
Journal of Econometrics 182 (2014) 269–289
Contents lists available at ScienceDirect

Journal of Econometrics

journal homepage: www.elsevier.com/locate/jeconom

Modeling multivariate extreme events using
self-exciting point processes
Oliver Grothe a, Volodymyr Korniichuk b,∗, Hans Manner a
a University of Cologne, Department of Economic and Social Statistics, Germany
b University of Cologne, Cologne Graduate School, Germany

a r t i c l e i n f o

Article history:
Received 19 June 2012
Received in revised form
3 March 2014
Accepted 27 March 2014
Available online 10 May 2014

JEL classification:
C32
C51
C58
G15

Keywords:
Time series
Peaks-over-threshold
Hawkes processes
Extreme value theory

a b s t r a c t

We propose a model that can capture the typical features of multivariate extreme events observed
in financial time series, namely, clustering behaviors in magnitudes and arrival times of multivariate
extreme events, and time-varying dependence. The model is developed within the framework of the
peaks-over-threshold approach in extreme value theory and relies on a Poisson process with self-exciting
intensity. We discuss the properties of the model, treat its estimation, and address testing its goodness-
of-fit. The model is applied to the return data of two stock markets.
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1. Introduction

A characteristic feature of financial time series is their dispo-
sition towards sudden extreme jumps. As an empirical illustration
consider Fig. 1, which shows the exceedances of negated returns of
the Morgan Stanley Capital International indices for the US (MSCI-
USA) and Europe (MSCI-EU) over high quantiles of their distribu-
tions. It is apparent from the figure that both the occurrence times
and magnitudes of the exceedances evince a certain clustering be-
havior. This clustering behavior exists across themarkets. Further-
more, at times, the markets tend to synchronize, which manifests
itself through the occurrence of joint clusters of exceedances. The
synchronization may be attributed to information transmissions
across financial markets as widely studied in the finance and eco-
nomics literature; see, e.g., Wongswan (2006), and Bekaert et al.
(forthcoming), and references therein. The coaction of extreme as-
set returns also presents an important topic for risk management
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research, as was seriously demonstrated during the latest financial
crisis. In this paper, we do not attempt to explain the extremes in
financial markets, but provide a multivariate modeling framework
for analyzing them.

The econometric problem of analyzing and modeling jumps
or exceedances above high thresholds in asset returns has been
considered in many papers. For example, Bollerslev et al. (2013)
analyze the extremal dependencies of idiosyncratic and sys-
temic components of jumps. They apply a continuous-time jump-
diffusion model to separate jumps from price increments due to
continuous price movements. Aït-Sahalia et al. (2013) propose a
Hawkes jump-diffusion model in which self-exciting processes
(with mutual excitement) are used for the explicit modeling of ex-
treme events and their clustering in time and across assets. They
develop a feasible estimation approach based on the generalized
method ofmoments and provide strong evidence of self-excitation
and asymmetric cross-excitation in the markets. Further studies
that are related to modeling clusters in financial data include that
of Bowsher (2007), who introduces a new class of generalized
Hawkes processes (including non-linear models) and studies the
transaction times and mid-quote changes of high-frequency data
for an NYSE stock, as well as Errais et al. (2010), who employ self-
exciting processes for modeling portfolio credit risk and for the
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Fig. 1. Exceedances of negated MSCI-USA (Panel 1) and MSCI-EU (Panel 2) daily log-returns over the respective 0.977th quantiles. Bar plot indicating times of the joint
exceedances (Panel 3).
valuation of credit derivatives. Modelingmultivariate exceedances
above high thresholds is also a topic of intensive theoretical
research in extreme value theory (EVT). For example, the multi-
variate generalized Pareto distribution is the natural distribution
for multivariate extreme exceedances, as demonstrated by Smith
et al. (1997) and Rootzen and Tajvidi (2006). Recent studies consid-
ering the estimation of the probability that a random vector falls in
some remote region include Einmahl et al. (2013) and Drees and
de Haan (2012). Note, however, that those methods are not di-
rectly applicable when the extremes are clustering in time. Exten-
sive treatments of extreme value theory can be found in de Haan
and Ferreira (2006) or Resnick (2007).

Considering the recent developments in modeling extreme
asset returns, there is still demand for a model that can provide
insights into the temporal- and cross-dependence structure of
multivariate extreme events in view of their clustering and specific
dependence structures in the tails of (multivariate) distributions.
In this paper, we develop a model that can fill this gap. Working
in the framework of marked self-exciting point processes and
extreme value theory, we model multivariate extreme events as a
univariate point process constructed as a superposition ofmarginal
extreme events. The marginal extreme events are modeled by
the univariate self-exciting peaks-over-threshold (POT) model of
Chavez-Demoulin et al. (2006) and McNeil et al. (2005), which is
able to cope with the clustering of extremes (in both times and
magnitudes). We revise the existing specification of the univariate
self-exciting POT models and are thereby able to formulate
stationarity conditions that have not previously been discussed in
the literature, and we analyze the distributional properties of the
model. This constitutes a separate contribution of this paper.

We then show that the rate of the superposed, multivariate
process results from coupling the marginal rates with the expo-
nent measure of an extreme value copula. The copula used for the
construction of the multivariate rate follows naturally from ar-
guments of EVT and is the same extreme value copula that gov-
erns the (conditional) multivariate distribution of the marginal
exceedances at the same point of time. This result provides an in-
tegrated approach to modeling the occurrence times and sizes of
multivariate extreme events because those two characteristics are
inherently connected. Furthermore, the results offer insight into
the dependence between point processes that are jointly subject to
EVT. This is in contrast to alternative approaches in the literature,
where the dependence betweenmarginal point processes is incor-
porated through an affine mutual excitement and the magnitudes
of the jumps (if considered) aremodeled in a separate way; see, for
example, Aït-Sahalia et al. (2013) and Embrechts et al. (2011).

Concerning the advantages of our method, it is worth noting
thatwe explicitly use only those data that surpass a high threshold.
This allows us to leave the time series model for the non-extreme
parts of the data unspecified. We consider the dependence struc-
ture of multivariate exceedances only in regions where the results
frommultivariate extreme value theory (MEVT) are valid. Further-
more, the MEVT enables us to extrapolate exceedance probabili-
ties far into remote regions of the tail where hardly any data are
available. With such a model, we are able to extract the proba-
bilities of arbitrary combinations of the dimensions to fall in any
sufficiently remote region. Because the model captures clustering
behavior in (multivariate) exceedances, and accounts for the fact
that not only times but also sizes of exceedancesmay trigger subse-
quent extreme events, the model provides asymmetric influences
of marginal exceedances so that spill-over and contagion effects
in financial markets may be analyzed. The model may also be of
great interest for risk management purposes. For example, we can
estimate the probabilities that, from a portfolio of, say, d assets, a
certain subset falls into a remote (extreme) set conditioned on the
event that some other assets (or at least one of them) from that
portfolio take (or do not take) extreme values at the same point in
time.

To estimate our proposed model, we derive the closed-form
likelihood function and we describe goodness-of-fit and simula-
tion procedures. As noted earlier, our model treats multivariate
extreme exceedances as realizations of a univariate point process.
This property is advantageous for estimation because, as men-
tioned in Bowsher (2007), there are currently no results concern-
ing the properties of themaximum likelihood estimation (MLE) for
multivariate point processes. For the univariate case, on the other
hand, it is shown in Ogata (1978) that, under some regularity con-
ditions, theMLE for a stationary, simple point process is consistent
and asymptotically normal. Inspired by Aït-Sahalia et al. (2013), we
also consider model estimation based on the method of moments,
even though this approach seems to be outperformed by MLE in
the case of ourmodel. The reason for thismay lie in both the choice
of the moment conditions and in the fact that all moment condi-
tions are based on goodness-of-fit statistics, which cannot be di-
rectly calculated from the sample independently of the unknown
parameters of the models.

In the empirical part of the paper we apply our model to
study extreme negative returns of the US and European financial
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markets. The results of the goodness-of-fit tests demonstrate a
reasonable fit of the model and suggest the empirical importance
of the self-exciting feature for modeling occurrence times and
magnitudes as well as interdependencies of the extreme returns.
We find that the conditional multivariate distributions of the
returns are close to symmetric with the strength of dependence
strongly responding to individual jumps. Despite the symmetrical
structure of the distribution, there are still asymmetric effects
stemming from the self-exciting structure of the conditional
marginal distributions of the exceedances’ magnitudes. This self-
exciting structure also provides a natural way to model the time-
varying volatility of the magnitudes and, hence, their heavy tails.

The rest of the paper is structured as follows. The model and
its properties are derived in Section 2. In Section 3, we describe
the estimation of the model, along with the goodness-of-fit and
simulation procedures. Section 4 presents the applications of
the model to financial data, and Section 5 concludes the paper.
An online appendix contains all proofs, as well as details on
generalized method of moments (GMM) estimation, a simulation
algorithm, and additional goodness-of-fit results for the empirical
application.

2. Model

The major challenges in constructing the model presented
in this section are twofold. First, the model should capture the
distinctive features of the multivariate extreme events typically
observed in financial markets, namely, clustering and spillover ef-
fects. Second, the model should be able to account for the specific
distributional properties of the magnitudes of extreme observa-
tions (i.e., for the distributions over the threshold). For both rea-
sons, our model is developed in the framework of marked point
processes and extreme value theory. The univariate marginal pro-
cesses are modeled by self-exciting peaks-over-threshold models,
whereas the dependence among the dimensions is naturally cap-
tured by a one-dimensional superposition of the univariate pro-
cesses.

Throughout the text we use the following notation. Consider
a random vector Xt = (X1,t , . . . , Xd,t), which may, for example,
represent daily (negated) log-returns of d equities at time t . By
u = (u1, . . . , ud), the initial threshold, we denote a vector with
components relating to sufficiently high quantiles of the marginal
distributions ofXt . We focus on the occurrence times as well as the
magnitudes of multivariate extreme observations, which we de-
fine as situations in which Xt exceeds u in at least one component.
Under an ith marginal extreme event, we understand the situation
when Xi,t > ui. We refer to such extreme events as marginal ex-
ceedances and characterize them by occurrence times Ti,1, Ti,2, . . .
andmagnitudes (themarks) of realizations X̃i,1, X̃i,2, . . . , i.e., X̃i,k :=

Xi,Ti,k . The history that includes both the times and magnitudes of
the exceedances of


Xi,s

s<t above ui will be denoted as Hi,t and

the combined history over all marginal exceedances is denoted as
Ht =

d
i=1 Hi,t .

This section is structured as follows. Section 2.1 revises the
univariate self-exciting peaks-over-threshold model, which is
the one-dimensional basis for our multivariate model developed
in Section 2.2. Section 2.3 provides some properties of the
multivariate model.

2.1. Univariate model

After a short review of the univariate self-exciting peaks-over-
threshold model, we reconsider some parts of its construction
for enrichment with some new useful properties. In particular,
we suggest a new specification for the impact function which,
contrary to its existing specifications, provides an intuitively
reasonable mechanism describing how past exceedances trigger
future ones (Section 2.1.2), thereby allowing us to set a stationarity
condition. We develop some of the distributional properties of
the univariate model (Section 2.1.3). Finally, in Section 2.1.4, we
consider the relationship between the univariate self-exciting
peaks-over-threshold model and the general framework of the
extreme value theory.

2.1.1. The self-exciting POT model
The basic setup for modeling univariate exceedances is to

assume independent and identically distributed (i.i.d.) data and to
use the peaks-over-threshold (POT) model developed in Davison
and Smith (1990) and Leadbetter (1991). In the framework of EVT,
the POTmodel is based on the asymptotic behavior of the threshold
exceedances for i.i.d. or stationary data if these are in themaximum
domain of attraction of some extreme value distribution. If the
threshold is high enough, then the exceedances occur in time
according to a homogeneous Poisson process, and the mark sizes
are independently and identically distributed according to the
generalized Pareto distribution (GPD).

The self-exciting POTmodel presented in Chavez-Demoulin et al.
(2005) extends the standard set-up of the POT model by allowing
for temporal dependence between extreme events. This temporal
dependence is introduced into the model by modeling the rate
of occurrences in the standard POT method with self-exciting
processes; see Hawkes (1971).

