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1 Introduction

In this chapter we review recent developments in time series analysis of finan-
cial assets. We will focus on the multivariate aspect since in most applications
the dynamics of a broad variety of assets is relevant. In many situations in
finance, the high dimensional characteristics of the data can lead to numer-
ical problems in estimation algorithms. As a motivating example, we show
that an application of a standard multivariate GARCH type model in high
dimensions to determine the minimum variance portfolio yields sub-optimal
results due to biased parameter estimates. One possibility to avoid numerical
problems is to impose more structure on the conditional covariance matrix of
asset returns, for example a factor structure.

We first discuss recent advances in factor models, where factors can be
observed as in the one-factor capital asset pricing model (CAPM) and the
three-factor model of [57], or unobserved. The main idea of factor models is
to capture common movements in asset prices while reducing the dimension
substantially, allowing for flexible statistical modelling.

If factors exhibit specific dynamic features such as volatility clustering
or fat tails, then these are typically inherited by the asset prices or returns.
For example, fat tailed factor distributions may generate tail dependence and
reduce the benefits of portfolio diversification. As for volatility clustering,
the modelling of the volatility and the dependence between assets becomes
essential for asset pricing models. We therefore review volatility models, again
focusing on multivariate models. Since its introduction by [48] and [21], the
generalized autoregressive conditional heteroscedastic (GARCH) model has
dominated the empirical finance literature and several reviews appeared, e.g.
[20] and [19]. We compare (multivariate) GARCH models to the alternative
class of (multivariate) stochastic volatility (SV) models, where the volatility
processes are driven by idiosyncratic noise terms. We consider properties and
estimation of the alternative models.
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With an increasing amount of intra-day data available, an alternative ap-
proach of volatility modelling using so-called realized volatility (RV) measures
has become available. This approach goes back to an idea of [2]. Rather than
modelling volatility as an unobserved variable, RV tries to make volatility
observable by taking sums of squared intra-day returns, which converges to
the daily integrated volatility if the time interval between observations goes
to zero. A similar approach is available to obtain realized covariances, taking
sums of intra-day cross-products of returns. While this approach delivers more
precise measures and predictions of daily volatility and correlations, it also
uses another information set and is hence difficult to compare with standard
GARCH or SV type models.

Correlation-based models are models of linear dependence, which are suf-
ficient if the underlying distributions have an elliptical shape. However, one
often finds empirically that there is an asymmetry in multivariate return dis-
tributions and that correlations change over time. In particular, clusters of
large negative returns are much more frequent than clusters of large positive
returns. In other words, there is lower tail dependence but no upper tail depen-
dence. Copulas are a natural tool to model this effect and have the additional
advantage of decoupling the models for the marginal distributions from those
for the dependence. We review recent research on dynamic copula models and
compare them to correlation-based models.

Finally, we consider approaches how to evaluate the quality of fitted models
from a statistical and economic perspective. Two important criteria are, for
example, the Value-at-Risk of portfolios and the portfolio selection problem.

2 The investor problem and potential complications

Since the seminal work of Markowitz [90], portfolio selection has become one
of the main areas of modern finance. Today, investment strategies based on
mean-variance optimization are considered the benchmark. A first problem
of the standard approach is that the obtained optimal portfolio weights de-
pend on second moments (variances and covariances) of the underlying asset
returns, which are notoriously time-varying. In other words, the optimal port-
folio can only be considered optimal for a short period of time, after which a
re-balancing becomes necessary. Another problem is that the formula for op-
timal portfolio weights depends on the inverse of the covariance matrix, and
that in high dimensions the covariance matrix is typically ill-behaved. Hence,
portfolio selection might lead to suboptimal results in high dimensions when
the standard formulas are applied.

A somewhat related problem is the numerical complexity of standard mul-
tivariate volatility models, where the number of parameters may explode as
the dimension increases, which leads to intractable estimation and inference
of these models. Moreover, in those models where the number of parameters
is constant (such as the DCC model of Engle [49] see Section 4.2), there is
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Fig. 1. Conditional correlations between two fixed assets for growing dimensions of
the model

no problem in terms of model complexity, but another problem occurs: as the
dimension increases, parameter estimates are downward biased and variation
in correlations is underestimated, see e.g. [56]. In the following, we illustrate
this effect using data of the London stock exchange.

We use the estimated (time varying) covariance matrix for the DCC model
to construct the minimum variance portfolio (MVP). For the estimated co-
variance matrix Ĥt, the MVP weights are

wt =
Ĥ−1

t ι

ι⊤Ĥ−1
t ι

, (1)

where ι is an (N × 1) vector of ones.
The measure of interest is then the variance of the MVP, which should be

minimal across different models, and the variance of the standardized portfo-

lio returns given by rp,t = w⊤
t rt/

√

w⊤
t Ĥtwt, which should be close to one.
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Fig. 2. Variance of the MVP of two fixed assets for growing dimensions of the model

To illustrate the potential problems that can occur when modelling large
dimensional data sets we consider daily returns of 69 stocks that that are part
of the the FTSE 100 index ranging from January 1995 until December 1996 we
consider the problem of estimating conditional correlations and constructing
the minimum variance portfolio (MVP) between the only the first two stocks
in the data set. However, a model is fit to a larger data set and we look at
the effect of including additional assets in the model.
Figure 2 shows the correlations between the first two assets of the sample
estimated using the DCC Garch model by Engle in [49] as the number of
assets in the sample K is increased. Surprisingly as the dimension of the data
set increases the correlation dynamics are estimated with less precision and
the conditional correlations become almost flat for K large as already noted
in [56]. Using the covariance matrix estimated using the same sample we
constructed the MVP for the first two assets using (1). The number of assets
is increased from 2 to 69 and the variance of the resulting portfolio is plotted
in Figure 2 as a function of K. The portfolio reaches the lowest variance for
the model estimated using about 10 assets thus implying that the additional



Multivariate time series models for asset prices 5

information contained in the other series adds economic value. However, once
K is increased further the variance grows again and the benefit of including
more information in the data is outweighed by the numerical problems causing
the flat estimates of the conditional correlations. As the dimension of the
model grows further the problem is likely to become worse in addition to the
computational complexity that makes estimating large dimensional models
difficult.

