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Abstract

The physical, observable spectrum in gauge theories is made up from gauge-invariant states. In the standard
model of particle physics the Frohlich-Morchio-Strocchi mechanism shows that these states can be adequately
mapped to the gauge-dependent, elementary W, Z, and Higgs as well as fermionic states. In theories with a
more general gauge group and Higgs sector this is no longer necessarily the case.

We classify and predict the physical spectrum for a wide range of such theories and show that discrepancies
between the spectrum of elementary fields and physical particles frequently arise. We discuss in detail SU(V)
gauge theories with single scalar fields in the fundamental and adjoint representation of the gauge group. We
also investigate models for grand unified theories where usually more scalar fields appear in the theory.

The validity of these predictions can only be tested using non-perturbative methods. This is done using the
method of lattice gauge theory for the special case where the gauge group is SU(3) with one single fundamental
scalar. We first determine the phase diagram of this theory and compute the spectrum of bound states in a
regime where a Brout-Englert-Higgs effect takes place. Then the spectrum of gauge-variant, elementary fields
is computed and compared to the gauge-invariant, physical spectrum. We find that our computations seem to

confirm the predictions of the Fréhlich-Morchio-Strocchi mechanism.






Kurzfassung

Das physikalische, beobachtbare Spektrum von Eichtheorien besteht aus eichinvarianten Zustinden. Im Stan-
dard Modell der Teilchenphysik zeigt der Frohlich-Morchio-Strocchi Mechanismus, dass diese Zustinde angemessen
auf die eichvarianten, elementaren W, Z, Higgs und fermionische Zustinde abgebildet werden kénnen. In
Theorien mit allgemeinerer Eichgruppe und Higgs-Sektor muss das nicht notwendigerweise der Fall sein.

Wir klassifizieren und vorhersagen das physikalische Spektrum fiir eine grofle Bandbreite von Theorien.
Wir zeigen, dass es hiufig Unterscheide zwischen dem Spektrum der elementaren Felder und dem der physikalis-
chen Teilchen auftauchen. Wir diskutieren im Detail SU(V) Eichtheorien mit skalaren Feldern in der funda-
mentalen und der adjungierten Darstellung der Eichgruppe, sowie Modelle fiir grofe vereinheitlichte Theo-
rien, wo tiblicherweise mehrere skalare Felder in der Theorie auftauchen.

Diese Vorhersagen konnen mit nicht-stdrungstheoretischen Methoden getestet werden. Daftir wihlen wir
den Spezialfall eines fundamentalen skalaren Feldes mit der Eichgruppe SU(3) und studieren diesen Fall mit
Hilfe von Gittereichtheorie. Zuerst wird das Phasendiagramm dieser Theorie berechnet und anschliefSend
das physikalische Spektrum der Bindungszustinde, in einem Regime wo ein Brout-Englert-Higgs Effekt stat-
tfindet, bestimmt. Danach wird das Spektrum der eichvarianten, elementaren Feldern bestimmt. Wir finden,

dass unsere Berechnung die Vorhersagen des Frohlich-Morchio-Strocchi Mechanismus zu bestitigen scheinen.
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Chapter1

Introduction

The standard model of particle physics successfully describes nearly all phenomena and processes
which involve particle energies up to a few TeV. This theory is impressively well established by to-
day’s collider-based experiments, and thus serves as one cornerstone of our understanding of nature.
The standard model classifies all known elementary particles and describes how they interact electro-
magnetically, weakly, and strongly with each other using the mathematical framework of quantum
field theory [T-4]].

The most prominent experiments to test predictions from the standard model are nowadays lo-
cated at CERN within its large hadron collider (LHC). So far, no experimental observation of physics
beyond the standard model has been detected at the LHC. A discrepancy of about three standard
deviations to the standard model prediction is discovered in the branching ratio of the decay of B,
mesons [§] signaling a possible violation of so-called lepton universality. Currently, it is just specu-
lation if this is a sign for new physics, an underestimation of hadronic effects, or turns out to be yet
another prominent statistical fluctuation [6,7].

Nonetheless, despite the extraordinary accomplishment of explaining the LHC experiments with
the standard model theory, it is known that there must be a more fundamental theory of nature.
For instance, the standard model describes only three of the known four fundamental interactions.
The currently best description of the fourth force, i.e., gravity, is given by general relativity [8]]. At
the microscopic scale of elementary processes gravitational effects are presumably negligible com-
pared to the other three fundamental forces, until the energy scale of the considered process moves
towards the Planck scale Mp ~ 10" GeV. At these large scales, effects of quantum gravity probably
become important and eventually dominate the physical processes. Prominent attempts to formu-
late consistent quantum theories of gravity are string theory [9]], supergravity [10], loop quantum
gravity [im], asymptotic safety [1z], or causal dynamical triangulation [r3]. The pure standard model
should therefore be only considered as a low energy effective theory of an extended model. However,
the standard model is a theory with a consistent quantum field theoretical formulation of the other
three fundamental forces using the concept of gauge invariance [3]. We introduce this formulation
briefly here.

Quantum electrodynamics (QED) was the first successful implementation of gauge invariance
[1419]. This theory is invariant under the gauge group U(1)ey,, with the electric charge being the
generator of this group. All electrically charged particles interact with each other via the exchange of
a gauge boson, the so-called photon. Theoretical predictions from QED are in extraordinary agree-
ment with corresponding experiments giving strong evidence that the gauge principle could indeed
be a fundamental concept of nature, see, e.g., [z0-22] for a computation and experimental determi-
nation to a very high precision of the so-called anomalous magnetic moment of the electron.
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Figure 1.1: Sketch of the elementary particles of the standard model. In each box we list
the mass, electric charge, and spin of the corresponding particle taken from [31]. In the
violet boxes we display the six quark flavors: up (u), down (d), charm (c), strange (s),
top (t), and bottom (b). Below the quarks the group of leptons is shown: electron (e)
and electron neutrino (v,), muon (x) and muon neutrino (), as well as tau (7) and
tau neutrino (v7). The yellow boxes indicate the gauge bosons of the strong interaction
(gluons g), the weak interaction (W=, Z), as well as of the electromagnetic interaction
(photon ). The Higgs particle (H) is located in the red box.

Guided by the success of this principle in QED, the concept of gauge invariance has been applied
to formulate quantum chromodynamics (QCD), which describes the interplay between quarks and
gluons [z3]. It is the theory of strong interactions describing how quarks and gluons interact to fi-
nally form hadrons. The gauge group of QCD is SU(3) ¢, where the index denotes the corresponding
quantum number ’color’. QCD is asymptotically free [z4]] due to its non-Abelian nature and the six
quark flavors, which manifests itself in the negative beta function of the gauge coupling. Therefore,
the interaction strength between quarks and gluons decreases as the energy scale is increased. An-
other feature of this theory is quark confinement [z5] explaining why free quarks and gluons are not
observed and only exist within hadrons or plasmas. There is no rigorous definition of confinement
and a lot of effort is invested in the investigation of this issue, see, e.g., [26] for an overview, and [z7]]
for recent developments.

The research area of QCD also paved the way for so-called Euclidean lattice quantum field theory
(23]. This approach is a non-perturbative tool to study quantum systems on a discrete spacetime lat-
tice, and is optimally suited for numerical simulations using Monte Carlo methods. Lattice quantum
field theory is one of the most successful methods to compute static properties of particles. A brief
introduction to lattice field theory is given in Chapter[4] For a detailed theoretical background, see,
e.g., [28-30].

The third fundamental interaction, the weak interaction, can actually be "unified’ with the elec-
tromagnetic one. The theory which describes these interactions is called Glashow-Salam-Weinberg
(GWS) theory [32-34]. The underlying gauge group of this theory is the direct product SU(2);, x
U(1)y. The hypercharge Y is the generator of the Abelian gauge group. The value of Y differs for
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left- and right-handed particles. The index L of the non-Abelian SU(2);, gauge group attributes
the fact that only the left-handed particles are gauged, and the right-handed ones are gauge singlets
with respect to this group. The GWS theory incorporates the so-called Higgs mechanism [35-39]]
explaining how the gauge bosons of the weak interaction, W, and Z, obtain their mass as well as
how the fermion masses are generated. Also, a fundamental scalar particle, the Higgs boson, is
predicted by the GWS theory whose existence has been confirmed by the ATLAS and CMS col-
laborations [0} 41]. Colloquially, one speaks of spontaneous break down of the gauge symmetry
SU(2)1, x U(1)y to U(1)em, see Section .1}

The full standard model is now the product group SU(3)¢ x SU(2)y, x U(1)y which is broken
by the Brout-Englert-Higgs effect to SU(3) ¢ X U(1)em. We show a sketch of the elementary particles
described by the standard model and some of their properties in Figure

Beside of not explaining gravity, there are issues within the standard model as well. Some of them
are explicitly related to the Higgs sector. So far it seems that the only consistent four-dimensional
quantum field theory of a scalar field is a non-interacting theory [[42,43]. This s the so-called triviality
problem. However, since this problem can be suspended to energy scales of the order of the GUT
scale, Maur =~ 10 GeV, this question is not necessarily of practical relevance. One can define an
interacting scalar field theory with a (large) intrinsic cutoft [44-46]], which serves as an additional
parameter of the theory, thus yielding a still useful low-energy effective theory [7].

Furthermore, there is the so-called hierarchy problem which states that there is no reason why the
masses of the fermions are so different. Only the top quark is of the order of the electroweak scale
M.y, ~ 246 GeV and all the other fermion masses are well below this scale. Within the standard
model it is not possible to explain this hierarchy of fermion masses.

One peculiar feature of the standard model is that the running gauge couplings of the standard
model interactions almost meet at a scale of about Mgy, suggesting a unification of the strong and
the electroweak interaction [48]]. Theories which implement a crossing of the gauge couplings are
called grand unified theories (GUTs). The idea of these kind of theories is, that one uses Lie groups
which contain the standard model group SU(3)¢ x SU(2)1, x U(1)y as a subgroup. The fact that
the standard model has rank 4 excludes already, e.g., SU(4) with rank 3 and G with rank 2 as grand
unified groups. The GUT group must also allow for complex fermion representations, since they are
described by complex spinors. This excludes groups which only allow for real representations as, e.g.,
again G. The simplest Lie groups are the rank 4 groups SU(5) and SO(10), as well as the popular
exceptional Lie groups Eg, F7, and Eg, where the subscripts indicate their respective ranks. GUTs
can explain the quantization of charges, which cannot be explained within the standard model, since
U(1)em is an Abelian group allowing for arbitrary charge values. Therefore, GUTs are able to explain
the anomaly cancellation in the standard model.

There are also other suggestions for beyond the standard model extensions as, e.g., technicolor,
little Higgs, and hidden sectors. Technicolor avoids the hierarchy problem by treating the Higgs
boson as a composite object. It is a strongly interacting additional sector to the standard model with
an energy scale of around 1 TeV which has similar features as QCD. The general setup is to introduce
an SU(N) gauge group with Ny additional so-called techniquarks, transforming in the fundamental
representation of SU(Nr). Together with technigluons the techniquarks form technihadrons. The
Higgs is then a scalar technimeson similar to the o meson in QCD. The simplest models suffer from
some issues, and therefore more advanced technicolor theories, as extended technicolor or minimal
walking technicolor are needed. For an overview see, e.g., [49]].

The idea that the Higgs particle could be a pseudo-Goldstone boson of a spontaneously broken
global symmetry at a TeV scale is used by little Higgs models. The (approximate) global symmetry
would then stabilize the Higgs mass. For a review see, e.g., [50]].
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Models with hidden sectors contain additional particles, which couple only weakly or even not at
all to the known standard model particles. Heavy messenger particles, with masses in the TeV range,
connect the hidden sector with the standard model. Therefore, these models are a rich source for
dark matter candidates [j51].

The physical states of gauge theories, as the standard model as well as all the candidatesfor beyond
standard model theories discussed above, need to be gauge-invariant. This almost tautological insight
has a realization which is far from obvious in the standard model and in beyond standard model the-
ories. In QCD, the aforementioned confinement mechanism takes care of this issue [2], while for
QED dressings by Dirac phases create observable states [52)]. A third type of realization is encoun-
tered in the weak sector, where the same necessity applies [§3-57]. At first sight, this seems surprising,
as a perturbative description using the BRST-invariant, but still gauge-dependent, elementary states
of the Lagrangian, the W, the Z, the Higgs, and the fermion fields, describe experimental results
remarkably well, as mentioned above [31].

The subtle reason for this is the mechanism described by Frohlich, Morchio, and Strocchi (FMS)
(56, 57]: Under certain conditions, met by the standard model, the properties of the physical states
can be mapped to the gauge-dependent states which appear in the Lagrangian, see Section This
FMS mechanism has been confirmed in lattice calculations for the bosonic sector [[s859]]. A review of
this can be found in [[60,161]]. While this also applies to the fermion sector in principle [56,57,162]], the
involved technical complications have yet made an explicit test not possible. Still, the excellent agree-
ment of the predictions of the FMS mechanism with experimental results is already good evidence
for its validity.

However, the conditions mentioned are quite specific, and the standard model is special to fulfill
them, as the local symmetry group is the same as the global symmetry group in the weak sector. This
issue is further exemplified in Section @ In general, beyond the standard model theories cannot be
expected to accomplish this particular requirement [[63]]. If such a theory does not satisfy certain con-
ditions, discrepancies between the actual physical spectrum and the one described by perturbation
theory arise. Investigations of explicit examples have found both types of behaviors [[64}65]]. In par-
ticular, this can imply that the low-lying observable spectrum is different from the standard model,
even if a model features perturbatively the W and Z bosons and a light Higgs. Such theories would
therefore not be suitable extensions of the standard model.

The aim of this work is to classify a set of theories according to their physical spectrum. This
will be done using the FMS mechanism in Chapter These results are analytical predictions, valid
in a similar range as conventional perturbation theory. We then test the mechanism using lattice
field theory for a particular theory, i.e., an SU(3) gauge theory with a scalar field in the fundamental
representation of the gauge group, see Chapter In this case the gauge group is larger than the global
symmetry group, which is U(1). We are able to construct states which are neutral or charged with
respect to this global symmetry. It is the latter case which gives rise to quantum numbers which are
not sustainable by the elementary fields. Aslong as no statistically reliable experimental indication
of new physics arise, these predictions can be tested only theoretically, e.g., using lattice simulations
along the lines of [58} 59} 65]].

This thesis is organized as follows: In Chapterwe introduce the theoretical foundations of this
work. We further discuss the gauge-Higgs sector of the standard model. We first focus on the standard
perturbative treatment of this sector and discuss which fundamental problem arises in this analysis.
We change the point of view when we consider so-called gauge-invariant perturbation theory, where
we combine the Fréhlich-Morchio-Strocchi mechanism with standard perturbation theory. A recipe

"This does not have to be the case for an ungauged hidden-sector theory.
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on how one should apply this procedure to general gauge-Higgs theories is given at the end of this
chapter.

In Chapterwe apply this recipe to SU(V) gauge theories with scalar fields in several representa-
tions of the gauge group. We first consider a scalar in the fundamental representation. The gauge-
dependent spectrum of this theory is discussed in the beginning, followed by the prediction of the
spectrum using gauge-invariant perturbation theory. We then discuss the case of a scalar field in the
adjoint representation. Again, we consider the gauge-variant spectrum first, before we switch to the
gauge-invariant description. Furthermore, we examine several specific gauge groups in this section.
The subsequent section is dedicated to one of the most prominent grand unified theories, i.e., an
SU(5) gauge theory where two different scalar fields appear, one field in the fundamental and one in
the adjoint representation of SU(5). We conclude this chapter by considering an even simpler ver-
sion of the SU(5) grand unified theory, namely an SU(3) gauge theory with two different scalars in
the fundamental representation. We will see that with increasingly complex structures in the Higgs
sectors a full discussion quickly proliferates into an involved group-theoretical problem.

Chapter |4] is dedicated to an introduction to lattice field theory. We introduce and discuss all
the techniques used to perform a Monte Carlo simulation of a distinct lattice field theory which are
needed to test the FMS mechanism. We especially discuss in detail how configurations are created via
Markov chains, how spectroscopy is performed, as well as how we fix the gauge on the lattice. This
is needed to determine the propagators of the elementary and gauge-variant fields.

We apply these lattice techniques to an SU(3) gauge theory with a scalar field in the fundamental
representation in Chapter We show how the phase diagram of this theory is obtained, and how the
spectrum in the Higgs-like regime looks like. The propagators of the gauge-variant, elementary fields
are studied on gauge-fixed configurations to compare to the gauge-invariant spectrum and investigate
whether the predictions of the FMS mechanism apply.

Finally, we conclude our work and give an outlook to possible future studies regarding the ap-
plication of the FMS mechanism to other theories as well as further tests of this mechanism on the
lattice.

The Appendix[Ris devoted to a project I worked on during a stay abroad at the Friedrich-Schiller
University in Jena, Germany, under the supervision of Andreas Wipf'in collaboration with Martin
Ammon and André Sternbeck. The project was abour determining critical exponents and Wilson
coefficients for certain spin models, so-called q-states clock-models. This chapter is located ar the end of
this thesis.

Additionally, I should note that also some results from Chapter Bﬁnd their origin from this stay.
This work has been done in collaboration with Axel Maas and René Sondenheimer.
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Chapter 2

Theoretical foundations

In this chapter, we review some of the theoretical concepts regarding Higgs physics needed for the rest
of the thesis. This content can be found in almost every textbook about theoretical particle physics
and quantum field theory, e.g., see [3,/4]]. The main purpose of the following sections is to introduce
our conventions and notations as well as for the sake of completeness.

First we discuss the standard model Higgs sector, or, to be more precise, the gauge-Higgs part of
this sector. We give an overview of the perturbative treatment of this sector, introducing the most im-
portant concepts. This is followed by an introduction to the Frohlich-Morchio-Strocchi mechanism
and to so-called gauge-invariant perturbation theory in Section

At the end of this chapter we present a general recipe on how gauge-invariant perturbation theory
can be used for more general gauge groups and scalar field representations.

The following sections follow closely parts of [60] as well as [[61, [66]].

2.1 Perturbative treatment of the standard model Higgs sector

For simplicity we only consider the weak sector of the standard model here, where we neglect the
U(1) gauge group as well as fermions. Therefore, we deal with a model which describes an SU(2)
gauge theory coupled to a complex scalar field in the fundamental representation. Of course, this is a
significant simplification of the intricate standard model-Higgs sector, but sufficient for the following
considerations. The gauge-invariant Lagrangian is given by

1

£:4

We, Wer 4 (Do) (Dre) — V(e19) (2.1)

with the field strength tensor WI‘}V and the covariant derivative D,, defined as,

a

. Yy
We, = 8,We —9,We —g e"“WIWS and D,=0,+1ig W 5 (2.2)

where €%¢ is the totally antisymmetric Levi-Civita symbol, i.e., the structure constants of the Lie
algebra of SU(2). The generators T of the Lie algebra can be chosen to be proportional to the
standard Pauli matrices 0%, T = ”—; The gauge coupling g gives rise to a 3- and a 4-point interaction
between the gauge bosons as well as for an interaction of the scalar field with the gauge bosons.

I5
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The fields transform under gauge transformations U (z) € SU(2) as

i
o(x) = U(zx) p(x) , Wy(z) = U(x) W,(z) U(m)T + 5 ((9#U(:U)) U(x)Jr , (2.3)
with the matrix-valued gauge fields W, (z) = Wy (x) T

The potential of the Lagrangian is a function of the gauge invariant quantity ¢'¢ only. For
our discussions we use a Mexican hat-type potential,

V(sle) = A (66— ) on

where A and [ are the couplings of the potential. The parameter A has to be positive for stability
reasons. In principle f? can be negative, but then the system would be in the symmetric phase in
which no symmetry breaking can occur at tree level. Therefore, we set f2 > 0 such that the potential
has the desired Mexican hat-like form.

In total there are four real degrees of freedom of the complex scalar field, and thus, due to the
pseudo- reality of SU(2), the Lagrangian has besides the gauge symmetry an additional global
custodial symmetry group SU(2). in the pure Higgs sector. There is also another way to see this fact:
Consider the pure scalar field theory only, i.e., the ungauged system. This theory exhibits a global
O(4) symmetry, which is isomorphic to SU(2);, x SU(2)r. Gauging, e.g., SU(2)y, leaves SU(2)g as
a global symmetry. The custodial symmetry group is then identified with the global SU(2)g group.

To make the invariance explicit, it is useful to rewrite the Lagrangian by using the matrix

representation of the scalar field [[67]],
?1 —¢§)
X = ), :
( 6 & (2:5)

where ¢;, i = 1, 2, are the complex components of the doublet ¢. This representation will be par-
ticularly useful in the next section. The full symmetry group of the Higgs sector is SU(2) x SU(2).,
and thus the theory is invariant under the transformations

X(@) = Ux) X(x) MT | W, —= U(x) W,(2) U(z)" + é (0, U()) U(z)',  (2.6)

where the gauge transformation U (z) € SU(2) acts as left multiplication, and the custodial trans-
formation M € SU(2). as a right multiplication on the matrix-valued field X. The gauge field W,
does not transform under custodial transformations. The Lagrangian (2.1) in this notation now reads

L=—— W Wem 4 % tr| (D,X) (DX)] - A (% [ XTX] - f2)2 L @)

1

4 W
where the invariance under SU(2) x SU(2), transformation is manifest. The gauge-invariant con-
dition for the potential to be minimal is ¢'¢) = f2. These minima are invariant under custodial as
well as under gauge transformations. The minima make the custodial symmetry metastable against
external perturbations, but never break the global symmetry as argued in [[60l]. Having now the min-
imum of the potential, the next step is to split the scalar field as ¢(x) = 75 n + ¢(z), with ¢(z)
being a fluctuation field around the spacetime-independent quantity \% n, where n is some unit

vector, n'n = 1. In the standard approach [] one sets v = V/2f and therefore (p) = 0. One calls
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\% n the vacuum expectation value of the field ¢ in this case. It is usually said that the split hides the
gauge symmetry. We will further discuss this issue below.

In terms of the matrix-valued scalar field (2.5), the condition for a minimal potential is %tr [X D¢ } =
f?. The matrix valued field X is then splitinto X (z) = va+x(z), wherev = f, avis some arbitrary
SU(2) matrix, and x () the fluctuation field with (x) = 0.

It is possible to select a certain direction 7 or equivalently o of the vev in the classical case. A
convenient choice is &« = 1 for the SU(2) gauge theory. This choice breaks the SU(2) x SU(2),
symmetry and only the diagonal global subgroup SU(2)giag corresponding to U(x) = M, where
M is spacetime independent, remains unbroken, since vl — v M 1 M ¥ = v 1. Therefore, the
breaking pattern reads

SU(2) x SU(2)e = SU(2)diag - (2.8)

However, as already mentioned, the Lagrangian or equivalently is invariant under the
full symmetry group SU(2) x SU(2)., and the path integral is an integral over all field configurations,

i.e.,

7z - / Dlg, W] ol d' £loW) _ / Dlg, W] IS | (2.9)

This implies that every expectation value with one or more open indices vanishes identically [[68]).
The reason is that the minimization of the potential only fixes the length ¢'¢, but not the
direction 7 of the configuration, and thus an average over all equally possible directions is performed
in the path integral yielding a zero expectation value for such observables. One example is the vev of
the scalar field (¢) which averages to zero in the path integral.

To perform standard perturbation theory, gauge fixing is required to single out a preferred direc-
tion such that (¢) # 0. We follow the Faddeev-Popov method [[69]] and use the vector representa-
tion of the scalar field for clarity. Following the steps described in, e.g., [3]], gives rise to an effective
Lagrangian including a gauge-fixing term as well as a ghost term,

»Ceff =L + ng + »Cghost ) (2-10)

where the first term is the Lagrangian from . We implement the so-called t Hooft gauge condi-

tion, "W + I%C ¢; T nj = 0,1in order to make a perturbative expansion around the vev possible

(3, 70-72]. Thus, the gauge-fixing part of the Lagrangian reads

1 a igCU a a 2
ngz—i a“Wu—i-W (nTT go—goTT n)‘ , (2.11)
with the independent gauge parameters £ and €. The ghost term is given by
L __=a auDab CQQU T a b t a b b
ghost = —C M_W(RTT¢+¢TTTL) ¢, (2.12)

where ¢ and ¢ are the ghost and anti-ghost fields, respectively, and again ¢(z) = Z5n + (). The
ghost fields are Grassmann-valued complex scalar fields and thus anti-commuting. The covariant
derivative in the adjoint representation D" appears in the first term of the bracket. Itis defined by

"For the gauge group SU(NN > 2) the definition of the covariant derivative in the adjoint representation stays essen-
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Dzb = 5“178“ +g gbe Wﬁ The full gauge fixed path integral is now given by
= [ Dlg, W, oSl Sl ()

where the actions .S, Sgf, and Sgnegt are obtained by integrating the corresponding Lagrangians over
spacetime.

At this point we would like to make some remarks:

* Usually one sets { = ( to avoid a mixing term of the Goldstone field and the gauge field at
tree-level. However, the quantum corrections are different for both. Thus, it is necessary to
enforce the equality to circumvent mixing at loop level by introducing this condition as a part
of the renormalization scheme [j5]]. We always do this in the following.

* Since n is a constant vector, the t Hooft gauge explicitly prefers a distinct direction. Therefore,
it follows that (@) # 0, and at tree-level (¢) = 5. As before, v? = 22, bearing in
mind that the vector LG changes under gauge transformations, whereas the number f is a

parameter of the theory and a parameter of the gauge choice in the t Hooft gauge condition.

» If the Brout-Englert-Higgs effect is not active in the theory, then (¢) = 0, and the gauge
condition becomes 8“W; = 0, i.e,, a linear covariant gauge. If %n is identified with the
vev, it changes under transformations as, e.g., custodial transformations. In this case it is a
dynamical decision of the theory, whether \/Lin is zero or nonzero, i.e., the gauge condition
depends on the parameters of the theory.

* Thedirection of the vev is usually notinvariant under the custodial group, as we have discussed
in the paragraph above Equation (2.8)). In order to preserve the gauge condition every custodial
transformation is compensated by a global gauge transformation. Thus, the theory is invariant
under the diagonal subgroup which is in our case SU(2)giag. This group contains partly the
global gauge symmetry, and thus is not observable.

Let us now focus on the tree level mass spectrum of the theory , with the potential . We
first split the scalar field ¢(x Hn+ @(x), with (¢) = 0, and fix to ’t Hooft gauge. The resulting
Lagrangian is the effective one 1 10 2..10]) where the gauge fixing term (2.11) and the ghost term enter.
However, the direction n is not invariant under custodial transformations as argued above. The split
hides the symmetry. The gauge symmetry is broken explicitly by the gauge-fixing procedure. The
resulting theory is not invariant under the full symmetry SU(2) x SU(2). anymore.