Definition (Self-Exciting Point Process). A point process N(t), rep-
resenting the cumulative number of events up to time t , is called a
(linear) self-exciting process with the conditional rate τ(t), if

P (N(t +∆)− N(t) = 1 | Ht) = τ(t)∆+ o(∆),
P (N(t +∆)− N(t) > 1 | Ht) = o(∆)

with

τ(t) = τ + ψ
 t

−∞

c

X̃s


g (t − s) dN(s), τ > 0, ψ ≥ 0,

where X̃s indicates the event’s mark at time s. The impact function
c(·) determines the contribution of events to the conditional rate,
and the decay function g(·) determines the rate at which an influ-
ence of events decays over time. When no mark is associated with
the event, c


X̃s


≡ 1.

The choices for the impact and decay functions are discussed in
Section 2.1.2. The self-exciting POT is further extended in McNeil
et al. 2005, where the temporal dependence is also incorporated
into the conditional distribution of the marks; i.e., the distribution
of the marks also depends on past information. We refer to this
model as the self-exciting POT model with predictable marks (SE-
POT). For convenience and consistency of notation, we present the
model using subindices i = 1 . . . d, which will later refer to the
dimensions of our multivariate model. In the SE-POT model, the
rate of crossing the initial threshold ui is modeled by a self-exciting
point process in which the rate is parametrized as

τi(t, ui) = τi + ψiv
∗

i (t), τi > 0, ψi ≥ 0, (1)

with

v∗i (t) =
 t

−∞

ci

Xi,s

gi (t − s) dNi(s), (2)

where again ci(·) and gi(·) denote, respectively, the impact and
decay functions, and Ni(s) is a counting measure of the ith margin
exceedances.
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Additionally, the excesses over the threshold ui are now as-
sumed to follow the GPDwith shape parameter ξi and time varying
scale parameter βi + αiv

∗(t). In particular, for xi > ui,

P

Xi,t ≤ xi | Xi,t > ui,Hi,t


= 1−


1+ ξi

xi − ui

βi + αiv
∗

i (t)

−1/ξi
=: Fi,t(xi), βi > 0, αi ≥ 0. (3)

This distribution covers the cases of Weibull (ξi < 0), Gumbel
(ξi = 0) and Fréchet (ξi > 0) tails, corresponding to distributions
with finite endpoints, light tails, and heavy tails, respectively. For
ξi = 0, the distribution function in (3) should be interpreted as
Fi,t(xi) = 1 − e−xi . Finally, due to the GPD as the conditional dis-
tribution of the marks, the conditional rate of exceeding a higher
threshold xi ≥ ui scales in the following way:

τi(t, xi) = τi(t, ui)


1+ ξi

xi − ui

βi + αiv
∗

i (t)

−1/ξi
, xi ≥ ui, (4)

where τi(t, ui) is the rate of crossing the initial threshold ui given
by Eq. (1). The conditional rate τi(t, xi) explicitly describes the con-
ditional distribution of times of exceedances above any threshold
xi ≥ ui in the following way:

P

Ti,k+1(xi) ≤ t | Hi,Ti,k(xi)


= 1− exp


−

 t

Ti,k(xi)
τi(s, xi)ds


, t ≥ Ti,k(xi), (5)

where Ti,k(xi) denotes (random) time of the kth exceedance of
Xi,s

s∈R above xi. The above relationship is a direct consequence

of the definition of conditional intensity as the combination of haz-
ard rates of the time intervals between exceedances; see Daley and
Vere-Jones (2005, p. 231).

Note that the self-exciting component v∗i (t) enters both τi(t, ui)
in (1) and Fi,t in (3) and thus provides a specific ‘‘clustering
mechanism’’ into the conditional distribution of both times and
marks of exceedances. After an exceedance occurs at time t0 with
mark x0, the function v∗i (·) jumps by ci(x0) and increases the
instantaneous probability of the exceedance’s occurrence and the
marks’ volatility (through time-varying scale parameter βi(t)). In
the absence of exceedances, v∗i (·) tends towards zero through
the function gi (·). Being a transmitter of information of past
exceedances to future ones, the function v∗i (·)may be interpreted
as a type of volatility measure of extreme exceedances. This
interpretation may also be found in Bowsher (2007), where the
estimated mid-quote intensity is used as an approximation of the
stock price’s instantaneous volatility.

The clustering mechanism of the SE-POT model, which dictates
how past exceedances may trigger the occurrence of future
exceedances, can quite accurately describe the cluster behavior
of the extreme exceedances observed on financial markets; see
Chavez-Demoulin and McGill (2012). That is why the SE-POT
model was chosen as a stepping stone for our multivariate model
developed in Section 2.2.

Because of the overall importance of the SE-POT model for our
multivariate model, in the next sections, we develop some of its
distributional properties, including a stationarity condition, and
reconsider the existing specifications for the decay and impact
functions.

2.1.2. Decay and impact functions
Considering the functional specification of the decay and im-

pact functions in (2) there are advantages in some specific forms.
The decay function chosen in this paper is g(s) = e−γ s, γ > 0
(the subindex ‘‘i’’ is dropped), which is a popular specification
suggested in Hawkes (1971). This specification makes the self-
exciting process a Markov process (Oakes, 1975) and leads to
a simple formula for the covariance density. This choice is also
motivated in view of Boltzmann’s theory of elastic aftereffects;
see Ogata (1988, p. 11). An alternative is the function g(s) =
(s+ γ )−(1+ρ), with γ , ρ > 0. This specification originally comes
from seismology, where it is known as the Omori law; see Helm-
stetter and Sornette (2002a).1 Due to the substantial advantages
in deriving the analytical formulas, we will adhere to g(s) = e−γ s
throughout the paper.

The aim of the impact function c(·) is to capture the effect
of the marks of exceedances onto the conditional rate of future
exceedances. A popular choice is c(x) = eδx; see for example
Chavez-Demoulin and McGill (2012) or McNeil et al. (2005, Sec-
tion 7.4.3). However, an important point to consider when spec-
ifying that function is to ensure its ability to accurately extract
information from the marks. Provided that the conditional distri-
bution of themarks is time-varying (as, indeed, is the casewith the
SE-POTmodel; see (3)), one expects c(·) to account not only for the
magnitudes of the marks but also for the conditional distribution
from which they were drawn. To put it differently, not the size of
the mark but its quantile in the corresponding conditional distri-
bution is decisive in determining the effect of the mark onto the
conditional rate. Thus, instead of specifying c(·) as a fixed function,
we suggest the following specification:

c(xt)→ ct(xt) = c∗ (Ft(xt)) ,

where Ft is the marks’ conditional distribution (3), and c∗(·) is an
increasing function [0, 1] → [1,∞]. This specification can prop-
erly capture the time-varying impact of an exceedance on the con-
ditional rate. An easyway to construct c∗(·) is as c∗(·) = 1+G←(·),
where G←(·) is the inverse of a distribution function G of some
continuous positive random variable with finitemean δ. With such
c∗(·), the impact function takes the form

ct(xt) = 1+ G← (Ft(xt)) . (6)

We will use the above specification for the impact function
throughout the text. In the empirical part of the paper, we will
use G← of an exponential distribution, which yields c∗(u) = 1 −
δ log(1− u).

In addition to the appropriate extraction of information from
the marks, the choice (6) for the impact function is advantageous
over c(x) = eδx, because (6) allows us to set a stationarity condition
for the SE-POT model and to develop its distributional properties.
In the next section, we discuss those properties.

2.1.3. Stationarity condition and properties of the SE-POT model
As noted in Chavez-Demoulin et al. (2005), the SE-POT model

relates to the class of general self-exciting Hawkes processes
and constitutes by its construction a branching process. A
comprehensible explanation of how the Hawkes process can
be represented as a branching process is found in Møller and
Rasmussen (2005) or Hawkes and Oakes (1974).

According to the branching process representation, there are
two types of exceedances above the initial threshold in the SE-
POT model: immigrants, who arrive in a manner represented
by a homogeneous Poisson process with a constant rate τ , and
descendants (triggered events), who follow a finite Poisson process
with a decaying rate determined by function v∗i (·); see Daley and

1 Note that this specification is a slowly decaying ‘‘propagator’’ of past events,
which eventually can lead to long memory affects. In particular, for ρ < 0 one gets
an anomalous long-timememory regime, in which the impact of past events on the
conditional rates of future events does not disappear; see Helmstetter and Sornette
(2002b).
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Vere-Jones (2005, Example 6.3(c)). Because both immigrants and
descendants can trigger further descendants, it is necessary to
consider the average number of the first-generation descendants
triggered by one exceedance (whether by an immigrant or
descendant) to set the stationarity conditions.

That average number of triggered descendants is known as the
branching coefficient and is denoted as ν. It is common to consider
ν = 1 as a certain level of stability of the exceedance process:
if ν ≥ 1, the development of the process could explode; i.e., the
number of events in finite time intervals tends to infinity. Clearly,
in that case, the process is non-stationary. In the seismological
literature, the situation of ν > 1 is called the super-critical regime;
see Helmstetter and Sornette (2002a).

For practical applications, the case ν < 1 is the most impor-
tant because the process of exceedances becomes stationary, pro-
vided that the process of immigrants is also stationary (which is
the case in the SE-POT model). In the SE-POT model with ν < 1,
exceedances occur in finite clusters of length (1 − ν)−1, and ex-
ceedances within the cluster are temporally dependent, although
the clusters themselves are independent. In Proposition 2.1, we
provide a formula for the branching coefficient and the stationarity
condition of the SE-POT model.

Proposition 2.1. The process of exceedances with the conditional
intensity τ(t, u) of the SE-POT model, where τ(t, u) is as in (1)–(2)
(dropping the subindex i), with the decay function g(s) = e−γ s, and
the impact function as in (6) has the branching coefficient ν = ψ(1+δ)

γ

and is stationary if ν < 1 with an average rate τ̄ := E[τ(t, u)]
=

τ
1−ν .

Under the stationarity condition of Proposition 2.1, the mo-
ments of the countingmeasureN(t, t+s) ofmarginal exceedances
above the initial threshold in time interval (t, t + s) can be ex-
pressed as follows:
E [N(t, t + s)] = sτ̄ , s > 0,

Var [N(t, t + s)] = sτ̄ + 2
 s

0
(s− z) µ(z)dz, s > 0,

Cov [N(t1, t2),N(t3, t4)] =
 t2

t1

 t4

t3
µ (z1 − z2) dz1dz2,

t1 < t2 < t3 < t4,
where µ(z) is the covariance density of the process, defined as

µ(z) =
E [dN(t + z)dN(t)]

(dt)2
− τ̄ 2, z > 0.

A reference for the above formulas can be found in Vere-Jones and
Davies (1966, p. 253).

Proposition 2.2. Setting the decay function as g(s) = e−γ s and the
impact function as in (6), the covariance density of the SE-POT model
takes the form

µ(z) = Ae−bz, z > 0, (7)

where

b = γ − ψ(1+ δ), A =
τ̄ψ(1+ δ) (2γ − ψ(1+ δ))

2 (γ − ψ(1+ δ))
.

With (7), the above formulas for the second moments of the
counting process N take the forms

Var [N(t, t + s)] = sτ̄ +
2A
b2

bs+ e−bs − 1


and
Cov [N(t1, t2),N(t3, t4)]

=
A
b2

e−b(t3−t2) − e−b(t3−t1) − e−b(t4−t2) + e−b(t4−t1)


(8)

for t1 < t2 < t3 < t4.
From this, one can conclude, first, that the variance ofN(t, t+s)
grows linearly with s for large s, a feature similar to Brownian
motion. Second, the covariance between N(t1, t2) and N(t3, t4)
reduces exponentially to zero as t3 − t2 → ∞. This property
correspondswith the earlier statement that exceedances occurring
within one cluster are serially dependent but that those lying in
different clusters are uncorrelated.

In this section, we analyzed the SE-POT model from the
perspective of self-exciting point-processes. In the next section,we
discuss the relationship of the SE-POT model to EVT models.

2.1.4. Relationship of SE-POT and EVT
As noted in Section 2.1.3, the SE-POT model is related to the

class of general self-exciting Hawkes processes. On the other hand,
by setting α = ψ = 0, the SE-POT transforms to the standard
POT model for i.i.d. exceedances. Hence, the SE-POT model could
be regarded as a special representation of point processes of non-
independent extremes.

According to the extremal index’ theory (see Section 4 in
Leadbetter, 1983), the extremal clusters of exceedances of a
stochastic processes with an extremal index θ < 1 (e.g., GARCH)
have an average cluster size θ−1 and occur over time according
to a homogeneous Poisson process, i.e., individual exceedances
follow a Poisson cluster process. The parallels to the SE-POT model
arise because the individual exceedances also occur according to a
Poisson cluster process, with an average cluster size (1− ν)−1 and
cluster arrival rate τ ; see Hawkes and Oakes (1974).

