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Chapter 1
Introduction

The strong nuclear force is of central importance both in our understanding of nature as
well as in the understanding of field theory.

Its basic phenomenological importance is gained from the fact that nuclei are an impor-
tant and indispensable part of our world. Understanding them is therefore of paramount
relevance. Studying nuclei showed that they are bound states of the more elementary
nucleons, the common name of protons and neutrons. The binding force is of considerable
complexity, even if only viewed as the interaction creating these bound states. However, it
was experimentally observed that there are many other particles, which interact through
the same force. In a similar effort as with the periodic table of elements, it was understood
that all of these particles, and several hundreds are known today, have an underlying struc-
ture. This underlying structure involves the quarks, which are bound together by gluons
to form all particles interacting by this strong nuclear force: The hadrons.

This theory is called, for reasons to become clear later, quantumchromodynamics,
or QCD, for short. While the theory can be formulated in the language of a quantum
field theory, performing calculations are by far not trivial. The main reason is that,
except at high energies, QCD is not accessible to perturbative methods, but requires a
full non-perturbative treatment. Even with decades of development, this turned out to
be a formidable task, still not solved. Hence, though some quantities can be calculated
with reasonable accuracy, even the calculation of the average of proton and neutron mass
required almost 40 years.

This already underlines at the second important property of QCD. So far, it is the
only accessible theory of this type. Given the problems encountered with it, it is clear
that similar problems will emerge with any kind of (gauge) theories which require a non-
perturbative treatment. It is therefore the test case to develop methods, as only here

sufficient experimental results are available to provide reliable checks of the calculations.



Given the vastness of complications in QCD, it is not surprising that the literature is
similarly vast. Thus, there is no unique choice of textbook. For the sake of completeness,

the following books have been used in the preparation of this lecture:

e Bohm et al., Gauge theories

Cheng & Li, Gauge theory of elementary particle interactions

Dissertori et al., QCD

Peskin & Schroder, Quantum field theory

Weinberg, Quantum field theory I and II
e Yndurian, The theory of quark and gluon interactions

Besides these, a number of various recent review articles, available from the arxiv, arxiv.org,
are available, in particular 1404.3723. It is also recommendable to have a look at the most
recent reviews in the Physics Reports journal on the topic. Also, as always, the PDG at

pdg.lanl.gov is an essential repository.



Chapter 2
Basic phenomenology

As a first step, in the following the phenomenology of the strong interactions will be
collected, establishing a repository of names and concepts. In the remainder of the lecture
the underlying field theory will be developed, along with suitable techniques to deal with
it. Ultimately, it will be sketched how the presented phenomenology emerges from the the
theory.

2.1 Nuclear physics

As noted, all atomic nuclei consists out of differing numbers of protons and neutrons, the
former having a positive electric charge of the same size as the electron and the latter
no electric charge at all. The simplest atomic nucleus is a single proton. However, single
neutrons are not stable, but decay in a few minutes, and are therefore only appearing
bound in nuclei.

Experimentally, this has been found by scattering experiments. When scattering with
an electromagnetic probe, e. g. an electron, the characteristic quantity is the total mo-
mentum transfer —¢? = Q? between the electron and the nuclei, usually transmitted by a
photon. This defines furthermore the fraction of momentum

Q2
 2pg’
where p is the momentum of the target. In the rest frame of the target the denominator

Xz

becomes Mqq, where the transferred energy qq is also often called the energy transfer v.
The variable z is called the Bjorken variable, or Bjorken-x, for short. These variables will
also play an important role later when discussing hadronic collisions. Since in a two-body
collision at fixed energy (Q? is entirely characterized by a scattering angle, a description in

terms of x is equally well suited.
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In the case of elastic scattering, x becomes one. Hence, the crosssection, or as a function
of x will be just a single peak at 1. Increasing the energy transfer into the inelastic regime,
x becomes smaller than one. Then, additional peaks will appear, which correspond to
excited states of the nuclei. Such excited states already show the presence of an internal
structure, together with the finite extension of the nuclei. In addition, around = ~ 1/A,
with A the number of nucleons in the nuclei, there is a broad peak. This broad peak is
due to the elastic scattering with the nucleons in the nuclei. The broadness comes from
the Fermi motion, i. e. from the fact that a nucleon confined to a nuclei has, due to the
uncertainty relation, at least a momentum of roughly 1/R, where R is the nuclei radius.
With R — 1 — 10 fm, these are energies of order 100 MeV, and therefore not negligible on
nuclear energy scales.

Because of electromagnetic repulsion it became quickly clear that the nuclear force
must be very much stronger than QED to create quite compact nuclei, not much larger
than the protons and neutrons, with more than one proton. It must also act on different
charges, as the neutron is electrically neutral. One additional observation was made, when
investigating nuclei and the nuclear force. It was not only because of its strength very
different from QED and gravity, but it was also not of a finite range. Though being much
stronger than electrodynamics, it dropped almost to zero within a very short range of a
few Fermi.

How can such a short-range force emerge? One suggestion comes from the relativistic

description of bosons. Take the Klein-Gordon equation for a scalar boson of mass m,
(0 + m2) = 0, (2.1)

with the wave-function v as the solution. Investigating a static situation yields

U(r) = 47f| 7 e, (2.2)

where ¢ is an integration constant. Thus, the wave-function decays exponential towards
large distances, where the characteristic distance of propagation is given by the inverse
mass of the particle. Hence, a short-range interaction can arise if the exchange particles
are massive. This lead to the prediction of an exchange boson for the nuclear force with a
mass of the order of roughly hundred MeV, given the range of the nuclear force of about
a few fm. Such a potential is called a Yukawa potential.

The interpretation of the integration constant g becomes clear when the zero-mass limit
is considered. In this case the wave-function becomes Coulomb-like, with g corresponding
to the fine-structure constant. Thus, also in the massive case g can be interpreted as a

coupling constant, which characterizes the strength of the strong nuclear force. It turns
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out that characteristic values for it are about two orders of magnitude larger than for the
electromagnetic force.

The Yukawa potential yields the right idea. Instead of having massless photons as
force particles, massive particles must mediate the strong nuclear force. They were indeed

found in the form of the mesons.

2.2 Mesons

While the protons and neutrons are fermions with spin 1/2, the force carrier of the nuclear
force were identified to be actually bosons. Bosonic particles, which are affected by the
strong nuclear force, are collectively called mesons, while such fermions are called baryons.
Together, they are denoted as hadrons. Therefore, protons and neutrons as baryons.

The lightest of the mesons are the pions with quantum numbers JZ = 07, i. e. they are
pseudoscalars. They come as a neutral one, 7°, and two oppositely charged ones, 7*. The
range of the nuclear force is about 1 fm, which indicates that the force carrier, according
to the Yukawa potential (2.2), should have a mass around 100-200 MeV. Indeed, the pions
are found to have masses of 135.0 and 139.6 MeV for the uncharged and charged ones,
respectively, and are thus much lighter than either protons or neutrons. These pions are
not stable, but decay either dominantly electromagnetically into photons for the neutral
one or like the neutron for the charged ones. Their life-time is of the order of 10~® seconds
and 1077 seconds for the charged and uncharged ones, respectively. Therefore the charged
ones live long enough to be directly detectable in experiment.

One of the surprises is that the neutral one decays into two photons, as usually pho-
tons are expected to couple only to electromagnetically charged objects. While this can
be thought of as a neutral pion virtually splitting into two charged pions, and then anni-
hilation under emission of photons, this is somewhat awkward. A more elegant resolution
of this will be given in the quark model below in section 2.4.

With these pions it was possible to describe the overall properties of nucleons, especially
long-range properties. At shorter range and for finer details it turned out that a description
only with pions as force carriers was impossible. This was resolved by the introduction,
and also observation, of further mesons. Especially the vector! meson p with a mass of 770
MeV, spin one, and a very short life-time of roughly 1072* seconds and the vector meson
w with a mass of about 780 MeV, but with a 20 times longer life-time than the p, play an
important role. This larger number of mesons is also at the core of apparent three-body

forces observed in nuclear interactions, which are, e. g., necessary to describe deuterium

Vector mesons are mesons with spin 1.
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adequately. In fact, many more mesons have been discovered, and some more will appear

later.

Describing how these various mesons create the strong nuclear force is in detail very
complicated, but it in principle can be systematically performed, e. g. in the form of the
so-called chiral perturbation theory. This will be detailed more in section 5.2.4. What
is remarkable is that out of nowhere appeared several different mesons, all contributing
to the nuclear force, and actually all of them also affected by the nuclear force. Such a
diversity of force carriers is distinctively different from the case of QED, where only the

photon appears.

2.3 Isospin and baryons

In the endeavor to find the carriers of the nuclear force, several other observations have
been made. The first is that most nuclear reactions show an additional approximate
symmetry, the isospin symmetry. This symmetry is manifest in the almost degenerate
masses of the proton and the neutron. Both particles can therefore be considered to be a
doublet of this new symmetry. It is furthermore found that also the three pions fit into this
scheme. This new symmetry is called isospin symmetry, and the nucleon form a doublet,
while the pions a triplet. Similar, also the p and the w can be fitted into this scheme. An

interesting observation is that the value of the isospin is related to the electric charge as

B
Q=ltt (23)
if a new quantity, called baryon number, is introduced. It is one for the baryons and zero
for all mesons. This is so far a phenomenological identification, but will become quite
relevant in section 2.4. Of course, the anti-particle of the nucleons, the antiproton and

antineutron, carry negative baryon number.

According to this rule, it is possible to attempt to construct a quadruplet, having
four states with I3 = —3/2,—1/2,1/2,3/2. To get integer charges, it must then have a
baryon number, like the nucleons. These particles should therefore have electric charge
—1, 0, +1, and +2, and corresponding anti-particles. These particles have been observed
experimentally, and again the different states have almost the same mass. They are called
A, have masses of about 1232 MeV, and are fermions, as are the nucleons. However, their
spin is 3/2. In fact, they are not the only further baryons, and many more have been

found experimentally.
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2.4 The quark model

The number of baryons and mesons found by now numbers several hundreds. Already
decades ago, when only a few dozens were known, it appeared unlikely that all of them
should be elementary. This was very quickly confirmed by experimental results which
showed that the proton had a finite size of about 1 fm, and Rutherford-like experiments
found that there are scattering centers inside the proton, which appeared point-like. In
fact, similar to the case of the nuclei, the experiments showed, to leading order, that the
number of constituents in baryons is three, and in mesons it is two. However, beyond
leading order, things were quite different. In the case of nuclei, as long as the energy
transfer Q% is not large enough to disintegrate the nuclei, the number of constituents
is essentially constant, and the elastic peak of the sub-structure scattering is essentially
always at 1/A, independent of Q2. This turned out not to be the case for the nucleons.
Depending on (2, the peak started to shift, and an increase is found towards small z,
even though some peak structure remains at a third and a half, for baryons and mesons,
respectively. This would indicate the presence of many more constituents, called partons,
if the nucleon is probed at large energies. This kind of so-called scaling violation cannot
be obtained from an interaction like (2.2), but requires something new.

In addition, in contrast to the nuclei these constituents were not almost isolated in es-
sentially free space, but very tightly packed. Furthermore, while the neutron is electrically
neutral, it was found to have a magnetic dipole moment, a feature beforehand believed to
be only existing if there is an electrically charged substructure present.

This evidence together suggested that the elementary particle zoo could possibly be
obtained from simpler constituents and put into a scheme like the periodic table of chemical
elements, which originates from a few different particles.

Playing around with quantum numbers showed a number of regular features of the
hadrons. This gave rise to the quark model. This model introduces as the particles
making up hadrons the so-called quarks. In the beginning two quarks were needed to
explain the regularities observed, the up quark and down quark, abbreviated by u and
d, as well as their anti-particles. Since both the bosonic mesons and fermionic hadrons
must be constructed from them, it requires them to be fermions themselves. Since all of
the hadrons have an extension, none of them can be identified with a single quark, just
like the periodic table does not contain a single proton, neutron or electron. However, in
contrast to the latter no free quarks are observed in nature, a phenomenon to be discussed
below in section 5.5.

The simplest possibility to construct then a hadron would be from two quarks. This

must be a boson, as two times a half-integer spin can only be coupled to an integer spin, and
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therefore a meson. Since no free quarks are seen, the nucleons must contain at least three
quarks to get a half-integer spin. These considerations turn out to be correct. However,
they lead to the conclusion that quarks cannot have integer electric charges. This is most
easily seen by looking at the nucleons.

Furthermore, scattering experiments yielded that the nucleons have no uniform sub-
structure, but have a two-one structure, that is two quarks of one type and one quark of
the other type. Since it is found that the down quark is heavier than the up quark, the
heavier one, i. e. the neutron, should have two down quarks. This yields a composition of
uud for the proton and udd for the neutron. The only solution for the observed electric
charges of the proton and the neutron are then an assignment of 2/3 of the (absolute value
of the) electron charge for the up quark, and —1/3 of the (absolute value of the) electron
charge for the down quark. This consistently yields the required positive and zero proton
and neutron electric charges, respectively. This also explains the magnetic dipole moment
of the neutron. At the same time, the baryon number of quarks must be 1/3 for up quark
and down quark. This implies also that the isospin of the up quark is +1/2 and that of
the down quark is —1/2.

The pions are then constructed as a combination of a quark and an anti-quark, ud for

the 7F, @d for the 7—, and a mixture of wu and dd for the ¥, i. e. the state of the ¥ is
’7T0> = cos « |uu) + sin «v }Jd> :

where « is a mixing angle. This mixing angle can be experimentally or theoretically
determined. Experimentally, this is possible by using the different decay patterns for
different mixing angles. E. g., because of the different electric charges of up and down,
the electromagnetic decays of the 7° should depend on the mixing angle. Theoretically,
by calculating the left-hand side and the right-hand side in different bases. However, in
practice both possibilities are highly challenging. An assignment of two quarks instead of
a quark and anti-quark is not possible, as this cannot give the required baryon number of
ZETO.

Finally, to obtain reasonable agreement with experiment require a quite different ef-

fective interaction of two quarks, a potential of the type, the so-called Cornell potential
a
V(r) = —+br, (2.4)
r

i. e. in addition to the Coulomb term 1/r an additional term, which rises linearly in
distance, something unseen before QCD. Its origin not fully resolved, though the potential
itself is well established. This will be discussed at length in section 5.5.

Particles like the p meson are then also combinations of a quark and anti-quark, but
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where the quarks have relative orbital angular momentum, creating their total spin of one.

The A, however, turns out to pose a serious challenge.

2.5 Color and gluons

At first glance, the A appears simple enough. The double-positive state AT" is just three
up quarks, and with decreasing charge always one up quark is replaced by one down quark,
until reaching the A~ with three down quarks. To obtain the observed 3/2 spin requires
to align the spin of all three quarks. Of course, it could be possible that there would
be a relative orbital angular momentum, but experimentally this is not found. In fact,
there exists an excited version of the A with such an orbital angular momentum and total
angular momentum of 5/2, which is also experimentally confirmed.

And this is, where the problem enters. Since the A is a fermion, its wave-function must
be totally antisymmetric. Since the spins are aligned and all three quarks are of the same
type in the ground-states of A** and A~, no wave-function can be constructed which
is anti-symmetric. Thus the existence of the A appears to violate the Pauli principle at
first sight. But this is not so. Originally introduced to resolve that problem, and later
experimentally verified, another conserved quantum number is attached to quarks: Color.
The wave-function can then be anti-symmetric in this new quantum number, saving the
Pauli principle and the quark model at the same time.

Since this new quantum number of the quarks is not observed for the A, or any other
hadron, the hadrons must all be neutral with respect to this new quantum number. For
the mesons, consisting of a particle and an anti-particle, this is simple enough, as just both
have to have the same charge. This is not the case for baryons. Assigning just positive
or negative charges, like the electrical charge, it is not possible to construct neutral states
out of three particles. Attempts to do so with fractional charges also do not succeed in
the attempt to make the proton and neutron color-neutral simultaneously. It is therefore
necessary to depart from the simple structure of the electromagnetic charge.

As a consequence, it is assumed that there are three different charges, suggestively
called red, green (or sometimes, especially in older literature, yellow), and blue. It is
furthermore assumed that not only a color and the corresponding anti-color is neutral,
but also a set of each of the colors is neutral. Then there are three quarks for each flavor:
red, green, and blue up quarks, and red, green, and blue down quarks, totaling six quarks.
A color-neutral baryon is containing a quark of each color, e. g. a proton contains a red
and a blue up quark, and a green down quark. In fact, since the total charge of a proton is

zero, it is a mixture of any possible combination of color assignments to each three quarks,
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which are consistent with neutrality and the Pauli principle. Similar, the A™" consists of
a red up quark, a green up quark, and a blue up quark.

One other important ingredient, now that there is a new charge, is what mediates the
force between the charges. In electromagnetism it was the massless photon. It is therefore
reasonable to assume that there is also a mediator of the force between color charges.
These were indeed found, and named gluons. As the photon these are massless? bosons
with spin one. However, they differ from photons in a very important property. While
photons are only mediating the electromagnetic force, they are not themselves affected by
it, since they carry no electric charge. But gluons carry color charge. In fact there are 8
different charges carried by gluons, and none of these eight are either the quark charges,
nor is there any simple relation to the quark charges. Especially, it is impossible to add a
single quark charge with any combination of the gluon charges to obtain a neutral object.
To achieve this, at least two quarks have to be added to one or more gluons.

Nonetheless, the idea of gluons has been experimentally verified, and they have been
identified as the carrier of the strong interaction, binding quarks into color-neutral hadrons.
The exchange of mesons to bind nucleons into nuclei can be viewed as a higher-order effect
of the gluon interaction. This is similar to a Van-der-Waals force, though the details are
very different, as here not a color dipole moment enters, and the details are not yet fully
resolved. Still, the interaction of nucleons in a nuclei can be traced back to the gluons.

Hence, the combination of quarks, gluons, and colors can explain the structure of all
known hadrons, similar to the periodic table. Unfortunately, the strong force binding
quarks by gluon exchange is not accessible using perturbation theory, at least when it
comes to describing hadrons. Its treatment is therefore highly non-trivial. Because of the
color, this underlying theory of hadrons is called chromodynamics, its quantum version

quantum chromodynamics, or QCD in brief.

2.6 Strangeness

So far two quark flavors, up and down, have been introduced. This implies the presence
of an approximate SU(2) flavor symmetry, since the masses of both quarks are similar. It
was possible to describe all hadrons introduced so far using just these two quarks with the
quark model.

However, already before QCD was formulated, hadrons were observed, which do not
fit into this picture. The most well-known of them are the kaons K*, K° and K?,

four mesonic hadrons of masses 494 MeV for the charged ones and 498 MeV for the two

2The notion of massless is murky here, an will be returned to later.
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uncharged ones. Most remarkably, these new mesons were more stable than those of similar
masses made from the two quarks inside the quark model.

The reason is that there are more than the two quark flavors necessary to construct
the proton and neutron. These additional quark flavors do not occur in naturally observed
atomic nuclei® but can be produced in natural or artificial collisions, so-called hypernuclei.

The quark to obtain the kaons in the quark model has been called the strange quark s.
The s quark has an electric charge of —1/3, just like the d quark. The charged kaons are
therefore the combinations us, us, and the neutral ones ds and sd, explaining their small
mass difference, and their multiplicity. Two more such mesons are the n and 7' mesons,
which are made from §s combinations, and some admixtures from neutral combinations
of u and d quarks. They are therefore even heavier, the n having a mass of 550 MeV.
Somewhat peculiar, the mass of the ' is much higher, about 960 MeV. The reason is that
the i’ also receives mass from another source, the so-called axial anomaly. The latter will
be discussed below in section 5.6.

This enlarges the isospin symmetry to the so-called flavor symmetry. Since it involves
up, down, and strange quarks, it is an SU(3) group. Since the quarks have different masses,
the group is not unbroken, but reduced to three counting symmetries, i. e. U(1)3. Hence,
the individual quark flavors are conserved, but bound states with differing quark content
have differing masses. The isospin group is the almost unbroken SU(2) subgroup of this
SU(3) flavor group.

This conservation of quark flavor by the strong interaction is also at the origin of
the name strangeness. When the kaons were discovered, the quark model was yet to be
established. The kaons, and also strange baryons, called hyperons, with a single or more
strange quarks included, showed a different decay patterns than ordinary hadrons, due to
the conservation of strangeness. Thus, they did not fit into the scheme, and were therefore
considered strange.

The presence of the strange quark adds many more possible combinations to the quark
model, which all have very similar masses. Thus, there is a very large number of hadrons
with masses between 500 MeV, and roughly 3000 MeV, where the states become too
unstable to be still considered as real particles. In fact, the number of states N turns out
to rise exponentially with mass, N ~ exp(M/Ty). This is a so-called Hagedorn spectrum,
where Ty is called the Hagedorn temperature. The reason for the name is that naively a
system with such a spectrum has the property that at a finite temperature, the Hagedorn
temperature Ty, an infinite number of particles is created, and thus the system cannot be

heated beyond this point. For the strong interactions, the Hagedorn temperature is about

3With the possible exception of the inner core of neutron stars, though this is not yet settled.
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160 MeV. Of course, it is in practice possible to go beyond this temperature. What happens
is that at this point the quark substructure can no longer be ignored, and this effect limits
the number of states growth. This has originally lead to the idea that at this temperature
a phase transition has to occur, which signals the change from a hadronic system to one
were the quark substructure becomes more important. However, the most reliable results
to date rather indicate that it is a crossover. This transition plays nonetheless a role in
the development of the early universe, though a rather small one. This will be discussed

in detail in chapter 7.

2.7 Hybrids, glueballs, and other exotics

When studying the quark model and the possible color charges, it becomes quickly clear
that three quarks or one quark and one anti-quark are not the only possibilities how to
create color-neutral objects. Tetraquarks, made from two quarks and two anti-quarks, as
well as pentaquarks, made from four quarks and one anti-quark, are equally possible. There
is indeed no a-priori reason why such bound states should not exist. However, the are not
yet any unequivocally observed tetraquarks or pentaquarks, though at least for tetraquarks
there are by now substantial circumstantial evidence available. That an experimental
observation is so complicated can be motivated theoretically by two arguments.

The first effect is mixing. E. g. for a tetraquark, it is almost always possible to construct
a meson with the same quantum numbers, i. e. the same spin, parity, charge-parity and
electric charge. There is also the possibility to construct equally well a dimeson molecule.
One of the most infamous examples is the o meson?. It is a light neutral meson, with
quantum numbers compatible, e. g., with the states au, dd, tudd, Gutu, dddd, 77—, and
7070, Since it is a quantum state, it follows the quantum rules, which in particular imply
that all states with the same quantum numbers mix. It is therefore a superposition of
all such states. The question which of these states contribute most is highly non-trivial.
It can, in principle, be experimentally measured or theoretically calculated. There is no
really reliable way of estimating it. The results found so far indicate that the combination
of two pions is most dominant, it is therefore likely a molecule. For most other states the
two-quark components appears to be the dominant one. Similarly, almost all baryons turn
out to be completely dominated by the three-quark state. There are only few cases, where
this may not be the case.

The second possibility is to investigate one of those possibilities where the quantum

numbers of the tetraquarks cannot be created using a two-quark system. Such cases are

4The official name is f5(500), though the historical name of o meson is still commonly used.
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rare, but they exist. In principle, it would therefore be sufficient to just observe such a
state. Unfortunately, almost all of these states are highly unstable. They are therefore
experimentally hard to observe, and it is thus challenging to establish their properties
beyond doubt. Only very few candidates have been found so far, but some of them, to be

discussed later in section 2.8, appear very promising.

This problem becomes more complicated due to the gluons. Though it is not possible
to create a color-neutral state from a quark and a gluon, it is possible to combine a quark,
an anti-quark and one or more gluons to obtain a colorless state. It is similarly possible to
combine three quarks and a number of gluons to obtain a colorless state. Such states are
called hybrids. However, the gluons can at most add angular momentum, but no other
charges to the state. Therefore, there is always a state with the same quantum numbers,
but just made from quarks. Since adding a particle or orbital angular momentum to a
state usually increases its mass, these states are unstable against the decay to a state
with just the minimum number of quarks. Though these hybrids are therefore formally
admixtures to any state, it is essentially always a small one, and therefore hybrids are very

hard to identify both experimentally and theoretically.

The last class of states which can come into the mix are bosonic glueballs, which
combine only gluons to a colorless objects. The usual counting rules of the quark model
do not apply to them, but as a rough estimate even the simplest state is made out of four
gluons. Such states carry no electric charge, and most of them have the same J”¢ quantum
numbers as mesons, and therefore mix. However, there are some candidates, particularly
the so-called f(x) mesons, with x around 1500 MeV, which appear to have a large admixture
from glueballs. This is experimentally identified by the possible decays. Since gluons are,
in contrast to quarks, electrically neutral, decays into electrically neutral decay products,
except for photons, should be favored if there is a large glueball contribution in the state.
This has been observed, especially when comparing the partial decay widths of decays to
uncharged particles to the one to photons. However, even at best these states are only

partially glueballs.

There are some glueball states which have quantum numbers which cannot be formed
by only quarks, at least not in the simple quark model. Unfortunately, all theoretical
estimates place theses states at masses of 2.5-3 GeV, and therefore far above any hadronic
decay threshold. They are therefore highly unstable, and decay quickly. Hence, there is
not yet any experimental evidence for them, though new dedicated searches are ongoing

or are prepared.

In the search for the above listed so-called exotic states strange quarks play an impor-

tant role in the quest for tetraquarks and pentaquarks. Since strangeness is a conserved
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quantum number of the electromagnetic and strong interaction, it is possible to construct
states which do not have the quantum numbers of an ordinary state, e. g. a meson with
total strangeness of 2, which therefore must contain two strange quarks, and cannot be a
simple quark-anti-quark state, or a baryon with strangeness -1, due to a single anti-strange
quark, which therefore must be a pentaquark. Searches for such signatures are intensively
pursued. Note that, e. g., tetraquarks could also consist out of two strange and two an-
tistrange quarks. In this case, the excess strangeness is only visible in the decays. Such

states are therefore called cryptoexotic.

2.8 Charm, bottom, and top

It appears at first rather surprising that there should be just one other quark, which has
the same electric charge as the down quark. This appears unbalanced, and another quark
with the electric charge of the up quark appears to be necessary. Indeed, this is correct,
and there is also a heavier copy of the up quark, which is called charm® quark ¢ . However,
while the strange quark has a rather similar mass, despite its larger current mass, as the
light quarks, the charm quark has not. Hadrons involving a charm quark are much heavier
than hadrons containing only the lighter quarks. Charm is again a conserved quantum
number in both the electromagnetic and strong interaction.

This conservation of charm has very interesting consequences. Of course there are
hadrons were only one of the quarks is a charm quark, which are called open charm
hadrons. The best known ones are the D mesons, with masses of about 1870 MeV mass
and having the structure of a single charm quark and either an up or down quark. These
are the lightest particles with a charm quark.

But there are also particles, especially mesons, which consists only of charm quarks. In
the meson case, where the total charm is zero if they consist out of a charm and an anti-
charm quark, these are called hidden charm. The latter states are particularly interesting,
because they show a very interesting mass spectrum. In fact, the lightest ¢c states have
a mass which is quit a bit below threshold for the decay into two hadrons with a charm
quark and an anti-charm quark each, the DD threshold. They can therefore not decay
directly. Of course, the charm and anti-charm quarks can annihilate. But because of how
quark and gluon color charges are arranged, such a process is substantial suppressed in
QCD compared to the decay with a production of an additional quark-anti-quark pair:

Because a gluon carries color, an annihilation in one gluon is impossible. In two gluons it is

5The name originates from the fact that it solves several experimental mysteries observed in the weak

interactions, and because at that time it appeared to complete the quark picture.
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not possible because of spin-parity conservation, and into three gluons is already strongly
suppressed. This is the so-called Okubo-Zweig-lizuka (OZI) suppression, or sometimes
just Zweig rule.

Hence, decays occur very slowly. Therefore, these hadrons are extremely stable com-
pared to hadrons made from lighter hadrons, where the pions offer a simpler decay channel.

Thus, these meta-stable state carry the name of charmonia, which have masses of about
3 GeV, but decay widths of around a few 100 keV.

Because of this fact, the charmonia states turn out to present a very good realization of
the possible states permitted by the potential (2.4). Similarly to the hydrogen atom, this
potential creates states distinguished by a main quantum number and orbital quantum
numbers. The most well-known state is the J/W, at about 3097 MeV with a decay width
of 93 keV, which is a state with one unit of angular momentum. However, the ground
state of the system is the 7., with a mass of 2984 MeV and a decay width of 320 keV.
That the ground state decays quicker is mainly due to kinematic effects from the angular
momentum. Simply put, the ground state is in an s-wave, and thus the wave-functions of
the two charm quarks have a large overlap. Thus an annihilation into photons is much
more likely than in the case with angular momentum, where the overlap of the wave
functions is much smaller. Right now about 8 states are known, which are below the DD
threshold, the heaviest the so-called 1(25), with a mass of 3690 MeV and a decay width
of 303 keV.

These charmonia have been very instrumental in understanding the potential (2.4),
and thus the strong interactions. The very well-defined spectrum, which provides the
opportunity of a true spectroscopy, including many angular momentum states®, permits
a much cleaner study than in case of the light hadrons, where the ubiquitous decays into

pseudo-Goldstone bosons make resonances decay very quickly.

However, not all of the states in this spectrum are easily explained within the framework
of the quark model and the potential (2.4). These are the so-called X, Y, and Z mesons,
with masses above the DD threshold, and some also with open charm. These states do
not fit into the quark model spectroscopic scheme, and especially some may have quantum
numbers, which are not in agreement with a simple quark-anti-quark system. This is
still under experimental and theoretical investigation. At the same time, several states
expected from the quark model are either missing, or substantially shifted compared to
the quark model predictions. These absent or shifted states cannot explain the X, Y, and

Z mesons, as they are all predicted to be very broad, while the latter are very narrow, of

6 Angular momentum is, strictly speaking, not well-defined in a Lorentz-invariant manner. What is
meant here is the angular momentum in the quark model in the rest frame of the particle.
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order a few MeV, while the others are expected at tens of MeV. This already shows that
the simple quark model is not also able to explain all hadrons.

With the charm quark, it may appear that everything is complete and symmetric.
However, nature did not decide to stop at the charm quark, but added another quark:
The bottom (or in older text beauty) quark. It is a heavier copy of the down quark, and
has therefore an electric charge of -1/3. Its mass is about three times that of the charm
quark, with a current mass of 4.2 GeV. It therefore introduces another quark flavor, but like
for the charm quark, this does not play any role for dynamical chiral symmetric breaking,
as the explicit breaking is far too large.

Other than the mass and the electric charge, the bottom quark behaves essentially as
the charm quark. Especially, there is a rich spectroscopy with open and hidden beauty”,
the latter also called bottonium in analogy to charmonium. Similar to the case for the
charm quark, the lightest meson with open beauty is rather heavy, B* and B° being at
5.3 GeV. As a consequence, the bottonium spectrum has a large number of quasi-stable
states, the lightest being the 7, with a mass of 9.4 GeV and a decay width of roughly 10
MeV, the T playing the role of the J/v¢ with a mass of 9.5 GeV and a width of 54 keV,
and then even 15 states to the heaviest x,(3P) with 10.5 GeV observed so far. There
are also heavier states, including bottom versions of the X, Y, and Z mesons, which do
not fit easily into a simple quark model explanation. Thus, an even richer spectroscopy is
possible, though the production of these bottonia in so-called beauty farms, requires more
resources than for the charmonia.

Of course, for both bottom quarks and charm quarks there exist also baryons, with
one or more of these quarks, also with both charm and bottom quarks. These are rather
complicated to produce, but have been observed, though baryons with multiple charm or
bottom quarks only very recently. These baryons are not as stable as the mesons, but are
still sufficiently stable that their production and decay take place so far apart from each
other, a few pum, that both processes can be experimentally resolved. They play therefore
an important role to identify the production of charm and especially bottom quarks in
high-energy collisions (so called ¢- and b-tagging).

Together, charmonia and bottonia are usually referred to as quarkonia. Studying theses
states are also interesting for other reasons than to understand QCD. Because the J/1
and T are very long-lived, they are very well suited for precision measurements.

With the introduction of the bottom quark the situation appears again as unbalanced
as with the introduction of the strange quark. This is indeed true, and the picture extended

by the top (or in old texts truth) quark ¢. This is the last quark, which so far has been

"For the flavor quantum number the term beauty still survives.
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found, though there is no a-priori reason to expect that there may not be further quarks,
and searching for them is a very active field in experimental physics.

The top quark is a heavy version of the up quark, and thus has an electric charge of
2/3. The fact which is really uprising about it, is its mass of 173 GeV. It is therefore much
heavier than any other quark or hadron. It is an interesting side remark, and a triumph
of theory, that this mass has been established within 10 GeV before the direct observation
of the top quark, by measuring other processes sensitive to the top quark very precisely,
and then using theory to make a prediction.

The enormous mass of the top quark makes it the heaviest particle detected so far.
Due to its large mass, it decays much quicker than the lighter quarks, with a decay width
of 2 GeV, by weak effects. Hence, the formation even of short-lived hadrons with a top
quark is almost impossible, and no hadron with a top quark has so far been directly
observed. Whether a quasi-stable toponium is possible is not clear, but so far there is no
experimental evidence for it. But, due to the mass, it is also not trivial to produce large
numbers of top quarks, and thus the study of top quarks is rather complicated. Hence,
the top quark is so far more of interest for its own properties, particularly its mass, rather
than for its relation to QCD.



Chapter 3

Field theory

After having now the basic phenomenology for QCD available, it is now the point to
formulate it as a quantum field theory, i. e. a fully quantized theory. As it turns out,
QCD has a number of particular features, and it is therefore not advisable to directly set
out with a field-theoretical formulation of QCD. Rather, it is better to first gather the

necessary ingredients.

3.1 Path integral

Though it is possible to perform canonical quantization for QCD, this is a rather cumber-
some approach. A more elegant option is the path integral formalism, which is equivalent,
at least at the theoretical physics level of rigor. Especially for gauge theories, which will
turn out to be the relevant type of theories for QCD, it is the most convenient way of

quantization.

3.1.1 Heuristic introduction

Since the path integral formulation is as axiomatic as is canonical quantization, it cannot
be deduced. However, it is possible to motivate it.

A heuristic reasoning is the following. Take a quantum mechanical particle which moves
in time 7' from a point a of origin to a point b of measurement. This is not yet making any
statement about the path the particle followed. In fact, in quantum mechanics, due to the
superposition principle, a-priori no path is preferred. Therefore, the transition amplitude

U for this process must be expressible as

U (CL, b, T) _ Z ei-Phase

All paths

18
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which are weighted by a generic phase associated with the path. Since all paths are equal
from the quantum mechanical point of view, this phase must be real. Thus it remains
only to determine this phase. Based on the correspondence principle, in the classical
limit the classical path must be most important. Thus, to reduce interference effect, the
phase should be minimal for the classical path. A functional which implements this is the

classical action S, determined as

S[C] = / it

C

where the integral is over the given path C' from a to b, and the action is therefore a
functional of the path S and the classical Lagrange function L. Of course, it is always
possible to add a constant to the action without altering the result. Rewriting the sum
as a functional integral over all paths, this yields already the definition of the functional

integral

Ul(a,bT)= ZeiS[C] = /DCeiS[C].
C

This defines the quantum mechanical path integral.

It then remains to give this functional integral a more constructive meaning, such that
it becomes a mathematical description of how to determine this transition amplitude. The
most useful approach so far for non-trivial interacting theories is the intermediate use of
a lattice, i. e., a discretized space-time with a finite volume. However, even in this case
there are still conceptual and practical problems, so that the following remains often an
unproven procedure.

To do this, discretize the time interval 7" into N steps of size €. Since any kind of
path is permitted, it requires that all possible intermediate steps are admitted, even if
the resulting path is non-differentiable or non-causal. In fact, it can be shown that the
non-differentiable paths are the most important ones for a quantum theory. The reason
for this is that there are many more non-differentiable paths than differentiable ones, and
thus the differentiable ones are just an irrelevant subset. They are of measure zero.

Thus, at each time step, it is necessary to admit all positions in space. This yields

) &7, Py
/DC:/D[r(t)]: o e

as a discretization of the path integral, with some yet-to-be-determined integral measure

M(e). It is furthermore assumed that particles move freely from time step n to n +
1. To obtain the final expression, the limit N — oo must be taken, implying that the

path integral is an infinite number of ordinary integrals. Since the action is determined
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classically, the phase can then be split into the phases for the individual time slices, and
expanded to lowest order in €. This gives a calculational prescription for the path integral.
Of course, when changing from a point-particle theory to a theory of a field ¢, the

corresponding action has to be used, which implies the replacement

/ dtL(x, 1) — / &2 L((x, 1)),

with the Lagrangian density £. In this case, it is also no longer the paths of the particles
over which it is integrated, but now it is necessary to integrate over all possible field
configurations

A more detailed description of how to calculate this functional integral in quantum
mechanics can be found elsewhere. Here, the main aim is the field theoretical case, in

which the path integral reads

7 = /D¢exp (i/dd[,(gb)) : (3.1)

where Z is called the partition function. This is an integral over functions. Of course, in
the same way it is possible to make a discretization for the field-theoretical case as for the
quantum mechanical case, and this yields an operative definition of the path integral. To
deal with it more elegantly requires some functional analysis, which will be discussed now

in more detail.

3.1.2 Functional analysis

The following can be made mathematical more rigorous using the theory of distributions,
in which functionals are defined by conventional integrals over appropriate test functions.
However, this level of mathematical rigor is not necessary, and thus the following will
be made as definitions. In general, under most circumstances in particle physics, this
is sufficient. However, situations may arise, where it is necessary to go back to a more
mathematical formulation.

The starting point before defining functional integration is the definition of a functional

derivative. The basic ingredient for a functional derivative § are the definitions
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in analogy to conventional derivatives.

Consequently, a power series of a functional is defined as

Flg] = Z/d:cl...dxn%T(azl,...,xn)¢(a:1)...<b(:cn),

where the coefficients of an ordinary power series are now replaced by coefficient functions

T. In particular, they can be obtained as

577,
Som) s )

This defines the most important concepts for differentiation.

T(xy,...,x,) =

Concerning the functional integrals, they are as usually defined to be the inverse oper-
ation to functional derivatives. Therefore, integration proceeds as usual. In most practical
cases, the relevant functional are either polynomials or can be expanded in a power series,
and then functional integrals are straight-forward generalization of the usual integrals. In

particular

[ oo = ot

where the first expression implies that ¢ [ equals not to zero, but equals a §-function.

Of particular importance are Gaussian integrals, i. e. the generalization of

T dx 2 1
—e T = —. 3.2
i e 32)
The result can be either obtained from the power series expansion or directly gleaned from

the finite-dimensional generalization of Gaussian integrals, which is given by

(e o]

r d[L‘l / d[L‘n — 2T Ax 1
— ... —€ = s
VT VT Vdet A

—00

with an arbitrary matrix A, though for a finite result its square-root must be invertible, i.
e., no zero eigenvalues may be present.

The functional generalization is then

1

Vdet Az, y)

/ DI ddvo@ Ao _
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where A may now be operator-valued. Especially derivative operators will appear in this
context later. The determinant of such an operator is given by the infinite product of its

eigenvalues, and can alternatively be evaluated by the expression
det A = exp trlog(A),

just like for matrices, which is of great practical relevance. Alternatively, det A can be

expressed in terms of the solutions of the eigenvalue equations

/ dy Az, )6 (y) = A(x),

where the eigenvalues A form a continuous manifold. The determinant is then given as the
product of all eigenvalues.
An important property is the definition that a functional integral is translationally

invariant. Thus, for an arbitrary functional F' and an arbitrary function n and constant «

/ DYF [+ am) 7L / DGF 4] (3.3)

holds by definition.

From these properties follows the validity of the substitution rule as

/ DYF 4] = / Dy det g—zF[aﬁ ],

where the Jacobi determinant det(d¢/dn) appears. In case of a linear transformation

o(x) = / dyn(z, )b (),

the determinant is just det n(z, y) of the infinite-dimensional matrix n(z, y) with the indices
x and y.

With these definitions it is then possible to write down a closed expression for the
connected correlation functions (¢(z1)...¢(x,)), which contain all knowledge on any given

theory, for a theory with a single field ¢ with action S. They are given by

x1)...0(Ty eiS[qﬂ
(To(x1)...0(x)) = fD¢¢(f D)gbe?;[‘ﬂ ) '

(3.4)

This is essentially the basic axiom of the path-integral formulation of a quantum field
theory.
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Such a writing permits also a more elegant way to express the correlation functions
by!

(T(21)...0(20)) = %{()}/DQS@iSWHIdMQb(JM(QE) (x1)...(xy)

j=0
1 o

=0 A 5j(:p1)...5j(xn)z ]

I

J=0

]_ 5” . d .
_ [ pp— Sl dwo(@)i (@)
Z[O]/ 503w

where the quantities j are denoted as sources. From this generating functional Z [j] it

is possible to determine also generating functionals for connected and amputated vertex

functions. Furthermore, this permits to reconstruct the original path-integral as

211 =Y [ dhardin, (To(on).olz,))io).iw)

which can be proven by comparing both expressions in an expansion term-by-term. This

construction can be readily generalized to theories with more than one field.

3.2 Matter fields

The previous treatment permits the description of both scalar fields and gauge fields.
However, it is insufficient when treating fermionic fields. The reason is that the classical
action appears, which in its current form cannot take into account the Pauli principle, and
thus that fermions have to anticommute. In the canonical quantization procedure, this
is imposed by the canonical anti-commutation relation. In the path integral formulation,
this achieved by replacing the classical fermionic fields with classical anti-commuting fields.

This is achieved by replacing ordinary numbers with Grassmann numbers.

3.2.1 Grassmann variables
The starting point is to define anti-commuting numbers, a®, by the property
{a®, o’} =0

where the indices a and b serve to distinguish the numbers. In particular, all these number

are nilpotent,
(a®)? =0.

!There are subtleties involved, if the source breaks any symmetry explicitly. Then the limit of vanishing
source may be different from the situation at zero source. This will not play a role in this lecture, but

does sometimes in QCD.
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Hence, the set S of independent, so-called, Grassmann numbers with a = 1,..., N base
numbers are

S={l,a% a®a®™, ...,a™ X ... x a"}

where all o; are different. This set contains therefore only 2V elements. Of course, each
element of S can be multiplied by ordinary complex numbers ¢, and can be added. This
is very much like the case of ordinary complex numbers. Such combinations z take the

general form

1
z=co+ cpa® + Ecaba“ab + ..+ ﬁcm___wa“l X .oXa®™. (3.5)

Here, the factorials have been included for later simplicity, and the coefficient matrices
can be taken to be antisymmetric in all indices, as the product of a®s are antisymmetric.

For N = 2 the most general Grassmann number is therefore
2 =cCo+ clozl + 02a2 + 012a1a2,

where the antisymmetry has already been used. It is also common to split such numbers
in their (Grassmann-)odd and (Grassmann-)even part. Since any product of an even
number of Grassmann numbers commutes with other Grassmann numbers, this association
is adequate. Note that there is no possibility to invert a Grassmann number, but products
of an even number of Grassmann numbers are ordinary numbers and can therefore be
inverted.

The conjugate of a product of complex Grassmann-numbers, with independent real

and imaginary part, is defined as
(a®...a’)* = (ab)*...(a")* (3.6)
Note that the Grassmann algebra is different from the so-called Clifford algebra
{6°,6" =29

which is obeyed, e. g., by the y-matrices appearing in the Dirac-equation, and therefore
also in the context of the description of fermionic fields.

To do analysis, it is necessary to define functions on Grassmann numbers. First,
start with analytic functions. This is rather simple, due to the nilpotency of Grassmann

numbers. Hence, for a function of one Grassmann variable
z2=b+f

only, with b even and f odd, the most general function is
dF(b)

F(Z):F(b)‘i‘w

f.
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Any higher term in the Taylor series will vanish, since f2 = 0. Since Grassmann numbers
have no inverse, all Laurent series in f are equivalent to a Taylor series. For a function of

two variables, it is

OF(bi,by) . OF(byby) . 10°F(by.by)

F(21,22) = f(b1,b2) + Ob, 1 Obs T3 2 0bi0by

fife.

There are no other terms, as any other term would have at least a square of the Grassmann
variables, which therefore vanishes. Note that the last term is not zero because F'(by, by) #
F(bg, by) in general, but even if this is the case, it is not a summation.

This can be extended to more general functions, which are no longer analytical in their

arguments,
E(b, f) = Fo(b) + Fi(b) f (3.7)

and correspondingly of more variables

F(b1, b, f1, f2) = Fo(bi, ba) + Fi(b1, ba) fi + Fia(b1, b2) f1 fo.

The next step is to differentiate such functions. Note that the function F}5 has no definite
symmetry under the exchange of the indices, though by using an antisymmetric general-
ization this term can be again written as Fj; f; f; if F}; is anti-symmetric.

Differentiating with respect to the ordinary variables occurs as with ordinary functions.
For the differentiation with respect to Grassmann numbers, it is necessary to define a new
differential operator by its action on Grassmann variables. As these can appear at most

linear, it is sufficient to define

0

afil =0

0

8—fifj = 0y (3.8)

Since the result should be the same when f; f5 is differentiated with respect to f; irrespec-
tive of whether f; and f, are exchanged before derivation or not, it is necessary to declare

that the derivative anticommutes with Grassmann numbers:

0 0 0
8—j’1f2f1 —f2 f 8—ﬁ<_f1f2)_8—ﬁf2f1'

Alternatively, it is possible to introduce left and right derivatives. This will not be done

f —fa=

here. As a consequence, the product (or Leibnitz) rule reads

0

0 0
8—ﬁ(fjfk) = (8fzf) Je — fja—ﬁfk-
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Likewise, the integration needs to be constructed differently.

In fact, it is not possible to define integration (and also differentiation) as a limiting
process, since it is not possible to divide by infinitesimal Grassmann numbers. Hence
it is necessary to define integration. As a motivation for how to define integration the

requirement of translational invariance is often used. This requires then

/df -0
/dff -1 (3.9)

Translational invariance follows then immediately as

/ AFF(b, o+ o) = / A (kD) + gO) (fo + f2) = / df (h(D) + g(B) 1) = / af (b, f)

where the second definition of (3.9) has been used. Note that also the differential anti-
commutes with Grassmann numbers. Hence, this integration definition applies for fdf. If
there is another reordering of Grassmann variables, it has to be brought into this order.
In fact, performing the remainder of the integral using (3.9) yields g(b). It is an inter-
esting consequence that integration and differentiation thus are the same operations for

Grassmann variables, as can be seen from the comparison of (3.8) and (3.9).

3.2.2 Fermionic matter

To describe fermionic matter requires then to replace all fields describing fermions, e. g. the
electron fields ¢ in the QED Lagrangian (3.15) below, by fields of Grassmann variables. 1.
e., a fermion field associates each space-time point with a spinor of Grassmann variables.

The most important relation necessary later on is again the Gaussian integral over
Grassmann fields. To illustrate the use of Grassmann functions, this will be calculated in

detail. The starting point is the integral
/da*da exp(a*Aa),
with some ordinary number A. The Taylor expansion of this expression is
/da*da exp(a*Aa) = /da*daa*Aa,

and any terms linear or constant in the Grassmann variables will vanish during the in-
tegration, and likewise, all higher-order terms will be zero, since o? = a2 = 0. In the

next step, it is necessary to be very careful in the ordering of the integrals, as also the
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differentials anti-commute with the variables. To act with da on the variable « requires

to anti-commute it with o and da* first, giving a factor of (—1)?,

/dada*a*Aa = —/da*daa*Aa = /da*a*Adaa = /da*a*A =A (3.10)

which is remarkably different from the normal Gaussian integral (3.2), as it returns A
instead of A=Y2. Tt can be likewise shown, that the generalization to many variables
yields det A instead of (det A)~/2. Similarly, it can be shown that for the substitution
rule the inverse Jacobian appears. All these results will be useful now when quantizing

QED.

3.3 Quantization of QED

In principle, quantizing a theory is now performed by writing down the path integral (3.1)
and use (3.4) to calculate the correlation function. That’s it. Unfortunately, there is a
twist to this for gauge theories, which comes in two levels of escalation.
Start with the naive quantization of the free Maxwell theory with the classical La-
grangian
1

L = _Z WFW

F, = 0,A,—-0,4,

by writing down the generating functional

Zj) = / DA, exp (iS[Au] + i / ddxjuA“)
S[A] = / dxL,

where the normalization has been absorbed into the measure for convenience. This integral

is just a Gaussian one. Hence, it should be possible to integrate it. It takes the form

1
Zj) = /DAM exp <i/ddx (§A“(guy82 — 0,0,)A” +j“Au)) :
However, it is not possible to perform this integral, since this would require the matrix
g,uan - a,uau (3.11)

to be invertible, which is not the case. This can be seen directly by the fact that its
momentum-space version g,,k? — k,k, is a projection operator which vanishes when con-
tracted with k.
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An alternative way to see this is to note that any gauge transformation
Ay — A% = A, + 0ug(x) (3.12)

with ¢ arbitrary leaves S invariant, and, as a shift, also does not influence the measure.
Thus, there are flat directions of the integral, namely along such a gauge orbit, and thus
the integral diverges. There are only few possibilities to escape. One is to perform the
quantization on a discrete space-time grid in a finite volume, determine observables and
only after this take the continuum and infinite-volume limit. This is in most cases only
feasible numerically, but then a rather successful approach, and will be detailed below
in section 5.1.4. Another one is to determine only quantities which are invariant under
gauge transformations. However, it turns out that these are always including non-local
expressions beyond perturbation theory, making them very hard to handle in practical
calculations. The most convenient choice is very often performing gauge-fixing, i. e.,
cutting off the flat directions of the integral. This latter possibility will be used here, as
it is very illustrative.

Select, as in classical electrodynamics, thus a gauge condition C[A,,z] = 0 which
selects uniquely exactly one gauge copy. I. e., for a set of gauge-fields related by gauge
transformations (3.12) there is one and only one, but also at least one, which satisfies the

condition C'. An example of such a condition is, e. g., the Landau gauge
C=0"A, (3.13)

at least as long as all field amplitudes are small. This is not true in general, and will be
taken up in section 5.5.5.2. For the moment, this is sufficient, but will limit the following
to be strictly valid only either in perturbation theory or in QED, but not in QCD.

To make the path integral well-defined, it is necessary to factor off the irrelevant number
of field configurations equivalent under the gauge transformation (3.12), and just remain
with one representative for each physically inequivalent field configuration. An alternative,
given below by covariant gauges, is to average over all copies with a uniquely defined and
integrable weight for each gauge copy.

To do this consider the functional generalization of the Dirac-d function. The expression

A7) = [ Dgs(clag)

contains an integration over all gauge-transformations g for a fixed physical field configu-
ration A,, but by the J-function only the weight of the one configurations satisfying the
gauge condition is selected. Hence, when performing the change of variables ¢ — g+¢’ with

some gauge transformation ¢’ it remains unchanged by definition: The functional integral
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is translationally invariant. As a consequence, A is actually gauge-invariant. Evaluating

it at the gauge-transformed configuration AZ’ yields
/-1 o
AU = [ pesiciag) = [ plo - gisciag)

= /Dg5 Ag =A[A _.