3 Factor models for asset prices

Let rt = (r1t, . . . , rNt)
⊤ denote the vector of asset returns at time t, t =

1, . . . , T . Factor models assume that there is a small number K, K < N of
factors fkt, k = 1 . . . ,K, such that

rt = a+Bft + εt, (2)

where a is an (N×1) vector, B an (N×K) loading matrix and εt a stochastic
error term with mean zero and variance matrix Ω, uncorrelated with the fac-
tors. The idea of factor models is to separate common, non-diversifiable com-
ponents from idiosyncratic, diversifiable ones. The idiosyncratic error terms
are usually assumed to be uncorrelated so that Ω is diagonal, in which case
one speaks of a strict factor model. If the factors are stationary with mean
zero and variance matrix Σ, then returns are stationary with mean a and
variance

H := Var(rt) = BΣB⊤ +Ω. (3)

Dynamic properties of the factors typically carry over to returns. For example,
if factors are nonstationary with time-varying variance Σt, then returns will
also be nonstationary with variance Ht = BΣtB

⊤ + Ω. Another example
is that of conditional heteroscedasticity, where factors can be stationary but
conditioned on the information of lagged factors, the variance Σt is time-
varying. Models for Σt and Ht will be discussed in the next section.

Note that factor models are identified only up to an invertible rotation of
the factors and the loading matrix. To see this, let G be an invertible (K×K)
matrix and write (2) equivalently as rt = a + BGG−1ft + εt, then we have
the same model but with factors f̃t = G−1ft and loading matrix B̃ = BG.
Thus, only the K-dimensional factor space can be identified, not the factors
themselves.

Two types of factor models are usually distinguished: those with observed
and unobserved factors. When factors are observed, then simple estimation
methods such as OLS can be used to estimate the parameters a and the loading
matrix B. The most popular example of an observed one-factor model in
finance is the capital asset pricing model (CAPM), developed by [100] and [86],
where the single factor is the market portfolio, which is usually approximated
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by an observable broad market index. Several empirical anomalies have been
found which led to the three-factor model of [57], where additional to the
market factor there is a second factor explaining differences in book to market
values of the stocks, and a third factor controlling for differences in market
capitalization or sizes of the companies. A general multifactor asset pricing
model has been proposed by [98] in his arbitrage pricing theory (APT).

When factors are unobserved, estimation becomes more involved. Imposing
structure on Ω and Σ it is possible to do maximum likelihood estimation, but
in high dimensions this is often infeasible. On the other hand, [31] have shown
that by allowing Ω to be non-diagonal and hence defining an approximate

factor model, one can consistently estimate the factors (up to rotation) using
principal components regression if both the time and cross-section dimension
go to infinity. [13] provides inferential theory for this situation, whereas [37]
and [14] propose tests for the number of factors in an approximate factor
model.

In order to render the factor model dynamic, several approaches have been
suggested recently. A stationary dynamic factor model specifies the loading
matrix B as a lag polynomial B(L) where L is the lag operator and factors
follow a stationary process, for example a vector autoregression. [60] apply
the dynamic principal components method by [26] to estimate the common
component B(L)ft in the frequency domain. Forecasting using the dynamic
factor model has been investigated e.g. by [101]. A recent review of dynamic
factor models is given by [24].

Rather than considering stationary processes, [91] follow another approach
where factors are stationary but the loading matrix B is a smooth function
of time, and hence returns are non-stationary. Estimation is performed us-
ing localized principal components regression. To extend the idea of dynamic
factor models to the nonstationary case, [45] let the lag polynomial B(L) be
a function of time and show asymptotic properties of the frequency domain
estimator for the common components.

4 Volatility and dependence models

4.1 Univariate volatility models

In this section we review alternative univariate models for volatility: GARCH,
stochastic volatility and realized volatility.

GARCH

The generalized autoregressive conditional heteroskedasticity (GARCH) model
introduced by [48] and [21] suggests the following specification for asset re-
turns rt,
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rt = µt + εt, εt = σtξt

σ2
t = ω + αε2t−1 + βσ2

t−1, (4)

where ξt ∼ N(0, 1) and µt is the mean, conditional on the information set at
time t − 1. For example, the CAPM mentioned in Section 3 implies that for
the return on the market portfolio, µt = rf + λσ2

t , where rf is the risk free
interest rate, λ the market price of risk and σ2

t market volatility that could be
explained by the GARCH model in (4). This is the so-called GARCH-in-mean
or GARCH-M model of [52].

For σ2
t in (4) to be a well defined variance, sufficient conditions for positiv-

ity are ω > 0 and α ≥ 0, β ≥ 0. Higher order models that include more lags of
εt and σ2

t are possible but rarely used in practice. A more serious restriction of
the standard GARCH model is that recent errors εt have a symmetric impact
on volatility with respect to their sign. Empirically, one has often observed a
leverage effect, meaning a higher impact of negative errors than positive ones.
Many extensions of the standard GARCH model have been proposed, see e.g.
[75] for a review of alternative specifications.