To establish the relationship between the properties of the
SE-POT model and the extremal index, note that the latter is
an asymptotic concept and that the former model is rather a
finite sample empirical representation of the possible asymptotic
dependence. This difference precludes the formalization of this
relationship, although it should still be noted that the SE-POT
model meets all of the assumptions required for the extremal
index. Those assumptions include stationarity of the process,
heavy-tailedness of the marks, and a mixing condition D(wn) that
restricts the ‘‘long range’’ dependence in the process; for details
consult Leadbetter (1988, Section 2). The first two conditions are
discussed earlier in the text and we refer to Daley and Vere-
Jones (1988, Proposition 10.3.IX), for the general proof of the last
condition. This proposition states that a cluster process is mixing
if the process of cluster-centers is mixing itself. Indeed, this is the
case for the SE-POTmodel, for which the process of cluster-centers
is a homogeneous Poisson process with rate τ .

2.2. Multivariate model

In this section, we introduce our approach tomodel the process
of the multivariate exceedances of Xt = (X1,t , . . . , Xd,t), t ∈ R
above any x ≥ u, where u = (u1, . . . , ud) is the initial thresh-
old, conditioned on the history of the past realizations. The model
is subject to multivariate extreme value theory (MEVT), which
accounts for the specific multivariate dependence structure be-
tween exceedances and to the SE-POT model, which accounts for
clustering in times of occurrence and marks of marginal extreme
events.

Under a multivariate exceedance at time t , we understand
a situation when Xt exceeds x in at least one component. Our
model provides an instantaneous conditional rate that Xt exceeds
any x ≥ u for at least one component. Each of the univariate
components is modeled as an SE-POT process, as described in
Section 2.1. The conditional multivariate rate and the rates of the
univariate processes can then be used to extract the probabilities
of all combinations of exceedances, e.g., that Xt exceeds x ≥ u in
all components simultaneously.
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2.2.1. Model construction
Assuming that the point process of marginal exceedances of

Xt =

X1,t , . . . , Xd,t


above x ≥ u is governed by the conditional

rates τi(t, xi), i = 1, . . . , d of the SE-POT model, the ultimate
aim of the multivariate model is to provide an instantaneous
conditional rate of at least one exceedance ofXt abovex.Wedenote
this rate as τ(t, x). From the interpretation of the conditional rate
as a combination of hazard rates, see Daley and Vere-Jones (2005,
Section 7.2), it should hold for τ(t, x) that

P

Tk(x) > t | Ht0


= exp


−

 t

t0
τ(s, x)ds


,

t ≥ t0 ≥ Tk−1(x), (9)

where Tk−1(x) is the time of the last event, when (Xs)s≤t0 exceeds
x in at least one component. The following proposition shows
the relationship of the joint rate τ(t, x) and the marginal rates
τi(t, xi), i = 1, . . . , d.

Proposition 2.3. If the marginal point processes of exceedances of
Xt =


X1,t , . . . , Xd,t


, t ∈ R above threshold x = (x1, . . . , xd), that

lies above the initial threshold u = (u1, . . . , ud), are governed by
conditional rates τi(t, xi), i = 1, . . . , d of the SE-POT model, then
the conditional rate of the event that Xt exceeds x in at least one
component is of the form

τ(t, x) = Vt


1

τ1(t, x1)
, . . . ,

1
τd(t, xd)


, (10)

where Vt is the exponent measure of an extreme value copula C∗t , i.e.,

Vt (y1, . . . , yd) = − log C∗t

e−1/y1 , . . . , e−1/yd


. (11)

Remark. The presence of the extreme value copula in rate (10) is
quite surprising, as the derivation considers only the conditional
time intervals between exceedances, not their magnitudes.
Furthermore, if τi(t, xi) and the dependence parameters of Vt do
not evolve with time, we obtain a standard EVT model. Note that
extreme value copulas include a broad spectrum of dependence
structures, including the independence case. Popular extreme
value copulas are Gumbel, Galambos, Hüsler–Reiss, and t-EV
copulas; see Gudendorf and Segers (2010).

The extreme value copula in Proposition 2.3 has a direct rela-
tionship to the copula that governs the sizes of the exceedances of
Xt above u. The following proposition formulates that relationship.

Proposition 2.4. The extreme value copula that governs the mul-
tivariate conditional rate (10) from Proposition 2.3 is the same
copula that governs the limiting distribution of the normalized mag-
nitudes of Xt ; i.e., for every fixed t, there exist sequences at(n) =
a1,t(n), . . . , ad,t(n)


∈ Rd

+
and bt(n) =


b1,t(n), . . . , bd,t(n)


∈

Rd such that

lim
n→∞

nP

X1,t − b1,t(n)

a1,t(n)
> y1 ∪ · · · ∪

Xd,t − bd,t(n)
ad,t(n)

> yd


= Vt


1
y1
, . . . ,

1
yd


, (12)

with Vt


1
y1
, . . . , 1

yd


the same as in Proposition 2.3.

The above proposition presents an interesting result because
it relates the multivariate rate (10) to the extreme value copula
of the properly normalized magnitudes of Xt . This relationship
may be regarded as an extension of the EVT result (A.18), which is
mentioned in the online appendix for multivariate exceedances in
the independence case, to the special case of dependence provided
by the SE-POT model and the (possible) time-variation of the
exponent measure Vt .

2.2.2. A closer look at the model-implied dependence
Proposition 2.3 provides a natural way by which the dynamics

of marginal exceedances can be incorporated through an extreme
value copula C∗t into the construction of the multivariate rate
(10). Combining the point processes of marginal exceedances, the
copula C∗t provides a specific type of dependence between them.
In this section, we attempt to clarify the concept of dependence
between the point processes provided by our multivariate model,
and we suggest a way of modeling that dependence.

Consider a specific form of rate (10) with exponent measure
Vt(y1, y2) =


y−θ1 + y−θ2

1/θ
of the two-dimensional symmetric

Gumbel copula. Rate (10) takes the form

τ(t, x1, x2) =

τ1(t, x1)θ + τ2(t, x2)θ

1/θ
, (13)

where θ is the dependence parameter of the Gumbel copula. In the
limit, this copula approaches the two-dimensional comonotonicity
copula as θ →∞ and the independence copula as θ = 1. It is easy
to verify that, for τ(t, x1, x2), it holds that

τ(t, x1, x2)|θ>1 =

τ1(t, x1)θ + τ2(t, x2)θ

1/θ
< τ1(t, x1)+ τ2(t, x2) = τ(t, x1, x2)|θ=1. (14)

The above inequality illustrates the concept of the point processes’
dependence suggested by our model. If the marginal processes of
exceedances are ‘‘dependent’’ (θ > 1), then the (instantaneous)
expected number of events at which at least one of the margin ex-
ceeds the threshold is always smaller than the expected number
of the events in the ‘‘independence’’ case (θ = 1). Thus, if the two
marginal processes of exceedances are dependent, then the proba-
bility that themargins exceed any threshold (x1, x2) simultaneously
is strictly larger than in the independent case, i.e., strictly larger
than zero. Note that, by holding for any threshold (x1, x2), this de-
scribes the dependence not only of the times of the exceedances
but also of their marks.

Furthermore, note that the feature of simultaneous marginal
exceedances is a direct consequence of the point process interpre-
tation of the extreme value theory, as described in Propositions 2.3
and 2.4 and that it presents a characteristic property of our model.
It provides a specific definition of the dependence between point
processes that are subject to EVT.

From a practical point of view, the concept of dependence
between point processes of exceedancesmay be particularly useful
in modeling moderately aggregated data in which simultaneous
extreme events are observable, such as daily data. That concept
may also be applicable for high-frequency data. This, however,
may require a specific definition of simultaneous exceedances; e.g.,
those exceedances that occur in time interval of, say, 10 s can
be regarded as simultaneous. Nevertheless, in recent studies (see
Bollerslev et al., 2013 for an overview), it has been argued that
in high-frequency data the occurrence of common jumps across
different assets may be induced by strong dependencies in the
‘‘extreme’’.

Returning to the modeling aspects, note that, due to the
conditioning on Ht , the exponent measure Vt and, hence, the
copula C∗t in the specification of the conditional rate (10) may
evolve through time. There are three different possibilities for this
time-evolution: first, C∗t remains constant; second, the functional
form of C∗t remains the same, but its parameters vary through
time; and finally, both the functional form and the parameters are
allowed to be time-varying. In this paper we focus on the second
option and fix the functional form of C∗t (a choice supported by
Proposition 2.4), leaving its dependence parameter to change over
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time. The time variation of the dependence parameter is a useful
property that can be justified from the financial point of view by
contagion, frailty, and clustering of marginal exceedances, causing
the strength of the dependence described by C∗t to change.

From the interpretation of the dependence between the point
process, it is plausible to parametrize the time-varying dependence
parameter θ(t) as a finite function of the number of simultaneous
exceedances of (Xs)s<t above the initial threshold. The relationship
between the dependence and the number of simultaneous
exceedances is also encountered in the literature; see, e.g., Bae et al.
(2003). On the other hand, it is reasonable to allow for changes
in the dependence parameter when at least one of the margins
jumps. This accounts for the fact that contagion between markets
may occur in response to losses in only one of the markets. Finally,
the dependence parameter may include (exogenous) information
on certain risk factors zt such as the Chicago Board Options
Exchange volatility index (VIX), which are believed to influence
or forecast the strength of the dependence between the margins.
One way to construct the time-varying dependence parameter
θ(t) ≥ 0 (assuming that its size is proportional to the strength
of dependence) is given by the multivariate Hawkes process

θ(t) = θm +
d

i=1

ψm,i

 t

−∞

gm,i(t − s)dNi(s)+ Υ ′zt ,

θm ≥ 0, Υ ≥ 0, ψm,i ≥ 0, ∀i, (15)

where Ni(s) is a counting measure of ith marginal exceedances,
gm,i(·) is the decay function (e.g., gm,i(t) = e−γm,it ), and Υ is a
vector of coefficients. This parametrization is not derived from
any theoretical arguments but is simply one possible parametriza-
tion of many others that could be posited. However, we believe
(15) is one of the easiest and most practical ways to account for
time-varying changes in the degree of the extreme dependence de-
scribed by C∗. Estimating the model with dependence parameter
(15), one can carry out statistical tests to identify the most influ-
ential factors for dependence modeling and place restrictions on
the corresponding parameters. Note that the multivariate model
discussed in this paper captures two types of dependence: serial
dependence, through the self-exciting structure of the conditional
intensities, and cross-sectional dependence, through θ(t).

2.3. Properties of the multivariate model

Using themultivariatemodel of exceedances, in this section,we
infer the joint conditional distribution of the marks (Section 2.3.1)
and develop an approach to estimate probabilities of observing
outcomes that fall into any sufficiently remote region of the tails
(Section 2.3.2). In Section 2.3.3, we investigate the mechanism by
which single marginal exceedances may trigger the other margins
to exceed the initial threshold.

2.3.1. Joint conditional distribution of the marks and tail dependence
Proposition 2.4 intuitively suggests that, from the conditional

multivariate rate τ(t, x1, . . . , xd), one should be able to infer the
conditional joint distribution of the sizes of the exceedances. In-
deed, from the interpretation of τ(t, x1, . . . , xd) as an instan-
taneous (i.e., as the time interval tends to zero) conditionally
expected number of events when (Xs)s∈(t,t+1) exceeds (x1, . . . , xd)
in at least one marginal component per unit time, it follows
that

P


d

i=1

Xi,t > xi

 d
i=1

Xi,t > ui,


=
τ(t, x1, . . . , xd)
τ (t, u1, . . . , ud)

,

xi ≥ ui, i = 1, . . . , d
and, hence,

P


X1,t ≤ x1, . . . , Xd,t ≤ xd

 d
i=1

Xi,t > ui,



= 1−
τ(t, x1, . . . , xd)
τ (t, u1, . . . , ud)

. (16)

This conditional distribution of the marks incorporates the
dynamics of marginal exceedances and dependence shifts, and it
may prove useful for the estimation of risk measures.