Inverting A, the relation
(4] [ Daselay) (3.14)

is found.

Inserting this into the functional integral yields
7 = [Dasia) [ Dosciag estsia)

_ / Dy / DAY A[AL16(C1ASH]) exp(iS[AL)

_ / Dy / DA,A[AJ6(CIA,]) expliS[A,)

In the second line, a gauge transformation of the integration variable A, is performed. In
the last line the inner variables of integration have been changed from Af’; to A;gfg' and it
has been used that all expressions, except the d-function, are invariant. Hence, the integral
is not influencing anymore the remaining integral, and contributes only a factor, which
can be removed by appropriate normalization of the functional integral. In addition, it
would have been possible to also replace the action by any gauge-invariant functional, in
particular expressions involving some observable f in the form f[A,]exp(iS[A,]). Thus,
gauge-fixing is not affecting the value of gauge-invariant observables. Due to the -function,
on the other hand, now only gauge-inequivalent field configurations contribute, making the
functional integral well-defined.

It remains to clarify the role of the functional A. It is always possible to resolve the
condition C' [Ai] = 0 to obtain g as a function of C'. Hence, by exchanging C' and g as

variables of integration yields

o= [0 (a0 i) - (a2t

where it has been used that for satisfying C' there is one and only one g for any gauge
orbit. The appearing determinant is just the corresponding Jacobian. Thus, the function

A is given by

50["4#7 SL’])

— = det M(z,y).
) /o

A[A,] = (det 500y
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The Jacobian has the name Faddeev-Popov operator, abbreviated by M, and the deter-
minant goes by the name of Faddeev-Popov determinant.

A more explicit expression is obtained by using the chain rule

_ 6C[ALa] [ 4 0C[A,, 2] 5A,(2)
Miz.y) = dg(y) _/dz 0AL(2) dg(y)

g OC[A,, 7] - ,0CTA,, «]
/d 27514“(2) Aoy — 2) 8u75Au(y) :

To proceed further, a choice of C' is necessary. Choosing, e. g., the Landau gauge C' =
o"A, = 0 yields
M(z,y) = —0%0(z — y).

Due to the presence of the d-function the functional det A can then be replaced by det M
in the path integral. Note that this result is independent of the field variables, and thus
can also be absorbed in the normalization constant. Thus, at this point everything is
complete. However, the resulting integral has always the implicit Landau gauge condition
to be taken into account. To have rather an explicit condition, general covariant gauges
are more useful.

These are obtained by selecting the condition C'= D[A,,, z] + A(x) for some arbitrary
function A. In general, this will make Lorentz symmetry not manifest. This can be
recovered by integrating the path integral over all possible values of A with some arbitrary
integrable weight function. Since the path integral will not depend on A, as this is a gauge
choice, the integration is only an arbitrary normalization. Using a Gaussian weight, the

path integral then takes the form

7 = /DADAM exp (—é/ddxAQ) det M§(C') exp(iS)
= /DAM det M exp <z’S — 22—5 dd:pDQ) ,

where the d-function has been used in the second step. For the most common choice

D = 9, A", the so-called covariant gauges, this yields the final expression

Z = /DAM exp (iS — %/ddx(aufl“f) .

This additional term has the consequence that the Gaussian integral is now well-defined,

since the appearing matrix is changed to

9u0® — 9,0, = g, 0* — <1 - %) 0,0,
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which can be inverted. The appearing parameter &, the so-called gauge parameter, is
arbitrary, and can be chosen at will, defining the gauge. Furthermore, the ever-so popular
Landau gauge corresponds to the limit & — 0, as this is corresponding to the case where
all of the weight of the weight-function is concentrated only on the gauge copy satisfying
0" A, = 0. However, in principle this limit may only be taken at the end of the calculation,
as it appears to recover the non-invertible original operator (3.11) in Maxwell theory. The
choice £ =1 is known as Feynman gauge.

This process has at no place involved explicitly any matter fields. It therefore can be
performed in the same way in the presence of matter fields. Since the local gauge freedom
has been taken care of already, no further problems arise, and to quantize QED, it is
only necessary to replace the action by the one of QED, and to also integrate about the

(Grassmann-valued) fermion fields, yielding

- 1 - 1
7= / DA, DYDi exp (—i / d*x (ZFWF“” —(iy" D, — m) + i(aMA“)Q)) (3.15)
from which now calculations can be performed. How this can be done in practice will be
discussed after extending the quantization process to QCD.
Of course, this is only the result for a particular class of gauges, and many others exist.
In particular, it is possible to chose conditions C' which include also the matter fields

explicitly or which are not even Lorentz invariant, like the Coulomb gauge 25’:1 0;A; = 0.

3.4 Group theory

To treat QCD requires some group theory as group-theoretical structures will be required.
These will be collected here before formulating QCD itself.

The basic element will be to represent the operators associated with color charge by
generators of an algebra, as so-called Lie algebra G, which form the base vectors of a vector
space. Hence, if there should be N independent charges, there must be N independent
base vectors 7 with a = 1...N and N = dim G, and the Lie algebra must therefore be

N-dimensional. The defining property of such an algebra are the commutation relations
[T“, Tb] = i fore.
with the anti-symmetric structure constants ¢, which fulfill the Jacobi identity
fabefcd + facefdb + fadefbc =0
e e & ‘
These base vectors can be chosen hermitian, i. e., 7, = 7). Note that the position at top or

bottom (covariant and contravariant) of the indices is of no relevance for the Lie algebras

encountered in the standard model, but can become important in more general settings.
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Such a Lie algebra can be represented, e. g., by a set of finite-dimensional matrices.
An example is the su(2) algebra with its three generators, which can be chosen to be the

Pauli matrices,

73:10.
0 -1

Furthermore, to each algebra one or more groups can be associated by exponentiation, i.

e.,

=™ (3.16)
provides group elements for the associated group, which are by definition unitary and thus
A;1 = M. For su(2), these are again the Pauli matrices, generating the group SU(2).
However, the relation (3.16) is not necessarily a unique relation, and there can be more
than one group representation. E. g., for su(2) there are two possible groups related
to the algebra by the relation (3.16), the group SU(2) and the group SU(2)/Zs, which
is isomorphic to SO(3), where matrices which differ only be a negative unit matrix are
identified with each other.

Because of the exponential relation, a generic group element exp(ic,7*) with real
numbers «, can be expanded for infinitesimal «, as 1 + i 7% Thus the algebra de-
scribes infinitesimal transformations in the group. This will play an important role when
introducing gauge transformations for non-Abelian gauge theories.

There is only a denumerable infinite number of groups which an be constructed in
this way. One are the N-dimensional special unitary groups with algebra su(N), and
the simplest group representation SU(N) of unitary, unimodular matrices. The second
set are the symplectic algebras sp(2N) which are transformations leaving a metric of
alternating signature invariant, and thus are even-dimensional. Finally, there are the
special orthogonal algebras so(N), known from conventional rotations. Besides these,
there are five exceptional algebras go, f4, and eg, e7, and eg. The u(1) algebra of Maxwell
theory fits also into this scheme, the u(1) group is the special case of all f%¢ being zero,
and the algebra being one-dimensional. This is equivalent to so(2).

The most relevant algebras for QCD are su(2) and su(3). The su(2) algebra has the
total-antisymmetric Levi-Civita tensor as structure constant, f®¢ = €% with €% = 1.
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The algebra su(3) has as non-vanishing structure constants

f123 —
f458 — f678 —

1
V3
2
1
147 _ _ £156 _ 246 _ 257 _ ¢345 _ _ 367 _  *
I e e e A
and the corresponding ones with permuted indices. There is some arbitrary normalization
possible, and the values here are therefore conventional.
From these, also the generators for the eight-dimensional algebra su(3) can be con-
structed, the so-called Gell-Mann matrices,

010 0 —i 0 1 0 0
™ =100 = |i 0 =10 -1 0
000 0 0 0 0
001 00 —i 000
™ =100 0 ™= |00 0 =100 1
100 i 0 0 010
00 0 . 0 0
7 =100 —i T8 = 7 01 0|. (3.17)
0 i 0 00 —2

In general, there are N? — 1 base vectors for su(N), but the dependency for the other
algebras is different. For the sake of simplicity, in the following only the expressions for
su(N) will be given.

Generators, which are diagonal as matrices, and therefore commute with each other,
are said to be in the Cartan subalgebra or subgroup of the algebra or group, respectively.
For su(2), this is only one generator, for su(3) there are two.

These lowest-dimensional realization of the commutation relations is called the fun-
damental representations of the algebra or group. Since the commutation relations are
invariant under unitary transformations, it is possible to select a particular convenient
realization. Note, however, that there may be more than one unitarily inequivalent funda-
mental representations. For su(2), there is only one. For su(3), they are two, the second
one created by using the —\** matrices.

It also possible to give representations of the algebras with higher-dimensional matrices.

The next simple one is the so-called adjoint representations with the matrices

(A%)i; = —if%,
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which are three-dimensional for su(2) and eight-dimensional for su(3). There are also cases
in which the fundamental and the adjoint representation coincide. This can be continued
to an infinite number of further representations, which will not be needed here.
Further useful quantities are given by the Dynkin index Ty for an arbitrary represen-
tation R (R being e. g. 7 or A)
trRORY = 69Ty,

and the Casimirs Cp

5ik CR7

itk T
being for su(N) (N? —1)/(2N) for the fundamental representation and N for the adjoint
representation.

To perform a path-integral quantization of a theory involving Lie algebras, it will be
necessary to integrate over a group. This can be done using the Haar measure, defined for

group elements g = exp(0°7,) as
dg = I(O)I1Y_,db",

where I is the integral measure. The Haar measure is invariant under a variable transfor-
mation using a different group-element, i. e., for ¢ — g¢’ with an arbitrary different, but
fixed, group element ¢’ no Jacobian appears. This replaces the translational invariance of

the measure of ordinary integrals. Furthermore, the Haar measure is defined such that

/dg:l,

G

i. e., an integral over the complete group yields unity. The measure I can be shown to be

1
10) = —detM
0) = g de
9y
! = ir’M™ 1
502 iT (3.18)
Vo = / det MTIY_, d6”
G

where the second line is an implicit definition, and Vi is the appropriate normalization
function.

As an example, group elements of SU(2) can be written as

(3.19)

g=¢ faz® (COS I +isin D cosny  ie”"M sin B sin )
- - )

i€ sin "L sin 1, cos B — isin "L cos 1,
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where the three-dimensional vector ¢ with maximum length of 27 due to the periodicity of
the exponential has been decomposed into polar coordinates with n; and n3 ranging from
0 to 27 and 7, to m. Using the implicit definition (3.18), this yields the Haar measure for
SU(2)

4

dg = o sin? %dm sin nodnadns,

and the group volume Vg has a value of 1672

This completes the required group theory necessary to describe QCD.

3.5 Yang-Mills theory

This will permit to formulate QCD in the next chapter. In a first step, this will require the
introduction of a gauge theory being a tensor product of a vector field times a Lie algebra,
a so-called Yang-Mills theory. This will be done here for arbitrary gauge groups, though
the dimension of the algebra will be referred to as colors. After that, the algebra will be
specialized to the ones needed in QCD, su(3), with the group representation SU(3)/Zs.
However, the division by Z3 will not be relevant in perturbation theory.

The replacement is rather direct. In Maxwell theory, the gauge fields were a product
of the (trivial) generator of u(1l), being 1, and the gauge field A,. Thus, for a theory
including a Lie algebra, a so-called Yang-Mills theory, just the generator will be replaced
by the generators of the group, i. e., the gauge fields will be given as

A= AlT,

with the generators 7% being in some representation of the gauge algebra. Hence, there
are dim GG gauge fields in a Yang-Mills theory, which are essentially algebra-valued. In the
case of the standard model, the representation is the fundamental one, though most of the
following is general.

It then remains to construct a gauge-invariant action for Yang-Mills theory. This is
again an axiomatic process, which can be motivated by various geometric arguments, but
in the end remains a postulate.

Since the gauge field is now Lie-algebra-valued, so will be any gauge transforma-
tion function, 7%, (z), from which the group-valued unitary gauge transformation G =

exp 197w, is obtained. The gauge transformation acts now on the gauge fields as

A, — GAG ' +Go,GT, (3.20)
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which in infinitesimal form reads for the gauge fields Af

a a ab
Aﬂ — Aﬂ + Dﬂ wp
DY = 579, — gf?TAS,

where ijb is the covariant derivative in the adjoint representation of the gauge group.
There are two remarkable facts about this. One the one hand, there appears an arbitrary
constant ¢ in this relation. This constant will later turn out to take the place of the
conventional electric charge as the coupling constant of Yang-Mills theory. The second
is that the transformation is no longer linear, but there appears a product, even in the
infinitesimal case, of the gauge field and the gauge transformation function w®. This
non-linearity gives rise to all kind of technical complications.

This more lengthy expression requires also a change of the field-strength tensor, to
obtain a gauge-invariant theory in the end. The field strength tensor of Yang-Mills theory
is

B =0,A, —0,A, —iglA,, A)) = Fl,ma = (0,A, — 0, A7 + 9f ™ Ay A ) Ta

There are two more remarkable facts about this field strength tensor. One is that it is no
longer linear in the gauge fields, but that there appears an interaction term: Gauge fields
in a Yang-Mills theory interact with each other, and the theory is even without matter
non-trivial. Furthermore, the appearance of g confirms its interpretation as a coupling
constant. The second is that a quick calculation shows that this expression is not gauge-
invariant, in contrast to Maxwell theory. The reason is the non-commutativity of the
algebra-valued gauge fields.
However, the combination

tr(F,, F*) = F® F*

urt a

is. Thus, in analogy to Maxwell theory, the Lagrangian

1 14 1 a 14
L= —tr(FuF") = — F, FY

pursa

defines a suitable gauge-invariant object, which defines Yang-Mills theory. Though it looks
simple at first, it is a highly non-trivial theory, as it includes the interaction of three and
four gauge bosons.

Another consequence of the gauge-variance of the field strength tensor is that color-
electric and color-magnetic fields are gauge-variant as well, and they can thus not be
measured: Yang-Mills theories do not manifest themselves as observable fields nor as

observable color waves. From this follows also that color charge is gauge-variant and thus
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not observable, in contrast to electric charge. The only type of gauge-invariant observables
in Yang-Mills theory are bound-states, the aforementioned glueballs, and the interactions
and behaviors of these glueballs. However, after fixing a gauge, it is of course possible to
make statements also about the gauge bosons, and even use experiments to indirectly say

something about the properties of gauge bosons in a particular gauge.
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Perturbative QCD

This now provides the basis to finally formulate QCD as a field theory.

4.1 QCD as a field theory

Based on section 3.5, it is straightforward to include also fermions (or scalars) in a Yang-
Mills theory. To do this, it is necessary to select a representation for the matter field .
They then receive an additional index ¢, which counts the dimensionality of representation
of the gauge group: this enumerates the color. The matter fields, in contrast to the gauge
fields, are elements of the group, and not of the algebra. In particular, fundamental matter
fields are not invariant under center transformations, and thus explicitly break the group
down to its centerless subgroup, if it has non-trivial center.

In analogy to QED they then transform under gauge transformations as

wz’ — (Gw)z = Giﬂ/}j = €xp (_igTawa)ij %'7

which is therefore a group transformation. The generator 7¢ is now in the chosen repre-
sentation of the matter-fields.
To construct a gauge-invariant action, the covariant derivative for minimal coupling

has to include this as well, and it reads now
(Dp)ij = 610 + 19 AL (Ta)ij-

with again the generators 7 in the representation of the matter fields.
QCD contains the six quark flavors, counted by a further index f of quarks, which are
all in the fundamental representation of the gauge group, which turns out to be SU(3)/Z3

by comparison to experiment. Since the center is absent, it is not broken by the matter

38
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fields. This also explains the difference of gluon and quark colors: The respective indices
belong to different representations of the gauge group.
Thus, the Lagrangian of QCD finally reads

1 o
Laop = = FiEpy + > i (i DI — myp !, (4.1)
f

where the generators 7¢ appearing in the covariant derivative are the Gell-Mann matrices
(3.17). Here the tree-level mass of the quarks my has been included explicitly, as the
Brout-Englert-Higgs effect in calculations concentrating on QCD phenomena is usually
approximated by such tree-level masses.

It should be noted that the coupling appearing in the covariant derivatives is the same
for all flavors. The difference in color comes only from the different group indices, e. g.,
index ¢ = 1 is red, and so on. This is in contradistinction to QED, where the different
flavors (may) have a different charge. The reason for this is the non-linearity of the gauge
transformation of the gauge field (3.20). For the non-linear part to cancel in the covariant
derivative of the matter fields, the value of the gauge coupling ¢ for the gauge fields and all
matter fields has to be the same, a fact which is known as coupling universality. Otherwise,
the theory would not be gauge-invariant. This is not the case for QED, since there is no

non-linear part of the gauge field gauge transformation in QED.

4.2 Quantization of Yang-Mills theories

The quantization of QCD is essentially performed by quantizing Yang-Mills theory. This
follows essentially the same steps as for QED. However, the non-linearity will introduce
further complications, and will necessitate the introduction of further auxiliary fields, the
so-called ghost fields, to obtain a description in terms of a local quantum field theory, at
least in perturbation theory. For QCD, it is as convenient as for QED to not include the
matter fields in the gauge condition, and only this class will be considered. Furthermore,
only the class of covariant gauges will be discussed in detail, though other (non-covariant)
gauges have also been studied intensively in the literature, e. g. Coulomb or axial gauges.
This is beyond the scope of this lecture.

First of all, since the gauge transformations (3.20) leave the action invariant, there
are again flat directions similar to QED, thus giving the same reason to implement a
gauge-fixing procedure. However, in the following only the procedure for the perturbative
case will be discussed. The extension to the non-perturbative case is far from obvious for
non-Abelian gauge theories, due to the presence of the so-called Gribov-Singer ambiguity,

and will be discussed later in section 5.5.5.2.



40 4.2. Quantization of Yang-Mills theories

The first step is again to select a gauge condition, but this time one for every gauge
field, C?[Af, 2] = 0, e. g. again the the Landau gauge! C = O Af,. The next steps are then
the same as for QED, only keeping in mind to drag the additional indices alongside, and
that the integration over gauge transformations is now performed using the Haar measure.

This continues until reaching the expression
7z / DG / DA AAY6(C[A2]) exp(iS[A2)

in which for QED A could essentially be absorbed in the measure. For non-Abelian gauge

theories, this is not possible. For a non-Abelian gauge field, the function A is given by?

5C[A,, x))
668 (y)

with the non-Abelian Faddeev-Popov operator M.

A[AY] = (det )Ca:o = det M (z,y). (4.2)

A more explicit expression is again obtained using the chain rule

b 0C(x) _ [ o, 0C°(x) 04,(2)
M®(z,y) 50°(y) _/d A (2) 66°(y)
1 8C°(x) _0CD)
/d e oy =2 = S ()" w )

To proceed further, a choice of C'* is necessary, which will again be covariant gauges,
selected by the condition C* = D* + A%(= 0, A + A?) for some arbitrary functions A®.
The path integral then takes the form

7 = /DA“DAZeXp (—;—g/d‘le“Aa) det M4o(C) exp(iS)

= /DAZ det M exp (z’S - 22—5 / d4xD“Da> : (4.4)

for a Gaussian weight, and the d-function has been used in the second step. The arbitrary
parameter £ is called the gauge parameter. As the determinant of an operator is a highly
non-local object, the current expression is unsuited for most calculations.

This non-locality can be recast, using auxiliary fields, as an exponential. Using the

rules of Grassmann numbers it follows immediately that

det M ~ /DCQDEG exp <—i/d4xd4yca(x)M“b(x,y)cb(y)) : (4.5)

'For simplicity, here only gauge conditions linear in the group indices are used. Of course, in general

gauge conditions can also depend on gluon fields with a different index than their own.
2This determinant can be zero outside perturbation theory, see again section 5.5.5.2.
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where the auxiliary Faddeev-Popov ghost and antighost fields ¢ and ¢ are Grassmann-
valued scalar fields. Since these are just auxiliary fields, this is not at odds with the
spin-statistics theorem. The fields are in general gauges not related, but may be so in
particular gauges. This is, e. g., the case in Landau gauge where there exists an associated
symmetry. If the condition D* is local in the fields, the Faddeev-Popov operator will be
proportional to é(x — ), and this ghost term will become local.

It is furthermore often useful to introduce an additional auxiliary field, the Nakanishi-

Lautrup field b*. This is obtained by rewriting

exp (—QL d4:1:D“Da) ~ /Dba exp (i/d4x <gbaba + baDa)) :

Upon using the equation of motion for the b field, the original version is recovered.

The final expression then reads

7 = /DAZD()“DC“DE“ exp (iS + /d4:c <gbaba + baD“) — /d4xd4yéa(az)M“b(a:,y)cb(y)) :
(4.6)
Choosing the gauge D* = 9" A}, = 0, this takes the form

Z:i/DQ¢W®&D#wpGS+i/d%<gwm+U@Mﬁ)—i/d%#WDf&).
Furthermore, the ever-so popular Landau gauge corresponds to the limit & — 0, as this is
corresponding to the case where all of the weight of the weight-function is concentrated
only on the gauge copy satistying 0" Aj, = 0. However, in principle this limit may only be
taken at the end of the calculation.

To return to QED, it is sufficient to notice that in this case
D¢ — 9,0,

and thus the ghost term takes the form

—1 / d*rct 9% .

Hence, the ghosts decouple, and will not take part in any dynamical calculations. However,
their contribution can still be important, e. g., in thermodynamics. The decoupling of the
ghosts is not a universal statement. Choosing a condition which is not linear in the gauge
fields will also in an Abelian theory introduce interactions. Furthermore, from the sign of
this term it is also visible that the kinetic term of the ghosts has the wrong sign compared

to ordinary scalars, a sign of their unphysical spin-statistic relation.
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This program can be performed in a much more formal and general way, the so-called
anti-field method, and also using canonical quantization. Both are beyond the scope of
this lecture.

To include fermions requires just to add their contribution to the Lagrangian, and to

integrate over them, as they have not been involved in the gauge-fixing procedure.

4.3 BRST and asymptotic states

As stated, the chromoelectric and chromomagnetic fields themselves are no longer physical
in a Yang-Mills theory. It thus requires some other method to identify physical degrees of
freedom, and a more general construction of the physical state space is required.

A possibility to establish the physical state space is by use of the BRST (Becchi-Rouet-
Stora-Tyutin) symmetry, which is a residual symmetry after gauge-fixing. Perturbatively,
it permits to separate physical from unphysical fields. In the so-called Kugo-Ojima con-
struction it is attempted to extend this construction beyond perturbation theory, though
whether this is possible has not yet been settled. This will be briefly discussed in section
5.5.5.

4.3.1 BRST symmetry

The starting point for the discussion is the gauge-fixed Lagrangian with Nakanishi-Lautrup

fields included
1 ¢ 6D*
— __ o pu
L + S AC

4w a 5 Dﬁbub(z)

b, + b*D, — / d* 2, (2)

Herein the gauge condition is encoded in the condition C* = 0. Furthermore, matter fields
are ignored, as they will not alter the discussion qualitatively. These contributions will be
reinstantiated later.

This Lagrangian furnishes actually a global symmetry, as it is invariant under the

transformation 65 defined as

oA, = AD%uy, = AsAj (4.7)
opu’ = —)\gf“bcubuc = Asu® (4.8)
opu® =\ = Asu® (4.9)
opb” =0= Asb®. (4.10)

Herein, A is an infinitesimal Grassmann number, i. e., it anticommutes with the ghost

fields.
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As a consequence, this so-called BRST transformation s has to obey the generalized
Leibnitz rule
8<FG) — (SF)G + (_1)Grassmann parity of FFSG

The Grassmann parity of an object is 1 if it is Grassmann odd, i. e. contains an odd
number of Grassmann numbers, and 0 otherwise.

Showing the invariance is simple for the classical Lagrangian, as the transformation
for the gauge boson is just an ordinary gauge transformation with gauge parameter Au®,
which is an ordinary real function.

That the remaining gauge-fixing part of the Lagrangian is invariant under a BRST
transformation can be seen as follows. The quadratic term in b is trivially invariant. The

second term from the gauge-fixing part transforms for a linear gauge condition D, as

5Da 5Da
a a 4 b a 4 be
s(bDa)—b/aly5 ZsAu—b/aly5 ZDuuc.

To determine the transformation of the ghost-part, there are four components on which

the transformation acts. The first is when s acts on the anti-ghost. This yields

— oD” be oD” be
—s(tg(z)) /d4z SA D u.(z) = —b, / d*z S D u.(2).

It therefore precisely cancels the contribution from the second part of the gauge-fixing
term.

The next is the action on the gauge-fixing condition,

oD* oD*
4 be . 4 4 d be
/d ys <5A,€(y)> Dby, = /d yd Z—éAlb,(y)éAg(z) (sA(2)) Dyfue(y)

oD
= drydtr———————
/ 0A}(y)0AJ(2)

de be o
Dp ue(’Z)Du U‘C<y) =0.

In linear gauges, like the covariant gauges, it immediately vanishes since the second deriva-
tive of the gauge condition is zero. In non-linear gauges, this becomes more complicated,
and in general requires the exploitation of various symmetry properties, depending on the
actual gauge condition.

The two remaining terms can be treated together as
s(Dzbub) = O,su’ — gf“f((sAfL)ub + AZsub)
g aoc a C a C e
= —§8u(f “upuc) — gfUD uguy — gf foae ASuu

= %faf(ﬁu(ubuc) — 2up0y e — 2g(fchZudub + gfbdeAZudue)).
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The first two terms cancel each other, after adequate relabeling of indices. The last two
terms can be rearranged by index permutation such that the Jacobi identity can be used

so that they vanish as well,

= gf“bc(ubﬁuuc + (0 up)ue — 2updtu,)
+g(ff e Al uquy + f fE AL uquy + F G A uaue)

— (P Ay + £ F APy + £ OO Al uguy)

=G ) A, = 0,

for which a number of index rearrangements and relabellings are necessary, taking always
the Grassmannian nature of the ghosts duly into account. Hence, indeed the gauge-fixed
Lagrangian is BRST-invariant.

An amazing property of the BRST symmetry is that it is nil-potent, i. e., s = 0. This
follows immediately from a direct application. The previous calculation already showed
that

0= s(Dzbub) = SQAZ.

It is trivial for the anti-ghost and the auxiliary b* field by construction. For the ghost it

immediately follows by
82ua ~ S(fabcubuc) ~ fabcfbdeudueuc o fabcfcdeubudue — fabt:fbde (udueuc + ucudue) = 0.

The last step is not trivial, but follows from the fact that the ghost product is Grassman-
nian in nature, and only non-zero if all three indices are different, and thus behaves as an
anti-symmetric tensor €.ge.

There is even more possible. It holds that the gauge-fixing part of the Lagrangian can

be written as

b = (o (Sre0))
_ f a a — / 4 5Da be
= 26 b, +bv*D,+1u, | d y5AZ(y)D“ up(y)-

Hence, the gauge-fixing part of the Lagrangian is BRST-invariant, since s> = 0. This can
be generalized to other gauge conditions by adding arbitrary so-called BRST-exact terms
s(u®F,) with F* arbitrary to the Lagrangian. The factor of @ is necessary to compensate
the ghost of the BRST transformation, since any term in the Lagrangian must have a
net number of zero ghosts. This extension leads to the so-called anti-field formalism for

gauge-fixing. This will not be pursued further here.
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The BRST transformation for matter fields also take the form of a gauge transformation
with the parameter Au®. Therefore, all matter Lagrangian contributions automatically
satisfy invariance under a BRST transformation. For a fermionic or bosonic matter field

¢ in representation 7% it takes the form

0pdt = Nigu'r,)o;
7 1 a 1 g abc . a a ij
2" = igrs(u ¢;) = 1igT)’ <§f b Uple®j + 1gU uijbk¢k) ~ > {7‘ ,Tb} ! Ugupp; = 0,

where in the second-to-last step the relation between structure constants and generators
has been used backwards, permitting to combine both terms into the symmetric anti-

commutator. The combination with the anti-symmetric ghost product yields then zero.

4.3.2 Constructing the physical state space

The following discussion shows how to explicitly construct the state space using BRST
symmetry. It extends thereby the Gupta-Bleuler construction of QED, and it can be
directly extended to include also matter fields.

The first concept in constructing the physical state space is the presence of states which
do not have a positive norm. The simplest example is already given in Maxwell theory.
Choose, e. g., Feynman gauge, i. e. £ = 1. The corresponding propagator is then given by

Gaussian integration as

d4p eip(a:—y) d3p )
Al (2)A, = g% V/—i e d ”/7 —pi(z—y)i_
< u(x) <y>> g,u (27T)4 p2 +’l€ g‘u, 2(27‘(‘)3“7‘6
The norm of a state

W) = [ d'af(@) o) 0) = [ GEL(0) ) 0),

with f(z) an arbitrary weight function, created from the vacuum by the operator A, then
reads
d3p

v = [ [atyaloam) i@ - [ 5

Hence, there are negative (and zero) norm states present in the state space. These cannot

) f(p) <o0.

contribute to the physical state space, or otherwise the probability interpretation of the
theory will be lost. Or at least, it must be shown that the time evolution is only connecting

physical, i. e. with positive definite norm, initial states to physical final states.?

3The precise characterization of what is a final state beyond perturbation theory is open. One pos-

sibility, discussed before, is a non-perturbative extension of the construction to follow. Another one
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That they indeed do not contribute can be shown using the BRST symmetry. In fact,
it will be shown that

QB [V) s = 0, (4.11)
[QBaw]i = s

will be sufficient to define the physical state space, where the second line defines the BRST
charge Qg. The + indicate commutator or anticommutator, depending on whether ¢ is
bosonic (commutator) or fermionic (anticommutator). The BRST charge Q5 can also be
defined from the Noether current. It is given by

1
Qp = /d?’x (bangub — UgDpb® + agf“bcubucﬁoua) )

It is fermionic. Since s? = 0 it directly follows that Q% = 0 as well.

The BRST charge has evidently a ghost number of 1, i. e., the total number of ghost
fields minus the one of anti-ghosts is 1. This ghost number, similarly to fermion number,
is actually a conserved quantum number of the theory. It is due to the invariance of the

Lagrangian under the scale transformation

u® = e*u

= e eu,
with real parameter a. Note that such a scale transformation is possible since u* and u®

are independent fields. Furthermore for a hermitian Lagrangian the relations

UT:U

= —a

hold. As a consequence, also the BRST transformation and charge have ghost number 1

and are Hermitian. Together, they form the BRST algebra

{Q@prsT; @BRST} = 0 (4.12)
[(Qc, Qrst] = Qprsr (4.13)
[iQc,iQc] = 0 (4.14)

as can be seen from an explicit calculation.

characterizes all physical states by the necessary condition to be invariant under renormalization - after
all, physics should be independent of the scale at which it is measured. However, whether this condition
is sufficient, in particular beyond perturbation theory, is also not clear. Bound states with non-zero ghost

number, e. g., may also possess this property, though may not be a viable physical state.
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Since the Lagrangian is invariant under BRST transformation, so is the Hamiltonian,

and therefore also the time evolution and thus the S-matrix,

[@p,H] = 0
[@5,5] = 0.

Hence, if in fact the BRST symmetry is manifest?, and the condition (4.11) defines the
physical subspace that is already sufficient to show that physical states will only evolve
into physical states. It remains to see what kind of states satisfy (4.11).

Because the BRST charge is nilpotent the state space can be separated in three sub-

Spaces:

e States which are not annihilated by Qg, Vo = {|¢) |Qp |¢) # 0}.

e States which are obtained by Qg from Vo, Vo = {|¢) | |¢) = Qr ), |¥) eVa}. As a

consequence Vo = 0.

e States which are annihilated by @p but do not belong to Vp, Vi = {|x) |@5 |x) =
0,1x) # Qs |¢) .V [¢) €Va}.

The states in V5 do not satisfy (4.11), and therefore would not be physical. The union of

the two other states form the physical subspace.
Vo =Vo UV

It is this subspace which is invariant under time evolution. It is not trivial to show that
all states in this space have positive semi-definite norm, but this is possible. This will be
used here without proof. However, all states in Vj have zero norm, and have no overlap
with the states in V7,

(Plg) = (dlQBlY) = 0
(olx) = @|@slx) = 0.

Since matrix elements are formed in this way the states in Vjy do not contribute, and every
state in V), is thus represented by an equivalence class of states characterized by a distinct
state from V] to which an arbitrary state from V[ can be added, and thus a ray of states.

Therefore, the physical Hilbert space H), can be defined as the quotient space

Ker@p
ImQp "’

4The consequences of a not manifest BRST are far from trivial, and the non-perturbative status of

Hp:vp/%:

BRST symmetry is still under discussion, though there is quite some evidence that if it can be defined it
is well defined. But how to define it is not finally settled.
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the so-called cohomology of the operator (). Therefore, all states in H, have positive
norm, provided that the states in V; have.

To define the theory in the vacuum, use can be made of asymptotic states, in pertur-
bation theory usually known as in and out states. A corresponding physical asymptotic
states 1, must therefore obey

sy = 0.
In the following, the classification of the fields will be done in this form for perturbation
theory. In this case, this will finally amount to discarding essentially all composite fields.
Beyond perturbation theory, this is no longer possible, as cluster decomposition in general
no longer holds in gauge theories. How to proceed beyond perturbation theory is therefore
not completely understood.

To obtain the asymptotic fields, start with the BRST variation of a given Green’s
functions. Asymptotic states are defined to be the pole-part of the asymptotic field. To
obtain these, start with the formula

(T'(svi)iy b, ) = (T (i) r) (Towiy i, ) -

In this case, the indices 7 sum all space-time and internal indices and 7' is the time-ordering.
Essentially, a one has been introduced. Since in perturbation theory all interactions are

assumed to cease for asymptotic states, the BRST transformation become linear in the

fields
sy = sy = Cyphp.

Furthermore, by comparison with the previous calculation, the coefficients can be defined
as . 52

Cir, = (T'(svi)vw) = mmﬂﬂ
at least asymptotically. Note that the source coupled to sv; is necessarily the one for a
composite operator. Since in this case the Green’s functions will be dominated by the
on-shell (pole) part, only those coefficients will be relevant where si); and v have the
same mass.

As a consequence, this condition reads

1 i622[J]
P AP _ TP~
Fev =4 Z10] 0S5y, Ty,

since the BRST-variation of physical fields vanish.

Y =0,

The interesting question is then the form of these asymptotic propagators appearing.

In case of the gauge field

sAif(a:) = /d4yRLm(:c,y)um“(y), (4.15)
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where the index a stands for asymptotic. That only u appears is due to the fact that the
ghost is the parameter of the BRST transformation. The propagator then has the form

Rab <T Aaa b> - <TAaa$u >
The later identity is correct, since
s(AB) = (sA)B + (—1)2 AsB (4.16)

and the fact that a physical vacuum expectation value for any pure BRST variation, s(AB)
vanishes, (s(AB)) = 0. It then follows further
1
a1b\ __ a b a pAc ac

—<TAﬂb>__—E<TAﬂC> _<TAA><z5bc—-EDW¢bc (4.17)
where it was assumed in the second-to-last step that the gauge-fixing condition C'* is linear
in the field, 0% = ¢?**A¥, and the appearance of partial derivatives has been compensated
for by a change of sign. This is therefore a statement for all contributions not-orthogonal
to ¢be.

Now, because of Lorentz and (global) gauge invariance, it must be possible to rewrite
ab ab
R = 0"0,R.
Therefore, asymptotically

W%R—£Qﬁw —(TA%) (4.18)

must hold. The gluon propagator is asymptotically the free one. The right-hand side
equals precisely the mixed propagator of the free A, and b field. This one is given by
§%9,6(x — y), as can be read off directly from the Lagrangian. Therefore, R = §(z — y)
to obtain equality. Reinserting this into (4.15) yields

SAZG = J,u”.

For the ghost the asymptotic BRST transformation vanishes, since its BRST transform is
of ghost number 2. There is no single particle state with such a ghost number. The BRST
transformed of the anti-ghost field is already linear, yielding

aa a
sA n= Ouu
su = 0
S,aaa — baa

sb* = 0,
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for the full list of asymptotic BRST transformed fields. Unsurprisingly, these are exactly
the BRST transformations of the free fields.

From this follows that the longitudinal component of A,, since 0, gives a direction
parallel to the momentum, is not annihilated by s, nor is the anti-ghost annihilated by
the BRST transformation. They belong therefore to V5. The ghost and the Nakanishi-
Lautrup field are both generated as the results from BRST transformations, and therefore
belong to V4. Since they are generated from states in V5 it is said they form a quartet with
parent states being the longitudinal gluon and the anti-ghost and the daughter states being
the ghost and the Nakanishi-Lautrup field. Therefore, these fields not belonging to the
physical spectrum, are said to be removed from the spectrum by the quartet mechanism.
Note that the equation of motion for the field * makes it equivalent to the divergence of
the gluon field, which can be taken to be a constraint for the time-like gluon. Therefore,
the absence of the Nakanishi-Lautrup field from the physical spectrum implies the absence
of the time-like gluon. Finally, the transverse gluon fields are annihilated by the BRST
transformation but do not appear as daughter states, they are therefore physical. In
general gauges, the second unphysical degree of freedom will be the one constrained by the
gauge-fixing condition to which b is tied, while the two remaining polarization directions,

whichever they are, will belong to V;.

Of course, the gauge bosons can not be physical, since they are not gauge-invariant.
Therefore, their removal from the spectrum must proceed by another mechanism, which
is therefore necessarily beyond perturbation theory. A proposal for a similar construction
also applying to the gauge bosons has been given by Kugo and Ojima, though its validity

has not yet satisfactorily been established.

The introduction of quarks (or other matter) fields ¢ follows along the same lines. It
turns out that all of the components belong to Vi, i. e., s1» = 0, without ¢ appearing on
any right-hand side, and therefore all fermionic degrees of freedom are perturbatively phys-
ically. This can be directly seen as their gauge, and consequently BRST, transformation

is
o = iguTi;,

and hence its free-field (g = 0) result is sif = 0. This is expected, since no asymptotic

physical bound-state with ghost and fermion number one exists.

Similar as for the gauge boson, this cannot be completely correct, and has to change
non-perturbatively.
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4.4 Ward-Takahashi and Slavnov-Taylor identities

If a theory has a symmetry, irrespective whether it is global or local and whether it is
explicit or hidden, this symmetry implies that certain changes can be made to the fields
with well-defined consequences. From this results similar well-defined consequences for the
correlation functions. In particular, this implies certain relations between combinations of
correlation functions, so-called Ward-Takahashi or rigid identities for global symmetries,
and Slavnov-Taylor identities for local symmetries.

These identities have two particular useful purposes. One is that it is possible from
the knowledge of some correlation functions to infer knowledge about other correlation
functions. The second use is that by checking the identities after a calculation, it is
possible to determine whether errors occurred, being them either of numerical origin,
by some glitch in the calculation, or by the approximations made. Unfortunately the
fulfillment of the identities is only a necessary condition for the absence of errors, not a
sufficient one. It is always possible that some errors cancel each other in the identities, so

care has to be taken when interpreting a check using such identities.

4.4.1 Ward-Takahashi identities

Take a theory with only bosonic fields for simplicity, otherwise additional factors of minus
one will appear due to the Grassmann nature of fermionic fields. Let the theory be

symmetric under the infinitesimal change

o= ¢ =0+0p=0+ef(,1), (4.19)

with e infinitesimal. Then the generating functional Z [J] should not change, i. e., 67

should be zero. This variation

oF oF
0F(¢p) = —0¢p = —
() = 5500 = 55¢
acts on two components in the path integral. One is the action on the action itself, which
yields
1 ; ; d 55 . - d
_5( iS+i [ d :BJ(b) N e iS+i [dizJ¢
ole 1 50 +J ) efe ,

to first order in €. The second is the measure. The shift (4.19) is a variable transformation,
which generates a Jacobian determinant. This Jacobian determinant can also be expanded

in €, yielding

deti—(b, = det <1+%) = 1+e% + O(€).
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Together, this yields the variation

Differentiating this expression once with respect to the source and setting the sources
afterwards to zero yields an expression connecting different correlation functions. E. g.,

performing a single derivative will yield

(1o 20 4 (st spor ) + 1) 0.

In general, there will not only be one field involved, but many fields, numerated by a field

index i. In this case, expression (4.20) takes the form

— . % = S ifddx
0_/D¢2(5¢k+l<5¢k+Jk)f>e ' .

i. e., it becomes a sum over all fields. Deriving this expression in total n times for any

sequence of field types i; yields the set of all Ward-Takahashi identities

+Z<H " b (@) fin D 0, (21)) = 0. (4.21)

To obtain practical cases requires to insert an action with a certain invariance.

Take as an example the action for so-called linear o-model (or ¢* model) with positive
mass squared,

L= —( u¢)T3“¢+ Sm*6'e — No'o)*.

The transformation function is then f; = IFzngi, where 7 = 1 refers to ¢ and ¢ = 2 refers
to ¢'. The derivative of f actually vanishes in this case, since the Jacobian matrix under
a linear shift of the fields is zero, by the definition of translational invariance of the path
integral (3.3). This is not necessarily the case, and when treating anomalies a case will be
encountered where the Jacobian is non-vanishing.

Furthermore, the action is invariant under the global symmetry transformation. This

implies

OSlgi +efi] _ 0= /ddx§a<¢i +efi) :/ f“
Oe (5(}51 Oe 5¢z
and thus also the second term in (4.20) vanishes. Hence, only the third term remains,

which can be conveniently written as

0= 5 (TTI} 6, (4.22)
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which are called Ward identities in this context. E. g., at level n = 2, this identity implies

(T(66(2))d(y)) + (To(2)0(y)) = ($(2)o(y)") — (¢(x)e(y)") =0,

which seems rather trivial. However, when rewriting the theory in terms of o and y fields,

i. e. ¢ = 0 + 1, this implies

(Toox) + (T'odx) = (xx) — (o0) =0,

which implies that the propagators of both fields are identical, when, as here, no global
symmetry breaking is included. At tree-level, this is immediately visible, but gives a
constraint for the results beyond tree-level.

Of course, this is a rather simple result, and much more interesting ones are obtained
at higher order and/or for more complicated theories. E. g., when the transformation is
taken to be field-independent, but local, the quantum version of the equations of motion,

the Dyson-Schwinger equations, are obtained, as will be exploited below.

4.4.2 Slavnov-Taylor identities

Of course, it is possible to perform the same for a local symmetry, a gauge symmetry. This
yields the so-called Slavnov-Taylor identities (STIs). However, it is rather useful to take a
different route to obtain them. In particular, the BRST symmetry will be very useful to
obtain them much more directly than before.

Take a gauge-fixed theory, in which a BRST symmetry is well-defined and local, i.
e., with a gauge-fixing condition at most linear in the fields. Since the vacuum state is

physical and thus BRST-invariant, s|0) = 0, it follows immediately that

0= <S(TH1¢1)> = Z Ulg<T((Hl<k¢l)(5¢k)(Hm>k¢m))>
k

where ¢; stands for any of the fields in the theory, o, is +1 if the expression II;-,¢; is
Grassmann-even, and —1 if it is Grassmann-odd.

A non-trivial example for the usefulness of such an identity is given when regarding
the BRST transformation of the two-point correlator (Tu(x)D® [AZ, y]), where D" is the
gauge-fixing condition. This yields

0 = s(Tﬂ“(x)Db [Az,y}) = <T(sﬂ“(x))Db [Az,y}) — (Tﬂa(x)(sDb [Az,y}»

= (T0"(2)D" [A},y]) — (Tu"(z)(sD" [A4], y]))

_ —%(TD“ (A5, ] D* [A5y]) — (Ta*(2)(sD" [A7.4]))
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where in the last line the equation of motion for the Nakanishi-Lautrup field has been used.
The next step is to identify the action of the BRST transformation on the gauge-fixing
condition. The BRST transformation annihilates any pure functions not depending on the
fields by definition. Thus, it requires only to specify the action on the gauge condition D®.

The result depends on the choice of this condition, and here one will be chosen which
is linear in the gauge fields, D* = f;ijff , though f may contain derivatives, though it will
not contain integrals in the following. This yields

1

0 = —pRLRTALAD — (o) AL)
1 1 0S
= LI (TR @) Dty =~ faD — (Te @) (429

cd
where D

is the gauge boson’s propagator.
To determine the second expression, the quantum equations of motion, the so-called
Dyson-Schwinger equations, can be used. Since the path integral is by definition translational-

invariant, it follows that

_ 0 s i [ dizid _ 08 is ifdde¢_< (55 )>
O—/Dqﬁi&be* —/D¢<5¢+J)e+ =(T 5¢(x)+J(az) :

Differentiating this expression with respect to J(y) yields
5S 6J - 6S
0= <T <i¢<y>5¢(x) +iJ(x)o(y) + 5JE§;)> = <T¢%> +d(x —y), (4.24)

where the limit of J — 0 has been taken in the last step.

Thus, an expression like the second term in (4.23) is just a § function. In the present
case, taking the color indices and the Grassmannian nature of the ghost into account, this
finally yields

vefraDp, = €63 (x — y),
or for the linear covariant gauges fﬁb = 0“9, in momentum space

p'p” Din (p) = —i&6™. (4.25)

Thus, the gauge boson propagator’s longitudinal part has only a trivial momentum-
dependence. This result could also be derived using functional derivatives or directly
from the gauge condition, and therefore holds irrespective of the calculational scheme,
and in particular beyond perturbation theory.

In the same manner more complicated STIs can be derived. In general, they connect
n-point, n 4+ 1-point, and n + 2-point correlation functions. They are very useful in per-
turbation theory, as the n + 2-point contributions turn out to be always of higher order
in the coupling constant than the order at which a perturbative calculation is performed.

Beyond perturbation theory, however, their usefulness diminishes quickly.
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4.5 Perturbation theory

The most basic method to calculate physical quantities is perturbation theory. The prime
example are cross-sections. However, as will become clear when deriving their perturbative

evaluation, there are many problems which cannot be addressed using this method.

4.5.1 Cross-sections and decays

The primary quantities of interest at experiments are cross-sections and decay processes.
The basic starting point is the quantum mechanical formula for the partial differential
cross section do, which has for two incoming particles of mass M; and momenta p; and n

outgoing particles of momenta ¢; the form

2

1 Z ¢ d*q, 2
dU - 27T _'_ 7 . X M 7
4\/(]71]72)2 — MlM ( ) (pl b2 — qi ) 271' 3E (2 ) | fi ‘

where M is the transition matrix element between the incoming state i and the outgo-
ing state f. This formula can be generalized to also more than two incoming particles.
However, in practice it is very hard in experiments to get any appreciably amount of
three-particle collisions, so this plays little role in experimental physics. It is of much
more importance in other environments, like the interior of a sun, where the enormous
particle fluxes can compensate for the difficulties of colliding three or more particles. How-
ever, even in these cases four and more particle collisions are unlikely.

More interesting is the situation with a single particle in the initial state, which decays
into an n-particle final state. The corresponding cross section is then called dI', and given

by
1 da d*q,
dl = ——(27)"! v LAY V)
5, %" 5( Zq) 2rpE, < @rpE, M

To get the total values for do and dI', they have to be integrated over the final momenta
q; for a particular channel, i. e.; a particular final state. If identical particles occur, their
interchange has to be taken into account, which adds a factor 1/m! where m is the number
of such identical particles. These give the cross-section for a particular channel, i. e., set of
particles in the final state. The final results are obtained after summing over all possible
channels.

The central question of quantum field theory is therefore reduced to the calculation of

the transition matrix elements M. These are defined as

(fIS]i) = (fli) +i(2m)*6 (ps — psr) My, (4.26)
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where py and p; are the total initial and final state momenta, and S is the S-matrix, which

is defined as the time-ordered product of the interaction Lagrangian as
S — Teifddxﬁj

where £; contains only the parts of the Lagrangian which are more than quadratic in the

fields, and the time-ordering operator T is defined as

T(p(x)p(y)) = 0(xo — yo)P ()Y (y) + Oy — o) (Y)Y (2),

where the minus sign applies if both fields are fermionic. The generalization to an arbitrary
number of fields leads then to Wick’s theorem.

Since the S-matrix is nothing more than just the time evolution operator, this expres-
sion is just given by correlation functions of the operators creating and annihilating the
initial and final state, respectively. E. g., for a two muon to two electron process, the

expression is the correlation function

(upalSlee) = RoR (T (upiefeh)),

where the R; are field normalization factors to be discussed latter. The resulting expression
is a vacuum-to-vacuum transition amplitude, a so-called correlation function or Green’s
function. Calculation of these functions is therefore everything necessary to calculate the
transition matrix element. This will now be done in perturbation theory using the path

integral formalism.

4.5.2 General construction

Already by construction, time-ordered correlation functions can be calculated using the

path integral as
[ Dpy...pne'S167
[ Dgeisio]

However, this is so far only a tautology, as this gives no constructive way of calculating

<Toy...0p, >=

(4.27)

J=0

actually the correlation functions. The method of choice used here will be perturbation
theory. This essentially boils down to expanding the exponential in the fields, giving essen-
tially an infinite series of quasi-Gaussian integrals. The result is that the transition matrix
elements are determined by a sum over correlation functions in a theory with quadratic
action. Such an expansion of the field is essentially an expansion around zero field val-
ues, and thus assumes that the field amplitudes are small. Hence, this is a perturbative

approach.
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To do this, split the Lagrangian into a quadratic part £, and a remainder part L,

which includes all the interactions. This yields for the generating functional

A [J] _ /D¢eifddm£leifddm(£2+J¢)

— eifddxﬁl % /D¢ Zfddm(l:QJrJ(b

This is only a rewriting of the expression, and is still exact. The argument of £; is just
indicating that all appearances of the field have been replaced by the derivative with
respect to the source. To see the equivalence, take as an example a theory with cubic

interaction term
L= A g3
=50

and expand the exponential

eifdd;):l:] % /D¢elfdd$(£2+J¢

53 "
— I A d i [diz(Lo+ o)
/D¢Zn! <3!Z/d Yis Iy )3) ‘

- [0 O] dwO N irateieasae
3' 57092 i6J(y)

- / D(b( ; (5;5(2 )? / ddfc¢5(:c—y)+...) et f d'e(L2+79)

2
_ / Do ddy TR +) 1] dollt o

- / Do <1+¢ / ddy§¢3+...) il ds(Lre70)
o (3 f ) oo

_ /D¢6ifd mﬁjeifddm(lngrJd)).

Such manipulations are very helpful in general.
To proceed it is necessary to perform the remaining shifted Gaussian integral. This

can be readily generalized from the formula for ordinary numbers,
/dxe_%m”bw = 2\/Ee§.
a

/ Deei ] dr (@) @—ic/ 0@+ @o@) / Dot Aa(0(@)20(@) =5 [ iy @)D w—)I ()

This yields

= Z,[0] e 2 rdWI @AE—) W), (4.28)
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There are a number of points to take into account. () is just the quadratic part of the
Lagrangian, e. g., for a free scalar field it is just (—9? — m?)/2. The addition of the
term e is actually needed to make the integral convergent, and has to be carried through
all calculations. This can also be formally justified when using canonical quantization.