We now perform a rewriting of using the split of the scalar field in the vev %n and in the

tially the same, but €% has to be replaced by the corresponding structure constants f abe,
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fluctuations around the vev ¢, which yields

1
Leog = — 1 Wy, WeH + (@LQOT) ((9“@)
g*v* t rra b a 117b 2 t..12
+T(n T n)WNW -2\ Re[n go}
g*v*¢

Im[nT T g0]2 + £g%0? (nT T T n)c ¢

(2.14)
+ V2% Re [nT " T" go} Wy WoH —2v/2\ (nggp) Re [nTgp} —A (ngap)Q
+2g Re [(@QOT) W”(p] + @ P W o+ V2egPu Re[nf T TP ] & ¢

1

2€

where we have set v? = 2 f2. The first two terms in the first line are the kinetic terms for the gauge

field and the fluctuation field as well as the three- and four-point interactions of the gauge bosons.
The four terms in the second and third lines are mass terms for the gauge bosons le‘, the fluctuation

(" We)* — e 9D

fields ¢;, and the ghosts c?, respectively. The mass of all three gauge bosons is % gv, and thus they
are not independent, which is a signal for an explicit symmetry. This degeneracy is a consequence of
the remaining unbroken global diagonal subgroup SU(2)giag of the theory . The second term
in the second line is a mass term for the so-called Higgs field i = V2 Re [nTgp} , which is a singlet
with respect to the diagonal subgroup. | The Higgs field is identified with the fluctuation field in the
direction of the vev. The mass of the Higgs field is my, = V.

The first term in the third line contains the would-be Goldstone fields, which are the remaining
degrees of freedom of the fluctuation field not involved in the Higgs part. The mass of the would-
be Goldstones is 2\% VE€gv, where all Goldstone fields are mass degenerated. The fact that the mass
matrix of the would-be Goldstone fields is proportional to the one of the gauge bosons[}in ’t Hooft
gauge with the proportionality factor 1/€ is a general feature [3]. The mass depends on the gauge
parameter § and thus revealing that they are nonphysical objects. The last term in this line gives rise
to a mass of the ghost-fields given by /€gv, and thus makes them also unphysical as the Goldstone
fields.

The fourth and fifth line contain interactions between scalars (cubic and quartic), scalars and
ghosts, as well as between scalars and gauge bosons. In total there are six of them, which have three
coupling constants. They are combinations of the gauge coupling ¢, and the parameters of the poten-
tial 2 = v?/2, \. Those relations between the couplings is yet another sign for a hidden symmetry
[73]. The lastline involves the familiar gauge fixing terms from linear covariant gauges. The first term
in this line also provides an additional gauge-dependent mass pole to the gauge boson propagator.

To summarize, the standard model Higgs sector exhibits, in the perturbative treatment, three de-
generate massive gauge bosons and one massive Higgs boson. The other degrees of freedom have
masses which depend on the gauge parameter. It can be shown by BRST construction, that these
degrees of freedom cancel in perturbatively physical amplitudes [3].

The issue of the Gribov-Singer ambiguity [74;75] is likely to be quantitatively irrelevant for these

*Note that in our conventions we distinguish between the scalar field ¢ and the Higgs field h. The Higgs field is part
of the fluctuation field ¢ after splitting the scalar field into ¢(z) = Bt ().

3To be more precise, we speak of the gauge bosons corresponding to broken generators, i.c., {WE ‘ T°n#0,a=

1,2,...,N*—1}.
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type of models and is not discussed here, see [76},77] as well as [[78] for an explicit lattice calculation.

2.2 Gauge-invariant perturbation theory

The Higgs and the gauge bosons belong to BRST singlets [j3], and are considered to be physical
states. This suggests that they are observable particles. However, those fields do not transform triv-
ially under gauge transformations, since they have an open gauge index. Moreover, it seems that the
construction of a gauge-invariant local gauge charge is inaccessible in non-Abelian gauge theories
(52,79} 81, 182]]. Therefore, it is impossible to observe objects with an open gauge index in nature. As
a consequence gauge-dependent correlation functions vanish identically if no gauge fixing condition
is enforced.

A physical observable can be a gauge-invariant and scheme-invariant state only. In a non-Abelian
gauge theory these are described by composite operators 53,56} 57, [83], i.e., bound-state operators
and not the elementary fields present in the Lagrangian.

Instantly one question arises:

Why is the description of experiments in the standard model in terms of the Higgs and the weak gauge
bosons as if they are observable particles working so well? [3, 31, [84]]

The answer can be given in the framework of gauge-invariant perturbation theory [85]]. In the next
section a general recipe for this procedure is given. But for now we explain this method in the follow-
ing for the weak sector of the standard model.

First, we want to mention that any composite operator, and thus observable state, can be character-
ized by its J pC quantum numbers, where J is the total angular momentum, P the parity and C' the
charge parity. They are obtained from the corresponding J po quantum numbers of the constituents
and from possible relative momenta between them. We outline some constructions in Chapterfor a
special lattice gauge theory. The bound states can also have custodial quantum numbers additionally
to the JF¢ quantum numbers.

The next step is to determine the masses of the bound states. Generally non-perturbative methods
are needed to compute bound-state masses, due to their non-perturbative nature [186,(87]. However,
if one deals with a theory where a Brout-Englert-Higgs effect is active, one can compute them analyt-
ically [[s6} 57]] with the aforementioned method of gauge-invariant perturbation theory. The main
concept is described in |61} 62} 188]].

Consider again the weak sector of the standard model with an SU(2) gauge symmetry and an
SU(2). custodial symmetry. In this case all physical observable states are characterized by the quan-
tum numbers JéDU(Q)C, where the subscript indicates the custodial quantum number. Since SU(2) is
a pseudo-real group, charge parity is trivial there.

Asasimple example, let us consider acomposite operator in the scalar singlet channel, i.e., JéDU @) =

07,
Ooj () = (¢T¢) (), (2.15)

which is evidently gauge-invariant. The next step is to employ the Frohlich-Morchio-Strocchi mech-
anism [[s6}[57]], which we briefly outline in the following and describe in more detail in the following

*In Abelian gauge theories it is possible to construct a gauge-invariant charge using a Dirac phase factor 53, 79} 80]].
This construction creates a physical observable charge.
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section. Therefore, we fix to a gauge with a Higgs vev and make the split ¢(z) = 7t ©(x), with

n'n = 1. Then, the correlator <Oo+ (x) O$+ (y)) is rewritten in terms of the fluctuation field and
1 1

the vev,
(04 (@) O () = T + 5 (h(@) + h(y))
+07 (h(z) h(y)) + = {(¢T) (2) + (¢'0)(¥)) (216)

+u (h(z) (¢') (y)

—

e'o) (@) h(y)) + ((¢Te) (@) (¢Te) () ,

where we used again the definition of the Higgs field h = V2 Re [nT go} . This is an exact rewriting
of the correlator. Note that, since the left-hand side is gauge-invariant, also the sum of the right-
hand side is gauge-invariant. But, each individual term on the right-hand side is gauge-variant. No

approximation has been applied and Equation (.16)) is an exact identity.

The remaining task is to calculate the properties of the correlation functions. While the left-
hand side involves the propagation of a gauge-invariant but complicated bound state operator, the
FMS mechanism provides a mapping to gauge-dependent elementary correlation functions in a fixed
gauge. Approximations for the latter can be calculated by a variety of tools, e.g., perturbation theory,
lattice, or functional methods.

For the moment, we will restrict the calculations to the simplest possible approximation, a tree-
level analysis. Computing the n-point functions on the right-hand side at tree-level (tl), we get

<Oof(x) O$T<y)> = const. + v? <h(x) h(y)>tl + <h(x) h(y)>f1 + 0 g% N, (2.17)

where we collected all spacetime-independent quantities in a constant. A single propagating Higgs
particle is described by the term proportional to v2. The last term describes the propagation of two
non-interacting Higgs particles. Itis obtained by the fact that atlowest order the full four-point func-
tion decomposes by cluster decomposition into a product of two tree-level Higgs propagators, since
there is no connected vertex function at order \°. The mass of the bound state is now determined by
the poles of the right-hand side. This side has a pole at the tree-level Higgs mass m+ = mn, = vV
and a cut starting from twice the same mass. Comparing poles on both sides, gauge-invariant per-
turbation theory predicts that the physical, gauge-invariant left-hand side should have a mass equal
to the tree-level mass of the Higgs and the next state should then be a scattering state of twice the
same particle. Thus, the gauge-invariant singlet scalar state has the same ground state mass as the
gauge-dependent elementary Higgs.

Higher-order corrections can be included by going to higher orders in conventional perturbation
theory on the right-hand side of Equation (2.17). Studies on the lattice [89} 9o] show that those
corrections are small. However, the mass of the Higgs becomes scheme-dependent at loop order.
This requires a suitable scheme, like the pole scheme (3, [91].

Naturally, there are different bound state operators which carry the same quantum numbers. For
example, one could just square the operator yielding again a scalar singlet state. Or one could
also include appropriate Wilson lines into the operator , such that this new operator is again
gauge-invariant and does not alter the JéDU(z)C quantum numbers. All these operators involve scalar
fields. But there are also operators where those fields are absent, still forming a scalar singlet. For
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instance, a so-called W-ball

/ _ a a pv

oF (z) = (W, W) (z) (2.18)
which is the equivalent of a glueball in QCD. Since there is no scalar field involved, the expansion
in fluctuation fields just reproduces the ordinary operator. The leading contribution from the usual
perturbative expansion gives two non-interacting gauge boson propagators. Therefore, there should
also exist a scattering state with twice the gauge boson mass in this channel.

Of course, all operators with the same quantum numbers mix, and thus, in principle, all these
operators have to be included in an operator basis describing the specific channel in order to find the
mass eigenbasis. In this basis there exists a linear combination such that this combination expands
into the Higgs propagator, and all other orthogonal combinations expand into additional bound
states, resonances and/or scattering states.

In standard perturbation theory, the gauge bosons W: are viewed as physical observable states.
However, they have an open gauge index, indicating that they cannot be a physical observable. In
order to coincide with experiments [31], where a vector triplet is observed, we have to construct a
vector triplet out of the global symmetry group. The simplest one is given by (58,59, [92]

_ X7 X
O () = tr |T° D" , .
13 (x) r \/m \/m (.I) (2‘ 19)

where 7% a = 1,2, 3, are the generators of SU(2)... Using X () = va + x(z), a € SU(2), yields
for the corresponding correlator to leading order in the FMS expansion

<O‘153_“ (x) O?;T(y» = g2 b <W“ () wh y(y)> +O(x), (2.20)

where ™ = tr[T% af T* o] € R. If one uses the gauge choice & = 1, then ¢** = 1. This
shows, that the gauge boson propagator is obtained to leading order in the FMS expansion. Thus,
following the same arguments as before, the composite operator on the left-hand side has the same
mass as the gauge-variant right-hand side, i.c., the mass of the elementary W boson.

To summarize, gauge-invariant perturbation theory predicts the same spectrum as standard per-
turbation theory, i.e., a single massive scalar and three degenerate massive vector bosons. The remain-
ing states are trivial scattering states. These consideration can be also extended to the full standard
model [56,57]] and has been confirmed in explicit lattice calculations [[s8,59]].

2.3 Arecipe

In the previous section we have seen, that the gauge-invariant spectrum of the gauge-Higgs theory can
be mapped to the gauge-variant spectrum of standard perturbation theory by employing the FMS
mechanism to composite operators built from elementary fields of the Lagrangian. We described the
procedure of gauge-invariant perturbation theory using an SU(2) gauge theory with a scalar field in
the fundamental representation. This section explains how to generalize this method to, in principle,
arbitrary gauge groups and scalar field representations.

In the following we will consider gauge theories coupled to scalar fields equipped with a potential
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that allows for a Brout-Englert-Higgs effect,

L= _%tr<FuuF“”) + (Du¢?)g(D“¢;)a —V(¢}) . (2.21)

The gauge field A,, with field-strength tensor F,,, couple through the covariant derivative D,, to the
Higgs fields ¢, which are in some representation r of the gauge group. For the Higgs potential V/,
we allow for any gauge-invariant scalar term build from the components of the scalar fields which is
renormalizable by power-counting and which is required to have classically one or more minima at
non-zero Higgs field. We allow further for multiple Higgs fields in the same representation, counted
by the index f. The precise structure of the potential will determine whether the theory contains
global symmetries between the Higgs fields of a given representation, i.c., an enlarged global cus-
todial symmetry. However, we will restrict the discussion to only one flavor in the fundamental
representation or one flavor in the adjoint representation in the following sections, yielding U(1)
and Zs as custodial symmetries, respectively. We outline the strategy for multiple Higgs fields in the
same representation at the end of Chapter The index @ in the kinetic term has to be understood
as a multi-index running over all possible components of the Higgs fields in a certain representation
such that a gauge-invariant real scalar term is formed.

The basic principle of the FMS mechanism is now straightforward [s6, 57]]. The first step is to
classify all possible gauge-invariant bound states of interest with respect to these global quantum
numbers. A straightforward example is given by the operator Og+(x) = (gbggzﬁa) (x) which is the
simplest operator in the 0 channel.

The second step is to choose a gauge in which the Higgs fields acquire nonvanishing vacuum expec-
tation values (¢) = ¢p. This requirement is necessary to perform perturbative calculations within
the FMS prescription. A convenient choice is given by the class of R or also called ’t Hooft gauges
which will be used throughout this work. We would like to emphasize at this point again that whether
the scalar field acquires a vev is a pure gauge choice and only within these gauges perturbation theory
is applicable [54; 70]]. Even if the Higgs potential has a Mexican-hat structure, gauges are possible
in which the vev of the scalar field vanishes identically, e.g., by averaging over all possible minima
of the potential [88]]. Within such a gauge the mass of the elementary W field would vanish identi-
cally to all orders in perturbation theory. However, the observable gauge-invariant vector state which
characterizes the physical W remains massive due to nonperturbative effects.

All physical relevant information of an operator is stored in its n-point function. In order to extract
the mass, we can investigate the propagator (O(z) O'(y)). The last step of the FMS prescription is
to expand the Higgs fields in fluctuations ¢ around the gauge-dependent vev, ¢(x) = ¢ + (),
within the correlators of the gauge-invariant states. This yields

(Op+ () OF (1)) = (85 02) (@) (B0 0a) (W) + ... (2.22)

for our simple example in the 0 channel. The right-hand side is just an ordinary fluctuation-field
propagator corresponding to the propagator of an elementary Higgs excitation in a given represen-
tation and flavor along the radial direction of the vev. Comparing poles on both sides implies that
the physical scalar has the same mass as the elementary fluctuation field. This explains as argued in
the last section why the observable particle has the same mass as the elementary Higgs field in the
standard model, and is thus well described by perturbation theory.

The neglected parts in Equation can also contribute to the spectrum of the 0t operator.
Whether these additional contributions are further bound states, resonances or scattering states de-
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pends on the actual considered theory. Further, Equation stresses the necessity to choose a
gauge with a nonvanishing vev for the scalar field in order to use the FMS prescription to predict
the mass. For a vanishing vev, the FMS expansion would trivially reproduce the original bound-state
operator which leads, of course, to a true but non-illuminating statement.

Because of gauge invariance there are also no gauge multiplets in the physical spectrum. The only
possible multiplets arise if there are global symmetries. Then, the physical states can be multiplets in
such global symmetries. In this work, we consider only custodial multiplets. If other global symme-
tries are present, this may also involve these symmetries [[63]].

The particular consequences of a custodial symmetry depend on the specific example. For in-
stance, in the standard model with its SU(2).. custodial symmetry, discussed in the previous section,
a custodial triplet with spin 1 is found to have the same mass as the W and Z bosons, forming their
physical equivalents (56, 57]], which has also been confirmed on the lattice [58,59]. As will be seen
in the following, the global multiplet structure plays a central role for the particle spectrum, as has
already been seen in explicit examples [[63-65]]. It also plays an important role in the fermion sector
(565575 161, 162]], though this sector will not be considered in what follows.

While the FMS expansion is always possible, it does not necessarily lead for every operator and/or
every quantum number channel to a single elementary particle state at leading order as in Equation
(-22). In fact, the first non-vanishing term can be a scattering state for some operators, i.e., a state
involving two or more elementary fields. Such states may yield, just as in the quark model, an addi-
tional bound state mass made up from the combined masses of the particles in the scattering state.
We will come back to this in the following Chapters.

In principle, the FMS mechanism can be expected to work well if the gauge-dependent propaga-
tors are described well by perturbation theory for any gauge with a non-vanishing Higgs condensate.
This condition can, unfortunately, not be self-consistently guaranteed in perturbation theory alone,
as has been seen in explicit lattice calculations [[89]]. However, this is exactly the same kind of condi-
tion applying to ordinary perturbation theory.

In the remainder of this work we use this general recipe to determine the physical spectrum of
different classes of theories, as well as for some particular explicit examples.
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SU(N) gauge theories with scalars in several
representations

This chapter is dedicated to the discussion of SU (V) gauge theories with scalar fields in the funda-
mental representation and in the adjoint representation.

First, we discuss the case of a single scalar field in the fundamental representation. We will con-
strain our discussion to the case N > 2. Next, a section about scalar fields in the adjoint represen-
tation follows, where we discuss several examples for different values of N. Having discussed these
cases, we focus on two models for grand unified theories, i.e., an SU(5) gauge theory, where an ad-
joint as well as a fundamental scalar appears, and a toy version, i.e., SU(3) gauge theory with two
scalars in the fundamental representation.

In all those discussions we first look at the spectrum of standard perturbation theory and then
compare this to the predictions from the FMS mechanism.

This chapter follows [66]].

3.1 SU(N) gauge theories with a fundamental scalar

We consider an SU(N > 2) gauge theory coupled to a single scalar field in the fundamental repre-
sentation]] This is a special case of the Lagrangian (2.21), where the scalar field ¢ denotes a complex
N-component vector transforming as ¢(z) — U(z) ¢(z) with U(x) = eT*"@ ¢ SU(N),
a*(x) € R, and T are the generators of the associated Lie algebra. The latter can be constructed
explicitly by the generalized Gell-Mann matrices for the fundamental representation. The scalar po-
tential depends only on the invariant ¢'¢ and the scalar kinetic term reads (D,,¢)" (D" ).

3..1  Gauge-variant description in a fixed gauge

The precise shape of the scalar potential determines whether a non-zero (unique) vacuum expecta-
tion value is classically possible[] In order to render the functional integral well-defined’| we imple-

'See (56} 57, 594 [64]] for the SU(2) fundamental case and the discussion in ChapterE}

*We assume here and in the following always implicitly that this is still possible at the quantum level. This is not
guaranteed, as lattice calculations have shown explicitly [[89]]. However, only in this case the gauge condition can be
chosen and the FMS mechanism meaningfully applied, as discussed in Section

The issue of the Gribov-Singer ambiguity [[74} [75] is likely to be irrelevant for these type of models, see [[76} 77]] as
well as [[78]] for an explicit lattice calculation.

25
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ment the convenient R¢ gauge condition as before by

1
2%

igvé
V2

where n is a unit vector in gauge space, nin = 1, pointing in the direction of the vev, and v is its

Lo = 8“AZ + (nT T p — ng T n) , (3.1)

‘ 2

absolute value, gbg @y = v*/2. The vacuum expectation value satisfies 8¢V|¢:¢0:%n = 0. A mass
term for the would-be Goldstone bosons is introduced as well for the class of ¢ gauges. This mass
term is proportional to the gauge fixing parameter, but since the would-be Goldstone bosons form a
BRST quartet with the ghost sector and time-like gauge bosons they will not appear in the physical
spectrum, and in particular drop out in any vacuum correlator [3]]. They will therefore play no role

in the following as already argued for the standard model case in Chapter]]

To investigate the mass spectrum of the elementary fields in a fixed gauge with a nonvanishing vev
for the scalar field, a split of the scalar field into its vev and a fluctuation part ¢ around the vev is
useful:

b(x) = ﬁ n+ (). (3.2)

The spectrum contains one real-valued massive scalar degree of freedom and (2N — 1) would-be
Goldstone modes. The non-Goldstone Higgs boson which is the excitation of the scalar field along
n, as well as the would-be Goldstones can be described in a gauge-covariant (but not gauge-invariant)
manner without specifying n by h = v/2Re(n!p) and ¢ = ¢ — Re(nf¢) n = ¢ — Re(nfp) n,
respectively. However, in the following we will usually make the explicit choice n; = 0; x. Without
loss of generality this is always possible as we can perform locally a gauge transformation such that
the vev is in the real part of the NV th component at every spacetime point

Rewriting the scalar kinetic term in the Lagrangian by splitting the scalar field into the vev
and the fluctuation part, Equation (3.2)), we obtain
t t g*v° t b b
(D,0)' (D°6) = (3u") (0#9) + 2w T2 7t 408
+\/§gvlm(nTTa8“<p) AL+

(3.3)

where we have the usual [3] mass matrix for the gauge bosons in the first line and the mixing be-
tween the longitudinal parts of the gauge bosons and the Goldstone bosons in the second line. The
neglected part describes the three and four point vertices between the scalar and gauge field. Note
that only those gauge bosons mix with the Goldstone bosons which acquire a mass, i.e., which cor-
respond to the broken generators of the gauge group. These mixing terms are removed by the gauge
fixing condition in which the additional part proportional to the Goldstone fields is exactly
constructed in such a way to obtain a propagator diagonal in field space. This is analogous to the
discussion in Chapter]

The mass matrix (M3 ) of the gauge bosons is already diagonal for our convenient choice of the

+This might change once nonperturbative solutions of the equations of motion of the elementary fields like instan-
tons are considered as well and/or in the presence of gauge defects. For simplicity, we do not consider these type of
additional nonperturbative effects in the following.
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direction of the vev, n; = d; n, and is given by,

g2,02 2,,2

2 ab
(MR)" = L=t {1, T} m = %diag(0,...,0,1,...,1,N(N—1)) .

(N=1)2—1 2(N-1)

(3-4)

Thus, we obtain (N —1)? — 1) massless gauge bosons, 2(N — 1) degenerated massive gauge bosons
with mass ma = % gv and one with mass My = /2(N — 1)/N ma. Moreover, the elementary
Higgs field has a mass m? = %, where \ is the coupling from Equation (2.4).

The situation is now that which is, in an abuse of language, usually called *spontaneously bro-
ken’ in case the system is in the Brout-Englert-Higgs phase. The breaking pattern reads SU(N) —
SU(N — 1). With respect to the subgroup SU(/N — 1) the gauge bosons are in the adjoint repre-
sentation (massless), a fundamental and an anti-fundamental representation (mass 7 ) and a singlet
representation (mass My ), explaining their degeneracy pattern.

3.2 Gauge-invariant spectrum

So far, the construction was the standard perturbative one. We now turn to the observable gauge-
invariant states of the theory and apply the FMS mechanism to predict the physical mass spectrum.
We construct the gauge-invariant spectrum according to the multiplets of the global symmetries of
the theory. The Lagrangian exhibits a global U(1) symmetry, acting only on the scalar field, besides
the local SU(V) gauge symmetry.

It is straightforward to construct a gauge-invariant state for the Higgs boson, which should be
a scalar with positive parity and a singlet under the global symmetry, J5(1) = 0g. Therefore, we
consider the following gauge-invariant composite operator,

Oy () = (¢'¢) () , (35)

which exhibits the demanded quantum numbers. This is essentially the same discussion we already
had in Section .2} with the only difference that we treated an SU(2) custodial singlet scalar. We
apply the FMS prescription according to Section to predict the mass of the state provided by
the mapping from the gauge-invariant to the elementary states. The expanded correlation function
in the scalar fluctuations is of the same form as given in Equation in Section and thus the
same discussion as made there applies here. Especially, the bound state has the same mass as the
perturbative Higgs boson m+ = my, = V.
Next we construct a singlet vector operator and apply the FMS procedure:

1o

0% (a) =1 (6 D* ¢) (@) = ==L (nf A% m) (@) + O(¢) 66

The correlator is given by

(O @07 ly) = = (nl Aty nnt A7) m) + O(p)

4
ni=0; N (N - 1)

v492 NP Vs (3.7)
v AT @) A (1) +O(v) ,

to leading order in the FMS expansion. We project generically on the heaviest elementary state due
to the projector nn' between the gauge fields in the propagator. Thus, this predicts a single vector
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particle with the mass of the heaviest gauge boson, m;- = M. For the case of SU(3), this has been
confirmed in lattice calculations [|65]] and will also be seen in Chapter Here, we predict this to be
true forany N > 3.

Besides the gauge-invariant prescription of the observable Higgs boson with the operator
which has the mass of an elementary Higgs field, we also obtain a state which can be mapped on an
clementary gauge boson in the 1~ channel. Our analysis for the simplest operator in the 0" channel
might tempt to the conclusion that it is sufficient for the calculation of the ground state mass to
truncate the FMS expansion after the first nontrivial elementary field which leads to an elementary
propagator on the right-hand side. For the 07 channel this is the elementary Higgs field Oog (x) =

v?/2 + v h(z) + O(p?) and propagators coming from the neglected parts indeed contribute only
to scattering states. However, the situation can be more involved for more intricated bound states in
other channels.

In order to illustrate this, we take the next-to-leading order of the FMS prescription for the vector
operator (3.6) into account. At this level, the vector operator reads

v?g .V 2
OTE - (nJr Aun) + IE n' 0,0 — V2g Re(nT AF o) + O($7%) . (3.8)
While the third and fourth term on the right-hand side indeed give scattering states of the elemen-
tary Higgs with the massive gauge bosons once the correlator of the 1, operator is investigated, the
first term linear in ¢ also contributes to the pole structure of the gauge-invariant operator. Thus,
the actual propagator of the vector operator O, - reads to lowest order in the elementary n-point
0
functions:
(Vv -1)

(01 () 01 (y)) = = (A (@) A7 ()

+U;a;;ag (h(z) h(y)), + ...,

i ..

tl

(3.9)

where the . . . contain the (n > 3)-point functions. Identifying poles on the right-hand side, we not
only get a pole at the mass of the heaviest gauge boson M but also of the elementary Higgs field my,
to this order in the FMS expansion.

Nonetheless, this additional pole structure does not necessarily imply that an additional particle
in the vector channel is predicted as it does not exhibit the expected Lorentz structure of a massive
vector boson as this pole appears only in the longitudinal part of the correlator. It rather reflects
the fact, that a derivative acting on scalar operators transforms as a vector and therefore mix with
vector operators in the 17~ channel but does not indicate a next-level state in this channel, at least to
this order in the approximation. In general a detailed variational analysis including various operators
with a sufficiently large overlap with the ground as well as the first excited states within a specific
channel is required to make a definite statement about potential higher excitations.

