60) =
= 2o + B(N.0) = BV = 1) [ |V, (73)| B .0
9]

1(w+ E(N,i) — E(N — 1, f) € 6 En)
5= (w+ E(N,i)— E(N —1, f), k/k), (D.50)

2

where the indicator function 1 equals 1 if its argument is true and 0 else. Assuming
the energy-window 0 Fi, to be small enough such that quantities are approximately
constant in it, we can also express the above via the middle-point Ey;, of the energy
window:

~ ~ 2
I/Viﬁf,(JEkm,éﬂ) :27Tp(Ekin) / df )<Na (f7 ’?)| Hint |N7 Z>
9]
1w+ E(N,i) — E(N —1, f) € 0Exn)
7 =(Exin, k/F) (D.51)

The kinetic energy Fi;, describes a hemisphere in the configuration space {k} of
photoelectron momenta (enforcing as usual k, > 0) and the solid angle §§2 defines
an area on this sphere. Suppose now that the solid angle 62 is small and positioned
(for the hemisphere at Ey,) around the in-plane momenta k, and k, (which define
a point on the hemisphere). Under the assumption that the matrix element is
approximately constant on the small solid angle we find:

~ 2
Wiss 1,6 Bgn,09) =27 p(Eian )OS ’(N, (f, )| Hint | N, 1)
1w+ E(N,i) — E(N — 1, f) € 6En),
k =(ky, k,, \/2Ekm — k2 —k2)" (D.52)
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Finally, as detailed in Sec. [3.3.8] we arrive at the relative photoemission intensity
by additionally summing over the N — 1-electron final states and dropping constant
prefactors:
. 2
Ii~>§Ekin,5Q X k(SQ Z ‘<N7 (f7 fyk)‘ Hint |N7 Z>‘
!

1w+ E(N,i) — E(N — 1, f) € 6 Eun), (D.53)

where we used Eq.[D.49 On a sidenote, this equation is fully compatible with pe-
riodic systems and the treatment of Appendix[D.2] where the sum over f becomes
a sum over v and q and where the latter sum is eliminated by crystal-momentum
conservation.

D.3.2 Momentum Maps and Band-Structure Plots

Our most common way of analyzing the photoemission distribution for a given
N-electron initial state |N, i) is to plot the intensity distribution at a fixed pho-
toelectron kinetic energy Fii,, or, more precisely, for a small interval d Ey;, that
includes this value. To do so, we usually define a square grid of in-plane momenta
{(ky, ky)}, which can be thought of as being put on top of the hemisphere defined
by Ekin. By convention, we assign the square around each grid point (k;, k,) to
the grid point. This area is often called the k, — k, bin. Each grid point (k,, k)
then represents a group of in-plane photoelectron momenta, namely the ones that
lie in this square/bin. Next, we can assign the area JA(k,, k,) on the hemisphere
which lies below that square to the grid point (k, k,). Finally, this area 0 A(k,, ky)
defines a solid angle 6Q2(k,, k,) which we thus identify with the grid point (k, k).
This solid angle must then be used in Eq. to calculate the transition rate to
the photoelectron states with kinetic energy in dFy;, and in-plane photoelectron
momenta in the k, — k, bin. Of course, application of Eq. assumes that the
used momentum grid is fine-enough such that the corresponding solid angles are
small.

Let us now calculate d€2(k,, k). To do so, we first calculate the surface area
dA(ky, ky). For a hemisphere of radius k = v/2Ey,, we find the point k, on the

hemisphere to lie at:

e (ke by) = /(82 = 2 = 2) (D.54)

As usual, the surface area element is then given by:

ok \? [0k, \?
A=14/1 & z D.
; W(%) o (2 s, 055
We then find:
koth/2 ky+h/2 L ~ ~
0A(ky, ky) = / dkx/ dk, 9(k;2 — k;i — k;), (D.56)
kew—h/2 ley—h/2 k2 — ;;% — ;;,Z

where we assumed that our grid-spacing h is the same in k, and k, direction. Note
that the Heaviside function 6 is only relevant for grid points near the equator (see
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below), where it ensures that we only integrate over the k, — k, region which lies
above the sphere. We now assume that our grid-spacing is fine-enough such that
the integrand is approximately constant in the square and we find:

k
~ 2
GA ke by) o ey (D.57)
x Yy

Note that this approximation is problematic in the “outermost ring” of grid points,
which lie along the equator of the sphere, since there, (i) part of the integrand
should vanish for these points due to the Heaviside function and (ii) the integrand
rapidly changes when approaching the equator, such that the position of the grid
point relative to the equator heavily influences the resulting value when using
Eq.[D.57 Instead of explicitly treating these points we can however simply remove
them from our plots, which is justified when using a fine-enough grid-spacing where
they would have only contributed a vanishingly thin outer ring in the created
momentum maps. Note also, that for grid points that lie beyond the equator,
Eq. is of course ill-defined, and dA(k,, k,) is instead — as demanded by the
Heaviside function — set to 0. In the following we will simply write dA(k,, k) via
Eq. and implicitly understand these two points.