Secondly, the so-called Feynman propagator A is defined such that
(2Q — ie)A(x —y) = i0%(x —y).

That it depends only on the difference z — y comes from the assumption of translational
invariance, which applies to the standard model. For a scalar particle of mass M and thus

Q = (—=0* — M?)/2, this Feynman propagator takes, after Fourier transformation,
(—0% — M? + ie) /ddpeip(my)A(p) = i/ddpeip(my)
/ddpeip(x_y) (p? — M?* +ie)A(p) = i/ddpeip(x_y)
(4.29)
the form .
Alp) = m,

which is more useful for a calculation than the rather involved position space expression,

(4.30)

which can actually only be described in form of a tempered distribution. Thirdly, the
factor Zs [0] in front of the integral containing the Feynman propagator is just the factor
1/a in the conventional integral, conveniently rewritten as an exponential. This factor will
cancel partly the denominator in (4.27) when taking the limit J — 0 at the end of the
calculation.
This is then sufficient to write down a perturbative calculation of an arbitrary corre-

lation function. Take, for example, a model of a single scalar particle with interaction

Ay

41"

The perturbative expression up to linear order in A/4! for a process involving two particles

L=

in the initial and final state, essentially elastic scattering, is then

(Th(x1)(x2)d(w3)(4))
[ Dpp(w1)p(w9)p(23)p(24) e

] DgersTeT
_ 1 5 /D¢ei5[¢,J]
Z[O] 5J($1)5J(ZL‘2)5J(I‘3)5J(ZL‘4) J=0
_ Zy (0] ot i [ dlaly[:] o3 [ dladiy (@) A(@—y)J (y)

Z 0] 6J(x1)0J (x2)0J (x3)dJ (x4) J—o
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The next step is to expand both exponentials, the first in a formal power series in £, and

the second one in the conventional exponential series,

 Zy[0] 54 1 /). s \"
~Z00] 6J(21)0 (12)0 (3)5] (2) (ZE <E/ dd%w(yﬂ) ) .

% <Z % (_% / dxd®yJ(z)A(x — y)J(y))>

Both are polynomial in the sources. The expansion of the exponential of the interaction

J=0

Lagrangian yields terms with zero, four, eight,... derivatives with respect to the sources.
The second term produces terms with zero, two, four,... powers of the sources. Since the
sources are set to zero at the end, only terms without sources will remain. Thus, to order
zero in the interaction Lagrangian only the term with four sources will survive the external
derivative. To first order in the interaction Lagrangian only the term with eight powers
of the sources will survive.

To this order in the expansion, the expression takes therefore the form

_ Z0] & AR 5
— Z[0] 6 (21)0T (22)8 (w3)0.T (4) (5 (_5 /d wdyJ(x) Az — y)J(y))

_% ddz%ﬁ (—% /ddxddyj(z)A(x - y)J(y)) + O(}\2)> _

In principle, taking the derivatives is straight-forward. However, e. g., the first term is

given by the expression
54
0J(x1)0J (x2)0J (23)0J (24)

/ dYyrd yad ysd ysd (y1) A(yr — y2) I (y2) I (Y3) A(yz — ya) J (ya)-

The first derivative, with respect to J(z4) could act equally well on all four sources under
the integral. It will therefore provide four terms. Correspondingly, the second derivative
can act on three different terms, making this 12 terms, and so on, giving in total 24 terms,
with all possible combinations, or partitions, of the four arguments.

To illustrate the process, two steps for a particular combination will be investigated.
The first derivative acts as

g d,. jd
70 | @A =) )

= /dda:ddyéd(x —z)Ax —y)J(y)+...= /dyA(:c4 —y)Jy) + ..., (4.31)

where the points indicate further contributions. For the action of the next derivative, there

are two possibilities. Either it acts on the same factor of the product of the integrals, or
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on a different one. Take first the possibility of the same factor. If it is a distinct factor,

this just provides the same action. If it is the same factor, this immediately yields

5
57 (z3)

[ =) = [ a2 = A - )
In total, this yields for the term proportional to \° = 1

A=— Z Az, — xj) Az — xp), (4.32)

ijkl

where Pj;j; indicates that the sum is over all 4! possible permutations of the index set
{ijkl}.

The situation becomes somewhat more complicated for the terms proportional to A,
since now multiple derivatives with respect to the same source J(z) appears. Again, a
single such derivative acts like (4.31). A difference occurs when the second derivative
occurs. This can either act again on another factor, but it could also act on the same
factor. The first case just produces another factor of type (4.31). The second situation is

different, and yields

%(z) /ddyA(z —y)J(y) = /ddyA(z —Y0y—2) =Ar—2)  (433)

which appears to look like A(0). However, this not quite the case, as will be visible later.
In particular, the expression A(0) cannot be easily interpreted. Furthermore, an integral
over z still appears. It is therefore useful to keep first explicit terms of A(z — 2) in the
following.

After a slight change in notation, there will then be 8! possibilities for the order A
contribution. However, many of them turn out to be identical, yielding in total three

further contributions

AB = —i) / d'rA(x — 1) A(x — 22)A(z — 23) A2 — 24) (4.34)
AC = —% PZ Az; — z;) /ddxA(x — 2)A(z — 2p) Az — 2) (4.35)
aMp = -2

dzA(z — 2)A(w —2) Y Az — 2;) Az — 1) (4.36)

ikl

8

These four terms have simple interpretations, if each factor of A is considered to be
a particle propagation along the connecting line of z — y. Then, the first term (4.32)
corresponds to the interference pattern of identical particles when they are observed at

two different initial and final positions: Since the particles are identical, any combination
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is possible, including that one particle vanishes and the other one appears. This can be
visualized by using a line to symbolize a factor of A, and draw all possible combinations
between the four points.

Similar interpretations hold for the three remaining terms (4.34-4.36). The expression
(4.34) contains for each factor of A a common point. This can be taken to be just a
meeting of all four particles at a common vertex point z. Since there appears a pre-factor
of A, it can be said that the four particles couple with a strength A, thus also the name
coupling constant for A. Such an interaction vertex could be denoted by a dot.

The third term (4.35) can be seen as one particle just propagating, while the second
particle has an interesting behavior: It emits at an intermediate point a particle, an
reabsorbs it then. Such a virtual particle contributes to a cloud of virtual emission and
absorption processes, which becomes more common at higher orders. Pictorially, this
corresponds to a loop in the propagation, which again harbors an interaction vertex.

The last contribution is different, as when drawing lines there appears an additional
graph, which is disconnected from the initial and final positions, and has the form of the
number eight. Such a disconnected diagram is also called vacuum contribution, as it is
not connected to any external input, and is thus a property of the vacuum alone.

In general, the expression (4.32-4.36) are very cumbersome to deal with in position
space. It is therefore more useful to perform a Fourier transformation, and perform the
calculations in momentum space. In particular, this removes many of the cumbersome
sums over partitions. How to switch to momentum space will be discussed in more detail
after taking care of the remaining factor Z, [0] /Z [0].

Since the current calculation is a perturbative calculation, it is adequate to also expand
Z5[0] /Z[0] in A. This can be most directly done again using the formula (4.28). Thus, the
factor Z5 cancels immediately, and the remaining expansion terms are, up to combinatorial
factors, very similar as before. Its inverse is thus given, to order A, by

Z (0] A

— d 2y
VAT —1+§ dzA(x — 2)A(x — ) + O(N°) =1+ AD.

This term is easily identified as the prefactor appearing in (4.36). To order A, this yields

(To(e)(e)olas)ote) = T EEEAD) L o)

= (A+AB+C+AD))(1=AD)+0O(\) = A+ ANB+ C + AD) — AAD + O()\?)
= A+ XB+C)+0(\).

Thus, to order A, the term with a disconnected contribution is canceled. It turns out

that this is a generic result, and that all diagrams with disconnected contribution in a
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perturbative expansion always cancel, and a general proof can be constructed in a very
similar way to this evaluation in ¢* theory up to leading order. However, this is beyond
the scope of this lecture.

As stated, the explicit expression in position space turns out to be very awkward to use
in actual calculation, and their evaluation in momentum space is preferable. This can be
done using the expression for the Feynman propagator in momentum space, (4.30). The

total sum then becomes
d d d d
(27T)d/ d P1 d P2 d P3 d P4 e—i(p1$1+p2x2+p3x3+p4ar4)
(

d d d d
2

2m)z (2m)2 (2m)2 (27)

X

l

7
X (2m)46% (i + p1) 8% (ps + pj)

—iN6%(p1 + p2 + p3 +
(pl P2 T P3 p4)p% 2 p% 2 p§ —m2p? — m?

(2m)4N J J i i i diq i
- %5 (pi + ;)0 (px +pz)p? R — R g — / (2n)i & —m?
Note that the ie contributions have not been written explicitly in the propagators, but
left implicit. This is the standard conventions for such a representation of a perturbative
expression. Of course, if the result is desired in momentum space rather than position
space, which is normally the case, the Fourier transformation can be dropped.

The result already shows a number of regularities, which can be generalized to the so-
called Feynman rules, which permit to directly translate from a graphical representation to
the mathematical expression in perturbation theory. These can be derived rather generally,

though this becomes rather cumbersome. Here, these will be stated simply without proof:

e Select the type and number of all external lines

e Determine the order (in all coupling constants, i. e., in all vertices) to which the

process should be evaluated

e Draw all possible diagrams connecting in all possible ways the external lines with up

to order vertices, and add them
e For each line, write a propagator of this particle type
e For each vertex, write the interaction vertex, i. e. essentially 6" L;/d¢™, for each

e Impose the conservation of all quantities, including momentum, conserved by a giving
vertex at each vertex. This can be most directly done by following each input

conserved quantity through the whole diagram until its final result
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e Integrate over all undetermined momenta, i. e., each momentum running through a

loop

e For each closed fermion loop, multiply the term by minus one, because of the Grass-

mann nature

e Lines, which are attached to the outside of a diagram, receive a further propagator

of the corresponding type

Two things can further facilitate the result. On the one hand, any diagram will be zero, if
any conservation law is not respected by the transition from initial to final state. However,
in such cases also the perturbative vertices vanish identically. Secondly, there are many
diagrams, which are identical up to reordering, as in the previous example. They can be
collected, and normalized using so-called symmetry factors.

It can be immediately shown that the previous results can be obtained from these rules,
as an explicit example of the more general Feynman rules.

Perturbative calculations in QCD with the Lagrangian (4.1) can be performed in essen-
tially the same way. It is just necessary to replace it with the corresponding propagators
and vertices derived in the same way from the Lagrangian. These are the propagators for

the gluons, ghosts, and quarks

—i6a® k. k
Dab — L — 1— BV
puv kQ + i€ (g,u ( f) k?2 )
D — s i(puy" +m) _ i
p? —m? +ie  p,yrt —m+ e
Z’éab
Dab —
p? + i€’

respectively. There are in addition 3-point vertices of quarks and gluons, three gluons,

and ghost and gluons

D99 (p, q, k)y? = igy"ty;
T99(p, q, k)2 = gf™(g""(k —p)* + ¢""(p — )" + g""(q — k)")

L% (p,q, k)5 = gf*p,

respectively, and the four-gluon vertex

I‘QQQQ(p’ q, k’ l)zl;c;lo — _igZ(fabefcde(gupgua _ guagup)
+facefbde (g,ul/gpa o g,u,ogup> + fadefbce(g,ul/gpa o gupguo»’
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and all momenta defined incoming. Note that because ghosts obey Fermi statistics closed
ghost loops also receive a minus sign.

Returning to the scalar theory, perturbative calculations can be further simplified by
passing to connected, amputated diagrams.

The so-called connected diagrams are diagrams in which all lines are connected with

each other. In the previous case, the result can be symbolically written as
AA + AN +11,

where A is a propagator, A’ is a propagator with a loop attached, and II is the graph
where all four lines are connected. This is called the full correlation function. Of course,
A and A’ can also be determined from the two-point function (T'¢¢), to the same order,
and therefore contain no new information. The only new contribution for the four-point
function at this order of perturbation theory is II. It would therefore be useful, if it is
possible to only calculate this contribution, instead of the whole one. Indeed, it can be

shown that for a correlation function with n external legs

G(x1, .. xy) = Gc(xl,...,xn)+ZGC(:UZ-,...,a:j)Gc(:cj,...,xk)
+3 Gel@i oo 7)) Go(Ths oo 2) GeT, ooy ) + o (437)

where the sums are over all possible ways to split the index set {z;} in two, three,...
subsets. Furthermore, every connected correlation functions is a series in the coupling

constant. Thus, in the present case,

G($1,$2,x3,$4) — Gc($1,$2,$3,$4) + ZGc(xial‘j)Gc(l‘kal‘l)
Pij1

Ge(r,y) = Alr—y)+ Az —y),

where again the 0 is the propagator, and A’ is the propagator to order A\, which includes
the attached loop, and G, is the only diagram with all points connected. Contributions
proportional to A2 have to be dropped, as they are of higher order in the perturbative
expansion. This relation can be inverted to obtain the connected functions from the other,
but it is more interesting to calculate just the connected, and then calculate the complete
one by the formula (4.37).

Finally, all external lines have the propagators attached to them, they are called non-
amputated. Removing this yields the amputated correlation functions I', which can imme-
diately yield again the non-amputated one. Thus, it is sufficient to calculate the amputated

ones. In the same way, explicit momentum conserving factors can always be reinstantiated.
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Thus, the calculation of the four-point function boils finally down to the calculation of
the amputated, connected two-point function to order A\, and the amputated, connected

four-point function. These are just given by

) dr 7
Le(p,g) = —iA / —

(2m)4r2 —m?
Fc(pa q, ka l) = _'L)‘a

rather simple expressions indeed. These are also called proper or vertex correlation func-
tion.

There is a further possibility to reduce the effort of perturbative calculations, though
these do not reduce it further for the present example. It is rather simple to imagine situ-
ations, were it is possible to cut a single internal line to obtain two separate graphs. Such
graphs are called one-particle reducible. It can be shown that it is sufficient two know all
graphs, which cannot be separated in such a way, so-called one-particle irreducible graphs
(1PI), to obtain all relevant results, and to reconstruct also the one-particle reducible
ones. The generic connection can again be illustrated. Take two graphs which are 1PI,

say graphs A(p,q) and B(k,l). They can be joined to a one-particle reducible graph by

Alp, 9)A(q)B(g;1),

i. e., by the insertion of a propagator. This can be repeated as necessary.

Thus, the final addition to the Feynman rules is

e Identify in all the diagrams the connected, amputated 1PI graphs. Calculate these,
and the result can be obtained by just multiplying and adding the results together

such as to obtain the original graphs

Note that the construction can be extended further, to so-called nPI graphs. However,
their recombination is in general no longer possible by multiplications, but usually involves
integration over intermediate momenta. This is beyond the scope of this lecture.

From this construction it follows that there are two distinct classes of perturbative
calculations. One is the class of so-called tree-level calculations, in which no loops appear.
Since graphs without loops are always one-particle reducible, they can always be cut so
long as only to consist out of vertex and propagator expressions. On the other hand,
this implies that a tree-level calculation can always be written as just a multiplication
of propagators and vertices, without any integration. These contributions turn out to be
furthermore the classical contribution, i. e., whatever remains when taking the limit of
h — 0. Nonetheless, even tree-level calculations, in particular for many external particles,

can become very cumbersome, and both a technical as well as a logistical problem.
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The second type of diagrams are all graphs with loops. Since they vanish in the classical
limit, this implies that these are the quantum, or also radiative, corrections to a process.
The integrals make an evaluation much more complicated. Furthermore, the integrals are

usually not finite, leading to the necessity of the renormalization process.

4.6 Renormalization

So far, all calculations have been at tree-level, i. e., no integrations have been necessary,
as are required by the Feynman rules if loops appear. Such loop expressions are always of
higher order in the coupling constants than the corresponding tree-level diagrams. How-
ever, experimental precision is sufficiently high to be sensitive to loop contributions, so-
called radiative corrections. In fact, for QCD next-to-next-to-next-to-leading order (N*LO)
precision is already required, and for some quantities even N*LO results are available®.

One of the generic problems of such loop corrections is that the corresponding integrals
are usually divergent. At first sight, this might seem to invalidate the theory. However, it
turns out that it is possible to make the integrals convergent without introducing additional
parameters into the theory, albeit at the price that the theory still looses its validity at
some high cutoff-scale. Since this scale can be pushed to very high energies, this is of
little practical importance, as it can anyway not be assumed that the standard model is a
theory of everything, since it does not include gravity.

To make sense out of such a theory requires then two basic steps. One is a prescription
how to regularize integrals, i. e., how to map their divergent value to a finite value. For
this purpose of regularization the integrals are made convergent by the introduction of
some parameter, and the original divergence is recovered when sending this parameter to
a particular limit. As a result, all quantities calculated will depend on this parameter.

The second step, the so-called renormalization program, gives a prescription how to
redefine the theory such as to loose the dependence on this extra parameter, the so-called
renormalization scheme, without recovering the original divergence. The consequence of
this program, and the particular renormalization scheme used, is that quantities like masses
or coupling constants can no longer be interpreted as static quantities, but will depend
on the scale at which they are measured. It is said that they become running. However,

measurable quantities, like a cross-section, turn out not to depend on the measurement

®Note that in the standard model context calculations may be at different order in the various appearing
couplings, as the quantitative contributions, due to the differing sizes of the relevant couplings, are vastly
different. Thus, often calculations are done to the orders such that the quantitative contributions of all

involved interactions are of roughly the same size, rather than of the same order.
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scale, at least for an exact calculation. Unfortunately, most calculations are not exact in
general, and in particular for the standard model. As a consequence, a dependence on the

scale may be left.

4.6.1 Cutoff regularization

To illustrate the concept of regularization, it is useful to go to a simple model, the Yukawa
model of a scalar ¢ and a fermion x. This model appears throughout strong interaction
physics, where the fermions are often interpreted as either quarks or nucleons, and the
bosons as mesons. The simplest case with just one flavor each has a Lagrangian given by
1 . M ? A _
L= 50,00") + Xi(Y"0u = m)x — o ¢" = 6" — yoxx.

Hence there are two masses, m and M, and two coupling constants y and A. With two
flavors of fermions, representing the nucleons, and three flavors of mesons, representing
the pions, this model gives already a first reasonable approximation of nuclear physics.

Start with the self-energy of the scalar particle to order O(A!,4°). In this case, there

is only one diagram contributing, a so-called tadpole diagram. Its value is

A d*p 1
m=-= 4.38
¢ 2/(27r)4p2—M2+i6’ (4.38)

where the factor 1/2 is a symmetry factors. The integration over py can be performed first

by contour-integration and using the Cauchy theorem, since

A [ &3P 1
m = -2 [ — [d
¢ 2/(27T)4/ A VR

)\/ d®p / 1
2/ (2m)* ’ (po + /P? )(Po — /P* + M?) + i€

This has a pole in the upper half-plane, and vanishes sufficiently fast on a half-circle
at infinity. The residue at the simple poles py = £+/p? + M? is 1/(po F /P> + M?),
dropping the small contribution of ie, which only served to not have the pole on the axis.

The Cauchy theorem then yields, using polar coordinates in the final expression,

o
A
¢ 472 M2
0
This integral is divergent, as announced. It is also the only contribution at this order of

perturbation theory, so there is no cancellation possible to remove this divergence. To
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make sense of it, it is necessary to regularize it. The most straight-forward possibility is
to replace the upper integral limit co by a large, but finite number A, the so-called cutoff
regularization.

The integral can then be calculated explicitly to yield

i\ WE A+ A1+ 22
m="2 A1+ 55 = MIn ~. (4.39)

¢ Y2 M

As can be seen, the integral diverges with the cutoff A quadratically, and has in addition
a sub-leading divergence logarithmically in A. Still, as long as the limit is not performed,

the result is finite, independent of the momentum, but explicitly dependent on A.

4.6.2 Renormalization prescription

To remove this dependence, it is worthwhile to investigate the total structure of the two-
point function I'yy, which is just the propagator Dy,. Amputation of the unamputated
equation

Loo = Dyg(p* — M? +T1) Dy

yields the expression for the amputated and connected two-point function by division,
giving
1 2 2
— =p°— M~ +1l,.
Dyg

However, in a perturbative setting the self-energy is assumed to be small. Thus, it is

possible to expand the self-energy, and replace it as

1 2 2 A
— =P - M%) (4.40)
Dy ¢

To leading order the propagator is then given by

H B pQ—MQ-l—Hg
oo — (p2—M2+i6)2.

Instead of using this approximate expression it is possible to use the inversion of the expres-
sion (4.40). This results in the so-called resummed propagator, as it contains contributions
which are of higher-order in the coupling constant.

Diagrammatically, it corresponds to an infinite series of diagrams with an ever-increasing
number of tadpole attachments. This already illustrates that this is only a partial resum-

mation of the perturbative series, since at order A\? there are also other types of diagrams
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contributing. Thus, this looses some of the systematics of the perturbative expression,
and it is necessary to be wary with it.

Nonetheless, for the current purpose, it is more transparent to work with the expression
(4.40). As is seen from the result (4.39), the contribution IT}) is momentum-independent
and dependent on the cutoff A. If it would be finite, it could be interpreted as a change

of the mass M, since then the expression would have the form
p* — M? - SM?* — p* — M},

with the renormalized mass
Mp =V M2+ §M?2.

The actual mass of a ¢ particle, which would be measured in an experiment, would then
be Mg, instead of the bare mass M. In fact, since the experimental measurement is the
only knowledge available on the theory, it is mandatory that the bare parameters of the
theory, like the bare mass M, are adjusted such that the resulting renormalized mass Mg
agrees with experiment®.

Now, since the actual bare parameters cannot be measured, there is nothing which
prevents us to set it to

M? = Mg — 6M?,

with the experimental input Mpg. This automatically fulfills the requirement to reproduce
the experiment. In particular, since M is not an observable quantity, there is no reason
for it to be finite, and independent of the cutoff A. Thus, it is possible to absorb the
infinity of the divergent integral in unobservable bare parameters of the theory. This can

be arranged already at the level of the Lagrangian by replacing

SM?
2

M? Mpg?
g

The second term is a so-called counter-term, and it depends on the actual order of the cal-
culation. E. g., at tree-level, it would be zero. This replacement is called a renormalization

scheme.

4.6.3 Counter-term structure

It is actually not the the only contribution which appears. If the calculation is extended

to also include corrections up to O(\, y?), there is a second diagram contributing to the

6This implies that the bare parameters have to be adapted at each order of perturbation theory

calculated.
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self-energy, which is due to a loop of the fermions. The expression then takes the form
DNTANI o ) y?
with the fermionic contribution given by

:__/ d4p tr((yup + M)(w(p” — ¢) + M))
L= M2 +ie)((p — q)* — M? +ie)

Using the trace identities trl = 4, try,=0, and trv,v, = 4g,, this simplifies to

__/ p(p —q) + M?

4(p2 — M2 +ie)((p — q)? — M2 +ie)’

Since the numerator scales with p2, the integral is quadratically divergent. Suppressing the
1€, the expression can be rewritten by introducing a zero and then shifting the integration

argument, as

_9_2/ d'p (p* —m?) + ((p — q)?) — m?) — ¢* + 4m?

(p2 —m2)((p — q)? — m?)
Y 1 1 4m? — ¢?
B / (p Q)Q—m2+p2—m2+(p2—m2)((p—Q)2—m2)>

B i

Such integrals can be performed using a number of analytical tricks. However, for the

present purpose this will not be necessary. It is sufficient to observe that the resulting

integral, just by counting powers of integration momenta, will have the form
y? 2 2 2 A 2 2
H¢ :ClA + (CQm + c3q )hl%‘kf(?’ﬂ »q )7

where f is some finite function when A is send to infinity, and depends on both A and y,
as do the constants ¢;.

The first two terms have again the same structure as the tadpole contribution (4.38).
However, the third term is different, as it does depend explicitly on the momentum. There-
fore, it cannot be absorbed into a mass renormalization. However, it can be absorbed in

a renormalization of the kinetic term. If in the Lagrangian the modification
0,00" ¢ — 0,00" P + 6240, 00" ¢ = Z40,,¢0" @,
is performed, the kinetic term of the field ¢ has been renormalized by a factor Z,. Choosing

A
02y = —c3ln —,
m
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this will remove the divergence. By this the field amplitude is arranged to agree with the
experimental one by the introduction of the wave-function renormalization ZE.
Performing further calculations, it turns out that similar changes have to be performed
for the remaining bare parameters m, A, and y, yielding a renormalized fermion mass mg,
and renormalized couplings Ag and ygr. Thus, including these counter-terms yields the

renormalized Lagrangian

1 m + ]\41'%2 2 )\R 4 —
Lr = 50.00"¢ +X i(7" 0, — mp)x — = O @ YROXX
6z SM*> P
+500u00" + X027 0, — dm)x — == & — 7t = ydRx.

It should be noted that always certain products of fields appear together with a parameter
of the theory. Thus, often explicit factors of various Zs are introduced such that not
kinetic terms are renormalized, but rather the field itself, in the sense of an amplitude
renormalization. In this case, explicit factors of Zzl /2 are multiplied for each field in the
counter-term Lagrangian, and the counter-terms dM, dm, 0\, and dy are redefined by
appropriate factors of Z; 2 This is, however, conventional, but the more common case
for QCD.

Also, it is usual that dz is rather defined as
dr =Zyx = (1+90Z,)z,

i. e. as a multiplicative factor to the original quantity. However, Z, may then depend

again on z, even in the form of 1/x. E. g., renormalized QED reads then

1 1

‘CQED - _ZFMVFuV - i(a‘uAuf + QZ}(Z’YM + m)@/) + GAM’IIJ’}/“’QZ)
57 2 -
—TAFWFW — 2t (9,AM) 4 5 Zyhin" Out) — (ZyZm — 1))

_1 _
H(ZZ 2 Zy — 1)eApy" .

In this case all parameters, m, e, and £, as well as A, and v have been multiplicatively
renormalized. It should be noted that also the ghost fields would have to be renormalized, if
they would not decouple in QED. The extension of this to QCD is hence a straightforward
generalization.

The remaining question is then whether this is sufficient, or whether further terms,
e. g. a sixth power of the fields, would be necessary, or whether non-multiplicative terms
would appear. It can be shown that in perturbation theory in four dimensions for any

gauge theory of the type of QCD with parameters with at least zero energy dimension, i. e.
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dimensionless couplings, masses, or couplings with dimensions of energy to some positive
power, it is always possible to perform the renormalization with a finite number of terms.
Thus, the process is finite, and for QED actually complete at this stage. However, this
is only proven in perturbation theory, and though it is commonly assumed to hold also
beyond perturbation theory, a proof is lacking.

The general proof, also for dimensions different than four, and more complex theories
is possible, but beyond the current scope. However, for all known quantum gauge theories
in four dimensions with non-trivial dynamics and observable bound states renormalization

is necessary.

4.6.4 Renormalization schemes and dimensional transmutation

So far, the counter terms have been identified by direct comparison. However, assume

that the propagator has finally the form

b_ 2 — 2 + 2p2
o p4 4 (d2 _ 02)p2 — 242

Such a propagator has no longer the form of a conventional free particle. It is thus not
clear how to determine, e. g., dm, such that it represents the mass of a particle. Thus, it
is necessary to give a more precise definition of what physical mass means. Since such a
mass would be expected as a pole, one possibility would be to choose it as the smallest

momentum at which the propagator has a simple pole. In this case, this would imply
mpr = d,

and thus the counter-terms can be arranged such that this equality holds. This is called
a pole scheme.

It becomes much more ambiguous for the coupling constants, as they are not associ-
ated with some pole. For the electromagnetic charge, it still seems reasonable to choose its
macroscopic value, i. e., the one known from classical physics, which is the so-called Thom-
son limit. A similar definition cannot be made for, e. g. the strong coupling. Another

possibility is therefore, e. g., to choose
T4 (p,q,p+q) =,

for two arbitrarily chosen momenta. This already shows that a certain ambiguity is intro-
duced, because a scale p is introduced, which is proportional to p, at a fixed ratio of p and
q. It is even more ambiguous when it comes to identify conditions for the wave-function

renormalization.
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In fact, it turns out that the conditions chosen are arbitrary, i. e., any genuinely
measurable quantity is not depending on this choice”. Thus, any choice will do. Any such
set of choices is called a renormalization scheme, and it is possible to express quantities
using one renormalization scheme by results in a different renormalization scheme. For

QED, e. g., it is possible to define the following set of renormalization conditions

(V0w = D) o2 DAA(HE) = i (4.41)
129w DA (?) = i€ (4.42)

trDyy(1®) = im(p?) (4.43)

(try.p" Dyy) (1) = 164 (4.44)

DA (2, 2, i) = de(p?) (4.45)

Note that there is no condition that involves a mass of the photon. It can be shown that
such a mass would violate gauge invariance. The condition (4.42) follows actually directly
from the QED version of the STI (4.25). There are two remarkable, and generic, features
in this description.

One is that in the definition of the renormalization constants appears a scale pu, the so-
called renormalization scale. Its value is arbitrary, but it cannot be removed. Of course, it
would be possible to choose for each of the five conditions (4.41-4.45) a different scale, but
these would then differ only by constant prefactors multiplying the single scale. Since this
scale is arbitrary, nothing which is observable can depend on it. This observation is the
basis for the so-called renormalization-group approach, which uses this knowledge and by
forming derivatives on renormalization-scale-invariant quantities determines (functional)
differential equations, which are useful for determining properties of correlation functions.
This will be exploited later in section 5.1.6.

There is a further consequence of this scale. If a theory like Yang-Mills theory is
taken, there appears no dimensionful parameter at the classical level, and the theory is
classically scale-invariant. However, when the renormalization conditions are imposed,
this is no longer the case, since they involve this scale. Since this scale is a manifestation
of the ultraviolet divergences, and thus incompleteness of the theory, it is thus created in
the quantization process. It is thus said that the classical scale invariance is broken by
quantum effects, a process also referred to as dimensional transmutation. In a sense, it is a
global anomaly, as the quantization process itself is breaking the classical scale symmetry®.

This perspective will be further discussed in section 5.6.

"Actually, any quantity which is renormalized cannot be measured directly. The only direct measure-
ments possible measure either cross sections, masses, or decay rates in one form or the other, and permit

then an indirect determinations of the parameters.
8As a side remark, it should be noted that the exact masslessness of the photon can be shown to
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The second feature is that the mass of the electron and the electric charge now depend
on the renormalization, and thus energy scale, by virtue of the renormalization condi-
tions (4.43) and (4.45). Thus, the parameters of the theory become energy-dependent,
and out of a set of theories with fixed parameters e and m a single theory with energy-
dependent parameters emerges. These energy-dependent quantities are therefore called
running. Some more properties of this feature will be discussed in section 4.7. Since, as
stated, quantities depending on the renormalization scale are no longer observable, nei-
ther the masses nor the charges of the elementary particles are, in fact, observable. They
are only given implicitly in a fixed renormalization scheme via renormalization conditions
such as (4.41-4.45). Of course, this still permits to plot the energy-dependence of such a
quantity. However, the plot is only meaningful after fixing the renormalization scheme.

When changing to QCD, there are more renormalization conditions, due to the different
flavors and the ghosts. As a consequence, standardized renormalization schemes have been
developed, which are commonly used, and are therefore usually not made explicit. These
schemes have been tailored for particular purposes, and must be looked up, if a calculation
is to be compared to preexisting results. However, to compare to the commonly used

schemes, it is necessary to introduce the concept of dimensional regularization.

4.6.5 Dimensional regularization

The cut-off regularization discussed in section 4.6.1 is by no means the only possibility.
There exist quite a plethora of different regularization schemes, which are all consistent.
However, almost all of these prescriptions hide symmetries, in particular gauge symme-
tries. This modifies the STIs and introduces additional counter-terms, making them rather
cumbersome in many practical applications. The cut-off regularization is one example of
such a regularization prescription which hides gauge symmetry.

However, for the case of perturbation theory, it is possible to find a regularization
prescription, which leaves gauge symmetry explicit. This simplifies many calculations
tremendously. The price to be paid is that the analytic structure of the appearing correla-
tion functions has to be known, and that the presence of anomalies and chiral symmetries
requires very special attention. The prior of these two requirements makes this prescription
almost useless beyond perturbation theory. Nonetheless, in the perturbative treatment of
QCD, it is almost always employed. Especially the standard renormalization schemes
usually explicitly reference it.

The name of this prescription is dimensional regularization. Its name stems from the

be a consequence of this broken scale symmetry in massless QED. In this case the photon becomes the

Goldstone boson of the breaking of the global scale symmetry.
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fact that an integral is analytically continued away from the number of dimensions in
which it should be evaluated to a dimensionality in which it is finite, then evaluated, and
finally the result is analytically continued back to the original number of dimensions. In
this process, the change of dimensions is entirely formal, and therefore not restricted to an
integer number of dimensions. The original divergences then appear as poles of the type
1/6 with § being the distance to the desired dimensionality. These poles correspond to the
explicit appearances of the cutoffs, e. g. in equation (4.38), when a cutoff regularization is
performed.

The rules for dimensional regularization can be given mathematically quite precisely.
The first part of the prescription is to set any integral to zero, which does not depend

explicitly on a scale,
/d%(/f)a =0.
For integrals involving a scale, take the following example, which is continued to D being

different from the target number of dimensions d

1 1 MdD dPk 1
A=— [ d% AT = :
~ / 2m)D4 (k2 —m2 + ie)"

im? (k2 — m? +ie)" im?
The original, unregularized integral is obtained in the limit D — d. Since this is only a

regularization, the total value of A™ should not change its energy dimensions, and therefore
a dimensional regularization scale M is introduced. This integral is convergent for D < 2r.
Performing a Wick rotation, i. e., replacing formally ko — ik, yields
2 Mde —1) 2 Mde —1)
2 (k%2 + m? —ie)" 72 (k2 +m?2)r

which is for a finite integral always permitted. Using the rotational invariance, the angular

integral can be performed yielding the volume of a D-dimensional unit-sphere,

el

2T

/ dQp = ™ (4.46)

[e.e]

r
I'(z) = /tz_le_tdt.
0

als]

Of course, a sphere is only a geometric object in the conventional sense for D being integer.
The expression (4.46) is therefore taken to define the volume of a sphere in non-integer
dimensions.

The remaining integral is then elementary, and can be solved using Cauchy’s theorem,
to yield

d—DP(T—Q
S _ N 2/

A" = (47 M?)
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So far, this result is valid in D < 2r dimensions. To obtain the originally desired dimen-

sionality, replace D = d — 29,

A" = (4 M?)°
A" is now expanded for small §, as the desired limit is 6 — 0. For the case of r =1, i. e.,
for a massive tadpole like (4.38), the expansion in ¢ yields

A2 (L e —m ™ 1) 40
- 5 ’}/+D7T nM2+ +()7

where 7 is the Euler constant =~ 0.577. This expression has a simple pole in J, replacing
the divergence of the explicit cut-off.

From now on, the procedure is essentially identically to the cut-off regularization: The
divergent terms are absorbed in counter-terms, and then renormalization is performed. If
just the term 1/¢ is absorbed the corresponding renormalization scheme is called minimal

subtraction (MS), but more commonly the (almost always appearing) combination

1
g—7+1n47r

is absorbed by the counter-terms. This is the so-called modified minimal subtraction
scheme, denoted by MS, the standard scheme of most perturbative calculations.
Similarly, it is possible to calculate any kind of other diagram. For example, a massless

loop integral in the MS-scheme takes the form

/ diq 20y — )P = 1 T(—a—B8-9r¢E+ a4+ p)
emd? TP T T Tt a+ AL (—a)l(—H)

(p2)2(g+a+6)’

and so on. It is usually possible to reduce given loop integrals by appropriate transforma-
tions into one of several master integrals, for which the dimensional regularization results

are known, and can be found either in books or some tables in review articles.

4.6.6 Composite operators

When dealing with QCD, one is often interested in observable quantities, and especially in
hadrons. However, hadrons are bound states, and thus composite objects. They are hence
described by composite operators, which are usually evaluated at the same space(-time)
point. E. g. the simplest operator to describe a scalar meson is ¢ ()1 (z). However, such

a product is usually ill-defined at the quantum level. As a consequence, such operators
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are usually not renormalized just by renormalizing the field operators individually, but

require further (multiplicative) renormalization, i. e.

(W(@)¢())r = ZyZ(2)Y(2),

where Z,, are the wave-function renormalizations of the (anti-)quark field ¢, and Z. is the
additionally required renormalization constant.

But since in a renormalizable theory only a finite number of counter-terms are required,
this divergence cannot be an independent one in QCD. It must thus be expressible in
terms of the other renormalization constants. In fact, in the present case it turns out to
be just given by the inverse of the quark mass renormalization, and hence m (x)i(z) is
actually finite and renormalization-group and renormalization-scheme invariant, and thus
observable.

This still leaves the question of how to calculate Z.. Of course, one possibility, often
the simplest one, is to not search explicitly for the relation to the other renormaliza-
tion constants. Instead, the composite operator is directly calculated and renormalized
independently. Since the divergence structure is unique, this will introduce at most an
ambiguity in the prefactor, which can be fixed by comparison to an observable quan-
tity. Actually, this may even be the quickest path to determine the relation to the other
renormalization constants by reverse engineering the functional dependency on the other
renormalization constants based on the divergence structure.

It is, of course, also possible to systematically derive the relations. The starting point

is to add a source term for the composite operator to the action, e. g.

L, - / dox ()P (@) (a).

Correlation functions of the composite operator are then obtained by derivatives with
respect to the new source x(x). In this case, the term has the same structure as a mass-
term with z-dependent mass x(x). Thus, this term contributes to the mass of the quarks,
and thus its renormalization is fixed together with the mass renormalization of the quarks.
This is how the relation to the mass-renormalization of the quarks comes about. In case of
composite operators with more than two fields, however, the situation quickly deteriorates.
Since formally the term is non-renormalizable, at least for quarks, this implies that formally
all possible counter-terms with the appropriate mass-dimension have to be included. These
are the fixed in the same way as in any non-renormalizable theory. The only exception is as
the sources of the composite operators are send to zero at the end of the calculations, these
counter-terms are actually not free, but fixed by the remainder. Nonetheless, calculating

them is as complicated as in any non-renormalizable theory, and therefore in practice
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this way is rarely done. Especially, since there is no general construction principle for

interesting theories which avoids these troubles.

4.7 Running couplings, Landau poles, and asymp-

totic freedom

An equation like (4.45) defines an energy dependence of the coupling constants, so-called
running coupling constants. Generically, resummed perturbation theory to second order

yields an expression like

2\2 2
4
ofgy = 2L ___alw) AT (1.47)
dr 1+ gy flng

for the gauge coupling g.

The equation (4.47) implies that once the coupling is fixed to experiment at u, and an
expression like (4.45) is evaluated at a different momentum ¢, the right-hand-side is given
in terms of a(p?) by this expression (4.47). Besides the explicit value of the renormalization
scale and the experimental input at this scale there appears a pure number (y. This is
the so-called first coefficient of the S-function, which is defined by the ordinary differential
equation fulfilled by g as

d 3
= = Blg) = —Poga— + O(9"),

dln -
and it can be determined, e. g., by evaluating perturbatively to this order the right-hand-
side of (4.45). The values of 5y depends on the gauge group, as well as the type and
representation of the matter fields which couple to the interaction in question. Actually,
By could in principle depend on the renormalization scheme, but does not do so in QCD.
This actually also applies to the next expansion coefficient of the g function, 51, but is no
longer true for higher orders. It is also only true ins schemes which are mass-independent,
i. e. where all renormalization conditions do not involve explicitly any mass.

Before evaluating (3, the right-hand-side of (4.47) should be noted. There, the various
constants have been combined into a single scale A, making the dependency of the theory
on a single input parameter manifest. This is the so-called scale of the theory, which
also sets a typical scale for processes in the theory. E. g.; it is about a 50 MeV-1 GeV for
QCD, though its precise value depends on the renormalization scheme and the order of the
perturbative calculation, and then called Aqcp. It also makes manifest the dimensional
transmutation, as it makes explicit that a dimensionless constant, the gauge coupling, is

actually given in terms of a dimensionful quantity, A.
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Returning to [y, it can be evaluated to yield in general

11 2
= —Cy— - 4.48
Bo G (4.48)

where C}y is the adjoint Casimir of the gauge group, and N; counts the number of quark
flavors. Plugging this in for the QCD yields 7, if all masses are neglected, i. e., at very
high energies.

First of all, since these constants are non-vanishing, the running couplings have di-
vergences at momenta g2 = A% These are artifacts of perturbation theory, and called
Landau poles. They indicate that at the latest at momenta ¢ ~ A? perturbation theory
will fail. Beyond perturbation theory these Landau poles vanish for all theories which
can be defined reasonably beyond perturbation theory. For QCD, the effects of this pole
become relevant at approximately the scale of hadronic physics, about 1-2 GeV.

Of course, the perturbative expansion makes only sense in the energy domain in which
the coupling is small and positive. This provides another surprise. This is the domain
above A. Hence, the theory becomes weaker interacting at large energies, until the interac-
tions cease altogether at infinite energy. Such a behavior is known as asymptotic freedom,
since the theory is non-interacting for asymptotically large energies.

Similar equations like (4.48) actually hold also for all other renormalization-dependent
parameters. E. g., the masses of the particles all decrease with the measured momenta.

Thus, the masses of particles become less and less relevant the higher the energy.
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QCD beyond perturbation theory

So far, the treatment of QCD was purely perturbative. As noted, this treatment breaks
down once the relevant energies become of the order of 1 GeV or less. Also, perturbation
theory expands around non-interacting quarks and gluons. Especially, all asymptotic
states are only collections of quarks and gluons, and therefore perturbation theory has
no stable bound states, though theses exist definitely in nature. Hence, non-perturbative
methods are ultimately necessary. However, non-perturbative physics is, though much
richer, also much more complicated, especially on a technical level. As a consequence,
it is often necessary to make rather strong assumptions, and hence systematic errors
are usually at best lower limits to the actual errors. In fact, the term systematic error is
rather the statement that some analytically not controllable error exists, which can only be
heuristically estimated, based on some general principle. Analytic control over systematic
errors would require in almost all cases an analytical understanding of the theory, which is
unattainable without an exact solution of the theory, which in turn would obliberate the
requirement to assess systematic errors. Hence, systematic errors remain lower limits to
errors due to our (lack of) analytic control over a theory. Most often this problem turns
up in the form that a functional dependency on some error parameter is known, but the

prefactor can only be estimated.

5.1 Methods

There are a multitude of different methods, each with individual strengths and weaknesses,
to address QCD beyond perturbation theory. Some of the more popular ones will now be

discussed in turn.

80
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5.1.1 Operator-product expansion

The operator-product expansion (OPE) is not really a full non-perturbative method, it is
rather perturbation theory augmented with non-perturbative information, which is deter-
mined from other methods or experiments.

The basic idea of the OPE is rather straight-forward. Take an expectation value

(O1(z)02(0)),

with two operators O; and O,. Perturbatively, it is a reasonable assumption that the most
dominant part to this expression comes from the contribution x ~ 0. Furthermore, the
composite operator O105(0) has certain quantum numbers, and can therefore be rewrit-
ten in a suitable basis with the same quantum numbers. Combining this implies the

replacement

O1(2)05(0) = >~ C1y(2)0n(0), (5.1)

where the O,, are now a suitable basis of operators with the same quantum numbers, and
all dependence on zx is in the coefficient functions C'. These can be Fourier-transformed,
to provide functions of the momentum ¢. These can be calculated in perturbation theory.
To leading order they will be determined by balancing the mass dimensions on both side.

Assume for example that the combination O;0, is gauge-invariant, scalar, and has
dimension 6. This dimension would be present, e. g., if both O; and O, would be meson

currents. Then, the leading contributions are!

2 3
M) x 1+ Eq%’g mydras + Eq%’g FO R 4+ 0 < (qi)g) .

The higher orders have increasingly larger powers of 1/¢?, and therefore become less and
less relevant at high energies, where the OPE works best. In principle, it is possible that
quantum effects increase the degree of divergences. In theories, such as QCD, which are
asymptotically free, these corrections are at most logarithmic, and therefore do not change
the counting of divergences for divergent contributions. Of course, in cases with a finite
leading term, this can have substantial importance.

Another thing to worry about is that the momentum ¢ in Minkowski space-time are
not necessarily large, if their components are. E. g., they could be on the light-cone. Thus,
the argumentation is most relevant for space-like momenta. In position-space, this is more

2

evident. Large momenta correspond to small distances x?. However, 2% can also become

small for light-like separation. Then, this expansion is rather a light-cone expansion.

IThe explicit appearance of the quark mass is necessary to obtain the correct renormalization proper-
ties.



82 5.1. Methods

The coefficient functions ¢, known as Wilson coefficients, are all finite, to leading-order,
at large ¢>. They can be calculated in perturbation theory, by evaluating the expansion
(5.1). These coefficient functions are not universal, as they depend on the operators
in questions. The non-perturbative improvement now appears when taking expectation
values of (5.1):

(01(2)02(0)) = >~ C1y(2)(04(0)). (5.2)

The expectation values (O,(0)) are now universal, the same for all pairs of operators on
the left-hand side. In the previous examples, they would be 1, the so-called chiral or quark
condensate (gq), and the gluon condensate (Fy, Fi”). However, these quantities are zero
to all order in perturbation theory, at least for vanishing quark masses. Thus, they have
to be obtained either by non-perturbative methods, or from experiment. Fitting these
with, e. g., experimental data or obtaining them from one of the other methods below
hence provides an improvement over the purely perturbative result. Since their values are
universal, this will improve, at least for large momenta, the results in many calculations
simultaneously. This incidentally also shows that the non-perturbative contributions are
suppressed by powers in ¢? at high energies, a consequence of asymptotic freedom. This
justifies again the use of perturbation theory at sufficiently large energies, especially as
the perturbative corrections in the functions ¢; turn out to be at most logarithmic in q.
As an example, the calculation of the Wilson coefficient to leading order yields for the

quark propagator the additional contribution

05 (qq) m
Sy Cr T (1M Vs
and thus a correction to the quark propagator at zero momentum. Though this will
be substantially modified with non-perturbative methods in 5.2, this already shows an
important qualitative feature: The quark condensate modifies the quark propagator at
zero momentum, and thus contributes to an effective mass of the quarks. Going to higher
order yields
2 —
. 9°Cr{qq) 2(d —2) MY

Though this order explicitly depends on the gauge by the appearance of the gauge parame-
ter £, this now shows a (gauge-dependent) effective mass for the quarks over all momenta,
proportional to the value (gq). Since this quantity can only be non-zero if chiral sym-
metry is spontaneously broken, this implies that breaking spontaneously chiral symmetry
will influence the quark mass. Whether it is broken, however, is left to non-perturbative

methods and, of course, experiment.
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In some cases, it is also possible to invert the argumentation. If there is a particle with

a large (tree-level) mass, its momentum-space propagator at tree-level can be expanded as

1 1 p2 p4
gy~ b - P
<¢ gb) p2 —m2+ie m2 (1 m2 +O <m4

Hence, to leading order any process in which the particle appears will be suppressed by
powers of it mass. Generically, if the process has again a characteristic energy scale (2,
the effect will be of order Q?/m?, which is small if Q> < m?. This condition is, e. g.,
very well fulfilled in QCD for the top quark at typical hadronic energies. Hence, the top
quark can almost throughout QCD be neglected with an error of order 1/175% tiny in
comparison to other error sources.

This more heuristic argument can be formalized, and is known as the Appelquist-
Carrazone theorem. It is at the heart of heavy-quark effective theory (HQET). This is
an approximation where heavy quarks, e. g. the bottom and even the charm quark, are
treated as so heavy that they can essentially be treated like non-relativistic particles, or
even inert particles. This makes especially bound states of two heavy quarks accessible to
an approximation with quantum mechanics, where the gluon interactions between quasi-
static quarks is essentially given by the pure Yang-Mills interaction. Even in cases of
heavy-light systems such an approximation is often rather good.

There are various ways for deriving heavy-quark effective theory. One possibility is to
integrate out the heavy quark fields, like in lattice calculations to be discussed in section
5.1.4. Expanding afterwards the determinant of the Dirac operator in 1/m yields then
an operator which can be reintegrated using new effective fields. In general, the typical

structure of the effective theory is of type

. 1

SYYi O(%‘DNJ‘D]‘DO)) h

4M?

where h is the heavy quark field, the summation is over the spatial part, and the precise
form of the higher order operator O depends on the type of expansion, like in speed, mass
or others, performed, while the first part is almost universal. The second part is also always
vanishing on-shell, and therefore describes different consequences of quantum corrections
in the different expansion schemes at finite orders. It is evident then that the expansion
becomes non-relativistic, as now the time-derivative remains first order, while the spatial
derivatives become second order. Of course, this theory is non-renormalizable, and as
such will require an increasing amount of experimental input in each order of perturbation
theory.

It should be noted that there are two limitations to the Appelquist-Carrazone theorem.

One is that certain assumption on long-range effects are made, which strictly speaking are
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not fulfilled by QCD. They have to do with topological aspects to be introduced later ins
section 5.4. Still, though this is formally a problem, in practical applications the induced
error is irrelevant.

A more severe practical problem appears when it comes to renormalization. A mass-
independent renormalization scheme, e. g. MS, is defined in a way which includes auto-
matically all particles in a theory, no matter the mass. Thus, renormalizing a theory in
such a mass-independent scheme and then performing a heavy-mass expansion, or just
neglecting heavy particles, necessarily fails. The most often implemented solution is to
perform the heavy-mass approximation before renormalization. This, however, limits the
energy range for which a calculation is possible, and will lead to non-analyticities at the
thresholds of the heavy particles. The alternative is to use an explicitly mass-dependent
renormalization scheme, where then a consistent approximation can be done. Though this
is conceptually the cleanest approach, it is technically substantially more involved, and

therefore often disfavored.

5.1.2 Sum rules

Sum rules are, in principle, rather simple statements, which are nonetheless exactly true,

and they derive usually from rather simple statements. A simple example of a sum rule

/d% @zup(x) _ %dp@)) 1,

where u, and d, are the density of up quarks and down quarks inside a proton, and the

is, e. g.,

factor 2 takes into account that there are twice as many up quarks than down quarks.
Hence, this sum rule is just the statement that the total charge of the proton, in units of
the electron charge, is 1.

The real usefulness of such statements comes into play by combining several of them.

/ iz (%un(x) _ %an(@«)) 0,

stating that the neutron is electrically neutral. Subtracting both yields

/ diz (%(2% —uy) — %(dp - 2dn)> _1,.

This is a non-trivial statement about the difference of the quark distributions inside the

E. g., another sum rule is

proton and neutron. Assuming that the difference, only due to isospin-breaking effects, is
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small, and hence the distribution in proton and neutron are similar yields

/d4:c (2u+d) = 3.

This shows that there are three quarks inside the nucleon, or that the baryon number of

quarks is 1/3. Neglecting the small difference between up and down quarks finally yields

/d4:pu =1,

which is nothing but the statement that the distribution is normalized.