Nevertheless, higher-order terms in the fluctuating elementary fields can in principle also lead to
nonvanishing 2-point functions which contribute to the spectrum of an operator in certain cases even
if this was not the case in the previous example. Whether this leads to an additional particle either
in terms of an additional bound state or a resonance, or just a nontrivial scattering state within the

SNote that the situation for SU(2) is different because of the differing global symmetry, but also there the results
from the FMS mechanism have been confirmed on the lattice [[58} 9]
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Table 3.1: Leff: Gauge-variant spectrum of an SU (V) gauge theory with a single scalar
field in the fundamental representation. Here my, denotes the mass of the elementary
Higgs field, M is the mass of the heaviest elementary gauge boson and m A the mass of
the degenerated lighter massive gauge bosons.

Right: Gauge-invariant (physical) spectrum of the theory. We assign a custodial U(1)
charge of 1/N to the scalar field ¢. The column ’next-level state’ lists the masses of pos-
sible additional bound states or resonances, see the discussion in the main text and in
Appendix Bl Whether these states are indeed bound states or resonances or only non-
trivial scattering states can only be decided once the full analytical structure of the corre-
lator is investigated. Trivial scattering states are ignored. The definition of the fields and
operators can be found in the main text.

elementary spectrum gauge-invariant spectrum

JP Field Mass Deg. U(1) Op. Mass Next-level state Deg.

0+ h mny 1 0 OO(J)r my - 1
+1 0011 (N— l)mA (N—l)mA—I—MA 1/1

1| oA 0 (vt 0 o My ; 1
(N=1)2,...,N?—-2 0 -
AN ma  2N-1) | £l 0" (N-lma (N-Lma+Ms 1/1

1
Aﬁ]z_l Ma 1

considered channel depends on the precise properties of the modelﬂ We illustrate such an example
in the following.
Besides the U(1) singlet states, we can also construct states with open U(1) quantum numbers.
This is important as the lightest such state is absolutely stable in the theory as this charge is conserved.
For SU(3) an explicit example for a vector state is given by

O (x) = [ein on (D"0), (D* ), ] (@) (3.10)
where we assigned a U(1) charge 1/N = 1/3 to the scalar field ¢. To leading order in the FMS
mechanism as well as in perturbation theory, the correlator of this operator expands to a product of
three propagators.

As a simple-minded constituent model, we interpret the mass of the gauge-invariant operator by
the sum of the masses of the three propagators on the right-hand side of the expansion.

The mass of this state is given by my- = 2m as in leading order one of the massless elementary
gauge boson as well as two gauge bosons with mass m4 contribute to this state. We expect also a
higher order excitation with mass m’l‘l, = 2ma + M. There exists, of course, an anti-particle of the
same mass but opposite U(1) charge described by O = O}" f

-1 1

Besides the presented gauge-invariant operators, it is of course also possible to construct other

operators within a specific channel. We expect that those operators have the largest overlap with the

¢For the rest of this paper, we will use the term next-level state in case the state is not the ground state or a trivial scat-
tering state of 7 times the mass of the ground state. As more sophisticated analyses beyond these simple considerations
are needed to identify whether this state is an additional bound state, a scattering state, or a resonance, we will simply
stick to the term next-level state, keeping in mind that this state can also predict an additional particle in case it is a bound
state or a resonance.
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ground state of a given channel, which have the least field content. For the U(1)-singlet operators
the unique solution to this requirement is given. However, there are ambiguities regarding the other
channels. For instance, the operators €5, ¢; (D”gb)j (D{,,Du}gb) . and €k @i (D”gb)j (Foud)k
equally describe a vector state with nonvanishing U(1) quantum number. The advantage of the latter
is that it can be straightforwardly generalized to an arbitrary SU (V) theory. An explicit prescription
for these operators is given by

Oi— = €i1..in (bil (Dul ¢)12 (FV1U2 ¢)2 cee (FVN?ZLL ¢)2N . (3'11)

3
It is straightforward to convince oneself that the lightest pole of this operator is given by (N — 1)ma
forany N > 2. Moreover, we get several excited states. For instance a next-level state is predicted
with mass (N — 1)ma + My in case My < my,. A sketch of the analysis of the FMS description of
these operators can be found in Appendix

In contrast to the scalar channel for the elementary fields, we can also construct scalar operators
with an open U(1) quantum number. These read for instance

Oyt = €iy..in Pin (D, ¢)i2 (Fm, ¢)z‘3 O 2 ) R 00 gb)iN 7 (3.12)

for N > 3and €;,i,i, @i, (D, 0)i, (D, F™ @), for N = 3 and we predict them to have a ground-
state mass of g+ = (N — 1)m as well asa mass of (N — 1)my + My for the next-level state for
Ma < my,.

IN-1

To briefly summarize our results of this section, we observed a qualitative difference of the elemen-
tary spectrum which is usually used to describe the physical states of a gauge theory with a Brout-
Englert-Higgs effect and of the gauge-invariant observable spectrum for SU(NN > 2) gauge theories
with a scalar field in the fundamental representation. The two different spectra are recapped in Ta-
ble While the elementary spectrum contains only one field with mass my, in the 0T channel, the
gauge-invariant spectrum contains at least three states. One of them is a singlet regarding the global
U(1) symmetry group, also with mass 1my,. The other two are the particle and anti-particle state with
open U(1) quantum number and thus have the same mass. Furthermore, the spectra differ in the
1~ channel. The elementary spectrum contains (N — 1)® — 1 massless gauge bosons, degenerated
2(N — 1) massive ones and one gauge boson with a generically heavier mass. The gauge-invariant
observables are given by a U(1)-singlet and one state plus the corresponding antiparticle with open
U(1) quantum number. Moreover, it is possible that more particles in the gauge-invariant spectrum
arise which can manifest as further bound states or resonances. We would like to emphasize, that
the degrees of freedom of the gauge-invariant spectrum do not change once the gauge group is al-
tered. Only the masses and other physical properties like decay constants change, in contrast to the
elementary spectrum where also the number of degrees of freedom increase once N increase.

3.2 SU(N) gauge theories with an adjoint scalar

After the detailed discussion of the fundamental case, we now consider an SU(V) gauge theory cou-
pled to a scalar field in the adjoint representation. In this case, it is useful to formulate the Lagrangian

62 as

L= —ingF“"” +tr[(D,X)T (DFE)] = V(D) . (3.13)
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The scalar field ¥ = ¢ T transforms as $(z) — U(z) X(x) U(z)" and its components 3
form a N? — 1 dimensional real-valued vector. The covariant derivative acting on ¥ is given by
DFY = 0¥ +1g [A*, X]. The scalar potential V' contains all possible couplings up to fourth order
in the scalar field spanned by the invariant Casimirs of the gauge group, i.e.,

A -
e L (tr22)° + A tr st (3.14)

For most of the time, we will enforce the action to be invariant under a discrete Zy symmetry, i.e.,
7y = 0. The case of a nonvanishing  will be exemplified in Section3.2.4]

Itisimportant to note that the adjoint case induces a very different structure than the fundamental
case where the only little group is SU (N — 1) and all minima of the potential belong to the same gauge
orbit [93]. By contrast, different directions of the vev can belong to different little groups and thus
to different physical theories with different mass spectra for the elementary fields as not all directions
of the vev can be connected via a gauge transformation for a scalar in the adjoint representation. This
also induces further subtleties in the FMS prescription for the gauge-invariant spectrum which are
discussed in more detail in Appendix[Al

3.2.1  Gauge-variant description in a fixed gauge

Assuming that the (effective) potential allows for a Brout-Englert-Higgs effect and choosing a gauge
with a nonvanishing vev, we again split the scalar field in its vev and fluctuations around it:

Y()=3)+o(x)=wEo+o(x). (3.15)

The breaking pattern depends on the direction of the vev ¥§ with 3§ 3§ = 1. We again implement
the gauge condition such that it removes the mixing between the gauge bosons and the would-be
Goldstones, leading to a gauge-fixing Lagrangian

Lo = % tr(@uA“ +ig&[Xo, Z])2 ) (3.16)
We can always choose a gauge in which X is diagonal due to the fact that every unitary matrix can
be diagonalized by a suitable unitary transformation. Thus, it is sufficient to consider vevs spanned
by the generators of the Cartan subalgebra as every element of the SU(/V) algebra can be rotated to
an element of the diagonal generators.
The mass matrix for the gauge fields is given by

(M3)™ = —2(gw)? tr([T% So] [T, S)) - (.17)

Whether a gauge boson acquires a mass or remains massless depends on whether the generator which
is associated to that gauge boson commutes with .

To identify all possible breaking patterns for a given group SU(N) corresponds to the identifi-
cation of all possible little groups. This can be mapped on the combinatorial problem of finding
all partitions p(IN) of the number N. The function p(V) can be extracted from the formal Tay-
lor series of the inverse Euler function [],—, 1/(1 — )" = >"%_, p(N)z". However, when it
comes to the actual minimization of the potential energy of the scalar field, it can be shown that the
potential has extrema only if the vev ¥ has at most two different eigenvalues [94-96]]. Therefore,
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the only relevant breaking patterns which can lead to a minimum of the potential are SU(N) —
S(U(P) x U(N — P)) with P < N and one only has to consider | /2| breaking patterns

Thus, we obtain (N? — 1 — 2P(N — P)) masslessand 2P(N — P) massive gauge fields in the
spectrum of the elementary fields. The masses of the massive gauge bosons are given by

g-w” . (3.18)

Correspondingly, we obtain 2P(N — P) would-be Goldstone modes which are not present in the
elementary spectrum as they are BRST non-singlets and (N 2-1-2P(N-P )) real scalar degrees
of freedom which are the Higgs fields. They correspond to the unbroken generators and have mass
m > (0. Moreover, we can already predict that (P2 — 1) of these scalar fields have the same mass
denoted by mp and ((N —P)2— 1) masses My p are degenerated as well due to the group theoretical
structure. These scalar fields belong to the SU(P) and SU(N — P) subgroups, respectively. Finally,
there is the massive Higgs field corresponding to the generator of the vev and thus to the invariant
U(1) subgroup. We denote its mass by my in the following. These masses read’|

(N—-PP+P . ,

my = Aw? + 2 NZP(N — P) w”, (3.19)
2N — 3P - 3P—-N
2 = ——— 2 2 By — )\ 2- .
mp PN = P) we o, Mmy_p PN = D) w (3.20)

Thus, the elementary mass spectrum of SU(N) gauge theories is more involved than in the funda-
mental case, especially for increasing N. We will discuss some specific examples and particularities
of some models below. Moreover, the different physical theories given by the different gauge orbits
influence the physical gauge-invariant spectrum.

3.2.2 Gauge-invariant spectrum

Before, we turn to the breaking patterns of some example groups and their precise spectrum, we dis-
cuss some of the properties of the gauge-invariant spectrum in general. Neglecting the cubic term in
Equation , the global symmetry group is given by a discrete Zy symmetry. Thus, we classify our
states in Zg even (+) and Zy odd (—) states. The lightest Zy odd state is again necessarily absolutely
stable.

We start the discussion of the gauge-invariant spectrum with the 17 channel. Inspired from the
fundamental case, an operator with minimal field content which is Z even is given by tr[¥ D,, X].
The simplest Zy odd state is tr[X? D, Z].

However, those states do not expand to an elementary gauge field A, since tr[X" D, Y| = tr[¥"0,X] =
9,412 /(n + 1), but in leading order to an elementary scalar field. Of course, they contribute to
the pole structure of the 1~ channel but do not give rise to a vector particle as they have a pole only

7Moreover, it can be shown that the global minimum of the potential is given by the breaking pattern P = | N/2|
for A > 0and P = 1for A < 0 [94]. Nevertheless, we will determine the spectrum also for the minima in which the
theory is in a metastable state as this minima can become global once other fields are coupled to the theory.

$Note some particularities. For sufficiently large NV and (N — 1) > P > 2N/3, the potential obeys only a saddle
point as the condition that 3¢ exhibits at most two different eigenvalues is a necessary but not sufficient condition that
the potential has an extremum in that direction. For P = N — 1, a minimum can only be obtained in case A <0. In
this case there are no scalar fields with mass my_p.

9The even simpler state tr[D,,X] vanishes identically.
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in the longitudinal component due to the partial derivative. This is similar to the fundamental case
where we also observed that the mass pole of the scalar fields appears in the gauge-invariant vector
state.

Nevertheless, it is also possible to construct operators which expand to a single gauge field in lead-
ing order, following the SU(2) fundamental case in [57]. These (non-local) operators read

O

O’f:(:v) = 5 tr[S F*) () , (3.21)
OTI () = % tr[22 F*] (z) (3.22)

for the Z4 odd and even state, respectively These states expand in leading order in the FMS expan-
sion and in leading order in the elementary gauge field to

Oi‘: (z) = —wtr[So A | (z) + O(4% o) , (3.23)
Oi_r (z) = —w’ tr[(50)* 4] (z) + O(A% o) , (3.24)

where A" = (8¢ — 910, /9*) A is the transversal component of the gauge field. Both operators
expand to massless gauge fields as only those gauge fields survive the trace which are associated to
generators of the Cartan algebra and thus are diagonal. More precisely, the right-hand side for both
operators in Equation is given by the elementary gauge field that corresponds to the unbroken
U(1) group given by the generator 3["] Thus the FMS mechanism predicts two massless physical
states in the gauge-invariant vector channel of an arbitrary SU(N > 2) gauge theory with a scalar
in the adjoint representation and discrete Zy symmetry. Note that for SU(2) all Z, even operators
vanish identically in the vector channel and thus for SU(2) we get only a single massless vector state,

see also the discussion in Section3.2.3]

The results of Equation are a prediction of massless composite vector states. Moreover,
this appears at the current time within the gauge-invariant setting to create massless vector states as
physically observable particles. This is particularly interesting in the setting of grand-unified theories,
where a U(1) with a massless vector particle has to be ’broken out’ of a non-Abelian gauge theory

(3971

Further, we would like to emphasize that also a term quadratic in the gauge fields occurs to lead-
ing order in the FMS expansion. However, these as well as the higher order terms from the FMS
expansion and the elementary scalar contribution from the operator tr[¥" D,, ¥ will not alter the
ground state pole structure as these terms will correspond to scattering states or resonances in the 1~
channel or might even be massless, depending on the precise parameters and gauge group. Thus, the
situation is different from the fundamental case, where the ground state mass of the 17 channel is
either My or my. Here, we predict always two massless vector states.

“Note that similar operators can also be constructed in the fundamental case for an arbitrary SU(V) theory, e.g.,
given by % (¢T F* ¢). However, the operator provided in Sectiothas less field content and is sufficient to
get a prediction for the ground state mass of the vector channel. Of course, the operator in Equation and the one
constructed from the field strength tensor as well as others have to be investigated in a detailed spectroscopy of the states
as they carry the same quantum numbers.

"There is only one particular exception for the Zy even state for even N for the breaking pattern SU(N) —
SU(N/2) x SU(N/2) x U(1), see the discussion at the end of this section. Nonetheless, the ground state of this
operator remains massless as it is given by two propagating massless gauge fields.



34 Chapter 3. SU(N) gauge theories with scalars in several representations

In the 0" channel, the simplest possible (minimal field content) operator is given by
Ot (z) = tr[Z7] (2) - (3:25)

This operator expands in the FMS description as

2

Ops () = 4w H(z) + % ()0 (z) | (3.26)
Thus, we obtain in leading order the Higgs excitation H () = X30*(x). However, the situation is
more subtle than in the fundamental case, as the term 0 (2 ) 0* () does not only contain the product
of two massive Higgs fields [ () but also the scalar degrees of freedom belonging to the unbroken
generators forming the invariant SU(P) and SU(NN — P) subgroups which are not would-be Gold-
stone bosons and therefore present in the elementary spectrum. Whether these are massive or even
massless depends on the details of the considered theory. In most cases, they have a mass given by
Equation (3.20)). For some particular theories, however, they can be massless, e.g., see the discussion

in Section[3.2.4|or consider the case P = 2N/3 or P = N/3 in Equation (3.20).

Therefore, the correlator <OOJ+r (x) Ogi (y)) contains also the propagation of two degrees of free-

dom with mass mp from position = to position y as well as two degrees of freedom with mass
my—p which is a bound state operator with mass 2mp or 2my_p, respectively. We can suppose
N/2 < P < N without loss of generality. Then, 0 < mp < my_p. In case my < 2mp the
ground state mass is given by the mass of the scalar field radial to the direction of ¥f. However, in
case my > 2mp the ground state mass is given by 2mp and an excited state is predicted at mass my
as well as a trivial scattering state with twice this mass. Which scenario is realized depends on the ratio
of the couplings A and ) as well as on the gauge group and the breaking pattern characterized by the
numbers IV and P, respectively.

Moreover, we have the Zy odd state in the 0" channel given by
Oyt (z) = tr[2%] (z) . (3.27)

This operator can show distinct results for the different physical phases of the theory. Similar to the
considerations above, this state can expand to elementary states which are massless or massive. We
exemplify its different realizations by the following investigation.

The FMS expansion of the scalar Zy odd operator is given by
Op+ = w tr [203} + 3w’ tr [2020] + 3w tr [2002] + tr [03} ) (3.28)

To analyze its spectrum, it is convenient to perform a basis change of the generators of the Cartan
subalgebra, i.c., a field redefinition of the fields in the Cartan. We leave the first (P — 1) elements
of the Cartan algebra unchanged, i.c., they are given by the first (P — 1) diagonal matrices of the
generalized Gell-Man matrices with rank two to P. For the Cartan elements P to (N — 2), we
choose the following block-diagonal matrices,

T= (8 g) ; (329)

with ¢ one of the (N — P — 1) Cartan generators of the (N — P) subgroup. For the remaining
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generator, we use the actual direction of the vev Yy, which can be parameterized as

50 _ 1 2 (N—-P)1p 0
= ~5 v o 0 Plyp (3.30)
with 1,, the n X n unit matrix.

Now, it is straightforward to check that the leading order contribution in the fluctuating field
is only given by the Higgs excitation associated to the vev, tr(EOQJ) = H tr(203). Thus, we
generically get a pole at my except for two cases. The first exception manifests for SU(3) and is
discussed in Section The second is given for even N and the breaking pattern SU(N) —
SU(N/2) x SU(N/2) x U(1). For this particular choice of the vev, tr($y°c’) vanishes identically as
3o~ 1. Atnexttoleading order, tr(Zo0?), we obtain two fluctuating elementary fields propagating
from x to . For the latter breaking pattern, these will make up the ground state mass for the Z; odd
operator. For all other theories, it depends again on the precise couplings as to whether 1y is smaller
than 2mp (or 2my_p) and defines the ground state mass, similar to the Z; even operator.

In addition to the predicted ground state masses of both scalar operators at tree level, these two
operators can also have various additional excitations. Suppose, my < 2mp < 2my_p < 2mpy.
Then, the ground state mass is given by my and each operator has a next-level state with mass 2mp
and a next-to-next- level state with mass 2my_p. All these states are either nontrivial scattering states
or resonances as every state in the scalar channel can decay to at least two of the massless ground states
in the vector channel. Of course, similar conclusions hold for 2mp < my or other mass ratios.

Thus, the adjoint case has a much broader variety in the spectrum than the fundamental case.
Depending on the physical realization of the theory, also see Appendix @ such a theory can have
different numbers of observable states.

3.2.3  SU(2) gauge theory

After these general considerations on the spectra of gauge theories with an adjoint scalar field, we will
now discuss some example theories to illustrate the different spectra for different realizations of the
physical theories as well as some particularities of SU(2) and SU(3).

We start with the almost trivial example SU(2). The only nontrivial breaking patternis SU(2) —
U(1). The cubic term of the potential vanishes identically and the quartic tr:* can be written as

(trZz) 2 astr¥? s the only invariant Casimir of SU(2). Thus, we set A = 0 without loss of gener-
ality.

The elementary spectrum is given by one massive Higgs excitation with mass m§; = Aw?, two
massive gauge bosons with mass m3 = g?w? and one massless gauge boson. A convenient choice
for the vevis 3¢ = 6.

Considering the gauge-invariant bound-state spectrum, we first note that all Z, odd operators in
the scalar channel, tr(22"+1), and Zy even operators in the vector channel, tr(ZQ” F “l’), vanish
identically due to the properties of the Pauli matrices. Thus, we have only one state within the 07 as
well as 1~ channel, modulo higher excitations. For the scalar channel, the operator expands to,

2

Ooi (r) = % +w H(x) + % H*(z) , (3.31)

where we have omitted the contributions from the would-be Goldstone modes, given by o 3§ =
in this specific model, as these cancel anyway once the physical spectrum is considered. Thus, we get
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Table 3.2: Leff: Gauge-variant spectrum of an SU(2) gauge theory with a single scalar
field in the adjoint representation.

Right: Gauge-invariant (physical) spectrum of the theory. my = v Aw denotes the
mass of the Higgs, ma = gw is the mass of the two charged elementary gauge bosons.
The next- level state of the vector channel will always be a scattering state or a resonance.
The definitions of the fields and operators can be found in the main text.

elementary spec. gauge-invariant spec.
J¥ | Field Mass Deg. | Zo Op. Mass Next-level state Deg.
0+ H my 1 + OOI my - 1
1= | A% 0 1 — Of - 0 2ma 1

a pole at the mass of the elementary Higgs field as well as a trivial scattering state at twice its mass,
similar to the fundamental case.

For the vector channel, we predict generically a massless state as the ground state for the operator
(B.21). Going beyond the leading order contribution in the fluctuating fields, we also predict two
next-level states, being either nontrivial scattering states or resonances, at the mass of the elementary
Higgs and of twice the mass of the elementary massive gauge fields. A brief summary of the spectra

can be found in Table[s.2}

There exists exploratory confirmation of the existence of a massless composite vector state in this
model [[98]]. In this work the energy extracted from the exponential decay of the correlator of the
operator with nonvanishing (lowest lattice) momentum has been compared to the energy of a
massless free particle in a finite volume. The authors of this work found agreement with a massless
state as predicted by the FMS mechanism, even though polynomial volume corrections play a role.

3.2.4 SU(3) gauge theory

The next example is the SU(3) case, which has a variety of new features compared to the SU(2) case.
Most important, the Zy odd and even operators are nonvanishing in the scalar and vector channel,
respectively. Thus, new states, i.c., observable particles, are present. In addition, we get two different
breaking patterns and a second invariant Casimir can be constructed, tr23. So further properties of
the spectrum for the adjoint case can be exemplified but also particularities which are only present in
this model.

Although tr¥3 # 0, we first demand a Z, invariant Lagrangian in order to analyze the spectrum.
Thus, we sety = 0 in the scalar potential aswell as A = 0 without loss of generality in analogy
to the SU(2) case. Note, that the pure scalar part of the action has an enhanced O(8) symmetry in
this case as the potential is only build up from the invariant tr¥:? = %% /2.

The two breaking patterns of SU(3) are given by SU(2) x U(1) and U(1) x U(1). Parameterizing
all possible vevs by $g = 33 T + £§ T® with (Eg) 2y (28) - 1, the former breaking pattern can
be realized by the three particular combinations (0, 1), (v/3/2,1/2),and (v/3/2, —1/2) regarding
the tupel (Eg, Eg) . All other combinations result in an invariant U(1) x U(1) subgroup. Note that
also the latter breaking pattern minimizes the potential due to the enhanced symmetry of the scalar
potential even if ©.° has three different eigenvalues. This is a particularity of SU(3) with a discrete Zo
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symmetry and will be no longer the case once a nonvanishing  in the potential is allowed or larger
gauge groups are considered where tr3? is another invariant Casimir for N > 3.

While the spectrum of the elementary vector states differs for both breaking patterns, the gauge
invariant spectrum of the vector states remains the same. The mass spectrum of the elementary gauge
bosons reads

3 8)2
M3 = gt ding ((23)2, siy0, G+ VB

e/ (5= () o

4 ’ 4 ’ 4

Thus in general, the theory contains at least two massless gauge bosons corresponding to the two
generators of the Cartan subalgebra and at most six massive fields, which we can group in three pairs
where the mass of the gauge bosons of each pair is degenerated. In case of a breaking to SU(2) x U(1),
e.g., by choosing Eg = 0and 28 = 1, we obtain four massless gauge bosons corresponding to the
invariant subgroup and four degenerated massive gauge bosons with mass ma = v/3/2 gw. For
completeness, there are also three particular directions, (1,0), (1/2, V3/ 2),and (1/2, —/3/ 2),
with little group U(1) x U(1), for which two of the mass pairs further degenerate such that the
spectrum contains two massive vector bosons with mass ma1 = gw and four degenerated fields
with mass ma1 = gw/2.

Even though the spectrum of the elementary vector states is different for the different physical
realizations of the theory characterized by the different directions of the vev in the Cartan algebra,
the gauge-invariant spectrum always contains two massless vector states distinguished by their global
Zy parity as described in Section

For the scalar channel, the elementary spectrum is much clearer. First, we have four or six would-be
Goldstone bosons, depending on the respective breaking pattern, which mix with the longitudinal
parts of the massive gauge bosons. Second, there is always one massive Higgs field with mass my =
Vw, corresponding to the generator proportional to the vev, H = 3§ 0. The remaining three or
one scalar field(s) belong to the elementary spectrum of the theory and are Higgs fields as well. They
are massless for the SU(3) case with a discrete Z; symmetry imposed on the scalar potential. We
emphasize at this point that they are not Goldstone bosons as they belong to the remaining unbroken
generators of the gauge group, [T, ¥y] = 0. The fact that they are massless is an accident due to the
enhanced O(8) symmetry of the scalar potential.

The presence of massless fields in the elementary spectrum has a direct impact on the gauge-
invariant spectrum of the composite operators and (3.27)). Although, the Z5 even operator
expands in leading order to the massive elementary Higgs field H, it also contains the propaga-
tion of two massless scalar degrees of freedom at next-to-leading order in the FMS expansion. Thus,
the FMS mechanism predicts at least at tree level a massless bound state for this operator Similar
conclusions can be drawn for the Zs odd operator. Depending on the actual direction of the vev in
the Cartan space, either the leading order or next-to-leading order expands to massless scalar fields.
For instance, the leading order expansion contains the massless field o8 for ¥y = T2 and thus the
ground state mass is my+ = 0. The next-to leading order in the FMS expansion predicts the mass

of the next-level state which is 2myy. For g = T® the leading order in the FMS expansion contains

"Of course, it is possible that also this as well as other massless bound state acquires a non-vanishing mass due to
quantum corrections, e.g., in analogy to glueballs.
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Table 3.3: Gauge-variant and gauge-invariant spectrum of an SU(3) gauge theory with
a single scalar field in the adjoint representation with discrete Zo symmetry for the two
different breaking patterns.

Top table: The breaking pattern is given by SU(3) — U(1) x U(1) and the gauge orbit
is characterized by Eg =1, Zg = 0. The masses are given by myg = VAw, ma1 = gw,
and mps = gw/2.