The GARCH(1,1) process in (4) is covariance stationary if and only if
α + β < 1, in which case the unconditional variance of εt is given by σ2 =
ω/(1−α−β). In the GARCH-M case with µt = rf+λσ2

t , the unconditional first
two moments of rt are given by E[rt] = rf+λσ2 and Var(rt) = λ2Var(σ2

t )+σ2.
Note that a positive autocorrelation of σ2

t induces a similar autocorrelation
in returns in the GARCH-M model. This corresponds to empirical evidence
of significant first order autocorrelations in daily or weekly stock returns,
see e.g. Chapter 2 of [28]. Straightforward calculations show that the τ -order
autocorrelation of rt is given by

ρ(τ) = (α+ β)τ
λ2Var(σ2

t )

λ2Var(σ2
t ) + σ2

, τ ≥ 1.

Compared with an AR(1) model with µt = φrt−1 for which ρ(τ) = φτ ,
these autocorrelations could be matched for τ = 1, but at higher orders the
GARCH-M model would imply higher autocorrelation than the AR(1) model.
[70] compared the GARCH-M and AR(1) specifications and found that in
most cases the AR(1) model, although without economic motivation, pro-
vides a better fit to the data. Obviously, if λ = 0, then rt is white noise with
ρ(τ) = 0 for all τ 6= 0. An effect of nonzero autocorrelation of returns does not
violate the hypothesis of market efficiency, as the autocorrelation is explained
by a time-varying risk premium, see e.g. [52].

The GARCH model implies that returns yt have a fat tailed distribution,
which corresponds to empirical observations already found by [58] and [89].
In particular, assuming ξt ∼ N(0, 1) and finite fourth moments of rt by the
condition β2 +2αβ +3α2 < 1, the GARCH(1,1) process in (4) has an uncon-
ditional kurtosis given by

κ = 3 +
6α2

1− β2 − 2αβ − 3α2
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where the second term is positive such that κ > 3. Thus, while the conditional
distribution of rt is Gaussian, the unconditional one is fat-tailed. Furthermore,
there is volatility clustering in the sense that there are periods of high volatility
and other periods of low volatility. This reflected by a positive autocorrelation
of squared error terms.

Estimation of GARCH models is rather straightforward. Suppose one can
separate the parameter φ that describes the conditional mean µt from the
volatility parameter θ = (ω, α, β)′. Assuming normality of ξt, one can write
the log likelihood function for a sample of T observations up to an additive
constant as

L(φ, θ) = −1

2

T
∑

t=1

[

log σ2
t (θ) +

{yt − µt(φ)}2
σ2
t (θ)

]

which is maximized numerically w.r.t. φ and θ. Under weak regularity condi-
tions, [23] show that

√
T (θ̂−θ) → N(0, J−1) where J is the Fisher information

matrix.

Stochastic Volatility

Stochastic volatility (SV) models offer a good alternative to capture time-
varying variances of asset returns. They originated in different branches of
the literature such as financial economics, option pricing and the modelling
of financial markets in order to relax the constant variances assumption. For
example, [76] allow volatility to follow a general diffusion in their option pric-
ing model. [36] introduced a model where the information flow to the market
is specified as a log-normal stochastic process, which results in a mixture of
normal distributions for asset prices. [102] accommodated the persistence in
volatility and suggested the following autoregressive SV model, which is the
most common formulation.

rit = µit + exp(hit/2)ξit (5)

hit+1 = δi + γihit + σηi
ηit (6)

ξit and ηit are standard normal innovations and are potentially (negatively)
correlated, which leads to a statistical leverage effect meaning that price drops
lead to increases in future volatility. σηi

is assumed to be positive and for
|γ| < 1 the returns rit are strictly stationary. This basic specification is able
to explain the fat-tailed return distributions and persistence in volatility well
due to the flexibility introduced by the error term. In fact, the Gaussian
SV model fit financial data considerably better than a Normal GARCH(1,1)
model and it performs about as well as a GARCH model with Student-t
innovations. [103], [66] and [8] are excellent reviews on SV models and some
extensions. Estimation of SV models, which is reviewed in [27], is not trivial
and probably the main reason why ARCH models are considered more often
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in empirical studies. Estimation can be done by many different techniques
such as the method of moments (see [102]), quasi maximum likelihood using
the Kalman filter in [74], the simulated method of moments by [44], [68] and
[62], Markov Chain Monte Carlo (MCMC) estimation by [77] and [81], and
simulation based maximum likelihood estimations using importance sampling
(IS) by [38], [40] and [84]. We recommend using either MCMC or IS methods
for estimating the parameters and latent volatility process in a SV model, as
these offer very efficient estimates and the considerable computational effort
can be handled easily by modern computers.

Realized Volatility

With the availability of high-frequency data, by which we mean price data
observed every 5 minutes or even more often, a new set of very powerful tools
for volatility estimation and modelling has evolved, namely realized volatil-
ity and related concepts. The information contained in high-frequency data
allows for improved estimation and forecasting of volatility compared to us-
ing only daily data. Furthermore, realized volatility measure relate closely to
continuous time SV models and one only needs to assume that the return
process is arbitrage free and has a finite instantaneous mean. This in turn
implies that the price process is a semi-martingale that the returns can be
decomposed into a predictable and integrable mean component and a local
martingale. This includes the continuous time stochastic volatility diffusion

dpt = µtdt+ σtdWt, (7)

where Wt denotes Brownian motion and the volatility process σt is assumed
to be stationary. Denote the continuously compounded h period return by
rt+h,h ≡ pt+h − pt, where one usually chooses h = 1 to be one trading day.
Consider a sample of 1/∆ observations per day. In practice∆ is often chosen to
be 1/288 corresponding to 5-minute returns, although this clearly depends on
the data set. Sampling too frequently can lead to a bias due to microstructure
noise in the data. Then realized variance for day t is defined as

RV =

h/∆
∑

j=1

r2t+j∆,∆. (8)

This is a consistent estimator of the quadratic variation and, if the price pro-

cess does not exhibit any jumps, also of the integrated variance
∫ h

0 σ2
t+sds.