Though this example was quite simple, it generalizes to more complicated statements.
This is particular true if, e. g. by electromagnetic measurements, the distributions are
measured and then the results are used in different sum rules. A famous example is the
following. Assume that u and d are known. Then, if the naive quark picture would be

correct, it follows that

/ dps / dze™ (2u(z) + d(z)) = E

should give the total energy of a nucleon. However, it was found that the sum-rule was
violated by more than 50%, which is direct evidence that the gluons and sea quarks carry
a substantial amount of the total energy of the nucleon. Similar results have also been
found, e. g., for the nucleon spin, the so-called spin crises. Though, of course, it is not a
real crises. There is no a-priori reason why the gluons and sea quarks should not carry
a substantial amount of the spin. However, it was yet not possible to resolve how much

they actually carry, both experimentally and theoretically.

5.1.3 Dispersion relations

Dispersion relations are relations which are established on basis of the analyticity of two-
point functions, i. e. functions which depend only on a single external momentum variable,
or two space-time positions, e. g. (O1(x)O2(y)) = II(q). The operators O; can be com-
posite, but the important restriction is that they are physical, especially gauge-invariant.
An example could be two hadron currents, and then this would be the interaction of two
hadrons with an exchange of a momentum q.

For such gauge-invariant operators it can be shown that the only possible analytic
structure is that they have one or more poles at some ¢> > 0 on the real axis, and a

branch cut on the real axis starting at some ¢> > 0 which corresponds to the lightest
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two-particle state in the same channel. There may also be possibly more poles on further

Riemann sheets which do not play a role in the following. Consider then the integral

I, = —4 / dg” L g (5.3)
n=—Adra | ———— :
2mi (P + QR
where Q2 < 0 and the integration paths encircles this pole. The theorem on residues then
yields
IR 9
I, = ﬁd<q2)n H(q )‘qQZ,Qg .

Now expand in (5.3) II using the OPE at @2, requiring g2 to be sufficiently large. Then
none of the terms in the expansion can grow faster than logarithmically. Hence, it is
permissible to push the integration contour to infinity, except where the branch point is.
A further theorem of complex analysis then ensures that the integral is entirely determined

by the discontinuity across the cut. This yields

dq? 1
I, = —4 — ———discontinuity(I1(¢”
7ra/ i (E OO iscontinuity (IT(¢~)

dq? 1 2
pu— _— H .
87r0z/ o —(q Q2 (¢°)

By virtue of the optical theorem, however, this is just an integral over the corresponding

interaction cross-section o

[e o]

1 s
I, = ;/ds@T?Wa(S).

0

Hence, this relates the coefficient of the OPE, non-perturbative information, directly to
cross-sections, making them directly accessible for other purposes. Such a relation is
called a dispersion relation. One of the arguably most famous ones is obtained from the
cross-section of ete™ —hadrons, which to leading order yields

o0
A

/dS S n Q2 1 Oete— Hhadrons(s> = TL(Q%)" Z (Q?c -+ 0(043, g, (Qg),z)) (54)
f

0

which counts the active quark species. Hence dispersion relations are valuable tools to

obtain non-perturbative information from cross-sections.

5.1.4 Lattice

So far, the methods employed were, in a sense, at least semi-perturbative or rather indirect.

Of much more interest are methods which permit to directly compute, at least in principle,
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in an exact way arbitrary n-point functions. Several such methods exist, and some will be
discussed in the following. All of them provide a means to obtain an exact result.

However, in practice, for any reasonably interesting theories, all of these methods
face practical limitations, which take various forms. This requires in all cases to make
approximations which induce systematic errors. It is in the nature of these errors that
they cannot be determined accurately, as this would require to have a solution to the theory
in question. However, all methods provide possibilities to give lower bounds on these errors
in a systematic fashion, which, in principle but not in practice, can be arbitrarily refined,
but will remain lower bounds.

One further noteworthy point is that though all of these methods can be formulated
exactly in Minkowski space-time, it is in most practical applications, just as in perturbation
theory, useful to go to Euclidean space-time in intermediate steps, or even obtain the final
result in Euclidean space-time. Though this may seem to be a strong limitation, it is not.
It can be shown that all knowledge about a quantum field theory like QCD in Minkowski
space-time, can be obtained from the same theory in Euclidean space-time, by means
of so-called reconstruction theorems. Though an exact reconstruction requires complete
knowledge of the theory, it is still possible to obtain some subsets of results, e. g. the
masses of particles, even under approximations, exactly, and the other one to an extent
anyhow limited by the applied approximations. Hence, this is in many, but not in all cases,
not a too strong limitation.

The first of these methods is the so-called lattice approach. As it will become apparent,
all of these methods will require to violate in one way or the other one or more symme-
tries of the theory forcible due to the introduced approximations. For the lattice, this is
rotational and translation symmetries.

The idea behind lattice gauge theory is to replace continuous space-time by a grid of
points, usually a hypercubic? grid of points z. This reduces rotation symmetry from the
Lorentz group to the hypercubic group, and the translation symmetry to the subgroup
of lattice translations. In practical calculations, which are mostly done numerically, also
the size of the lattice is made finite. This requires boundary conditions, which in the
infinite-volume limit are, of course, irrelevant. They are hence chosen usually periodic or
anti-periodic, for simplicity.

The points are then connected by directed vectors in p direction between two lattice
points, and which has length a, the lattice constant. The original continuum theory should

be recovered in the limit a — 0, which is a non-trivial problem.

2There have also been attempts using different geometries, or even random locations, but none of
theses turned out to be superior to the simplest case of hypercubic lattices.



88 5.1. Methods

5.1.4.1 Yang-Mills theory

To implement gauge fields logically on the lattice, the naive idea would be to just discretize
the gluon field A, = g7*Aj. However, this turns out to be an impractical choice in

calculations. Rather, so-called links are used,
Uu(z) = @ ~ 1 1 iaA,(z) (5.5)

which therefore permit to recover the original gauge field in the continuum limit. The
name stems from the fact that the links have a direction, and therefore link the points x
and x + ae,, where e, is the unit vector in direction p. Geometrically, it can be shown
that this is just the parallel transport which is required to construct a covariant transport
over a finite distance, in this case a. In the infinitesimal limit this parallel transport is
given by the covariant derivative, which replaces the ordinary derivative giving the parallel
transport without local gauge invariance.

Exponentiating the algebra element A, yields a group element, and hence U~! = UT.
This implies that the now also group-valued gauge transformations g = exp(iw) take the
form

Uu(z) = g(2)U(2),9' (),
which can be shown by using the expansion (5.5), and noting that (A,(z) —A,(z+ae,))/a
is just the discrete derivative.

Since for the su(3) algebra there are two possible groups, there is a choice involved. In
QCD, this choice is arbitrary, but in the standard model the choice is unique by the re-
quirement that all fermion fields must have single-valued wave-functions, and is SU(3)/Zs.

However, absence of the global factor Zs = {1, e%, 5

5'} makes the theory very hard to
treat numerically. Since the theory recovered in the continuum limit is again the algebra
theory, however, it should not matter which group is used. Therefore, in practice rather
the group SU(3) is used.

The action is constructed using the so-called plaquette
Uw(z) =Uy(z)U,(x + aeM)Ul(x + ae, ) U (z)

yielding
S = —a4ﬁz Z (1 - %?RtrUW(x)) (5.6)
x v<p
with 8 = 2N,/g* = 6/¢* related to the coupling constant. This lattice action is called
the Wilson action. That (5.6) yields indeed the continuum action in the limit a — 0 can
be shown by using the expansion (5.5), and noting that the corrections to it are of order

O(a?), and therefore irrelevant in the continuum limit.
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Taking the continuum limit also implies that any additions to the action (5.6), which
vanish in this limit a — 0 can be freely included in the action. This freedom has been
widely used to design so-called improved actions, which have various desired properties, e.
g. reducing the dependence on the lattice spacing. However, in general adding some terms
to the lattice action will not always act in the same way for all observables, and hence an
improvement in one quantity can very well be a degradation for another one, and hence
this requires careful checks.

One of the particular advantages of this reformulation is that the group elements, in
contrast to the algebra elements, are bounded, in the sense that trU,, is finite for all group

elements. This implies that the lattice path integral

Z:/DW@J

is actually finite, even when integrating over the whole group. Hence, gauge-fixing is not
necessary to obtain finite results, as long as the regulator a is not removed. Furthermore,
since a finite a also implies that there is a maximum momentum on the lattice of order 1/a
there is also an intrinsic momentum cutoff, and hence the theory is (gauge-invariantly)
regulated. Thus, the theory is completely finite. This makes the lattice formulation par-
ticularly accessible to numerical calculations, which has been widely exploited. Especially,

any observable

(O) =7 = /DU(x)Oe‘S

can now be calculated by brute force numerically, by just explicitly evaluating the finite
number of integrals explicitly?.
This is particular useful to obtain masses. Since in a finite volume all energy levels are

discrete, it is always possible to expand in energy eigenstates?,

(0(H0(0) =Y ae™™",

where the reality of the exponents is due to the Euclidean space-time. Hence, just by
waiting long enough, only the ground-state will contribute appreciably, and can thus be
read-off. Determining the higher contributions is possible, though even with exact results
no more energy levels can be determined than a quarter of the points in time direction.
Also here, several sophisticated methods beyond the scope of this lecture are available to

extract more information.

3In practice, the integral is still high-dimensional, at least V x d x (N2 —1), and sophisticated numerical
algorithms are required.
4For periodic boundary conditions in a finite volume the exponentials have to be replaced by cosh

functions.
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5.1.4.2 Quarks

The formulation of fermions, and thus especially quarks, on the lattice is at the same time
straightforward and cumbersome. Cumbersome it is because most applications of lattice
calculations aim at a numerical evaluation. However, there is no numerical algorithm
for Grassmann numbers. Hence, it is necessary to somehow get rid of them. The basic
stratagem to do so can already be applied in the continuum theory. Since the fermions
only appear as a bilinear in QCD, it is just a Gaussian integral, and hence the integral
can be performed using (3.10). Then, only the determinant of the Dirac operator D,~,

appears

/ D Appe Sva=S ¥Dumy — / DAe "™ det(D,7,,).- (5.7)

On a finite lattice also the eigenspectrum of the Dirac operator is discrete, and can be
calculated using suitable numerical techniques.
However, there is a serious problem encountered when adding fermions. In the free

case, the simplest discretization of the Dirac operator in Fourier space is

Dy, =1 Z y sin(ppa) + m. (5.8)
n

This can be treated exactly, and this yields the exact fermion propagator

b am —iy_, Yusinp,a
D™ (p) = a?m? + > sin’p,a
o K

This propagator has the problem that not only for p,a ~ 0 the sin can be approximated
by pua, but also for the largest momenta on the lattice, p,a ~ 7. Hence, there are indeed
16 rather than one pole of this propagator, and hence there are far too many degrees of
freedom in this naive discretization. This is the so-called fermion doubling problem.

It would at first sight appear possible that this is just due to a too simplistic discretiza-
tion (5.8) of the Dirac operator. Unfortunately, this is not the case. The reason is the
breaking of the rotation group by the lattice. Fermions do have an additional symmetry
related to space-time symmetry, chiral symmetry. This symmetry is necessarily broken
by the lattice in any naive discretization. As a consequence, it can be shown, this is the
so-called Nielsen-Niomiya theorem, that it is not possible to evade the doubling problem
without destroying chiral symmetry.

Of course, in the continuum limit chiral symmetry is restored. Hence, the solution
to this problem is to give up a Dirac operator with explicit chiral symmetry at finite

lattice spacing. This so-called Ginsparg-Wilson construction leads to a Dirac operator
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without doubling, but also without chiral symmetry. However, it furnishes a replacement

symmetry, which rather than fulfilling the ordinary chiral algebra

{75, D} =0

instead fulfills
{757D} - aD%,D, (59)

where the transition to the continuum symmetry is made explicit by the appearance of
the lattice spacing a, and D is the Dirac operator. Explicit solutions to (5.9) have been
constructed. The only drawback remaining is then that this introduces additional dis-
cretization errors, as the chiral symmetry is distorted at finite a, and all Dirac operators
constructed in this was turn out to be numerically more expensive than the naive version
by one to two orders of magnitude. As a consequence, several intermediate solutions have
been constructed, which have less conceptual problems, are cheaper, but have larger lattice
artifacts.

An interesting result obtained from such calculations is that ignoring the dynamics of
fermions completely, i. e. setting the determinant of the Dirac operator to one in (5.7),
the so-called quenched approximation, is a rather good approximation: Many results agree
with the ones from full QCD at the few-percent level. This implies that QCD is essentially
dominated by the gluon dynamics. Of course, this cannot be true in general. The leading
order of the /8 function (4.48) changes qualitatively above a certain number of flavors,
roughly 16, and asymptotic freedom is lost. In this case, also the quenched approximation
can no longer be expected to give good results. In fact, it is expected that already much
earlier, at about 10-12 flavors, qualitative changes set in, which invalidate the quenched
approximation. However, given that only six quark flavors are known so far, this is not a
real practical limitation. Also, since the quarks are massive, and especially for larger gen-
erations very massive, this implies that only the few lightest quarks will play an important

role for most of hadronic physics.

5.1.5 Dyson-Schwinger equations

The Dyson-Schwinger equations (DSEs) are essentially the quantum version of the equa-
tions of motion. As such, they are a coupled set of equations for all the correlation functions

of a given theory. Their solution therefore determines a theory completely®. Though it is

5In fact, the DSEs may have multiple solutions, as well as the FRGs to be introduced in the next
section. Similar to ordinary differential equations boundary conditions may then be necessary to identify
the appropriate solution. These may be either physical ones, e. g. at first order phase transition where
two phases coexist, or unphysical ones, e. g. due to gauge conditions.
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possible to formulate DSEs also using a lattice regularization, the focus will here be on
the continuum version. As a consequence, DSEs face the same problem concerning gauge
symmetry as does perturbation theory, in fact even more so as will be discussed later in
section 5.5.5.2. Hence, it is necessary to fix a gauge. For technical convenience, in the
following the Landau gauge will be chosen.

The most straightforward way to derive the DSEs for a generic field ¢* is by using the
fact that the integral of a total derivative vanishes

5 d a a
0 = /DAa efSJrfd xA%(x)j%(x)
dA*(y)

S = /ddajﬁ.

Here, S is the action, j* is the source® of A% and the integral is over full field space.
Performing the derivative and pulling the resultant factor out of the integral by replacing
A% with §/§7%, the equation

59
5A(x)

is obtained. Performing further derivatives will create a sequence of equations.

=0 (5.10)

+j“($)> Z[j]

a _ )
A (@)=57a00y jazo

To establish the meaning of (5.10), it is necessary to recast it further. The first step is

to introduce the free energy W

W =1InZ,
which changes (5.10) to
_ 55 5_W + i + e 0
oA, | 6j "aj] T
Performing a Legendre transformation to obtain the effective action I'
TA] = —W 4 /ddx(;Wja
Wi = Tl + [ e ()4 (a)
implies
ow
A =
07
. or
7T A

SThere are some subtleties when it comes to gauge-dependent sources. They will not play a role here,

but one should be very careful in employing them in general, especially beyond perturbation theory.
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Hence, the sources and the fields are related dependent and independent variables. Thus,
the Legendre transform I' of W is the generating functional of vertex functions. Especially,
since the derivative of the effective action is just the connected and amputated one-point
function, this shows explicitly that (5.10) is an equation for the one-point function. It

also shows that further derivatives will yield equations for higher n-point functions. In

particular
omT
FAal"'Aan . = .11
(o) = ) 0 () o
52T W !
FAaAb x, — l)AaAbi1 T — = - ( ] . ) .
(2,) =) = S oA )~ \5h@)oh)

The order of the field indices A; is relevant not only because of assignment of the arguments,
but also if anti-commuting fields appear.
This yields finally

or 48 n 52w 0
6A,  0AL Y 64a0Jy b
as an equation to determine the DSEs for the vertex functions.

In the case of Grassmann fields u like ghosts and fermions, two independent sources

are necessary. This modifies the above to

7 / Dyt e ST 1)+ dia(i (@)ut (@) +5% (2 (=) (5.12)
sW sW

u(x) = u(x) = — 5.13

= 5@ ) o1

W(n® n") = =I'(u® u®) + /ddx(na(ff)ua(ff) +u(x)n"(x)) (5.14)
WG oo

n (ZL‘) - 5ﬂa(l‘) n (l‘) - 5Ua(l‘) (515)

where all derivatives with respect to Grassmann variables act in the direction of ordinary
derivatives.

It is worthwhile to derive an explicit example, which will be the DSE for the ghost in
Landau gauge. It is one of the simplest equations, but shows already all relevant mecha-
nisms. The general procedure to obtain the corresponding Dyson-Schwinger equations is
to calculate equation (5.10) and then derive once more with respect to the field or with
respect to the anti-field in case of anti-commuting fields. The additional source term then
yields the propagator while the right-hand-side of the equations are found by the derivative

of the action.
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Since in the course of the derivation, the source in equation (5.10) becomes the inverse

full propagator, it makes sense to already rewrite (5.10) as’

05

j4(x)Z = A 5.16
() 59 (a) (a1 (5.16)
at the sources set equal to 0. The ghost sector of Yang-Mills theory is given by

o = / 4125 (2)0, (50, + g f1 A () (2) (5.17)

Entering this into (5.10) and differentiating with respect to ¢*(z) yields

<—6cha(:c) — g op A (x)c (x) + 50(21(;)) eV =0

where the z-index on a 0 indicates the variable with respect to which to derive. Replacing
the fields by their respective derivatives and divide, after performing the derivation, by
exp(WW) yields

=0

2
—0%c(x) — g f**0; ( o __ow o ) o

5je (@) omi(z) | oje(@)oni(z)) T oe(a)

As a general feature of such derivations, terms containing products of only single deriva-
tives of W appear at this stage. Here, the aim is only an equation for the propagator.
Hence, when deriving such terms again with respect to the fields, always at least one single
derivative remains, which can be replaced by a classical field. When setting the classical
sources to zero at the end, also the classical fields are set to 0 and therefore these terms
always vanish. Hence they can be neglected already at this stage of the calculation, and
will not appear furthermore. This is not true when deriving equations for higher n-point
functions. E. g., when determining the equation for a four-point function, each single
derivative may be acted upon, yielding a non-vanishing term.
So the remaining expression is

2
_acha(:L,) —q adeaa: oW or

WS (0)oni(e) | oea(z)

To obtain the equation for the ghost propagator, this equation is derived once more with

respect to ¢®(y) which leads to

W o°T
92z gab o o ade ) =
000w —y) — g aﬂacb(y)ajg(x)éﬁd(x)+5C”(y)55“(x)

"It should be noted that the equations may differ in form depending on the order of derivatives, though
of course this only corresponds to rearrangements due to identities relating different vertex functions.
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The last term defines the inverse ghost propagator as

52T
— Dab—l o
et e T Y)
The propagator is then given by
2w
T NN DE(z — Y),
S oY)

which can be proven as

g 52w 5T g 0 (@)on(z) | 0ct(x) .
/dzénc( —/d =00 (z —y).

)00 (@) 5 (y)der(2) “on() 3 (y) — 5c(y)
The third term yields the interaction part. Using
W 4 d ol 5T W
5jg(2)on(z) _/ 854 (2)d¢ () 629 (w)S AL (2) on? (w)dn(z)
where the minus arises due to the anti-commuting derivatives. Using further the fact, that
5’
8¢9 (w)3AL(2) =m0 =0,

which generalizes to all mixed two-point functions, it is possible to write down the result

In position space
D&z —y) = 0%0(z —y)
+gf“deaﬁ i ddzddeZ{,(x — Z)D?;g(ff —w)TEA (y, w, 2).

Herein the gluon propagator D,,, is defined as

Do (z—y) ' = L —
" 6 AL (y)SAs(y)
S2W
Dz —y) = — . 5.18
wl® = Y) = T @) (5.18)

and the full ghost-gluon vertex
5T
de ()t (y)0 A (2)

— FZEA?“bC(x, Y, 2).

Replacing all expressions with their Fourier-transformed® and afterwards dropping [ d%p/(27)® exp(—ip(z—

y)), produces the result in momentum space as

ab— al - ade ddq e CCA;
DE ! (p) = —0%p* —igf* / (%)dpuDJZ(p — ) DF ()T (—p,q,p—q),  (5.19)

8 All momenta are always defined incoming and momentum conservation at the vertices is taken into
account. Hence in principle one of the arguments of the vertices could be dropped, but since this depends

on conventions, all are kept.
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where momentum conservation at the vertex has been used.

From (5.19) it is also possible to directly read of the tree-level vertex
Lipeediore(p q, k) = ig f**q.0(p + q + k) (5.20)
Rewriting (5.19) using (5.20) gives

ng—l(p) _ _5abp2
d ;CCAdae e CCA;
+f(;lT§dFZl7 Aid (_Q7p7q_p)D,u{/(p_q)Dég(Q)Fu A7bgf(_p7q7p_Q) (521)

which is the final form.

In a similar way, all DSEs can be derived. As is visible, this is algorithmic, and can
therefore be automatized. Three important statements have to be made.

The first is that the equations couple different correlation functions. In the present
case, the equation for the ghost propagator is coupled to the gluon propagator and the
ghost-gluon vertex, and thus an n-point vertex of higher order. Generically for a theory
which in four dimensions is renormalizable by superficial power-counting the equations for
an n-point function involves the n 4+ 1 and n + 2 point functions. Furthermore, in general
in such theories also expressions with two integrals in momentum space appear.

The DSEs therefore are a coupled system of non-linear integral equations. Solving them
exactly is therefore in all but the most trivial cases impossible. Expanding all correlation
functions in the coupling is another way to generate ordinary perturbation theory, but will
thus not provide any further insights. An alternative is to approximate the higher n-point
functions in such a way that a finite number of unknowns and a finite number of equations
remain, which is called a truncation. Such a system can then be solved using appropriate
techniques, though this is still in general by no means trivial. Furthermore, it is not
guaranteed that a given such truncation will produce equations which have a solution at
all, or it can have multiple solutions of which some or all can be spurious solutions which
disappear outside the truncation. Therefore careful checks, most desirably by comparison
to experiments, should be made.

Second, the DSEs involve all information, in contrast to the STIs. Thus, an exact
solution of the DSEs will automatically also satisfy all STIs?. This is, of course, not true
for some truncation, including the perturbative expansion. They will in some way violate
the STIs. In perturbation theory, this happens at the next order of the coupling constant,

and is therefore self-consistent. This is in general not true for any other truncation. The

9Though in general there are quantities only appearing in the STIs, but not the DSEs, which are
then pure gauge artifacts. They are determined uniquely by the solutions of the DSEs, though actually
calculating them may still be technically non-trivial.
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converse is actually not true: The STIs only make a statement about relations due to
the symmetries of the theory, and therefore only encode redundant information. Thus,
knowledge of the solutions of the STIs is not sufficient to solve the DSEs.

Third, though the equation derived is for a gauge-dependent quantity, equations can
also be derived for gauge-invariant quantities. Equations describing mesons and baryons
are special kinds of the DSEs, and are known as Bethe-Salpeter (BSEs) and Faddeev

equations, respectively.

5.1.6 Renormalization group equations

As discussed in section 4.6, in the renormalization process a scale i is introduced. However,
the choice of this scale was arbitrary, at least as long as ;> 0. As a consequence, any
physical observables should not depend on this scale. Especially, it must be permissible to
shift this scale p — p + op without affecting observables. Of course, since this scale was
used to define the renormalized parameters, this will induce a shift in all the parameters
p of the theory p — p + dp, in QCD the gauge coupling g and the masses of the quarks
m. This will also induce a shift in the field amplitudes 7, as these are also renormalized.

Consider a single field. The latter implies that a connected correlation function

I = {(¢1...000)

will be shifted under an infinitesimal transformation in p to first order as
" — (14+nézZ)I" (5.22)

A dependence on different fields will just induce a sum of the different shifts. However,
simultaneously, the correlation function is a function of the parameters of the theory,
and of the renormalization scale. E. g., the renormalized propagators depend only on
the renormalized parameters g and m, and the renormalization scale pu. Also any wave-
function renormalization is entirely given in terms of these quantities. Thus, (5.22) must

also be given by

orr orm orm
dl' =néZI™ = ) ) om.
" o 1T g 09 o
To remove the explicit dependence on du, usually the redefinitions
dg
= = 5.23
B = p 5 (5.23)
om
Bm = ﬁ—
m op
0z

’Y:Ma
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are performed. Since the particular correlation function no longer appears, these are
universal functions of the coupling constant, masses, and the renormalization scale only.
However, they are not unique. Since the dependence on the renormalization scale implies
that they depend on the way how it is fixed, and therefore on the renormalization scheme.

This form is known as the/a Callan-Symanzik equation

<M% + 5% + Bmma% — nv) " =0, (5.24)
which is an exact equation the correlation function has to fulfill. Especially, if the functions
B, Bm, and v would be known, then it would be possible to determine its running with
the renormalization scale u. Setting e. g. all momenta equal to u, like it is done in certain
renormalization schemes, this would provide limited knowledge on the full momentum
dependence of I'™.

These equations can alternatively be derived in an integrated form. Since for any

multiplicatively renormalized vertex function!®

FO - HZZZnZF,

where ¢ enumerates the fields, and the n; counts the times a field appears in the related
expectation value. The vertex function I'y only depends on the unrenormalized quantities,
while I" is the renormalized one. Since the left-hand side does not depend on p, neither
does the right-hand side. Taking a total derivative on the right hand side with respect to
w also yields (5.24).

The situation becomes particularly simple in a mass-independent scheme, i. e. where all
renormalization conditions do not involve any mass explicitly, like the MS scheme''. Then
in the equation (5.24) the functions do not depend on any ratios p/m, and the equation

can be integrated using the method of characteristics, yielding

/ 7i() o
F(M, Q,m, Q) =exp | — ;nl dx 6(37) F(:uv a,m, Q)7

where the barred quantities are the initial conditions. The most important point is that

the dependence on () is not involved. The importance of this becomes even more evident

0Note that under certain conditions there may be mixing between various vertex functions under
renormalization. Then this is a matrix equation. This complication will not be considered here. Also a

dependence on the gauge-parameter is skipped over here, but can be considered if necessary.
11Such schemes have their own problems due to threshold effects, but this of no importance for the

present case.
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when rescaling all dimensionful quantities by a common factor, especially by iz such that
the initial condition becomes fi independent. This yields

Bl
- o [ (55 -2035) ) (0 9)

a

F(:uv Q, m, Q) = ﬂdr eXp | — Z n; dx/%(x))

where dr is the naive/canonical /engineering dimension of I, i. e. the one obtained by just
counting the dimensions of the fields in the expectation value. In the second line, the
relation (5.23) has been used to include the canonical dimension into the exponent. Since
without renormalization all +; vanish, they modify the canonical dimension. Thus, this
combination is also called anomalous dimension.

A very interesting case arises if the function either has only one momentum scale ()
or all momenta are equal, i. e. the so-called symmetric configuration. Then by setting
i = @, the equation describes the dependency on () alone. Since due to the ~;, this is not
a scaling just with Q7 since the limits of the integral now implicitly depend on @, this
shows how the classical scaling at m = 0 is broken due to quantum corrections.

Of course, the dependence of the relevant functions can, e. g., be obtained first in fixed-
order perturbation theory, and then be used to integrate the equation. This yields so-called
renormalization-group improved results, where the name 'group’ is here of historical origin
only. Still, the whole process can be remapped to a half-group.

E. g. for QCD it follows to NLO

d |
o = Ae@) = —a? S sl
_33-2ny
o= =957
153 — 19n;
f = —1
Q> dm(Q*) 24%22 <
0D do? = Ym(a(@Q ))z—aZ%o/ (5.25)
Yo = l
m
303 — 10n;
T T

where [y, 81, and 7y are the same in all mass-independent renormalization schemes, while

the value of 7, is already specific to MS. The approximation indicates that this will not



100 5.1. Methods

capture any non-perturbative contributions. As noted before in section 4.7, this yields the
running of the coupling.

So far, this provides no way to determine the relevant functions, except other means.
Non-perturbatively, these can be determined using lattice methods, or DSEs. However, the
idea behind this approach can be extended to yield the so-called functional renormalization
group (FRG), which will yield a hierarchy of equations similar to the DSEs. In fact, they
are related by functional integration.

The idea is the following. Instead of performing regularization at the level of the corre-
lation functions, e. g. by putting cutoffs somewhere, already the theory itself is regulated.

This is performed by replacing the partition function

7 = / Doe™ — Zy = / D5 HA5% (5.26)

where ASy, will regulate the action, a so-called regulator. For this purpose, a regulator scale
k is introduced to control the regularization. Especially, it will be necessary that in the
limit £ — 0 the regulator term vanishes, and the original action is recovered. Performing
such a replacement can be done in several ways, and here only the most commonly used
one will be discussed.

It makes use of the fact that all loops include propagators, and thus it suffices to modify
the propagators to achieve its purpose. As an added possibility, it will be used not only
to regulate the ultraviolet part of the theory, but also the infrared part, such as to avoid
any infrared singularities introduce by tampering with the ultraviolet degrees of freedom.

A suitable choice, already in Fourier space for simplicity, is then

a5, = [ o) Rupotr),

with suitable extensions for gauge fields or fermions in terms of tensor structures in color,

flavor, and Lorentz space, usually the one of the ordinary action. Note that gauge theories
play here a complicated role, and it is best to introduce this regularization after gauge-
fixing, when the gluon propagator is well-defined.

The regulator Ry(p) has to fulfill certain conditions to play its role,

lim Rg(p) = 0 (5.27)
%—)0
lim Ri(p) > 0 (5.28)
i—i—)O
lim Ri(p) — o0 (5.29)
p2—r00

This conditions hold true in Euclidean space-time. Formulating them in Minkowski space-

time is complicated, and an implicit Wick rotation is made in the following wherever
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necessary to give expressions a well-defined meaning. The first condition ensures that
in the limit £ — 0 the original theory is recovered. The second condition provides an
effective and finite mass-term, regulating the infrared. The last condition requires this
mass to become infinitely large at large momenta, damping out the fields.

It is now possible to introduce again the free energy and the quantum effective action in
much the same way as before, but all of them will depend on this regulator, and especially
the regulator scale k. Especially the quantum effective action I';, can now be used to derive

an explicit set of equations. Deriving it with respect to t = In k yields

1 1 oy
8th = —&Mk = —8t InZ, = __8tZlc - /’ngatels—HASk
Z Z

1 dp iS+iAS),
= 5 | o) / Do (p) Ru(p)d(p)ci+

4 4
- -5 | aEniwan) - 5 [ G ey LA INCED
where in the last line (5.11) has been used, and the fact that the appearance of the
regulator will induce a shift in the Legendre transformation by the regulator, as in this
case the functional dependency is fixed, and therefore this part of the propagator is known
exactly. The generalization to more particles is almost trivial. Since all fields have to
be regulated, (5.26) just receives a term for each field, and hence (5.30) is then a sum of
terms.

The expression (5.30) is an equation for the quantum effective action as a function of
the full 2-point function, and thus a coupled system. To solve it, it is possible to proceed
as in the DSE case. By performing functional derivatives of (5.30), a tower of equations
for the n-point functions is created, which in the present case are then integro-differential
equations, for all the n-point functions. These equations are structurally different from
the DSEs, as e. g. only one momentum integration appears, and there is always an explicit
regulator. The latter is, on a technical level, quite convenient, as it renders all integrals
automatically finite, and the equations are hence already the one for the renormalized
quantities. Like in the DSE case, a full solution to these equations provides all information
on a theory. Hence, the solutions at £ = 0 will then automatically also solve the DSEs,
and vice-versa.

However, as in the DSE case, these equations can still not be solved exactly. Further-
more, all n-point functions depend on an additional parameter, k. Hence, it is in general
not possible to solve these equations exactly, and approximations, again called truncations
are required. These can be done, e. g. in the same way as in the case of DSEs, i. e. by

neglecting or making assumptions on the behavior of certain n-point functions, until a
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solvable system is obtained. In addition, the additional dependence on k permits a further
type of approximation. In this case, the n-point functions are only regarded as functions
of k, and the equations (5.30) then become ordinary partial differential equations in k,
which are more accessible to solutions. Still, in general no solution of the whole system is
possible.

In such an approximation, the n-point functions in the limit & — 0 will be just con-
stants. This seems to be a drastic ansatz, but here a link to the idea behind the Callan-
Symanzik equation (5.24) shows that much more information is in included. The scale
k acts like the renormalization scale. Thus, the development of n-point functions with £
can be regarded as the development with the renormalization scale, and hence provides
limited information on the n-point functions as well.

It should be noted that in the limit £ — 0 the original theory is recovered, no matter
which regulator is chosen, provided it fulfills the conditions (5.27-5.29). But this is only
true without approximations. Approximations will in generally hamper this. Moreover,
when approximations are performed, the results will in general depend on the regulator.
This is an additional type of systematic error compared to DSEs. Though several ap-
proaches have been developed over time to minimize this effect, as a systematic error this
is in principle an uncontrollable one, just like all approximations in a non-perturbative
setting. Hence, special care has to be exercised when choosing the regulator, especially
when it is unavoidable that it breaks one or more symmetries of a theory.

Still, this requires to provide a starting condition for the differential equations. In
an asymptotically free theory, like QCD, this is rather simple, since by choosing k large
enough, these will be just the perturbative (tree-level) action. Things are more involved
in other theories, and some of the biggest successes of the FRG approach arose there.

However, this is beyond the scope of this lecture.

5.1.7 Low-energy effective theories

The non-perturbative methods introduced so far were all quite powerful in that they all
provide an exact solution. However, they are all limited by the ability to perform the
corresponding calculations exactly, which at the current time is impossible for QCD.

An alternative approach are effective theories. In this approach, it is not attempted to
solve the full theory. Rather, a simpler theory is designed, which should describe certain
phenomena of the original theory in a certain energy regime, but should be treatable
using simpler methods, e. g. perturbation theory. In QCD, due to asymptotic freedom,
such theories aim primarily low energies ones.

Since such theories should be limited to a very small energy range, and usually only
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to a few orders in perturbation theory, requirements like renormalizability are of less
importance. Hence, in each order of perturbation theory additional counter-terms will
appear. These must be fixed, e. g., by experimental input. However, then all calculations
in such an effective theory are uniquely determined.

Such effective theories can be systematically developed by including all operators in
the (quantum effective) action compatible with the global symmetries of an original the-
ory. Hence, this low-energy theory is usually not a gauge theory. Further reduction can
be achieved, but at the cost of no longer being a systematic expansion. Examples are the
Nambu-Jona-Lasinio model to be used in the next section, the linear o-model used pre-
viously, or the quark-meson model. A full systematic theory is chiral perturbation theory
introduced in the next section.

The reason for postponing the explicit construction of such models now is that they

are mostly motivated by chiral symmetry to be discussed next.

5.2 Chiral symmetry breaking

One of the most important features of QCD is the presence, or rather the absence of a
symmetry: Chiral symmetry. The QCD Lagrangian (4.1) exhibits one interesting addi-
tional symmetry if the masses of all the fermions are set to zero, besides the then manifest
flavor symmetry. This additional symmetry emerges by the combination of a flavor or
fermion number transformation and an axial transformation. Axial transformations are a
special property of fermions, and there is no analogue for bosons of arbitrary spin. It is
mediated by multiplying every fermion field by the matrix exp(ia~y;), where « is a real
parameter, and v5 = —iYpy17273 1S a combination of the y-matrices. This can be shown
using the fact that vs anti-commutes with all v,. The anti-fermion field is transformed by
the corresponding hermitian conjugated phase factor.

This phase symmetry adds an additional U(1) symmetry to the theory, which is called
the axial symmetry U,4(1). In addition, like the generalization of the fermion number
symmetry U(1) to the flavor symmetry SU(N;)xU(1)=U(Ny) for Ny flavors, it is possible
to enlarge the axial symmetry to an axial flavor symmetry, called chiral symmetry. This
name stems from the fact that it turns out that it connects fermions with spin projec-
tions along and opposite to their momentum direction, i. e. of different helicities. Since

these projections yield classically a left-handed and right-handed screw'?, the name chi-

12Note that the question of what is left-handed or right-handed depends upon whether you look at a
screw from the top or the bottom. Since different conventions on how to look at a screw are in use, care
should be taken.
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ral, Greek for handedness, is assigned. The total symmetry of the theory is therefore
SU(Nf)xSU4(Ng)xU(1)xU,(1) for Ny flavors of quarks.

Of these symmetries, the axial symmetry is actually broken by an anomaly during
quantization. This will be discussed in detail in section 5.6. Non-zero quarks masses break
the chiral symmetry explicitly to a diagonal subgroup of the full symmetry group, and the
non-degenerate quark masses then finally break the flavor symmetry just to a diagonal
flavor number symmetry, U(1)™s. Hence, little is left from the classical symmetries of
massless QCD. But because the masses of the up and down quarks are small it turns out
that the consequences of the explicit breaking are such that the symmetry is still a good
guide-line. In fact, on top of the explicit breaking the symmetry receives contributions
from a spontaneous breakdown, and this fact actually shapes the low-energy dynamics of

QCD.

One of the major consequences is the relation of the masses of the hadrons to the
masses of the quarks. The mass of the proton is known very precisely to be 938.3 MeV,
and the neutron to be 939.6 MeV. This implies that the mass difference between up and
down quarks must be tiny. The A is somewhat heavier, about 1230 MeV. This can be
understood as an excited state, and it is therefore heavier. Most ground state mesons
have a mass of about 600 MeV or more. All this suggest a mass of about 300 MeV for the

up quark and down quark, with very little difference!®.

But two mysteries appear. One
is that the pions are very light, just about 140 MeV. The second is that any attempt to
directly measure the quark masses yield consistently a mass of about 2.3(7) MeV for the
up quark, and 4.8(5) MeV for the down quark. Though the difference is consistent, the
absolute values are much smaller than the suggested 300 MeV from the nucleon properties.

The resolution of this puzzle is found in the spontaneous breaking of chiral symmetry.
To understand it, it is convenient to neglect the small masses of the up and down quarks,
and also all heavy flavors. Then, chiral symmetry is exact on the level of the Lagrangian.
However, it has to be broken in nature, as many indirect evidence shows. E. g. chiral
symmetry implies that bound states of opposite parity, but otherwise identical content,
should have the same mass. But the mass splitting between such bound states for hadrons
is large. E. g., the parity partner of the nucleon is called the N(1535) and has, as its name
suggests a mass of 1535 MeV, about 50% heavier than the nucleons. This is much larger
than expected due to the explicit breaking of the chiral symmetry because of the small
current quark masses. Thus, chiral symmetry must be much stronger broken than just

from the current quark masses. The strong interactions must spontaneously break it. The

13Though this difference is crucial for making the proton lighter and thus (more) stable (than the
neutron), and therefore chemistry possible.
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details of this breaking are governed by Goldstone’s theorem.

5.2.1 The Goldstone theorem
5.2.1.1 At tree-level

To lay out the Goldstone theorem, it is helpful to investigate a very simplified model,
before returning to QCD: Once again, the linear-c model. In this course, it will also
become clear why the linear-o model is such a good low-energy approximation to QCD,
and it will justify why it will later be used as a starting point to develop chiral perturbation
theory as a more comprehensive description of low-energy QCD in section 5.2.4.

Take four scalar particles, which can interact with themselves. Such particles can be
described by four real scalar fields ¢;, arranged in a four-dimensional vector in an internal

space. The linear o-model then has a classical Lagrangian of
L= 08,00~ U¢le), (5.31)

where U describes the potential for the field, which can only come from interactions
between the two fields, and t is here just taking the transpose. This theory has an O(4)
symmetry, as rotations of the four real components do not affect the scalar products. The
simplest possibility to obtain a symmetry for this theory is that the potential depends
only on the product ¢'¢.

To obtain the simplest example for a symmetry, take the potential

2,,2 2 2
U'9) = - = 5o 0+ 15 (0l0)” (5.32)

The pre-factors, i. e. coupling constants, as well as the irrelevant constant term have been
chosen judiciously such that the result will be looking simple. This potential, as well as
the kinetic term, is invariant under the O(4) rotation ¢ — exp(ia®r®)p, where 7% are
the generators of the O(4) group. It is a bit odd theory, as the quadratic term, usually
associated with a mass, is negative, and thus the mass is purely imaginary. This would be
called a tachyon. This is, however, not a problem. The sign of the quartic term is positive.
Therefore, the energy is bounded from below classically, and the theory remains stable. It
is therefore just an odd term in the potential energy.

To proceed, an interesting question is what the classical lowest energy state is. Since the
kinetic term is positive, any spatial or temporal variation would increase the total energy.
Hence, the state of lowest energy is necessarily a field ¢y constant throughout space and
time, which minimizes the potential (5.32). This constant is found to be ¢g = vn, where n

is an arbitrary unit vector in the four-dimensional internal space, i. e. for all directions of n
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it is a minimum. Thus, the solution manifold is highly degenerate. This is a consequence
of the symmetry: Any change in n can be offset by a symmetry transformation, without
changing the physics.

One can proceed by specifying n further. However, any choice is physically indistinct,
and therefore arbitrary. But for further calculations keeping n manifest is awkward, and
therefore in the following the explicit choice n = (0,0,0,1) = e; is made. Since the choice
is arbitrary, the symmetry is not violated. However, the symmetry is no longer manifest
either. One therefore speaks of hiding the symmetry, or a hidden symmetry. However, in
an abuse of language, though a common one, this is called a broken symmetry.

To make the situation more transparent, the next step is to shift the field ¢ by its
value at the minimum, which in the quantum theory is (¢) = ve; and thus its vacuum

expectation value (vev), i. e. replace
o(x) — ver +n(x)er + &(x)es, (5.33)

with ¢ = 2...4, and the e; being unit vectors. In this way, fluctuations n and £ of the fields
around the classical vacuum v can be studied. Inserting this into the Lagrangian (5.31)
yields

2 2 2
1

2
K3 S . 2
Popee 2 2 (e.£)2 34
0+ o0& s+ 5 (68) (5.34)

L = 0,nd"n+ 0,&0" — 1P + o
This Lagrangian shows now a number of very interesting features, which are very generic.

The first is that the two fields n and £ behave differently. While there is a mass
term, now with the correct sign, for n, giving it a mass of v/2u, there is no mass for the
¢. Pictorially, one can think of n as excitations which describe fluctuations out of the
minimum, while the &, which are orthogonal to the direction of the chosen vacuum, move
between the different minima of the potential. Since the vacua all have the same energy,
this does not cost any energy, and therefore these modes are massless. This is a generic
feature of such situations, and is known as Goldstone’s theorem. The massless modes
are therefore called Goldstone bosons. In a nutshell, it is the statement that there are as
many massless particles as there are directions in which the minima are equivalent. The
precise formulation is that there are as many massless particles as there are generators of
the symmetry group minus the number of generators of symmetry transformations after
all possible remaining choices have been made. Here, this is a breaking from O(4) to O(3),
the remaining invariance group. These are 4(4 —1)/2 —-3(3 —1)/2 =6 — 3 = 3, and thus
there are 3 massless modes. This will be proven for the quantum theory below.

The second is that there are now many different interactions between the fields 7

and £. However their couplings, i. e. their pre-factors, are not all different, but completely
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determined by the original parameters. The reason is that the symmetry is just hidden. To
ensure that any symmetry transformation is still valid requires that the various interactions
cannot have arbitrary pre-factors, because otherwise it would no longer be invariant under

the symmetry transformation
(v +n(x))er + &(x)e; — ™ ((v +n(x))er + &(x)e;), (5.35)

where it should be noted that the vacuum solution v is also transformed accordingly. For
that to work out, it is necessary to keep track when changing from (5.31) to (5.34), which
occurrence of v stem from the original coupling constants in (5.31), and which from the
shift (5.33), since only the latter are affected.

If at any point a term is added to the Lagrangian, which violates the symmetry, the
symmetry becomes explicitly broken. The most obvious way is to add a mass term for the
¢ field to the Lagrangian (5.34). Then, the Lagrangian is no longer invariant under the
symmetry transformation (5.35). Of course, this can be translated back into the original
Lagrangian (5.31), where it takes the form of an additional quadratic term in the potential
of type —(r¢$)?, where r is an arbitrary vector in the internal space. The effect is essentially
that the potential is tilted, and the vacuum state has now a unique solution vr, which has
no longer an invariance. This gives also a physical explanation for the mass: Since there
are no degenerate vacuum solutions anymore, any movement increases the energy.

This illustrates how pions gain their small mass. The breaking of chiral symmetry
would lead to a number of Goldstone bosons. In case of two quark flavors'#, there will
be three Goldstone bosons, which are the three pions. These would be massless, if the
quarks would be massless. However, because of the small current mass of the quarks, the
symmetry is not exact, but rather explicitly broken. This gives the mass to the pions.
That the masses of the pions are still large compared to current masses of the quarks is a
dynamical effect. Approximately, the pion masses scale linearly with the current masses
of the quarks, the so-called Gell-Mann-Oaks-Renner (GMO) relation

m2 — mg <Q_Q>’ (536)

" Ik

where (gq) is the quark condensate and f, is the so-called pion decay constant, and has

in these conventions the value of roughly 92 MeV. Note that this pre-factor is large.
Before continuing on, a few words about subtleties and semantics must be said. When
going to the quantum theory, quantum effects do what they always do, and they will mix

all the degenerate vacuum states, and no vacuum will be preferred. Therefore, the vacuum

147t can be shown that the number of colors does not matter.
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state will exhibit a perfect symmetry, in contrast to the classical case. But the quantum
system also carries the seed of the classical physics within, as it is metastable. If any
arbitrarily small external perturbation, e. g. an infinitesimal mass for the & from some
other physics process, arises, it will immediately have a unique vacuum state, in which
the symmetry is no longer realized. Hence, though strictly speaking the system without
external influence is perfectly symmetric, the presence of this metastability has lead to the
expression that the symmetry is nonetheless spontaneously broken.

In fact, even though the symmetry is exact, a full non-perturbative calculation shows
that the system has both an ordinary massive and a massless excitation, and hence the
most pertinent feature of the Goldstone theorem are realized even with the symmetry
present. Of course, in a perturbative calculation this will not show. Since perturbation
theory only permits very small deviations from the vacuum state, the particles will still
appear to be tachyons, as the relevant Lagrangian is (5.31). To cure this problem, one
can introduce a weak external perturbation to the theory, which prefers a single vacuum,
perform perturbation theory around this vacuum, i. e. using the Lagrangian (5.34) instead,
and remove the external perturbation at the end!®. Then, also in perturbation theory
the system exhibits a massive and a massless particle. Especially because of this trick,
which is extremely useful in the standard model, the more appropriate notion of hidden
symmetry is nowadays very rarely used, and almost always the situation will be denoted
by spontaneous symmetry breaking.

A more formal statement can be obtained as follows. Take as the symmetry group a
semi-simple Lie-group G. Then the symmetry transformation of the associated real fields

transforming under a real representation of the symmetry group are given by
Spi = iT ;0" (5.37)
with arbitrary infinitesimal parameters ¢ counting from 1 to dimG. The Lagrangian
1 )
L= S0,0:0"6' — V()

must be invariant under a group transformation. Since the kinetic term is trivially so, this

implies for the potential

ov .. oV ;
=0V = 09" = i—T53¢’0,.
R TP P
Since the parameters are arbitrary, this can only be satisfied if
ov ,
—T%¢’ =0
;v

5 There are some subtleties associated with non-analyticities in this case, but they are irrelevant in

perturbation theory.
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holds. Differentiating this equation with respect to ¢, yields

v .

0%V ~
TeN
06r06 97 T

The symmetry is hidden by expanding around the minimum of the potential, and therefore

0.

the first derivatives have all to vanish. The symmetric matrix of second derivatives is

positive at a minimum, i. e., has only positive or zero eigenvalues

82‘/ o 2\ k1
orde M

Expanding now, as before, the field around the classical minimum at ¢; = ¢; — f;, the

quadratic order of the Lagrangian reads

1 1
L= Qé’mié‘“wl - §(M2)kﬂ/fk¢i + ..

Since the matrix M, the mass matrix, is semi-definite positive, all particles have at tree-
level only positive or zero mass.

The conditional equation for a classical minimum reads
2\kirpa £j __
(M2)ETEF = 0.

If the classical minimum is invariant under a subgroup H of G, this subgroup is called the

stability group of GG. As a consequence for generators t, out of H
tiif7 =0

holds. Therefore, the value of the mass matrix is irrelevant for these directions, and there
can be dimH massive modes. However, for the coset space G/H with generators 7%, the

corresponding equations
i )
are not fulfilled, and therefore the corresponding entries of the mass-matrix have to vanish.

Since these represent dim(G/H) equations, there must be dim(G/H) massless modes, the

Goldstone modes.

5.2.1.2 Quantized Goldstone theorem

To determine the consequence of hiding symmetry at the quantum level, it is useful to

investigate the normalized partition function

TJ;) = Zz[félj] = ﬁ /D@ exp (z’/d4x(£+ Jigbi)) :
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with the same Lagrangian as before. Since the Lagrangian and the measure are invariant

under a symmetry transformation!6, the variation of the partition function must vanish

0= 67 = / DS+ daio, / i (%57? o (is i / d4a:Ji¢>i)) .
J

The first term is the deviation of the Jacobian from unity. As the measure is invariant, it
vanishes. The second is the variation of the action, which also vanishes. Only the third

term can contribute. Since all variations are arbitrary, it thus follows

4 ‘T‘a 12
/d xJZ ik 25Jk O’

where it has been used that Z[0] is a constant, and the order of functional and ordinary

integration has been exchanged, and

527(;7[;] - ﬁ/mi@ exp <z’/d4x(£+ Ji¢i)) -

Furthermore, it has been used that all variations are independent, thus delivering dimG
independent equations.
Since

0T =9 (eTc) = ele§T,,

and the factor exp(7) is not depending on z, since it is a functional, this can be rewritten

in terms of the generating functional 7T, for connected Green’s functions as

ST ]
dix T =228 — .
/ R A

This can furthermore transformed into an equation for the vertex (i. e., connected and

amputated Green’s functions) generating functional I, which is related to the connected

one by a Legendre transformation!”
illg] = —i / d*zJip; + T.|J]
_OT[J] A A
(6) = =57 = 0lod0)lJ]
__or[g]
Ji T (5.38)

16Tf the measure would not be invariant, this would lead to an anomaly. This happens, e. g., in the case

of the axial symmetry.
17Using the same notation for the field and its one-point Green’s function.
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by exchanging the derivative and the source. This yields finally

ol
/ d'a 5 T30 = 0. (5.39)

For the fields developing a vacuum-expectation it then holds

0T,
fi = {0lo0) = 75710
or
0 = Ji= _m[fi]' (5.40)
The inverse propagator of the fields ¢; is given by
i

An expression for this object can be obtained by differentiating (5.39) with respect to the

field once more yielding

5T or
d%(—Tf”qﬁ + Tf{éx—y).
[ e (Gamay e + 0 =)
The last term vanishes since the generators are Hermitian and traceless and, even if not,

because 0I'/d¢p; = 0, while the first one is just the Fourier-transform of the inverse propa-

gator at zero momentum, yielding
(G™Di(p = 0)Tj fu = 0.