Botrom table: The breaking pattern is given by SU(3) — SU(2) x U(1) and the gauge
orbit is characterized by 28 =0, Eg = 1. The mass ma = \/§/2 gw.

elementary spectrum gauge-invariant spectrum
Jr Field ~ Mass Deg. | Zy Op. Mass Next-level state Deg.
0f |o?=H mpy 1 + Ooi 0 mu 1
o 0 1 — O+ 0 2my 1
A5 0 2 [+ 0- 0 Dmias 1
+
Ai’2 mat 2 - Ollt 0 2mA4 1
AT a4
breaking pattern: SU(3) — U(1) x U(1) (X5 = 1)
elementary spectrum gauge-invariant spectrum
Jr Field Mass Deg. | Zy; Op. Mass Next-levelstate Deg.
0t | ob?3 0 3 + Ooi 0 my 1
o=H my 1 — Oyt 0 mu 1
A0 4 [+ 0~ 0 A 1
+
Aﬁ’5’6’7 ma 4 - Ollt, 0 QmA 1

breaking pattern: SU(3) — SU(2) x U(1) (X2 = 1)

also only o® but which is this time massive. However, the next to-leading-order contribution O(c?)
contains products of the massless fields o'*? such that the 2-point function of this operator has a

pole at vanishing mass on the right hand side. A summary of these two example breaking patterns

can be found in Table

So far, we only investigated the spectrum for theories with a discrete Zy symmetry for the scalar
field. Allowing for an explicit breaking term will not only influence the gauge-invariant spectrum
indirectly as the elementary spectrum is changed. It also has a direct impact as transitions between
the Z even and odd states are allowed. Therefore, the number of observable gauge-invariant states is
altered as less different channels exist. A straightforward example for this is the vector channel of the
theory. The former two massless states distinguished by their Z, quantum number are now in the
same 1~ channel and thus have overlap with the same ground state. Thus, the FMS description pre-
dicts only one massless state for any SU(V) gauge theory with a scalar in the adjoint representation
once the Lagrangian does not exhibit a Z, symmetry.

The same statement can be formulated for the scalar channel. In addition, the situation is more
involved for v # 0 in the scalar potential given in Equation (3.14). In this case, the potential has
minima only in the three equivalent directions which lead to a breaking pattern SU(3) — SU(2) x
U(1) according to the lemma of [g5]]. The elementary scalar spectrum has a Higgs field with mass
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Table 3.4: Gauge-variant and gauge-invariant spectrum of an SU(3) gauge theory with
a single scalar field in the adjoint representation. The scalar potential exhibits an explicit
Zy breaking term, -y tr23. Thus, there is no Zsy classification of the gauge-invariant
spectrum. We have assumed my < 2mp—s for the ground state mass of the scalar
channel otherwise the ground state mass would be 2mp and the next-level state has mass

my.
elementary spectrum gauge-invariant spectrum
JP | Field Mass Deg. | Op. Mass Next-level state  Deg.
O+ H my 1 OQ+ my 2mp 1
0.172,3 Mp_sy 3
1= | AL23:8 0 4 Of_ 0 2ma 1
ATy

breaking pattern: SU(3) — SU(2) x U(1)

V3 V21
2 2
gauge-invariant ground state in the scalar channel is now massive and either my for 2 Aw < /757y
or 2 mp=—y for 2 \w > /75 «y. A brief summary of the spectrum is given in Table[3.4|for the former

case.

my = Aw? — %2 yw and three degenerated Higgs fields with mass m#_, = ~vw. Thus, the

3.2.5  SU(4) gauge theory

Finally, we discuss the spectrum of SU(4). This is the smallest group for which we have the full set
of invariant Casimirs regarding perturbative renormalizability and we are able to directly apply the
formulas provided in Section For simplicity, we again impose a discrete Zy symmetry on the
Lagrangian, i.e., 7 = 0. The nonvanishing coupling A tr24 will induce nonvanishing masses for the
elementary scalar fields which belong to the unbroken generators of the theory but are not the Higgs
excitation radial to 33¢. Even if \ is zero at the classical level, it will be generated due to quantum
corrections from the gauge bosons as it is not protected by a symmetry. The scalar potential has
minima only for the breaking patterns SU(4) — SU(3) x U(1) and SU(4) — SU(2) x SU(2) x
U(1). While the latter corresponds to the global minimum for A > 0, the former breaking pattern is
favored for A < 0. The other directions in the Cartan space associated to little groups SU(2) x U(1)?
and U(1)? are not extrema of the potential and can be ignored.

For the breaking pattern SU(4) — SU(3) x U(1) the elementary spectrum is given by nine
massless gauge fields and six massive ones with mass m% = % g*w?. Moreover, we obtain a massive
Higgs with mass m$; = (6 + 7\)w? /6 and eight degenerated scalar fields invariant under the
remaining SU(3) subgroup with mass m?%_, = —Aw?/3. In order that the scalar potential exhibits
a minimum, the couplings have to fulfill the relation 6\ > —7Xand A < 0. The ground state mass
of the gauge-invariant OI or 0F operator is given by either my or 2mp, depending on the ratios of
the coupling constants. In the vector channel two massless vector bosons are predicted as discussed
in detail above. The spectra are summarized in Table[3.s|

For the breaking pattern SU(4) — SU(2) x SU(2) x U(1) the elementary spectrum is given
by seven massless gauge fields and eight massive ones with mass m?% = g*w?/2. In the scalar sector,
we have a massive Higgs, my = (A + A /2) w?, three massive scalar fields invariant under the first

SU(2) subgroup with mass m2_, = Aw?/2 and three scalar fields invariant with respect to the
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Table 3.5: Gauge-variant and gauge-invariant spectrum of an SU(4) gauge theory with a
single scalar field in the adjoint representation with discrete Zo symmetry for the break-
ing pattern SU(4) — SU(3) x U(1), e.g., realized by %9 = T1°. We assume

my < 2mp—3 for the gauge invariant spectrum, here.

elementary spectrum gauge-invariant spectrum
JP | Field Mass Deg. | Zy Op. Mass Next-level state Deg.
0t H my 1 + OUI my 2Mmp—3 1
ob®  mp_s 8 — Op+ mnu 2mp—s 1
1~ A}f’ 0 1 + Olfjr 0 2ma 1
Ai """ 8 8 — O‘f _ 0 2ma 1
A%y 6 ]

Table 3.6: Gauge-variant and gauge-invariant spectrum of an SU(4) gauge theory with a
single scalar field in the adjoint representation with discrete Zo symmetry for the break-
ing pattern SU(4) — SU(2)? x U(1), e.g., realized by 20 = /2/3T% + /1/3 T"°.
We assume mpy < 2mp—s for the gauge invariant spectrum, here. The field oSU(2) en

codes the fields o123 which belong to the first remaining SU(2) group, while 75U(2)
encodes the three scalar fields which belong to the other remaining SU(2) group given
by o013, 04, and —/1/3 0!8 + \/2/3 02, for the exemplified . Similar considera-
tions hold for the gauge bosons.

elementary spectrum gauge-invariant spectrum
Jr Field Mass Deg. | Zy Op. Mass Next-level state Deg.
0+ H my 1 + Ooi my 2mp:2 1
O'SU(Q) mp=o 3 — OOf 2mp:2 2mH 1
TsU(2) mp—z 3
1- AW 0 1|+ O~ 0 2ma 1
+
AS® 0 3 |- 0~ 0 2ma 1
AS® 0 3
Ai ..... 79,12 8
second SU(2) subgroup with the same mass m%_p_, = Aw?/2. The gauge invariant spectrum

for the scalar Z even operator depends on the ratio of the two quartic couplings. For 2\ < 3\,
the ground state mass is given by my and we obtain a further next-level state with mass 2mp at tree
level and vice versa for 2\ > 3\. The ground state of the Zy odd operator is generically given by
2mp s for positive quartic couplings. The only possibility to obtain a ground state mass of 2my; for
this operator is given by A < 0. In this case (2 + 5\) > 0 has to hold to have a minimum as well
as a potential bounded from below. For a brief summary of the gauge-variant and gauge-invariant

spectrum for this particular breaking pattern see Table
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3.3 SU(s) GUT as a toy model

Moving away from the basic ingredients, we consider in this section the scalar-gauge sector of the
prototype of grand unified theories, namely an SU(5) gauge theory with one scalar field in the adjoint
representation Y and one in the fundamental representation ¢, but ignore the fermionic sector for
simplicity [48]. The Lagrangian has at least a global U(1) symmetry acting on ¢. Depending on
the precise form of the scalar potential, this symmetry can be enhanced to a Zy x U(1) custodial
symmetry in case it is invariant under the discrete transformation ¥ — —X.

Table3.7: Lefi: Gauge-variant spectrum of an SU(5) gauge theory with one scalar field in
the fundamental representation and one in the adjoint representation. The fields listed
here are all mass-eigenstates. The 8 massless gluons which correspond to the unbroken
SU(3) gauge group are not listed.

Right: Gauge-invariant (physical) spectrum of the theory. In case the Za symmetry is
explicitly broken, we obtain only one ground state within the different U(1) channels.
For simplicity, we only indicate the order of magnitude for the masses of the heavy gauge
invariant states.

elementary spectrum gauge-invariant spectrum

J' | Field Mass Deg. | (U(1),Z3) Operator Mass Next-level state  Deg.

0t | h my 1 (0,+) 003+ my ~ W 1
©1,...,6 My .6 6 (07 _) 003; My ~w 1
ob® mas 8 (£1,+ Opr,,  ~w ~ W 1
0212223 3 (£1,-) O+ ~ W ~ W 1

01—

o M, 1

1= | A, ma=0 1 0,+) 016+ ma my 1
W:: mw 2 (0, —) Olcl ma my 1
Z, myz 1 (£1,4) Ol;H ~ W ~ W 1
A% my 6 (£1,-) O ~w ~w 1
AlB20 A 6

3.3.1  Gauge-variant description in a fixed gauge

The perturbative construction is as follows: First the adjoint scalar acquires a vev (X)~T7"4, where
T?* is the following element of the Cartan subalgebra, 7%* = %\/édiag(—Q /3,—-2/3,-2/3,1,1).
This choice of the vev of the scalar field in the adjoint representation breaks at some high scale, much
larger than the electroweak scale, SU(5) to SU(3) ¢ x SU(2)y, x U(1)y which is the standard model
gauge group. The fundamental scalar acquires a vev (¢) = v/+/2 n, where v is of the order of the
electroweak scale. It is sufficient to consider a complex unit-vector of the form n = (0, 0, n3, 0, n5)
with n5 € R as we are still allowed to perform appropriate SU(3) and SU(2) gauge transforma-
tions. In order to leave the strong interaction unbroken, it is important to impose constraints on
the parameters of the scalar potential in such a way, that the potential energy of the scalar fields is
minimized for a field configuration withn = (0,0, 0, 0, 1). In this case, the fundamental scalar field



42 Chapter 3. SU(N) gauge theories with scalars in several representations

breaks the standard model group to SU(3) ¢ X U(1)em. To achive this, we can consider the following
special realization of the Lagrangian

L= LBy P (D) (0" )] + (D, 0) (D" 0)

—Va(X) = Vi(o'o) — o' 2% ¢,

where Vy is defined in Equation (3.14)). The Lagrangian is invariant under the discrete Zs transfor-
mation for v = 0. For nonvanishing y also the interaction term ¢'X¢ has to be considered as this
term will be at least generated by radiative corrections in case the Zy symmetry is explicitly broken.
The part of the potential which contains only the self interactions of the fundamental scalar Vy is
of the usual Mexican-hat form. The term proportional to /3, mixing both scalar fields, is responsible

(3.33)

for driving the system into the appropriate minimum where the strong interaction remains unbro-
ken. A necessary condition is 8 < 0. Moreover, we dropped the remaining possible perturbatively
renormalizable term given by ¢'¢ tr3? as this term leads only to an unimportant mass shift in the
elementary scalar spectrum but does not influence the main results of the following section.

All together this leads to the following (perturbative) elementary particle spectrum: From the
breaking of SU(5) to the standard model group we get 12 heavy gauge bosons called leptoquarks
and 12 heavy Higgs bosons. From the breaking of the standard model group to SU(3)¢ % U(1)em
we obtain 3 light gauge bosons, the W= and the Z, and 7 additional Higgs bosons. Of course, there
is fine tuning at work, such that only one of the 19 Higgs bosons will be the standard model Higgs
and the others will have masses of the order of the GUT scale denoted by w in the following, as do
the leptoquarks [j].

We want to point out that the last term in Equation gives rise to an off-diagonal mass matrix
for the ¥ fields leading to a mixture of ¥ and PIES depending on the parameters of the potential.
Thus, a suitable field redefinition has to be performed such that a diagonal mass matrix is achieved.
These redefined fields are used in the next subsection to identify the poles of the gauge-invariant
states.

The gauge-variant spectrum of this theory is sketched on the left-hand side of Table The light-
est scalar field with mass of the electroweak scale my, ~ v is denoted by h. We do not provide the
explicit masses in terms of the masses of the elementary fields for all heavy gauge-invariant states for
better readability. As these masses are of the order of the GUT scale, we simply indicate that they are
~W.

3.3.2  Gauge-invariant description

We begin the analysis of the gauge-invariant spectrum for a Lagrangian with a Zy x U(1) custodial
symmetry. Therefore, we can group the states into U(1) singlets and non-singlets which can have Z
even or odd parity.

Due to the increased field content several gauge-invariant operators can be constructed to analyze
the spectrum of the different channels. For instance, some of the possible classes of operators for
the scalar U(1)-singlet Zs-even channel 03L+ are (ngqﬁ)n, trya?n, (ng 2 gb) " .., withn,m € N.
Analyzing these operators with the aid of the FMS prescription, we conclude that the ground state
mass is given by the mass of the lightest fundamental perturbative Higgs h. Further, there are a
number of excited states with mass of the order of the GUT scale w, e.g., with the mass of the fields
023 and 0%* or twice the masses of the other elementary scalar fields. A similar spectrum appears

for the U(1)-singlet Zy-odd channel 0f_. The operator ¢! ¢ can be used to straightforwardly
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compute that the mass of the ground state is again the mass of the lightest elementary fundamental
Higgs excitation h. Thus, the gauge- invariant spectrum contains not only one but two scalar fields
with mass of the order of the electroweak scale, while the elementary spectrum has only one light

scalar field.

The situation becomes even more problematic once the vector channel is investigated. The vec-
tor U(1)-singlet channel can be analyzed by the operators g—; tr(F L 22”), it ¥ D,g, ..., or
% tr(FW 22”“), i pf y2ntl D@, ..., for the Zj even and odd case, respectively. These are in-
spired by the investigations in the previous sections but even more involved singlet operators can
be studied, e.g., €;jxim €irjrwirm (D" @); (¢T)E i Lk 21 2 Where fields with indices with a
prime transform with respect to the anti-fundamental representation. Also, similar operators con-
tribute to the spectrum of the scalar channel. Performing the FMS prescription, we obtain that the
leading order contribution comes from the elementary massless photon and the next-level state has
the mass of the Z boson in both cases. Thus, the gauge-invariant spectrum consists of two massless
vector fields which are not observed in nature in case the theory exhibits a discrete Zy symmetry.

At first glance, these problems can be solved by introducing a Z, breaking term on the level of the
Lagrangian. Then, we can classify the states only according to the global U(1) quantum number and
the spectrum would contain only one low lying scalar with the mass of the lightest elementary Higgs
as well as one massless vector particle with a possible resonance which could be interpreted as the Z
boson. However, there is no obvious way to construct gauge-invariant composite states that expand
to only one elementary W field.

It is possible to construct states with open U(1) quantum number according to Equation (.11).
However, these are generically too heavy as they contain at least three leptoquarks (as well as an ele-
mentary W) atleading order and thus, their mass is of the order of the GUT scale. Of course, there are
many other potential operators within this channel, e.g., € xim @i (E ng)J (22 gb) X (23 o) (D“ gb) .
which contain only a single gauge field. Unfortunately, the leading order contribution in the fluctu-
ating fields vanishes identically due to the antisymmetric properties of the epsilon tensor if the QCD
vacuum shall be unbroken. Therefore, this state will generically be heavier than the mass of the light-
est elementary Higgs. As we only have the fundamental vectors ¢ and X" ¢ which do not contain
an elementary gauge field, we do not see any comparatively simple operator which can expand to an
object with the desired properties.

Thus, the number and masses of the gauge-invariant states are actually incompatible with the
standard model, as the low-lying charged gauge bosons, the W%, are not appropriately reproduced.
Moreover, the FMS analysis demonstrates that Z, violating interactions are needed to avoid a dou-
bling of the photon and light Higgs state, which are only distinguished by their global Z; parity, in
contrast to the elementary spectrum. For these reasons, the bosonic sector of SU(5) is likely not a
proper extension of the bosonic sector of the standard model already from a pure field theoretical
point of view.

3.4 SU(3) with two scalars in the fundamental representation

We sketch the spectrum of a gauge theory with two scalar fields in the fundamental representation in
the following. For simplicity, we only discuss the case where the gauge group is SU(3) but generalize
the results of [99]] where a similar investigation was performed. The Lagrangian which we use is of
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the form

2
1 a a (v -l- L
L=—7Fu P+ (Dydw) (D" dw) = V(60 b)) (334)
a=1
where o labels the different scalar flavors. Depending on the precise form of the scalar potential, the
theory can have different global symmetries, e.g., a global U(1) x U(1) symmetry for potentials of
the form V(gbzl) D1y qbzz)qb@)) or aglobal SU(2) x U(1) symmetry for V (|¢1)|* + |p2)|*). We
will focus to this end on the latter case, where the potential has the largest custodial symmetry. This
symmetry can be used to construct gauge-invariant states which have distinct SU(2) x U(1) trans-
formation properties. As usual, we start our discussion by summarizing the gauge-variant spectrum

of the theory.

Depending on the alignment of the vevs different breaking patterns exist. If the two vevs are
(anti) parallel the breaking pattern reads SU(3) — SU(2). In all other cases the breaking pattern is
SU(3) — SU(2) — 1. The elementary spectrum of the former case is listed in the left panel of Table
In Tablewe restrict the discussion on vevs which are orthogonal. In case the second vev has a
parallel as well as an orthogonal component can also straightforwardly be computed but leads only
to further mass splits in the elementary spectrum and does not give new insights in the structures of
the gauge-invariant spectrum.

Having settled the perturbative spectrum we can now focus on the gauge-invariant (physical) spec-
trum of the theory by applying the FMS mechanism. We start with operators which are U(1) sin-
glets. Due to the SU(2) custodial symmetry we can arrange our operators in singlets and triplets for

Table 3.8: Summary table for the case with two parallel vevs. Here, we used 1o ; = 9; 3,
a=1,2.

Left: Gauge-variant spectrum of an SU(3) gauge theory with two scalar fields in the fun-
damental representation and SU(2) x U(1) custodial symmetry. The fields listed here
are all mass-eigenstates.

Right: Gauge-invariant (physical) spectrum of the theory to leading order.

my, denotes the mass of the massive Higgs, M is the mass of the heaviest gauge boson
and m the mass of the degenerate lighter gauge bosons. (I, I®) are the quantum num-
bers of the global symmetry group SU(2). We only consider U(1)-singlet states here.

elementary spectrum gauge-invariant spectrum
JY | Field Mass Deg. | (I,I°) Op. Mass  Deg.
O+ 90(1)75 mny 1 (O, 0) OO(T My 1
(1,13) OOT,Q , 0
(
(

Y@)1,6 0 6 3
1~ Ai My 1 0, 0) Oﬁ_ My 1
0
AbeT ma 4 1,I3) O My 3
K 11,2,3
Abz’?’ 0 3
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Table 3.9: Summary table for the case with orthogonal vevs. Here, we use the special
choice 1) = 0;,3 and n(2); = 0i1-

Left: Gauge-variant spectrum of an SU(3) gauge theory with two scalar fields in the
fundamental representation and SU(2) x U(1) custodial symmetry. The fields listed
here are all mass-eigenstates.

Right: Gauge-invariant (physical) spectrum of the theory to leading order. my, denotes
the mass of the Higgs and the masses of the gauge bosons have the following ordering:
ma < mate < maer < Mpas < Ma. (I, 13) are the quantum numbers of the
global symmetry group SU(2). We only consider U(1)-singlet states here.

elementary spectrum gauge-invariant spectrum
J' | Field Mass Deg. | (I,I°) Op.  Mass Deg.
0+ @(1),5 my 1 (O, 0) OO(J)r mny 1
90(2),1,5,6 0 3 (1, [3) Oot2,3 0 3
1= Az My 1 (O, 0) O’l‘, ma 1
0
Agﬂ mae,7 2 (1, :|:1) O?_ ma45 2
1,2
AP mass 2 | (1,0) 0‘1‘3_ ma 1
Ai ma 1
A}L’Q MaL2 2
JP =071
_ ot a _ ot
Ogr =y Tap 95y + Or- = Doy Tap D b5
- ol +io? ol —iog? 3 (3.35)
T" € IL,T+:—2 T-= 50

with a = 0,1, 2,3 and 0'%3 are the usual Pauli matrices. The operators for the case & = 0 are the
singlets and @ = 1, 2, 3 are the triplet operators for both J”-U(1)- singlet channels.

Using again the FMS mechanism to leading order, we obtain the results listed in the right panels
of Table[3.8|and

We expectin the 0" channel for both, parallel and orthogonal vevs, one massive state with the mass
of the perturbative Higgs in the SU(2)-singlet channel and in the triplet we expect three degenerate
massless states. In the 1~ channel there are four degenerate massive states with the mass of the heaviest
gauge boson in the case of parallel vevs. In the case of orthogonal vevs there is one state in the SU(2)-
singlet channel with the mass of the lightest gauge boson which also appears in the triplet channel. In
this channel there are also two degenerate states with masses of the second heaviest gauge boson(s).

In both cases this is in contradiction to the elementary spectrum (cf. left panels of Table[3.8|and3.9).

There is one interesting observation: If the vevs are parallel then the triplets in the 0" and in the
17 channel are degenerate, which one would expect due to the Wigner-Eckart theorem. However, if
the vevs are orthogonal then the degeneracy splits (at least in the 17 channel). That appears due to
the fact that in the case of parallel vevs there is still a SU(2) rotation left which can be applied to two
of the three components of the vevs. This is not the case if the vevs are orthogonal.

Of course we can construct, in analogy to Section 3.1, objects similar to baryons, i.e., states with
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open U(1) quantum numbers. An example set of these states are (o = 1, 2):

f
Ot (@) = €ij @) 925 (Du D" b)), + Oot, () = (00;(&)) 7

T
Ol = €ijk d)i b5 (D" b)), : ijl,(a) = (Oi‘, (a)) :

17 ,(a)

(3-36)

It is easy to see that if the vevs are parallel, the leading order contribution of the FMS expansion
vanishes due to the antisymmetry of the e-tensor. Therefore, we discuss only on the case where the
vevs are orthogonal. For simplicity we restrict on the case v(1) > v(2) as it is the typical situation
in GUTs. Then ma = mp12 and mpss = mper = m/y. After expanding the corresponding
correlators to leading order in FMS and in perturbation theory (similar strategy as in Appendix
we obtain the following spectrum of states with an open U(1) quantum number for the theory in
the above limit:

* 0" channel: Ground state mass of 2m  and excited states ma +m/y < 2m/y < ma+ Ma <
mg + MA.

* 17 channel: Ground state mass of m and an excited state with a mass of m/y .

Note that all these states have conjugated partners, describing the particle and anti-particle, respec-
tively.
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Lattice field theory

In the last chapter we made analytical predictions for the particle spectra for SU(V) gauge theories
with scalar fields in the fundamental and in the adjoint representation. For these predictions we
generalized the FMS mechanism, which was introduced to investigate the electroweak sector of the
standard model in a gauge-invariant manner, to theories with an extended Higgs sector. Of course
these findings need to be tested. Since we are dealing with genuinely nonperturbative objects, i.c.,
bound states, we are required to use nonperturbative methods. We will focus on the lattice method
for this purpose.

The basic setup introduced below follows closely [28,30]. We explain how configurations of gauge
and scalar fields can be generated, how masses can be extracted from lattice data and how to fix a
gauge on the lattice as well as how to compute gauge-dependent objects in order to check the FMS
mechanism in the end.

Since we show results for an SU(3) gauge theory with a scalar field in the fundamental represen-
tation of the gauge group in the next chapter, we will focus on this special case in the following.
Generalization to other gauge groups and scalar representations as well as the treatment of fermions
can be found in, e.g., [28]].

However, this chapter is far from being a complete overview of the broad topic of lattice field
theory. It should be keptin mind that we only introduce and discuss the most important techniques
used in our simulations to comprehend the results presented in the next chapter.

4.1  Gauged scalar field theory on the lattice

Our task is to discretize the Lagrangian defined in Equation as described in Sectionfor N =

3 and a fundamental scalar in Euclidean space-time for the following continuum potential:
2
V(8'¢) = —mg o'o + A (870)” . (4.1)

47
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This is done on a 4-dimensional isotropic, hypercubic lattice with lattice constant a and volume
V = L*. The resulting discretized action reads [28]

S[, Z( D Retr[l — U (2)] + ¢(z) ¢(x)

p<v

» (4.2)
A (¢(@) o(x) —1)" =k D o) U(w) p(z + ﬂ)) :

p==1

where we have completed the terms in Equation to a square, and added a constant (see below
for the for the definition of A and ). The first sum runs over all lattice sites © = (21, T2, T3, 24),
x; =0,1,..., L —1and jt denotes the unit vector in the p-direction. The first term of the action is
the Wilson gauge action with the plaquette variable U,,, (), which is a product of four link variables
U, (z) forming a closed loop, i.c.,

V(@) = Un() U@ + ) Uy + )t U ()1 (43)

and is essentially the field-strength tensor squared plus O(a?)-corrections in the naive continuum
limit @ — 0. The links are related to the gauge fields by U, (7) = exp(i a Af(x) T°), with 27°
being the Gell-Mann matrices. Thus, the links are elements of the gauge group SU(3). Note, that
U_(z) = Uplz — i)

Both, the scalar field as well as the links, obey periodic boundary conditions, i.e.,

e +vL)=¢(x) and U,(z)=U,(r+0L), Yo, pu v. (4.4)

Under gauge transformations the scalar field and the gauge links transform as

¢(x) = glw)o(x) , Uula) = g(@) Uu(2) gz + @)t g(x) €SUB) V. (45)

The Equation is clearly invariant under these transformations making the action gauge invari-
ant.