A characteristic property of the distribution in (16) is that
it provides a positive coefficient χU of upper tail dependence
between all marginal pairs of the distribution. Considering the
two-dimensional version of (16), the coefficient of upper tail
dependence χU may be expressed as

χU

= lim
q→1−

2− 2q− τ (t, (1− q)τ (t, u1, u2) , (1− q)τ (t, u1, u2)) /τ (t, u1, u2)

1− q

= 2− τ(t, 1, 1). (17)

For example, with the Gumbel symmetric dependence structure
(13), χU = 2 − 21/θ(t). Note that χU is time-varying. This feature
enables the modeling of extreme dependencies to be approached
with greater flexibility. Furthermore, the upper tail dependence
allows us to model clustering of the exceedances’ sizes, which we
observe in real data.

2.3.2. Probabilities of exceedances in a remote region
Proposition 2.3 provides a conditional multivariate rate of an

event that Xt exceeds x in at least one component. Eq. (10) can
also be used to construct the conditional rate that Xt falls in any
‘‘remote’’ set A ∈ Rd

+
\ [(0, u1)× · · · × (0, ud)]. We denote this

rate as τ (t,A). This can be achieved by calculating the model’s
conditional intensity λ (t, x1, . . . , xd), which is defined as follows:
∞

x1
· · ·


∞

xd
λ (t, s1, . . . , sd) dsd . . . ds1 = τ (t, x1, . . . , xd) ,

where τ (t, x1, . . . , xd) is the multivariate rate (10). With this
intensity, the conditional rate τ (t,A) takes the form

τ (t,A) =

x∈A
λ (t, x1, . . . , xd) dxd . . . dx1. (18)

Formulation (18) is very useful for practical applications, be-
cause, with only one rate (10), we can infer the extremal behavior
of (Xt)t∈R in any remote region without having to re-estimate the
model.

2.3.3. Contagion mechanism
The clustering of (multivariate) extreme events in both times

andmagnitudes is a ubiquitous feature of financial time-series. The
sources of that clustering may be attributed to financial contagion
or to exposure to (unobservable) common risk factors that deter-
mine the extreme behavior of the returns. Without distinguish-
ing the reason for the clustering, our model, being decisively of
reduced-form, provides a specific clustering mechanism for occur-
rences of multivariate extreme events. This mechanism is propa-
gated via three channels. First, making the dependence parameter
depend on the history of past exceedances allows an adjustment
of the strength of that dependence, which in turn may accelerate
the occurrence of joint extreme events. Second, our model pro-
vides upper tail dependence in the joint distribution of the marks
of exceedances; see Section 2.3.1. Due to this feature, our model
reproduces clustering in the magnitudes of the exceedances. Fi-
nally, the sheer possibility of joint extreme events, as implied by
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Fig. 2. Probability of a joint extreme event at time point t conditioned on the event
that at least one of the margins jumps at t .

Fig. 3. π2

t, t+


: instantaneous average number of second-margin exceedances

in the unit interval triggered by the increase of ∆t,t+ τ1(s, u1) (x-axis) in the first
margin’s conditional rate.

our model, induces the univariate extremes to occur jointly, which
consequently triggers further joint exceedances.

To highlight the last point on a two-dimensional version of our
model, consider the event that at least one univariate exceedance
happens at time t . Conditioned on this event, there is a non-
negligible probability that bothmargins of the model jump jointly.
Fig. 2 illustrates the level of this conditional probability for differ-
ent values of marginal rates τ1 (t, u1) and τ2 (t, u2). For the calcu-
lations, the two-dimensional model with the Gumbel symmetric
exponent measure and θ(t) = 2 is used. The conditional proba-
bility is calculated as (τ1 (t, u1) + τ2 (t, u2) − τ (t, u1, u2))/τ (t,
u1, u2), where τ (t, u1, u2) =


τ1 (t, u1)

θ(t)
+ τ2 (t, u2)

θ(t)1/θ(t).
The occurrence of a joint exceedance increases the conditional in-
tensities of both margins, in turn increasing the conditional prob-
ability of a next co-exceedance. This interplay leads to a clustering
in the occurrence of simultaneous extreme events and thus to a
synchronization of the times of extreme events across different di-
mensions.

Fig. 2 may also serve to describe the contagion mechanism im-
plied by our model. For example, consider a single exceedance by
the first margin at time t . This event instantaneously increases the
conditional rate of the first margin; i.e., τ1(t+, u1) > τ1(t, u1) and,
hence, the multivariate rate, τ(t+, u1, u2) > τ(t, u1, u2), where
we use t+ = t + ∆ for very small ∆ > 0. Investigating the con-
tagion, it is worth noting that the first margin’s exceedance does
not affect the conditional rate of the secondmargin’s exceedances;
rather, it indirectly affects the time of their occurrences. This
indirect contagion mechanism can be described as follows: an in-
crease τ(t, u1, u2)→ τ(t+, u1, u2) triggers the occurrence ofmul-
tivariate (when at least one of the margins jumps) exceedances, in
turn potentially triggering, based on the conditional probabilities
in Fig. 2, the occurrence of simultaneous exceedances (when both
Fig. 4. π

t, t+


: increase in the rate of the joint exceedances triggered by a joint

exceedance at time t .

the margins jump). Through the self-exciting structure of the pro-
cesses, these joint exceedances may trigger future jumps.

To quantify the impact of this contagion,we suggest considering
the differenceπ2


t, t+


between the increments of the conditional

rates. π2

t, t+


is defined as follows:

π2

t, t+


:= ∆t,t+τ1(s, u1)−∆t,t+τ(s, u1, u2), (19)

with ∆t1,t2τ(s) := τ(t2) − τ(t1), t as the time when the first
margin jumps, and t+ = t + ∆ for very small ∆ > 0. From
the interpretation of a conditional rate as an instantaneous (i.e., as
the time interval tends to zero) conditionally expected number of
events on a unit time interval, it follows that ∆t,t+τ1(s, u1) and
∆t,t+τ(s, u1, u2) express the instantaneous expected number of,
respectively, the first margin’s or multivariate (when at least one
of the margins jumps) exceedances triggered by the first margin’s
jump at time t . Hence, π2


t, t+


describes the instantaneous

expected (incremental) number of exceedances by the second
margin, which is triggered by the first margin’s event at time t . It
is straightforward to show that π2


t, t+


≥ 0, with π2


t, t+


= 0

when the margins are independent. Note that π2

t, t+


is defined

only for those t ’s when the first margin’s exceedances occur.
Fig. 3 illustrates π2


t, t+


for different values of ∆t,t+τ1(s, u1).

For the calculations we used the symmetric Gumbel exponent
measure with θ(t) = 2, τ1(t, u1) = τ2(t, u1) = 0.05. Similar
to π2


t, t+


, one can straightforwardly construct π1


t, t+


. To

quantify the effect of the joint exceedances,we suggest considering
π

t, t+


:= ∆t,t+τ1(s, u1) + ∆t,t+τ2(s, u2) − ∆t,t+τ(s, u1, u2),

which determines the increase in the rate of the joint exceedances
triggered by a joint exceedance at time t . With the settings used for
the construction of the previous figure, Fig. 4 illustrates π


t, t+


for different values of∆t,t+τ1(s, u1) and∆t,t+τ2(s, u2).

The contagion mechanism provided by our model differs from
the one discussed in the literature, e.g., Aït-Sahalia et al. (2013),
wherein a jump in one margin directly increases the conditional
intensity of the other margins. In our model, this relationship is
not automatic; rather, it is stochastically determined based on the
initial level of the intensities; see Fig. 2.

3. Estimation and goodness-of-fit

The maximum likelihood (ML) method is the most obvious and
convenient approach for the estimation of intensity-based mod-
els; see Daley and Vere-Jones (2005, Section 7). Statistical fitting
with ML of the multivariate model of exceedances presented in
Section 2.2 can proceed through multi-stage ML or the construc-
tion of the full likelihood function. In multi-stage ML, the param-
eters of the marginal point processes of exceedances (τi(t, xi), for
i = 1, . . . , d) are estimated via univariate ML; then, the remain-
ing parameters of τ(t, x1, . . . , xd) are estimated conditional on the
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estimated parameters for τi(t, xi), for i = 1, . . . , d. Similar to
copula-based models, see Patton (2012), the multi-stage ML is
computationally tractable, but it suffers from a loss of efficiency
compared to the estimation via the full likelihood function. In ad-
dition to MLE, one may consider estimation with GMM; see Aït-
Sahalia et al. (2013).We relegate the details of theGMMestimation
procedure to Appendix B.

We consider the univariate ML estimation in Section 3.1. Con-
struction of the full likelihood function is described in Section 3.2.
The goodness-of-fit procedure is presented in Section 3.3.

Recall the following notations. (X1,j, . . . , Xd,j), j = 1, 2, . . . , T ∗
are the observations; u = (u1, . . . , ud) is the initial threshold,
i.e., ui is a sufficiently high quantile of


Xi,j

j=1,2,...,T∗ ; and Ti,k and

X̃i,k, with k = 1, . . . ,Nui are the times and marks of the marginal
exceedances over ui. By Tk, k = 1, . . . ,Nu, we denote the times
when Xt exceeds u for at least one component.

3.1. Univariate model estimation

The likelihood function, denoted as Li, of the SE-POT model for
themarginal rate of exceedances τi(t, xi) is of the form (seeMcNeil
et al., 2005)

Li = exp


−T ∗τi − ψi

 T∗

0
v∗i (s)ds

 Nui
j=1

λi


Ti,j, X̃i,j


, (20)

where Nui is the number of the marginal exceedances above ui and

λi(t, xi) =
τi + ψiv

∗

i (t)
βi + αiv

∗

i (t)


1+ ξi

xi
βi + αiv

∗

i (t)

−1/ξi−1
is the conditional intensity of the self-exciting POT model with
predictable marks. The intensity λi(t, xi) is derived from the
equation
∞

xi
λi(t, s)ds = τi(t, xi).

With function v∗i as in (2), gi(s) = e−γis, and c(x) as in (6), the
integral in (20) takes the form T∗

0
v∗i (s)ds =

 n

0


j:0<Ti,j<s

e−γi(s−Ti,j)

1+ G←


Fi,j

X̃i,j


ds

=
1
γi

Nui
k=1


e−γiTi,k − e−γiTi,k+1

 k
j=1

eγiTi,j

×


1+ G←


Fi,j

X̃i,j


,

where Fi,j(·) is the conditional distribution function of the marks
defined in (3) and G←(·) is an inverse of the distribution function
G of some continuous positive random variable with finite mean δ
(compare to Section 2.1.2). In the above equation, Ti,Nui+1

should
be interpreted as T ∗. For the theoretical background behind the
likelihood function (20) consult Daley and Vere-Jones (2005,
Proposition 7.2.III). The consistency and asymptotic normality of
the MLE estimator are briefly discussed at the end of the next
section.

3.2. Multivariate model estimation

As the first step before expressing the complete likelihood
function for the multivariate model of exceedances, we consider
the procedure of constructing the densities of the observed events.
Consider an event inwhich the kthmultivariate exceedance occurs
at time Tk = t , with, for example, only the first and second
(out of d > 2) margins exceeding the initial threshold with the
corresponding marks X̃1,1 > u1 and X̃2,1 > u2. Conditional on the
fact that the previous event occurred at time Tk−1, the density of
the event at time Tk reads

p

Tk = t | HTk−1


p

X1,t = X̃1,1, X2,t = X̃2,1,

X3,t ≤ u3, . . . , Xd,t ≤ ud | Tk = t

, (21)

where p(A) denotes the density of A.
The first part of the above density can easily be obtained from

(9) in the following form:

p

Tk = t | HTk−1


= τ(t, u1, . . . , ud)

× exp


−

 t

Tk−1
τ(s, u1, . . . , ud)ds


and, due to (16), the second term of (21) reads

p

X1,t = X̃1,1, X2,t = X̃2,1, X3,t ≤ u3, . . . , Xd,t ≤ ud | Tk = t


= −

∂2τ(t, x1, x2, u3 . . . , ud)

∂x1∂x2


x1=X̃1,1,x2=X̃2,1

1
τ(t, u1, . . . , ud)

.

Finally, (21) takes the form

−
∂2τ(t, x1, x2, u3 . . . , ud)

∂x1∂x2


x1=X̃1,1,x2=X̃2,1

× exp


−

 t

Tk−1
τ(s, u1, . . . , ud)ds


.

The form of the above density is typical for all multivariate ex-
ceedances. To write down the complete likelihood function of the
whole sample observedmultivariate exceedances occurred in time
interval [0, T ∗] at times T1, T2, . . . , TNu , we adopt the following no-
tation. Let

ind(t) =

i1, . . . , ip : Xi1,t > ui1 , . . . , Xip,t > uip


∈ (1, 2, . . . , d)

be the set of indices of the margins which exceed the initial mar-
gin at time t . We use ind(t) to define the following sets: xind(t) =
xi1 , . . . , xip


and x−ind(t) = x \ xind(t), where x = (x1, . . . , xd).