However, in the presence of jumps quadratic variation decomposes into in-
tegrated variance and the quadratic variation of the jump component. [18]
propose a measure that consistently estimates the integrated variance even in
the presence of jumps. This estimator, called bipower variation, is defined as

BPV =
π

2

h/∆
∑

j=2

|rt+j∆,∆||rt+(j−1)∆,∆|. (9)
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Thus it is possible to separate the continuous and the jump components of
volatility by estimating both realized variance and bipower variation, and to
identify the jumps by looking at the difference between the two.

Convergence in probability of RV was established by [5]. Empirical proper-
ties of RV are documented in [4] and [3], such as approximate log-normality,
high correlation across different RV series, and long memory properties of
volatilities. Forecasting of volatility and the gains that can be made by using
high frequency data are discussed in [6]. [9] consider latent factor models for
RV series and show that these can help forecasting volatilities. The asymptotic
distribution of the RV measure and connections to SV models are provided
in the notable contributions [15] and [16].

4.2 Multivariate volatility models

Multivariate GARCH models

GARCH models have been vastly applied to multivariate problems in empir-
ical finance. The typically large number of assets, however, caused problems
in early years where models were too complex with too many parameters
to estimate. For example, the BEKK model of [51] specifies the conditional
covariance matrix Ht as

Ht = C0C
⊤
0 +Aεt−1ε

⊤
t−1A

⊤ +BHt−1B
⊤ (10)

where C0, A and B are N×N parameter matrices and C0 is upper triangular.
The model (10) is the simplest version of a BEKK model, but higher order
models are rarely used. An advantage of the classical BEKK model is its
flexibility and generality while generating implicitly a positive definite Ht.
However, the number of parameters to estimate is O(N2), which revealed to
be infeasible in high dimensions.

In the following we will therefore concentrate on two model classes, factor
GARCH and DCC models, that can be applied to hundreds or thousands of
assets. Factor models can be shown to be restricted versions of the BEKK
model in (10), while DCC type models form a separate, non-nested class of
models. A broad overview of multivariate GARCH models has been given
recently by [19].

Suppose there are N asset returns, r1t, . . . , rNt, t = 1, . . . , T . A model with
K factors can be written as

rit = bi1f1t + . . .+ biKfKt + εit, i = 1, . . . , N

where εit is an idiosyncratic white noise sequence. In matrix notation this is
just the model given in (2). If factors follow univariate GARCH processes with
conditional variance σ2

it and are conditionally orthogonal, then the conditional
variance of rit can be written as
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hit =
K
∑

k=1

b2ikσ
2
it + ωi

where ωi = Var(εit). Factors can be observed assets as in [54] or latent and
estimated using statistical techniques. For example, the Orthogonal GARCH
model of [1] uses principal components as factors and the eigenvalues of the
sample covariance matrix to obtain the factor loadings, before estimating the
univariate GARCH models of the factors. [105] generalizes the O-GARCH
model to allow for multiplicities of eigenvalues while maintaining identifiability
of the model.

A second class of models has attracted considerable interest recently, the
class of dynamic conditional correlation (DCC) models introduced by [49] and
[104]. In the standard DCC model of order (1,1), conditional variances hit are
estimated in a first step using e.g. univariate GARCH. Then, standardized
residuals eit = (rit − µit)/

√
hit are obtained and the conditional correlation

is given by

Rij,t =
Qij,t

√

Qii,tQjj,t

where Qij,t is the (i, j)-element of the matrix process Qt,

Qt = S(1− α− β) + αet−1e
⊤
t−1 + βQt−1 (11)

with S being the sample covariance matrix of eit. In the special case of α =
β = 0, one obtains the constant conditional correlation (CCC) model of [22].

Splitting the joint likelihood into conditional mean, variance and correla-
tion parameters, the part of the likelihood corresponding to the correlation
parameters can be written as

logL(α, β) = −1

2

T
∑

t=1

(log |Rt|+ e⊤t R
−1
t et) (12)

An interesting feature of estimators that maximize (12) is that for increasing
dimension N the α estimates appear to go to zero, as noted already by [55].
[56] argue that this may be due to the first stage estimation of the conditional
variance parameters and the sample covariance matrix S. The parameters
of the first stage can be viewed as nuisance parameters for the estimation
of the second stage. The covariance targeting idea used in the specification
of (11) depends on one of these nuisance parameters, S. The effect, clearly
demonstrated in simulations by [56] and [71], is a negative bias for the α
estimate, thus delivering very smooth correlation processes in high dimensions
and eventually estimates that converge to the degenerate case of a CCC model.
[56] propose to use a so-called composed likelihood estimation, where the sum
of quasi-likelihoods over subsets of assets is maximized. They show that this
approach does not suffer from bias problems in high dimensions.
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Another reason why maximization of (12) is not suitable in high dimen-
sions is numerical instability due to almost singular matrices Rt and the prob-
lem of inverting this matrix at every t. The sample covariance matrix S is
typically ill-conditioned, meaning that the ratio of its largest and smallest
eigenvalue is huge. In this case, shrinkage methods as in [83] could possibly
be applied to S to improve the properties of the DCC estimates.

A limitation of the classical DCC model in (11) is that only two param-
eters, α and β, drive the dynamic structure of a whole covariance matrix,
possibly of high dimension. This seems implausible if N is large, say 50 or
higher. [71] proposed to generalize the DCC model as

Qt = S ⊙ (1 − ᾱ2 − β̄2) + αα⊤ ⊙ εt−1ε
⊤
t−1 + ββ⊤ ⊙Qt−1

where now α and β are (N × 1) vectors, ⊙ is the Hadamard product, i.e.
elementwise multiplication, and ᾱ = (1/N)

∑

i αi and β̄ = (1/N)
∑

i βi. This
generalized version of the DCC model has the advantage of still guaranteeing
a positive definite Qt and Rt while being much more flexible in allowing some
correlations to be very smooth and others to be erratic.