In total three parameters appear in the action (4.2): /3 is the inverse gauge coupling, ) is the cou-
pling for the self-interaction of the scalar fields, and r is related to the square of the inverse bare mass.
Those lattice parameters are related to the continuum ones by

1—2\
K

6
ﬁ = ? ) ang =
where the scalar field was rescaled by 1/+/k and the gauge field by 1/+/ making the action
dimensiozlless. In the following we will use A for the quartic coupling in instead of A. We will
only use A if confusion could arise.
The full partition function is given by

/DU¢ S04l with DIU, ¢ = (HHdU )(qub(x)), (4.7)

r p=1

A

where the gauge field measure is the so-called Haar measure which is a measure for integration over
a compact continuous group, see, e.g., [30]], and the integration over the scalar field is an integration
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over C? at every lattice site 2. Both measures are invariant under the gauge transformations and
thus, the theory is completely gauge invariant.

Evaluating the partition sum involves the computation of a high dimensional integral which can
be done efficiently using Monte Carlo techniques.

4.2 Generating configurations

The vacuum expectation value of a gauge-invariant observabld| O in Euclidean spacetime on the
lattice is given by the functional integral

— 5 [ Pde st o.q). (+5)

with Z defined in Equation . Since this expression cannot be evaluated analytically, except for
very small lattices, we use a Monte Carlo simulation to approximate the integral by an average of
the observable O computed on N sample configurations Uy, ¢(»), distributed according to the
probability distribution density

PWU,6) = 5 e SU9 DIU,¢], (49)

which is the so-called Gibbs measure. The expectation value of the observable is then given by

1 N
(0) = Jim, 52O el

In actual computations the integral is approximated by using a finite sample of configurations. The
statistical error of the observable is then proportional to 1 / V'N.

In order to generate configurations following the probability distribution P(U, ¢) oc e~ 51U!
the idea of Markov-chain Monte Carlo is used. This essentially boils down to finding a transition

probability T'(U’, ¢'|U, ¢) which leads from one configuration U, ¢ to a new configuration U’, ¢/,
and which fulfills the so-called detailed balance condition, i.e.,

TU', U, ¢) P(U,¢) =T (U, ¢ |U",¢') P(U', ¢) . (4.11)

One algorithm which fulfills this condition is the Metropolis algorithm [roo]. This method of gen-
erating configurations is the procedure of our choice The transition probability in our case is

T(U',¢'|U, ¢) = min|[1,exp(—AS)] with AS = S[U',¢'] — S[U,¢] . (4.12)

For the links we use one multi-hit Metropolis sweep, where 5 attempts are made to update one link
by standard techniques [30] before moving to the next link, and one subsequent Metropolis sweep
for the scalar field using a GaufSian proposal. We tuned the widths of the proposals adaptively to
achieve a 50% acceptance rate for both updates. After every 5 sweeps through the lattice, a reprojec-

'A gauge-variant observable would vanish identically as a consequence of the theorem in [[68]].
*Note that, a heat bath algorithm could be used for SU(3) with a fundamental scalar as well, see, e.g., [1o1]. This
kind of update can very efficiently be used if the gauge group is SU(2), see [10z] for details, or if adjoint scalars are used.
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tion step of the gauge links to SU(3) matrices is performed by a standard Gram-Schmidt procedure
[30] in order to keep rounding errors under control.

For completeness we list the changes AS of the action used in (4.12)) for both consecutive updates:

1. Change in the action for the link update: U,,(x) — Uj ()

AS = S[U", ¢] — S[U, ¢] = —g Re tr[(U,;(x) ~U,2) Y c,W(x)}
v (4.13)
2k Re |6(2)! (U (@) = Un(@)) o(a + )],

with the so-called staple

C(z) = U, (x + i) Uu(z +0) U, ()T

YU+ = 0) Uz — 9) Uz — ) . (414)
2. Change in the action for the scalar field update: ¢(x) — ¢'(x)
AS = S[U,¢'] = SIU, 6] = A|(¢/(2)1¢/(2) = 1)° = (6(2) 6(x))"]
(4.15)

+0'(2)1¢/(2) - 6(2)1o(x) — 25 3 Re | (¢/(2) = 6(2))" U (@) olw + )]

p==x1

4.3 Spectroscopy

In this section we concentrate on determining masses of bound states, as the ones described in Chap-
ter i.e., we focus on a spectroscopy calculation. The initial step for this kind of calculation is to
identify interpolators O and O such that the corresponding operators O and O' annihilate and cre-
ate states that have overlap with particle states we want to analyze. An interpolator is a functional of
the lattice fields with the quantum numbers of the state one is interested in. These interpolators are
by construction gauge invariant. Usually, ’operator’ and ’interpolator’ are used synonymoulsy.

Physically allowed states can be observed in the spectral decomposition of the correlators of these
interpolators (x4 = 1),
(O(t) O'(t)) = _(0]O]k)(k|OF|0) e~ =) B

k (4.16)
— Ae @ (t—t') Ep <1 + O(e—a (t—t") AE)) 7

where A is a constant, E'g the energy of the lowest state | B) with (0|O|B) # 0, and AE is the
energy difference to the first excited state. From the leading exponential decay we thus can extract
the energy E'p of the state.
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4.3.1 Zero momentum projection and time slice averaging

The bound states we want to study should have definite spatial momentum p. Therefore, we Fourier
transform the interpolator,

O(p, t) \/_ZO x,t)e 1 9TP (4.17)

where the sum runs only over the spatial components * = (21, %2, z3) and the momenta p are
spatial momenta with components p; = 27k;/(aL), k; = —L/2 + 1,..., L/2. Therefore, the
operator O(p, t) is located on a single time slice ¢ and is projected to a definite spatial momentum p.
Computing the correlator for definite momenta p and q yields

(O(p,t) O¥(q, ) ngeﬂ“y’%o t) O'(y, 1)) 69
(4.18)
= Ae o (=) E®) (1 +O(e 1 “AE)) p—q),

where we have used translational invariance in the spatial coordinates giving rise to the -function
enforcing p = ¢, and where E(p) = /m? + p?, the relativistic dispersion relation, with m being
the physical mass of the state and thus E/(0) = m.

In order to increase statistics, we can make use of the time translation invariance of Equation (4.16)
or (4.18) and perform time slice averaging [92]. For operators with zero spatial momentum (O(p =

0,t) = O(t)) this method yields the correlation function C'(t) given by

L—

Z ) Ol (t+1')),
= % Z (o)~ (o)) (01t + 1)~ (O + 1)) )

(4.19)

where we subtracted the vacuum contribution (O(t)) from the correlator, i.e., we only consider the
connected contributions (- - - ). of the correlator. This is necessary since states with the quantum
numbers JF¢ = 0" mix with the vacuum, which has exactly these quantum numbers, and thus

adds additional noise to the correlator.

4.3.2  Variational analysis

One is often interested in computing excited states. This can be done by considering not only a single
correlator, but by computing a matrix of cross correlators

Ci;(t =7 Z OJr t+t )> , (4.20)

for a set of IV basis interpolators O;, ¢ = 1,2,..., N, all with the quantum numbers of the state
one is interested in. One can show that the eigenvalues i (%) of the correlation matrix behave as
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[T03H103)]
A(t) oc =0t B (1 + O(e_“tAEk)> k=01, . N—1, (4.21)
where AEj s the distance of Ej, to nearby energy levels. Usually the generalized eigenvalue problem
Ct)v = A1) Clto) v, (422)

is solved for ty < t. The eigenvalues behave again as in Equation (4.21) but the amplitude of the
correction term is typically smaller. Due to the normalization at one time slice ¢, the contributions
from higher states are suppressed and the signal is therefore improved.

If the number of different interpolators is increased, the method improve if all interpolators have
good overlap with the eigenstates of the system. The information about the overlap can be retrieved
from the eigenvectors v.

The energy levels are extracted as

A ()

aEk(th%) Zlnma

(4.23)

where the ground state energy Fj is usually called effective mass, i.e., Fy = M.

Since all our fields appearing in the action obey periodic boundary conditions, the propa-
gation in t and (L — t) of all our states O is identical and thus we fit the eigenvalues or correlators
to

Ak(t) = A,(:) cosh (a E,gl) (t— L/Q)) + A,(f) cosh (a E,(f) (t— L/2)> : (4.24)

where we take into account a possible excitation of the level £, since heavier states still can contribute
for small values of ¢ to this level after the variational analysis. The energy levels are then extracted from

the fits.

4.3.3 Smearing of the fields

In most theories short distances are entirely dominated by quantum effects. Therefore, using opera-
tors which are evaluated on a single lattice site are strongly afflicted by these quantum fluctuations,
which increases the noise. One is able to substantially improve the signal of correlation functions by
smearing the fields. The typical smearing procedure replaces gauge links by local averages over paths
connecting the endpoints of the link. Since smearing is gauge covariant, operators with different lev-
els of smearing can be used to construct a basis for a spectroscopical analysis as discussed before. There
are several methods on the market such as APE, HYP and stout smearing. For a general overview see

[30].
In our case we apply stout smearing to the gauge links according to the procedure described in

[106]]. We choose this approach due to fact that with this method a projection back to the gauge
group is not necessary. The new link after one stout smearing step is

U () =@ U, (x), (4.25)
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where ), () is a hermitian and traceless matrix which is constructed from staples (4.14), i.c.,

Qule) = 3 (2u(@)! — 0(0) — 3 [ 0) — % ()])
26
- (ZIO#V Cul/(x)T> Uu(x)T ) =)
vEu

where we set p4 = pa, = 0, p;j = p since we want to measure correlations in the Euclidean time
direction and thus only spatial links are allowed to be smeared. In all our simulations we set p = 0.1,
see [106]. Of course, this procedure can be iterated. Therefore, the new link after (n 4 1) stout
smearing steps is given by

U (@) = 9D UM (2) (427)

The scalar field is APE smeared in our case. After (n + 1) APE smearing steps the field is then
[ro7]

S+ (1) = < )+ Z [U(” Wz +p)+ UM (@ — ) o™ (z - ﬂ)}) ; (428)

p=1

where the n-times stout smeared links U, ,S") () enter in the smearing procedure of the scalar.
During our analysis up to 10 smearing steps have been performed for operators with the quan-
tum numbers of the vacuum. Usually 3 to 4 smearing steps have been used for the simplest vector

operators discussed in Chapter

4.4  Gauge fixing on the lattice

In order to compute the propagators of elementary fields we need to fix a gauge. Without this pro-
cedure those propagators would be zero as a consequence of the theorem in [[68]]. We are interested
in the elementary propagators since, in the end, we want to check whether the FMS mechanism pro-
duces correct predictions.

We again restrict the discussion on how to fix a gauge on the lattice to the case where we have the
gauge group SU(3) as well as a single scalar field in the fundamental representation.

We fix locally to the Landau gauge in our lattice calculation, which is given by 9,A4,, = 0 in the
continuum. It can be shown that this condition is equivalent with finding the minimal value of the
functional

Ul = —a® ZRe tr[g(z) K,[U](z)] , with

4 (4.29)
= Z (UH(:U) 9@+ )" + Uu(z — ) g(z — /l)T> ;

p=1

on the lattice for fixed U, () as a function of g(x). Since there is more than one local minimum, i.e.,
Gribov copies [74]], it is assumed that unique gauge fixing is accomplished by randomly selecting a
Gribov copy for every configuration U. Therefore, this prescription averages over all minima when
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one computes correlation functions. This procedure is called minimal Landau gauge (108} 1o9].
There are several methods on the market to minimize this functional, see, e.g., [Iro]. We choose
the stochastic overrelaxation method in our study [10]. Generally the overrelaxation algorithm op-
timizes the value of F,[U] locally, i.e., minimizes Re tr[g(z) K, [U](x)] for all lattice sites 2. Let us
discuss the solution to this optimization problem first for the gauge group SU(2) and then generalize
the results to the SU(3) case: For SU(2) the normalized product

9(x) Ky[U]
et [g(m) Kg[UH

wyK](x) = \/d € SU(2), (430)

is alocal solution of the optimization problem. One now iteratively applies this solution to the gauge
field configuration as
w,[K](x)1)? g(x),  with probability p
gla) = § KICP) o) vichprobabitieyp (430
wy[K](x)" g(x), withprobabilityl —p

where p € (0, 1). In our simulations we adaptively tuned the probability p in order to find as closely
as possible the optimal value for every parameter set such that the number of iterations becomes as
small as possible.

For the case of gauge group SU(3) one can use the Cabibbo-Marinari trick to iteratively operate
in the three SU(2) subgroups [im]. We also apply reunitarization using the method of maximal trace
as described in [z].

This algorithm allows for a so-called checkerboard decomposition, where we perform the trans-
formations on the even and odd sites separately.

The iteration stops if the quantity eg(¢) defined as [1ro]

(@) - &)’

L
wlt) =5 3D " with

v=1 c=1 z,=1 v (4'32)
. 1 L 4
G=7 LGl wnd Qi) =33 A,

is smaller than some value €. In our simulations we usually set € = 10~13. However, this quantity
is expensive to measure. Therefore, we linearly extrapolate the number of iterations until the next
measurement of eg(t) to the desired accuracy e. The advantage to use this quantity in contrast to
others is, that it is sensitive to long-wavelength fluctuations [ro]].

To accomplish the 't Hooft-Landau gauge condition of Equation we have to fix also the global
direction of tlge scalar field. We want to perform a global gauge transformation such that the space-
time average ¢ of the scalar field point into some direction 7:

¢ o1
g W =n with ¢= v Z ¢(r) and g€ SU@3), (433)
where we set n; = 9, 3 as discussed in Chapter We use two consecutive SU(3) rotations, where

the first transformation rotates the first component of ¢ to zero and the second one implements the
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rotation such that the vector points into the third real direction as desired. With this procedure g can
be constructed from the average ¢. See Appendixfor the derivation and detailed expressions.

This global gauge transformation is then applied to the scalar field ¢(x) for all x. Of course, the
links get transformed accordingly, i.e., U, (z) — g U,(x) g7, again for all 2. With this the gauge is
now completely fixed on the lattice to a so-called minimal ’t Hooft Landau gauge.

4.5 Propagators of gauge variant quantities and running coupling

In this section we define all the lattice propagators of the gauge-variant quantities, which are com-
puted on the gauge-fixed configurations according to the procedure described in the last section.
We also give a definition of the corresponding Schwinger functions of the propagators. Further, we
mention how the running coupling is computed.

4.5.1  Gauge field and scalar propagator

We compute the propagators or correlation functions of the elementary fields in momentum space.
Therefore, we directly Fourier-transform the gauge and scalar fields rather than first computing the
propagators first in position space and afterwards Fourier-transforming the result. But first, the gauge

field A, has to be extracted from the link U ,:

Apulz) = ﬁ <Uu<“’) B U“@)T) traceless (434)
= L (U) = Ul — e[V (0) — U @)])

The Fourier transformation of the gauge and scalar field is done by [z9]
1 < Pu . 1 :
A = —¢ 2 E e '*PT A (r) and = — E e 'MPTg(x) .
M(p) \/V . M( ) qb(p) \/V . ¢( ) (4 35)

with the lattice momenta p,, = 27k, /(aL), where k, = —L/2+1,...,L/2, n = 1,2,3,4,
and due to the periodic boundary conditions of the fields in position space, they are also periodic

in momentum space, and therefore only the momenta k, = 0,1,..., L/2 are independent. The
lattice momenta £, are related to physical momenta p by

R 2 . /p 2 . /7

Pu = o sin (f) = sin (Z ku) ) (4.36)

The gauge-field propagator is given by the expectation value

D (p*) = (Al(p) AS(—p)) , (4.37)

where the components of the gauge fields are obtained from Af, = 2 tr[A,, T*]. Due to the isotropic
lattice, we can take the trace over the Euclidean Lorentz-indices. Further, the propagator is diagonal
in the adjoint indices if we are in the BEH regime, see Chapter and if we fix the gauge as described
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in Section These considerations yield the gauge-field propagator

Z<AC AS( >, c=1,2,....8. (4.38)

For the scalar propagator we split the field ¢ into its real and imaginary parts and use the notation

¢ = \/Li (¢1 + i, 3+ 104, 5 +1 ¢6). Then we define the propagator as

Dij(p*) = (6i(p) ¢5(-p)) , 4,5 =12,...,6. (4.39)

Again, in the BEH regime and in the minimial ’t Hooft Landau gauge this propagator is diagonal,
ie., Dj; (pz) =D, (pz) d;j. Due to the analysis performed in Sectionf3.fjwe expect, for the vev-choice
n; = 0;3, that only the propagator D5 (p2) behaves like a massive propagator and the remaining
ones correspond to the propagation of massless particles in the Landau gauge.

4.5.2 Definition of the renormalization scheme

Before continuing with the remaining propagator, we need to define a renormalization scheme for
the scalar propagator D (p2) . To this end we follow [[13]. We assume that the renormalization of the
propagator can be done as in the perturbative case [3]]. Thus, there are two renormalization constants:
The multiplicative wave function renormalization Z; and an additive mass renormalization dm?.
This yields the renormalized scalar propagator in minimal ’t Hooft Landau gauge,

1
Z; (p*+mi?) + 10 (p?) + om?2

D:<p2): i:1727"'767 (4'40)

where m} is the renormalized mass of the i particle and II; (p?) is the corresponding self energy

which is obtained from the unrenormalized propagator (4.39)) as

I, ?) - L2

(4.41)
D; (pQ)
Thus, the self energy measures essentially the deviation from the tree-level propagator, i.e.,
Y ——— (442
p*+ 11 (pQ)
Note, that the tree-level mass m; is implicitly included in the self-energy.
The scheme we use to fix the renormalization constants is
Di(y*) = ———  and 4Di) =, (443)
w m; dp p2=p2 (MQ + m]zr )

m

where 1 is the renormalization scale. Therefore, the renormalized propagator and its derivative are
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given by their tree-level values at p* = /2. Solving those equations for Z; and dm? yields

(2
2 dp

and  om? = p? +my® dIL(p?)
, ! 2u dp

— IL(1?) . (4.44)

2— 2,2

pr=p pT=p

The renormalization constants are determined numerically by linear interpolation between two phys-
ical momenta along the z-axis, with the value of y inside the interval (p1, p2). The derivative of the
self-energy is obtained by analytically deriving the linear interpolation between the momenta points.
We only choose values for 4 such that 0 < p1 < 1 < P2 < 2/a.

At this point we want to mention that for the gauge boson propagators the additive mass renor-
malization vanishes since an appearance of such a counter term in the theory would be inconsistence
with the gauge symmetry.

4.5.3 Ghost propagator

Due to the minimal Landau gauge condition, a ghost term to the gauge-fixed action is introduced
and thus a propagator G for the GrafBmann-valued ghost fields ¢* and & can be defined [3]. It can

be derived from the Faddeev-Popov operator Mz, y), which for linear covariant gauges is in the
continuum given by M (z,y) = -0, Dzb (y), with Dzb (y) = 09 94 + gfabe A (), as

G (x,y) = (e(x) d(y)) = (M (2,9)) (4.45)

which is diagonal in the adjoint indices: G = §% G, At tree-level, the propagator in Euclidean
spacetime is given by

1

Ga(pQ) — p—2+§ (Mi)a )

(4.46)

with (Mi)a being the a™ entry of the diagonal gauge boson mass matrix. Therefore, in ’t Hooft
Landau gauge, where ¢ — 0, the propagator behaves as 1/p? at tree-level, i.e., the propagator of a
massless particle.

On the lattice the Faddeev-Popov operator can be derived from the inverse of the Hessian of the
functional defined in Equation (4.29)). Itis a linear combination of gauge links mixed with the gen-
erators of the gauge group, see, e.g., [114]. A conjugate gradient method is usually used to invert the
Faddeev-Popov operator as described in, e.g., [115]]. Details on how the ghost propagator is computed
can be found in [59].

4.5.4  Schwinger functions

Having now the propagators defined, one can evaluate the so-called Schwinger functions. Quantities
such as masses and widths as well as the analytic structure of the elementary fields or particles can be
extracted from these objects. The Schwinger function is given by

A(t) = L /0 ) dps cos (pat) D(p]) , (4.47)

™
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for a field with propagator D (pz) . Note that, the propagatorD (pi) is evaluated at zero spatial mo-
mentum, as is indicated by the argument p3. The lattice version of this function is given by [116]

1 L-1

2
A(t):m—L cos( WLZM t) D(pi) , t=0,1,...,L—1, (4.48)
pa=0

where the sum extends over the whole momentum range including the parts of the propagator re-
produced by periodicity.

For a stable particle with pole mass m and an Euclidean propagator (p* + m?)~!, the Schwinger
function is

A(t) = L ogme, (4.49)

- 2m
Therefore, an exponential decay is expected in Euclidean time for a massive, stable particle. Beyond
tree-level the analysis is more involved but also gives insight into the decay widths of the particles.
We refer for an analysis thereof to [109].

4.5.5 Running coupling
Using the gauge field propagator and the ghost propagator the running coupling o’ can

be computed for every value of b = 1,2, ..., N? — 1. In a momentum subtraction scheme in four
dimensions it is given by (109, 1r7-120]]

a®(p?) = S a(i?) G* (0%, 1®)? D* (0%, 11%) | (4.50)

where p is again the renormalization scale. Note that, this is a renormalization-scale invariant com-
bination.

The running coupling is computed in the so-called minimal momentum subtraction scheme [1z0].
We determine the running coupling to see whether the system we focus on is weakly coupled or not,
and thus if the lowest order of gauge-invariant perturbation theory is applicable or not.
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SU(3) lattice gauge theory with a fundamental
scalar

In this chapter, we discuss the lattice results of an SU(3) gauge theory with a scalar field in the fun-
damental representation of the gauge group. This is a special case of the various theories discussed in
Chapter[|

First we discuss how the phase diagram of this theory is obtained and show in which regions Brout-
Englert-Higgs physics or QCD-like physics dominates. Next, the physical spectrum, i.e., the spec-
trum of gauge invariant and thus observable particles, is examined. The last section of this chapter is
dedicated to the test of the Frohlich-Morchio-Strocchi mechanism. It contains a brief recapitulation
of the predictions of Section 3.1 for N = 3, as well as a detailed comparison of the spectra of the
gauge-variant and gauge-invariant states.

Some of the results shown here have been published in [[65}166]].

5.1 Phase diagram of the theory

Since the breaking pattern in our case is SU(3) — SU(2) and thus the gauge group is not fully bro-
ken, the Osterwalder-Seiler-Fradkin-Shenker construction [54; 1z1] does not apply. Therefore, this
theory may or may not have separated phases and a possibly rich phase structure. We expect (at least)
two regions of the phase diagram: Due to the non-Abelian nature of our theory defined in Equation
(4.2), a region where QCD-like physics takes place and due to the Higgs sector we also expect a re-
gion with Higgs-like physics. Since we are especially interested in a situation with a perturbatively
accessible Brout-Englert-Higgs effect [56}[58}59}88]] we scanned the phase diagram using the quantity

(22
<w=<%2am

with ¢ being already defined in Equation (4.33). Of course, this quantity is gauge dependent, and thus
we fix to minimal ’t Hooft Landau gauge gauge described in Section to compute this expectation
value.

The two-point function (¢(z)¢(y)), appearing on the right-hand side of Equation (5.1), drops
exponentially with the distance [z — y|, i.e, exp ( — |z — y|/£), where { is the correlation length.

>:%Z@mwm, (51)

59
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Figure s.1: Two examples for <q32> as a function of the inverse lattice size L. The red
triangles show a constant behavior signaling a Brout-Englert-Higgs effect, and thus being
a point in the Higgs-like region (HLR) of the phase diagram. The blue diamonds go to
zero in the infinite volume limit. Therefore, this parameter point belongs to the QCD-

like region (QLR) of the phase diagram.

Therefore, <<52> behaves approximately as

()~ - 52

In the Higgs-like region the system is strongly correlated, since there exists a preferred relative orien-

tation of the scalar field. This means that { — o0 in the infinite volume limit, and thus <q32> Voo

const. > 0. However, in the QCD-like region the correlation length is finite and thus (%) ~

1/v L= 0,

We show examples for these two different types of behavior in Figure There, <<;_52> is plotted for
two different lattice parameter sets as a function of the inverse of the lattice size L. The red triangles
show an example of a parameter point which belongs to the Higgs-like regime since the quantity
is essentially constant. For a second set of parameters (blue diamonds) the observable <g§2> goes to
zero for L — 00 and the parameter point thus corresponds to the QCD-like phase.

To scan the phase diagram quickly, we performed simulations for V' = 44 6%, 8% and 124 lattices
for randomly distributed parameters 3, k, and A. We measured the quantity defined in Equation
on 1000 gauge-fixed configurations for each random parameter set and lattice size. Then, the volume
dependence of this observable was used to decide to which region the parameter point belongs to.

This procedure yields the phase diagram shown in F igure We neither did check or need in what
follows if the two regions are separated by a genuine phase transition and are really distinct phases.
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Figure 5.2: The phase diagram of the theory. The red dots show a Brout-Englert-Higgs
effect in minimal ’t Hooft Landau gauge, putting them in the Higgs-like region, while
the blue triangles do not, meaning that they are in the QCD-like region of the phase
diagram.

For large values of &, i.e., large negative tree-level masses and thus a steep potential, a Brout-Englert-
Higgs effect is observed in this gauge. Whereas, for small values of x there is mainly no Brout-Englert-
Higgs effect present.

For small values of 3, i.e., large values of the gauge coupling g, larger values of x are needed to get
a Brout-Englert-Higgs effect, since bosonic fluctuations force the system into the symmetric phase.
Also, for larger values of 3 and smaller values of A a Brout-Englert-Higgs effect can be observed (see

lower left corner in the QLR of Figure , which has also been observed in [59] for the SU(2) case.

5.2 Physical spectrum

In this section, we present results on the gauge-invariant and thus physical spectrum of the SU(3)
gauge theory with a scalar field in the fundamental representation. We use the methods described in
Chapter |4}, especially the updates described in Section |4.2} to create configurations, and the proce-
dures described in Section[4.3]to perform the spectroscopy.

We usually perform 300 4 10 L updates to drive the system into equilibrium. Between the mea-
surements of the observables we drop 3 L configurations for decorrelation. We also performed sev-
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eral independent runs with different random number seeds for each parameter set to further reduce
correlations. The integrated autocorrelation time for the plaquette is Tyt =~ 1/2, i.e., close to the
minimal value, for the parameter sets we analyzed. Therefore, no significant correlations between
subsequent measurements of observables are detected. We usually studied V' = 84,124,164, and
20 lattices to perform a finite-size analysis of the resulting masses in several quantum number chan-
nels. We typically have O (105) configurations at hand to compute the correlation functions. The
errors of the correlators are computed throughout by a standard Jackknife procedure, and for sec-
ondary observables we use the method of error propagation unless stated otherwise.

s.2.1  Definition of interpolators

Before we show results for the spectroscopic analysis, we first define the interpolators used for this
purpose. The interpolators we measured in our simulations are listed in Table[s.1land carry the quan-

Table s.1: List of interpolators used for our spectroscopic analysis. Definitions of the

objects D,,, L,(}), L,S ), and L( ) can be found in the main text. We perform a zero-
momentum projection for all interpolators.