Thus, there must vanish as many inverse propagators as there are non-zero f;. At tree-level

the inverse propagator is given by
(G™1)ij = 0i;(p* +m?),

and thus this implies that the pole mass must vanish, the propagator becomes that of
a massless particle, just as classically. However, in the full quantum theory, the mass

becomes momentum-dependent, and the full propagator takes the form
Gy = Zi(0") (" + My (p*))-

Thus, only the combination Z(0)/M(0) must vanish. The propagator still has a pole at
this point. However, there can also be further poles at non-zero momentum. Therefore, in
a Goldstone channel can be also additional particles, which can even be stable. In the case

of QCD, where chiral symmetry dictates that the channel has to have quantum numbers
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0, a pseudoscalar, there are no additional stable states, but several unstable ones, the
excited pions.

It should be noted here that this derivation only applies to a global symmetry. When
the symmetry becomes local, the Jacobian determinant cannot be ignored anymore, and
modifications will be necessary. From an axiomatic point of view, the reason for failure is
that implicitly a positive definite Hilbert space has been assumed, which is not the case

for a gauge theory.

5.2.2 The NJL model version

While the linear-o model is an example of how the Goldstone theorem works, it does not
provide any insight into chiral symmetry breaking; fermions are required. It is, however,
not necessary to use full QCD to understand the underlying mechanism of chiral symmetry
breaking. A simpler example of the concept is given by the so-called Nambu-Jona-Lasinio

(NJL) model. Its Lagrangian for Ny flavors of quarks is given by
L= 0p(i' 0y —mp)by + G (sy)* — (Dinsh)® — (50)° + (PinsTa))?) -
f

Every quark field 1 has also N, = 3 components, and hence the theory has a SU(V,)
global color symmetry, rather than the gauge symmetry of QCD. The first two terms are
iso(flavor)scalar interactions, while the last terms are iso-vector interactions. Since the
theory involves a coupling constant of energy dimension two, it is perturbatively (and
likely also non-perturbatively) not renormalizable in four dimensions. However, since it
should only serve as a low-energy effective theory, there is no problem in including an
explicit regularization description into the theory, e. g. an explicit cutoff A.

The full quark propagator

S(p) = Z(p)(¥0 — My (p) +ie) ™

has two tensor structures, described by a wave-function renormalization Z(p) and a mass
function M(p). At tree-level, Z = 1 and M; = my. The DSE for the quark propagator
can be derived in the same way as for QCD. In the simplest approximation, all terms
but the tadpole are neglected, and the self-interaction are taken at tree-level. The quark
propagator in this Hartree approximation has then still two tensor structures, but only
the scalar part is modified while Z remains 1. After taking a trace in Dirac, color, and
flavor space this yields the Hartree approximation after Wick rotation

A

T M
My =my + 8NfNCG/ !
0

—_— (5.42)
(2m)4 p? + MJ%
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Thus, in this approximation the mass is at most shifted by a constant, but remains
momentum-independent. This integral equation cannot be solved analytically, but is ac-
cessible to numerical methods.

The results are rather interesting. Setting my = 0 is the so-called chiral limit of massless
quarks. In this case, the equation has the trivial solution M; = 0. However, it turns out
that if G rises above a certain critical limit, or alternatively the product N.N; does, a
second solution appears, with M; > 0. Hence, a sufficiently strong interaction yields a
non-vanishing effective mass for the quarks. Assuming now that the four-quark interaction
is an effective description of the gluon interaction between quarks at low energies, this
implies that a sufficiently strong gluon interaction will create an effective mass for the
quarks, giving them their constituent mass. If the quarks have a finite current mass my,
there is only a solution with non-vanishing mass-shift, increasing the constituent quark
mass above the current quark mass.

That this indeed breaks chiral symmetry can be seen by two arguments. First, a
non-vanishing effective mass is already indicative of the loss of chiral symmetry - massive
particles are no longer helicity, and thus chirality, eigenstates. The second is the explicit
calculation of the quark, or chiral, condensate (1/(0)1(0)). If chiral symmetry is intact,
this quantity is zero. However, the operator content shows that this is the integrated quark

propagator

A
(W7 (0)2hy z/ p LtrS¢(p) %, (5.43)

0
where the second equality stems from resolving the DSE for the quark propagator in the
Hartree approximation for the also appearing trace. Hence, in this approximation there
is a chiral condensate if and only if My # my, and thus this is sufficient for a breaking of
chiral symmetry. This also implies that any non-zero current mass explicitly breaks chiral
symmetry, in agreement with the explicit investigation at the Lagrangian level.

Of course, at least in the chiral limit this leaves open the question whether the chirally
broken solution is indeed the realized one. To decide this, it is, like for the Goldstone
theorem, necessary to investigate what is the solution with the lowest potential energy.
To do, the simplest approximation is the so-called mean-field approximation. For this, in

the potential
=G ((Vv)* = (Wins)” — (V1p0)* + (VisTieh)?)

all non-linear terms are replaced like

(Vpihs)® = (Upip)?,
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as with the vacuum expectation value at the classical level of the Goldstone theorem.
Since only the first term acquires a non-vanishing vacuum expectation value, this is the
only relevant one. Since it has a negative sign, the solution is more preferred where chiral
symmetry is broken.

As a side-remark, the NJL model was inspired by the BCS theory of superconductors.
Since in superconductors the chiral condensate becomes the meaning of the gap between
two bands, the corresponding equation is called gap equation, and likewise is (5.42) called

gap equation, as are the more complicated ones in other theories.

5.2.3 Full QCD

Of course, this is a rather crude approximation, even of the very simplified NJL model.
However, these results hold in the NJL model even in much more sophisticated trunca-
tions, without changing the qualitative picture. A similar calculation in QCD with a fully
resolved gluon interaction is currently at the forefront of research'®. In QCD, it is found
that the results follow a similar pattern as in the NJL model, though here it appears that
many subtle and balancing effects in the various tensor structures of propagators and ver-
tices play a role. In a more direct way, these quantities can also be evaluated using lattice
gauge theory, and show the same results. Here, however, the differences to the NJL model
are completely obscured.

The most interesting result is, however, the modification to the running mass. The

perturbative result (5.25) yields

Bov1=B170
BoB1

(@) = maa(@) % (1+ Fa@)

Hence, if the mass is zero at tree-level my = 0, i. e. in the chiral limit, it will remain so,
in contradistinction to the non-perturbative result. At the same time, outside the chiral
limit, it will diminish logarithmically in the ultraviolet, but will have a Landau pole at
a finite value. The non-perturbative result, however, generically, and rather independent
of truncation, cures this Landau pole, and leads to an infrared finite value of m(0) = M,
which plays roughly the same role as the mass obtained previously in the NJL model. Due

to asymptotic freedom, the behavior at large Q? will still be the same as in perturbation

18There are several earlier calculations with effective gluon interactions, i. e. some kind of modeled
momentum-dependent interaction between the quarks, which all show a qualitatively similar picture to
the NJL case. Such calculations are often dubbed rainbow truncation, as the missing back-reaction of
the quarks to the gluons yields that the quark DSE can be represented as a full line of all possible gluon
exchanges over the quark line.
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theory, and especially the pre-factor is the one of the current mass, not of the constituent
mass M.

Note that neither perturbatively nor non-perturbatively m is a well-behaved mass for
the quark, and neither is M. These quantities depend on the renormalization scheme, and
are therefore not physical. If a pole mass for the quark exists, a problem to be addressed
in section 5.5.4, it will be scheme-independent, and solely defined by the poles of the quark
propagator. This does not happen even in perturbation theory.

Considerably different from the NJL model, however, is the dependence on Ny. In-
creasing Ny in full QCD actually weakens, and at some point removes, chiral symmetry
breaking, while it strengthens it in the NJL model. The reason is a back-coupling of an
increase of the quarks flavors to the strength of the gluon-quark interaction, which in this
form is not captured by the NJL model. This directly shows also one of the many limi-
tations of the NJL model, despite its many phenomenological successes. Still, it gives at
low Ny a reasonable qualitative picture of chiral symmetry breaking.

However, in full QCD additional complications arise. One is that the chiral condensate
(5.43) is no longer a good observable. Since QCD is renormalizable, this quantity is, as
noted in section 4.6.6, not renormalization-group independent. Hence, this condensate can-
not be observed, and its value is meaningless. However, the combination m (1 (0)1;(0))
is renormalization-group invariant, and is physical meaningful. This quantity is, in fact,
as good an indicator for chiral symmetry breaking, e. g. in the context of the Gell-Mann-
Oakes-Renner relation (5.36).

As the pion is the Goldstone boson, its properties are determined directly by the
breaking of chiral symmetry. Especially, in the chiral limit it becomes massless. Since
there are no other massless particles in QCD in which it could decay, and for the charged
ones even not in the standard model, it becomes also stable. Thus, effects mediated by the
pions will become effectively long-range, and the low-energy behavior of QCD will become
quite different. As long as the chiral symmetry is explicitly broken, however, the pion is

massive, and pion exchange in QCD remains short-ranged.

5.2.4 Chiral perturbation theory

Noticing that QCD has a mass gap due to the pion mass, it appears reasonable to use
the Appelquist-Carrazone theorem to construct an effective low-energy theory of hadronic
interaction, and thus possibly even nuclear interaction. The simplest example of this is
the (non-)linear o-model. However, this theory cannot cover the whole complexity of
QCD. Thus, it needs to be expanded. Especially, as a low-energy effective theory, it is

no longer required to be renormalizable. In principle, it is possible to thus write down an
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effective theory of the pions which include all, i. e. infinitely many, terms in the Lagrangian,
which conserve the symmetries of QCD. These would be the approximate flavor and chiral
symmetry, the former broken explicitly by the difference of up and down masses and

electric charges, the latter by the dynamical breaking of chiral symmetry.

With an infinite number of terms, this would be not useful. However, the Appelquist-
Carrazone theorem then gives an ordering principle. The expansion should be in powers
of Q?/m?, where @ is the energy scale, and m is the pion mass. At the Lagrangian level,
this would be an ordering in momentum space. In addition, there can be interactions of
any order without momenta. These are in this naive counting always suppressed by some
effective coupling constant of ratios of the pion mass to some larger mass scale. If these
effective coupling constants are assumed to be of typical hadronic size, i. e., some tens of
MeV, then they are of roughly the same importance as the derivative terms of the same

canonical dimensions. Hence, the expansion is in the canonical dimension.

Of course, as soon as the canonical dimension exceeds four, i. e. anything beyond the
o-model, this theory is no longer (perturbatively) renormalizable. Hence, the definition
requires the inclusion of new counter-terms at every order, with independent pre-factors to
be determined by comparison to experiment. However, after this finite number of inputs,

the theory becomes predictive to the accuracy of the order of the expansion.

The resulting effective theory is known as chiral perturbation theory. It has been
successfully exploited to determine various interactions between hadrons at low energies.
One particular triumph is that it permits to calculate the interaction between nucleons,
and thus provide input to nuclear physics from a level close to full QCD. There exist
extensions which also include strange particles as well as baryons. However, the larger the

energy scale, the worse the approximations become.

In fact, it is not entirely clear to which extent chiral perturbation theory can be con-
sidered to be a really good approximation to QCD. Formally, it is clear that the expansion
cannot be correct from the outset, as any perturbative expansion. However, this qualita-
tive statement does not imply that it is quantitatively bad. One of the unique predictions
which confirms whether chiral perturbation theory actually works is that there are loga-
rithms in the pion mass. These control the approach to the chiral limit, and the logarithms
then yield the long-range behavior for a vanishing pion mass. These so-called chiral logs are
a unique feature of the chiral dynamics underlying chiral perturbation theory. Therefore,
one test of chiral perturbation theory is to perform calculations in full QCD for different
pion masses, e. g. using lattice calculations, and then identify these chiral logs. If this be-
havior is not observed, chiral perturbation theory would not be a good approximation. At

the current time, it appears that for the physical pion mass the situation is at the border
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line of the reliability of chiral perturbation theory, but this is not yet finally settled.

This question seems to be not so terribly important, as experiment can always decide
the reliability of an approximation. But chiral perturbation theory as the unique features
that it can analytically access any regime in its range of applicability. This is, e. g.,
important when going to nuclear astrophysics, where there are many processes which are
decisive for the stars, but are experimentally for all practical purposes impossible to realize,
e. g. cross-sections with three or four particles in the initial state. Such quantities can so
far also not be calculated using lattice calculations or functional methods. Hence, if chiral
perturbation is sufficiently reliable, it is the method of choice for these problems. So far,
derived observations indicate that it works out, but then these are so emergent results

influenced by many factors that an independent confirmation would be invaluable.

5.3 Hadrons as field-theoretical bound states

5.3.1 Generalities

One of the most remarkable observations in QCD is that only bound states of quarks and
gluons appear, for a reason called confinement to be discussed in more detail in section 5.5.
The consequence is that only bound states are observable, and therefore hadron physics
has to describe such bound states. Bound states are thus necessarily composite operators.
The simplest such operator would be gq, describing a scalar particle, the so-called o or
x(600) meson. However, it is not as simple.

One of the problems immediately arising is that in a quantum mechanical system
mixing is possible. Thus, once a quantum number channel is specified by all conserved
quantum numbers, any state |n) is in general represented by an operator O,, consisting of

an infinite series
O, =Y c,05. (5.44)

n is here the collection of quantum numbers uniquely specifying the states. In QCD,
leaving aside the rest of the standard model, these are at most J¢, flavor, total momentum
and possible relative momenta between gauge-invariant constituents and relative spins as
far as they can be measured. Including the remainder of the standard model, e. g. to
model weak decays, modifies this list. However, irrespective what the list is, it specifies
uniquely the channel. The sum then contains all operator Of compatible with this list.
This is an infinite number, and especially can contain operators made up of an infinite
number of gluon, quark, and, possibly, ghost fields, as long as the total operator is gauge

invariant. The coefficient ¢! are in fact functions of, e. g., momenta.
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Of course, since any set of operators forms a basis, it possible to rewrite the series.
The question is only, in which way it should be rewritten. An especially useful way is to
rewrite it in such a way as that operators of fixed quantum numbers and fixed energies are

obtained, essentially obtaining for the infinite set of levels an infinite number of operators,

Ou(E) =) c,OL(E).

On the right-hand side two general types of operators will contribute. Some are genuine
bound-state operators, i. e. operators which cannot be split into more gauge-invariant
operators. An example is the aforementioned o-operator. The other operators are states,
for which this is possible. In case of the o-meson, this would be, e. g., the two-pion
operator (¢7v5q)(p)(qvsq)(k), where the relative momenta p and k yield the total momentum
p+ k = P, such that Py = E, but are otherwise arbitrary. Therefore, in general the
relative momenta should be integrated over. Note that a bound-state operator needs not
be an operator with the minimum number of fields possible to create a set of quantum
numbers. E. g. tetraquark operators for the o-channel can have the form gA“qgA®q, and
are such cases. Operators which can be split into a number of gauge-invariant operators
can be classified into two categories. One are scattering states. These are states where the
total energy is larger than the sum of the masses of the two individual operators in their
respective quantum number channels. These are unbound objects. The other are so-called
hadronic molecules, i. e. a self-bound system of two hadrons, similar to a conventional
atom, where the binding yields a mass defect.

The energy levels appearing can be sorted into several possibilities. Every channel has
a ground state, i. e. one lowest energy level /. This state can have zero energy, and may be
degenerate. In QCD, such a state only exists in the chiral limit, where the pions becomes
massless. Otherwise, all states are massive, and there is thus a mass gap in the spectrum.
The lowest energy can be a stable state, as is the case for pions, but need not be, as is
the case in the o-channel, where in QCD it turns out that two pions are the lightest state,
and which are unbound. In general, this is a dynamical question, and the energy levels
have to be calculated.

There are then an infinite number of further energy levels. There may be additional
discrete levels, below the first scattering state in the given channel, the so-called elastic
threshold. These are states which are stable, excited states. Above the elastic threshold,
there is a continuum of states. These consists of all possible relative momenta of the
particles in the scattering states. In addition, there may be further surplus states which
are resonances, i. e. states which have a finite life-time before decaying. Their distinction

from scattering states is subtle, and will be discussed further below. If the energy is high
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enough such that there more than one possible scattering state in the channel, the inelastic

threshold is reached, and the number of possible states then quickly proliferates.

5.3.2 Analytical structure

No matter whether a particle is elementary or composite, as long as it is an observable
particle, it is describe by a correlation function, which is a function of a single four-

momentum. Hence, an elementary particle ¢ is described by the (1PI) correlation function

while a composite particle ¢'q is described by

D(p) = {(qq")(—p)(d'q) (p)).

In any case, the correlation function D has a special analytical structure. If the correlation
function is obtained from an operator set which includes all information, then D can have

the following analytical structures

e There can be zero or more poles on the real axis at —p? = m?2. These signal stable

particle excitations

e There can be zero or more poles on the second, but not first, Riemann sheet at
—p? = (M +4T')2, describing unstable resonances of mass M and decay width T’

e There is a cut starting at —p? = (M’ + M” + ...)%, where the M’... are the mass of
the particles into which a decay at the elastic threshold is possible

E. g., for the proton there is a real pole at m = 938 MeV, a first resonance at M = 1440
MeV with I' &~ 300 MeV and the elastic threshold for purely hadronic decays is at 1080
MeV for a decay in a p wave into a proton and a pion.

Besides the pole, however, the structure of the correlation function is rather compli-
cated. If the width satisfies I' < M, then the propagator is well approximated by a

Breit-Wigner shape
1

Np2_m2+2' /pQP’

similar to the situation in quantum-mechanical scattering. Note, however, that the width

D(p) (5.45)

is not really a constant, but in general a function of p?. Widths quoted are usually the

value of this function at the resonances position, which in this case is well approximated
by T'(M?).
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In cases of rather narrow resonances, most of the difference is due to phase space, and

it is better to trade the width for the coupling of a particle to its decay channel by
0ot = £
P) =V
In general, however, it is better to express the width by the phase shift ¢ as

m? — p?

N \/P? cot §(p?)

The phase shift passes through 7/2 at the resonance position.

r'(p?)

However, these approximations are in general true only for narrow resonances. If the
width T'(m?) becomes large, the phase shift no longer necessarily passes through /2, and
the propagator, though still having a pole, may be very different from (5.45), including
strong asymmetries. In a strongly interacting field theory like QCD, this is easily possible.
E. g. for the o-meson, to the best of our knowledge, the phase shift |§| never exceeds /3,
and is actually negative. Such broad resonances require therefore substantial care. In
fact, it is more a philosophical question whether such states should still be regarded as
particles.

In any perturbative calculation, like in chiral perturbation theory, such an analytical
structure can be immediately identified. Beyond analytical methods, this becomes more
challenging.

The situation is more subtle for gauge-dependent degrees of freedom, like quarks and

gluons, and this will be therefore reiterated in section 5.5.4

5.3.3 Bound states on the lattice

Lattice calculations lend themselves rather straightforwardly to the calculation of bound
states, as operators can be directly evaluated. However, in any practical calculation only
a finite number of operators can be selected, and therefore it can never be guaranteed that
the overlaps ¢! in (5.44) with the desired state is sufficiently large, or existent at all, to
detect its contribution in a numerical simulation. Though several sophisticated methods
exist to isolate levels, this remains a challenging task with substantial systematic errors.
Furthermore, multi-particle states, e. g. nuclei with many quarks, are very expensive, as the
number of operators required for a full gauge-invariant expression for a state of fermions
increases factorial with the number of quark fields, and the statistical noise increases
exponentially with the mass of a state compared to the lightest state.

However, especially ground-states, once a suitable operator basis is found are rela-

tively straightforward to extract. Since a lattice has a finite volume, the energy levels
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are no longer a continuum, but are discrete. Furthermore, scattering states with non-zero
momentum have a kinetic energy of at least the inverse lattice spacing, making them es-
pecially on small lattices heavy. At the same time, it can be shown that stables states
with non-zero mass suffer at most exponentially suppressed volume-corrections.

Finally, because lattice calculations are performed in Euclidean space-time, the follow-

ing holds true. For any operator O in the Heisenberg picture

C(t) = (0T(H)0(0)) = Y (0(B)|n)(n|O) =Y (" O(0)e M |n)(n|O) = > |{0]0(0)|n)[* e
where n is a complete set of energy eigenstates. Thus, at sufficiently long times only the
state of lowest energy represented by the operator survives. Of course, on a finite and

periodic lattice there is no infinite time, and this changes the result to
C(t) = (01(H)0(0)) = Y [{0]0(0)|n)[* cosh(Et)

but on sufficiently large lattices, this can still be fit reasonably well. Very useful are the

effective masses

C(t)
Clt+a)

which will become almost constant if only a single state dominates. However, in actual

m(t) = —In

numerical calculations also subleading levels can often be fitted. These results did not
make any statement about the three-momentum of the state. Usually, this is done at
zero momentum. If not, then the energy is increased by the kinetic energy. The result
also shows that the signal dies off exponentially with time, indicating serious statistical
challenges if the mass is large in units of the lattice spacing, as the situation deteriorates
exponentially. Vice versa, it may happen that the lowest level is superimposed by some
other level, which decays also very slowly. It can then happen that the lowest mass cannot
be isolated for a finite lattice, or it may even be that the presence of a further state cannot
be detected at all. This is another systematic error, which is especially hard to detect if
no experimental input for a given quantum-number level are available, and thus a true
prediction is attempted.

Though this result is obtained in Euclidean space-time, it can be shown that for any
gauge-invariant correlation function the so-obtained energy is indeed the total energy in
Minkowski space-time, and especially at zero kinetic energy its mass.

The situation is somewhat more challenging for massless particles, as e. g. for the pions
in the chiral limit. The finite volume introduces a mass even for such particles. The reason
is that only a constant mode on a periodic lattice will have zero energy, and the discreteness

of the spectrum then forces any other state to a non-zero value. Since a pseudoscalar zero
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mode is forbidden, the vacuum is scalar, the pion is always massive in a finite volume. Its
masslessness in the chiral limit is then only recovered in the infinite-volume limit. It can
be shown that the effective mass of a massless particle is polynomial dependent on the
volume. Hence, to identify a massless particle would require to identify, and reliably fit,
the polynomial dependence of the mass.

The situation becomes more complex beyond stable states. First of all, as for massless
states, finite-volume corrections to masses of excited states can be shown to only decay
polynomially with the volume, and are therefore harder to control. The second is that
they will mix with scattering states. In principle, the latter problem is straight-forward.
Since the scattering states are just a combinatorial effect, it suffices to remove all known
scattering states, and the remainder are then the resonances and excited states. In practice,
it is often difficult to identify all levels for statistical reasons, and often overlap problems
in the operator basis make states practically invisible in a calculation.

An alternative for states below the inelastic threshold is the explicit calculation of the
phase shifts, which can be obtained by the so-called Liischer method from the volume-
dependence of the energy levels between the elastic and the inelastic thresholds. This
procedure will not be detailed here, but is rather robust. It essentially uses the fact that
the energy levels in a finite volume, ignoring discretization artifacts, can be related not
only to single particle states, but also to multi-particle states with the same quantum
numbers. In a finite volume, these multi-particle states are never really isolated, and
therefore the energy levels are modified by the interaction energies. Thus, the energy
levels are a statement about hadronic interactions. Since the size of the volume is then a
statement about the maximum distance of the two particles, this is all what is needed to
obtain the phase shift in the infinite volume. In fact, this method works best on rather
small volumes, where the energy levels can be clearly distinguished.

Since the phase shift also provides the information on the decay-width, the whole
analytical structure can be obtained in theses cases, though of course with a finite number
of points available from any numerical lattice calculations strictly speaking there is no
mathematical guarantee to be not missing something. In cases like the o-meson even
this can still provide conceptual problems. The extension of the Liischer method beyond
the inelastic threshold is expensive, and for multiparticle channels still a topic of current

research.

5.3.4 Bound states in functional methods

Bound states in functional calculations are entirely different than in lattice calculations. In

principle, their treatment appears at first straight-forward. Since the operators describing
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bound states are just correlation functions, it appears sufficient to solve the correspond-
ing equation in a given truncation, and the analytical structure will yield the states in
this channel. Though this is correct in principle, and has been done is some rare model
theories, it is usually not possible in a theory as complex as QCD. One of the problems
is the requirement to solve the theory in the whole complex plane, which is rather chal-
lenging. Another is that mesonic bound states are already four-point functions, baryons
six-point functions, and glueballs eight-point functions. Thus, the complexity even in

simple truncations is enormous.

A trick to make this problem more tractable is to evaluate the equations on-shell, and
only keep those terms becoming singular. This the so-called Bethe-Salpeter equation (or

Faddeev equation for baryons). It takes the form

Cos(p, P) = /qumw(p, q,P)(S(g+0P)l(q, P)S(g+ (1= 0)P),;.

The equation is again a self-consistency equation for the Bethe-Salpeter amplitude I,
which depends on the total momentum p with P? = —M? and M the mass of the meson,
and the relative momenta of the quarks p. The quark propagator S must be supplied from
elsewhere, e. g. its own DSE or from an ansatz. The kernel K depends on the quantum
numbers in question, and involves all the quark-gluon interaction vertices, as well as gluon
propagators. Again, all of them must be provided from their respective DSEs or from
ansatze. The momentum partition parameter o distributes the relative momenta between
the quarks. Since the quarks themselves are not independent degrees of freedom, the

correct solution will be independent of o.

The simplest ansatz is the so-called rainbow-ladder ansatz, where
K ~ Oé(kQ)FtIFtl,

where « is, despite its name, an effective interaction strength, and I' are the tree-level
quark-gluon vertices. Selecting then, e. g., I' = i7; yields the equation for a pion, which
in this approximation indeed becomes massless in the chiral limit. Solving this integral
equation is still a numerically non-trivial task. The values M for which the equation has

a solution indicates the hierarchy of states in the channel.

The general problem is that any approximation can produce spurious solutions. Fur-
thermore, these results do not provide insights into these stability of states. These are

questions of current research.
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5.4 Topological excitations

While quarks, gluons and hadrons are states which consists out of a few valence particles,
i. e. particles which define their quantum numbers, QCD can also support other states.
Especially, it can support states which are genuine collective excitations of gluons, which
can no longer be identified individually. Such states are usually highly unstable. How-
ever, some such excitations are stabilized by geometric effects, and then called topological
excitations, for reasons to be explored in the following.

The most prominent of these excitations are so-called instantons. Though it was not
possible to directly observed instantons, their effects can be identified, e. g., in lattice
calculations through various techniques. To understand them, it is best to first investigate

similar excitations in quantum mechanics.

5.4.1 Instantons in quantum mechanics
5.4.1.1 Leading order

The starting point is a one-dimensional double-well potential
V(z) =\ (2* - n2)2

(Classically, This potential has two degenerate ground states with energy +7. These are
two classically separated vacua for particles with kinetic energies less than An*. The
quantization can be done using the WKB approximation. Then the wave function is

assumed as
v () = et

where

xT

b@) = + / de'p (') + O (h) (5.46)

p(x) = V2m\/E—-V (2)

where m is the mass of the particle and F is its energy. The WKB approximation re-
sults from an expansion in A, here only taken to lowest order. If quantization is done
around both minima, two degenerate solutions are found. However, this is not quantum
mechanically true, and tunneling will mix both states. The new ground state will be the
symmetric combination of both single states, and the first excited state will be the anti-
symmetric combination. During tunneling, the WKDB solutions do not oscillate, but decay

exponentially.
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An analogous an expansion of the quantum-mechanical path integral around the clas-
sical path can be done. The imaginary values of p of the WKB approximation can equiv-
alently be replaced by imaginary time, a so-called Wick rotation. The Greens-function

describing the tunneling is then given by

(—nle= ) = / Dirle s,

where r is the path and S the action. The path associated with the solution of the classical
equations of motion in imaginary time gives then the maximum contribution to the path
integral.

The path integral can be expanded around this path as a correction factor. After the
Wick rotation is performed, the classical equation of motion for the tunneling path is given

by
d*r AV

i T A

or equivalently by the conservation of energy for the lowest classical energy state, where

E =0,
m [ dz\>
5(%) —Vi(@)=0

yielding after separation of variables

dr = 1 dzr = ! ! dx:;;du

2 2 N
2X (2 2)\2 2 /221 — % o l—u
m@ n?) n n

This can be integrated and yields

T
tanh™' =

n/ 2 n

T — Ty =

where both integration constants have been absorbed in 7. This yields for the classical
path

zq (T) = ntanh (% (1 — 7'0)> (5.47)
8n°A
o= L (5.48)
m
The solution goes from x (—00) = —n to x4 (00) = 7, and hence describes the tunneling

of the lowest classical energy state from one classical allowed position to the other. 7 is
a free parameter and describes the localization of the tunneling in imaginary time. The
solution is well localized in time. The path (5.47) is referred to as an instanton. Its reverse

—x4 (7) is referred to as an anti-instanton.
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The action of this path is

[e o]

m (dz\’
Y R I e
Rescaling ¢ (7 — 79) — 7 this yields
= 2 4
mn‘w 1 2\n 9 2
So = d tanh® 7 — 1
0 /T< 4 cosh47'+ w (an T )
mn3w 4 8Ant B mn?w  mwn? - 2mwn?
3 3w 3 33
 2mwmw® | mAw?
3 8A 12A

It is convenient to scale such, that m = w = 1 and to change the potential to V (z) =
\? (z + 27})2. The action is then ﬁ and the condition A < 1 controls the validity of the
semi-classical expansion.

To calculate the tunneling amplitude, the exponent of the path integral is expanded
around the classical path

2
_Llgp 7S

Note that the linear term vanishes, since the classical path already minimizes the action.

l5m+0(5:}:3) (549)

It is implicitly assumed, that 7 is smaller than the typical lifetime of an instanton, oth-
erwise modes with more than one instanton would have to be taken into account. It is
also assumed that 7 is nevertheless large enough to allow the semi-classical WKB approx-
imation. The tunneling is hence proportional to exp (—Sp). The proportionality constant

requires the calculation of higher orders.

5.4.1.2 Higher-order corrections

To take fluctuations into account, it is necessary to calculate the second factor up to order
O (62?) in (5.49). The functional derivative of the action gives the operator
d? N d*V
dr? = dx?

T=Tc|
The path integral is Gaussian in dx. Expanding the path integral in an integral about a
base s with s — 0o, and the operator O in an arbitrary basis, the prefactor f for exp (—5p),

using a functional integration theorem for small fluctuations, becomes
-1 Z xiOU T 1

dzs | e i = (27
H (/ ) (2m) Vdet O

S

w3
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The determinant can be calculated by finding the eigenvalues of O. This task is rather
typical for calculations involving topological excitations, and warrants therefore a rather
detailed investigation.

Since determinants are products of eigenvalues, this amounts to solving the eigenvalue

equation
Ox, (1) = epx,(T)
—d—2 + )\i (4z (2* — n?)) Tp (T) = enxy (7)
dr? d — " e
d? 2 2
(—W + A (1227 — 4n )}xw) Ty (T) = epxy (1)
d? w
(_ﬁ + 12)\n* tanh? (5 (1 — 7'0)> - 4)\772) Ty (T) = epxy (1)
2 3, o (W 1,
(_ﬁ + S tanh (5 (t— 7‘0)) — 5% ) To (T) = ez, (7).

Using 1 — —— = tanh® 2z and resetting 7 — 7y — 7 and x, (7 + 7o) — x,, (7) yields

d? ) 3w?
<_W rete m) =

d? : 3 B
<_W +w (1 — m)) T (T) = epxy (7)

The solutions to this Schrodinger-type equation are known. They can be found by the

following procedure

2 3u? 1

_ A S 2
0 = ( dr? 2coshQ(%) 22 (5n w)) n
d? 3w?
N <ﬁ+2005h2 (—T)+En> o
() dm B,
oy <(1 v) dy>+<s(s+1) 1—y2)y

where e, = % (en —w?), E, = %\/—26,1, and y = tanh w7 /2. Making then the ansatz

yields ,
O:u(l—u)—Z—i-(Enle)(l—Qu)C;—Z (B — ) (Bn+ s +1)
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with u = (1 —y) /2.
This is the differential equation for a hypergeometric function and the solutions are

En 1—vy
T, =1—-y)2 F En—s,En+s+1,En+1,T

For a finite wave function it is required that s = F,, +n with n < 2.

Hence only two bound states arise, 0 and 1. The original energy is then

e = W (—i(s—n)2+1)

o = 0
3
g1 = ZMQ

There is in addition a scattering continuum. The normalized eigenfunction for ¢y is

3w 1
D=V e
2

which can be verified by insertion.

The presence of a zero-mode, i. e. g = 0, results in a vanishing determinant and hence
in an infinite tunneling amplitude. This can only be interpreted in such a way that the
fluctuations in direction of the zero mode are not small, and the expansion in terms of a
Gaussian is invalid. The integration in the direction of the zero mode path must hence be

done exactly. To do this, the paths are parametrized by
2(T) =) nttn (7)

Noting further that

ix (r—1) = _wn 1 o wn [8w
dry o 2 cosh® (£(r—m)) 2V 3

Suwsdn? w3
—\/ =50 (T) = —wy/ =0 (7) = —w/Soao (7)

where again 7 — 7y was taken into 7. By replacing the integration over the expansion part

of ¢q by ;
dz = ~—dry
To

and using that the expansion takes only into account fluctuations around the classical path

dx dz.
dr = d—TOdTO ~ ﬁoldTo = —w\/Sozo (1) d7o

d_x = —w\/SiodTo

Zo
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simplifies the problem further. Finally, using
dxr = xodcg = dcg = —w/ SQdTO

the functional integral can now be rewritten from integrals about different space points to

an integral over all possible combinations of ¢; and hence

E[/deZI;[/dcn

each coefficient contributes its eigenvalue to the operator. This method where the contin-
uous variable is replaced by a product over eigenfunction expansion coefficient will also be
a recurring procedure later on.

Hence the result for the propagator to this order is

§ (H2—) A2 [
€n 2
n>0

The first factor is the determinant with the zero mode excluded. The minus sign is of no
importance, since the tunneling probability is given by the square of the amplitude. The
result increases linearly with time, the size of the instanton, leading to a finite transition
probability per unit time.

To calculate the remaining determinant, it is convenient to restrict the calculation to
a finite time interval [—7,,/2, 7,,/2] and impose boundary conditions at the edge of the
interval as z,, (£7,,/2) = 0. Since there is a continuum of eigenvalues, the product diverges
to 0. This divergence is controlled by the largest eigenvalues, which are independent of the
specific shape of the potential and do not correspond to tunneling events. To factor these
continuum states independent of the potential out, the determinant can be normalized by
the harmonic oscillator, which exhibits the same shape at large eigenvalues. This is again

a routine manipulation often used, and yields

det (—j—; + V" (xcz)) . So </ dT)
= —w\/ 5= 0

det (—% + w2) 2m

S
Q.
D
-
VS
g
3
|
+
<
—
8
Q
~—
N——

where det” denotes the determinant without the lowest mode. The lowest eigenvalue of the
harmonic oscillator equation is given simply by 1/w?. The next eigenvalue of the upper
determinant is 3w?/4. For the harmonic oscillator the next value is w? up to corrections of
order 1/7,,, which are not important for the limit of 7, — oco. For these eigenvalues of the

oscillator the boundary conditions are important. Both exhibit furthermore a continuous
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spectrum. The solutions to the V”(x.) potential are known. The potential itself is
localized, so the solutions are plane waves for 7 — #oo. One solution is hence z, (1) ~
exp (ip7) for the limit of 7 — oco. For 7 — —oo the wave becomes

, (7_) eipr-i—iép

4 14421+ 2i2
P = 2 2 5.50
1—i21—2i2 (5:50)

where the phase shift is provided by the potential. The phase shift is known from scattering
theory. There is no reflection for the plane wave. The second independent solution is
obtained when reversing 7 — —7. The spectrum of eigenfunctions is then obtained by

imposing the boundary conditions
PnTm — 5pn =T7n

The solutions of this equation will be denoted by p’. In case of the harmonic oscillator
there is no phase shift, since the second derivative is constant and the boundary conditions
impose
PnTm = TN (551)
The ratio of the determinants is then given by
2 2 w?4p)?
11 WP _ S
n>1 WP

Changing from summation over n to integration over p, which delivers by (5.51) a factor

T/, and setting 0, /7, = p}, — pn, which is small, it is possible to obtain by expanding

w?4p? 2. T oo
e%fowdpln%gfm eTmfo dem(Qfgiﬁ)
9, depends also on p. Integrating by parts delivers

[ 2ps - [ do

dp——-=L— = §,1In (w? + p* —/dlnw2+2—p
Jar s = el [dpmlar )
0 0

6w? + 12wp?

= J,ln (w2+p2)’30—/dpln (w2+p2)
0

w* + 5w?p? + 4p*

This leads to

17 26 1 1 1 51

= o+ )
0
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Where o F) is again a hypergeometric function. Additionally the first term vanishes by
virtue of (5.50). This value will be refereed to as C'(w) . The value of exp (C (w)) is for
w =1 just 1/9. The final tunneling amplitude is then

R I N (EEN e P
= ({0, =nla) (alo.m) e 7") (@ﬁm ) e~ ()
= (60 (=m) 6, () =" (ﬁ\[ e )So )
) o

where ¢, is the ground state wave function localized at a. The last factor comes from

the zero mode integration, the factor in front of it from the instanton solution. The first
factor comes from the lowest state harmonic oscillator and the second is the ratio of the
two determinants. The result is proportional to the time interval 7, and hence there is
a finite tunneling probability per unit time. The harmonic oscillator part comes from the
normalization.

From (5.52) the ground state splitting AFE can be read off, by using the following
expansion. The two ground states can be approximated by ¢y = (¢_, (z) + ¢, (z)) /V/2
and ¥, = (¢_, (z) — ¢, (¥)) /v/2. Then the tunneling amplitude is approximately

(=nle™T™n) ~ g (=n) o (n) e PO i (—n) by (n) e FHAET

= 6%, (M) by () + 6, () By (1) + 65 (=) 6 (1) + 65 (=) 6, ()

(8% () 6 (1) = 6%, (=) 6 () = 6 (=) Dy (0) + 5, (—) 6 ()7

If AET,, is small, the result is then

(=nle™ ") & 3%, (~n) 6, (n) (A7) (55)

here uneven terms in 1 and —n in argument and index can be neglected, since they are
small compared to the even terms. The first part is the harmonic oscillator overlap, and

the level splitting is hence approximately

Nw(”?\,—eC(w)>e 0

If the assumptions break down, multiple instantons and their interactions become impor-
tant.
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5.4.1.3 Corrections at two loop order

The procedure described can be continued to higher orders. The mathematics involved
get then more and more tedious, so only some remarkable results from two loop order will
be cited here. The loop correction is essentially achieved by calculating the correlation
function in presence of one instanton. The modifications lead to

711
exp (—SQ) — exp <—SO — 55—)
0

Since the correction is negative and of order one implies, that for Sy ~ 1, the one loop
approximation breaks down. Since Sy ~ ”73, this is already the case for moderately high
barriers. The minus sign implies that the one loop order overestimates the tunneling

probability.

5.4.1.4 Instanton-Anti-Instanton interactions

As already mentioned, anti-instantons are instanton paths traversed in reversed time di-
rection. A pair of instanton and anti-instanton relates over a topological trivial path (the
same path traversed once in each direction), the same vacua. This interaction leads to the

tunneling amplitude

—Hrp, Tm T
<77|€ " ‘77> = ﬁ/dr@s"‘()

The prefactor comes from the instanton density (there must be two in the time interval

Tm). The instanton-anti-instanton action S7a can be calculated from a path as

1 1 T —T 2|t —7
SIA:_(g—QGII A‘+O(e|f A))

following the classical tunneling path in both directions. The parameter 7y may be different
for instanton 7; and anti-instanton 74. If 77 — 74 > 1, S;4 tends to 2S5, while for 7, —
T4 ~ 0 it tends to 0. In the latter case however the instanton solution is not a good
approximation, since the relevant time scales do not allow anymore a classical treatment.
There are methods using steepest ascent to solve this problem numerical. By analytical
continuation in the coupling constant v/2X ,and after redefining the perturbative expansion,
an analytical calculation is possible for (Ey 4+ E7) /2. This can be compared to the single

instanton solution above, where AFE can be calculated.

5.4.1.5 Fermions

If light fermions are introduced and coupled by V" to the potential, there are two in-

teresting effects visible: First, tunneling is only possible, if the fermion number changes
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during the tunneling. Second, the fermions introduce long range attractive forces between

instantons and anti-instantons leading to formation of instanton-anti-instanton states.

5.4.2 Yang-Mills theory
5.4.2.1 Topology

It is convenient for the treatment of Yang-Mills theories to use the following definitions,

normalizations and gauges:

A, = A?ﬁ
2
[)\G’Ab] — 2ifabc)\c
tr (A*A") = 26%
G, = O.AL—0,AL + fAA;

AO = 0:>E1260AZ

where E; are the chromoelectric fields, which are for this gauge the conjugate momenta of

the A;. The Hamiltonian is then given by

1 32 (2 2
The classical vacua have zero field strengths, but the potential A does not need to be
constant for non-Abelian theories. The gauge fields are in this case limited to pure gauge

configurations, which can be enumerated as
A; =iU (2) 0,U (@)
where U (Z) can be any possible gauge transformation. It is possible to restrict these to

those satisfying U () = 1 for x — oo. These can be classified by the winding number

1
2472

Ty

/ Pt (U,U) (U10,0) (U'0.0)) (5.54)

which counts the number of times the group manifold of the gauge transformation is
covered. If (5.54) is expressed in terms of the gauge fields, it is called the Chern-Simmons

characteristic )

= 1672

The quantity (5.55) can also be rewritten more generally as

. 1
nes / d> et (AgajAg +3 fabCAgAg.Ag) (5.55)

1
6472

v
51274

2
/ d e B2 F,,, = / d*atre™?9), (mgapAg +3 f“bcA“A”AC)

viiptto
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Evidently, this is a total derivative, and hence can be cast into a surface integral at infinity.
It is therefore independent of the internal structure of the space-time it is integrated over,
but depends only on the contribution from the boundary. Furthermore, the expression
has the same color structure as the usual Lagrangian, and the Lorentz indices do not
play a role in gauge transformations of the field-strength tensor. Hence, this quantity is
gauge-invariant. Thus, it is an observable quantity. It is the so-called topological charge,
or Chern class, of the gauge field configuration. Furthermore, the quantity is evidently
invariant under any continuous distortions of the gauge fields inside the volume. It is
less obvious that this is true for any continuous deformations of the gauge fields on the
boundary, and that all of these possible deformations fall into distinct classes, the so-called
Chern classes, such that the integral is an integer k, characterizing this class. This fact is
stated here without proof.

Hence n,, is an integer, and enumerates an infinite set of classical vacua. Since they
are topological different, there is no path from one vacuum to the other where the energy

remains zero all the way. But tunneling can connect topological different vacuum states.

5.4.2.2 Tunneling

The first question is, are there really any tunneling events? The answer is yes. Again
classical solutions to the euclidean action will provide access. It is convenient to rewrite

the action as

1 4 a a
1 4 a a 1 a a \2
= 1 d*x iGWFWjLi(GWq:FW)

where T, = %@,,WG“ is the dual field strength tensor. In this tensor the roles of the

po
magnetic and electric field are interchanged. The first term is invariant under topological
changes, see below, the second is always positive. If the field is (anti) self-dual, i.e. Gf,, =

+I"* _ the action is hence minimal. The first term is the topological charge

prv
1 4 a a
Q = /d xGuVF;w

3272
and the invariance can be seen from the equivalence to ngg.
1 4 1 a a abc Ab Ac a a ade Ad pAe
Q = 3972 /d 5 Epvpo (8,,14“ —0,A, — f AHAV) (&,Ap —0,A; — f APAU)
1

3272

+O,ALD, AL + O, AL fOTATAS — [UCAD ASD, AL+ fUCAD AT, AL
abc Ab pc pade pd pe

_'_f A;J,Ayf ApAO')

1
4 a a a a a rade Ad pe a a
_ / 005y (0L A0, A — 0,450, A% + D, AL F ALAS — 0,420, A1
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First have a look at the double derivatives

1

Semer (D0 ALDe AL — 0,410, A5 — 0, AL0, AY + 0, A0, A7)
By partial integration this results in

1 a a a a a a a a
éswpg(&, (AH&,AP) — A50,0,A7 — 0, (AuapAg) + A}0,0,A5
—0, (A‘j&,AZ) + A30.0, A7 + 0, (AL0,A7) — AL0,.0,A7)
The total derivatives can be connected by
EvpopOy (AZ&,AZ) +Eupupo Oy (AzapAg)Jrgquau (AgaaAZ) +Eup0 O (A0, Aq) = 4€,1p00, (A0, A7)

The other terms result in

4 o A%, 0, A% = 0

since it is symmetric about the inner two indices. For the terms with one power of fa
the result is
—€uvpo (8,,AZAZA§ — 8#“13142145 + AZAf,&,AZ — AZAﬁﬁpAg)
= —Cupe (0 (ALADAS) — ALACD,AD — ASAYD,AS — 0, (AgADAS) + ALAYD, A

+ALACO, AL 40, (ASADAS) — AT AP0, A5 — ASALD,AD — 0, (AZALAY)

(e oty

FAGAL DAL + AGASD,AL)

The not-total-derivative terms are again symmetric in two indices and hence vanish. The
total derivatives are symmetric about three indices and hence do not vanish in all cases,

but only in two out of three, and hence the result is 4/3. The total result is then

1
1672

a a 1 aoc a C
/ d* 0,8 s po <AyapAo +3 Fab AVAZAU)

The last term vanished, because the square of the potential can not provide a contribution
over the whole space because otherwise the fields would not vanish. The remaining last
term is a result of the commutator of the generators and the factors of the generators, the
gauge fields.

Mathematical, since A, is a pure gauge, A, A, can be written as U9, UTUJ,U" and this
can be changed by integration by parts to 9,UU'0,UUT, which is by unitarity 0. The rest

can be combined in a total derivative

1

Q = / d'z0, K, = / Po, K,

K, = (AgapAg + % f“bCA‘;AI;Ag)
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where in the last step the volume integration was replaced by a surface integration and the
Gaussian theorem was used. Since the integration is equivalent to (5.55), the topological
invariance has been shown. With this knowledge, the action can now be calculated for an
arbitrary (anti-)self-dual field as

_ 8 |Q)

S p

By

[ d )
Q: /dta/‘d?’l‘Ko:ncs(t:OO)—TLcs(t:—OO)

it is visible, that configurations with ) # 0 connect different vacua. The simplest non-

trivial solution can be obtained for SU(2) for () = 1. An appropriate ansatz for U is

T
Uz) = i~tr,
x
T, = »
—1
TaTy = 5ab+i€abc7-c

This leads to Af, by virtue of equation (5.54)

A = 207U (2) {,U (2)!
i 0y

-1 xu
= —112(\? —=T,T
( ) T H V8$’i T

= 2 ()\“)71 THTJ (

For SU(2), this can be simplified to

XL, 0 + LTy T;
23

x
L .
AL = 2N p

Eaquv for p,v=1,2,3
Napwr = 5a“ forv=4

—0q for p =4
where 7,,, is called the t'Hooft symbol. A parametrized solution
a Ly 2
A“ = naﬂyﬁf (:U )

can be used to fulfill the self-duality requirement for Q # 1. f (2?) is required to be 1 as

x — 00 to let the result be a pure gauge. Inserting this leads to
G, = T,
a a aoc C 1 a a aoc C
O,A}, — O, A, — f b AZAV = 5o (&,Ap — 0,A% — fo AZAJ)
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The derivatives can be calculated as

fx, 2,2y, f 2fx,x,
O ( ol f+ ?5;1” E— (5.56)
The first two terms on the right hand side can be changed as
Ta Lo
5Wp<f7lapaaaﬁf = 5W0pnaapaaﬁf
Lo
= (5aunaua + 5aanauu + 5au77aau) aaﬁf
ZEM l‘o’ xV
= nauaaaﬁf + nauuaaﬁf + naauaaﬁf
Ty Tq
Euuponaaaap?f = _Euupanaaaapﬁf

Lo
= - (5au77aup + 5ozpnauu + 5aunapu) apﬁf

Xz X Ty
= _naupapx_gf - na,uuapx_gf - napuap?f
Lo Lo "L‘u Lo Ly
E,ul/ponapaaoﬁf - guupanaaaap?f = 27]0”/060;]0 + 2na,ulxaoﬁf + 277ao,uaaﬁf
And the result is then

Lo Ty i Lo Ty
nauaauﬁf - nauaauﬁf - nauoaal‘_gf - nauuaaﬁf - naouaaﬁf

1 b Tols abe Talp
= -2 <§€uupof MbpaTlcos A f2_f Mopallevs o4 f2

T Lo x, Ty T,
nauaauﬁf - nauaauﬁf - nauaaaﬁf - nauuaaﬁf - naauaaﬁf
abe Lol 1
- _2f ’ 74 f2 (agquUT’bpancaﬁ - nbuancuﬁ> (557)
All derivatives are symmetric in the indices by virtue of (5.56) and hence they can be
changed to
Lo Lo Lo To Lo
nauaauﬁf - nauaa,uﬁf - nauaa,u?f - nauuaoﬁf + na,uaauﬁf
TalB pabe {1
= _2f27ﬁf b <§€uupa77bpancoﬁ - nb,uancyﬁ)
The right hand side can be changed using SU(2) % to
1
§€,u1/pa <5p077aa[3 - 5p[377aa0 + 5aﬁ77apo - 5aanapﬁ> - 5uunaa6 + 5p5naau - 5a5na,ul/ + 5au77au6

1
= 5 (_5aﬁ77auu + 5aunauﬁ - 5au77auﬁ + 5ﬁuna;wz - 5ﬁunaua) - 5uu77aaﬁ - 5u6naua - 5aﬁ77auu + 5aunauﬁ

Multiplying with z,xg results in

1
5 (_5aﬁ77auu + 5aunauﬁ - 5au77auﬁ + 5ﬁuna;wz - 5ﬁunaua) - 5uu77aaﬁ - 5u6naua - 5aﬁ77auu + 5aunauﬁ)xal‘ﬁ

3
= _inauulz + Qna,uaxuxa - Qnauax,uxa
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Hence the result is now

Lo Lo Lo f2 3
2770,/,1,0[61/?]6 - 277a1/aa,uﬁf - na,ulxao?f = _QE (_§x277a;w + 277a,uaxuxa - 277auaxuxa)

The left hand side can be expanded using (5.56)

T T Lo
277auaauﬁf - 277auoz8uﬁf - nauuaaﬁf

4

1 4
2
2 (nauaxuxa - naual‘ul‘a - §nauul‘ - ? (nauaxuxa - nauaxuxa)

Equating both to order 1/2? yields a condition equation

1
0 = _2nauuf/ + ? (4f/na;wcxuxoz - 4f/77auozxuxoz - 3f277auu)
Af
+? (nauaxuxoz - nauaxuxa + fnauaxuxa - fnauaxuxa)

Choosing, e. g., a = 2, v = 3, u = 4 this results in

1
2 (—4f'xgwe — Af w1224) + $—{: (124 + 2309 — fr329 — fr124) =0

Equating the same factors of x3xs results in
Fa= ) =2 =0

A solution is provided by the ansatz f = 22/ (2% + p?),

22 0 , 1 22
_'T J—
22 + p? a2 + p? 22+ p? (a2 +p2)2
B 22p? 22 24 00
B 24 2% (x2 + p?) (2422
(@* + p?) p) (@ +p?)