Multivariate stochastic volatility models

The basic specification for a multivariate stochastic volatility model (MSV)
introduced by [74] is given by

rt = µt +H
1/2
t ξt (13)

H
1/2
t = diag{exp(h1t, ..., exp(hNt))

hit+1 = δi + γihit + ηit, for i = 1, ..., N (14)
(

ξt
ηt

)

∼ N

[(

0
0

)

,

(

Pξ 0
0 Ση

)]

(15)

where µt = (µ1t, ..., µNt)
⊤, ξt = (ξ1t, ..., ξNt)

⊤ and ηt = (η1t, ..., ηNt)
⊤. Ση is

a positive-definite covariance matrix and Pξ is a correlation matrix capturing
the contemporaneous correlation between the return innovations. Of course,
both correlations between the mean innovations and the volatility innovations
can be restricted to be zero to reduce the number of parameters. If one only
assumes that the off-diagonal elements of Ση are equal to zero this specifi-
cation corresponds to the constant conditional correlation (CCC) GARCH
model by [22], since no volatility spillovers are possible.

This basic model has relatively few parameters to estimate (2N+N2), but
[39] shows that it outperforms standard Vector-GARCH models that have a
higher number of parameters. Nevertheless, a number of extensions of this
model are possible. First, one can consider heavy tailed distributions for the
innovations in the mean equation ξt in order to allow for higher excess kurtosis
compared to the Gaussian SV model, although in most cases this seems to be
unnecessary. [74] suggest using a multivariate t-distribution for that purpose.
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A second simple and natural extension of the basic model can be achieved
by introducing asymmetries into the model. One possibility is to replace (15)
by

(

ξt
ηt

)

∼ N

[(

0
0

)

,

(

Pξ L
L Ση

)]

L = diag{λ1ση,11, ..., λNση,NN}, (16)

where ση,ii denotes the i’th diagonal element of Ση and λi is expected to be
negative for i = 1, ..., N . This specification allows for a statistical leverage ef-
fect. [12] distinguish between leverage, denoting negative correlation between
current returns and future volatility, and general asymmetries meaning neg-
ative returns have a different effect on volatility than positive ones. These
asymmetric effects may be modeled as a threshold effect or by including past
returns and their absolute values, in order to incorporate the magnitude of
the past returns, in equation (14). The latter extension was suggested by [38]
and is given by

hit+1 = δi + φi1yit + φi2|yit|+ γihit + σηi
ηit. (17)

A potential drawback of the basic models and its extensions is that the
number of parameters grows with N and it may become difficult to estimate
the model with a high dimensional return vector. Factor structures in MSV
models are a possibility to achieve a dimension reduction and make the esti-
mation of high dimensional systems feasible. Furthermore, factor structures
can help identify common features in asset returns and volatilities and thus
relate naturally to the factor models described in Section 3. [42] propose a
multivariate ARCH model with latent factors that can be regarded as the
first MSV model with a factor structure, although [74] are the first to propose
the use of common factors in the SV literature. Two types of factor SV models
exist: Additive factor models and multiplicative factor models. An additive K
factor model is given by

rt = µt +Dft + et

fit = exp(hit/2)ξit (18)

hit+1 = δi + γihit + σηi
ηit, for i = 1, ...,K,

with et ∼ N(0, diag(σ2
1 , ..., σ

2
N )), ft = (f1t, ..., fKt)

⊤, D is an N×K matrix of
factor loadings andK < N . Identification is achieved by setting Dii = 1 for all
i = 1, ..., N and Dij = 0 for all j < i. As mentioned in [12] a serious drawback
of this specification is that homoscedastic portfolios can be constructed, which
is unrealistic. Assuming a SV model for each element of et can solve this prob-
lem, although it does increase the number of parameters again. Furthermore,
the covariance matrix of et is most likely not diagonal. A further advantage of
the model is that it does not only accommodate time-varying volatility, but
also time-varying correlations, which reflects the important stylized fact that
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correlations are not constant over time. A multiplicative factor model with K
factors is given by

rt = µt + exp

(

wht

2

)

ξt (19)

hit+1 = δi + γihit + σηi
ηit, for i = 1, ...,K,

where w is an N × K matrix of factor loadings that is of rank K and ht =
(h1t, ..., hKt)

⊤. This model is also called stochastic discount factor model.
Although factor MSV models allow for time-varying correlations these are

driven by the dynamics in the volatility. Thus a further extension of the basic
model is to let the correlation matrix Pξ depend on time. For the bivariate
case [106] suggest the following specification for the correlation coefficient ρt.

ρt =
exp(2λt)− 1

exp(2λt) + 1

λt+1 = δρ + γρλt + σρzt, (20)

where zt ∼ N(0, 1). A generalization to higher dimensions of this model is not
straightforward. [106] propose the following specification following the DCC
specification of [49].

Pξt = diag(Q
−1/2
t )Qtdiag(Q

−1/2
t ) (21)

Qt+1 = (ιι⊤ −A−B)⊙ S +B ⊙Qt +A⊙ ztz
⊤
t ,

where zt ∼ N(0, I), ι is a vector of ones. An alternative to this is the model
by [11], which also uses the DCC specification, but the correlations are driven
by a Wishart distribution.

Further specifications of MSV models along with a large number of ref-
erences can be found in [12], whereas [106] compares the performance of a
number of competing models. One main finding of this study is that models
that allow for time-varying correlations clearly outperform constant correla-
tion models.

Estimation can in principle be done using the same methods suggested
for univariate models, although not each method may be applicable to every
model. Still, simulated maximum likelihood estimation and MCMC estimation
appear to be the most flexible and efficient estimation techniques available for
MSV models.