Name Interpolator Jgg)

05T 1 t ++
0% (t) 15> oz, t) oz, 1) 0g
o (1) 0% (t) 0% (1) 0g

3
0% (1) LY Y Reul[U,(z )] 0+

o x p,v=1,u<v

2 ) 5 Yo, t) D, oz, t) 1y~

15~ ogf 157 _

2% () O ()0, (1) 1,

__ 3 __ _ _

5 1) 2 (o <wh®ﬁmu> 15
oy, ) & ZImL (2, 1) 1y~
05, (1) ﬁzlm L (z,1) 1y~
Oy (1) &S Im LY (z,t) 15~

++ 3 —— ——

0 (1) X O, () Ory, (1) 0f*
M=

020 (t) %ZRCU’[ 12 Zt +U23(m t)—QUlg( )} 28_+

%

~
~
SN—
hl_.

=1

i tr[Un (2, ) Uy, t)] 0, "
HAVFEYFE

) AT 3 [asz( +0), (D, D, D, ) (@) 0fF
OF () #T X e [0:(0,0) (DD, O] @) 1

V=

~
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tum numbers Ji© %, where the lower index is the quantum number of the custodial group U(1), as
already described in Section 3.1} The parity transformation P acts on the fields as

oa.t) Bo(-a.t) . o@D o(—w,),
Up(—2,1) , for pu=4

)

and charge conjugation C transforms the fields as

o(x) S o), d@) S o), Ule) S Ule) = (U)) . 4)
The custodial U(1)-group acts on the scalar field ¢ only and dresses the field with a phase, i.c.,
o(z) ﬂ el ¢(x), where @ € [0, 27), and analogously for the Hermitean-conjugate field,

o) 2 e g(a)t,

The parity P, the charge parity C' (using the transformations defined above), and the total angular
momentum .J, are assigned to the interpolators by their transformation properties under the octa-
hedral symmetry group Oy, which is the discrete symmetry group of an isotropic lattice. A method
on how these quantum numbers are assigned to the interpolators according to the irreducible repre-
sentations of the octahedral group can be found in, e.g., [123] and [rz4].

Note, that we only use the ’spatial’-directions ;t = 1, 2, 3 for the operators, since we are interested
in the propagation of the state in Euclidean time-direction 1 = 4.

In Table|s.1several of the interpolators can be viewed as bound states of the scalar and the gauge
bosons in the language of a naive constituent interpretation (we only discuss the ’atomic’ interpola-
tors here):

(T .
* 0" describes a two-scalar bound state.

157, . . .
*+ 0;f, isagaugeboson dressed with two scalar fields. The gauge bosons appear in the lattice
version of the covariant derivative defined as

U(x) ¢(x + f1) — Up(z — )" ¢(z — 1)
5 :

D, ¢(x) = (s.5)

o+t
* 03" isascalar glueball.

15~ . . .
* O,5%.6,, are vector glueball interpolators as defined in [123]. Several definitions are needed to

define the spatially summed quantities L}(},z,g) from Table These quantities are built from

the Wilson loop operator

W) = e[ Up() Ul + 1) Uy + 200) Uy + i + 9)' o
5.
< Uz + ju+9) Uz + & + p) Uy (@ + ) Uy(g;)f] ,
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and linear combinations thereof,

Lfl,ll/)p =Wiptvao T Wapv—p + Wo iy + Wi,
Woirvp =W = Woporip = Woponp

LI(I?V)F? = Wiptvtp T Wipgw—p + Wipvip = Wipon—p
AW prvip + Wepiop = Wepvp = Wy

LB — | N S (A |

wvp
AW epiiip = Wi+ Wiy = Wy

(5.7)

where we skipped the spacetime argument x for brevity. The last step is to build the following
linear combinations of Equation (i5.7)) to build the interpolators that give the vector represen-
tation, J = 1, and negative parity P:

1 1 1 1 1 1

L(l) = (ng)z + L§3)2 ) Lg3)1 + L(21)3 > Lg1)2 + L§2)1> )
2 2 2 2 2 2

L® = (ng)s + Li(’)Q)l ) Lé3)1 + L§3)2 ) LZ(%I)Q + L§1)3> ) (5.8)
3 3 3 3 3 3

L¥ = <L§2)3 + Lé1)3 ; Lg?))l + L:(az)1 ) L:(ﬂ)z + L§3)2> :

Taking the imaginary parts of these quantities yields interpolators with negative charge parity
C. Itis trivial to construct a vector glueball interpolator with other P and C' quantum num-
bers from the definitions given above [123]. However, we are particularly interested in the 1, ~
glueball for reasons illustrated in the next subsection where this quantum number channel is
discussed.

—+ ++ .
« 0% and O% area pseudo-scalar glueball, and a tensor glueball, respectively, see [89]].
++ 17 . .
- 0% " and O,' are the only interpolators with an open U(1)-quantum number. The con-
tinuum versions are discussed in Section |3.1and the lattice versions are located in Appendix

Having defined the interpolators of our choice for the spectroscopy, we now can look at the phys-
ical, gauge-invariant spectrum of the theory.

s.2.2 Spectroscopy results

In what follows, we focus on a set of parameters in the Higgs-like region, since our main target is
to test the analytical predictions of the FMS mechanism in the end. We choose a point close to the
boundary of the two regions of the phase diagram given by 8 = 6.85535, k = 0.456074, A =
2.3416. This choice is motivated by the simulation results of the SU(2) theory, where the smallest
lattice spacings, i.e., the largest cutoffs, have been found [89]. Results for different sets of lattice
couplings are listed in Table|E.1/in Appendix@

Asalready mentioned, we perform simulations for four different lattice sizes: V' = 84 with 320000
configurations, V' = 124 with 240000 configurations, V' = 16* with 120000 configurations, and
V = 20* with 190000 configurations.

In the following, we investigate individually all the quantum number channels which are listed
above.
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0g " channel

In this channel, we perform a variational analysis as described in Subsection We use a set of five
operators from Tablels.1|as basis interpolators:
b,

where the number in the brackets of the lower index denotes the smearing levels of the operators.

++ ++
00 00

ot ot ot
{01,(10) ’ 027(10) ) 03,(10) ’ 04,(4) ’ 04,(5) (5-9)

04" ogt . . .
The operators O,° and O,° , which contain only scalar fields, are smeared ten times as they are

statistically very noisy due to the fact that the vacuum carries the same quantum numbers. For the
+

of . .
same reason, we smear the glueball operator O,° ten times. However, we smear the interpolator
g P 3 P

o4t L Tos — .
0,° , which is built form two 1~ operators, four and five times.

Solving the generalized eigenvalue problem (4.22)) for the cross-correlation matrix, built from the
set (5.9)), yields the energy levels as a function of Euclidean time. This is shown for several lattice

volumes in Figure

A (t) 15t level, V amess = 0.55(1)
A(t+1) | 0 15t level, V = 12%: amegs = 0.65(1)
1.8 15t level, V = 16%*: amess = 0.70(1)
1.6/ O 15% level, V = 20%: amees = 0.67(3)
1.4y v 2™ level, V = 20%: amee = 0.[90(10) |
1.2} 1
1.o0f VT G
- ‘17 ------------- NF---
0.8 g PO
o.6f L
4.
0.4}
0.2} 4
0.0}
-0.2}
1 2 3 4 5 6

t

Figure 5.3: Result of the variational analysis for the ObH'. The firstenergy levels are shown
for the V = 8% 124, 16%, and 20? lattices, whereas the second energy level (green tri-
angles) is only shown for the largest volume for a clear display. The dashed lines are ob-
tained by double-cosh fits of the eigenvalues. The lowest fitted energy values are listed
in the legend as effective mass.

We plot the energy of the lowest state (ground state), for each volume, and the second energy
level (first excited state) for the largest volume. The effective masses and their errors, listed in the
legend of Figurels.3} are obtained by fitting the the mean, upper, and lower value of the eigenvalues

"We also performed our analysis with more operators in the basis set. However, the results did not improve substan-
tially and therefore we do not show them here.
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by a double-cosh, see Equation (4.24]), for each volume. The resulting fit parameters are listed in
Table in Appendix Note, that due to the large fluctuations of the correlation functions from
connected contributions at large Euclidean time ¢, we do not show data points for ¢t > 6.

InF igure the volume dependence of the ground state mass is plotted. We see that this state has
a rather strong dependence on the lattice size. Nevertheless, a fit of the lattice masses as a function
of the volume, amg+ (V) = amg:+ + 0 e V., can be performed and gives the grey error band
(see Table[E.4)in Appendix[E]for the numerical Values) We conclude that the dimensionless ground
state mass in this channel is amgs+ = 0.68(2) which is below the 2 amy - threshold, i.e., the elastic

threshold, as it can be seen in the discussion of the 1, channel.

The next-level state has an approximated mass of am; ., ~ 0.9(1) which is almost compatible
0

with the 2 am,—- = 0.78(2) state expected from the process 0f " — 15~ + 15 . However, more
statistics for all volumes would be helpful to make a definite statement. Of course, with the available
methods we cannot definitely say if this state is a resonance or a scattering state. A Liischer finite
volume scaling analysis 125} 126]] would be necessary to make a definite conclusion.

rel rel

The next expected states are the ones with mass 2 A+ and with 2 amy++ + p*®, where p
is a relative momentum (a state with relative momentum is discussed below). However, this state
is relatively heavy and only noisy signals around this region have been found and thus no definite
results are available yet.

0.60¢
0.55} o 15t level: amess = 0.68(2) ¢
0.50¢
0.45¢
i L i i
20 16 12 1/L 8

Figure 5.4: First energy level of the 03‘ T channel as a function of the inverse lattice size.

The grey bands are the error bands obtained by fits of the lower and upper bounds of
the masses (see Tablein Appendix. The extrapolated mass is amgr+ = 0.68(2).
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1, channel

We use again a variational analysis but this time with a basis of six interpolators (see Table[s.for their
definition), i.e.,

15~ 1,

2u(3) » Qo)

03

3,1,(3) 7

Ol

3,1,(4) } ’

where the smearing levels are indicated in the brackets of the lower index of each operator. We did

{01 @ O,

L,1,(3) 7 Y Lp,(4)

, O (5.10)

. ) 177 1o 17, .
not include the vector glueball interpolators 0470# s 05?” ,and 06?# in the basis, since they are too
noisy even for the largest used smearing level as can be seen from the effective masses in the first three
panels in Figure However, those states are very high up in the spectrum and thus it is a justified

assumption that they do not alter the infrared spectrum of the theory.

In A (t) 15t level, V = 8% : amees = 0.42(1) |
A(t+1) | 0 15t level, V = 12%: amess = 0.39(1) |

1.8; 15t level, V = 16%: amess = 0.39(1) 1
1.6 O 1% level, V = 20%: amees = 0.39(1) |
1.4 i 7 27 level, V = 20%: amees = 1.03(2) |
1.2 Tl oo ¥
1.0} Ty
0.8}
0.6}
0.4 “Tre==zgy----- \‘i‘f ----- Sty e
0.2} TR e
0.0t = <§
-0.2}

Figure 5.5: Result of the variational analysis in the 15~ channel. The first energy levels
are shown for the V' = 8%, 124, 16, and 20* lattices, whereas the second energy level
(green triangles) is only shown for the largest volume for a clear display and for ¢ < 6.
The dashed lines are obtained by double-cosh fits of the eigenvalues except for the small-
est volume where we used a single-cosh fit. The lowest extracted fitted energy values are
listed in the legend as effective mass.

In Figure we show the energy levels obtained from the variational analysis with the cross-
correlation matrix built from the basis interpolators . The lowest energy level is shown for each
lattice volume. Asin the previous discussion the second energy level is only shown for the largest vol-
ume and for ¢t < 6. Again we list the effective masses in the legend of this figure, which are obtained
by the same fit strategy as in the O " case. The fit parameters can be found in Table in Appendix
[El

The ground state has almost no volume dependence, hence the infinite volume extrapolated ground

state mass is amy - = 0.39(1), see Figureand Table Hence, the singlet vector state is lighter
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than the singlet scalar state, i.c., My < Mg+ for the investigated set of bare lattice parameters.

Aeff
1.3} 05" + 17 + rel. mom.
1.2} T
L 05 + 15
7
1.0} A A i
0.9}
0.8}
¢ 1 level: ames = 0.39(1)
0.7¢
A 27 Jevel: amessr = 1.02(3)
0.6}
0.5}
0.4} & & & <
0.3}
1 1 1 1
20 16 12 1/L 8

Figure 5.6: First and second energy level of the 15~ channel as a function of the inverse
lattice size. The grey bands are the error bands obtained by fits of the lower and upper
bounds of the masses (see Table[E.4in Appendix[E). The dashed blue lines are the ex-
pected masses of the next-level states amgr+ +am, - and p™! + amgt+ +amy-—,
where p*®! = (27/L,0,0). The extrapolated masses are am, - = 0.39(1) for the

ground state, and amn’__ = 1.02(3) for the second level.
0

Next-level states are expected at a mass of amgi+ + am,-—, and at 3 am, - for the processes

1y = 00"+ 15 and 15~ — 1,7 + 15~ + 15 respectively. Additionally, one can find states
with relative momentum as p® + amgs+ + amy -~ and P+ 3 am, -~ This is possible since the
zero-momentum projected operators in Table[s.jallow for two-particle states where the particles have
equal and opposite momentum. The energy levels £ can be extracted from [123)]

3
sinh? (M) = sinh? (%) + Zsim2 (% /€Z> ; (5.11)
i=1

where Mgy, is the mass of the two-particle state and the relative lattice momentum is pret = 27k, /L,

ki = —L/2+1,...,L/2. In the continuum limit this equation turns into the familiar energy-
momentum relation £ (p) = y/m? + p2.

The ordering of the states depends on the value of the masses of the Of ™ and 1~ states. For
the parameter set we study, the amgs+ + am, -~ state should be the lightest next-level state, since
amgg+ + amy-- = 1.07(3), and 3 am,-— = 1.17(3). Besides the ground state, we also show
in Figure the volume dependence of the second level (blue triangles) with its error band as well
as the expected next-level states amy+ + am, - and prel + amgg+ + am,-— (dashed blue lines,
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rel __

upper and lower bounds) with p** = (27/L,0,0), i.e., the smallest possible relative momentum.
It seems that the mass of the second state is consistent with the expected 0§ * + 1, ~ state and is not
in agreement with the state including relative momentum. All other energy levels are too noisy to
comment on them.

0y ", 15~ and 2§ glueballs

Here we show the spectroscopy results of several glueball states. All the results shown below share
one feature, the signal is very noisy which makes it rather hard to perform fits in order to extract
masses of the states. Furthermore, all the masses seem to be well above the lowest lattice mass in the
spectrum, i.e., above am; .

C (t) C (t)
lnm nC(t 1)
+ +
& 5.0
3.5
4.5
3.0 4.0
3.5
2.5 @
® 3.0
2.0
JES= 05" 5= 28" 2.5
1.5 v = gt m v = 8t 2.0
= 4 = 4
Ov=12 ove=12 1.5
1.0 v = 16% v = 16*
1.0
o v =20 O V = 200
0.5 0.5
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t t

Figure 5.7: On the left-hand side the effective mass of the pseudo-scalar glueball is shown
as a function of Euclidean time. On the right-hand side the effective mass of the tensor
glueball is plotted. For both, the results are shown for V' = 84 124, 16%, and 20* for
10-times smeared fields.

Figureshows the effective masses of the O * pseudo-scalar glueball on the left-hand side and
the 24" glueball on the right-hand side as a function of Euclidean time for several lattice volumes.
We do not show data points fort > 3 and ¢t > 2 respectively, since these regions are dominated by
noise even though we used 10-times smeared operators.

The effective masses in both channels are around Mg+ R AMgtt R 2.0, i.e., above the lattice
cutoff. These approximate masses are of course just crude estimates.

We also performed a variational analysis with sets of different smeared operators in these channels.
However, this procedure did not improve the signal substantially and therefore we do not show the
results here.

ome, but not all, possible decay channels for the two states wi e available channels are:
S but not all, possible decay channels for the two states with th lable channel

» 0y " channel: two 1, ~ in a p-wave

- 24 channel: two 0§ * in a d-wave

two 1, ina s-wave

17 and 17 ina s-wave
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The masses in both channels are compatible with the last option at both points, i.e., a decay in 17~
and 17 in an s-wave (see below). Nonetheless, this is very speculative since more statistics and
more operators including better overlap with the decay channels would be needed to make precise
statements. Of course, another option is that those signals are just lattice artifacts.

C (t) C (t)
C(t+1) C(t+1)
3.5 .5
3.0 .0
& 8
2.5 .5
2.0 .0
ah= 157 (M) IH= 157 (L®)
1.5 v = 8% v = 8t 1.5
Oov =124 1 Ov =124
1.0 v = 16 v = 16 1.0
v = 20* v = 204
o.5p © © 0.5
0.5 1.0 1.5 2.0 2.5 0.5 1.0 1.5 2.0 2.5
t t
C (¢t)
C(t+1)
3.5
3.0
8
2.5 3
2.0
TH= 157 (L)
1.5 v = 8%
Ov= 124
1.0 v = 16%
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Figure 5.8: The three panels show the effective masses of the 15~ glueballs L(1), L(2)
and L®) asa function of Fuclidean time ¢ < 3. The results are shown for V = 8%, 124,

16, and 20 for 10-times smeared fields.

In Figure [s.8| we show the effective masses of the three 1, glueballs, LW, L@ and L®), for
V = 8% 124, 16* and 20* lattices. As before, we do not plot the whole time region in all the plots
due to the large fluctuations of the correlators and thus the effective masses. The results are shown
for 10-times smeared operators as before.

Even though the signals are again noisy we deduce that the effective masses of the three 1, glue-
balls are approximately 7-times larger than the extracted ground state mass in this channel, and thus
well above the lattice cutoft. As already argued in the discussion of the 1~ channel, they do not
alter the ground state and thus the infrared spectrum, since they are too high up in the spectrum to
generate any significant contribution.

We are well aware that the effective mass plateau of three points which are still inclined, are prob-
ably still contaminated by excited state contributions, and higher statistics would be needed.
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011 and 157 open U(1) channels

Finally, we study quantum number channels with an open U(1) quantum number, i.e., the 0Z; and

157 states. These states are stable since the global custodial quantum number is conserved.

In Figurewe present results for the effective masses of the 01 (left plot) and 15 (right plot)
channels for different lattice volumes. In both channels we performed a variational analysis with
different smearing levels of the corresponding operators: In the scalar sector the basis consists of 6-
to 10-times smeared interpolators, whereas in the vector sector we included 8- to 10-times smeared
interpolators in the basis. The effective masses[|of both states are listed in the legends of the figure

and the corresponding values from the fit are given in Table[E.4lin Appendix@

A (t) 15t level, V = 8% 15t level, V = 8% : amess = 0.87(1) 1n A (t)
A(t+1) O 1% level, V = 12¢ O 1% level, V = 12%: amess = 0.75(5) A(t+1)
4.0
15t level, V = 16% 15t level, V = 16%: amg = 0.67(1) {1.8
3.5 O 1% level, V = 20*: amee = 2.0(1) O 1% level, V = 20%: amess = 0.95(5) |1+6
1.4
3.0 1.2
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1.5 + 0.4
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Figure 5.9: On the left-hand side the effective mass of the Oif state is shown as a function
of Euclidean time ¢ < 3. On the right-hand side the effective mass of the 17| state is
plotted fort < 6. Forboth, the results are shown for V' = 84 124,16, and 20% lattices.
The dashed lines in the left and right panels are results of single- and double-cosh fits,
respectively.

The scalar sector is dominated by noise and only the points for ¢t < 3 are reliable. The mass in this
channel is roughly amgt+ ~ 2. Of course this is only a coarse estimation and larger statistics as well

as larger lattices can alter the result.

The vector channel is not so much dominated by noise and thus, more time slices can be used for
the fit (t < 6). However, from V' = 8*to V' = 16 the effective mass seems to drop but for the
largest lattice slightly rises again. Again, more statistics could still change this behavior. Nonetheless,
we estimate a mass of am, - ~ 0.8(2).

Besides increasing the statistics also including more operators can have an impact on the result
in both cases. For future studies also the lattice version of the operators (3.11) and (3.12)) discussed in
Subsection3.1.2]should be included in the basis for a variational analysis.

*Note that, m++ = m++ , i.e., particle and anti-particle states. Thus the effective mass given in the left-hand side
+1 —1

of Figureis the mass of the particle and anti-particle. Certainly, the same is true for the 1 ;" channel.
3 Apart from the issues with the ground state, the amount of statistics used here was not enough to extract higher
energy levels.
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5.3 Test of the Frohlich-Morchio-Strocchi mechanism

This section is dedicated to test the Frohlich-Morchio-Strocchi mechanism for the SU(3) gauge the-
ory with a fundamental scalar on the lattice. We first recapitulate the predictions of this mechanism
which is already discussed in Section 3.1 for this special theory. Afterwards the spectrum of gauge-
variant quantities, i.e., elementary field propagators are presented. The comparison between this
spectrum and the physical spectrum, as examined in the previous section, concludes this section.

5.3.1 Predictions from the FMS mechanism

Specifying the gauge group to SU(3) the following physical states are predicted according to the FMS
procedure (see Subsection : In the 0 channel there should be only one ground state with the
mass of the elementary scalar field my,. The ground state in the 15~ channel has either the mass of
the heaviest gauge boson M or the mass of the Higgs my,. For the next-level state it is the other way
around. However, the inequality My~ < Mg+ must hold. The ground state mass of the open
U(1) states is for the scalar and the vector state 2 m 4. The next energy level is predicted to be at

2ma + My. The phyiscal (gauge-invariant) as well as the gauge-variant spectrum for this theory is
summarized in Table

Table s.2: This table is a special case of Table

Left: Gauge-variant spectrum of an SU(3) gauge theory with a single scalar field in the
fundamental representation. We set the direction n of the vev to n; = 9; 3.

Right: Gauge-invariant (physical) spectrum of the theory. Here my, denotes the mass
of the elementary Higgs field, My is the mass of the heaviest elementary gauge boson
and ma the mass of the degenerated lighter massive gauge bosons. We assign a custodial
U(1) charge of 1/3 to the scalar field ¢. The column ’next-level state’ lists the masses
of possible additional bound states or resonances, see the discussion in the main text
and in Appendix[Bl Whether these states are indeed bound states or resonances or only
nontrivial scattering states can not be decided here. Trivial scattering states are ignored.

elementary spectrum gauge-invariant spectrum
JP | Field Mass Deg. | U(1) Op. Mass Nextlevelstate Deg.
ot h my 1| 0 0% my . 1
+1 0% 2ms 2ma+ M,y 1)1
1= | A2 0 3 | 0 00 My - 1
AT my 4 | £ 0 2ma 2ma+ My 1/1
A3 My

We focus again on the lattice parameter set 3 = 6.85535, k = 0.456074, and A = 2.3416 for

our investigations.

5.3.2  Spectrum of gauge-variant quantities

In order to check the predictions above, masses extracted from the elementary field propagators need
to be computed, i.e., the spectrum of the gauge-variant theory needs to be determined.
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For this purpose we use for the 84 lattice 16000, for the 124 lattice 12000, for the 164 lattice 4700,
and for the 20* lattice 5500 gauge-fixed configurations. We fix to the minimal ’t Hooft Landau gauge
as described in Section to measure the propagators.

Let us now focus on the propagator of the gauge bosons D¢(p?) = <AZ (p) AZ(—p)>, c =
1,2,...,8, defined in Equation (4.38). The lattice momenta p,, = 27k,,/ L are along the links, and
along all possible diagonals of the lattice, i.e., (k,0,0,0), (k, k,0,0), (k, k, k,0), and (k, k, k., k),
k=0,1,...,L/2.

P
p°(p?) | © 3
p O pert. massless (c = 1-3) O pert. massless (c = 1-3) 1.2 H

O pert. massive (c = 4-7): amesr = 0.33(1) A pert. massive (c = 4-7) ,:%

2 i s _ )

1o 4 ¢ pert. massive (c = 8) : amess = 0.37(1) ¢{ pert. massive (c = 8) a

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Ipl Ipl

Figure 5.10: Plot of the gauge-boson propagators on a 20% lattice for the 3 perturba-
tively massless modes (black circles), the 4 degenerate perturbatively massive modes (red
squares), and the heaviest mode (blue diamonds) as a function of the absolute value of
the physical momentum [p| on the left-hand side. The dashed lines are results of the fits
described in the main text. On the right-hand side the data points are divided by the
corresponding fitted values as a function of |p| and thus shows the quality of the fit.

On the left-hand side of Figure we show the propagators, evaluated on a 20* lattice, of the
perturbatively 3 massless modes (¢ = 1, 2, 3, black circles), of the perturbatively 4 degenerate massive
modes (¢ = 4,5, 6, 7, red squares), and the perturbatively heaviest mode (¢ = 8, blue diamonds).
Those are plotted as a function of the absolute value of the physical momentum |p| = /D, P, see
Equation (4.36). The degenerate modes are averaged over to improve the statistics.

The dashed lines are fits according to

Z[ A P’
De(p?) = 2 + A2 , ¢=123,
(") p2<Vp4 (ame)” + b2 p? (1+d21np/+2A)7> C (5-12)

A
Dc p2 —
( ) p?+1In (p2 + b2)d + (amc)

c=4,5,...,8,

2

where Z are wave function renormalization constants and am¢ is the effective mass in lattice units.
The first term in the first line is a pure finite-volume effect. The logarithmic corrections of leading
loop-corrections are taken into account for both cases. A list of the fit parameters can be found in
Tablein Appendix@ Also fits with the tree-level propagators have been performed but those fit

functions did not resolve the UV-behavior well. Only for coarser lattices, i.c., larger am, - masses,
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the tree-level form is a good fit ansatz at least for the massive modes. Those larger masses dominate,
such that the logarithmic corrections only play a minor role, see [[65]].

The effective masses extracted for the different sectors are listed in the legend of the figure for the
20* lattice. The fitted effective masses for the perturbatively massless modes are indeed very small
and comparable to zero. This suggests a Coulomb-like behavior, although corrections deep in the
infrared may still alter this.

On the right-hand side of Figure the data points are divided by fitted values for every mo-
mentum [p|. The deviation from the value 1 gives access to the quality of the fit for each mode. For
the massive modes the fit according to shows only small deviations from the data for the whole
momentum range, whereas larger deviations for the massless modes are visible for smaller momenta
and are getting smaller for larger momenta.