With those sets, the final likelihood function takes the form

L = exp


−

 T∗

0
τ (s, u1, . . . , ud) ds



×

Nu
j=1

− ∂τ(t, x1, x2, . . . , xd)
∂xind(Tj)


xind(Tj)=Xind(Tj),x−ind(Tj)=u−ind(Tj)

 ,
(22)

where ∂τ(t,x1,x2,...,xd)
∂xind(Tj)

is a multiple partial derivative of τ(t, x1, x2,

. . . , xd) by all xi with i ∈ ind(Tj). The integral in (22) cannot be
solved explicitly. Hence, in practice, this integral is approximated
by the sum over all observations.

Considering the properties of the MLE estimators, note that
the multivariate model of exceedances treats the data as a
realization of a univariate point process on (0, T ∗]. This property
is advantageous for estimation because there are currently no
results concerning the properties of the MLE for multivariate
point processes (see, e.g., Bowsher, 2007). In the univariate case,
as shown in Ogata (1978) under some regularity conditions, the
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MLE for a stationary, simple2 point process is consistent and
asymptotically normal as T ∗ → ∞. Concerning these conditions,
note that our multivariate model is stationary if both the marginal
processes of exceedances (Section 2.1.3) and the dependence
parameter (namely, the risk factors zt ) in (15) are stationary.
Employing the results from Ogata (1978), there is a subtle point
considering the conditioning set used for the intensity evaluation
in the likelihood, namely, whether the complete information set
from (−∞, T ∗) or, rather, the incomplete (practically available)
information set from (0, T ∗) should be used. Nevertheless, it
was noted in the paper that the likelihood evaluated on (0, T ∗)
for the Hawkes self-exciting process with the exponential decay
function satisfies the required regularity conditions. It should also
hold for our model because the exponential decay function is
precisely suggested for both the SE-POTmodel and the dependence
parameter. Another result from Ogata (1978), which we will
intensively use in the empirical part of the paper, is that, under the
null hypothesis, the likelihood ratio test statistic asymptotically
satisfies a standard χ2 distribution.

3.3. Goodness-of-fit

When applying the models of marginal and joint exceedances
in practice, where true probabilities are unknown, it is vital to
perform a goodness-of-fit procedure to check the performance of
the model. Our approach to the goodness-of-fit test is based on
the probability integral transformation (Diebold et al., 1998) of
the sample of times of marginal exceedances Ti,1, . . . , Ti,Nui

with
the estimated conditional intensity τi (t, ui). Recalling that, if a
continuous random variable X has distribution function F , F(X) is
uniformly distributed on the unit interval, we obtain from (5) that
the residuals χi,j, j = 1, . . . ,Nui − 1, defined as

χi,j =

 Ti,j+1

Ti,j
τi(s, ui)ds,

j = 1, 2, . . . ,Nui − 1, i = 1, . . . , d,
are independent realizations from the standard exponential
distribution. Because goodness-of-fit looks for evidence that the
model is misspecified, the test of the estimated model can be
limited to checking a hypothesis that the residuals are independent
realizations from the standard exponential distribution.

Analogously as for the times of marginal exceedances, due to
(9), we are able to obtain a similar result for the times of multivari-
ate exceedances. For T1, . . . , TNu the residuals defined as

χj =

 Tj+1

Tj
τ(s, u1, . . . , ud)ds, j = 1, 2, . . . ,Nu − 1, (23)

are also independent realizations from the standard exponential
distribution. We will refer to the sample of χi,j or χj as resid-
ual (marginal) inter-exceedance intervals. Note that the goodness-
of-fit test based on the standardized (marginal) inter-exceedance
times directly corresponds to the random time transformation of
point processes; for details, see Section 7.4 in Daley and Vere-Jones
(2005).

To test the fit of the model in describing the marks of ex-
ceedances, we also employ the concept of the probability integral
transformation. With the conditional distribution (3), the residual
marks, defined as

mi,j = −
1
ξi

log


1+

Xi,Ti,j − ui

βi + αiv
∗

i


Ti,j
 ,

j = 1, 2, . . . ,Nui , i = 1, . . . , d,

2 A point process is simple if no two events occur at the same time.
Table 1
Summary statistics.

MSCI-USA MSCI-EU

Mean (%) 0.0232 0.0155
St.deviation 0.0116 0.0126
Skewness −0.2468 −0.1844
Excess kurtosis 8.7890 8.0630

should be independent realizations from the standard exponential
distribution, if the estimatedmodel is suitable. The goodness-of-fit
can be checked either graphically using QQplots or using a formal
goodness-of-fit test, such as the Kolmogorov–Smirnov or Ander-
son–Darling test, to determine whether the estimates of χj (or χi,j

or mi,j) follow the standard exponential distribution.3 As part of a
goodness-of-fit procedure, one can also analyze the ability of ran-
dom data simulated from the model to reproduce certain charac-
teristics of the data. The simulation procedure is described in the
online appendix.

Note that the residual inter-exceedance intervals andmarks are
not only useful formeasuring themodel’s fit but also form the basis
for the moment estimator discussed in the online appendix.

4. Application to financial data

In this section, we illustrate an application of the model
of multivariate exceedances in a bivariate setting for returns
on international stock indices. We consider extreme negative
returns in the European and the US financial markets, which we
approximate by daily log-returns of the MSCI-USA and MSCI-EU
over the period from January 1, 1990 to January 13, 2012. The data
consist of 5749 observations. The MSCI-USA index is designed to
measure large and mid cap equity performance of the US equity
market, whereas the MSCI Europe Index measures the equity
performance of the developed markets in Europe and consists of
the following country indices: Austria, Belgium, Denmark, Finland,
France, Germany, Greece, Ireland, Italy, the Netherlands, Norway,
Portugal, Spain, Sweden, Switzerland, and the United Kingdom.4

The summary statistics for all of the time series can be found in
Table 1. Note that, for the estimation of our model, we use negated
daily log-returns on the equity, allowing us to look at the upper
rather than the lower tail.

To estimate the multivariate model, the initial threshold was
set on the 97.7% quantile of the empirical distributions of the
stock market returns, corresponding, respectively, to 2.4922%
and 2.8601% and resulting in 132 marginal exceedances for the
two indices and in 53 joint exceedances. A preliminary analysis
motivating this choice of thresholds and verifying the extreme
value condition can be found in the online appendix.

The parametric specification of the exponent measure Vt
in (10) is still open, and there are many parametric families
of dependence structures in multivariate EVT. With respect to
applications, the dependence structure should both be as flexible
as possible and be able to capture an asymmetric dependence
structure, in the sense that Vt(y1, y2) ≠ Vt(y2, y1). This allows
for asymmetric responses of the probability of joint exceedances
to exceedances of the individual variables, implying interesting
economic interpretations. For example, the stockmarket of a small
country may react strongly to shocks in the US stock market, but
not vice versa. We suggest the use of the exponent measure of the

3 Note that the effect of parameter estimation is not taken care of when the tests
are applied directly to these residuals.
4 See www.msci.com for details.

http://www.msci.com
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Table 2
Parameter estimates of the SE-POT model by MLE and the MM. An inverse Hessian of the likelihood function was used to obtain the standard errors reported in parentheses
to the right of the MLE estimates.

Parameter MSCI-US MSCI-EU
MLE MM MLE MM

τi 0.0068 (0.0016) 0.0068 (0.0019) 0.0055 (0.0014) 0.0066 (0.0027)
ψi 0.0173 (0.0052) 0.0208 (0.0458) 0.0149 (0.0040) 0.0184 (0.0219)
γi 0.0404 (0.0103) 0.1428 (0.3476) 0.0463 (0.0132) 0.0845 (0.0904)
δi 0.6387 (0.1480) 3.8415 (3.5759) 1.1710 (0.2000) 2.2767 (1.9937)
ξi 0.2169 (0.1158) 0.2376 (0.0296) 0.2311 (0.1238) 0.2637 (0.0693)
βi 0.4623 (0.0903) 0.3353 (0.0916) 0.4145 (0.0811) 0.3327 (0.1229)
αi 0.1236 (0.0382) 0.1626 (0.4356) 0.1042 (0.0337) 0.1149 (0.1345)

Branch. coeff. 0.7024 0.7053 0.6996 0.7141
Table 3
Parameter estimates of the dependence parameter. An inverse Hessian of the
likelihood function was used to obtain the standard errors reported in parentheses
to the right of the MLE estimates.

Parameter MLE MM

θ2,0 1.0294 (0.0285) 1.3534 (1.1089)
γ2,0 0.0147 (0.0051) 0.3345 (9.0492)
ψ2,2 0.0946 (0.0269) 1.4941 (47.6108)

Gumbel copula.5 It has a simple structurewith only one parameter,
θ ≥ 1, which makes adding the time-dependent part and its
extension to an asymmetric form straightforward. The Gumbel
copula can also be extended to dimensions beyond two, which is
advantageous for applications in higher dimensions. Furthermore,
its dependence function in the tail is almost identical to that of the
t-copula for any choice of the parameters of the t-copula; thus it is
very flexible, see Demarta and McNeil (2005) for details.

In general, the non-exchangeable Gumbel copula (see Tawn,
1990) has the following exponent measure:

V (y1, . . . , yd) =

s∈S




i∈s

wi,s


yi

θs
1/θs

, (24)

where S is the set of all non-empty subsets of {1, . . . , d} and the
parameters are constrained by θs ≥ 1 for all s ∈ S, wi,s = 0
if i ∉ s, wi,s ≥ 0 (asymmetry parameters), i = 1, . . . , d, and

s∈S wi,s = 1 see also Coles and Tawn (1991). V in (24) is over-
parameterized for most applications because it contains 2d−1(d +
2) − (2d + 1) parameters. The task of estimating such a model
is very similar to the estimation of high-dimensional copula-based
models, for which the pair-copula constructionmethod is an effec-
tive solution to overcome a proliferation of parameters, while still
maintaining the flexible dependence structure of the model; see,
for example, Aas et al. (2009) and Okhrin et al. (2013). The idea of
the pair-copula construction may also be transferred to construc-
tion of multivariate point processes with intensity (10). The only
condition that should be preserved is that the exponent measure
associatedwith the final ratemust be one of an extreme value cop-
ula. We leave this estimation topic for future research because it is
beyond the scope of this paper.

The two-dimensional version of (24) is

Vt(y1, y2) =
(1− w1)

y1
+
(1− w2)

y2

+


w1

y1

θ(t)
+


w2

y2

θ(t)1/θ(t)

, (25)

5 We initially also considered the Galambos copula, but its fit was inferior for all
applications we considered.
where w1 and w2 denote the asymmetry parameters in the de-
pendence structure. In the situation when w1 = w2 = 1, the
symmetric version of (25) is obtained. Based on the discussion in
Section 2.2.2, we parametrize the dependence parameter θ(t)
in the equation above as the Hawkes process of different ex-
ceedances. To keep themodel closed,we keep the specification free
from exogenous risk factors. We set

θ(t) = θ2,0 +
 t

0
e−γ2,0(t−s)[ψ2,1dN2,1(s)

+ψ2,2dN2,2(s)+ ψ2,3dN2,3(s)], (26)

with θ2,0 ≥ 1, γ2,0 > 0, ψ2,i ≥ 0, i = 1, 2, 3, where N2,1(s)
and N2,2(s) are counting measures of exceedances of negated log-
returns of MSCI-US and MSCI-EU, respectively, above the corre-
sponding initial thresholds. N2,3(s) is a counting measure of the
simultaneous exceedances. Such a construction of the dependence
parameter, alongwith the asymmetry of the dependence structure,
provides a certain level of flexibility in the dependence modeling.

We conduct six likelihood tests to identify an appropriate
model. In particular, we test the hypothesis that w1 = w2 = 1 (p-
value of 0.6574), w1 = 1 (p-value of 0.9999), w2 = 1 (p-value of
0.3597),ψ2,1 = 0 (p-value of 0.9999),ψ2,2 = 0 (p-value of 0.0243),
and, finally, ψ2,3 = 0 (p-value of 0.5401). This hypothesis testing
allows for a certain simplification of the dependence structure,
namely symmetry, and provides the surprising insight that large
negative exceedances of MSCI-EU have a decisive influence on the
strength of tail dependence between negative log-returns of the
MSCI-EU and MSCI-US indices. Note that estimation of the model
was conducted according to the one-stepMLE procedure discussed
in Section 3.