Realized covariance

The definition of realized volatility extends to the multivariate case in a
straightforward fashion and thus the additional information contained in high
frequency data can also be exploited when looking at covariance, correlation
and simple regressions. Some references are [3] and [4] providing definitions,
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consistency results and empirical properties of the multivariate realized mea-
sures. [17] provide a distribution theory for realized covariation, correlation
and regression, the authors discuss how to calculate confidence intervals in
practice. A simulation study illustrates the good quality of their approxima-
tions in finite samples when ∆ is small enough (about 1/288 works quite well).
Let the h period return vector be rt+h,h. Then realized covariance is defined
as

RCOV =

h/∆
∑

j=1

rt+j∆,∆r⊤t+j∆,∆. (22)

The realized correlation between return on asset k, r(k)t+h,h, and the return
of asset l, r(l)t+h,h, is calculated as

RCORR =

∑h/∆
j=1 r(k)t+j∆,∆r(l)t+j∆,∆

√

∑h/∆
j=1 r2(k)t+j∆,∆

∑h/∆
j=1 r2(l)t+j∆,∆

. (23)

Finally, the regression slope when regressing variable l on variable k is given
by

β̂(lk),t =

∑h/∆
j=1 r(k)t+j∆,∆r(l)t+j∆,∆

∑h/∆
j=1 r2(k)t+j∆,∆

. (24)

All these quantities have been shown to follow a mixed normal limiting dis-
tribution. An application of the concept of realized regression is given in [7],
where the authors compute the realized quarterly betas using daily data and
discuss its properties.

Dynamic copula models

A very useful tool for specifying flexible multivariate versions of any class of
distribution functions are copulas. A copula is, loosely speaking, that part
of a multivariate distribution function that captures all the contemporaneous
dependence. The most important results concerning copulas known as Sklar’s
theorem tells us that there always exists a copula such that any multivariate
distribution function can be decomposed into the marginal distributions cap-
turing the individual behavior of each series and a copula characterizing the
dependence structure. This separation does not only allow for an easy and
tractable specification of multivariate distributions, but also for a two-step
estimation greatly reducing the computational effort. Thus any of the volatil-
ity models described above can be generalized to the multivariate case in a
straightforward fashion by coupling the univariate models using copulas. Fur-
thermore, dependence structures that go beyond linear correlation such as tail
dependence and asymmetric dependencies, which is useful when markets or
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stocks show stronger correlation for negative than for positive returns, can be
allowed for. [92] provides a mathematical introduction to the topic, whereas
[78] treats the topic from a statistical viewpoint. [35] and [61] look at copulas
and their applications for financial problems.

Consider the N-dimensional return vector rt = (r1t, ..., rNt)
⊤. Let Fi be

the marginal distribution function of return i at let H be the joint distribution
function of rt. Then by Sklar’s theorem there exists a copula function C such
that

H(r1t, ..., rNt) = C {F1(r1t), ..., FN (rNt)} . (25)

Additionally, if the marginals are continuous the copula is unique. Recalling
that by the probability integral transform the variable uit = Fi(rit) follows
a standard uniform distribution it becomes clear that a copula is simply a
multivariate distribution function with U(0, 1) marginals.

A large number of examples of copula function and methods to simulate
artificial data from them, which is extremely useful for the pricing of deriva-
tives with multiple underlying assets, is discussed in the chapter ”Copulae
Modelling” in this handbook. However, here we focus our attention on the
situation when the copula is allowed to vary over time, which accommodates
the special case of time-varying correlations, a feature usually observed in
financial data. Dynamic copulas can thus be used to construct extremely flex-
ible multivariate volatility models that tend to fit the data better than models
assuming a dependence structure that is fixed over time. In what follows we
denote the time-varying parameter of a bivariate copula by θt.

Structural breaks in dependence: A formal test for the presence of a
breakpoint in the dependence parameter of a copula was developed in [41].
Denote ηt’s the parameters of the marginal distributions, which are treated
as nuisance parameters. Formally, the null hypothesis of no structural break
in the copula parameter becomes

H0 : θ1 = θ2 = ... = θT and η1 = η2 = ... = ηT

whereas the alternative hypothesis of the presence of a single structural break
is formulated as:

H1 : θ1 = ... = θk 6= θk+1 = ... = θT ≡ θ∗
k and η1 = η2 = ... = ηT .

In the case of a known break-point k, the test statistics can be derived as a
generalized likelihood ratio test. Let Lk(θ,η), L

∗
k(θ,η) and LT (θ,η) be the

log-likelihood functions corresponding to a copula based multivariate model
using the first k observations, the observations from k+ 1 to T and all obser-
vations, respectively. Then the likelihood ratio statistic can be written as

LRk = 2[Lk(θ̂k, η̂T ) + L∗
k(θ̂

∗
k, η̂T )− LT (θ̂T , η̂T )],
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where a hat denotes the maximizer of the corresponding likelihood function.
Note that θ̂k and θ̂∗

k denote the estimates of θ before and after the break,

whereas θ̂T and η̂T are the estimates of θ and η using the full sample. In
the case of an unknown break date k, a recursive procedure similar to the
one proposed in [10] can be applied. The test statistic is the supremum of the
sequence of statistics for known k

ZT = max1≤k<TLRk (26)

and the asymptotic critical values of [10] can be used. [29] extended the pro-
cedure to additionally allow for a breakpoint in the unconditional variance of
the individual series at a (possibly) different point in time and they discuss
how to estimate the breakpoints in volatility and in dependence sequentially.