The extracted masses from the fits for ¢ = 4, 5, 6, 7 (red diamonds) and ¢ = 8 (green triangles) are
shown in Figure[s.fjas a function of the inverse lattice size L. The extrapolated infinite volume values
arempa = 0.32(1) for the 4 degenerate massive and M, = 0.36(1) for the heaviest gauge boson, see
the legend in the figure and Table[E.4] The ratio of the lighter and heavier massis m, /Mx = 0.89(5)
which is in good agreement with the tree-level ratio of \/ﬂ ~ 0.87, see (3.4). Together with the
(almost) masslessness of the propagator in the unbroken sector this implies that the spectrum of
the elementary fields coincides with the one expected from perturbation theory, especially of three
massless and five massive states.

AMeff

$ pert. massive (c 4-7): amess = 0.32(1)

8) : amess = 0.36(1)
0.42;

0.40¢ 4)
0.38; LL
0.36 A 1}3

0.34}

0.32} +

0.30¢

0.44¢ \\ pert. massive (c

i 1 i i
/L B
Figure s.11: Masses of the 4 degenerate massive (red diamonds) and the heaviest (green

triangles) gauge bosons as a function of the inverse lattice size L. The grey areas are the
corresponding error bands obtained from a fitto am + ae™? V. see Table

We also computed the Schwinger functions A°(t), ¢ = 1,2,...,8, as described in Subsection
along the lines of [[89]]. Again, Schwinger functions where degeneracies are expected, i.e.,
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c=1,2,3,and c = 4,5,6,7, are averaged over. [{| The resulting effective masses obtained from
In A¢(t)/A°(t + 1) for different lattice volumes are given in Figure[s.12] The errors are computed
from the propagators by the method of error propagation. The top left panel shows the effective
mass as a function of Euclidean time for the heaviest mode, the top right panel the effective mass of
the 4 degenerate massive modes, and the remaining panel shows a plot of the effective mass for the 3
degenerate massless modes. Due to the relatively large error bars for the massive modes fort > 6, we
do not show those points here.

From the maximum values of the effective mass curves one can deduce the masses for each volume.
The results are given in the legend of each plot. Of course, the errors are still too large and more
statistics is needed to make a final statement. But the trend is clear and the obtained masses are in
agreement within the large error bars with the ones obtained from the fits of the propagators with
the functions defined in (5.12)). Furthermore, the effective masses of the particles in the unbroken
subsector (¢ = 1, 2, 3) tend to go to zero for V' — o0.
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Figure s.12: Effective masses from Schwinger functions for the heaviest mode (top left
panel), the 4 degenerate modes (top right panel), and the 3 massless modes (bottom left
panel), for 84 124,164, and 20* lattices. The masses in the legends in each panel are
obtained by taking the maximum value of the functions for each volume.

In the scalar sector we computed the renormalized propagators of the real components of the scalar

field D} (pz) ,0=1,2,3,4,6, as described in Subsection and We choose the arbitrary di-

*These expected degenerate states overlap within error bars.
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Figure s.13: Wave function renormalization constant (left panel) and mass renormaliza-
tion constant (right panel) for the perturbatively massless and the massive modes as a
function of the inverse lattice size for ap = 0.85.

mensionless renormalization scale to be ayt = 0.85 for each propagator. Under the assumption that
the pole scheme works [[60} 113] we set the renormalized masses m" to am™ = A+ for the per-
turbatively massive propagator (¢ = 5) and to am® = 0 for the perturbatively massless propagators
(1 = 1,2,3,4,6). The degenerate massless renormalized propagators are averaged over to increase
the statistics.
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Figure s.14: Perturbatively massless and massive scalar propagators for a 20 lattice and
for apr = 0.85. The renormalized masses are am”™ = 0 for the (averaged) massless mode
and am’ = am++ for the massive mode.

0

In Figurethe computed renormalization constants Z; (left panel) and dm (right panel), more
precisely sign(dm?) (|om? — (am®)?) V2= 1,2,...,6, are plotted as a function of the inverse
lattice size. For both renormalization constants finite volume effects are clearly visible for the smallest
volume. For larger volumes the values for the perturbatively massless (black circles) as well as for the

massive (red squares) modes converge to constants relatively fast.
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Having determined both renormalization constants, the renormalized propagator D; can be com-
puted. The resultis shown in F igure where again both, the perturbatively massless (black circles)
and massive (red squares) modes are shown. Both propagators show the expected behaviors, namely
the ones of a massless and a massive propagator.

In order to extract the effective masses, Schwinger functions need to be computed. Unfortunately,
the statistics is too low at this point and thus the error bars too large to extract the effective mass from
the Schwinger functions. Therefore, no results on this are presented here. However, in [59] []it is
shown that the effective mass is of the order of the renormalized mass as long as the renormalized
mass is large enough. Thus, by adjusting the renormalized mass one can control the effective mass to
almost every value desired.

a® (p*)
ac (u?) (O pert. massless (c = 1-3)

[0 pert. massive (c = 4-7)

$ pert. massive (c = 8)

0.05 g & % @ 2 2 0®
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Figure s.15: Renormalized running coupling for the three different sectors. The renor-
malization has been performed such that the couplings agree with the perturbative one
for large momenta, see [59)] for details. The lattice couplings are in this case 5 =

10.05222, k = 0.420352, and X = 0.717362.

Finally, we show the renormalized running coupling o (p2) Ja“ (,uQ) for the different sectors in
Figurels.1s} The perturbatively massless sector (black circles), the sector with the 4 degenerate massive
modes (red squares), and the sector with the heaviest mode (blue diamonds). The massless modes
behave QCD-like as expected, since these modes live in the unbroken non-Abelian subsector. All
the modes show perturbative behavior in the UV and vanish for large momenta, even though not
visible due to the small lattices and thus small lattice momenta. The couplings stay relatively small
throughout the whole momentum range, signaling that the tree-level expansion in the FMS mecha-
nism applicable.

sAn SU(2) gauge theory with a fundamental scalar was used there.
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5.3.3 Comparison between the spectra

From the findings of the previous subsection and the predictions of the gauge-invariant physical spec-
trum, we are able to check the predictions of the FMS mechanism explicitly now.

In the 0§ © channel we found one stable state with a mass of amor+ = 0.68(2) which is the one
that we expect to find from the Schwinger function of the renormalized scalar propagator. However,
more statistics is needed to accomplish this. The remaining states in this channel are high up in the
spectrum and most likely scattering states.

AMeff
0.45¢

Vector channel
$ gauge variant : amess = 0.36(1)

/\ gauge invariant: amessr = 0.39(1) l{l
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Figure 5.16: Effective masses of the singlet vector channel obtained from the gauge-
variant propagator and from a variational analysis of gauge-invariant operators as a func-
tion of the inverse lattice size. The discrepancy of the infinite volume extrapolated values
is discussed in the main text.

In the 15 channel we extracted a ground state lattice mass of am, - = 0.39(1). The mass
extracted from the heaviest gauge bosonis aM s = 0.36(1). The volume dependence of these masses
isshown in Figure According to the FMS mechanism those masses should be equal but thereisa
slight discrepancy between them. There are several explanations for that: First, the FMS prediction,
see Equation relies on the smallness of the Higgs fluctuations and on the applicability of standard
perturbation theory. Of course, nonperturbative effects could explain this deviation even though the
running coupling is relatively small but probably still slightly large in this case, see Figure

Another possibility is that this discrepancy of the masses could stem from finite volume and dis-
cretization effects. We observe that the larger the mass of the lightest state i i.e., the larger the lattice
spacing a is and thus the larger the physical volume is, the better is the agreement with the vector bo-

son mass, see Figure[s.17]and [65]].

®Which is the singlet vector state mass in our case.
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Figure 5.17: Ratio of the heaviest vector boson mass M and the ground state mass in the
1y~ channel, m, -, as a function of the lattice mass am, —-. The points are obtained
0 0

from simulations at points in the phase diagram in the Higgs-like region, see Table
The dashed line is the FMS prediction.

Lastly, also the infinite volume extrapolation we used, see Table does not take into account
that the broken sector of the theory still interacts weakly with the unbroken sector, i.e., the sector of
massless particles. The extrapolation we used does not take this into account and more sophisticated
fitting procedures could change the results slightly.

The open U(1) quantum number channels, i.e., the 0Zf and 15 channels, still suffer from too
low statistics. The extracted ground state of the vector state would be consistent with both, the
ground state, 2 amy = 0.64(2), and the predicted next-level state, ama + aMa = 1.00(3) since
amy .- ~ 0.8(2). The scalar state has a mass of amgt+ ~ 2.0(1) and is relatively high up in the
spectrum. Thus, we neither can confirm nor disprove the FMS prediction in these channels. Never-
theless, these masses are smaller than one would naively expect from a simple constituent model.

In Figure we summarize our findings in the singlet vector channel for all the simulations we
performed for points in the phase diagram where the system is in the Brout-Englert-Higgs phase,
see Table In this plot the dimensionless ratio of the vector boson mass My to the singlet vec-
tor mass 77, -~ as a function of the lattice singlet vector mass am-- is shown. The dashed line at
My/ my-— = 1 reflects agreement with the FMS prediction in the vector channel. All in all, a good
correspondence to the FMS prediction is found in particular for larger lattice spacings a, i.e., larger
lattice masses of the singlet vector state, and thus larger physical volumes. For smaller masses finite
volume effects are expected to play a role.
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The confirmation of the FMS mechanism for this theory makes us confident to apply and even-
tually confirm this mechanism for theories with scalars in other representations, as discussed, e.g., in
Section 3.2} using the same strategy as discussed here.



Chapter 6

Conclusions

In this thesis, we first studied an SU(N > 2) gauge theory with a scalar field in the fundamental
representation of the gauge group in Section3.1] This theory exhibits an additional global U(1) cus-
todial symmetry. In a standard perturbative treatment the gauge group breaks ’spontaneously’ to
SU(N — 1). While the number of massless as well as the number of massive gauge bosons increase
with increasing IV, the number of Higgs bosons remain the same. In fact only a single massive Higgs
boson is predicted. This is the spectrum of gauge-variant, elementary and thus non-observable fields.
Applying the FMS prescription to gauge-invariant bound states in distinct quantum number chan-
nels reveals that the observable, physical spectrum only consists of one massive U(1)-singlet vector
state with the mass of the perturbative heaviest gauge boson, one massive U(1)-singlet scalar state
with the mass of the perturbative Higgs, as well as two U(1)-non-singlet scalar states and two U(1)-
non-singlet vector states with masses of (N — 1) times the mass of the perturbative lightest, non-
massless gauge boson. On top of that a variety of next-level states is predicted which are resonances
and/or additional bound states as well as trivial scattering states.

The case of an SU(NV) gauge theory with an adjoint scalar field is due to its structure more involved
than the case with a fundamental scalar as presented in Section The reason is that there is no
unique breaking pattern anymore. There exist | [V/2] different breaking patterns which are given by
SU(N) — S(U(P) x U(N — P)) for P < N. Thus, the complexity of the spectrum of elementary

fields for these kind of theories increases rapidly with increasing V.

We focused for most of the time on Z-symmetric theories. Therefore, gauge-invariant operators
can be classified in Z5 even and odd states. The predicted spectrum from gauge-invariant pertur-
bation theory depends on the actual physical realization of the theory as discussed in Appendix@
However, we predicted always two massless vector states for N > 2. For N = 2, all Z even vector
operators vanish identically, and thus only one massless vector state is predicted. We discussed the
cases N = 2, 3,and 4 in detail. We elaborated different breaking patterns for N = 3, 4 and discussed
the effects of a Zj breaking term in the potential for the SU(3) case. The spectrum of scalar states
depends on the breaking pattern and whether there is a Zy symmetry or not.

Having explored the cases with only a single scalar field in the fundamental and adjoint represen-
tation of the gauge group, we studied structures with multiple scalar fields as well.

Based on the arguments of gauge-invariant perturbation theory the usual construction of SU(5)
as an extension of the standard model would be ruled out already on structural grounds as a possible
candidate for a grand-unified theory, see Section even if it would not be ruled out for quantitative
reasons (33, 127, 128]]. Besides the actual particle spectrum, our investigations demonstrate that, for
instance, the computation of a possible proton decay has to be rethought.

81
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We also studied an SU(3) gauge theory with two different fundamental scalar fields in Section
The spectrum of the theory depends on the alignment of the two vacuum expectation values.
The breaking pattern is SU(3) — SU(2) — 1 if they are non-parallel and SU(3) — SU(2) if
they are parallel. We used the multiplet structure of the SU(2) x U(1) global custodial group for
the construction of the gauge-invariant, physical states. We again found discrepancies between the
spectrum of elementary fields and the spectrum of the bound states using the FMS mechanism for
the two breaking patterns.

The predictions for the gauge-invariant physical states can be checked using non-perturbative
methods. Of course, once the mechanism has been established, analytic predictions for other the-
ories can be made with similar ease, and confidence, as in ordinary perturbation theory.

Checks of the FMS mechanism have been made for the SU(2)-gauge-Higgs sector of the standard
model [58, 59} |65]]. Hints of a massless vector state as predicted by the mechanism for an adjoint
scalar with gauge group SU(2) have been found in [[98] in an exploratory lattice study for small
lattice volumes.

In this work, we checked this mechanism for an SU(3) gauge theory with a fundamental scalar
equipped with a custodial U(1) symmetry using lattice methods in Chapter[s] We first performed a
scan of the phase diagram of this theory searching especially for regions with a Brout-Englert-Higgs
effect.

The spectrum of gauge-invariant states has been computed using spectroscopic methods as out-
lined in Chapter[4] Especially, we analyzed the scalar and vector U (1)-singlet and U(1)-non-singlet
states, see Section Those are the states for which we predicted ground state as well as next-level
state masses using the FMS mechanism. We presented results for the effective masses of these states
for a distinct lattice parameter set.

Then, we determined the gauge-variant spectrum by analyzing gauge-fixed configurations and
extracting the poles from fits to the gauge-boson and the scalar propagators in Section The prop-
agators showed good agreement with the expectations from perturbation theory. Also, the gauge
interaction remained weak in the broken as well as in the unbroken subsector over the whole mo-
mentum range we studied, signaling that gauge-invariant perturbation theory is applicable.

Our results support the predictions of the FMS mechanism, including non-trivial relations be-
tween the masses in different channels.

Of course larger volumes, larger parts of the parameter space, and higher statistics is needed to
improve the support in the non-singlet channels and will also help to substantiate our findings in
the singlet channels. Also multilevel algorithms [1z9-131] could help to reduce fluctuations of the
correlation functions.

However, the qualitative features of the spectrum are already in agreement with the predictions,
and this makes it somewhat unlikely that quantitative corrections will be able to alter the result sub-
stantially. We could show that standard perturbation theory fails to predict the correct spectrum and
only the FMS mechanism in gauge-invariant perturbation theory fixes this and predicts the correct
spectrum of states.

The findings from our simulations are important since the FMS mechanism has been applied and
confirmed for a theory where a conflict between the spectrum of elementary fields and the spectrum
of gauge-invariant, composite states arises. This will probably have impact for current and future
candidates for beyond the standard model theories with a Brout-Englert-Higgs effect and could rule
out some of them [63]. Especially, we could show that the standard constructions of GUTs do not
work since the gauge-invariant spectrum of these theories do not provide the necessary low-energy
spectrum of the standard model. The only possibility to overcome this problem, is to enhance the
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global symmetry group of the theory, and thus adding more scalar fields, such that more gauge-
invariant, observable states can be constructed. This procedure might yield the correct low-energy
spectrum at least in the bosonic sector.

A next logical step, besides continuing checks on the lattice, would be to investigate current can-
didates for beyond the standard model physics, including also the fermionic sector along the lines of
(5657, 162]], to see whether conflicts arise for some of them as well. This does not need to be the case,
as the explicit example of 2HDMs shows [[64], but may happen as have been seen here. It would
also be desirable to further develop the tools designed here to allow a quicker assessment of which
theories may harbor conflicts, and which not.
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Appendix A

The structure of the state space

When considering the adjoint case in Sectionan additional complication arose.

This complication arose in the following way. In the fundamental case, every gauge orbit is either
only zero field, or belongs to an orbit with symmetry group SU(N — 1), as always a gauge trans-
formation exists which rotates a given scalar field locally into a vector with only a single non-zero
component. These two distinct classes are called strata, and the corresponding symmetry groups,
SU(N) for zero scalar field and SU(N — 1) otherwise, are the little groups [93]. Thus, in this case
there is only a single special orbit, the vacuum, and all others behave in the same way.

When moving outside this case, the situation becomes more complex. In the following the SU(3)
case with an adjoint scalar field will be used as an example, and the most general case has not yet been
solved in a constructive way, to the knowledge of the author. Note, however, that the ranks of the
little groups, and thus the size of the Cartans, play an important role in determining the number of
different little groups [[93].

In the general case, there are not only two strata and little groups, but more. For instance, for the
SU(3) case with adjoint Higgs there are three: SU(3), SU(2) x U(1),and U(1) x U(1). Any value
of the Higgs field can have only one of these little groups as invariance groups, and the set of all such
orbits is again the corresponding stratum of the little group. Thus, there is no gauge transformation
moving a value of the Higgs field from one stratum to another, and belonging to a stratum is a gauge-
independent statement. Thus, corresponding gauge-invariant quantities to state this fact exists, these
are merely the invariant polynomials of the group and the representation [[93]]. For instance, Equation
yields to which stratum a field locally belongs for the SU(3) case.

There is now a twist to this group-theoretical problem in a field theory. The distinction is local.
The scalar field is a field, and its value changes from point to point. Especially, a scalar field can
belong to any stratum at different space-time points. Thus, the distinction is not meaningful in a
global way. Still, because a gauge transformation acts on the Higgs field locally, this feature is again
locally gauge-invariant. Thus, the function locally characterizes in the example the stracum of
the scalar field.

Likewise, it is possible to characterize the space-time average of any scalar field configuration by
the stratum to which it belongs. This will be independent under global gauge transformations.

The question is now how this affects the main part of the text.

First of all, this does not affect perturbation theory. Because perturbation theory is a small field
expansion, perturbation theory will stay inside a given stratum, by definition, as the characterization
in terms of invariants is discontinuous [[93].

However, this is a problem when attempting to fix the gauge beyond perturbation theory.
If the vector 3§ belongs to a given stratum, and the Higgs field at a point  belongs to a different

8s
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stratum, then the term [¥, ] vanishes at this point. [| Thus, at this point the gauge condition
degenerates to the covariant gauge condition. However, the gauge was chosen such that the gauge
condition rotates the space-time average of the Higgs field into the direction of ¥y, which is part of a
fixed stratum. This is impossible, as noted above, if the average of a gauge orbit belongs to a different
stratum. Thus, the gauge condition is not fulfilled on this gauge orbit. Instead, the orientation
within the stratum is not affected, and thus ultimately still an average over the directions inside the
stratum is performed, yielding again a zero expectation value for this gauge orbit. Hence, on such a
gauge orbit the gauge condition degenerates into the covariant gauge condition.

The path integral therefore decomposes into a sum of distinct parts. One contains the orbits for
which the gauge condition in terms of the space-time average can be fulfilled, and the remainder con-
tains the strata where this is not the case, and the vacuum expectation value vanishes. Consequently,
the vacuum expectation value will still be the desired one, as the second part does not contribute,
provided the measure of gauge orbits in the first part is not of size zero.

Unfortunately, this implies also that it is not possible to distinguish between strata using expecta-
tion values. Though, e.g., Equation is gauge-invariant, its actual value is determined by weight-
ing the value for every gauge orbit by the exponentiated action, and averaging over the orbits of the
different strata. Its expectation value is therefore possibly continuous throughout the phase diagram
of the theory

For the calculation of the spectrum using the FMS mechanism this has the following consequence.
Given the arguments above, the vacuum expectation has still the same direction. However, fields
belonging to a different stratum do not have a small fluctuation around this vacuum expectation
value. Thus, for correlators holds, symbolically,

<O($)OT(Q)>= DIA] ’D[¢]O($)OT(y)eiS[¢,A]
/ selected\s/tratum

(A.1)
+ [ Do) 0 ) @

other strata

= (O(z) O'(y)), + (O(z) O'(y)).,

i.e., it decomposes into two correlators, of which one is meaningfully expendable (index €) around
the vacuum expectation value, while the other is not (index n). The latter can, in principle, have any
arbitrary pole structure, since no meaningful perturbative expansion is possible.

For the purpose of the main text there are two possible sets of assumptions for proceeding:

* There are no non-trivial (non-scattering) pole structures in the second correlator, and thus the
pole structure of the first term, determined using the FMS expansion, completely describes
the physics. This does not imply that if the physical spectrum differs for different choices of
expansion strata this gives rise to a physical distinction. The different results are not changing
the multiplicity, and the change can come about by gradual degeneracies.

"Note that the global Zs symmetry, if not explicitly broken, is broken by the gauge condition, yielding a diagonal Z»
subgroup.

*This is not necessarily so. But there is always also the QCD-like phase, which technically belongs to the full group,
as no direction is preferred. However, the corresponding stracum has measure zero, it is only the vacuum, and it can thus
not arise by any other means than cancellation.
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* The second correlator harbors the pole structures which would be obtained when fixing the
gauge based on the other stratas. Then the physical spectrum would be obtained by the union
of all spectra obtained by using the FMS mechanism around every possible vacuum expecta-
tion value.

At the current time we do not have arguments in favor of either possibility. It is quite possible that
this is dynamically decided. Note, e.g., that if the global Z; parity is explicitly broken, the absolute
minimum always favors the maximal little group for SU(3) [93]. Thus, it is entirely possible that if
the potential spontaneously breaks this global symmetry the first case may be appropriate, and then
only one of the strata contributes to the spectrum, and otherwise the second. This will require a full
non-perturbative investigation of the spectrum and the phase diagram to understand better. In the
main text we therefore discuss all possible spectra.
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Appendix B

Analysis of open U(1) states

In this appendix, we sketch the computation of the bound state spectrum regarding operators with
open U(1) quantum numbers for a Higgs field in the fundamental representation. We again choose
the convenient gauge in which n; = d; . In order to keep the computation transparent, we intro-
duce the following abbreviations for the gauge fields,

wa (A0 XF
A, =AST = <X§ ZZ) . (B.1)

The matrix Ag is the (N — 1) x (N — 1) submatrix containing the ((N — 1)* — 1) massless
gauge fields, Ag = Aj T with T the generators of the SU(N — 1) subgroup. The abbreviation
X:[ contains the gauge fields in the N % column of A,, except for the N th element, thus forming an
(N — 1) component complex column vector

X;r,l ! AI(LN71)2 _ iAl(thl)QH
Xi o ANP=3 _j AN?-2

and X = (X hy )T. The fields X7 and X encode the 2(NV — 1) degenerated massive gauge
bosons with mass m,. Finally, Z L is a short cut for the N x N element of A, given by Z L =

—% V2/N Aljj =1 and encodes the heaviest gauge boson with mass M.

With this reformulation of the gauge boson matrix, itis straightforward to analyze the spectrum of
the operators in the open U(1) channel. Starting with the vector operator (3.11), we obtain in leading
order in the FMS expansion,

N
; v V1 UN-2
O’fl_ =19 (E) €irin My (A, n)i2 (F™, n)y ... (FV2F n)iN +0(p).  (B3)

In order to obtain the elementary field content of the gauge invariant operator, we have to compute

the components of the SU(V)-vectors A* n and F*” n. They read,
X+
o (5). o
o
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and
O X — 0, X;f Al Xh+ Xt 2
Fuyn:(guZ’ d, Z), )+219< v ;i'[Xﬁ[u ]> : (B.s)
I v

The right-hand side of Equation is nonvanishing, only if the (N — 1)-tuple (2,3, ..., in)
is given by (1,2,--- , N — 1) or a permutation of these numbers due to the antisymmetry of the

epsilon tensor and n;, = ;, n. Neglecting for a moment the contribution from the commutator
of I, O%_ contains schematically the product X T Xy ... X of the (N — 1) different fields
1

stored in X T at leading order in the FMS expansion.

Computing the propagator and employing the simple constituent model, we predict at tree level
that the mass of the operator is given as the sum of the masses of the (N — 1) elementary massive
gauge fields, m,— = (N — 1)ma.

Moreover, the investigated operator contains an excitation at mass m;_ = (N — 1)mp + M.
This can be seen from the last term in Equation coming from the commutator of the two gauge
fields in F},,. From this additional term, we can read of that the correlator of the gauge-invariant
bound state operator also contains at next-to-leading order in the gauge fields the propagation of the
different (N — 1) fields X" and an elementary gauge boson which is either one of the massless gauge

fields stored in A0 or the heaviest gauge boson described by Z’. For M < my,, the latter predicts
the first next- level state of O“ In case My > my, this state will be either a trivial scattering state

of the ground state with the bound state of the scalar singlet or a resonance which can decay to the
ground state and the bound state of the scalar singlet, (17)* — 17 + 0f.
As the operator O!_ is build from F'* 1 precisely (N — 2) times, we get similarly excited states
1

with mass (N —1)ma +2My, ..., (N —1)ma + (N —2) M as we have schematically X+ (X++

A X+ 4 X+ 7 ') V72 These are trivial scattering states (or might be resonances) of the ground
state (or its first excitation) and the vector or scalar singlets regarding the U(1) independent of the
relation between my, and M. For instance the state with mass (N — 1)mpa + 2My can be viewed
as a scattering state of the ground state of O’f _ and two ground states of O’f .

In addition, the next-to-leading order contribution in the FMS expansiog ~ ¢ contributes also to
the spectrum with mass (N — 1)ma + my, but s likely to be always a trivial scattering state of the
ground state of O“ and O“ within our first order approximation.

In full analogy, the ground state spectrum as well as the higher excitations of the scalar operator
with open U(1) quantum number 001+, see Equation (3.12), can be derived. The ground state has

mass (/N —1)ma and possible additional particles might be encoded in the next-level state with mass
(N — 1)mA + My for Mp < my,.



Appendix C

Global gauge transformation for the space-time
averaged scalar field

In this appendix, we give the exp_licit form of the transformation matrix responsible for rotating the
space-time averaged scalar field ¢ into the third real direction for an SU(3) gauge theory with the
scalar transforming in the fundamental representation of the gauge group.