The field strength is then
(5.58)

The field strength tensor can then be calculated as

a a a abc Ab pc
G., = 0,4, —0,A, + ["ALA

Lo

= 27)0”,&8#@27

Lo abc Lalp
2) - 2nauaaum + 4f Mopaevp

(a2 + p?)°
_477a;wp2
@+ 72



Chapter 5. QCD beyond perturbation theory 139

The squared field strength is finally given by

192

) = Gy

v
Integrating over it shows that the total action is finite.

The resulting instanton solution is well localized, and is characterized by its size. It
is invariant under rotation in space. It can be shown that is not invariant under color
transformations, and its orientation has to be fixed (it can be changed by unitary trans-
formations of Rb“AZ). Since the instanton can be placed at any position in space, its
position is also a free parameter. Size, position, and color orientation are together known
as the collective coordinates of the instanton, or moduli. The space of all possible values
of these parameters is known as moduli space.

Direct integration shows that indeed @ =1,

1 192
S = d'z (G,)" = — 9'0 dgb/dcos@/dx/dt
4g? ! x2+t2+p)

_ 607?2/)4/@j x? 607T2p4 2 8m?
9 (:c2+p2) @ 15t g2

Thus, the instanton is the lowest-action configuration with non-trivial topological charge,
and thus the classical vacuum solution.

In normal perturbation theory, the coupling constant is associated with the field and
not the action. By changing A — gA the action (5.56) is made independent of g and the
field strength tensor (5.54) is changed to

G, = 0, AL — 0,A% 4 gf " AD A

A new solution is then )
T

g(x* + p?)
resulting in a change of the fields and the fields strength tensor by 1/g, indicating that
these fields are much stronger than perturbative fields. The instanton, and topological

excitations in general, are genuine non-perturbative contributions.

It is possible to construct an anti-self-dual () = —1 solution by replacing 1, by e
with
Equv for v =1,2,3
Napw = —8ap for v =14 (5.59)
Oqy for =4

which is unchanged besides this replacement.
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The tunneling amplitude is again proportional to Sy, which is for the self-dual solution
for Q =1

82

Prannel = Ke ™ o% 7 (5.60)

The coefficient K can be determined analog to the one loop order calculations in the

quantum mechanical case.

5.4.2.3 6 vacua

The previous section, showed that there are different vacua, and these vacua can be con-
nected by tunneling events. The true vacuum is hence a superposition of the different
vacuum states. If instanton solutions do not interact with each other, the tunneling am-

plitude to go from vacuum 7 to vacuum j can be determined as
ON,—N_— Ni{+N.
H _ ONy—N_—j+i —So\N++N-
Gl = 5 35 Bt (s
N4+=0 N_=0

where N, is the number of instantons and N_ the number of anti-instantons. Using

this becomes

0 X Gi(Ny—N_—j+i)

(e "Iy = 2—/d9 )IDIE N,IN_|

Ny=0N_=0

Ni+N_

(K 7'6_50)
This can be rearranged as

<j\e_HT|i> = QL dfe?ti- ”ZQ cos™ KTe_SO)N

deeie(i—j)GZKTe_SO cos 6

Il
¥~
S \

From this can be read of, that the vacuum state wave functions are ¥ |n) , and the energy

is F (0) = —2Ke 0 cosf. The full vacuum state, the 6 vacuum, is

=> " n) (5.61)
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The lowest energy is negative, as expected, since tunneling lowers the ground state energy.
There are nevertheless no excitation associated with this energy, since the value of 0 is fixed
and cannot be changed. A fixed term could be added to the Lagrangian as an additional

parameter, the so-called topological term

10 G e

322

The significance is not completely clear, since the interaction violates C'P and 7', but it is

L

a surface term, and may be associated with screening. The value of # in QCD seems to be
experimentally smaller than 1071°, and the complex is known as the strong C'P-problem.
Note that such a term does not affect perturbative calculations, because surface terms do

not alter the perturbative expansion.

5.4.2.4 Tunneling amplitude

The calculation for the tunneling amplitude is in principle the same as for the quantum-
mechanical problem, but much more tedious. Zero modes also exist, and lead to infrared
divergences additionally to the ultraviolet divergences. Hence only results will be provided
here. There are 4N, zero modes, one for each polarization. They can be replaced by
integration about collective coordinates, and give a factor v/Sp. Integration over color
orientation yields a factor, but of size and position yields a non-converging integral. Hence
only a differential tunneling amplitude can be determined,

oy (8m2\ _s2 1
d,od4zN g2 © Pk

where the exponent of p is determined from the dimension. The regularization of this

expression can be done using the Pauli-Villar scheme. Some more calculations yield

d’n 1 872 11
: P (—?+§N610g(Mp))

dpd*z ~ 0° o

where M is the regulator mass and the prefactor cancels. The complete result is

dn[ 0.4666_1'679]\[0 (8_77-2)2]\[0 i *%Jr%Nclog(Mp) (562)

dpd*z ~ (N.— D)I(N, —2)! \ g2 PE
As a consequence, small instantons are strongly suppressed. For large instantons the ap-
proximation breaks down. One problem associated with such a distribution is that even
with less approximations the distribution is not integrable. This implies that there is
nothing what suppresses large instantons, and the result becomes unstable at large dis-
tances. Though results using lattice calculations show this not to happen, the mechanism

is unknown.
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5.4.3 Light quarks

The presence of different vacua can be connected to the axial charge.

In perturbation theory, renormalization is not possible while conserving all charges, if
external charge and axial charge fluxes are involved. The divergence in arbitrary order for
two gauge fields coupling to the flavor singlet axial current is

N
L@ge re (5.63)

1672 ~H 1

Oudy =

where the gauge fields are arbitrary background fields. This is essentially an anomaly,
which will be discussed in more detail in section 5.6. The surface term on the right hand
side is relevant, since the vacua of QCD are not equivalent. The effect is, that by instanton
events the axial charge is not conserved and connected to the topological charge Q.

Essential the zero mode moves every state one level up, and hence the chirality in each
state changes. The consequence is, that the ninth Goldstone boson 7' in QCD acquires
even in the chiral limit a mass. Another consequence is that in the presence of light quarks,
single instantons cannot exist (although there is some exception possible), but correlated
instantons are necessary, even in the limit of a dilute gas. Secondly, quarks can travel from
instanton to instanton. They change their chirality and the same flavor may not travel
together.

The fact that the chirality changes at an instanton also implies that in an instanton
background chirality is not conserved. Thus, chiral symmetry breaking can be viewed as

a consequence of the presence of instantons.

5.4.4 Other topological excitations

Instantons are special, because they are the classical minimal energy configuration. How-
ever, this by no means imply that they are the only topological stable solutions. Such
other solutions could, in fact, be even minimizing the quantum action'®.

Two particularly relevant such configurations are monopoles and vortices. While in-
stantons are point-like events in space-time, these objects are of higher dimensionality.

A (chromo)monopole is an object which has a world-line, and therefore forms a one-

dimensional object in space-time. A possible field configuration is, e. g.,

At = _53a1€¢1 +.COS9
g = rsind

198trictly speaking, any topological solution alone can never be relevant, as only infinite-action configu-
rations have a relevant measure in the path integral. However, it is always possible to add quantum noise
to a topological configuration to increase its action to make it relevant.
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which is given in spatial spherical coordinates. It is static, in contrast to the instanton,
which is located in space-time. As the field strength diverges along a line, it is also called
a defect.

Vortices are closed two-dimensional surfaces, with a typical field configuration like

o 21 u(p)
Al = g
g p

in cylindrical coordinates, where the profile function p varies from zero at p = 0, making
the field configuration regular, to an odd integer 2n + 1, where n is the number of flux
quanta in the vortex, at p = oo, but will go again to zero for a zero-flux vortex. The (fuzzy)
surface of the vortex is essentially defined by the maximum of the field configuration in p
direction.

There are also other topological field configurations, including volume-like ones, which
will not be detailed further. These field-configurations are not unrelated. E. g. several
investigations, mostly using lattice calculations, find that instantons cluster along the
worldlines of monopoles, which in turn lie on the surfaces of vortices. It is therefore likely
that no single type alone can be identified as the low-energy effective degree of freedom of
QCD.

Like in the case of instantons, almost all other topological configurations contribute
in the process of chiral symmetry breaking. In fact, the properties of chiral symmetry
breaking can be rather well reproduced by topological excitations alone. It appears hence
likely that they play the dominant role in terms of effective degrees of freedom in this

process.

5.5 Confinement

One of the most remarkable features of QCD is probably the non-observation of free
quarks and gluons. This phenomenon is called confinement. However, shaping a precise
meaning of what confinement is in a theoretical language is a highly non-trivial question.
Hence, probably simpler is first an experimental statement: Confinement is the fact that
no massless, strongly interacting vector particles and no fermions with fractional electric
charges with hadronic masses have been observed. These statements include two important
requirements. One is that such particles should be strongly interacting. Otherwise, e. g.
the photon would be a candidate. They secondly require the masses to be of hadronic
size. Since a multitude of beyond-the-standard-model scenarios have also fractionally

electrically charged particles, this distinction is necessary.
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There are two problems with these statements. One is that they obviously do not refer
in any way to color. The reason is that experimentally there is no color, as there is no
detector for it. In fact, there is no experimental concept of color. This is theoretically
obvious: Color is a gauge degree off freedom. There is a theorem, Elitzur’s theorem,
which states that essentially all quantities not-invariant under local gauge transformations
necessarily vanish without gauge-fixing. Since gauge-fixing is a coordinate choice, this
implies that any observable quantity must be gauge-invariant. Thus, color cannot be used

in an experimental context.

The second is, that this condition can not be maintained for all siblings of QCD, so-
called QCD-like theories. Here, a sibling are theories with the same structure as QCD,
but different gauge group, different number of fermions, or different representations for
the fermions. E. g., in theories with gauge group G or with fermions in the adjoint
representation, there are hybrids, i. e. hadrons which consist out of a finite number of
gluons and a single quark, which are gauge-invariant. Such particles would carry fractional
electrical charge. On the other hand, QCD with about 13-15 flavors of massless quarks
would likely have a light, if not even massless, p meson. These examples show how hard

it is to give even experimentally a well-defined meaning to the word confinement.
The situation in theory is both more simple and more complex.

Simple as the requirement of gauge-invariance seems to imply that gluons and quarks
cannot be observed, period. However, it is by far non-trivial to show this to be correct
in a more rigorous sense. In fact, for an Abelian gauge theory it is possible to construct
the equivalent of a free quark by a dressing of a gauge-dependent source with an infinite
number of photons, though with still a finite total energy. Axiomatic field theory seems
to indicate that this, called bleaching, is impossible for non-Abelian gauge theories (there
is no almost local colorless state with otherwise quark quantum numbers), but a proof is

lacking?.

Complex, as, except for just calculations using lattice, we have only a vague idea of
how this effect works out dynamically, i. e. how it manifests in correlation functions.

In the following, more will be said about the theoretical perspective. These remarks
should however make one aware that it is always necessary to first find a common definition

of the word ’confinement’ ere one discusses it with somebody else.

20The situation at finite temperature is worse, and thus it is unclear whether deconfinement, to be

discussed in chapter 7, could actually occur.
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5.5.1 Wilson criterion and the strong-coupling expansion

One of the most naive ways in which to investigate confinement is to investigate the
following situation, motivated by the idea of test charges in classical electrodynamics.
Reduce first the problem to the quenched case, i. e. Yang-Mills theory. Place then two
test-charges into the system, one with fundamental and one with anti-fundamental charge.
Since test-charges can be taken to be static, this situation is completely characterized
by the spatial distance between the two test charges. Connect these with a gauge field
such that the total setup is gauge-invariant. Finally, measure the total energy of this
arrangement as a function of the distance of the test charges.

The interesting result is that this energy has the following form,
V(r) = or +c+d= + 0(a?), (5.64)
r

where ¢ and d are some constants, « is the strong coupling constant, and o is called
the string tension for reasons to become clear soon. The Coulomb-like term as well as
most of the higher order corrections are what is expected in perturbation theory. In
fact, since in perturbation theory the asymptotic, non-interacting states are quarks and
gluons, perturbation theory knows nothing of confinement. It is a purely non-perturbative
phenomena.

The other two terms are significant. They imply that the energy is linearly rising with
distance. In fact, o ~ (400 MeV)? is so large that moving the two charges even the size of
a proton away from each other is already very expensive, and any macroscopical scale is
absurdly so. There is a restraining force associated with such a potential, which attempts
to keep the charges together. This is not a necessary consequence of the requirement of
gauge invariance, but a genuine feature of Yang-Mills theory. The requirement of gauge
invariance also occurs in theories where this behavior is not observed. It is thus a genuine
phenomena of the current theory.

This behavior is actually the one expected if a (relativistic) string of tension o would
be put between the charges, and then elongated. In fact, even the sub-leading constant
term ¢ turns out to be in quite good agreement with such a result. This is the reason to
call this the string tension?'.

That Yang-Mills theory can create such a behavior can be shown in the strong-coupling
limit @ — o0, using a lattice-regularized version of Yang-Mills theory. To do so, it first

requires to be a bit more explicit about the corresponding operator. It is given by the

21In fact, before the inception of QCD, this lead to the birth of string theory as a theory of hadronic
interactions. String theory was then abolished due to conceptual problems and a wrong high-energy

behavior, only to be reborn as a possibility for quantum gravity almost two decades later.
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so-called Wilson line,
: A”
U(C) = Pexp zg/ds“AZ? : (5.65)
c

where C' is a path, which starts at the first charge, moves to the second over the distance
R, follows this charge for some time 7', then returns to the first charge, and final closes on
itself by going back in time. It is therefore a rectangle of size RT'. That the path-ordered
exponential (5.65) is actual the correct expression can be seen by exponentiating the
covariant derivative, which connects two fundamental quark sources over an infinitesimal
distance to give a gauge-invariant expression. However, it should be noted that nowhere
enters anymore that the quarks sources are fermions, and the same expression is obtained
for scalars or other objects. The reason is simply that for static test charges the Lorentz

structure does not matter. Its (Euclidean) expectation value
1 -5
W =(U) = 7 DA trUe

is gauge-invariant, as by expansion it can be shown that U transforms under a gauge-
transformation g as gUg~!. On the lattice, if taking a rectangle of size the lattice spacing,

it coincides with the plaquette.

From this the Wilson potential is defined as
V(R) = — lim — log IW
T T deT B

It coincides with the potential (5.64). Hence, the Wilson line must behave asymptotically
as exp —RTo. Thus, an asymptotic non-vanishing string tension ¢ implies that the ex-
ponent behaves like the area enclosed by the curve C. This is called the area law, and
taking a non-vanishing o to be equivalent to confinement, this area law is a criterion, the
so-called Wilson criterion, for confinement. In contrast, if the exponent only scales with
the length of the curve C', a so-called perimeter law, the string tension is zero, and the
potential (5.64) is qualitatively the same as the one of QED, and therefore there is no
confinement according to the Wilson criterion.

Before showing the former, it is best to first convince oneself of the latter, i. e. that
in QED this produces the familiar 1/r potential. Quenched QED is just Maxwell theory,
and hence there are no interactions. Of course, it is necessary to gauge-fix, which can be

most conveniently done in a covariant gauge, in the following the Feynman gauge. The
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gauge-fixed Lagrangian together with the Wilson line becomes

1 1
W = E/Dexp ie/dsHAu— /d4x (Fquuv+§(auAu)2)
c

1 1
= E/Dexp ie/dsuAu— §d4:p (0,A.)%)
c
This integral, after shifting the gauge-field, is a standard Gaussian one, and can therefore

be directly evaluated. This yields

2
W = exp —%/dsu/dt,,SW(s—t)
c

19 4] e'Pe
S, = ——L1=_r_[g
a 4 x? (27T)4/ p?

where S is also known as the Schwinger function, and nothing but the propagator in

space-time rather than in momentum space.

Evaluating the line-integral along a rectangle is not entirely straightforward. The inte-
grand has singularities at coinciding points of the paths. They stem from the singularities
of the propagator, and have to be regularized. The simplest resolution is to deform the
integration contours by some € such that this does not occur. Then all the integrals are

elementary and the Wilson line becomes

¢ (T . T R R I T? R 1 ¢

which leads to the potential

e? e?

+ .
ATrR 272
The first part is the familiar electromagnetic potential, justifying the identification as the

V(R) = —

potential. The second, constant, term depends on the regularization, and is essentially
just a constant shift of the potential. After renormalization, this shift can be set to zero,
which is then indeed the classical expression.

Such a calculation is spoiled for Yang-Mills theory by the self-interactions of the gluons.
To make still progress, it is possible to perform a strong-coupling expansion, i. e. consider
the case of ¢ — oo. The strong-coupling expansion is essentially an expansion in suitable
graphs. Start with the Wilson plaquette action (5.6). The strong-coupling expansion is

equivalent to 8 — 0. Hence, it is a series expansion of the Boltzman weight,

e an BS)" ZX /D —BS ) fox
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where the characters x are given by trD* where D is a representation of dimensionality
k of the gauge group. Especially, the x are numbers. Calculating them is an exercise in
group theory.

Performing this calculation for the case of the Wilson loop leads to the results that
essentially a covering of the area enclosed by C' by plaquettes is the dominant contribution.
The contribution is then proportional to the number of plaquettes, and thus to the area.

The pre-factor can then be calculated by calculating the corresponding characters. This

In 3—12
W = exp azg RT

where a is the lattice spacing, and therefore a string tension of 1/a? x In3¢?, where the

yields at leading order

lattice spacing just sets the dimensionality. Hence, the string tension is essentially given
by the (large) coupling, as was to be expected given that no other parameter exist in the
theory.

The drawback of this argumentation is that the strong-coupling expansion is possibly
not connected analytically to the continuum limit of ¢ — 0. Hence, the proof of having an
area-law in the strong-coupling limit has not necessarily any implications for the continuum
theory, as reassuring as the result itself is.

Performing numerical calculations using lattice gauge theory did, however, show that
for all practical purposes the string tension survives, provided there is no further non-
analyticity involved in taking the continuum or infinite-volume limit.

It should be noted that a string also forms in baryons. The form was long a debate,
but finally the results strongly favor a three-edged star, rather than a triangle or more
complicated shapes. Thus, there is a common center (at least for three quarks of the same

mass), from which strings to the three quarks emerge symmetrically.

5.5.2 Regge trajectories and quarkonia spectra

Though quarks are not infinitely heavy, the potential (5.64) is not without merit, as it has
a number of implications observable even with the finite quark masses.

One of the results can already be inferred from a classical calculation. A meson can in
its simplest form be viewed as a rigid string of tension ¢ with the quark and anti-quark at
the opposite ends of the string. The classical rotation energy of this assembly is given by

E= 2l
2
where I is the moment of inertia, given by mi?/12, where m is the mass of the assembly,

and [ the length. The angular velocity is given by @mi? = E, where L is the angular
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momentum. This yields for the total energy

1 1
= ——I°
24 ml?

Doing a semi-classical quantization gives L?* = L(L + 1) with L now the angular mo-
mentum quantum number. Identifying then mi* with 1/\/o and E with the rest mass
of the particles, this implies that the mass of a meson is roughly proportional to its an-
gular momentum, and thus total spin, squared, with the string tension as a constant of
proportionality. Indeed, such a behavior is observed for the mesons, at least for angular
excitations, and this behavior is called a Regge trajectory. In fact, also baryons follow
this pattern. Even the constant of proportionality has a value of about 650 MeV, which is
not to far off from the string tension proper. This is a great success to the string-picture

of the Wilson potential.

Another spectacular success of the string picture are quarkonia, and to some extent
also other mesons. Assuming just the simple potential (5.64) and treating the heavy
quarks in quarkonia non-relativistic leads to a Schrédinger-type wave equation. More
refined versions of this are obtained from heavy-quark effective theory, as described in
section 5.1.1. Solving this Schrodinger equation, essentially with the same methods as
in quantum mechanics, yields energy levels as well as spin assignments close to the true
spectra. The agreement can be further improved by including additional phenomenological
contributions in the potential, e. g. spin-orbit forces or flavor-dependent correction terms
as well as relativistic corrections. It is also possible to extend this approach to baryons,
in the form of a quantum-mechanical three-body problem. However, states like the X, Y,

Z mesons are not captured.

Both results, together also with the unexpected success of quenched lattice calculations,
show that the main contribution of the quark interactions is essentially a gluon-induced
effective potential of the type (5.64). Of course, this is not all. E. g., quantitative precision,
especially for excited states, requires a full treatment. Also, some states are known which
do not fit into the quantum number classification according to this quantum-mechanical

picture, and others are missing. But overall the agreement is good.

This can be understood when recalling the consequences of chiral symmetry breaking
in section 5.2: The quarks receive an additional contribution to their mass of order several
hundred MeV. As the relevant binding energies/mass defects, i. e. the difference between
these effective masses of the constituents and the bound states masses, are usually (much)
smaller than these effective quark masses, the quarks are usually almost inert at the

relevant distance scales. Only the long-range gluons then play a role.
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5.5.3 The problem with dynamical particles

The main reason for the string picture is two-fold. One is that the gluon exchange creates
such a string. This is a dynamical result, and can only be obtained by calculation. The
other is a group-theoretical effect, and thus can be read off from the Lagrangian: It is
not possible to dress a fundamental charge with gluons, because there is no singlet in
the combination of any number of gluons and a single quark (or anti-quark). Both are
thus necessary conditions for the string picture, and only both together are a sufficient
condition. The latter is by no means trivial. For other gauge groups (e. g. Gy) or other
representations of the quarks (e. g. adjoint) it is possible to dress a quark with a finite
number of gluons (3 in case of Gy and 1 in case of adjoint quarks). Hence, in QCD a
gauge-invariant dressing requires other (anti-)quarks. This is energetically impossible if
the quarks are infinitely heavy.

An interesting effect happens when dressing becomes energetically possible, i. e. in
case of QCD when there are dynamical quarks. Then, at some distance, enough energy is
deposited in the string that it is possible to form out of the original meson two mesons by
converting this energy into particles. Thus, a highly radially excited meson will decay into
two mesons, rather than into two quarks. This is very different from the QED case, where
ionization is possible when investing enough energy. That this effect is 100% effective can
be taken as another definition of confinement in full QCD. The process of the decay of
the string is also known as string breaking, and has been numerically confirmed by lattice
calculations.

However, the appearance of string-breaking makes the Wilson condition for confine-
ment void. QCD with dynamical quarks, as well as some other theories without dynamical
quarks, are not confining. This is at odds with the definition of confinement according to
the observation of quark-like and gluon-like particles as discussed at the beginning of this
section. The Wilson criterion is therefore often considered to be a theoretical construct,
especially as it makes only a statement about particles which are not part of the theories
(there are no quarks in Yang-Mills theory proper). Even if abandoning the Wilson crite-
rion as a statement about confinement, the question of the appearance of a string tension
is highly non-trivial, and not entirely solved so far.

But the string is not entirely gone: For a substantial distance, about ten Fermi, there
is still a linear rising pseudo-potential between dynamical quarks. Pseudo-potential, as
in a theory with particle creation and annihilation there is no well-defined concept of a
potential anymore, and the name is just kept from the static case. This is sometimes called
an intermediate string tension, and its presence explains once more why the quenched

description is so suitable for hadronic properties, as well as the success of Regge theory
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for full QCD.

5.5.4 Positivity violation

Even if one is willing to accept that QCD is not confining according to the Wilson criterion,
one other problem is not addressed by it: The confinement of gluons. Since gluons can
screen a gluon, any attempt to move the gluons inside a glueball?? far away from each
other will just create more glueballs, since gluons can screen each other. String breaking
always occurs for gluons. Nonetheless, also in case of gluons there is an intermediate string
tension, though it requires adjoint charges rather than fundamental ones to calculate it.
Therefore, a useful condition for gluon confinement is so far not available.

However, a necessary criterion for gluons to be confined is that there are at least no
colored gluonic states in the asymptotic spectrum. That this is not sufficient is immediately
clear, as no unstable particle will appear in the asymptotic spectrum either, even if it is
as physical as, e. g., the p meson.

To understand this more closely requires an elaboration of the discussion in section
5.3.2. There, the analytic structure in momentum space was discussed. But a more direct
access, as is also exploited in the lattice approach in section 5.3.3, is in terms of the
position space. This is granted by the Schwinger function. This function is essentially the

propagator in position space at zero three-momentum,

>1|~

— [ dpucostem) DG (5.66)
0

where D(p?) is the propagator.

In case of a stable particle with a simple pole mass M, having an Euclidean propagator

1

D(p) = P2+ m? (5.67)

and thus a pole at p = £vm, the Schwinger function is given by

1
At) = —e ™.
()=~
This recovers the lattice result from section 5.3.3. Therefore, a simple exponential decay

is expected in Euclidean time for a massive, stable particle.

2ZWhich involves at least four gluons, as the four gluons fields inside the field-strength tensor squared

is the minimum number of gluon fields to construct a gauge-invariant operator.
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Beyond tree-level, the propagator (5.67) is modified by the appearance of a cut, starting
at?3 p = £2im. At lowest order in perturbation theory, a possible analytic form for such

a propagator in four dimensions is given by

D(p) = (5.68)

2 2y _ 2 m / 4m? p?

where g has dimension of mass. This form is motivated by leading-order perturbation
theory, and occurs, e. g., for a scalar theory with a three-point coupling.

If the particle is not stable, the poles are moved off the first Riemann sheet onto the
second Riemann sheet at m +iI'/2. The cut then starts at 2:M, where M is the mass of
the particles in which the original particle can decay, assuming for the moment only this

two particles in the theory. In this case, the propagator (5.68) is modified to

Dp)™' = p*+ <m + 22)2 —g* (H (p?, m?, A%) — I ((m + 22)2 ’m27A2>>
—h? (H (p*, M?,A%) — 11 ((m+z— M2,A2>> (5.69)

2A2+4m +p )atanh\/¥
H<p27m27A2) = 1—|——atanh 4A2+4m2?1p?
4m2+p \/]?\/4(/\2—1—7712 ) + p?
1
—In({l1+ —
+2 n( —|—m )

where there are now two couplings of dimension mass, g and h, describing®* a self-

interaction ¢ and a decay channel with strength h, and A is the cutoff, of which this
renormalized propagator is independent. This is a more explicit example of the generic
Breit-Wigner propagator (5.45).

However, since neither the gluon (nor the ghost or the quark) behaves necessarily like
a physical particle, after all it is not gauge-invariant and thus not physical, its propagator
may not be of either form (5.68) or (5.69). There have been various proposals, which
form it may have instead. One, the so-called Gribov-Stingl type, has complex poles on

the first Riemann sheet, but may have vanishing residues at the poles. This behavior can

230r any other decay channel of the particle, which is below this one.
24Note that not all parameters are independent. The reality of the Euclidean propagator fixes one of

the parameters m, I', M, g, and h as a function of the others, since the decay width is not an independent

quantity.
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be described by a meromorphic function

~ p* 4+ 2m2cos (2¢) p + mt’

D(p) (5.70)

Its Schwinger function is given by

2

e 2

- . . fm* ‘
e tm cos(¢) sin m sin sin — tmsin . .
29) (506 + msin ) + 72 in 6~ msin(@))) . 671

A(t) =
®) 2m3 sin
The Schwinger function therefore exhibits oscillation with a period determined by the
angle ¢ and the mass parameter m. Its positivity violations are signaling therefore the
instability of the particle. The propagator (5.70) illustrates at the same time the difference
between the concept of screening mass and pole mass. The screening mass is defined as

the inverse square-root of the propagator at zero momentum, and given by

Since e depends on the wave-function renormalization, this immediately shows that a
screening mass is never renormalization-group-invariant, and can therefore not be a phys-
ical observable quantity. The pole mass, i. e., the location of the poles of (5.70) is given
by

ime*®,

and is thus a set of complex conjugate poles, but in general with non-zero residuum. This
mass is renormalization-group invariant, if there is no additive mass-shift to m, and can
thus be, at least in principle, a physical mass, though in the present case it may be gauge-
dependent. Note that in the limit of real masses, e has to go to m and f to one, or
otherwise a double-pole would emerge. However, such complex-conjugated poles do not
fulfill the analyticity properties of physical particles, as discussed before, even if the mass
makes sense.

There is another concept which appears when using the Euclidean correlation function.

Assume that the propagator can be more generally written as

Z

D(p) = M) (5.72)

with some wave-function renormalization constant Z. At first sight, the condition p? =
—M (p*)? could look like an indicator for the pole mass of the particle described by the
propagator. However, this is only possible if the function M (p?) only depends on the
real part of p?. This is certainly the case for (5.67), but is not necessarily the case for

(5.72). Thus, the point —M (p?)? only gives a would-be pole mass, and the correct pole
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mass is only obtained when taking into account the full dependence of M (p?) on complex
momenta.

However, all of these concepts still have functions which do not offer a cut structure.
Though the final behavior of the gluon propagator has not been settled, it appears possible
that such a possibility should be kept. The results available from functional studies suggest
a form which has a cut on the imaginary momentum axis starting at zero momentum. It
is also a possibility that the gluon propagator vanishes at zero for some gauges. In this

case, functional forms which provide such a structure are given by?

Azp2"’vAA
Z1(p) 14 f+ Aperan fov(P?)
AZ 2KAA
Zo(p) = P fov(0%), (5.73)

(1+ [+ Azp)2ras

where fyy encodes the perturbative tail. Both have no simple complex or real poles on
the first Riemann sheet, but have additional poles on further Riemann sheets. If the gluon
propagator is finite at zero momentum a form like

2 2 2\ K
po(m~ + p7)"a4
: )MW fov(®?), (5.74)

Zw) = o(1+ fp* +gp

is suggested. This form behaves as (5.73) in an intermediate range, depending on the
parameters. It has also the same analytic structure as (5.73). 1. e., the only singularities
in the complex plane is a cut along the real axis. In fact, the best established results for
the gluon propagator in Landau gauge®® are best described by (5.74).

Most importantly, all of the forms permit Wick rotation, essential to transfer the results
back to Minkowski space. Despite the quite different forms, the propagators in momentum
space are in all cases quite similar, which is one of the reasons why a final decision on
the correct form is still out. The position-space form is quite different, but the differences
only manifest at long times and thus give an exponentially suppressed signal, making it
also complicated to decide. At short times, all agree, since this region is dominated by
asymptotic freedom, and thus the behavior must be like in perturbation theory, i. e. a
logarithmic decay in momentum space.

In any case, all propagators (5.70), (5.73), and (5.74), imply that positivity is manifestly

27

violated for the gluon®’. This implies the absence of the gluon from the asymptotically

physical Hilbert space. But as noted, positivity violation is not equivalent to confinement.

25Note that similar functional forms are already encountered in QED
26Note that the definition of Landau gauge needs to be refined, see section 5.5.5.2.
2TNote that a gluon propagator which vanishes at zero momentum is implying (maximal) positivity

violation.
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Whether confinement is implying positivity violation is not known. However, a confined
particle is necessarily absent from the asymptotic physical Hilbert space. Thus, the pos-
itivity violation implies already this necessary condition, though this necessary condition
may also be realized in other ways yet unknown.

Note that this does not prevent the existence of a stable asymptotic gluon state in the
unphysical part of the Hilbert space of the theory; it is just excluded from the physical
part of the Hilbert space®®. Furthermore, the screening mass for an infrared non-vanishing
gluon propagator is not necessarily implying the existence of a pole mass of the gluon?’, as
illustrated by the form (5.74). The only implication of the positivity violation is thus just
that the gluon will not appear as an asymptotic state in the physical part of the Hilbert
space.

It should be noted that positivity violations of the Schwinger functions is necessarily

implying positivity violations of the spectral function p, defined implicitly by

D(p) = / dM2pp %@2, (5.75)

0
where any possible one-particle pole is included in the spectral function. The implication

is obtained by inserting into (5.66) the representation (5.75)

o0

1 [ M?
= —/dpocos tpo) /dMQ% —2/dMeMtp(M2),

=

0

where it is assumed that both integrations can be exchanged.

Any positivity violations of the spectral function implies the absence of a Kéllen
Lehmann representation. The spectral function of a unstable but otherwise physical par-
ticle, like described by (5.69), remains positive. Thus, so must be its Schwinger function.
This is not necessarily the case for unphysical particles. This illustrates how sensitive the
Schwinger function is to details of the propagator structure.

From a practical point of view, the Schwinger function yields a more direct access to
the analytic properties than the spectral function. Also, the reconstruction of the spectral
function is non-trivial, and in case of the propagator being only available on a finite number

of (lattice) momenta necessarily not unique, leading to significant systematic uncertainties.

28This observation can already be indirectly inferred from the violation of the Oehme-Zimmermann

superconvergence relation in perturbation theory.
29Tf one exists, it would be be gauge-parameter-independent, as described by the Nielsen identities,

though in general not gauge-independent.
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A positivity violation of the spectral function immediately marks a state as unphys-
ical. Such a violation follows also immediately if the propagator either vanishes at zero

momentum or its derivatives w. r. t. p? are not of constant sign, since (5.75) implies

p(M?)

o (—1)"O/dM TEsra (5.76)

This provides a sufficient, but not necessary, condition to identify a particle as unphysical.
The positivity violation in the Schwinger function removes a particle immediately from
the physical asymptotic state space, which is a weaker statement.

This exhausts most of the possibilities for the gluon propagator. There is one remark-

able additional option. I. e. a gluon proapgator which behaves as

Z
D(p) = —,
() =5

i. e. is a massless double-pole. Such a gluon propagator would immediately yield an
interaction potential, which is linearly rising. However, since the exchanged particle is
gauge-dependent, this is not the Wilson string tension, but a different form. Such a
behavior is also known as infrared slavery. There are some gauges, most prominently the
non-covariant Coulomb gauge® VA" = 0, in which such a behavior is observed. At least
in Coulomb gauge it can be proven that the so obtained (Coulomb-)string tension is an
upper limit to the Wilson string tension, i. e. only a non-vanishing Coulomb string tension
permits the Wilson confinement criterion. It is not an equivalence, and the Coulomb string
tension appears to be also non-zero if the Wilson string tension is.

It was long assumed that the gluon propagator is in any gauge of this form. However,
this is certainly not the case, and e. g. Landau gauge is a counter-example. In Landau
gauge, it appears to be infrared finite, and thus of any of the above mentioned form. The
situation for the quark is more subtle, and it is not yet even in a single gauge unambiguously
established whether it has a simple pole, multiple poles, or a cut-structure. However, it

appears that this decision has little impact on observable quantities.

5.5.5 Kugo-Ojima and non-perturbative BRST

There are a number of more formal attempts to solve the confinement problem. One such

attempt is the Kugo-Ojima construction. As was discussed in section 4.3, in perturbation

30Since the gauge condition is not Lorentz-invariant, there are frames in Minkowski space-time where
the gauge condition is meaningless. Thus, Coulomb gauge alone is not well-defined, and will therefore not

pursued here further. There is an extensive literature discussing these problems.
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theory it is possible to classify states as being physical or unphysical by the BRST symme-
try. The Kugo-Ojima construction is an attempt to extend this construction to all colored

states, i. e. to show that being colored implies the absence from the physical Hilbert space.

5.5.5.1 The construction

This construction is rather extensive, and therefore only some of its salient features will
be presented here. The total construction is essentially following those in section 4.3.2,
just that it is not necessary to take the limit of ¢ — 0 to obtain the asymptotic states.
This requires a number of preconditions to be fulfilled.

One is that there is no massless observable state. This may seem obvious, as no hadron
is massless, but this is a rather non-trivial requirement: In the chiral limit the pions become
massless. It is not clear what is the fate of the Kugo-Ojima construction then is, but if
it works for a finite pion mass, there should be an extension to include the chiral limit as
well. Note that photons are not relevant, as they do not couple (directly) to the strong
interaction, and can therefore be factored out.

The second is that the construction has only be done in covariant gauges. Though this
is a restriction, it would nonetheless be a big leap forward to have an explicit construction
at least in one gauge. If a gauge is fixed, the color charge becomes a well-defined quantity,
and global color symmetry is a valid concept. The second construction then translates into
the requirement of an unbroken global color symmetry. This can be shown to be equivalent
to a ghost propagator, which is always present in covariant gauges, which diverges stronger
than a massless particle pole at zero momentum, i. e. 1/p?® with a > 1. That is a
straightforward criterion to check. This has been done in non-perturbative calculations.
As it stands, this seems not to be the case, as a direct evaluation of the ghost, at least in
Landau gauge, exhibits only a pole structure of a massless particle.

That this is not surprising can be seen from the last ingredient, the requirement of an
unbroken BRST symmetry. It is a vital ingredient in the construction that the BRST sym-
metry is unbroken and has the same algebra as in the perturbative case, (4.12-4.14). This
requires of course a further quartet to copy the BRST mechanism verbatim also for trans-
verse gluons and quarks. Such states are not available as elementary states. Especially,
the elementary states with the required non-vanishing ghost number have been all used
up for the perturbative sector. Thus, the only possibility are composite states, involving
ghosts, i. e. ghost-gluon or ghost-quark bound-states. That for the realization/breaking
of a symmetry composite states are necessary is not a problem, as the case of the pion for
chiral symmetry demonstrates.

But this elegant construction has a serious problem, which is caused by the Gribov-



158 5.5. Confinement

Singer ambiguity.

5.5.5.2 The Gribov problem

The Gribov problem is genuine non-perturbative, and starts already with the quantization
procedure. The reason is that some of the conditions in section 4.2 turn out to be incorrect.

The main problem starts with the realization that local conditions, like the covariant
gauges, do not have unique solutions anymore. This can be most easily seen in gauges
where perturbatively there is one and only solution, like in the Landau gauge. Thus, the
statement of the existence of Gribov copies takes there the form that the gauge condition
0, A = 0 has more than one solution beyond perturbation theory.

An example is given by the instanton field configuration (5.58). It satisfies the Landau
gauge condition, just because it is essentially a four-dimensional rotation. Acting with the

gauge transformation

G(z) = —T“:“, (5.77)
on it transforms it into
22
A, = —7T
K r2(r? + )\Q)TWTV
i 1 _
Tw = 4—Z,(Tu7',, — TuTy).

Though this field configuration has a different radial behavior, it remains essentially a
rotation, and therefore also satisfies the Landau gauge condition. Since in the conventions
used the field configuration does not depend on the gauge coupling, this is genuinely a
non-perturbative effect. This can also be seen from the fact that the gauge transformation
(5.77) is not continuously deformable to a unit matrix. It is hence not obtainable from a
series of infinitesimal gauge transformation, it is a so-called large gauge transformation.

This is actually necessary. Since the perturbative construction proves that there is
no infinitesimally adjacent gauge transformation to the Landau gauge, and it is therefore
unique, any additional gauge copies have to be separated by a large gauge transformation.
There are many more explicit examples known in the literature.

The origin of the problem is that a non-Abelian gauge group has a non-trivial structure.
Especially, in a generic non-Abelian group it is impossible to cover the whole group with a
single coordinate system?®'. The simplest example is the gauge group SU(2). It is equivalent
to the surface of a 3-sphere. Such a surface cannot be described with a single coordinate

system, as it would be ill-defined at least at one pole, and at least two coordinate systems

31This is also the reason why an Abelian gauge theory is not affected. U(1) is isomorphic to a circle,

which can be covered by a single coordinate system.
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are necessary. A unique gauge condition would require to identify at each point in space-
time a single point on this sphere, to identify a unique representative of the gauge orbit.
Perturbatively, this is no problem, as the assumption of a small coupling translates into
the requirement of a small field amplitude, and therefore at all points in space and time
the field values are close to the same point on the sphere. Non-perturbatively, large field
amplitudes are possible, and therefore the field can be anywhere on the sphere. Thus,
different coordinate systems are required for different points in space and time. This is in
principle possible, but such a global information cannot be provided using a local gauge
condition, i. e. a gauge condition which involves only the fields and derivatives, but requires
global input, like integrals over the field. After all, the coordinate systems at different,
possibly far, separated points in space and time are required. A formal proof of this for
the class of covariant gauges has been established by Singer, but the argument already

shows that the problem will surface for any local gauge condition.

Though this seems to be a formidable problem, it is rather a practical than a conceptual
problem. Using gauge conditions which involve integrals over the gauge fields, it is always
possible to construct gauge conditions, which are not ambiguous. It is straightforward
to implement such gauge conditions in lattice calculations. However, they become very
quickly very expensive in terms of computing time, it may even be exponentially expensive,
when the volume is increased. The reason is that using an integrated gauge condition
implies that an integral equation has to be satisfied, which becomes numerically more

expensive the more lattice points there are.

The situation in the continuum is even worse, and little is known about practical solu-
tions to the problem. To understand it better, it is best to concentrate on the best-studied
case, the Landau gauge. To remedy the problem, further (non-local) constraints are re-
quired. To implement the constraints, a sequence of further conditions can be applied.
In all cases, the first step taken is always to reduce the perturbative gauge freedom by
implementing a local gauge condition, here the Landau gauge (3.13). This reduces the

space of all gauge orbits to a hypersurface.

The remaining set of Gribov copies will be called the residual gauge orbit. Since the
condition is perturbatively unique, only finite gauge transformations connect two different
elements of the residual gauge orbit. This is trivially so, since any infinitesimal gauge
transformation will move along the gauge orbit automatically out of the gauge-fixing hy-
persurface implemented by the perturbative gauge-fixing by construction. It thus remains

to understand the structure of this hypersurface.

A possible first restriction of the residual gauge orbit is to constrain it to the so-
called first Gribov region. This first Gribov region is defined by the requirement that the
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Faddeev-Popov operator (4.3) is strictly positive semi-definite, i. e., all of its eigenvalues are
zero or positive. This region can be shown to be bounded and convex, and the Faddeev-
Popov operator has zero eigenvalues only on the boundary of this region, the so-called
Gribov horizon. It can be shown that all gauge orbits pass at least once through the first
Gribov region. That is very important, and must be fulfilled by any gauge condition,

t32. The boundedness is a

since otherwise physical information is lost by implementing i
remarkable fact, as it implies that when calculating physical observables no arbitrarily
large field fluctuations have to be taken into account. It contains the origin of field-space,
and thus perturbation theory, as well. This follows from the fact that in the vacuum
case (4.3) reduces to the positive semi-definite Laplacian. Thus by restricting to the first
Gribov region, ordinary perturbation theory is always included.

Besides this first Gribov region, the remainder of the residual gauge orbit is a set of
further Gribov regions. These are separated by further concentric Gribov horizons, each
having more and more negative eigenvalues. The number of negative eigenvalues increases
by one by passing the boundaries of these regions, but stays constant inside. It is expected
that every residual gauge orbit passes through every Gribov region, though there is not
yet an explicit proof of this.

This restriction can be implemented using a #-function in the perturbative gauge-fixed
path integral (4.6)

(Q) = lim [ DA,DDQI (-0,D}) (A, c,0)e” ] ks (5.78)
0(~0,D) = 100N,

where \; is the ith eigenvalue of the Faddeev-Popov operator (4.3). Thus, only if all
eigenvalues are positive or zero the f-function contributes, requiring that the definition
6(0) = 1 has to be made for the step function. Note that the restriction is actually neces-
sary, as otherwise the formal inversion of the Faddeev-Popov operator in (3.14) becomes
problematic. The horizon also needs special care during the inversion. It is essentially
a zero-over-zero problem, needing a well-define regularization, something which is also
not yet fully formally under control. Finally, note that outside the first Gribov region the
Faddeev-Popov determinant gets a sign, depending on the number of negative eigenvalues.

Unfortunately, a unique, method-independent prescription how to effectively imple-
ment this restriction to the first Gribov region explicitly has not yet been constructed.
There are, however, a number of possibilities, which have been explored.

E. g. one proposal for how to implement this restriction using additional ghost fields,

and thus in a similar way as in perturbation theory, has been made by approximating

32Tt may be possible to loose a measure zero of gauge orbits. This is not studied in any depth so far.
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the #-function by a J-function with the argument that in a high-dimensional space only
the boundary contains an appreciable part of the volume. This generates the so-called
Zwanziger Lagrangian. However, due to subtleties related to the definition of the step-
function it is not yet proven that this is a valid procedure, though it has many interest-
ing properties. Furthermore, no Gribov copy, or any gauge copy in general, is preferred
compared to another. It would thus be completely legitimate to always chose the inner-
most Gribov copy for each gauge orbit. If (almost) all gauge orbits have a representative
away from the Gribov horizon, this would yield distinctively different results for gauge-
dependent quantities, e. g. the expectation value of the lowest Faddeev-Popov eigenvalue.
Thus, such a replacement is already implementing a certain selection of Gribov copies,
and thus corresponds to an extended gauge-fixing procedure. This is completely correct,
provided (almost) all gauge orbits have Gribov copies off the Gribov horizon. Though not
proven, this appears very likely.

After restricting to the first Gribov region, the remainders of the residual gauge orbits
still possess a large number of Gribov copies. This set will also be denoted as the residual
gauge orbit in the following, to avoid the term residual of the residual gauge orbit. In fact,
in an infinite volume this number is likely infinite, and in a finite volume V it appears
to be a rapidly rising function of V. Actually, counting Gribov copies is in practice a
non-trivial problem, since two Gribov copies are different if and only if they differ at least
at one space-time point after factorizing all possible global gauge transformations and all
space-time transformations. This implies that for the decision whether two representatives
of a gauge orbit are identical or Gribov copies, it is required to compare their field values
at every space-time point®3. It is also in general non-trivial how to find all Gribov copies,
so that they can be counted*.

Once more, it should be noted that one Gribov copy has no intrinsic difference com-
pared to another Gribov copy, since they are physically equivalent. Thus any choice of
a Gribov copy to represent the residual gauge orbit is equally acceptable. This is nicely
illustrated by using stochastic quantization. Stochastic quantization is an alternative,
but equivalent, formulation, of the path integral as a stochastic process, where additional
dynamics occur in an additional, fictitious time. The equilibrated results for correlation

functions are then the ordinary correlation functions. In this approach it is found that

33Tt appears that Gribov copies differ from each other over some large domain, so in practice already
a coarse search can yield that two candidates are different. However, to ensure that they are the same

requires a check of the whole space-time point by point.
34Tt should be noted that, though two dimensions has trivial dynamics, gauge fixing has the same

subtleties as in higher dimensions. Two-dimensional Yang-Mills theory is therefore an ideal laboratory to

study these issues without the obscuring dynamics.
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there is no stochastic force acting along a gauge orbit, and thus in the stochastic equili-
bration process no point on a gauge orbit is preferred. This, of course, is just in disguise
the problems encountered when defining the path integral, which require to introduce a
gauge condition in the first place.

As stated, the residual gauge orbits inside the first Gribov horizon possess further
Gribov copies. It is therefore necessary to specify a gauge further. There are two strategies
mainly in use currently for that purpose. The first method is essentially a stochastic
approach. In this case, instead of specifying conditions for selecting a Gribov copy, a
random Gribov copy is chosen for each residual gauge orbit. This prescription, termed the
minimal Landau gauge, therefore averages over Gribov-copy-dependent properties when
calculating correlation functions. Assuming the choice to be ergodic, unbiased, and well-
behaved, this implies that this prescription is equivalent to averaging over the residual
gauge orbit. However, a constructive prescription how to make this choice in a path integral
formulation is only developing. Precise definitions of this gauge therefore exist only as
operational definitions in terms of algorithms in lattice gauge theory. The second approach
attempts to characterize Gribov copies and make a choice based on these characteristics.
One possibility will be discussed as an example.

The central element of all operational definitions of the Landau gauge is the fact that

any Gribov copy in the first Gribov region maximizes the functional

1
FlA] = 1- / d'z AL AL (5.79)
N, d— aa
<F[A]> = 1- 9drd/2] (i+g)V/dpp 1Duu(p)

ab a Ab
D;u/ - <A;,LAV>7

on each configuration, where Dgi’, is again the gluon propagator. This implies that this
gauge minimizes the integrated weight of the gluon propagator. That this is indeed satis-
fying the Landau gauge conditions follows from the fact that the first derivative of (5.79)
is the Landau gauge condition, and the Hessian is the Faddeev-Popov operator. If any
given algorithm finds one of all the maxima with equal probability, it would be a faithful
representation of the distribution along the residual gauge orbit, and also be ergodic. The
fact that there are multiple Gribov copies inside the first Gribov region translates into the
statement that the functional (5.79) has multiple maxima.

An alternative way to choose a representative on the residual gauge orbit is the absolute
Landau gauge, which makes a very definite choice rather than a random choice. This
gauge choice is derived from the following observation. The functional (5.79) has, up

to topological identifications, a unique absolute maximum. The resulting set of absolute
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maxima, called the fundamental modular domain or region is by definition embedded in
the first Gribov region, and includes the origin. It is less trivial to show that it is also
convex and bounded, and thus connected. It can furthermore be shown that part of
the boundary of the fundamental modular domain coincides with the Gribov horizon in
the thermodynamic limit only. All possibly remaining degenerate absolute minima are
on the boundary. This boundary has actually a quite rough structure, including wedge
singularities, and topological configurations, like e. g. instantons, are located there. By
construction, in this region the gluon propagator has its least integrated weight.

Based on this observation, the absolute Landau gauge is defined as selecting the Gribov
copy which belongs to the fundamental modular domain. This condition can be realized
by either checking the absolute minimization of (5.79) explicitly or by the introduction of a
suitable weight factor in the path integral. In case the residual gauge orbit has more than
one Gribov copy on the boundary of the fundamental modular domain, again a random
choice is made. It should be noted that if the thermodynamic arguments made before
were correct, the absolute Landau gauge and the minimal Landau gauge will coincide in
the thermodynamic limit.

Both these descriptions belong to a larger class of descriptions. It is obtained by

rewriting the path integral in the expression (5.78) as
<0 >= %ir%/DAMDchO(AM, c, E)@(—@MDZb)e_fd%ﬁgw(Au, ¢, ¢),
_)

where w is an appropriately chosen weight functions, which includes a normalization such
that any observable remains unchanged. The minimal Landau gauge corresponds to the
choice is w = 1, i. e. averaging over the first Gribov region with a flat weight. The absolute

Landau gauge takes the form

wy = exp <N2 - % /ddxAZAZ) : (5.80)

where the N; are appropriately chosen normalizations and the limit of Ay — oo has to be
taken. The opposite limit Ay — 0 recovers the minimal Landau gauge. These weights can

also depend on other fields. Another possibility discussed in the literature is

wy = exp (./\/1 + % / ddxddyﬁzéa(:c)ﬁzca(y)) (5.81)

involving the ghost fields. It is important to note that all these gauges include non-local
information, both from the © function, as well as from the integrals. In a sense, minimal
Landau gauge is special, as there all non-localities stem from the © function alone, another

justification of its name.
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In principle, it would be possible to average, in a well-defined way, over the Gribov
regions to obtain also non-perturbatively a well-defined gauge, similar to, e. g., covariant
gauges in perturbation theory. However, such Hirschfeld gauges induce significant cancel-
lations. The reason is that the determinant of the Faddeev-Popov operator can now have
either signs and is part of the weight factor when the ghosts are integrated out. It therefore
poses a sign problem. Hence, no practical implementation has been constructed so far, but
only conceptually developed. Thus, the alternative to select by some prescription a single
representative or a smaller subset for each gauge orbit, which therefore satisfies further
constraints as described above is more popular. This gauge has, however, a conceptually

importance to be discussed next.

5.5.5.3 Non-perturbative BRST symmetry

To understand this importance, it is necessary to interject a few more words on the concept
of broken symmetries.