The solid angle at (k,, k,) is then simply given by:

OAMka k) _ 1o 1
R N = =

5k, ky) = (D.58)

With this result we can now finally write the photoemission intensity for § Fy;, and
for the in-plane momentum bin k, — k, as:

~ 2
I; |Hint|N7 Z>

1
—6Fyin, 02 X m Z ‘<N7 <f7 ’7k>
x y o

1(w+ E(N,i)— E(N =1, f) € 6E), (D.59)

where we dropped the constant h? prefactor. Lastly, remember that we want to
simulate photoemission experiments, which is why we adapted our formalism to
the finite resolution in energy- and in-plane-momentum-measurements, as detailed
above Eq. [D.48 While our formula for the photoemission intensity now gives us
the intensity over a finite energy-window and in-plane momentum area, the used
formalism and resulting values do not fully correspond to what is measured exper-
imentally! Imagine, for example, that the “true kinetic energy” of a photoelectron
lies at the edge of the interval d Ey;,. Then, due to its finite accuracy, the detector
may detect it as belonging to this interval (as does our current formalism), but may
also, with a smaller probability, detect it as belonging to the neighboring interval,
or, even one of the next neighbors. For example, in the experiments underlying
Chapter [5] kinetic energies were experimentally obtained with a measurement un-
certainty of ~ 150 meV (standard deviation) [16]. To account for this (and at the
same time also account for true energy uncertainties/broadening, for example at
ultra-short pulse-durations, see Sec. in our calculations, we replace the Dirac
delta in Eq. by a Gaussian that is centered at w + E(N,i) — E(N —1, f) and
has a standard deviation corresponding to the measurement error of the detector.
Assuming the energy-interval 0 Fy;, to be small we can evaluate the integrand at
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Ey, and find The resulting photoemission intensity formula then reads:

OE in
I; il Z‘ f Ve |H1nt|N Z>

—0Eyin, 02 X m
Yy

(_ (B — (0 + E(N,i) — E(N — 1, f))]2>
P 20% ’
(D.60)

where the Gaussian’s prefactor is irrelevant for relative intensities. Note that the
same argument can be made with respect to the in-plane momenta, which is why we
often apply Gaussian filters onto calculated momentum maps (or band structures)
calculated with Eq. [D.60, where we use a standard deviation o, corresponding to
the experimental k, and k, measurement uncertainty (which is usually the same in
both directions). Note that this is essentially Eq. , however with additionally
the k-dependent prefactor and a Gaussian in place of the Dirac delta.

Note that when plotting a single momentum map, the energy window o FEy,
is irrelevant for the relative intensities — only a single value Ey;, suffices. This is
why we often simply speak of a momentum map at kinetic energy Ey,. If inten-
sities are to be compared among multiple momentum maps, it is then implicitly
assumed that they belong to equally-sized energy intervals. Similarly, when plot-
ting photoemission band-structures (see below), we divide the kinetic-energy axis
into equally sized intervals, such that the size d Ey;, of each interval again drops
out when plotting the relative intensities.

Note that there are different ways in which momentum maps can be plotted. If
we want to plot the photoemission intensity per k, — k, bin then we use Eq. [D.60}
This is shown in the central column of Fig. for the HOMO of an isolated (gas-
phase) PTCDA molecule (thus, we remove the sum over f and only use f = HOMO
— this way, upon independent normalization of each momentum map, the Gaus-
sian becomes irrelevant and can also be dropped). Conversely, it is also common

to drop the ——=——-prefactor when plotting momentum maps. For a single, in-
A/ k2 —k2 —kzg )

dividually normalized (for example to a maximum value of 1) momentum map this
corresponds to dividing the photoemission intensity of each bin by the solid angle
represented by the bin, or, equivalently (since k is constant on a single momentum
map and since we normalize the map) by the surface-area on the hemisphere that
corresponds to the bin. This can also be understood as first plotting the photoe-
mission intensity distribution on the hemisphere and then looking at the hemi-

. 2
sphere from atop (To see this, imagine the matrix-element ‘(N, (f, )| Hint | N, z)‘

is angle-independent. Then, the intensity is the same for each point (k,, k,) on the
hemisphere and, when plotting the intensity on the hemisphere, it should have a
single solid color. If we plot a momentum map without the prefactor, it will also
be of a single — the same — solid color.). This way of plotting momentum maps
. . . 1 . .

is shown in the left column of Fig. |D.1{ and the prefactor NG is shown in

the right column. As can be seen, visual differences only occur when dominant
photoemission features approach the equator, while the inner regions of the mo-
mentum maps look practically identical. The other theoretical momentum maps
shown throughout this text are all calculated without the prefactor.
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Figure D.1: Different ways of plotting momentum maps. Different rows show
momentum maps of PTCDA’s HOMO (gas-phase) at different kinetic energies
(and without the |A - k]Q prefactor, compare Eq. . The left column shows
photoemission intensity per k, — k, bin, divided by the solid angle of the bin. The
middle column shows photoemission intensity per k, — k, bin. The right column
shows the solid angle per bin. Multiplying the two outer columns results (up to
normalization) in the central one. Each momentum map is individually normalized
to a maximum value of 1.