We start with Equation (4.33) and express the total transformation g as a sequence of two consec-
utive SU(3) rotations, i.e.,

952929152”7 g1, 92 € SU(3) , (Ca)

where n = (0,0, 1) and without loss of generality we assume a normalized vector | ¢ | = 1. The
first transformation g; has the task to rotate the first component of ¢ to zero:

. 9" at 0\ (¢ 0 _ ) )
g0= =) (@) 0f | o) =) =d |a'[+][a[ =1 (Ca)
0 0 1 b3 %

The second transformation g, then rotates the second component of ¢’ to zero:

) 1 0 0 0 0 ) i .
pd =10 g g | |dh]=(0]|=¢ [o|+|n[ =1 (Cy
0 —(93%)" (93" A o4

Solving these equations for the matrix elements g;*™ with the normalization constraint gives the de-
sired transformation matrix g. To summarize, the following steps have to be performed:

1. Normalize ¢,

ol=1

2. Compute
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3. Compute
1 mm [65]*\] " Im 3
Regi'! = ——— |Re [¢ 1+m—_3 | 11 _ m73R 117
o= [ ()| e e

‘(233‘2 (C.s)

12 o (9%1)** 11

Gy" = —— P295 -

T s e

4. Construct g = g5 g1 from the previous steps.

5. Apply the global gauge transformations to the scalar and gauge fields:

o) = go(x) , Udz) = gUulz)g" . Va,pu. (C.6)



Appendix D

Lattice

versions of the open U(1) operators

Here we show the explicit lattice versions of the operators with an open U(1) quantum number

mentioned in Section for an SU(3) gauge theory with a fundamental scalar.

* Scalar operator

3
161L3 Z Z €ijk i, 1)

x pr=1

x (Uu(x,t) d(@ + 1,t) — Un(z — i1, 1) d(x — 1, t))

J

7N N
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* Vector operator: u = 1,2,3

X (Ul,(x, ) Uy (x +D,t) ¢p(x + 20,1)

+ Uz —0,t)U,(x—20,t)" p(x — 20, t))



Appendix E

Data and fit tables

In this appendix, we collect all the parameter sets of the phase diagram points were we performed
simulations for different lattice sizes in order to obtain data for spectroscopy and for propagators of
gauge-variant fields. Additionally, we list the fit parameters which we obtained and which are used

in the figures shown in Sectionand.

E.1  Numerical values

Here, we provide the numerical values for the ground state energy levels in the vector singlet channel
in lattice units am -, the mass of the heaviest vector state aM 4 also in lattice units, and the average

plaquette defined for gauge group SU(3) as

Up = ﬁ > ) Retr[U ()] , (E.1)

xr  u<v

where Uy, () is defined in Equation (4.3), for several values of the lattice couplings §, ¥ and A. Only
such values are examined for which a BEH-effect was found.

Table E.1: Numerical values of the ground state energy level in the 1~ channel, the mass
of the gauge-variant vector state aM 4, and the plaquette expectation value for various
values of 3, K, and \ in the Higgs-like region of the phase diagram.

3 K A am;—— alM (Up)
5798500 0.419035 1.259900 0.54(3) 0.48(2) 0.5832(1)
6.855350 0.456074 2.341600 0.39(1) 0.36(1) 0.6674(1)
7912200 0.493113 3.423300 0.39(1) 0.36(1) 0.7204(1)
8.172900 0.490558 6.483650 0.27(1) 0.23(2) 0.7291(1)
8.433600 0.488003 9.544000 0.19(4) 0.16(2) 0.7382(1)
0.590550 0.444462 0.411800 0.82(1) 0.80(1) 0.7844(1)
0.607400 0.174193 0.030100 0.54(2) 0.52(2) 0.7786(1)
10.05222  0.420352 0.717362 0.58(1) 0.57(1) 0.7896(1)
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We do not list higher energy levels in this channel as well as the lattice masses in the scalar singlet
channel, since only for the main simulation point defined in Subsection enough statistics was
gained. There, the mass am -+ was below the elastic threshold and also the higher levels were not
to noisy to draw conclusions. Also, points have not been included where no BEH-effect was found
and/or where the singlet vector mass was above 1 in lattice units.

The errors listed in Table [E.1jare obtained by fitting the lower and upper bounds of the eigenval-
ues for the gauge-invariant case and of the propagators in the gauge-variant case. Subsequently, the
method of error propagation is used. Systematic errors are not included.

E.2 Tables of fit parameters

In this section we show the fit parameters used in the figures shown in Section [s.2|and [5.3| for the
parameter values 8 = 6.855350, K = 0.456074, and A = 2.341600. All the errors are obtained as
described previously. We use fit routines provided by Mathematica [13z] throughout.

Table E.2: Fit parameters from a double-cosh fit of the eigenvalues, A(t) =
A cosh (amgflf) (t—L/2)) + B cosh (ami? (t—L/2)) , obtained from a variational
analysis for several lattice volumes V' = L% in the scalar and vector channels. The dash
indicates that only a single-cosh fit has been used.

JEC | V' Level Fit-range [tmin, tmax) amgflf) amg? A B
oft | 8+ 1 1,4] 0.55(1)  1.44(1) 0.1156(3) 0.0031(1)
124 1 [1,6] 0.65(1)  1.55(1) 0.0180(4) 0.0009(1)
164 1 [1,6] 0.70(1)  1.45(3) 0.0044(1) 0.000007(2)
20* 1 2,7] 0.67(3)  1.08(5) 0.0010(1) 0.00003(2)
gt o [1,4] 0.95(4)  1.4(2) 0.0282(2) 0.002(1)
124 ond [1,6] 0.80(1)  1.4(2) 0.0045(5) 0.00030(15)
20* 2 2,6] 0.90(10)  1.3(1) 0.00013(6) 0.000003(2)
1,7 | 8 1 2,4] 0.42(1) — 0.337(1) -
124 1 2,6] 0.39(1)  1.50(4) 0.159(1) 0.0003(1)
164 1¥ 2,8] 0.39(1)  1.5(2) 0.072(1) 0.000003(2)
20* 1 2,9] 0.39(1)  1.4(1) 0.033(1)  0.0000005(5)
g+ ond 2, 4] 0.99(1) - 0.026(1) -
124 ond 2,4] 1.02(2)  1.7(2) 0.018(1) 0.00026(1)
16+ 20 2,6] 1.01(1)  1.9(2) 0.0010(1)  0.0000003(2)
20* 2 2,6] 1.03(2)  1.4(1) 0.0003(1) 0.000002(1)
0ff | 20* 1% 1, 3] 2.0(1) - 2.3(1) - 1079 -
13, | 8 1 2,6] 0.87(1)  1.65(1) 0.0236(1) 0.0017(1)
124 1 2, 6] 0.75(5)  1.35(5) 0.0025(1) 0.0005(2)
164 1 2,6] 0.67(1) 1.27(2) 0.0007(1) 0.00006(1)
204 1 2,6] 0.95(5) 1.60(5)  0.00006(6) 0.00000002(1)
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Table E.3: Fit parameters from a fit of the perturbatively massless and massive propaga-
tors for several lattice volumes V. The fit functions are:

p

2

.Dc(p2):pZQ<VAp4_|_

, €= L 27 3 )
(ame) "+ 62 p2 (1442 1n[1+p2/A2])w> )

-1

. DC(pQ) =7 <p2+ln (p2 +b2)d—|— (amc)2> , ¢=4,5,6,7,8.

Perturbatively massless (¢ = 1,2, 3)

A2

vV |z AV b d? 5 am
8 | 1 0445(2) 08 04 0.18 0.25 0.26(2)
12411 0.120(4) 08 04 018 025 ~1071°
16* | 1 0.030(3) 08 04 018 025 ~1071°
204 | 1 0.013(1) 08 04 018 025 ~10710
Perturbatively massive (c = 4,5,6,7)
\%4 Z b c v am®
8 | 1.33(1) 1.044(1) 1 0.249(1) 0.41(1)
124 | 1.28(1) 1.013 1 0.199(1) 0.36(1)
164 | 1.27(1) 1.027(3) 1 0.166(1) 0.34(1)
20% | 1.26(1) 0.997(1) 1 0.249(1) 0.33(1)
Perturbatively massive (¢ = 8)
\%4 Z b c ol am®
8 | 1.33(1) 1.419(4) 1 0.244(2) 0.38(1)
124 | 1.34(1) 1.449(3) 1 0.249(1) 0.37(1)
164 | 1.20(4) 1.134(8) 1 0.152(1) 0.36(1)
20% | 1.25(1) 1.040(4) 1 0.135(1) 0.36(1)

Table E.4: Infinite volume extrapolations of the gauge-invariant singlet scalar (am00++)

and vector (am, —- ) lattice masses, as well as the extrapolation of the gauge-variant lat-
0

tice masses of the gauge-boson propagator D¢ (pQ). In all those cases the fit function is

ameg (V) = am +ae™ V.

State am ) vy
0" 0.68(2) —0.140(5)  0.00007(5)
1,~ 0.39(1) 0.8701(1) 0.000822(1)
c=4,...,710.33(1) 0.106(1) 0.000048(1)
c=28 0.36(1) 0.248(1) 0.000043(1)
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Appendix F

Determining critical exponents and Wilson
coefhicients for clock models

This appendix is dedicated to a project I worked on during a stay abroad at the Friedrich-Schiller-
University Jenaf] The project is summarized here.

F.1 Introduction

The conformal bootstrap method (133} 134]] is very successful [135-137]] in determining critical expo-
nents as well as Wilson coefficients of conformal theories to high accuracy. | The drawback of this
method is, that in order to determine those quantities to high precision, rather accurate input values
are needed. This is due to the fact that the parameter space to bound conformal bootstrap data is so
big, and thus makes this method computationally demanding.

The aim of this project is to produce input values for the conformal bootstrap program, i.e., critical
exponents and Wilson coefhicients, with Monte Carlo methods, as outlined in, e.g., [140-143]], for so-
called clock models.

F.2. The g-states clock-model

The Hamiltonian for a spin system in 3-dimensional space with a nearest neighbor interaction J and
an external magnetic field /i is given by, see, e.g., [144]],

S -3 (1338 5] )

T v=1

where the first sum runs over the sites 2 of a 3-dimensional lattice, the second sum is over the 3
directions v = 1,2, 3, and ¥ denotes the unit vector in v-direction. Here, the dynamical degrees

of freedom are real-valued, 2-dimensional spins S, with |S;| = 1, located at the sites of the lat-
tice. They can be parameterized by S, = (cos 8, sin 6,,). Therefore, it is convenient to express the

"Besides that, also most of the results presented in Chapterhave been obtained during this stay.
*For an introduction to conformal field theory and the conformal bootstrap method see [[138} [139]].
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Hamiltonian in terms of the angles 6,,, i.e.,

3
H[0] = — Z (JZ cos (Hx — QH,;) + 1 cos (91) , (F.2)

where we chose [i = (11, 0), without loss of generality.

In case of the g-states clock-model the angles 0, are discrete, i.e., 0, = %”nx, n,=0,1,...,q—1.
The Hamiltonian is then only for ¢ = 0 invariant under the change 6, — 0, + %ﬂk, k =
0,1,...,q — 1, and therefore exhibits a Z, symmetry. If one considers the xy-model, the spins S,
are continuous and thus 0, € [0, 27). Therefore, the Hamiltonian would be O(2)-symmetric,
again for vanishing external magnetic field only. However, a non-vanishing external field i # 0
breaks the Z, symmetry of the clock-model as well as the O(2) symmetry of the xy-model and no
phase transition can occur.

The partition sum of the spin systems discussed above is given by

7 — Z o BHIE) _ Z oo (K 20y cos(0n—0s5)+hcos b )
{0} {6}

: (F3)

: . : : -1 .
where } g, is the sum over all configurations of discrete angles, i.e., | ], % > o _, in case of the

. . . 2 .
clock-model, and the integral over all configurations of continuous angles, [T, [, %= in case of the
xy-model. In the first exponent appears the inverse temperature 8 which in the second exponent is

absorbed in the the re-scaled coupling K = 3.J and re-scaled external field h = S .

F.3 Generating configurations

Since we want to extract critical exponents for the systems discussed above we have to simulate the
system close to the critical coupling K. (and h = 0), i.e., close to the phase transition. Of course, the
system exhibits a real phase transition only in the infinite volume.

We want to study systems with a second order phase transition, where the system becomes confor-
mal invariant. P| Therefore, we study models for ¢ > 3, since ¢ = 2 is equivalent to the well studied
3-dimensional Ising model (with its well known second order phase transition), and ¢ = 3 can be
mapped to a 3-states Potts model, see, e.g., [144]], which has a first order phase transition [146]]. The
transition for ¢ = 4 is second order, since this model can be mapped to twice the Ising model. The
xy-model for J > 0 in three dimensions has a second order transition as well [147]. The xy-model is
of special interest to us, since a comparison to other works [136} [148]] is feasible.

Due to critical slowing down a Metropolis algorithm is not efficient and more sophisticated meth-
ods such as cluster algorithms should be used. In the following we use the Wolff algorithm [179]
which employs as an update strategy a reflection of the spins with respect to a hyperplane orthogo-
nal to a unit vector ¥ = (cos 6, sin 6,.), i.e.,

S, — S, =28, - A)F = 60, —20,—0,+7. (F.4)

3To be more precise: The system becomes scale invariant at the phase transition. However, in two dimensions it can
be proven that scale invariance implies conformal invariance. For higher dimensional systems there is no proof, but no
example has been found yet where a scale invariant theory was non-conformal [[i£5].
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We describe the algorithm using pseudocode below. In our code uni () denotes a random num-
ber generator that provides uniformly distributed random numbers in the interval [0, 1). The array
stack stores all sites which are added to the cluster and stackpos is the current position in stack.
The array mark is a Boolean array which keeps track of the sites added to the cluster. The sites are
added to the cluster with probability

P(0,,0,,0,) =1—exp [QK cos (Qx — HT) cos (Qy — Gr) + 2h cos (Qy — HT) cos QT] . (Fs)
The code can be fully vectorized in the form given below [150]].

Pseudocode for the Wolft algorithm:

randomly select a lattice site x
stack[0] = zg
0, = 27 rand ()
Oy < 20, — 0, +7
mark[xo] = true
set stackpos =1
while stackpos > 0
xg = stack[——stackpos]
for v=+1 — £3
if mark[xzo+ 7] = false
compute P(0,,,0:010,0:)
if rand() < min {P(@xo,ﬁxﬁ,;,&r), 1 } then

Ovgti < 20, — Opoyp +
mark[xg + V] = true

stack[stackpos++] =29+ 1
end if
end if
end for

end while

If one considers discrete clock-model the angles 8, can be replaced by integer-valued numbers
ne =0,1,...,¢q — 1l asdiscussed in Section[F.2]. Due to ergodicity one has to distinguish between
even and odd values of ¢. Therefore, the random angles 0, have to be of the form [51]

T | n, , for g even

6, = S one=0,1,...,2¢—1. F.6
q{nr—i—% , for g odd 1 (F.6)
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The updates of the n, then are [51]

ESEYTSY
vo|+
—_

fc
, forgq even) mod g . (F)

Ny — | 2g+n, —ng +
(q { , for g odd

F.4 Observables

Several observables which are considered in our simulations are listed here. In the list below V = L?
denotes the volume of the lattice, where L is the lattice extent, and (O) denotes the expectation value

of the observable O.

* Energy density: £ = % Z Z Sy Spys = % Z Z cos (0, — O45)

x v=1 x v=1

* Heat capacity: C' = (E?) — (E)?
L -1 = 1 cos 0,
Magnetization: M = v Z S, = v Z (Sin 0£>

* Magnetic susceptibility: x/V = <M %)

(a*)

3(M2)’

1 1 - 27 = 2
* Correlation length: § = Dsin % A /% — 1with F = V<‘ ; e’T“Sx‘ >

T2 To2n
+ Derivatives: OUs an Oln <M > with 8<M >

0K 0K 0K

* Binder cumulant: Ug = 1 —

= (EM™) = (E)(M™")

The following results have been obtained by generating spin configurations according to the Wolff
algorithm described in Section Before taking measurements of observables 5 - 10° configu-
rations have been dropped for equilibration. Also in between measurements 20 for the smallest
and 70 for the largest lattice configurations have been dropped do decorrelate the system. Here we
only present results for a vanishing external field, » = 0 and for six different lattice sizes: L =
40, 60, 80, 100, 120, 140. We focus on ¢ = 4 and the xy-model below. The number of configura-
tions for computing the expectation values is 5 - 10° for the xy-model and 10° for the ¢ = 4 clock
model.

In Figure[F.iresults of the observables discussed above are shown for the xy-model.

+We do not show the plots of the observables for the ¢ = 4 clock model, since they look very similar to the ones
shown in Figurefor the xy-model.
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Figure F.1: Plots of the expectation values in the beginning of this section are shown as
a function of the coupling K and h = 0 for several lattice volumes V' for the xy-model.

Critical couplings

At the critical point, the Binder cumulant Up and the ratio £/ L are invariant under renormalization
group transformations. For computing the critical couplings K. we use the Binder crossing method:
e value of Up at /K. is independent of the system size L. is means that as a function o e
The value of Up at K, dependent of the syst L. Th that as a funct t K th
inder cumulant Ug must intersect at a single poin = or all values of L.
Bind lant U, tintersect at a single point K = K for all values of L

From Figurewe can estimate the critical coupling K for the xy-model. In Tablewe list our

results of K. for ¢ = 4 states clock-models and the xy-model.

The value obtained for the ¢ = 4 states clock model is approximately twice as large as the one
given in [154]]. This is expected, since the ¢ = 4 states clock model is essentially the Ising model with
a twice as large coupling constant. The value of the critical coupling constant for the xy-model is in
good agreement with the one obtained in [[148].
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Figure F.2: Results of the Binder crossing method.. The region in K where the error
bars overlap give an estimate of the critical coupling K.

Table F.1: Estimates of the critical couplings K. for the ¢ = 4 states clock-models and
the xy-model are listed here. K is obtained by the Binder crossing method. We compare
our values to literature values.

qg K. KRet Ref.
1 0.44330(5) 0.4541659(10)  [152]
oo 0.454165(5) 0.4403388(6)  2x[r33]

F.6 Critical exponents and finite size scaling

For magnetic systems the critical exponents can be estimated from the behavior of several observables

close to the critical temperature 7;. They behave as a function of the reduced temperature ¢t =
T/T.— 1as

M ~ (_t>ﬁ , Cn~ ’t‘ia XY ’t‘i’y )

1 (E.8)

M h ) f |t| ) G(.ZU) |:1:|d_2_’7 )

where G(z) is the two-point correlation function (.S;.S) — (Sp)? and d the dimension of the system.
To extract the critical exponents, it is necessary to perform a finite size scaling (FSS) analysis. In

finite systems there is no phase transition and thus the correlation length £ is finite. However, & is

finite if one simulates the system not exactly at the critical temperature 77, and therefore the inter-

actions do not feel the finite size of the system. If the size is larger than ¢ it behaves like an infinite

system. FSS studies how the behavior changes with the system size L. The FSS hypothesis states the

following: The ratio of thermodynamic quantities (M, x;, etc.) in the finite size system and in the

infinite system is a function of £/ L only, i.e., OL(t) /O (t) = F(L/&(t)). Since £(t) ~ t™" one



F.6. Critical exponents and finite size scaling 105

finds the following FSS behavior of the observables:
x=L"E(LVt) , C=L*"Fo(L't) , M=LP""Fy(L'"t).  (Fo)

The strategy is as follows: Compute the observables O, for different system sizes L for some value ¢
close to zero, i.e., close to Tt or close to K respectively. From a fit of In Oy, (t) = const. + § InL
we extract the ratio p/v. The remaining problem is to find the exponent . From the scaling of the

derivatives of the Binder cumulant and of ln(M %) e,

oUg

81n<M2>
0K 0K

= aLY"(14+bL7%) = S

(F.10)
we can find the critical exponent . The remaining critical exponents can be found by scaling and
hyperscaling relations of the other exponents. The most prominent ones are

a+280+y=2 , 2—a=dv,

Bo—-1)=~ , 2_77:%, (F.u1)

InF igurewe show results obtained by the procedure described above for the critical exponent v
for the xy-model. We obtain the value v = 0.68 &= 0.1, where the error is a statistical error. In Table
we list our critical exponents for the xy-model and the ¢ = 4 clock model. We compare these
values to the ones given in [148]] and [[153], respectively. Note that, the results of 53] are obtained
from a conformal bootstrap of the 3d Ising model, which is in the same universality class of the ¢ = 4
clock model.

OUs e | oln (31
0K K = 0.454165 ey oK K = 0.454165 &
e
v = 0.68 + 0.01 v = 0.678 + 0.004 &
102 Y e
&
s .
- 103
. &
&7
&
10! &
40 60 80 100 120 140L 40 60 80 100 120 140

Figure F.3: The observables OUg /0K and 01n <M %) /OK as a function of the lattice
size L for K = 0.454165 ~ K is shown for the xy-model. The dashed lines are fits
according to Equation (F.10) neglecting the correction term L™,

Allin all our critical exponents are comparable with the ones from the literature, only the exponent
1 relatively far off the literature values for both models we studied. Converging towards the literature
values for the exponent 7 is desirable to determine scaling dimensions of fields. This issue is discussed
in the following section.

However, larger statistics and larger lattices are needed to obtain more accurate values for the crit-
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Table F.2: Table of the critical exponents of the xy-model and the ¢ = 4-states clock
model extracted as described in the main text. We compare our results to [148]] and [[53]).

Xy q=414
Exponent | Ourresult Result from [148] | Our result Result from [f53]
v 0.68(1) 0.6717(1) 0.63(1) 0.629971(4)
n 0.028(2) 0.0381(2) 0.08(2) 0.036298(2)
vy 1.34(2) 1.3178(2) | 1.220(2) 1.237075(10)
6] 0.350(6) 0.3486(1) | 0.330(4) 0.326419(3)

ical exponents. Of course, an improvement of the fitting procedure is desirable. Methods like his-
togram reweighting along the lines of [156]] could improve the results as well.

F.7  Wilson coefficients

This part follows closely [141-143].
Consider a complete set of operators of the conformal theory, {O; | i = 1,2,...}, which for

simplicity we assume to be spinless. The operator product expansion (OPE) states that
Oi(x1) O (x2)

= > Cij(12,0) Op(2) | (F.12)
k

where 7;; = |z; — xj| and 0; = %. The so-called Wilson coefficients C} j;, can be obtained from
3-point functions as

<O7;(x1) O;(z2) Ok(x3)> = Z Ciji (212, 02) <Ok’ (z2) Ok($3)>
O 1/ 1
= _Ciw 1'12732) a = Cinl2.00) 550 (Fg)
k' ZE23
. fzgk
A +A Ak Aj +Ak A; Ak'ﬁ‘Ai—A]‘ ’
L2 To3 L3

where only connected expectation values are considered. Several steps have been performed here: In
the first line the OPE of the operators O; (1) and O;(z2) was used. In the second line we used the
fact that the operator set is complete as well as the form of the 2-point function in the conformal win-
dow, see also the correlation function in Equation (F.8). The last line is the exact form of the 3-point
function at conformality [138]. The exponents A; are the so-called scaling dimensions of the opera-
tors O;. They are related to the critical exponents 7; by A; = M— in d dimensions. The numbers
Jijk are real constants. From Equation(F.13) we find that the W1lson coefficient is proportional to
fiji times some differential operator.

The most naive approach to obtain the Wilson coefficients is to compute the 3-point function
directly. However, the problem with this procedure is that, if one computes the connected corre-
lator one has to subtract 2-point components which leads to a mix of contributions with similar
exponents.
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Instead one may studies perturbed 2-point functions [141] close to the critical point,
(Oi(x) 0;(0)), = ZOijk(Ith) (Or(0)), (F.14)
k

where the expectation value is computed with respect to an action or Hamiltonian with external
field h. We outline the method using the clock-model (F.2). The perturbed action of the continuum
clock-model in three dimensions is

S = Sopr + / &z 5(z) -, (Fis)

where the action of the conformal theory Scpr describes the system at criticality. The only relevant
fields or operators at the conformal point are the energy £'(x) and the spin field s(z), where s(z) =

s(z) - h/|h|.

The expectation values of these fields hence depend on h. Using renormalization group arguments

yields
(s)= A, h3r | (E)= Aph%: (F.16)

where the scaling dimensions A, Ag can be obtained by determining the critical exponents 7, g
of the 2-point correlators of the corresponding the fields. The scaling dimension Ay, is fixed by di-
mensional arguments to Ay, = 3 — A,. The amplitudes A, and A, are real constants.

We introduce the following notation:

‘dim Cijr(l2],0)

|x|—o00

i dim 8),Cy;5(|z],0
ahcz‘jk = lim ahCijk(|:1:|,0) |I| im 9, Cyj(|],0)
|z|—o00
Then the short distance expansions of the correlators are [141]:

A s
|$|2AS <S<I> 5(0)> = Cssl + AE CssE tTf + As athsss t%h—’—l + O(tz) )

As Ap As
|| 2F27 (s(x) B(0)) = Ay Cops t30 + 0,Cspr t + Ap 0,.Cspp 3y O(t‘\"i+1> ;

Ap As
|z|22E (E(z) E(0)) = Cpp1 + Ap Cpppt® + Ay 0,Cpps t5n i o(t?) ,
(F.18)

where we used the scaling variable t = || |z|**. We set Cyy = Cpp1 = 1, which is the standard

normalization. Here, we are only interested in the coefficients Cs5, Csgs, and Cggg, i.e., in the
ones that appear at order t8s. B/,

Until now the discussion was in the continuum formulation. We now discuss how to obtain the
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normalizations from a lattice formulation. The partition function at the conformal point is

7 Z ofe 2y, cos(0a—0z45)+h' 32, cos by ’ (F.19)
{6}

where we distinguish between the continuum external field 2 and the lattice version hl. We use s, =
cos 0, in the following. The spin average s is on the lattice naturally s! = % > . Sz and the energy
operator is E'= % > o cos(0y — bp10) — £, where E”" is the energy at criticality.

Note, that if one measures the expectation values and the correlators on the lattice,
the lattice versions of the Wilson coefficients C' and the amplitudes A, i.e., C Yand A, are found. The
relation to the continuum quantities can be obtained as follows: From

R2
<Sm Sy> - PAS ) (F.ZO)

onegets s = R’ s', where we assume the standard normalization of the 2-point correlator in the
continuum. Similarly, we get E = Rj' E'. From a dimensional analysis of the continuum and
lattice perturbed action one obtains b = R, h'. The constants R and Rg can be obtained from a
finite size scaling analysis. Note that the external field should be small in order to keep the correlation
length large.

The lattice amplitudes A} ;, are obtained from the lattice version of the expectation values and
their dependence on the external field ' = R;'h. Then, from this equation we get

A, 2
As = RSAS AIS 5 AE = Rs B REI AIE y (F.ZI)

and from Equation (F.18)) the desired matching factors for the Wilson coefficients are obtained:
Csse = Rp CSSE , Csps = Ry CéEs , Cepe = Rp CIEEE : (F.22)

However, the determination of these Wilson coefficients contains several steps, as seen above. All
these steps add statistical as well as systematic error contributions to the final result. Unfortunately,
we have not yet succeeded to control those errors in order to produce reliable estimates for the Wilson
coefficients and the scaling dimensions of the operators.
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