A symmetry of a classical system, i. e. of the Lagrangian, which remains unbroken in
the quantization process can still be broken dynamically, i. e. spontaneously. To describe
this, in the following the language of correlation functions will again be used. In terms of
correlation functions, a symmetry is unbroken, if under a symmetry transformation of the

Lagrangian for fields ¢;

all correlation functions remain invariant as well. This implies that the correlation func-
tions of operators not invariant under (5.82), e. g. (¢;), have to vanish identical. If these
conditions are not fulfilled, the symmetry is broken.

In case of a gauge theory, it is necessary to differentiate between gauge-invariant and
non-gauge-invariant correlation functions. If only gauge-dependent correlation functions
show a behavior indicating the breakdown of a symmetry, this cannot have any measurable
consequences. If the affected symmetry is a global part of the gauge symmetry3®, it can be
argued that this is a mere artifact of the description, and the symmetry is, in fact, intact.
This is the combination of observations which will be used here.

Before continuing, it is worthwhile to discuss the question of observing a broken symme-
try. Naively, when just performing the path integral, all correlation functions non-invariant

under some global symmetry will always vanish®®. The trivial reason is just that no direc-

35 Any local part cannot be broken anyhow. This can be proven exactly, and is known as Elitzur’s
theorem. In fact, explicit breaking would yield a gauge anomaly, and thus observable quantities would

depend on the gauge, which is not desirable for a theory describing physics.
36The fact that that does not seem to be the case in numerical lattice simulations is just an artifact of
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tion of the global symmetry is preferred without an explicit breaking. This can only be
remedied by introducing an explicit breaking when determining the correlation functions,
and performing the limit of zero explicit breaking afterwards. This is done, e. g., by the
introduction of an external field.

Put it otherwise, spontaneous breaking is observed by preventing the system to reach
all possible targets of a symmetry transformations by an external field. As a consequence,
the correlation functions are no longer averages over all field configurations linked by a
symmetry transformation, and therefore no longer invariant under such transformations.

In fact, in an experimental observation an absolute direction is never observed. E.
g., take a magnet’s magnetization. The orientation is measured relative to a reference
orientation, e. g., compared to a different magnet. This reference orientation plays the role
of the explicit breaking. Thus, an equivalent way of observing the breaking of a symmetry
is to use operators invariant under a global symmetry transformation, but measuring the
relative orientation of two operators not being separately invariant. One such operator for

a magnet would be the averaged magnetization correlator,

Cum = (MM) (5.83)

M = Z S;
i
where the s; are the local spins, and thus M is the configuration-wise polarization. Since
the latter is only non-zero in the broken phase, the correlator can only then be non-zero.

37 a well-

The same concept together with the Hirschfeld gauge can be used to recover
defined non-perturbative BRST symmetry, obeying the same algebra (4.12-4.14) as the
perturbative version. The BRST transformations (4.7-4.10) are, in fact, just an ordinary
gauge transformation for the gluon fields. This becomes evident when the ghost fields
are integrated out. Leaving quarks aside, the integrand of the path integral only involves
the gluon fields. The BRST symmetry is not changing physical observables. Thus, the
only non-trivial action can be a gauge transformation. The explicit form after integrating
out the ghosts is, even perturbatively, very complicated, and non-local. What happens is
essentially just a gauge transformation between the different gauge copies satisfying the
covariant gauge condition. This implies that the Gaussian weight function will also change

such as to alter the weight of the gauge copy appropriately. Furthermore, in the Landau

the employed local algorithms, which fail to perform the full average over field configuration space in this
case. The problem is that when starting in a certain sector of the theory, the update cycles often stay

within this starting sector.
37The following is not mathematical rigorous, but there are possibilities, using lattice gauge theory, to

make it much more so.
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gauge case the perturbative BRST transformation can only be the identity transformation,
as there is one and only one configuration perturbatively which satisfies the Landau gauge
condition. This is especially so, as the BRST transformation does not change the gauge
parameter.

Beyond perturbation theory, the situation changes by the appearance of Gribov copies.
Especially, since there is now more than one gauge copy satisfying the Landau gauge
condition, the BRST transformation is no longer an identity transformation in Landau
gauge.

Now, concentrate again on Landau gauge. By construction, any BRST transformation
will not change the Landau gauge condition, because of the anti-ghost equation of motion.
This implies that BRST transformations mediate between different Landau-gauge Gribov
copies. If an extended gauge condition, like minimal Landau gauge, selects only a subset
of Gribov copies, it is possible that a BRST transformation leads out of this set, and thus
BRST symmetry appears broken: The correlation functions are no longer invariant. How-
ever, this breaking is again introduced by an additional gauge condition, which specializes

the Landau gauge further to the minimal Landau gauge.

To restore invariance, it is necessary to choose a gauge which is respecting BRST. This

138 possible targets of a BRST transformation, i. e. all Gribov copies.

requires to include al
But this is just a Hirschfeld-Landau type gauge. By averaging over all Gribov copies,
the correlation functions are also averages over all possible BRST-transformed versions of
them. Thus, they will be invariant under BRST transformations. Thus BRST symmetry
can be regained just as any other global (gauge) symmetry. Whether there exist relative
alignment operators and what their interpretation would be is an interesting question, in
particular whether they show the existence of broken and unbroken phases, and if yes,
under which circumstances. This is not yet known.

The bottom line of the previous discussion is that the realization of the Kugo-Ojima
construction may be tied to the choice of a particular type of Landau gauge beyond per-
turbation theory. In this gauge, the Hirschfeld(-Landau) gauge, a non-perturbative BRST
symmetry might be present which has the same algebra as the perturbative one. Thus,
the Kugo-Ojima construction, essentially algebraic in nature, can go through unaltered.
The original Kugo-Ojima construction was formulated also for arbitrary covariant gauges.
However, similar insights as presented here for Landau gauge are not available yet for co-
variant gauges. It is thus unclear, whether this construction holds beyond Landau gauge,
though there is no hint that this should not be the case.

381t would of course be interesting to know if there exist any subsets of Gribov copies such that BRST

would remain intact within these subsets. But this is unknown.
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This leaves the question what occurs in the other non-perturbative completions of the
Landau gauge. That is not yet well understood. However, the following argument may
give a guide-line. If the condition restricts to a set of Gribov copies, like the minimal
Landau gauge, there is still a residual gauge symmetry which links this set. To the best
of our current knowledge, this symmetry will likely not be a local transformation, i. e.
its transformation rules will involve integrals. This makes any construction similar to the
Kugo-Ojima one at least complicated, though likely not impossible. The only exception
may be those cases where really a single gauge copy is identified, like in the case of the

fundamental modular region. How to proceed in this case is yet unclear.

5.5.6 Confinement and topology

The Kugo-Ojima construction focuses on the state space. Even if it can be proven to be
correct, it will not explain the string tension of Yang-Mills theory nor the intermediate
distance string tension of QCD.

The opposite extreme is a perspective based on the topological excitations. They make
no statement about the state space, and especially not about gluons. However, they can
make a statement about the Wilson criterion.

The simplest example of how topological excitations can explain the origin of a string
tension are vortices. There is unfortunately no simple method to show the following, and
rather the insight is gained by either lattice simulations, or the numerical simulations of
effective models, i. e. models only containing center vortices. The upshot is that as long
as the number of vortices piercing the area enclosed by a Wilson line is proportional to
the area, the free energy, and thus the Wilson potential, shows an area law. This will
happen, if the vortices percolate in space-time, which has been observed in both kinds of
numerical simulations. Conversely, if the vortices are prevented from a percolation, the
string tension vanishes.

Similar results can be obtained with the world-lines of monopoles. If sufficiently many
world-lines cross the area enclosed by a Wilson line a string tension arises. Instantons
are somewhat different. If enough instanton events occur on the sheet spanned by the
Wilson line then also a string tension would arise. However, in contrast to vortices and
monopoles, the occurrence rate of instantons in full Yang-Mills theory, or QCD, is far too
small to achieve this effect.

It should be kept in mind that all of these topological configurations are interrelated,
and there is interaction between them. Furthermore, since the extraction of these entities
from the full theory is not without ambiguities, and largely gauge-dependent, all of these

results are more of an approximate nature yet.
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5.6 Anomalies

Anomalies are quite interesting features of quantum theory, and play an important role in
the low-energy physics of QCD, though the name itself is somewhat of a misnomer.

An anomaly is that some symmetry, which is present on the classical level, is not
present when considering the quantum theory. The symmetry is said to be broken by
quantum effects. Generically, this occurs if the action of a theory is invariant under a
symmetry, but the measure of the path integral is not. While the breaking of a global
symmetry by an anomaly is no conceptual problem, the breaking of a gauge symmetry
would make a theory ill-defined, and must therefore be avoided. It is therefore necessary
to show that QCD does not develop an anomaly of the latter type if it already develops

one of the former.

5.6.1 Global anomalies

The most important global anomaly is the breaking of dilatation symmetry. This sym-
metry corresponds to rescaling all dimensionful quantities, e. g. x — Az. Maxwell theory,
massless QED, Yang-Mills theory, and massless QCD are all invariant under such a rescal-
ing at the classical level. This is no longer the case at the quantum level. By dimensional
transmutation, surfacing in the renormalization process, an explicit scale is introduced
into the theory, and thereby the quantum theory is no longer scale-invariant. Such global
anomalies have very direct consequences. E. g., this dilatation anomaly leads to the fact

that the gluon remains massless, at the perturbative level.

5.6.2 Axial anomaly

Another example is the so-called axial anomaly, which occurs due to the breaking of the
global axial symmetry of fermions. A consequence of it is the anomalously large 1’ mass.
While the dilatation anomaly is quite obvious, the chiral anomaly is much more subtle,

and therefore deserves some more discussion.

5.6.2.1 Classical level

To prepare for this, it is worthwhile to consider the situation as it would be without
anomalies, i. e. at the classical level. For this purpose, start with a gauge theory with
fermions ¢ being in some representation R of the gauge Lie group G with generators T'

and gauge fields in the adjoint representation. The fermionic part of the Lagrangian is
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then given by

L= p(in"(8, — igT*AL) — m)yp = P (in, D" — m)y
from which the Dirac equation
(Z.’YMDM - m)@/) =0

follows as the equation of motion, and likewise for the anti-fermion.

The current carrying the charge is then
g = VT,
Due to the chiral symmetry, there is also a corresponding axial current
In' = s
In addition, there are also the singlet currents
Ju = YN
g = v,

which corresponds to the fermion current and the axial current.

Naively, the divergences of these equations can be calculated using the Dirac equation.

8sz = _Z.@E(gTquAZ - m)Ta@Z) - i@ETa(_gTb'YMAZ + m)@/)
= gy [1°, 7] v ALY = —g ALy Tap = —g fULAL
This implies that the color current is not observed, as long as the current is gauged. For
a non-gauge current, like a flavor current, g vanishes, and the current is conserved.

This is not surprising, as a non-Abelian gauge theory has no gauge-invariant charge.

However, the current is a gauge-vector, and therefore covariantly conserved
Dt = 0. (5.84)

In the same way, it is possible to calculate the situation of the axial color current. Because

of the commutation relation between ~ matrices, the result is
Dzbj{f = 2ima)ysT) = 2miap?, (5.85)

Here, p is the pseudo-scalar density, and not a momentum component. Thus, even in a
non-gauge theory this current is only conserved for fermions without a mass term in the

Lagrangian.
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The calculations for the singlet current is simpler, and yields
ot = 0
Ojr = 2imiysp = 2imp’.
Hence, the number of fermion is, a expected, a conserved current. The axial current is only

conserved for massless fermions. This is the result that chiral symmetry gets explicitly

broken, already classically, by a mass-term.

5.6.2.2 One-loop violation

So far, this was the conservation at the classical level, which already requires the fermions
to be massless. At the quantum level, this result is expressed by Ward-identities. In

particular, take Ward identities for correlation functions of the form
Ty = (Tiuiliy):
where 4, j, and k can take the values V', A, and P, which require to replace the j by j¢,

4%, and p?, respectively, and the Lorenz index is dropped in the last case. Calculating the

corresponding Ward identities for a local chiral transformation

Y = eiﬁ(x)%w(x)
= peifEns

yields the expressions

BTy My, 2) =Ty A, y,2) = 0 (5.86)
T, (x,y, 2) = 2mTy)V " (x,y, 2), (5.87)

directly implementing the relations (5.84) and (5.85). This is what should happen, if there
would be no anomalies.

To check this, it is possible to calculate the leading-order perturbative correction. Since
only fermion fields appear in the vacuum expectation value, this is a vacuum triangle graph,
and the coupling is to external currents. In fact, it does not matter at this point whether
the external currents are gauged or non-gauged, since to this order this only alters the
presence or absence of color matrices at the external vertices. The only relevant part of
the external vertices is their Dirac structure.

Evaluating all the Wick contractions yields two Feynman diagrams, which translate to

Ty (Prs 2,3 = —p1 = p2) = (5.88)
5 [ 'k o ) ’
_13/ (27T)4 (tr7u<7a]€ — m) 171/(75]% _ 7/31726 _ m) I’Yp’}/f)(’%/kﬂf i %pi’ B m) 1

+ 7, (Yak® — m) T, (YPhs — a0 — m) T s (1T + 1403 — m)_l) :
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This expression is linearly divergent. One of the most important points in anomalies, and
in quantum field theories in general, is that the result is independent of the regulator
employed. This will be discussed later how to show this. Here, it permits to use a Pauli-
Villar regulator with a mass M, which is technically more simple than other possibilities.
Using dimensional regularization makes the result subtle, as it depends on the way the

matrix 75 is analytically continued. This problem will therefore be avoided here.

To test the vector Ward identity, the expression can be multiplied with p/'. To simplify

the so obtained expression it is useful to employ

Vbt = =Yk = yupt — m) + (y.kF —m),

yielding

PATy A (p1,p2.ps = —p1 — D2) = (5.89)
o [ d' . .
i’ / (2 (tl" — (Yak® = m) "7, (Y kg — 105 —m) "7

(3 k0] = m) (VP ks = vaph — m) 1y
+ (1 kY + 3 — m) T (Tak = m) Ty
1= (kT + 3 —m) (VP ks — el — m) T+ (m = M)) :

This rather length expression is now a finite integral. It is therefore permissible to reshuffie
the momenta like & — k + py in the first term and £k — k& + ps — p; in the second term.
Then, the first and third and second and fourth term cancel each other, and likewise this
happens for the regulator. Thus, the vector Ward identity is fulfilled. The result for the
second identity in (5.86) works in the same way.

The situation changes drastically for the axial Ward identity (5.87). The expression
(5.88) is still divergent, so before doing anything, it will again be regulated using a Pauli-
Villar regulator, to make it well-defined. To evaluate (5.87) requires multiplication with

p3 = —p1 — P2, which can rewritten as

YuPsYs = (Vuk" — vuph — m)vs + s (ukH + yupt —m) + 2meys
= (Vuh" = Yl — m)ys + V5 (Vuk" + uph —m) + 2ms.
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This yields

d*k
pVV A B e
pBT“yp <p17p27p3 = —D —pg) = QZ/W

(mtr (ko™ = m) ™ 5k = 3ap] = m) 951k + 5l = m) )
mtr (’m(kwa —m) "y, (vsk” = yapt —m) s (kT + Py — m)’l)
Mtr (5 (kay™ = M), (y5k" = 9505 = M)~ 35(3,k7 + b7, — M) ™)
Mtr (%(k‘w“ — M)y, (yak” — apl — M) s (kT + plys — M)‘1)>

There are two remarkable facts to be observed. The first is that this expression is finite.
The projection with ps drops out the divergent terms. This can be seen using the Dirac

matrix identity
Y,V Yo Vs = —4i€upo- (5.90)

Because of the anti-symmetry of the e-symbol, any term containing two or more factors
of k vanishes. Hence, the numerator is reduced by two powers of k£, making the integral
finite. This did not work in (5.89) as there one index less was uncontracted. However,
the regulator still had to be present in the first place to make this projection well-defined.
The second is that this expression, except for the regulator, is identical to TVV¥ up to a
factor of m, which is obtained by replacing ~,vs in (5.88).

The term involving the regulator can then be calculated, as when removing the regula-
tor in the end, the external momenta and masses can always be neglected, and the integral

becomes a simple tadpole integral. The final result is thus

) ) . ) 1 —1
WLy Prop2) = 2T (o pa) ol SIM oy X 16553
1
- 2miTLVP(p1,p2) + —e“”p"p})pi (5.91)

272
Thus, the Ward identity (5.87) is violated. The anomaly is both finite and independent of
the masses of the involved particles. It is also independent of the structure of the external
interaction, except for its Lorentz structure. The only thing changes is the appearance of
corresponding pre-factor a® of the coupling matrices 7 in charge space, which turn out
to be .
a™ = St ({1, 17°} T°) | (5.92)

a result which will become significant later. This is not the only anomaly, and a similar
result holds for the case of three axial currents.
Without proof, it should be noted here that there is still a certain regulator dependency.

It is possible by symmetries to add a finite term of form Ce,,,,, (p1 —p2)? to the counter-term
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in (5.89). Though C' can be tuned to absorb the anomaly, this term will also contribute
to the vector identities, and induce there an anomaly for C' # 0. Thus, it is only possible

to shift the anomaly around, without removing it.

The most well-known consequence of this anomaly is the decay of a neutral pion into
two photons. This is precisely of the type investigate here, where the photons play the

role of the vector currents. The axial current is related to the pion field by a QCD relation

i = ﬁM}iw“, (5.93)

V2
where a is an isospin index, counting the three pions, a = 0,=£, where only a = 0 is
relevant because of charge conservation. Since there are no massless hadrons, there can
be no pole in the corresponding amplitude 7VV4, and thus the product with pp has to
vanish. As a consequence, the amplitude TVVF, describing the transition, would vanish
as well, because of the Ward identity, and therefore the pion would usually not decay into
two photons, if at rest. However, due to the anomaly, this is not necessary, as the anomaly
can balance the Ward identity. Hence, the pion at rest can decay into two photons, due

to the anomaly, a process indeed observed in experiment.

It should be noted that (5.93) is actually not the original expression of the anomaly
(5.91), as this is a statement involving expectation values. Its formulation using fields
is known as the hypothesis of partially conserved axial current (PCAC), as it does not
immediately follow. However, it is found to hold acceptably. This is highly non-trivial.
After all, the left-hand side is from the electroweak interactions, while the right-hand side

is a strong-interaction object.

By taking expectation values in different states of (5.93), it is possible to establish
various conjectures for low-energy physics. E. g. taking it between a proton and a neu-
tron state, the left-hand-side mediates essentially a (-decay. The right-handed-side then
corresponds to the transformation of a neutron to a proton under pion exchange. Assum-
ing that the latter is dominated by the tree-level process, and decomposing everything in

suitable Lorentz tensors and form factors, yields the Goldberger-Treiman relation

frgrnn = myga(0),

where g,y is the coupling constant between nucleons and the pion, my is the (averaged)
nucleon mass, and g4(0) is the axial form-factor of the nucleon at zero momentum transfer.
This relation is experimentally found to hold at the 10% level, a typical value for such

derivations.
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5.6.3 Anomalies and WTIs

To understand the origin of the anomalies, it is important to remember how Ward identities
are obtained in general, repeating some aspects of section 4.4. Any well-defined symmetry

transformation should leave the partition function unchanged, i. e.
0=06Z=6 / D'+l d'wie, (5.94)

where ¢ is for simplicity a non-Grassmann field, which changes under the transformation

as ¢ — ¢ + €f(¢, ), with f some arbitrary function and e infinitesimal. Performing the

N 59 )
0= /DqseZs“fd W/d‘*x (z (% +j) f+ é) , (5.95)

where the first two terms come from the exponent. At the classical level, the source term

variation yields

vanishes, and the derivative of the action just gives the equations of motion, yielding the
classical Ward identities. The third term is new in the quantum theory, and gives the

contribution of the Jacobian,

det ¢ ;;;f = det (1 + e%) ~1+ e% +O(e%).

This is a genuine quantum contribution. It will be the source of the anomaly. Here it

also becomes evident that the term anomaly is actually a misnomer. There is nothing
anomalous about them. They are just a quantum effect.
To obtain Ward identities from (5.95), it is sufficient to derive with respect to the

source some number of times, and then set the sources to zero at the end, yielding

of 08
0= (TI¢p— (T — TTI IL,sk®m) - 5.96
< z¢15¢>+2< l¢15¢f>+;< 1<k L Wik Prm) (5.96)
In this way an anomaly surfaces in Ward identities in the full quantum theory. This also
shows that an anomaly is not a perturbative effect, since this is an exact result. However, it
is still possible that the Jacobian is actually one, and a deviation from one in the one-loop

calculation is just an artifact of perturbation theory.

5.6.4 Full expression for the anomaly

To check this, rotate first to Euclidean time, by replacing ¢ — it and correspondingly

in all covariant quantities the time component by ¢-times the time component and in all
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contravariant quantities the time components by —i-times the time components. Then
expand the fermion fields in orthonormal eigenfunctions 1, of the Dirac operator,

V() = Zan¢n<x>
b@) = vl @)
which satisfy

iD= A, (5.98)

This permits to rewrite the path integral as an infinite product of integrations over the
coefficients,

DYDY = I,y dadby, (5.99)

keeping in mind that these differentials are Grassmannian.

Now, a (formally) local chiral transformation 5(z)
then corresponds to a linear transformation of the coefficients
A — Crny = a.

n’

which yields the Jacobian

I,,da.,,db, = mﬂmdamdbm,
or, formally,
DYDY’ = WDQ/}D@.
This determinant can be rewritten as
m _ oG _ ,—206C (5.100)

39Note that in general ¢» and ¥ are independent variables in Euclidean space-time, and not related by
1 as in Minkowski space-time, as the degrees of freedom are differently distributed. This is the reason
for different coefficients a,, and b, rather than a relation by {. The t on ¥ should therefore be regarded
rather as an index than an operation, as is common in the literature, to have expressions which formally

look the same in both Euclidean and Minkowski space-time.
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where in the last equality it was assumed that ( is infinitesimal, and thus C' =14 6C' is

close to one. In this case, C' can be evaluated starting from

Ay, Pm = (1+1675)antn

which can be reduced using the orthonormality of the eigenstates of the Dirac equation to

a, = /d4x1/1fn(1 +16795)Pnan = (1 4 0Cmn)an. (5.101)

Inserting this result into (5.100) yields for the Jacobian of the infinitesimal transformation

J = exp (—Qi / d%ﬁzpjn%wm) , (5.102)

where the trace has been evaluated.
Unfortunately, the expression, as it stands, is ill-defined. It is necessary to regularize
it. A useful possibility to make the expression well-defined is by replacing the trace over

the eigenstates as
Mn%wm liIIOI wlﬂse A Twma (5103)
T—

where the limit has to be performed at the end of the calculation only. Expanding the

Gaussian and using the relations (5.97-5.98), this expression can be rewritten as
lim 9] yse T4, = lim tr (756*“%1)“)*%”) . (5.104)
7—0 70
The exponential can be rewritten as
v ,l/ v a
(,YHDH>+,}/VD = _D,U«D“ + Z [fyﬂu fy ] FﬂVTa' (5105)

The limit is still ill-defined. It is necessary to regularize the expression in a suitable way.
This is achieved by the heat-kernel regularization.
For a differential operator, here given by A = (v,D")', D, it is possible to define a
heat-kernel as
(0- + AL)G(x,y,7) = 0 (5.106)
G(z,y,0) = d(x—vy). (5.107)

Which is solved by the formal expression

G(r,y,7) = ™7 =" e Pl (y)hm(2).
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This is already the expression (5.104). Without proof, it can now be shown that this heat

kernel can be expanded for small 7 as
G(ZL‘ T ) — 71 ex (z y) a; IL‘
'Y, T—0 ( | p E 7 y

Inserting this expansion into (5.102) yields
InJ = —2ilim

1, .
70 (477)? /d “w ;Tﬂtr%aj'

For 7 — 0, the first term does not contribute, as ag has to be equal to one because of

the condition (5.107). Terms with j > 2 will be irrelevant, because of the powers of 7.
This leaves only 7 = 1 and j = 2. For these terms follows from the requirement that the

expansion (5.106) satisfies a descent equation
—Aaj,1 = jaj.

Since ag = 1, a; can be obtained algebraically from (5.105). Since all resulting terms
have at most two ~ matrices, the trace will vanish. Similarly, for ay only those terms
can contribute to the trace where at least four v matrices appear, which implies only the
term quadratic in F),, will contribute. Which is precisely what is necessary to cancel the
pre-factor.

Thus, the remainder is just

J = exp <_ 32;2 / d%ﬁe“”p"ngFapo) . (5.108)

Hence, the Jacobian is non-trivial, and will contribute in the Ward identities (5.96). How-
ever, this is still a rather complicated expression, which does not yet look like the one-loop
result.

That this coincides with the one-loop anomaly can be obtained by an explicit calcula-
tion. Since this was for the global case, take 5 to be constant. The integral can then be
rewritten as

2
/ d'ztre™r7 9, <¢AgapAg +3 f“bcA‘jA’;Ag) : (5.109)

Since the perturbative case was the Abelian case, the second term can be dropped. The
first term is then for the global case just two external fields, e. g. playing the roles of the
photon field in the pion decay, and two momenta in Fourier space, which, after relabeling,
yield the desired one-loop expression. Hence, indeed the full and the one-loop anomaly
coincide. In gauge theories there are also anomalies in box and pentagon graphs with an

odd number of axial insertions, which are again one-loop exact.
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To obtain the final result including all color factors requires an explicit calculation,
inserting the Jacobian (5.108) into the Ward identity (5.96). This will yield (5.91) with
(5.92) inserted

To see how this can lead to a problem, consider for a moment the case that left-handed
and right-handed fermions are coupled differently. Due to the different sign of v5 in the
corresponding projector, this will reemerge as a different sign of the anomaly, yielding

tr {7“5, T}j} Tf —tr {T%, ij%} Tr 1

ay/bAc ay/b pc o
kap‘L{/pV 4 (pu q, k) = QmT;X/ VP <p7 q, k) + 2 ﬁeyupoppq )

were L and R indicate the representation of the left-handed and right-handed fermions.
As a consequence, the classical gauge symmetry is broken by the anomaly, and results will
depend on the choice of gauge. This can be directly understood form this expression. The
tensors carry color. Thus they will vanish, if there is no vector-vector-axial /pseudo-scalar
coupling in QCD. This is the case, as all couplings are vector-vector-vector and vector-
fermion-fermion. It is not possible to construct others from the elementary vertices. The
last term vanishes, because in QCD left-handed and right-handed particles couple in the
same way, though this is not true for the full standard model.

There is an interesting twist for the quantity making up the Jacobian

1
6472

7
51274

/ d*zeP’ F v Fape = / d'ztre™r7 9, <iAﬁ8pA§ + % f“bcAl‘fAI;A§>
Evidently, this is again the topological charge (5.56)

Since this quantity was obtained from the chiral transformation properties of the
fermions, it suggest itself that it is connected to properties of the Dirac operator, and
this is indeed the case. This topological charge is equal to the difference of the number
of the left-handed n~ and right-handed n* zero modes of the (necessarily in the present
context massless) Dirac operator D,,, v,D* = 0, called the index of the Dirac operator.
This is the celebrated (Atiyah-Singer) index theorem.

To see this, note first that because 75 anti-commutes with the other +, it follows that

that for any eigenmode of the Dirac operator v, to eigenvalue \,, that

Z.’YMDM’YEme = _Z.'YS’YMDMwm = _)\m’75wm-

Hence, every non-zero eigenmode is doubly degenerate, and therefore the index is the same
if all eigenmodes are included.

Start with an expression for this difference,

woen = [de 3 dhastn.

mM,Am=0
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The inserted ~; will guarantee the correct counting. It is possible to use a very similar
trick as before when regularizing the sums when doing the path integral calculation in

section 5.6.4. The additional eigenvalues can be added as
[ e > vl e

as the 5 symmetry ensures that all added terms vanish. But this is precisely expression
(5.103), and thus this will lead to the same result as in section 5.6.4. Thus, the final

answer 1s ]

= 64n?

Hence, the anomaly has a certain connection to the topology of the gauge-fields.

nt—n" =k

4, . _UUpo a
/ d*xe F WFapU

This is in as far remarkable as the topology of gauge fields is an intrinsic property
of Yang-Mills theory, and thus existing without any fermions, and hence in anomaly-free
theories. At the same time, anomalies also exist without gauge fields, e. g. in the form of
global anomalies. They are tied to the path-integral measure for theories with fermions.
It is the unique property of the covariant derivative in the form of the Dirac operator for
fermions which ties both effects together in the presented way. Other realizations than
minimal coupling will not have this property, or at least in a different way. This connection
is therefore deeply ingrained in the Dirac operator of gauge theories.

The two presented form of anomalies are not the only ones. However, these are the

only ones relevant to QCD.

5.7 Large-N.,

While strictly speaking not QCD, there is a certain class of deformations of QCD, which
showed to be very useful. These are theories in which N, or N. and Ny are send to
a very large number, in the extreme case infinity, while at the same time maintaining
asymptotic freedom, the so-called large-N, limit*’. One important convention is that the
large values of N, are odd. This ensures that baryons, which are made up of N, quarks,
remain fermions.

In perturbation theory, this leads to drastic simplifications. Because the contractions
of structure constants, generators, and performing of traces gives every diagram a partic-
ular prefactor of power of N. (and Ny), it is possible to order diagrams accordingly. At
sufficiently large N., just those with the highest power in N, will contribute, the others

4OThere are several possibilities, some also playing with representation aspects. The different versions

highlight different properties, but the basic philosophy remains the same.
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being sub-leading corrections. The surviving diagrams have two special features. One is
that they are planar, i. e. their Feynman diagrams can be painted without crossing propa-
gator lines. More importantly, in most versions of the large- N, limit, diagrams containing
quark loops become suppressed, just because there are only N, quarks, while there are
N2 — 1 ~ N? gluons. Thus, the large-N, limit becomes quenched. However, at the same
time the coupling diminishes, since the f-function depends also on N.. Hence, naively
the theory would become non-interacting. To avoid this, the coupling is increased, in the
simplest form such that A = ¢?N,, the so-called 't Hooft coupling, stays constant. The
perturbative expansion then becomes an expansion in .

Of course, perturbation theory is not everything, and non-perturbative contributions
remain even in this limit*'. They are also necessary, such that mesons and baryons remain
bound. But the baryons will consist out of a very large number of quarks, and thus will be
essentially infinitely heavy, and therefore static. The mesons, which are still made from a
quark and an anti-quark, remain light.

Using the methods described in the next chapter 6 it can be shown that hadronic
interactions become also suppressed in the large-/NV,. limit. As a consequence, the hadrons
become stable, and scattering processes trivial.

Though all of this sounds very different from QCD, several statements can be obtained,
provided that N, = 3 is not that different from the large- N, limit. Many lattice simulations
have shown that this statement is surprisingly good, and thus the large-N. limit gives
another view on why the quenched approximation is as good as it is. Hence, it is possible
to calculate many quantities in an 1/N, expansion, and the results are indeed often, though

not always, in surprisingly good agreement with the full result.

41 Actually, it can be shown that a free theory and an interacting theory can never be unitarily equivalent,
and therefore the limit of the coupling constant to zero cannot be analytic, like it is assumed in perturbation
theory. This is known as Haag’s theorem. But one should keep in mind that this does not imply that

non-perturbative contributions must be qualitatively relevant, nor quantitative important.
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Hadronic interactions

The discussion so far centered on static properties of QCD, e. g. the bound state spectrum.
Though these are already substantially important, it is the dynamics of reactions involving
hadrons which put our understanding of the theory to the test. This is even more impor-
tant, as that hadrons play a twofold important role in modern day experiments. On the
one hand, hadrons, especially protons, are used as projectiles in scattering experiments,
like the LHC. On the other hand, since quarks are confined, hadrons signal the presence
of quarks and gluons in final states. A dynamical first-principle calculation of hadronic
interactions in a practical manner is something which so far exceeds our possibilities. It is
only now that we start to understand how to deal with low-energy scattering of hadrons
and their decays. Full control over a high-energy collision of hadrons with multiple hadrons
in the final state is yet far beyond a (quasi-)exact treatment, being it either with lattice,
functional, or similar methods. The currently most useful, and most successful, approach,
is to treat the interactions of hadrons phenomenologically while the interaction of quarks
and gluons at sufficiently high energy is treated perturbatively.

As in many cases in the following scattering processes are described, it will often
be useful to use instead of the individual particle momenta the so-called Mandelstam

variables. These are defined for the process ab — cd as

s =patp)?= (pe +Pd)2

(6.1)

Herein s is the center of mass energy. At Born-level, the variables t and u correspond to the

momentum transferred by a single exchange particle and final-state-exchange reactions,
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respectively. The corresponding processes are therefore refereed to as t-channel and u-
channel, respectively. A process in the s-channel corresponds to a full annihilation of the

initial state into a particle, which then subsequently turns into the final state.

6.1 A sample process: e"e~ —hadrons

To start of, consider the annihilation of an e*e™ pair, neglecting their masses, into hadrons.

For a center-of-mass energy s the total cross-section is

)

with m; the masses of the produced hadrons. At sufficiently large energies, this will be
dominated by a single photon exchange, and therefore the cross-section will behave as 1/s,
the propagator of an effectively massless exchange particle. This is also called an inclusive
cross-section, as it integrates over all final states.

A less inclusive cross-section will be the process ete™ — hX, with h some specific
hadron with momentum p. Such a reaction can be viewed as roughly a two step process,
it factorizes. First, in a hard, i. e. perturbative, interaction a parton a, quark or gluon, is
formed. In a second step, due to confinement, this parton turns into hadrons. Under this

assumption, the corresponding partial cross-section would be given by a convolution

z

1
, d -
do_e+e —>hX<p7 8) _ Z/;dae+e —aX (]—Q,S) DZ(Z). (62)
“0

Since it is not possible to identify the original parton, the sum has to be over all partons.

. teom
The cross-section do¢ ¢ X

is the hard cross section, to be calculated perturbatively, to
obtain a parton a with momentum p/z.

This hard process can be calculated straightforwardly at Born level using standard
perturbation theory. It is a pure s-channel process. If the energy is small enough that
contributions from the weak interaction do not play a role, the differential cross-section is

do  o’elmN.t* + u> —mZ(2s — m?)

dar s 52

and the total cross-section is
2ma’? I
o = 5 ech ( — ?q Bq

which has to be summed over the different quark species ¢, if the flavor is not detected,

and [, is the speed of the quark. There are a few remarks. One is that gluons do not
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contribute at this order, as they do not carry electric (or weak) charges. The second is
that the only difference to the same process with leptons in the final state is just the
factor N.. Thus, this partonic cross-section is enhanced compared to the purely QED
one. This can be used, by taking a ratio of the cross-sections of both processes, the so
called R ratio, to determine experimentally the number of colors. However, one thing
neglected here is that also any other particle having the same quantum number as the
photon could be exchanged, provided s is large enough, and would require to exchange s
in the denominator by ((1/s —m)?+ %2)2, thus leading to a resonance structure. There are
multiple electrically and flavor neutral hadrons having the required 1~ quantum numbers,
the vector quarkonia. Examples are the p, the ¢ and the J/¢. In the vicinity of their

masses, the simple approximation breaks down.

The second term in (6.2), the fragmentation functions, is non-perturbative in nature
and describes how likely it is that a parton with fraction z of the hadron momentum p

hadronizes in said hadron h.
There are number of remarks to be made.

First, it is assumed that both subprocesses take part so far separated that they do
not influence each other, hence the term factorization. Thus, the fragmentation function
D becomes universal, and is process-independent. This idealization works in surprisingly
many circumstances. It becomes invalidated, if there occurs strong interactions between
final state particles, i. e. X and h, or final and initial state, which is due to the weakness
of QED for this process not a problem, but may become one if the initial state is hadronic.
Still, though such factorization violations have been observed experimentally, they are
in many cases irrelevant, most notably if most of the integral weight is close to z ~ 1,
and thus the parton is very hard. Such factorization violations will therefore be mostly

neglected throughout.

The second is that the process is still specific for the final state X. In many cases,
this remainder is, or cannot, be observed, and then also summation over X has to be
performed. This is then called semi-inclusive. If, in the other extreme, all other particles

are also measured, it is called an exclusive cross-section.

This leaves open how to determine D. As noted, it cannot yet be calculated with
nowadays technology. Thus, it is usually obtained as a fit to experimental data and/or
from a simplified model of QCD, fitted to experimental data. But since it is assumed to
be processes-independent, this can be done in one experiment, and then be used to make

predictions for all other experiments.

As it stands, (6.2) is correct at tree-level. Radiative corrections lead to two modifica-

tions. One is that renormalization is necessary. In principle, cross-sections as observables
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are renormalization-group invariant, and especially do not depend on the renormaliza-
tion scale ur. However, perturbative calculations do not preserve this property beyond
one-loop order, and thus introduce an artificial dependence on pgr. Of course, since the
cross-section now depends on this scale, so does the fragmentation function, as it can only
be determined taking this dependency into account. Second, it is not possible to account
for arbitrary virtualities of the intermediate particle, since the fragmentation function is
not known. Thus, this virtuality has to be cut off at some scale i, the factorization scale,

introducing a second scale. Hence, the full version of expression (6.2) reads

1
om Az | teax (P
¢ 0

In practical calculations, this leaves to chose ur and pp. A common choice is to select
a value where the dependence on the choice becomes minimal, which in most cases is
pr = pr = +/s. The residual dependence of the cross-section on variations, usually within
a factor 2-3, of both scales is often quoted as a systematic error of the calculation.

Finally, the assumption that the initial particles have a sharp energy is often not
warranted, as they can emit photons, which cannot be identified reliably. This is so-called
initial-state radiation, ISR. This can be accounted for by averaging over all possible initial
states

1 1
dosss "X (p, s) = /d:pl/dnge/e(:pl,s)fe/e(xg,s)dcre+e_’hX(p, T1T28),
0 0

where the electron masses are neglected. The functions f..(x, u?) describe the probability
to find inside the virtual clouds of particles of an electron an electron with a fraction z
of the total energy when it is probed at an energy p?, which is here the center-of-mass
energy. This electron distribution function can be calculated, to good approximation, in

perturbative QED, in a way which will be explained later. It becomes

fepela ii?) = Blp*)(1 =) ¢!
Bp®) = 2a <ln’u— — 1) ’

2
™ me

where m, is the electron mass and « the fine-structure constant.

This complication is just the tip of the literal iceberg, especially when s lies close
to, and especially just above, a resonance. Since the main emphasis here is on hadron-
hadron reactions, this will not be further elaborated, but would reemerge when considering

charged hadron collisions, like pp collisions.
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6.2 Lepton-hadron scattering and DIS

To understand the structure of a hadron, leptonic probes are especially useful, as they
interact weakly with the partons. Thus, to leading order there will be interactions with at
most one parton by exchange of either a virtual photon or weak gauge boson. Hence, this
probes the properties of the parton inside the hadron, a process known as deep-inelastic
scattering (DIS). The information gained will play an important role when it comes to
hadron-hadron interactions, since in this case partons from both hadrons interact, and
their properties are modified by the enclosing hadron. The consequences of this can be
inferred from lepton-hadron interactions.

The kinematics of this process are most conveniently described by the following set of
variables. The center of mass energy s is determined as s = (I + p)? from the incoming
electron and hadron 4-momenta [ and p, respectively. In the collision process, the exchange
particle carries the (space-like) momentum transfer ¢ = [ — p with Q% = —¢*> > 0. Since
the wave-length is given by 1/Q), this characterizes the structure size which can be resolved
by the probe.

Usually, the final lepton momenta [’ can be measured. Neglecting the lepton’s mass,
this yields

Q2 = —(l - l/)2 = 4E1El/ Sil’l2 g,

where 6 is the scattering angle. As will be seen, very useful is also the quantity v =
(I —1")p/M,,. 1If the final state can be, at least summarizley, measured, more information

are available. Especially helpful is the invariant mass of the hadronic system
W= (p+q)* = M} +2M,v — Q*.

Note that for elastic scattering W? = M?. Further useful quantities are

2
r = ¢

2Mhl/
_q-p
Yy = T
P

n = lIncotf

where especially z plays an important role later on, not unlike the case of x in the previous

section. The pseudo-rapidity 7 is derived from the rapidity

1. E+p,
—In
2 E_pz

in the limit of vanishing mass of the particle in question, and describes the relative angle

to the collision axis, i. e. of the projectile-target axis assuming a head-on collision.
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Under the assumption that the complete interaction can be described as just an ex-

change of a single particle, the matrix element can be written as

jny

M = g oy g (X1 0R),
where J is a current operator like ey e for an electron current, V' characterizes the ex-
changed particle, and g the couplings to this particle, and X is the hadronic final state.
If several particles could be exchanged, e. g. photon and Z boson, the matrix elements
must be averaged. This is a straight-forward extension, which will be neglected here, and
spin-orientation etc. will be implicitly averaged or summed.

This structure suggests to write the cross section as

47 (gvagnv)? &7
do = L H" ————
7T W p(QF+ M2 2B, (2r)
1
L = §<ZIJZ|Z'><Z'|JVIZ> (6.4)

Hu = oo SOOI XL @n) S(ox — k),

where k is the remainder momentum.

Assuming that this is the only interaction of the lepton makes the evaluation of the
leptonic matrix element straight-forward,

L, =210 +11 < Cre”l 1 2D 2
uy — wly + u'v 777uu +1 lveuy olr + wmy nuua

where the last two terms arise due to the parity-violation of the weak interaction, if the
exchanged particle is either a W or a Z. Due to the complicated internal structure of the
hadron, its tensor cannot be calculated as simply. However, its tensor structure is up to
dimensionless, real coefficient functions, so-called structure functions, uniquely determined

by Lorentz symmetry. It can thus be decomposed as
1
HY = =i pq (Fop!'p” + iFseblp’q" + (Fy + iF5)ptq” + (Fy — iF5)q"p” + Fsq"q”)

Note that there are also other definitions of the structure functions in existence, and in
case of polarized particles or additional measured momenta additional structure functions
appear.

This expression can be further simplified. If weak interaction effects on the internal

structure of the hadron are neglected, F5 = 0. Also, electromagnetic current conservation
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demands H,, to be transverse with respect to ¢, up to corrections of order (m;m,/Q?)?,

which are tiny. This yields

d’c AT ogyopy ) (zyMy,)? y?
12dQ? 5 (7 + M) (xy 1+ Yy 02 »—Cwer |y 5 ) 3

with the coupling constants « defined as a = ¢?/(4w). The structure functions then

depend only on Q* and x as kinematical variables, as well as Aqcp and the quark masses.

At very low energies, the lepton probes the hadron as a whole, and is thus primarily
sensitive to the charge density. It is found that the charge density is essentially exponen-
tially decaying at long distances, and thus, up to kinematical factors, F; and F, have a
dipole structure, while Fj vanishes, as parity violation does not play a role. At energy
scales sufficiently large to excite hadrons as a whole, resonance structures appear in the
F; reflecting this.

At very large Q%, the behavior changes, as the internal structure is probed. Especially,
the structure functions do not vanish at large 2, but rather tend in leading order to a
function depending only on z, the so-called Bjorken scaling. This is the behavior expected
for point-like, massless scattering centers. Since this independence implies Q? — 2M,v =
2xp-q, this looks like the probe would be elastically scattered at the scattering center, which
therefore has no internal excitations and appears unbound, a true elementary particle.
These results are only approximately true, and this behavior is slightly violated, so-called
scaling violations. This will be ignored for the moment.

A dependence only on x and point-like, essentially free scattering centers is just what
the parton model is. Thus, the scattering is described by parton density functions (PDF)
f(z) where f can be either ¢, g, with g any quark flavor, or g for the gluons. Then f(z)dz
can be interpreted as the probability to find a parton of type ¢ with momentum fraction
x inside the hadron. This probability will be dependent on the hadron under scrutiny,
especially for the different flavors.

A leading-order perturbative calculation this immediately yields the Callan-Gross re-
lation, 2xF} = F5,, one of the historically first indications for the point-like structure of
the partons. The remainder structure functions then depend on the charges involved. For

a photonic probe, e. g.
1 _ 4 _
Fzzxz<§(D+D)+§(U+U)), (6.5)
DU

where D collects the down-type quarks d, s, and b, while U collects the up-type quarks
u, ¢, and t. In this case F3 = 0. Note that due to the Appelquist-Carrazone theorem,
the PDFs are suppressed like Q?/M, qQ with the quark masses, and therefore heavy quarks
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rarely play a role, though some experimental results even exist for the charm content of
the nucleon.

Similarly, this leads back to the sum-rules of section 5.1.2. For the proton e. g.
[ dofu(z) - a(x) = 2
Jdz(d(z) —d(z)) = 1
[ da(s(x) = 5(2)) = 0.

and many others. It is often helpful to define formally valence quarks and sea quarks,

|

gs(x) = q(z) — qs(x) and G(x) = us(x) to remove the trivial contribution of conserved

quantum numbers from the quantum contributions. E. g. for the proton
[ dzu,(x) = 2

[ daus(z) =

[ dx(us(x) — us(x)) = 0.

However, relations like the last have to be taken with care. They are true for the C-

o

invariant and flavor-conserving strong interactions, but are violated by the weak interac-
tions and the CKM matrix. Though small, these effects have been experimentally detected.
E. g

[ dststa) = sta)

is not zero for the proton, despite appearance.
Of course, the total structure functions will have to be again summed over all possible

partons with all possible momentum fractions,
1 d
FVh 2\ _ / az (f ) FVI (02
7 (qu) ; th ZnuFuluR 3 (Q727MF7MR)7
0

where FV/ is the structure constant for hitting the parton itself with the probe V. This
treats the parton essentially as free, and only keeps the radiative corrections to the inter-
action with V. It is not sensitive to the environment, and therefore independent of the
hadron h. The PDFs f, encode all the information on the relation of the parton to the
hadron, but are not specific to the reaction between the probe and the parton. Again,
this factorization holds only under specific assumptions, though these are quite often ful-
filled. An often convenient choice for the scales is Q* = p% = 2%, which e. g. yields
F(Q 2,Q% Q%) ~6(1 - 2).

Formally, this expansion is only the leading term of a more precise operator product

expansion description, as introduced in section 5.1.1, in the limit of Q? — oo. In this
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limit, the PDFs also formally reduce to (h|N¢(x)|h), where Ny is the number operator.
The sub-leading terms of the OPE can be ordered by their so-called twist, i. e. the difference
between the (canonical) mass dimension and the spin of the operator. Sub-leading twist
contributions have been measured and calculated. Note that, as with all expansions, also
this OPE is only valid under certain conditions, and higher-twist corrections can become
more important than the leading-twist contribution.

The deviations of the f from a dependence entirely on x can be determined as long
as the scales Q* = p? = p% = p% is sufficiently large as to make the development be
dominated by perturbation theory. Then, the renormalization group introduced in section

5.1.6 can be used. This yields the so-called DGLAP evolution equations
1

,uza;ﬂq = /0452(7/:2) (qu(z)q (galﬁ) + Pyg(2)g (27/12)) (6.6)

T

w0t = [ (27 (L) + Putla (L02)) 67

xT

: 2
Mza;Pg = /0452(: ) (ng(z)g (3#2) + Z qu(z)f (ga,uz)) (6.8)
z I=a,q
The structure of these equations are rather straight-forward. They require the knowledge
of the PDF's in some input range (z,1) for a given x. Since large = correspond to small
momentum fractions, these are the unknown non-perturbative contributions. Then each
term describes the probability of a parton described by the input PDF to split into a
parton of the desired type at the probed x for every x. This occurs, of course, with a
coupling strength ag. If assumed that this process is governed by perturbation theory, the
splitting functions P can be determined in perturbation theory. To leading order, they

are given by

1+ 22
P, = :
qq Cr < 1— 2 ) (6 9)
P, = Tp(z*+(1-2)?) (6.10)
z 1—2 110A—4npr
P, = 2 1— 11— A1
o CA((l—z)+ + p, + 2( z)) + 5 6(1—2) (6.11)
2
Pog = ot P 2N (lz 2 : (6.12)

where the + subscript is defined as

P(e)e = F(2) = 01 2) [ dyF(0)
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Of course, higher-order corrections can be determined. With the DGLAP evolution equa-
tions it is no longer necessary to determine the PDF's for arbitrary momentum fractions x,
but only in the non-perturbative domain. Up to sub-leading non-perturbative corrections,
they can then be determined for all other x. Of course, in practice the input PDF's are
from experiments, and therefore of limited precision. Thus, the PDFs determined through
evolution will inherit this uncertainty, and it usually tends to blow up for smaller and
smaller . This is especially true for sea quark or gluon contributions, which are some-
what harder to extract than for the valence quarks. Similar equations can also be derived
for the fragmentation functions. In practice, PDFs are parametrized in some way, and
then the parameters are fitted such as to reproduce experiments best. There are many
strategies for doing so, and this is far beyond the scope of this lecture.

Note that such evolution equations must maintain the Llewellyn-Smith sum-rule

1

/d:prf(x) =1, (6.13)
0 f

which is just the statement that the partons make up the complete hadron'. Since the

quark PDFs are found to saturate only the sum rule for the proton to about 50%, the
presence of a large amount of gluons becomes explicit. This was one of the first indirect
indications for the existence of gluons.

Of course, since the parton has been removed from the hadron by the interaction with
V', it will afterwards fragment in the same way as for the lepton-lepton collision described
before. The factorization ensures this multi-step process as three independent steps. The
first is the selection of the parton by means of a PDF. The second is the interaction with
the probe. And the third is finally the fragmentation. If the energy of the struck parton
is large enough, the fragmentation will not be into a single hadron, but usually into many
hadrons, which will share the kinetic energy of the original parton, as well as its quantum
numbers?. If the kinetic energy is substantial compared to the total mass of the produced
hadrons, the hadrons will be highly collimated in the original movement direction of the
partons. Such a collimated spray of hadrons is called a jet.

Of course, the hard interaction between the probe and the parton does not need to
be confined into the kicking of a single parton outside of its original hadron. In the

process further partons with high energies can be produced, e. g. by gluon radiation, or

'In principle, all other particles have to be included besides quarks and gluons. In practice, their

contribution is essentially always negligible.
2Soft partons from the struck hadron are needed to maintain color neutrality of the fragmentation

products. This is usually assumed to be a negligible contribution to the final result.
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the fusion of the probe with a gluon into a quark-anti-quark pair via a loop process. In
this case, multiple jets may arise, which carry the relative kinematical information of the
original partons. Note that the hard interaction may also produce particles other than
partons, especially leptons or weak gauge bosons. They will not fragment immediately. If
sufficiently stable, they will escape the collision. Otherwise, they will decay. If the decay
is once more into partons, this may also induce secondary jets.

The remainder of the target hadron is of course still there, and will either also fragment
in some way or be essentially unchanged and propagating almost on its original course, the
latter happening quite often at small x. For this to happen, the struck parton must have
been emitted essentially as a collinear, colorless virtual particle, which is struck instead.
This hypothetical particle is called a pomeron, an object of which the precise nature
is not fully understood, but must contain several colored constituents. This is called a
diffractive process. Since essentially the pomeron’s substructure is probed in this case, the
PDFs from diffractive events are not the same as for non-diffractive events, and therefore

not universally applicable for interactions involving the original hadron.