Having estimated the bivariate model in one step, we report
the parameter estimates of the SE-POT model in Table 2 and the
estimates of the dependence parameter in Table 3. To compare,
we also report the estimates obtained by the one-step method of
moments (MM), the details of which can be found in the online
appendix. Note that the influence and decay functions of the SE-
POT models are set in the manner discussed in Section 2.1.2,
namely, gi(s) = e−γis and c∗i (u) = 1− δi log(1− u).

The estimated branching coefficients of the SE-POT model are
all smaller than one, which suggests that the processes are indeed
stationary, although the large estimates of the tail index (ξi) by
both MLE and the MM suggests that the exceedances’ heavy-
tails can only poorly be explained by the time-varying volatility
component vi(t) indicating a substantial downward potential
caused by jumps on the US and European financial markets.
Without distinguishing the reason for the exceedances, our model,
being by definition a jump process, is still suited to account
for time-varying volatility by incorporating this feature into the
conditional distribution of themarks. Goodness-of-fit statistics can
be found in the online appendix.

Furthermore, comparing the MLE estimates of δi and γi, note
that the marks of MSCI-EU exceedances trigger the occurrence
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Fig. 5. Estimated conditional rate of the marginal exceedances over the initial threshold for MSCI-USA and MSCI-EU. MLE estimates from Table 2.
Fig. 6. The estimated time-varying dependence parameter (left-hand panel) and conditional probability of multivariate events when at least one margin exceeds the initial
threshold (right-hand panel) in the two-dimensional model. The tick marks at the bottom of the right panel denote the times of multivariate events.
of future exceedances much more strongly than the MSCI-USA
exceedances, which corresponds to our previous conclusion that
theMSCI-EU exceedances are decisive inmodeling the dependence
parameter. Note that, compared to the MLE estimates, the MM
ones suggest a completely different mechanism of the marks’
impact. Although this impact is very large, its ‘‘trigger’’ power
diminishes daily (in the absence of further exceedances) at a
much faster rate than the one provided by the MLE estimates.
For MSCI-US estimates, for example, these rates are, respectively,
1−exp(−0.1428) ≈ 13.31% and 1−exp(−0.0404) ≈ 3.96%. This
interplay between the impact and decay functions determines one
mechanism of the asymmetric responses ofmarginal events on the
rate of multivariate exceedances. Themarginal conditional rates of
exceeding the initial threshold (calculatedwith theMLE estimates)
are illustrated in Fig. 5. For the corresponding figure for the MM
estimates, see the online appendix.

The MLE estimates of the dependence parameter indicate a
strong influence of the MSCI-EU exceedances on the strength of
dependence: θ(·) jumps by about 10% of its base level of 1.0294 at
every timeMSCI-EU exceeds its initial threshold. Based on theMLE
estimates, Fig. 6 plots the time-varying dependence parameter
θ(·) (left panel) and the estimated conditional probabilities of
multivariate events when at least one of the margins exceeds
the initial threshold compared with the (constant) empirical
probability of those events (right panel). TheMMestimates suggest
an even greater influence of theMSCI-EU exceedances on θ(·), but,
similar to the case of the SE-POT model, such influence diminishes
very quickly due to a large estimate of γ2,0, which causes erratic
behavior in the dependence parameter, see Fig. F.15 in Appendix F.
Note that extremely high standard errors for the MM estimates
correspond to our general finding based on simulation studies that
MMis inappropriate for ourmultivariatemodel. The reason for this
may lie both in the choice of themoment conditions and in the fact
that all moment conditions are based on goodness-of-fit statistics,
which cannot be calculated from the sample independently of the
unknown parameters of the models.

It is important to be aware of the fact that the use of the
symmetric dependence structure, with which the bivariate model
was estimated, does not mean that the marks of exceedances have
a fixed effect on the conditional multivariate rate. Along with
the estimates of the impact function, this effect strongly depends
on the exceedance history of the marginal processes, which is
propagated by self-exciting component vi(t). That history affects
the marks’ conditional distribution through (3), which, in turn,
may provide asymmetry in themarks’ influence. For an illustration,
consider Fig. 7, which displays how the conditional rates of joint
exceedances might be influenced by different values of MSCI-EU
and MSCI-US negated returns; such values could have happened
on, say, 3/1/2009 (left panel) and 2/15/2010 (right panel). The
calculations are based on the MLE estimates. One can clearly
observe the changes in themarks’ influence, depending on the time
of the analysis.

Based on the MLE estimates, Fig. 8 shows the exponen-
tial QQ-plot of the residual inter-exceedance intervals of the
bivariate model and their empirical autocorrelation functions.
The figures clearly illustrate that the residual inter-exceedance
intervals do not deviate much from the standard exponential
distribution, suggesting the theoretical consistency of the model.
This suggestion is further supported by analyzing the residual in-
tervals with the Kolmogorov–Smirnov and Ljung–Box (15 lags)
tests, which failed to reject the nulls of, respectively, the standard
exponential distribution and no autocorrelation, with p-values of
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Fig. 7. Effects of different values of MSCI-EU andMSCI-US negated returns, that could have happened on 3/1/2009 (left panel) and 2/15/2010 (right panel), on the next day’s
conditional rate of joint exceedances.
Fig. 8. Exponential QQ-plot of the residual inter-exceedance intervals (left-hand panel) in the bivariate model. The sample autocorrelation function of those (squared)
intervals (right-hand panel).
0.5673 and 0.3817, respectively. The goodness-of-fit tests for the
marginal exceedance processes are reported in the online ap-
pendix.

The fit of the model of joint exceedances suggests that the
model provides an efficient way to quantify the effects that cause
the clustering of extreme financial returns. Among others, these
effects include the reaction of markets to common economic
factors and the interplay among markets through time-varying
linkages. Note that, although it is able to quantify the effects, our
model cannot explain the sources of clustering and contagion due
to its decidedly reduced-form. To show when and where, exactly,
the shock occurs, a purely qualitative analysis is required.

5. Conclusion

In the present paper, we develop a multivariate approach
to model extreme asset returns considering the conditional
distributional properties of both their magnitudes and occurrence
times. This approach is developed in the framework of self-exciting
point processes andmultivariate extreme value theory and follows
naturally from treating the multivariate process of extreme
events as a univariate process, constructed as a superposition of
individual extreme events. This is an intensity-based model which
incorporates a feasible possibility of being updated in continuous
time and lends itself to likelihood inference.

This paper shows that, provided that the marginal processes
of extreme events follow the self-exciting peaks-over-threshold
model, the functional form of the multivariate rate of extreme
exceedances follows the exponent measure of an extreme value
copula. This exponent measure combines the marginal rates into
the multivariate rate. Due to its construction, the model can
capture the typical features of financial time series; namely, heavy
tails, extreme dependencies, and clustering of extreme events over
time and across assets (markets). A separate contribution of this
paper is its establishment of stationarity conditions for the self-
exciting peaks-over-threshold model with predictable marks (the
marginal process of exceedances).

To estimate the proposed model, we derive the closed-form
likelihood function and describe goodness-of-fit and simulation
procedures. Additionally, we consider model estimation based
on the method of moments, although the latter turned out to
be inferior to the MLE. A possible reason for this is that the
moment conditions cannot be directly calculated from the sample
independently from the unknown parameters of the models.

We implemented the estimation procedure on extreme neg-
ative returns, studying the MSCI-EU and MSCI-USA indices. The
goodness-of-fit procedure demonstrates a reasonable fit of the
model and suggests the empirical importance of the self-exciting
feature for modeling occurrence times, magnitudes, and interde-
pendencies of the extreme returns. While the dependence struc-
ture of the model can account for asymmetric relationships, we
find that conditional multivariate distributions of the returns are
close to symmetric. Nevertheless, there are still asymmetric effects
coming from the self-exciting structure of the conditionalmarginal
distributions of the magnitudes of the exceedances. We find that
the extreme return exceedances of MSCI-EU are decisive (statis-
tically) for modeling the strength of the dependence between the
two indices.
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In future research, it would be interesting to consider high-
dimensional applications of the model for risk management
purposes, and to compare its performance to that of existing
alternatives. This comparison would be particularly interesting
if the application to high-frequency data were considered. To
overcome the problem of parameter proliferation and to provide a
flexible estimation approach, one could apply the principle of pair-
copula construction to our multivariate point-process model.

Appendix A. Proofs

Proof of Proposition 2.1. Due to the branching process’s repre-
sentation of the SE-POT model, the sufficient condition for sta-
tionarity of the SE-POT with conditional intensity τ(t) requires
Eτ(t) = τ̄ ∈ (0,∞), see Daley and Vere-Jones (2005, Exam-
ple 6.3(c)). From (1) τ̄ can be expressed as

τ̄ = τ + ψE
 t

−∞

c

X̃s


g (t − s) dN(s). (A.1)

Note, that from the interpretation of the branching coefficient
in Hawkes and Oakes (1974) and Daley and Vere-Jones (2005,
Example 6.3(c)) it follows that ν = ψE

 t
−∞

c

X̃s


g (t − s) dN(s).

Since the integral on the right-hand side of the above equation
is just a sum of random variables, we can write

E
 t

−∞

c

X̃s


g (t − s) dN(s)

=

 t

−∞

g (t − s) E

c

X̃s


dN(s)


. (A.2)

From construction of the SE-POT model, see (1) and (3), it imme-
diately follows that random variables X̃s and dN(s) are dependent
in general but conditional v∗i (s) (or even Hs) they are independent.
Hence it follows,

E

c

X̃s


dN(s)


= E


E

c

X̃s


dN(s)

Hs


= E


E

c

X̃s

 Hs


E[dN(s)|Hs]


, (A.3)

where E [dN(s) | Hs] = τ(s)ds and, considering the conditional
distribution of X̃s in (3),

E

c

X̃s

 Hs


=


∞

0
c(x)fs(x)dx,

where fs(x) = dFs(x)
dx =

1
β+αv∗i (s)


1+ ξ x

β+αv∗i (s)

−1/ξ−1
is the con-

ditional distribution density function of X̃s.
Note that the integral in the above equation tends to infinity

in all cases when the order of c(x) exceeds 1/ξ . In particular, the
integral tends to infinity with c(x) = eδx, which is a commonly
used specification for c(x) in the literature Chavez-Demoulin et al.
(2005) and McNeil et al. (2005). With the specification (6), how-
ever, we get

E

c

X̃s

 Hs


=


∞

0
c∗ (Fs(x)) fs(x)dx =

 1

0
c∗(u)du.

In Section 2.1.2 it was suggested to construct c∗(·) as c∗(·) =
1 + G←(·), where G←(·) is an inverse of the distribution function
G of some continuous positive random variable with mean δ. Us-
ing this construction to calculate integral in the above equation
we get

E

c

X̃s

 Hs


= 1+ δ. (A.4)

Substituting this result and E [dN(s) | Hs] = τ(s)ds into (A.3) we
get

E

c

X̃s


dN(s)


= τ̄ (1+ δ)ds,

which with (A.2) provides a formula for the expected value

E
 t

−∞

c

X̃s


g (t − s) dN(s) = τ̄ (1+ δ)


∞

0
g(s)ds.

Substituting the above equation into (A.1), finally yields

τ̄ =
τ

1− ψ(1+ δ)

∞

0 g(s)ds
(A.5)

and

ν = ψ(1+ δ)

∞

0
g(s)ds.

Thus, under the assumption of stationarity, we must have

ν = ψ (1+ δ)

∞

0
g(s)ds < 1.