The conditional copula model: [94] showed that Sklar’s theorem still holds
for conditional distributions and suggested the following time varying speci-
fication for copulas. For the Gaussian copula correlation evolves, similarly to
the DCC model, as

ρt = Λ

{

α+ β1 · ρt−1 + β2 ·
1

p

p
∑

j=1

Φ−1(u1,t−j) · Φ−1(u2,t−j)

}

, (27)

where, Λ(x) = 1−e−x

1+e−x is the inverse Fisher transformation. The number of lags
p is chosen to be 10, although this is a rather arbitrary choice that may be
varied. For copulas different from the Gaussian the sum in (27) is replaced by
∑p

j=1 |u1,t−j − u2,t−j| and Λ has to be replaced by a transformation appro-
priate to ensure the dependence parameter is in the domain of the copula of
interest.

Adaptive estimation of time-varying copulas: In order to save some
space we refer to the chapter ”Copulae Modelling” in this handbook for a de-
scription of these techniques to estimate dynamic copulas introduced by [67].

Stochastic dynamic copulas: While the model by Patton can be seen as
the counterpart to a GARCH model, where correlations are a function of the
past observation, in [72] we propose to let the dependence parameter of a cop-
ula follow a transformation of a Gaussian stochastic process. That has, similar
to stochastic volatility models, the advantage of being a bit more flexible than
a DCC model or the specification by Patton at the cost of being more difficult
to estimate. Furthermore, it is a natural approach for a multivariate extension
of stochastic volatility models.

We assume that θt is driven by an unobserved stochastic process λt such
that θt = Ψ(λt), where Ψ : R → Θ is an appropriate transformation to ensure
that the copula parameter remains in its domain and whose functional form
depends on the choice of copula. The underlying dependence parameter λt,
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which is unobserved, is assumed to follow a Gaussian autoregressive process
of order one,

λt = α+ βλt−1 + νεt, (28)

where εt is an i.i.d. N(0, 1) innovation. Since λt is unobservable it must be
integrated out of the likelihood function. Such a T dimensional integral can-
not be solved analytically. However, λt can be integrated out by Monte Carlo
integration using the efficient importance sampler of [84].

Local likelihood estimation of dynamic copulas: A model which al-
lows θt to change over time in a non-parametric way is proposed in [73]. It is
assumed that the copula parameter can be represented as a function θ(t/T )
in rescaled time. If that function is sufficiently smooth then the bivariate
return process is locally stationary. Estimation is done in two steps, where
first GARCH models for the margins are estimated and in the second step
the time-varying copula parameter is estimated by local maximum likelihood
estimation. That means that the log-likelihood function is locally weighted
by a kernel function. Additionally, a one step correction for the estimates of
the GARCH parameters ensures semi-parametric efficiency of the estimator,
which is shown to work well in simulations.

Assessing the quality of the models

For practical purposes it is important to have a way to distinguish among the
many competing models. For testing a particular feature of a model such as
the leverage effect one can often apply standard hypothesis tests such a t-tests
or likelihood ratio tests. When competing models do not belong to the same
model class and are non-nested this is usually not possible anymore. Here we
do not only consider statistical criteria to assess how well a given model can
describe that data, but we also look at some economic measures that compare
the usefulness of competing models for certain investment decisions.

The simplest way to compare the in-sample fit of competing models is to
look at the value of the log-likelihood function at the parameter estimates,
which gives a good indication of how well the statistical model describes a
given data set. Since not all models have the same number of parameters and
since models with a larger number of parameters will most of the time fit
the data better due to more flexibility, it is often recommendable to use some
type of information criterion that penalizes a large number of parameters in
a model. The two most commonly used information criteria are the Akaike
information criterion given by

AIC = −2LL+ 2p (29)

and the Bayesian information criterion
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BIC = −2LL+ p log(T ), (30)

where LL denotes the value of log-likelihood function, T is the sample size
and p is the number of parameters in the model. The model with the smallest
value for either AIC or BIC is then considered the best fitting one, where
the BIC tends to favor more parsimonious models. However, even the best
fitting model from a set of candidate models may not provide reasonable fit
for the data, which is why distributional assumptions are often tested using
specific goodness-of-fit tests such as the Jarque-Bera test for normality, the
Kolmogorov-Smirnov test or the Anderson-Darling test. One may also want to
test for i.i.d.’ness of the standardized residuals of the candidate model by test-
ing for remaining autocorrelation and heteroscedasticity. Finally, one may be
interested in comparing the out-of-sample performance of a number of mod-
els. We refer to [43] for possible procedures. When comparing the forecasting
performance of volatility models realized volatility offers itself naturally as a
measure for the (unobserved) variance of a series.

Although a good statistical fit of a model is a desirable feature of any
model a practitioner may be more interested in the economic importance of
using a certain model. A very simple, yet informative measure is the Value-at-
Risk (VaR), which measures how much money a portfolio will loose at least
with a given probability. For portfolio return yt the VaR at quantile α is
defined as P [yt < VaRα] = α. The VaR can be computed both in sample and
out-of-sample and [53] suggest a test to assess the quality of a VaR estimate
for both cases. A related measure is the expected shortfall (ES), which is the
expected loss given that the portfolio return lies below a specific quantile,
i.e. ESα = E(yt|yt < VaRα). As portfolio managers are often interested to
minimize the risk of their portfolio for a given target return models can be
compared by their ability to construct the minimum variance portfolio as
suggested by [32]. The minimum variance portfolio can be considered and the
conditional mean can be ignored as it is agreed on that the mean of stock
returns is notoriously difficult to forecast, especially for returns observed at a
high frequency. A similar approach was taken in [59] to evaluate the economic
values of using sophisticated volatility models for portfolio selection. Since
portfolio manager often aim at reproducing a certain benchmark portfolio
[32] also suggest to compare models by their ability to minimize the tracking
error volatility, which is the standard deviation of the difference between the
portfolio’s return and the benchmark return.