6.3 Hadron-hadron scattering

In hadron-hadron scattering at low energies, the interactions are mainly due the hadrons
as a whole. They are therefore dominated by non-perturbative contributions, and have to
be treated as such. This is the realm of chiral perturbation theory or of phase shift analysis
in lattice calculations. Since these are thus either very phenomenological or treatable with
the techniques already discussed, they will not be within the focus here. More interesting
are high-energy reactions, which are not accessible with either methods, since both are
either conceptually or computationally restricted to sufficiently small energies.

Of course, hadron-hadron interactions manifest all the behaviors seen in the previous
two cases, and hence in the following only those aspects will be highlighted where differ-
ences occur. Particular interesting is the case of large center-of-mass energy s — oo in a

two-to-two process. The total cross-section is found to behave like

1 s a;—1
Tz \ a2 ’

where 7 identifies some quantum number channel. The mass-scale M is just setting the
scale. The «(0) describes the intercept of the Regge trajectory in the corresponding
quantum number channel. Especially, if the exchange particle would have spin J, then

without interaction «;(0) = J. However, QCD modifies this to a different number, of
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order 1, which is characteristic for every Regge trajectory. If the exchanged particle is the

ominous Pomeron, it is almost exactly one.

This is still the case of rather soft interactions, where the exchanged energy is small,
but should give a flavor of non-perturbative contributions. At smaller energies s, e. g. res-
onance structures due to bound states appear, and a description beyond phenomenological

approaches is so far nigh on impossible.

Thus, so far most useful are hard interactions with large momentum transfer, such that
like in DIS the parton interaction can be factorized. A cross-section for the production of
weakly interacting final state particles X, plus possible remnants of the projectiles, takes

the form

1
dd(hH — X) = /dxldx?Zfa/h(xh:u%?aM?%)fb/lm(x%N%?lﬁ%)dgabﬁX(Q{M%vlﬁ%)v
0 ab

where the momentum transfer Q? is assumed to be only between the two partons. If the
initial state is a hadron-anti-hadron pair, and the final state a lepton-anti-lepton pair, this

is called a Drell-Yan process.

The process factorizes in taking a parton from each hadron, and let them interact in
a hard way to produce the final state. It is necessary to take all possible partons, with
all possible energy fractions, into account. Of course, if the final state X includes also

partons, then these need again to be fragmented.

Of course, there are again the remnants (or unchanged projectiles in case of diffrac-
tive interactions) of the original hadrons. However, in the usual head-on collisions, they
essentially keep the original direction of movement, as their interaction is limited to small
momentum transfers. The hard sub-processes has in general isotropically distributed large
transverse momentum, in the center-of-mass system, with respect to the collision axis, and
therefore can be isolated from the remnants. This transverse momentum, that is the mag-
nitude of the transverse part of the momentum of the detected particles, is often a much
better quantity to characterize produced particles than their full momentum. The total
initial transverse momentum of the event is zero, and little is unobserved with the rem-
nants. For the longitudinal part of the momentum, and thus the complete momentum, an
unknown part is carried away with the fragments of the projectile, especially if undetected
particles, like neutrinos, arise. In a similar vain, also transverse energy is defined as the

energy from the rest mass and the transverse momentum.
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6.4 Factorization schemes

PDF's appeared so far as somewhat physical objects, as they seem to describe the hadron’s
structure. However, this is only true at leading order.

Consider the process of photon scattering at sufficiently large @2, such that all masses
can be neglected. To leading order?, the hard process will be ¢v* — ¢/, i. e. a quark will be
hit by the necessarily virtual photon, and thus receive a kick. Gluons do not contribute at
this order, as they do not couple electromagnetically. It is useful to split for the following

the hadronic tensor H,,, irrespective of whether on parton or hadron level, in two parts

Hy, = —n"H,
HL = pHpVHuu-

This permits to express the structure function as

1
F: d 1 3 — 242>
i ;/ T (e s T )

1
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The € herein is the same as has been introduced in dimensional regularization in section
4.6.5, i. e. calculations are performed in 4 —2e dimensions. Without loop-level calculations,
e can always be set to zero, but its explicit factorization is useful in actual calculations.

The calculation of the leading order hadronic tensors is straight-forward, and yields

Hy = e}(1—e)zd(y — =)
H;, = 0.

Hence, the result is

20k, = = xZefcf(x)
9,9

This reproduces the Callan-Gross relation. It also shows that the structure function, which
is observable, is directly related to the PDF. This result is the origin of relations like (6.5),
and the idea of interpreting PDF's as physical quantities.

3There are many subtleties, similar as those discussed in the ISR, with collinear particles in the final
state. This problem can be dealt with using perturbative techniques not specific to QCD. They will

therefore not be detailed here explicitly, except where necessary.
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This picture is eradicated at next-to-leading order. If the same flavor should be ob-
served in the final state, only the additional process v*¢ — ¢’'¢g contributes at the next
order. There are four possibilities, two including gluon radiation and two including photon-
gluon fusion. This is still a tree-level process, but it involves a certain problem, a collinear

singularity. The result for Hy, can be written in terms of the outgoing quark momentum

o1 ==z
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qJ = 7(1, —sind, 0, — cos @),

where thus # is the angle between the incoming quark and the gluon momentum, as

+1
1 2(1—2) 1—-cos# 2z(1 + cos 0)
Hy, = 4elasCp— [ dcosf
= % F167T/ o8 <1 —cosf  2(1—2) (1—2)(1—cosh)
-1
which is singular for cos@ — 1. This corresponds to a gluon being essentially collinearly
emitted, i. e. with transverse momentum k% = §/4sin? 6 being almost zero. To regulate
the expression, a lower cutoff x2, can be imposed on the integral*. Performing the integral

then yields
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Hy = ezg (qu(z) lnf_j + Rff(z)) g

where P,,(z) is given in (6.9), and Ry(z) is finite for k*/Q* — 0 and vanishing terms
have been suppressed.
For Hj, to this order no such divergences arise, the calculation can be performed in a

straightforward way, and it will thus only modify Rs¢. This yields for F,

1

ULl o (P / e, (3) 5 (qu(Z) lnf—j + Rff(z))

x 2" \z
f o

This shows that F5 is beyond leading order no longer a measure of the PDFs. But this
makes F, also dependent on the arbitrary cutoff &.

The origin of this is that the soft gluon is strictly speaking not a perturbative object.
It therefore should rather be part of the PDF. However, this leaves open the question of
the scale from which point onwards on a gluon should be considered part of the PDFs.

This scale up is arbitrary, and is just the same factorization scale as introduced already

4A more formal approach would used dimensional regularization instead, but yields ultimately the

same results.
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in (6.3). It is here introduced by defining a new parton distribution function

1
2
fF(;L*’M?’R?) = f(z,k) + / %q (g, H) % (qu(z) ln% + Rf(z)) )
Of course, since the splitting is arbitrary, also the original PDF must now be changed to
include this arbitrariness. However, if the whole process is well-defined, as it is experimen-
tally observed, the final result can not depend on x, and therefore the modified PDF f¥
cannot. Thus, the underlying assumption is that the dependencies on s on the right-hand
side cancel. Since in the end only f¥ will be fitted to experiment, this is, in a sense, a
self-fulfilling prophecy. This redefinition is also arbitrary in the sense, as nothing prevents
from including finite parts of R into the PDF, and thus add a function Rf, which will
become negligible at large Q%. While the dependency on & is fixed, this arbitrariness in R
implies that there are different schemes to factorize soft gluons, and thus, similar as for a
renormalization scheme, a factorization scheme is created. However, since soft gluons are
assumed to be emitted in the same way for all processes, the procedure is afterwards fixed

for all calculations. Still, the final result

1
2 2 2

Bl @iy S (o ) + [ () o (Pum G + Ry - R) |
depends on this scheme. Due to this arbitrariness, PDF's are not physical, as they depend

on the scheme. Of course, the scheme-dependence is only an artifact of our inability

to provide a full non-perturbative calculation. However, as for renormalization schemes,

higher order results do not manifest a full independence on up, and thus remains always

a scheme dependence. The residual dependency on this is a systematic error, for which

the same considerations apply as for any systematic error.

Schemes are then defined by defining R? . Commonly used schemes are minimal sub-
traction schemes without finite terms, R}'® = 0 and the DIS scheme with RY'® = Ry,
such that only the leading part remains in the perturbative calculation. As noted before,
a common choice is pr = Q? in single-scale problems, as this eliminates the logarithm. In
the DIS scheme, this yields that also to NLO I, = 2} . e?ffms(x), though an explicit
calculations shows that this is no longer equal to F} at this order. However, it should be
noted that the function Ry contain process-dependent contributions, as they are calculated
based on the process at hand. Thus, while being universal for all processes of the same
type, this remains no longer true, if, e. g. hadron-hadron interactions are considered, as in
section 6.3. This does not happen for the MS scheme, as there no trace of the underlying

process remains, at the expense of more complicated formulas for the structure functions.
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In practice, the (unjustified) estimate of the systematic error is obtained by varying u%
in a certain window, usually by factor of 2-3, and take the variation under this change as the
error. This follows the procedure used for the residual dependency on the renormalization
scale.

It should be noted that such logarithms do in general not only arise due to collinear
emissions, but can also occur in the form of In(1/z) when the momenta of the emitted
particles become small, similar to the Landau pole of QCD. Especially, contributions
can have both singularities simultaneously. These are therefore also non-perturbative in
origin, and have to be treated likewise. Various schemes have been developed for these
cases, similar to the DGLAP evolution equations, e. g. the BFKL evolution equations,
which describe the behavior in x similar to the one in Q? of (6.6-6.8). In the end, all of
them have to some extent to cut off the growth towards the non-perturbative domain,
either with methods similar to those discussed above, or by introducing models for the
PDF's which counteract the growth explicitly. This remains an active area of research.

It is, however, clear, that the ultimate resolution will be of non-perturbative nature.
E. g., small x means a small momentum fraction, and therefore many partons. Since any
parton has a cloud of virtual particle, it has an effective size. At some point, so many
partons are present that the picture of almost non-interacting particles no longer holds,
as they start to overlap, and interact strongly. Various ideas have been proposed to deal
with such a situation, ranging from effective shadowing to limit the number of effectively
present partons up to an effective condensate (color glass condensate) which describes
the remaining partons as a background effect to give the single soft parton a well-defined
behavior. Though these pictures show some success, none of them can satisfactorily explain

all observed phenomena quantitatively equally well.

6.5 The nucleon spin

So far, the discussion has concentrated on a situation where the particles have not been
polarized, and therefore the results were independent of the initial and final spin alignment.
It is experimentally possible to use polarized particles, and also measure to some extent
the final spin. This adds another reference direction, in addition to those signaled by the
momenta, complicating things. Especially, it introduces on top of the structure functions
polarized structure functions. Similar calculations can then be performed as before.

One of the major results of such experiments was that a sum-rule similar to the
Llewellyn-Smith one (6.13) can be constructed for the nucleon spin. And again, it was

found that the sum-rule is only saturated to about 50% by the valence quark contribution,
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indicating once more the existence of additional structure. However, in contrast to (6.13),
the contribution of the gluons, though quite hard to measure, was found to be small, such
that even when including gluons the sum-rule is not fulfilled. In contrast to the momentum
sum-rule, the spins of the partons do not need to saturate the possible contributions, as
relative angular momentum of the partons can also contribute.

The problem is that, in contrast to ordinary quantum mechanics, it is in a non-Abelian
quantum gauge field theory not possible to give individual physical meaning to orbital
angular momentum and spin, as both parts become gauge-dependent. Therefore, the
contributions cannot be measured separately, at least not in any gauge-invariant way. This
has made the resolution of this problem, once inadequately termed spin crisis, somewhat
involved, and not finally settled.

Though no similar results for other hadrons exist, it can be rather safely assumed that

similar problems would arise as well.

6.6 Hadronization

One other input was the fragmentation functions which ultimately describe how partons
struck out of a hadron are observed. This information is, e. g., relevant for how the energy
deposited in a jet relates to the original energy of the parton, especially when it comes to
particles escaping outside the jet cone, or how properties like flavor are transported. The
latter is especially interesting to distinguish between gluon and (anti-)quark jets. However,
because high-energetic partons fragment into many hadrons, it is practically impossible to
both measure and parametrize the fragmentation functions, while this is still possible as
long as the parton only hadronizes in very few particles.

Thus, the same procedures as for PDF's do not work. Since a first-principles calculation
from QCD is at the time also prohibitively complicated, the current solution is to refer to
simplified models, which can be treated at least stochastically. A wide range of such models
exist, where the approximations and model parameters are adjusted such as to describe
different experiments equally well. The so tuned models are then used in their fixed form
for calculations. Though not a perfect solution, several different models yield compatible
results, and describe the experiments reasonably well. Hence, often the deviations between
different models is used as estimate of the systematic error.

Of course, as with PDFs, the fitting always leaves a residual risk that effects are
included in the fit rather than being distinguished as a new phenomenon. To counteract
this possibility, the fits can be performed on a subset of a set of tuning experiments, and

tested against the remainder, to check for any systematic deviations.
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6.7 Monte-Carlo generators

As is visible, the experimental description of collisions is usually performed in a three step
process, as far as factorization is viable. The first step is to obtain the initial particles for
the interesting process. These are described by the various PDFs of the initial projectiles.
The second step is to calculate the elementary process, usually performed perturbatively,
to a certain order in perturbation theory. For the LHC at this time most such hard
processes are calculated to orders between tree-level and NNLO. The third step is then to
transform the final state of the elementary reaction into the particles finally observed in
experiments. This involves usually first a decay cascade of the particles obtained in the
elementary process into electrons, positrons, muons, photons, and other particles stable
and weakly interacting on the scale of the experiments or into quarks and gluons. In the
latter case also the creation of jets and/or fragmentation must be calculated, to obtain
the final state.

While the initial state is rather simple, already the possibly involved intermediate
particles before the hard collisions can easily number dozens. Moreover, even at moderate
orders of perturbation theory, very many contributions appear. The final state is even
more complex, and can involve many final particles, and several jets - up to eight jets and
about a dozen quasi-stable particles are currently feasible for experiments.

To deal with this complexity requires computers. For many theories, the outer part
of the event, the creation and fragmentation of the particles entering into the elementary
hard process, is the same. Hence, this part can be automatized. Such programs, in which
only the elementary cross-section is used as an input, are called Monte-Carlo generators.
They perform a stochastic simulation of all possible background for a given signature, to
provide stochastic estimates of the expected event signature for a given hard subprocess,
just like real experiments are stochastic samples selected by certain properties of their
final states. Current examples are publicly available codes like Sherpa, Pythia, Herwig, or
Whizard, and can be downloaded, e. g., at www.hepforge.org.

Even the elementary cross-sections can be calculated in many cases automatically,
especially at tree-level. In these cases only the Lagrangian has to be provided, to permit

an automated calculation from the initial to the final state.

6.8 Nuclear physics

The ultimate version of hadronic interactions is, of course, nuclear physics. While it

should in principle be possible to calculate all nuclear processes directly from QCD, this is
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in practice almost impossible, just as solid state physics is something not directly accessible
from QED. The reason is that with the number of valence partons involved, the problem
size usually grows factorial. This even prevented so far a successful calculations of many
n-body hadron problems, such as determining the mass of the deuteron, let alone helium,
even with the most powerful lattice calculations. The same is true for functional methods,

where only now baryons become accessible.

Thus, nuclear physics has so far been mainly the purview of models. There are of course
quantum-mechanical models, like the shell model, to describe the properties of nuclei. The
approximation with quantum mechanics is to some extent justified, as the average binding
energy and kinetic energy of nucleons is of the order of MeV, while the masses of the
nucleons is of order GeV. The necessary potentials are rather involved, as simple two-
body interactions only describe some bulk properties reasonably well, but already fail in
describing several less prominent features. Thus 3-body, and partly 4-body, interactions

are required.

To provide this potential, two possibilities are in widespread use. One is to model this
potential on the most generic principles, and then fit the parameters using experimental
data. The second is a derived approach, where the potential is attempted to be obtained
from QCD. One possibility is again lattice calculations. Though in general having the same
problem of factorial growth, the demand of having three, or possibly four, particles is more
reasonable to be achievable. However, at the current time, the available precision is not
yet sufficient to rival phenomenological estimates. The second option is by going through
the chiral perturbation theory of section 5.2.4. This allows to derive nucleon interaction
from the more basic general hadron interactions. However, this is to some extent limited,
as the mass of nucleons, which need to be included into chiral perturbation theory leading
to baryon chiral perturbation theory, are strictly speaking too large compared to the
expansion parameter of the pion mass. Still, the obtained results are currently competitive

with purely phenomenological fits.

Finally, if only a qualitative picture is required, somewhat simple models for the cal-
culations of the most basic properties can be used. This may be a feasible compromise
when more bulk properties are required for many-body problems. After all, each nucleon
adds already in the quantum-mechanical case to the size of the Hilbert space. Since the
problems are no longer analytical feasible already in quantum mechanics, and, e. g., vari-
ational methods are used, the size of this Hilbert space is a serious constraint in practice

for many-nucleon problems, say substantially above iron.

To construct a sample model, some basic properties of nucleon interactions are required.

Assuming the relevant energies sufficiently small to neglect excited nucleon states, i. e.
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below the roughly 250 MeV needed to create a A, only the nucleons v are needed. For
many questions, isospin breaking and electromagnetism are also only second-order effect,
and thus just two flavors of nucleons with the same mass are required. The primary
interaction will be due to the exchange of pions 7, the lightest hadrons. They need to be
included. But to obtain both attractive and repulsive channels requires at least one more
hadron, usually a vector meson, the p. Since the cutoff will anyhow be small compared
to the p mass, this particle can be modeled as an elementary vector boson with a mass,
despite this leads to a superficial violation of gauge invariance. To model chiral symmetry-
breaking effects along the lines of the linear-oc model in section 5.2.1 also the ¢ has to be
included. This will help to have the correct m dynamics. The final Lagrangian of the
nucleon-meson model then looks like
/

1
L = 9 (i&ufy“ — GaNU — g”TNp“’y“) P+ 3 (0,000 — X\(305 — v*)0)

1
+5 (Oum0"m — Nog — v*)7?) — Aoo(og — v*)o — Aog(o? + 7°)

A 2 212 2/ 2 9 1 y 2 m?) .
+,¢_} (gaNU + gﬂNﬂ') , (614)

where the various appearing constants have to be fixed by experiment, and 7 = 7n%7%. A
mass difference between proton and neutron could be introduced by an additional explicit
mass term for the nucleons, which is not proportional to the unit matrix in isospin space.

Already the model (6.14) is quite elaborate, especially when compared to the simplicity
of QCD itself (4.1). However, it is still simpler compared to the many-body problem of
QCD. This should illustrate the problem of emergent phenomena in hadron physics.

Note that by reinterpreting the nucleon fields as quarks fields, supplemented by a global
color symmetry, this model is also known as the quark-meson model.
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The QCD phase diagram

The ultimate question of nuclear physics are the properties of neutron stars. In fact, a
neutron star can be considered as a gigantic, stable nucleus, though this is an oversimpli-
fication. Since the density inside a neutron star increases from the outside to the inside,
the physics will change. While the outer part is indeed essentially a nuclear system, the
situation in the interior is not clear. Because QCD is so strongly interacting, it is very
hard to treat it in such an environment, and even lattice simulations fail.

The reason is actually not the strongness of QCD. It is rather a problem which has to
do with the distinguishability of particles and anti-particles, and how this can be treated
if there are more particles than anti-particles. For some theories, like QCD, but there
are also such systems in nuclear physics and solid-state physics, this entails algorithmic
problems, the so-called sign-problem, which prevents so far the development of efficient
simulation algorithms, as the computation time scales exponentially with the system size.
It is a technical problem, and not a physics problem. The origin of this problem comes
from the determinant in (5.7). For QCD, this determinant develops a complex phase
dependent on the chemical potential at finite density. In a numerical averaging procedure,
such a phase implies oscillations, and the numerical averaging procedure becomes thus
extremely unreliable or expensive. Other methods, especially functional methods, do not
suffer from this problem. However, they are also facing (yet) problems, e. g. in terms of
accurately describing baryons.

It is therefore still an open field what actually occurs near the core of a neutron star,
and whether the state of matter there is still just many nuclei, or whether other hadrons,
including strange ones, play a significant role.

The situation in neutron stars is only a part of a wider topic, the QCD phase diagram,
i. e. what is the state of matter at densities of similar or larger size than in nuclei and

temperatures of size of hadron masses.
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Experimentally, these are very hard to address questions. For neutron stars, possibly
gravitational wave astronomy, together with the X-ray spectrum of neutron stars as a
function of time, as well as their sizes and masses, will be the only available experimental
input for a long time to come.

At much smaller densities, the situation becomes essentially the one of nuclear physics.
here, experiments with nuclei, especially collisions, can be used. In this way, it was possible
to find that there is (very likely) a phase transition between a gas of nucleons and (meta-
)stable nuclei at roughly the density of nuclei, which permits to form nuclei. Since the
nuclei show properties that are best described as them being droplets of a liquid made up
of nucleons, this is also known as the nuclear liquid-gas transition. This phase separation
persist for a few MeV in temperature, up to about 15 MeV, where it ends in a critical
end-point. Thus, both phases are not qualitatively distinguished, just like in the case of
gaseous and liquid water.

From the point of view of particle physics, the involved energy scales of nuclei are very
small, and the distinction between the liquid and gaseous phases is essentially irrelevant.
Thus both phases are not regarded as different. This common phase is denoted as the
hadronic or vacuum phase, the latter as for all practical purposes the phase consists of far
separated hadrons with vacuum in between.

There are now several interesting directions to move on. Usually, they are signified by
temperature and the baryon-chemical potential , i. e. the chemical potentialdistinguishing
baryons and anti-baryons. Thus, zero (baryo-)chemical potential! denotes a situation in
which there is the same number of baryons and anti-baryons, which includes the possibility
of none of either type.

When neutron stars are interesting, the axis with zero temperature and finite baryo-
chemical potential is most interesting. Neutron stars do have some temperature, but it
is of the order of one MeV, and even during their formation in a supernova explosion
or during a merger it does not exceed 10-20 MeV. On hadronic scales, this is essentially
negligible. Thus, to good approximation it is a movement only along the baryo-chemical
potential direction. Starting from the vacuum, i. e. zero baryo-chemical potential, it can
be shown exactly that nothing will happen before reaching a chemical potential of roughly

a third of the nucleon mass. This is due to some analyticity properties of the free energy

1 As in most cases only the baryo-chemical potential is present, the word baryo is dropped. The only
other chemical potentials of relevance in most cases are an isospin-chemical potential, which gives the
difference between up and down quarks, and is therefore relevant in neutron stars, though it is even
then only small because of the close similarity of up and down quark, strange-chemical potential, which
determines how many more strange than anti-strange quarks appear, and electro-chemical potential, which
indicates the presence of electrons.
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as a function of the masses of the lightest baryon, and the fact that it is made out of three
quarks. This feature is called the silver-blaze feature. However, any small temperature
will change this, and it is then only approximately true for chemical potentials much larger
than the temperature, but smaller than this silver-blaze point.

After this point soon the nuclear liquid-gas transition is encountered. After this exper-
imentally established point, as noted above, no fully reliable results are available. There
are some reasons to believe that at least one further phase transition will be encountered,
though even this is not sure. It is furthermore unclear whether this will happen at densities
sill relevant for a neutron star, or significantly above it. However, model calculations, i.
e. calculations using simplified versions of QCD, as well as comparisons to other theories
which are similar to QCD, indicate that there could even exist many different phases, some
amorphous, and some crystalline, in which besides the nucleons also other hadrons, like
pions, kaons, and hyperons, may play a role.

The situation is much better regarding zero chemical potential. This situation is rel-
evant in the early universe. At that time all matter in the universe is already present,
and there is thus a sizable amount of baryons, but the temperature is high enough to
thermally produce baryon-anti-baryon pairs. This reduces the chemical potential to very
close to zero.

This situation is good accessible experimentally by high-energy heavy-ion collisions,
e. g. at the LHC with up to 2.4 TeV kinetic energy per nucleon for lead nuclei. In such
an experimental setup, temperatures as high as 600-700 MeV with almost zero chemical
potential, despite the 416 nucleons in the original nuclei, can be achieved. Furthermore,
this situation poses no serious problems to numerical simulations. Hence, the knowledge
of this axis is rather good.

It turns out that the physics depends significantly on the masses of the up and down
quarks. Though this is also suspected for the remainder of the phase diagram, it is evident
in this case. If both quarks are very heavy, there is a first-order phase transition at a
temperature of about 250-300 MeV. As the quark masses become lighter, this temperature
decreases, and the transition becomes a rapid cross-over at a temperature? of about 150-160
MeV. This is the situation for up and down quark masses observed in nature, the physical
masses. The mass of the strange quark influences the precise values of the temperatures,
but does not provide any qualitative influence, and the heavier quarks have even less
relevance. If the quark masses are decreased further, the temperature still drops a little

bit. More importantly, at some point the cross-over turns again into a phase transition,

2There is no unique definition of a cross-over temperature. This is just the temperature were most

changes occur.
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this time of second order, becoming first order for even lighter quark masses, and remains

until zero quark masses.

The critical temperature can be inferred from a rather simple argument, due to Hage-
dorn. When plotting the number of hadronic states, including resonances, as a function
of mass, the resulting curve is an exponential. Of course, at some point the states become
very unstable, or further flavor thresholds open, such that this curve is not experimentally
confirmed at arbitrarily high masses. Assuming that it continues nonetheless, there is an
exponential density of states. Neglecting interactions, and just inserting this density of
states into a thermodynamic calculation, the resulting free energy will diverge at a char-
acteristic temperature, the Hagedorn temperature, being indeed roughly 150 MeV based
on the known hadronic states. Of course, such a divergence is unphysical, and indicative
of either a phase transition or that the density of states is modified by some new effect.
For QCD, the latter is just that the substructure of the hadrons become relevant.

What happens can be understood already in a simple picture. Temperature is classi-
cally nothing more than the kinetic energy of particles. In a quantum theory, temperature
is just energy, which can also be converted to new particles. This will be exponentially
suppressed with the mass of the created particles. Hence, the lightest particles will be
most copiously produced. In QCD, these are the pions. These particles will have large ki-
netic energies, and will rapidly and repeatedly collide. At very high temperatures, because
of the asymptotic freedom of QCD, these scatterings will mainly be dominated by hard
partonic scatterings, and thus be almost perturbative. Thus, QCD becomes essentially
as it behaves at high-energies. Especially, this implies that the effects of chiral symme-
try breaking become reduced, and the quarks lose their effective mass, though not their
current mass, at the phase transition or cross-over. In fact, in the limit of zero quark
mass, the second order transition becomes a symmetry transition where chiral symmetry
becomes restored. At the same time, since most collisions are hard and partonic, excited
states become very unstable and in most cases it does not matter anymore that quarks are
confined into hadrons. They act effectively as if they would no longer be confined. Thus,
one speaks also of a deconfined phase, and calls the transition a deconfinement transition.
However, since it is a cross-over, it is clear that qualitatively nothing has changed, but

quantitatively it is a completely different situation.

As a consequence of this dominance of the partonic degrees of freedom and asymptotic
freedom actually the high-temperature thermodynamic behavior of the theory is essentially
that of a free gas of quarks and gluons, a so-called Stefan-Boltzmann gas. The reason is
mainly that the hard processes contribute to the free energy like the temperature to the

fourth power, while all other effects contribute at most like the cube of the temperature,
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or even less. Hence, they become for thermodynamic bulk properties, i. e. extensive
properties, irrelevant. Still, there are certain observables which are sensitive to non-trivial
effects. Furthermore, the transition is very slow, and even at a few times the transition
temperature even the bulk quantities are not yet fully dominated by the partonic processes.

The system then behaves not like a gas, but rather like an almost ideal fluid.

This is also the situation encountered in the early universe. While it cools done, it
will go through this cross-over. Before that, it is essentially dominated by the quarks
and gluons, and only afterwards it starts to be dominated by the hadrons. However,
because the transition is a cross-over, it seems that the transition had little quantitative
influence on the evolution of the universe. Still, the point where it became possible to form
stable nucleons is an important point, as this fixed the relative abundances of elements in
the early universe. This process is called nucleosynthesis. The relative amount of nuclei
created at this time, essentially only hydrogen, helium, lithium, and their isotopes, have
been both observed and calculated. Both theory and experiment agree for most isotopes

rather well.

The situation in the remainder of the phase diagram is not yet clear. It is possible
to map out parts of it with heavy-ion collisions at lower energies. Because then less
energy is available, less particles are produced, and therefore the baryon chemical potential
is larger. Still, the accessible region is that of rather high temperatures, above those
characteristic for neutron stars, and likely below the relevant chemical potentials. Also,
numerical simulations start again to fail the larger the chemical potential becomes. Hence,
the situation becomes less and less clear. What seems to be certain at the current time
is that for quite some distance into the chemical potential direction little changes, and
the cross-over remains at a temperature only slowly decreasing with increasing chemical
potential. There are some speculations about a critical end-point, from which a phase
boundary starts, which eventually meets with the chemical potential axis, but this is not
yet settled. Other than that, the field is still wide open.

7.1 Deconfinement

At several points it has been mentioned that hadrons should start to overlap. This can
occur either through thermal particle production, essentially pions, or by increasing the
net baryon density. At some point, so many particles will be present that the inter-particle
distances will become substantially smaller than the size of a typical hadrons. At the same

time, the typical energies, i. e. either the typical thermal energies or the typical energies
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above the Fermi energy of the baryons, will become large compared to® Aqcp. Thus, most
interactions will become hard, and the effective interaction starts to become weak due to
asymptotic freedom: Hard scattering processes start to dominate.

This is also manifest in thermodynamic bulk quantities. E. g., the free energy behaves

at very large temperatures like

Tn2T4 T
—Q=P=N,—— — T3
© 180 +O(lnT’ )

and thus like a gas of free gluons and quarks. The sub-leading corrections stem from
two contributions. The logarithmic first part originates from perturbative contributions,
while the second part is from non-perturbative ones. The reason for both of them being
sub-leading is that the hard interactions characterized by the scale T dominate due to
asymptotic freedom. Hence, at sufficiently high temperatures the bulk thermodynamics
of QCD appear as the one of a free gas of quarks and gluons, manifesting very much the
idea that due to the overlap of the hadrons the quarks and gluons become liberated, and
are therefore free, or deconfined.

Of course, this is only true because the hard processes dominate due to asymptotic
freedom. Since the transition is just a cross-over, there can be no qualitative change,
though arbitrarily large quantitative ones. Especially, by scattering with thermally excited
particles, even usually stable hadrons are no longer so. Only some kind of collective
excitations will survive, like in any thermal medium.

However, since the (valence) quarks and gluons are no longer necessarily located within
a given hadron, like in the vacuum, and parton-exchange reactions become common-place,
this distinction is almost semantical. Still, gauge-invariance requires that the medium re-
mains strictly and locally color-neutral, but the effective excitations can have substantially
different forms then those at zero temperature*. Another reason is that the Wilson string
tension defined as one kind of confinement vanishes even over intermediate distance, and
actually also vanishes in pure Yang-Mills theory. However, the necessary ingredient for
interpreting the Wilson potential as a (quasi-)potential, that it describes interactions over
a temporal extent, is lo longer valid in a thermodynamic setting, as there is strictly no
time dependence in equilibrium.

Thus, though often heard, the notion of deconfinement at finite temperature remains

somewhat murky.

3 Actually, for reasons becoming clearer in a formal field-theoretical language, the relevant energy scales

are 71" for fermions and 271" for bosons.
41t is long speculated whether in a thermal medium it is, e. g. possible to obtain a gauge-invariant

quasi-particle with fractional baryon charge. This was not successful so far.
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Similarly, at asymptotically large densities, the leading-order of the free energy is again

just the Stefan-Boltzmann-type behavior

72T piT> g
—Q=P=N, A
(e ().

and similar arguments can be made on the notion of deconfinement. However, it is un-

known whether there is a phase transition separating a high-density phase from the re-
mainder of the phase diagram, and therefore, at least for now, a qualitative change appears

at least not impossible.

7.2 Chiral symmetry restoration

Much less controversial than deconfinement is the fate of chiral symmetry: It becomes
restored. At light quark masses, this actually occurs as a phase transition. This does
not alleviate the problems with an analytical connection between the low-temperature
and high-temperature phase, as the connection is still possible in the full quantum and
thermal phase diagram by making a detour over the mass.

How chiral symmetry restoration acts can be seen best in the linear-o model, but
for simplicity actually just a simpler model with only two particles and a U(1) global
symmetry suffices, with two fields, the massive ¢ and the massless m, with the vacuum
expectation value of the original field f. This will also outline other aspects. A useful

starting point is given by formulating the Lagrangian as
— Lo ore — Leas? - 10?4 Lo rorm — Lo - u2yn?
L = 2@0’6 o 2(6)\f p)o +26H7T8 s 2(2)\f uo)m
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In this case the explicit zero-energy contribution is kept for reasons that will become
apparent shortly, but will be essentially the same as when treating non-relativistic Bose-
Einstein condensation. Only terms linear in the fields have been dropped, as they will not
contribute in the following. The situation is similar as before, but now the condensate f
has not been specified by the minimization of the classical potential, but is kept as a free
quantity, which will take its value dynamically.

To investigate the thermodynamic behavior it is useful to analyze the thermodynamic

potential 2 in analogy to the non-relativistic case as

A
AT, f)=—-P(T,f)=-TIn v
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where P is the pressure, T' the temperature, and V' the volume. Z is the generating
functional. For the following purposes, it is sufficient to use the so-called mean-field ap-
proximation. In this case, the interaction terms are neglected. Without going into details,
the thermodynamic potential can be evaluated directly, since the functional integral be-

comes Gaussian. It reads

AT f) = —u*f+Af! (7.2)

dp [(wW?+ w3 e _wy
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The frequencies w consists of the momenta and the masses of the particles after hiding
the symmetry, which are dependent on the value of the condensate f. There are three
contributions. The first outside the integral is the classical contribution. The second
are the first two terms inside the integral. They are the contributions from quantum
fluctuations. The third term represents thermal fluctuations.

To recover the tree-level results, the second term must be neglected and the zero-

temperature limit taken. This yields

0, f) = =22+ Af*.

Tis potential has a minimum at non-zero f, f*> = p?/(2)\). Inserting this into the La-
grangian makes the masses explicit.

Something new happens at finite temperature. At small temperatures it is possible
to excite the o or the pions, which then form a thermal bath of non-interacting bosons,
and the total pressure is just the sum of their respective pressures. However, the value of
f will become temperature-dependent: At each temperature it will take the value which
minimizes the thermodynamic potential.

When going to higher temperatures, it is useful to make a high-temperature expansion
for the thermodynamic potential. High temperature requires here T" to be larger than the
scale of the zero-temperature case, which is given by the condensate, which is of order
w/ VA In this case, it is possible to obtain an expansion for Q. The leading terms up to
order O(1) are given by

[LQTQ

—. (7.3)
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This results exhibits one interesting feature. The term of order f2 has a temperature-
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dependent coefficient, which changes sign at® T = 3u?/). As a consequence, the shape of
the thermodynamic potential as a function of f changes. Below T, it has a minimum away
from zero, as at zero temperature. With increasing temperature, this minimum moves to
smaller and smaller temperatures, and arrives at zero at T.. Hence, at T,, the value of f
changes from a non-zero to a zero value, and the symmetry becomes manifest once more.
Above T, the minimum stays at zero, and for all higher temperatures the symmetry is
manifest.

Replacing f with its temperature dependent value in (7.3) yields the expressions

272 2 T=T 7T2,u2
K I A 4 L=
Qrer, = 12 (45 + 36) ™ = 52
4 2 22 T=T, 7T2,u2
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which coincide at T,.. Also their first derivatives with respect to the temperature equal at
T,
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but their second derivatives do not
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Thus, a phase transition of second order occurs at T.. Note that at very large temperatures
only the term 727 /45 is relevant, which is precisely the one of a free non-interacting gas
of two boson species, a Stefan-Boltzmann-like behavior.

As stressed previously repeatedly, it is possible that quantum effects could modify the
pattern considerably or even melt the condensate. It is therefore instructive to investigate
the leading quantum corrections to the previous discussion.

This is also necessary for another reason. If the symmetry becomes manifest once

more at large temperatures, the mass of scalar excitations becomes formally tachyonic,

5Note that strictly speaking using the high-temperature expansion at this temperature is doubtful. For
the purpose here it will be kept since it makes the mechanisms more evident then the rather technical
calculations necessary beyond the high-temperature expansion. The qualitative outcome, however, is not
altered, at least within the first few orders of perturbation theory.



210 7.2. Chiral symmetry restoration

indicating a flaw of the theory. That can be seen directly by reading off the condensate-

dependent masses of the excitations being as usual

m2 =6Af2— = —pP0(T —T.) + (2u® — XT*)I(T, —T)
T2
m2 =2\f2 -t = —p*0(T —1T.) — %Q(Tc ~T).

Furthermore, also the Goldstone theorem is violated, as the mass of the Goldstone bo-

son 7 is no longer zero below the transition temperature®

. Both problems are fixed by
quantum corrections, demonstrating the importance of quantum fluctuations even in the
high-temperature phase.

In the expression for the free energy (7.2) the zero-point energy, and thus the quan-
tum fluctuations have been neglected. Using a cutoff-regularization with cutoff A their

contribution can be determined as

dp w 1 A2 omt 1
Y- om2A? — miln — — * 1, ).
/(27r)32 647T2<m R 2)+O(’A>

where the constant terms O(1) do not depend on the mass. This contribution is quadrat-

ically divergent and has to be regulated. This can be done by introducing into the La-

grangian (7.1) the necessary counter-terms
Su(0? + %) — 6\ (0? + %)%

Repeating the calculation for the free energy yields at zero temperature the expression
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To determine the renormalization constants two conditions will be implemented. One is
that the free energy is finite when the cutoff is send to infinity. The second is that the
Goldstone boson mass is zero, equivalent to requiring that f = u*/(2)), and required by

the Goldstone theorem. Both conditions can be satisfied by the choice
Y P VL .
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In a full quantum treatment, the role of the Goldstone boson could be played at finite temperature
by some composite excitation instead. However, at the mean-field level no such excitations are available,
and thus the Goldstone theorem is violated.
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Herein the contribution ¢ is not determined by these conditions, and can be set at will by
other renormalization conditions. This indicates that both conditions are not independent.
This fixes the thermodynamic potential at zero temperature. It can be shown that no new
counter terms are necessary at non-zero temperature. Therefore, the high-temperature
expansion can be performed as previously.

Performing once more a high-temperature expansion is possible. However, in this case
also higher-order terms have to be kept, since the vacuum energy has now contributions
of order O(m*In(m?/u?)). At higher order in the high-temperature expansion terms of
order O(m*In(m?/T?)) appear, which combine to relevant terms. The result is

T, f) = _7T_2T4 AT (my +m)T N wt n 822 2rts
45 12 12 3272 2
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The critical temperature can be determined again as the point where f vanishes, yielding

T L)
A A A4Ar? A
To attach a final value it would be necessary to determine the value for ¢ by some other
renormalization condition. To order A, which is the current order, the final result for T, will
then not depend on this renormalization prescription. One obvious possibility would be to
give T, its (hypothetically) experimentally measured value, as T, may not depend on the
renormalization process: As a physical observable, it is renormalization-group invariant.
To obtain the corrections for the masses, it is necessary to calculate the corresponding
self-energies. Without going into the details, the result to the present order in A is given

at high temperatures and after renormalization by

T2
Ha = Hﬂ' = Ta
and thus momentum independent. It is therefore a correction to the mass. The complete

mass to this order is therefore
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These results yield a number of interesting observation. First, since T is larger” than
312/, the mass of the o is always positive, stabilizing the system. Secondly, in this case
the mass of the Goldstone boson is always zero below the phase transition temperature, in
agreement with the Goldstone theorem. Above the phase transition, the masses of both
particle degenerate, and the symmetry is manifest once more also in the spectrum. These
properties are generic for symmetries hiding by a condensate which thaws with increasing
temperature. Also that the mean-field approximation is in general insufficient is a lesson
which should be kept duly in mind. Of course, at the present time much more sophisticated
methods are available to treat this problem, though they are in general very complicated.

It should be noted that in gauge theories, like QCD, an important problem arises
when doing finite-temperature perturbative calculations. Due to the infrared effects of
the massless gauge bosons higher orders become amplified. As a consequence, all order in
perturbation theory from order ¢%Iln g onwards contribute equally, and the perturbative
series becomes meaningless. This is the so-called Linde problem. Thus, non-perturbative
methods are necessary beyond this order. Also, there are non-extensive quantities, which
are never dominated by hard scatterings, like a spatial version of the Wilson potential, and
even at infinite temperature non-perturbative methods are required, as will be discussed

next.

7.3 Very high temperatures

The natural question arising is then whether there are at all any effective difference between
a gas of free quarks and gluons and actual QCD. The answer to this can be gleaned from
a more field-theoretical investigation. In fact, Infinite temperature has two effects. First
of all, due to an effective mass proportional to the temperature all fermions are effectively
infinitely massive. Secondly, due to the absence of any temporal dynamics, the theory
becomes essentially three-dimensional, where the superfluous gauge field degree of freedom
acts like an additional scalar field. However, a gauged scalar in three dimensions is not a
free theory, but rather manifests most of the pertinent features, especially confinement, of
strongly interacting Yang-Mills theories. Thus, strong interactions remain, they just are
completely subleading for thermodynamic bulk quantities.

In analogy to electrodynamics, based on the assignment of Lorentz indices in the field-

strength tensor, such interactions are also often denoted as (chromo)magnetic interactions,

It is not obvious that §¢ cannot be negative and large, thus making the improved estimate for T,
smaller than before. However, it turns out not to be the case at this order for any renormalization

prescription.
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in contrast to the (chromo)electric interactions. After all, the effective three-dimensional
theory, with parameters which can be determined from the four-dimensional theory, ’lives’
in the three original spatial dimensions. That this implies an Euclidean signature is not
a contradiction, since the four-dimensional theory in equilibrium has anyhow no time-

dependence.

7.4 Small densities and the critical endpoint

When moving away from the zero temperature axis, the situation becomes more compli-
cated. Generically, most model calculations find that when following the cross-over line
it eventually turns into a real phase transition again at some density, which is somewhere
around, but usually smaller than, nuclear density. In the chiral limit, the line just remains
second order, and then turns into a first order transition. This point is known as a crit-
ical (end-)point. Its precise location is unknown, and strongly depends on the model in
question. All calculations based on full QCD, either of lattice type or using functional
methods, are so far restricted to the condition 7'/p, < 1, i, being the quark chemical
potential. where the effects of the sign problem and/or baryons are not too strong. They
all agree that no critical point is found inside this cone. This is also confirmed in model
studies accessible to genuine non-perturbative methods®.

There is, however, no principle necessity for the existence of an endpoint, and models

exist without one. It is hence an open question, whether one exists.

7.5 Nuclear matter

At low temperature, after crossing the gas-liquid transition, a region of nuclear matter is
entered. While in pure QCD the distinction into proton and neutrons is, up to the mass
difference of up and down quarks, meaningless, in real matter neutrons and protons can
transform into each other by the weak interaction. The so-created nuclear matter is stable,
with a free energy of about -16 MeV /nucleon, and the preferred state is hence infinitely
extended nuclear matter. Below the transition, only lumps of not to many nucleons, the
heaviest stable nuclei, are present. It is worthwhile to note that without electromagnetic
repulsion and weak decays, in principle also much heavier nuclei could be stable.

Of course, other hadrons can now be created by hadronic interactions as well, and

may be more stable. At sufficiently large densities, it is a possibility that pions and kaons

8E. g. strong coupling or gauge theories without sign problem, like 2-color QCD or G, QCD, i. e. QCD
with the gauge group SU(3) replaced by the group SU(2) or the exceptional group Ga, respectively.
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can be produced in appreciable number and condense. Whether this happens or not,
and if it happens whether this induces a phase transition, is unknown. One possibility
widely discussed was that possibly even strange matter, where net strangeness is created
by flavor-violating weak interactions, could become more stable than non-strange matter.

Though by now this appears unlikely, it cannot yet be fully excluded.

7.6 High densities

At very high densities, the hadrons again substantially overlap, this time only due to
sheer number. Similar to the case of high temperatures, hard parton exchange reactions
become very important. Hence, once more a localization of partons within a given hadron
is no longer possible. In addition, rescatterings will make individual hadrons no longer
distinguishable, and only collective excitations can again be stable. In this situation, it
appears possible that the physics is dominated by the quarks. Gluon are playing here
a possibly smaller part, as in contrast to finite temperature they do not couple to the
chemical potential, and thus their is no direct increase of their number.

Since quarks are fermions, they can in principle act as fermions in ordinary matter,
and especially form Fermi surfaces. However, it strongly depends on how the strong
interactions are effectively modified by the dense medium, since any long-rang interaction
immediately destabilizes a Fermi surface. But given the necessity of local gauge invariance
and the number of quarks, the effective interaction between quarks may very well be short
range. In fact, it may well be that in a sufficiently dense medium the quarks will become
essentially localized by the Pauli principle, effectively quenching the theory, especially if
crystal-like structures form. The question whether chiral symmetry becomes restored or
not at finite density then becomes a question of details.

Another possibility is that the quarks form colored versions of Cooper pairs, inducing a
version of a superconductor, a color superconductor. Indeed, most model calculations, as
well as perturbative calculations, support such a phenomena. A physical interpretation of
such exotic phases of matter at high baryon densities is, at best, difficult. The problem is
that the nature and structure of the colored fluid can be changed by gauge transformations.
It can therefore serve at most as a picture, and the true physics has to be determined using
gauge-invariant quantities. This is also an important caveat when comparing to model
studies, in which color becomes a global symmetry, e. g. the NJL. model. In such models,
color is observable, and therefore states like color superconductors are physical, which is

not the case for QCD.

Asymptotically high densities behave in a very similar fashion as at high temperatures.
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Again, the bulk quantities are determined by hard scatterings, and non-perturbative effects
contribute only sub-leadingly to them. Hence, they are accessible to perturbative calcula-
tions. As in the case of high temperature, this situation is only reached at asymptotically
high densities, and thus in regions where other interactions, like the weak interactions, may
start to play a role. Nonetheless, the pure-QCD limit of very high density is essentially
that of a weakly interacting degenerate Fermi gas of quarks.

In should be noted that in model studies, depending on the details of the model, the
number of possible different phases quickly proliferates, especially if besides the usually as-
sumed amorphous phases also crystalline phases are taken into account. The true situation
for QCD is at the time of writing unknown. Results from non-perturbatively accessible
gauge theories differ strongly, depending on the theory in question. Hence, in contrast
to the high-temperature case, the phase structure at finite density seems to be highly

non-generic.

7.7 Neutron stars

The physical important application of high densities and low temperatures are neutron
stars. Though the typical densities inside a neutron star can be estimated from their size
and mass, it is not clear, which type of phases could be encountered. At the surface and
the outer crust the densities are certainly such that nuclear matter prevails, possible in
different types of spatial structures, e. g. crystals or long-range ordered (so-called pasta
phases). However, closer to the core, the situation becomes less obvious. The various
model studies present a multitude of possible phases at the relevant densities, from purely
nuclear ones over those including other hadrons, markedly strange ones, until pure quark
phases like color superconductors.

So far, the best constraints come from astronomical observations, especially masses,
spin-down rates, cooling rates, sizes and magnetic fields. They all, especially the presence
of two-solar-mass neutron stars, strongly indicate a very stiff equation of state. Such a
large stiffness is mainly found in nuclear phases, or at best nuclear phases with small
contributions from other hadrons. Only in very few models have phases dominated by
quarks and gluons a large stiffness, and are therefore compatible with such heavy neutron
stars. This strongly indicates that the interior of neutron stars, provided QCD itself is
similar to the majority of models, is likely hadronic.

However, only of a small number of neutron stars are all properties known with very
good accuracy. This leaves open the possibility that several distinct types of neutron stars

exist, which, depending on parameters like size-to-mass ratio or perhaps initial conditions,
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could have differing internal structures. Particularly, it may be that besides the heavy
neutron stars with a nuclear structure lighter neutron stars could exist with a predomi-
nantly strange hadron core (strange stars), or stars with a core and large part of the crust
dominated by quark and gluons (quark stars).

Within the next few years, possibly as early as 2017, a new source of information will
become available on neutron stars. Depending on the relative frequency of neutron star
binaries then first neutron star mergers can be detected with the then available gravita-
tional wave detectors. Already about 40 mergers will be sufficient to determine further
properties, like the bulk modulus, of the interior matter of neutron stars, with ever in-
creasing precision the more detected. This should further constrain the type of matter

encountered.

7.8 Heavy-ion collisions

Besides astronomical observations, an experimental possibility to investigate the QCD
phase diagram are collisions with heavy ions. The higher and more central, i. e. head-on,
the collisions are, the higher the temperature of the so-created medium. At the same time,
the large amount of energy will create a large amount of both baryons and anti-baryons,
washing out the initial chemical potential to almost zero. On the other hand, low energies
and off-central, or peripheral, collisions, will have a larger chemical potential, and lower
temperature.

Such collisions are non-equilibrium situations. Naively they should not be describable
using equilibrium physics, i. e. thermodynamics. Fortunately, the systems seem to equi-
librate very quickly, in about less than a tenth of the collision time, and many features
of low-energy particles are well described both with thermodynamics and also hydrody-
namics. Many features of high-energetic particles are accessible to perturbation theory
in a medium. Still, a full description from QCD is so far not possible, and most models,
as well as semi-classical transport theory, can only describe part of the experimental ob-
servations. In many cases, the interpretation of various experimental observables are still
under debate.

Still, the results strongly support a rapid transition into a very different medium at high
temperatures and low chemical potentials. At larger chemical potentials, the temperatures
still remain rather high, and it is not clear whether it could be possible to reach at least
as low temperatures as encountered in supernovas, lest in neutron stars. Also, there is not
yet any statistically reliable and unambiguous signal which would decide the presence of

a critical point.
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The problems arise mainly because all the observations are rather indirect. Instead
of probing the medium directly, the medium first undergoes chemical freezeout, i. e. the
hadrons cease to interact inelastically, and afterwards kinetic freezeout, i. e. also elastic
interactions end, before the results of the initial collision, also called fireball, reach the
detectors. Hence, many steps have to be traced back. An alternative are probes which
do interact with the medium weakly, i. e. electromagnetic probes like photons or W and
Z bosons. They can be detected, but they carry only limited information on the medium
besides changes in the production mechanism. Hence, a full description of a heavy-ion
collision remains one of the serious challenges in many-particle physics, which would go
far beyond the current lecture.

A last interesting remark is the onset of thermodynamic properties of collisions. Origi-
nally, it was anticipated that very high collision energies and large heavy ions, like lead, are
necessary to have enough particles involved for equilibration. More recent results show,
however, that already proton-heavy ion, and partly even very high energetic proton-proton
collisions with production of many soft particles, show thermodynamic behavior, as soon
as there are about 20 or more particles in the final state. A possible explanation is that
the strong increase of partons at low x effectively makes the protons already a medium,
and when probed at that small z the result is rather a probe of a QCD medium, rather

than of individual partons. The details of this are also open questions.
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