With, g(s) = e−γ s, the above condition takes the form

ψ (1+ δ)
γ

< 1. �

Proof of Proposition 2.2. The covariance density µ(z) of the SE-
POT process of exceedances above the initial threshold is defined
for z > 0 as

µ(z) =
E [dN(t + z)dN(t)]

(dt)2
− τ̄ 2, z > 0,

and for z < 0 the covariance density reads µ(z) = µ(−z).
Note that for the case z = 0, the situation is slightly different,

because E

(dN(t))2


= E [dN(t)] = τ̄ds, i.e., the covariance

density for z = 0 equals τ̄ . The complete covariance densityµ(c)(z)
(we use the same notation as in Hawkes, 1971) takes the form

µ(c)(z) = τ̄ Iz=0 + µ(z), (A.6)

where IA denotes an indicator of event A.
To obtain an explicit formula for the covariance density µ(z),

we follow the procedure described in Hawkes (1971). For z > 0
we write

µ(z) = E

E

dN(t)
dt

dN(t + z)
dt

Ht+z


− τ̄ 2

= E

dN(t)
dt

E

dN(t + z)

dt

Ht+z


− τ̄ 2

= E

dN(t)
dt


τ + ψ

 t+z

−∞

c

X̃s


× g (t + z − s) dN(s)


− τ̄ 2

= τ̄ τ − τ̄ 2 + ψ

 t+z

−∞

g (t + z − s)

× E

c

X̃s

 dN(t)
dt

dN(s)
ds


ds. (A.7)
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Recalling (A.3) and (A.4) we can write

E

c

X̃s

 dN(t)
dt

dN(s)
ds


= E


E

c

X̃s

 Hs


E

dN(t)
dt

dN(s)
ds

Hs


= (1+ δ)E


dN(t)
dt

dN(s)
ds


= (1+ δ)


µ(c)(s− t)+ τ̄ 2


,

which substituted in (A.7) yields

µ(z) = τ̄ τ − τ̄ 2 + ψ(1+ δ)

×

 t+z

−∞

g (t + z − s)

µ(c)(s− t)+ τ̄ 2


ds

= τ̄ τ − τ̄ 2 + ψ(1+ δ)
 z

−∞

g (z − v)

µ(c)(v)+ τ̄ 2


dv

= τ̄ τ − τ̄ 2

1− ψ(1+ δ)


∞

0
g (z − v) dv


+ψ(1+ δ)

 z

−∞

g (z − v)µ(c)(v)dv.

Together with (A.5) and (A.6), the above equation transforms

µ(z) = ψ(1+ δ)

g(z)τ̄ +

 z

−∞

g (z − v)µ(v)dv

, (A.8)

or, exploiting the symmetry of µ(z),

µ(z) = ψ(1+ δ)

g(z)τ̄ +


∞

0
g (z + v)µ(v)dv

+

 z

0
g (z − v)µ(v)dv


. (A.9)

As it was noted in Hawkes (1971), the above equation is difficult
to solve analytically in general. But for the case when g(·) decays
exponentially the analytical solution may be obtained. Setting
g(v) = e−γ v and taking the Laplace transform (denote it as µ∗)
of (A.9), we get

µ∗(y) =
τ̄ψ(1+ δ) (2γ − ψ(1+ δ))

2(γ − ψ(1+ δ))
1

y+ γ − ψ(1+ δ)
.

Recalling that the Laplace transform f ∗(y) of f (z) = eaz equals
f ∗(y) = 1

y−a , it is easy to see from the above equation that

µ(z) =
τ̄ψ(1+ δ) (2γ − ψ(1+ δ))

2(γ − ψ(1+ δ))
e−(γ−ψ(1+δ))z . �

Proof of Proposition 2.3. For the ease of presentation, we em-
ploy the following notation. N(t, x) denotes a counting measure
of events when (Xs)s≤t exceeds x in at least one component.
T1(x), T2(x), . . . stand for the consecutive times of those multi-
variate events. The corresponding notation for the marginal pro-
cesses of exceedances are denoted as, respectively, Ni(t, xi) and
Ti,1(xi), Ti,2(xi), . . ..

Provided there is no exceedance at time t , the conditional
distribution of TN(t0,x)+1(x) given Ht0 can be expressed in terms of
marginal times of exceedances in the following way

P

TN(t0,x)+1 (x) > t | Ht0


= P(T1,N1(t0,x1)+1(x1) > t, . . . ,

Td,Nd(t0,xd)+1(xd) > t | Ht0). (A.10)

Recall that Ht0 =
d

i=1 Hi,t0 , where Hi,t0 is a history of point pro-
cess of exceedances of


Xi,s

s≤t0

above the initial threshold ui.
The conditional set Ht0 contains information both on the
conditional distribution of the margins (i.e., distribution of
Ti,Ni(t0,xi)+1(xi) > t0 given Hi,t0 ) and on their joint distribution
(i.e., distribution of Ti,Ni(t0,xi)+1(xi) > t0 given Ht0 ). Since we know
from (5) that

P

Ti,Ni(t0,xi)+1(xi) ≥ t | Hi,t0


= exp


−

 t

t0
τi(s, xi)ds


,

t ≥ t0,

we decompose the right-hand side of (A.10) into the conditional
distribution of the margins given their own histories and joint dis-
tribution of those conditional distributions (with help of a cop-
ula6):

P

T1,N1(t0,x1)+1(x1) > t, . . . , Td,Nd(t0,xd)+1(xd) > t | Ht0


= P


Ū1,N1(t0,x1)+1 ≤ e−

 t
t0
τ1(s,x1)ds, . . . ,

Ūd,Nd(t0,xd)+1 ≤ e−
 t
t0
τd(s,xd)ds


=: Ct0


e−

 t
t0
τ1(s,x1)ds, . . . , e−

 t
t0
τd(s,xd)ds


, (A.11)

where Ūi,Ni(t0,xi)+1 := exp

−
 Ti,Ni(t0,xi)+1(xi)|Hi,t0
t0 τi(s, xi)ds


, with

Ti,Ni(t0,xi)+1(xi) | Hi,t0 denoting a random variable Ti,Ni(t0,xi)+1(xi)
conditioned on Hi,t0 ; Ct0 is a copula function conditioned on the
information set Ht0 . The use of copula function is justified because
Ūi,Ni(t0,xi)+1 ∼ Unif[0, 1].

Comparing (9) and (A.11), the condition on the intensity
τ(t, x1, . . . , xd) reads

exp

−

 t

t0
τ(s, x1, . . . , xd)ds


= Ct0


e−

 t
t0
τ1(s,x1)ds, . . . , e−

 t
t0
τd(s,xd)ds


. (A.12)

To solve the above equation, note that for t0 ↑ t the following holds t

t0
τ(s, x1, . . . , xd)ds ≈ (t − t0)τ (t0, x1, . . . , xd) and t

t0
τi(s, ui)ds ≈ (t − t0)τi(t0, ui), i = 1, . . . , d,

which, in turn, allows us to write

τ(t, x1, . . . , xd)

= − lim
t0↑t

log Ct0


e−(t−t0)τ1(t0,x1), . . . , e−(t−t0)τd(t0,xd)


t − t0

.

Denoting s = 1/(t−t0) and setting t0 = t in the subscript of copula
and in τi(t0, ui), we obtain

τ(t, x1, . . . , xd) = − log lim
s→∞

Ct


e−

τ1(t,x1)
s , . . . , e−

τd(t,xd)
s

s
. (A.13)

With the following intuitive boundaries on τ(t, x1, . . . , xd)

0 < max{τ1(t, x1), . . . , τd(t, xd)}

≤ τ(t, x1, . . . , xd) ≤
d

i=1

τi(t, ui) <∞,

6 In continuous case, a copula is a multivariate distribution function with
uniformly on [0, 1] distributed marginal distributions. A detailed introduction to
copulas can be found in Nelsen, 2006. For an excellent review of copula based
models for econometric time series see Patton, 2012.
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we conclude that a non-trivial limit in (A.13) exists for all 0 <
τi(t, ui) <∞, i = 1, . . . , d, namely, there exists a function C∗t (w1,

. . . , wd) ∈ [0, 1] defined on (w1, . . . , wd) ∈ [0, 1]d, such that

lim
s→∞

Ct


e−

τ1(t,x1)
s , . . . , e−

τd(t,xd)
s

s
= C∗t


e−τ1(t,x1), . . . , e−τd(t,xd)


∈ (0, 1). (A.14)

From the results of multivariate extreme value theory, see for ex-
ample Gudendorf and Segers (2010), it is well known that if there
exists a copula C(w1, . . . , wd) such that

lim
s→∞

C

w

1/s
1 , . . . , w

1/s
d

s
= C∗ (w1, . . . , wd) ,

∀ (w1, . . . , wd) ∈ [0, 1]d, (A.15)

then C∗ is an extreme value copula and C is said to be in the do-
main of attraction of C∗. Surely, this definition applies to (A.14)
withwi = e−τi(t,ui). Hence,we conclude that C∗t is an extreme value
copula.

Note that for any extreme value copula C∗ there exists a mea-
sure V , the exponent measure, such that

C∗ (w1, . . . , wd) = exp

−V


1

− logw1
, . . . ,

1
− logwd


,

(A.16)

where for the exponent measure, we have the homogeneity prop-
erty

V (ay1, . . . , ayd) =
1
a
V (y1, . . . , yd) ∀a > 0. (A.17)

Denoting the exponentmeasure of C∗t asVt , the final conditional
rate of at least one exceedance above (x1, . . . , xd) takes the form

τ(t, x1, . . . , xd) = Vt


1

τ1(t, x1)
, . . . ,

1
τd(t, xd)


.

Note that since Ct in (A.14) is conditioned on the information set
Ht we allow the copula C∗t , and hence Vt , to evolve with time. �

Proof of Proposition 2.4. Since the point process of exceedances
of (Xs)s∈R above a sufficiently high threshold is assumed to follow
the SE-POT model, the magnitudes of exceedances of Xt have the
generalized Pareto distribution (3). Clearly, the GPD belongs to the
maximum domain of attraction of the extreme value distribution,
which reassures the existence of the normalized constants at(n)
and bt(n) such that (12) holds.

It remains to be shown that Wt = Vt , or, in terms of copu-
las, C◦t = C∗t , where C◦t is an extreme value copula associated
with exponent measure Wt , see (11). It suffices to prove that re-
lationship for the case when Xi,s, i = 1, . . . , d, does not depend
on its own history, because C∗t models the (limiting) condi-
tional survival distributions of time intervals between marginal
exceedances, see (A.11) and (A.14). Although the marginal ex-
ceedances of


Xi,s

s∈R , i = 1, . . . , d are serially dependent, due to

conditioning of those survival distributionswith the SE-POTmodel,
which captures that serial dependence, the functional form of C∗t is
the same as if themarginal exceedanceswere serially independent.

Consider i.i.d. random vectors Yj =

Y1,j, . . . , Yd,j


, j = 1,

2, . . . that have the same dependence structure as Xt . We assume
that the margins of Yj are unit Fréchet distributed, P


Yi,j ≤ y


=

e−1/y, i = 1, . . . , d. This assumption does not deprive of the
proof’s generality, because the marginal tail distribution of Xt is
known and the relationship Wt = Vt defines the equivalence only
in the corresponding dependence structures of Xt and of the one
suggested by exponent measure Vt . Relationship (12) for Yj reads

lim
n→∞

nP

Y1,j

n
> y1 ∪ · · · ∪

Y1,j

n
> yd


= Wt


1
y1
, . . . ,

1
yd


.

It is a well known result from the EVT that for A ∈ [0, 1] and
B = Rd

+
\ [(0, y1)× · · · × (0, yd)] the point process

Nn(S = A× B) =
n

j=1

I{(j/n,Yj/n)∈S}, as n→∞, (A.18)

of events when

Yj/n


exceeds threshold y = (y1, . . . , yd) in

at least one component converges in distribution to a Poisson
point process with rate λ(A)×Wt


1
y1
, . . . , 1

yd


, where λ(A) is the

Lebesgue measure of A ∈ [0, 1] and Wt is the exponent measure of
the set B. For details consult Coles and Tawn (1991) and Theorem
6.1.11 in de Haan and Ferreira (2006).

Using the same notation for countingmeasures and times of ex-
ceedances of


Yj/n


above threshold (y1, . . . , yd) as in the proof of

Proposition 2.3 and recalling that intervals between homogeneous
Poisson events are exponentially distributed (with the mean equal
to the inverse rate), the conditional distribution of TN(t0,y)+1(y)
given Ht0 takes the form

P

TN(t0,y)+1(y) > t | Ht0


= exp


−(t − t0)Wt


1
y1
, . . . ,

1
yd


. (A.19)

On the other hand, from straightforward arguments one can
conclude that marginal processes of exceedances of


Yi,j/n


above

yi also converges to the homogeneous Poisson process on [0, 1]
with rate limn→∞ nP


Yi,j/n > yi


= limn→∞ n


1− e−1/(yin)


= 1/yi, i.e.,

P

Ti,Ni(t0,yi)+1(yi) ≥ t | Hi,t0


= exp


−

t − t0
yi


, t ≥ t0.