5 Data illustration

In this section we want to illustrate some of the techniques mentioned above
for modelling a multi-dimensional time series of asset prices. The data we con-
sider are those 69 stocks from the FTSE 100 index that were included in that
index over our whole sample period. We look at daily observations from the
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Fig. 3. Conditional volatilities of the first two factors

beginning of 1995 until the end of 2005 and calculate returns by taking the
first difference of the natural logarithm. We multiply returns by 100 to ensure
stability of the numerical procedures used for estimation. Modelling 69 assets
is still less than the vast dimensions required for practical applicability, but it
is already quite a large number for many multivariate time series models and
much more than what is used in most studies. Fitting a 69 dimensional volatil-
ity model directly to the data is not possible for many of the models presented
above, mainly because the number of parameters grows rapidly with the di-
mension of the problem and estimation becomes difficult or even impossible.
We therefore impose a lower dimensional factor structure on the data in order
to achieve a reduction of the dimension of the problem and fit different volatil-
ity models to the factors extracted by principal component analysis (PCA).
The idiosyncratic components are assumed to be independent of each other
and their time-varying volatilities are estimated by univariate GARCH and
SV models. When estimating simple univariate GARCH or SV models to the
factors this is very similar to the O-GARCH model of Alexander (2000), but
we also consider multivariate GARCH and SV models to model the volatility
of the factors jointly. Namely, we estimate DCC and BEKK GARCH models,
and SV models with conditional correlations being described by the Patton
and SCAR copula specification. For the last two cases conditional correla-
tions can only be estimated for the case of two factors. Note that although
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Fig. 4. Conditional correlations between the first two factors

the correlations between the factors extracted by PCA are unconditionally
zero, conditional correlations may be different from zero and vary over time.

For the factor specification the covariance matrix for the full set of assets
can be calculated using equation (3) in Section 3. For the number of factors
we restrict our attention to a maximum of four factors. When estimating SV
model the efficient importance sampler by [84] is used for estimation and for
the time-varying volatility we consider the smoothed variance, i.e. an esti-
mate of the volatility using the complete sample information. The volatilities
of the first two factors estimated by GARCH and SV are shown in Figure 5,
whereas the conditional correlation using the four competing bivariate models
can be found in Figure 5. The correlation dynamics show that the factors are
only unconditionally orthogonal, but show a strong variation over time and
extremely high persistence (β = 0.99 for the SCAR model). It is also notable
that the four models for produce estimates of the conditional correlation that
very similar.
The results comparing the in-sample ability to compute the minimum vari-
ance portfolio (MVP) of the competing models can be found in Table 1. For
comparison we also include the variance of the equally weighted portfolio to
see how much can be gained by optimizing the portfolio. All models yield
clear improvements over using the equally weighted portfolio. Furthermore,
the ranking of the models is the same whether looking at the variance of the
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Table 1. In-sample fit of competing volatility models

Model σMV P σMV P−std Model σMV P σMV P−std

Equally weighted 0.821

1 factor GARCH 0.307 2.369 SV 0.143 1.341

2 factors O-GARCH 0.295 2.004 O-SV 0.135 1.100
DCC 0.292 1.965 SCAR 0.131 1.073
BEKK 0.292 1.959 Patton 0.133 1.081

3 factors O-GARCH 0.298 2.047 O-SV 0.137 1.129
DCC 0.297 2.006
BEKK 0.296 1.994

4 factors O-GARCH 0.302 2.041 O-SV 0.140 1.128
DCC 0.301 2.003
BEKK 0.299 1.990

Note: Variance of the minimum variance portfolios (σMV P ) and
the standardized portfolio (σMV P−std) constructed using com-
peting factor based multivariate volatility models for 69 stocks
from the FTSE 100 during the period 1995 to 2005.

MVP, σMV P , or the variance of the standardized MVP, σMV P−std. The choice
of the number of factors does not matter as much as one might expect. Still,
two factor models give the best results and seem to be sufficient to estimate
the volatility of the data set. Allowing for non-zero conditional correlations
between the factors slightly improves the quality of the covariance matrix of
the stock returns. Finally, the smoothed volatilities of the SV models seem
to provide much better estimates of the covariance than volatilities estimated
with GARCH models. This is not surprising, as the SV volatilities are esti-
mated using the full information in the data, whereas the GARCH volatilities
are based on 1-step ahead forecasts. Hence, the 2-Factor SV model with corre-
lations estimated using a SCAR specification provides the best fit for our data
set based on the the economic criteria we have chosen. Nevertheless one has to
keep in mind that the analysis we have done is entirely an in-sample compari-
son. Out-of-sample the models may be ranked quite differently. In particular,
when considering 1-step ahead forecasts the GARCH model is likely to per-
form quite well (in particular better than SV), due to the way it is designed.
When considering multi-step ahead forecasts it is unclear which model will do
better and this issue is worth investigating.
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6 Outlook

In this chapter we have reviewed new developments in the dynamic modelling
of financial asset returns. We have concentrated on the multivariate aspect,
since the typical practical application concerns not only volatilities but also an
adequate modelling of asset dependencies. We have paid attention to the use of
factor structures in order to achieve some dimension reduction when modelling
a large number of assets. Such factor structures combined with appropriate
volatility models seem to provide a good fit to the data we examined and not
too much information is lost when computing the minimum variance portfolio,
compared to modelling the full set of assets directly.

In future research the choice of the number of factors, a problem that
has been discussed extensively in a theoretical way and for macroeconomic
applications, needs to be analyzed concerning the model performance using
economic criteria such as the construction of the MVP. Also the use of the class
of locally stationary factor models by [91] and [45] for financial applications
needs to be considered. Furthermore, the modelling of vast dimensional data
(i.e. over 100 assets) needs to be studied. Although some progress has been
made for GARCH models, stochastic volatility models that are usable for such
dimensions, and estimation techniques for them, need to be developed. Finally,
time-varying copula models need to be extended to allow for dimensions larger
than two in order to be relevant for realistic applications.
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