While we restricted the above discussion to momentum maps, we can also use
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Eq. for the creation of photoemission band-structure plots. In these plots, the
kinetic energy typically spans the vertical axis and a path in the k, —k,-plane spans
the horizontal axis. We then subdivide the kinetic-energy interval of interest into
small sub-intervals of equal size d Fy;,. Similarly, we divide the in-plane momenta
into bins of size h?, as explained above. Each point on the chosen momentum-path
then falls into one of these bins. At each kinetic energy (the center of each sub-
interval) we can then use Eq. to calculate the intensities for the relevant bins.
Additionally, we may apply a Gaussian filter for the momenta — typically only in
the path’s direction. As detailed below Eq. [D.57] at each kinetic energy, we can
simply set the intensity of bins that cross the equator at that kinetic energy to zero
to avoid numerical complications. An example of such a band structure is shown
in Fig. (4.4 See also Fig. [D.2] which shows the prefactor \/ﬁw for different

energy- and momentum-intervals.
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Figure D.2: Influence of the photoemission intensity prefactor T on band-

structure plots. Panels (a) and (b) show two different Fy;,- and k, intervals at
k, = 0. The prefactor was individually normalized to a maximum value of 1 in
each plot.

D.3.3 Large-Energy-Interval Integration

To improve statistics we often integrate experimental photoemission intensity data
over large kinetic-energy windows, often on the order of ~0.5 eV. To mimic such
experimental data the same integration should be performed on the theory-side.
Since we are integrating over such large kinetic-energy windows it is in this case
not necessary to replace the Dirac delta by a Gaussian, which was only introduced
above to make sure that theoretical momentum maps at a given kinetic energy
and small kinetic-energy window include all photoelectrons that can appear at
that energy in experiments. When instead working with a large energy-window



D.3. FERMI'S GOLDEN RULE 249

they are all included anyway in the integrated photoemission datalzzl. In a rather
simple approach we can then divide the large interval AEy;, into N sub-intervals
0FEkin,; and calculate the energy-integrated photoemission intensity for the k, — k

y
bin from Eq. as:

Li s A, 50 X Z \/— Z ’

1(w+ E(N,i) — E(N — 1, f) € 6Exins),
(D.61)

2
ffYk |H1nt|N Z>

where k; is determined by FEii,;, the central value of d Ey, ;. This approach was
used in practice for the 67T clusters, where we found that only the HOMO-like
valence cluster-orbitals contribute to the considered excitons. That is, we calcu-
lated the absolute square of the photoemission matrix element for each valence
cluster-orbital at its precise kinetic energy, as determined by Eq. and them

sum up (while neglecting in this case the \/% prefactor, which is justified
k2 —k2 k2

by it being approximately the same for all of the valence cluster-orbitals and us
choosing the representation that does not include this factor). This is how the
cluster exPOT k-Maps shown in Fig. ,C and e have been created (where we
additionally neglected the polarization prefactor). For completeness, note that for
the monomer k-map, Fig. 5.5k, we have simply used the HOMO-derived k-map
(dropping again the polarization factor).

In a simpler approximation we may also use Eq. directly, simply with
AFEy, in place of § Ey;,. This is justified as long as AFE;, is not too large, see text
above Eq.[D.51] As an example, this is fully justified for the system of a 6T mono-
layer and photoemission from the HOMO band, because the band was found to
have a very small dispersion of less than 0.1 eV. The same approach was there also
used for the LUMO (=~ 0.5 eV band dispersion) “IPA” k-map. Both momentum
maps can be found in the right column of Fig. |5.2b (while including in that case
the polarization prefactor). Additionally, the exciton momentum maps shown in
Fig. and (using in both cases the HOMO-band) were also calculated in
such a way (where we additionally neglected the polarization prefactor).

144 A Gaussian may however, as an improvement to the proposed formalism, still be used to
better mimic the experimental uncertainties which ultimately lead to a smearing of features in
energy-integrated momentum maps. Since we anyway use Gaussian filtering on top of momentum
maps, this is however not strictly necessary to well-reproduce and predict experimental results.
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