The above distribution allows us to express the right-hand side of
marginal decomposition (A.10) as

P

T1,N1(t0,y1)+1(y1) > t, . . . , Td,Nd(t0,yd)+1(yd) > t | Ht0


= P


Ū1,N1(t0,y1)+1 ≤ e−

t−t0
y1 , . . . , Ūd,Nd(t0,yd)+1 ≤ e−

t−t0
yd


=: C◦t0


e−

t−t0
y1 , . . . , e−

t−t0
yd


, (A.20)

where Ūi,Ni(t0)+1 = exp

−

Ti,Ni(t0,yi)+1(yi)|Hi,t0−t0
yi


with

Ti,Ni(t0,yi)+1(yi) | Hi,t0 denoting a random variable Ti,Ni(t0,yi)+1(yi)
conditioned on Hi,t0 , and C◦t0 is a copula function.

Equating (A.20) to (A.19) we obtain the following condition on
the copula C◦t0 :

C◦t0

e−z1 , . . . , e−zd


= exp


−aWt


a
z1
, . . . ,

a
zd


,

a > 0, ∀t0 < t (A.21)

where we denote zi = (t − t0)/yi and a = t − t0. Existence of the
unique copula C◦t0 is guaranteed only in the case when the right-
hand side of (A.21) does not change with a. Since this condition
is nothing else than the homogeneity property of the exponent
measure: aWt


a
z1
, . . . , a

zd


= Wt


1
z1
, . . . , 1

zd


, ∀a > 0,—we
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conclude that C◦t0 exists and it can be expressed as

C◦t0 (w1, . . . , wd)

= exp

−Wt


1

− logw1
, . . . ,

1
− logwd


, (A.22)

where wi denotes e−zi from (A.21). From decomposition (A.16) it
follows that C◦t0 is an extreme value copula. Note that C◦t0 is indepen-
dent of the conditional set Ht0 .

Due to the characteristic property (see Theorem 7.44 in McNeil
et al., 2005) of extreme value copulas:

C◦t0

us
1, . . . , u

s
d


= C◦t0 (u1, . . . , ud)

s , s > 0 (A.23)

the limit copula in (A.14) with Ct := C◦t yields the same limiting
copula C∗t = C◦t . Hence, we conclude that exponent measure Vt of
C∗t equals exponent measureWt of C◦t . �

Appendix B. Method of moments estimation

The goodness-of-fit characteristics χj and mi,j, which are
standard exponentially distributed under a correctly specified
model, can be used for construction of moment conditions for
the Method of Moments (MM) estimation of both the SE-POT and
multivariate models. To estimate seven parameters of the SE-POT
model, one can set the following seven moment conditions

1
Nui

Nui
j=1

χj,i = 1

1
Nui

Nui
j=1

χ2
j,i = 2

 1
Nui

Nui
j=1

χj,i

2

1
Nui

Nui
j=1

χ3
j,i = 6

 1
Nui

Nui
j=1

χj,i

3

1
Nui

Nui
j=1

Zj,i =
1

1− ξi

1
Nui

Nui
j=1

Z2
j,i =

2
(1− ξi)(1− 2ξi)

1
Nui

Nui
j=1

mj,i = 1

1
Nui

Nui
j=1


Tj,i − Tj−1,i


=

1
τ̄i
=:
γi − ψi(1+ δi)

τiγi

(B.1)

where Zj,i :=
Xi,Ti,j−ui

βi+αiv
∗
i (Ti,j)

follows a GPD distribution with shape
parameter ξi and scale parameter 1. Solving (numerically) the
above system one can easily obtain estimates for the seven
parameters of the SE-POT model. Extending this approach one
can add some extra moment conditions and employ Generalized
Method of Moments (GMM) with the common procedure of
estimating the weighting matrix as the inverse of the covariance
matrix, see, e.g., Greene (2012). However, Monte Carlo simulations
(not reported in this paper) suggest that the GMMprovides inferior
estimates to the MM ones. The reason for the poor performance
is attributed to numerical instability and high sensitivity to the
starting values of the GMM estimators of the SE-POT model.

One can proceed similarly for construction of the moments
condition for the MM estimation the multivariate model. In
particular, those may include moment conditions on (standard
exponential distributed) χj and its variants for lower dimensional
models. For the MM estimation of the bivariate model with, say,
four parameters driving θ(t), the following conditions were used

1
N

N
j=1

χj = 1

1
N

N
j=1

χ2
j = 2


1
N

N
j=1

χj

2

1
N

N
j=1

χ3
j = 6


1
N

N
j=1

χj

3

1
N

N
j=1

exp

−χj


=


1+


1
N

N
j=1

χj

−1
(B.2)

where χj is from (23) and N is the number of events in the sample
when at least onemargin jumps. Although themethod ofmoments
is intuitive and easily programmed, in most cases, however,
the method of moments estimators are not efficient, Greene
(2012). Furthermore, unreported simulation results suggest that
themaximum likelihood is superior in finite samples for ourmodel.

Appendix C. Simulation

To simulate from the multivariate model of exceedances, we
need to obtain both times andmarks of those exceedances. Eq. (23)
offers an easy simulation procedure for the times of multivariate
exceedances. It follows that conditioned on Tj, a realization of Tj+1
can be found solving Tj+1

Tj
τ(s, u1, . . . , ud)ds = E, j = 1, 2, . . . ,

where E is the standard exponential random variable. To find T1,
we set T0 = 0 in the above equation. The above simulation
method is known in the literature as the inversemethod, see Daley
and Vere-Jones (2005, Algorithm 7.4.III). Alternatively, in order to
omit calculation of the integral in the equation above, one can
simulate the times of exceedances by the thinning algorithm, see
Ogata (1981). It is a simple and efficient method that requires the
specification of the conditional intensity only (without a need of
solving any integrals).

To simulate themarks at times ofmultivariate exceedance, first,
it should be identified which margin exceeds the initial threshold,
and then themarks should be simulated from the appropriate con-
ditional distribution. In the two-dimensional model, for example,
the marks should be simulated as follows:
(i) with probability P


X1,t > u1, X2,t ≤ u2 | Tj+1 = t


= 1 −

τ2(t,u2)
τ (t,u1,u2)

, only the first margin exceeds the initial threshold.
The mark X1,t should be simulated from the following distri-
bution

P

X1,t ≤ x1 | Tj+1 = t, X2,t ≤ u2


=
τ (t, u1, u2)− τ (t, x1, u2)

τ (t, u1, u2)− τ2 (t, u2)
, x1 > u1

(ii) with probability P

X1,t ≤ u1, X2,t > u2 | Tj+1 = t


= 1 −

τ1(t,u1)
τ (t,u1,u2)

, only the secondmargin exceeds the initial threshold.
The mark X2,t should be simulated from the following distri-
bution

P

X2,t ≤ x2 | Tj+1 = t, X1,t ≤ u1


=
τ (t, u1, u2)− τ (t, u1, x2)
τ (t, u1, u2)− τ1 (t, u1)

, x2 > u2
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Fig. D.9. Sample mean excess plots of negated daily log-returns of the MSCI-USA and MSCI-EU indices. Solid red vertical lines indicate the initial threshold chosen for the
model estimation. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
Fig. D.10. Estimated Q-curves on negated returns of MSCI-USA and MSCI-EU: k
denotes the number of upper order statistics used for estimation.

(iii) with probability P

X1,t > u1, X2,t > u2 | Tj+1 = t


=

τ1(t,u1)+τ2(t,u2)−τ(t,u1,u2)
τ (t,u1,u2)

, both the first and the second margin
exceed the initial threshold. The mark


X1,t , X2,t


should be

simulated from the following distribution

P

X1,t ≤ x1, X2,t ≤ x2 | Tj+1 = t, X1,t > u1, X2,t > u2


=
τ (t, x1, u2)+ τ (t, u1, x2)− τ (t, x1, x2)− τ (t, u1, u2)

τ1 (t, u1)+ τ2 (t, u2)− τ (t, u1, u2)
,

for x1 > u1 and x2 > u2.

The above cases formarginal exceedances are a direct consequence
of the conditional distributions of marks in (16) and hence can be
extended for multivariate cases with any d > 2.

Appendix D. Extreme value condition and the initial threshold

The rate of multivariate extreme exceedances (10) is governed
by the extreme value copula, which corresponds, as it is sug-
gested by Proposition 2.4, to the dependence structure of extreme
magnitudes of observations. Considering the extreme dependence
one distinguishes two possible cases: asymptotic dependence and
asymptotic independence,—which require two different estima-
tion procedure of the dependence structure. Hence, it is important
for a correct parametrization of the multivariate model to find the
appropriate type of the asymptotic dependence. The condition of
heavy-tailedness of the observations must also be tested, because
it is a prerequisite for the use of the SE-POT model.

Addressing the later condition, we rely on the mean-excess
function to verify if the data is heavy-tailed and if GPD is an
appropriate distribution. Details on this and othermethodsmay be
Fig. D.11. Exponential QQ-plots of time intervals, measured in days, between
consecutive marginal exceedances above the initial threshold.

found, e.g., in McNeil et al. (2005), Embrechts et al. (1997), Resnick
and Starica (1995), Chavez-Demoulin and Embrechts (2011). For
positive-valued data X1, X2, . . . , Xn and its high threshold v, the
mean-excess function is defined as

en(v) =

n
i=1
(Xi − v)I{Xi>v}

n
i=1

I{Xi>v}
. (D.1)

Plotting

Xi,n, en(Xi,n)


, where Xi,n denotes the ith order statistic,

we consider a shape of the mean-excess function for i close to n. If
the shape looks approximately linear then this suggests that GPD
is an appropriate distribution for the excesses over that threshold.
The point where the mean-excess function visually becomes close
to linear can be set as a threshold for GPD estimation.

Fig. D.9 plots the estimates of mean-excess function for the
last 6% of the sample upper order statistics. Solid vertical lines
on the figure denote the marginal initial thresholds chosen for
estimation of the SE-POT. For MSCI-USA and MSCI-EU series the
initial threshold was set on the 97.7% quantile of the empirical
distributions, which corresponds, respectively, to 2.4922% and
2.8601% and results in 132 marginal exceedances for the two
indices and in 53 joint exceedances.

Fig. D.11 illustrates the exponential QQ-plots for the time
intervals between consecutive marginal exceedances above the
initial thresholds. If the exceedances occurred independently then
one would observe the exponential distribution of the intervals.
Clearly, the exceedances do not occur independently: there are
higher than expected frequencies of the small time intervals,
i.e., there is a clustering of high losses. This observation, along with
the heavy-tails of the returns, justifies the use of the SE-POTmodel.
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Fig. E.12. Exponential QQ-plot of the residual marginal inter-exceedance intervals.
Fig. E.13. Exponential QQ-plot of the residual marks.
Fig. F.14. Estimated conditional rate of the marginal exceedances over the initial threshold for MSCI-USA and MSCI-EU. MM estimates from Table 2.
Table E.4
p-values of Kolmogorov–Smirnov (KS) and Ljung–Box (LB) tests checking the
hypothesis of exponentially distributed and uncorrelated residual inter-exceedance
intervals and marks of the marginal processes of exceedances.

Data Residual intervals Residual marks
KS LB KS LB

MSCI-US 0.5498 0.9185 0.9558 0.9869
MSCI-EU 0.2566 0.4211 0.2358 0.9862

Considering the asymptotic dependence,we employ a graphical
illustration called a Q -curve, see de Haan and Ferreira (2006) for
details. Fig. D.10 illustrates the Q -curve of the negative log returns
of MSCI-USA and MSCI-EU, estimated on different number (k) of
upper order statistics of the return series. The line labeled ‘‘ind’’
indicates the Q -curve in the independence case. Note that flat Q -
curves indicate asymptotic independence. The curves on Fig. D.10
differ significantly from a straight line indicating that there is no
asymptotic independence between negative log returns of MSCI-
USA and MSCI-EU indices.

Appendix E. Marginal goodness-of-fit tests

See Figs. E.12 and E.13 and Table E.4.
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Fig. F.15. The estimated time-varying dependence parameter (left-hand panel) and the conditional probability of multivariate events when at least one of the margins
exceeds the initial threshold (right-hand panel) in the two dimensional model. The tick marks at the bottom of the right panel denote times of multivariate events. MM
estimates.
Fig. F.16. Exponential QQ-plot of the residual inter-exceedance intervals (left-hand panel) in the bivariate model. The sample autocorrelation function of those (squared)
intervals (right-hand panel). MM estimates.
Appendix F. Illustrative graphs and goodness-of-fit for the
bivariate model with the MM estimates

See Figs. F.14 and F.16.
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