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Abstract

Inspired by the non-negligible back-coupling between the electroweak and the strong interac-
tions in neutron star mergers, we investigate some particular aspects of the dynamical back-
coupling in a �rst principle study. This always implies the more involved tensor structure of
correlation functions since the electroweak interactions break various symmetries of the QCD
explicitly, especially C and P. To cope with the symmetry structure and the di�erent scales in
the system, we employ the functional methods.

As a �rst step, we investigate the explicit breaking of the C, P, and �avor symmetry on
the simplest objects, namely the quark propagators. While at weak breaking, the qualitative
e�ects have similar trends as in perturbation theory, even moderately strong breakings lead to
qualitatively di�erent e�ects, non-linearly ampli�ed by the strong interaction. This mandates
caution with perturbative extrapolation.

In the next step, we investigate the non-perturbative back-coupling at the hadronic level
on the example of the weak pion decay. To avoid the additional complexity by the weak gauge
bosons, we take an e�ective low-energy description of the weak interaction. In particular, we
formulate the weak pion decay in the combined Dyson-Schwinger/Bethe-Salpeter framework, as
well as in the Functional-Renormalization-Group. Since both types of approaches have di�erent
systematics, this allows us to control systematic error sources to some extent. We present an
approach for accessing properties of bound states and resonances, like mass and decay width,
within both frameworks and put them in perspective to each other. In particular, we test our
framework for the Functional-Renormalization-Group for a QCD-assisted low-energy quark-
meson model. In the end, we discuss the implications of the P-violation for the weak pion
decay and outline some aspects for future investigations.
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Kurzfassung

Inspiriert durch die nicht vernachlässigbare Rückkopplung zwischen der elektroschwachen und
starken Wechselwirkung in Neutronen Stern Fusionen untersuchen wir in dieser Arbeit einige
besondere Aspekte der dynamischen Rückkopplung in einer ��rst principle study�. Dies im-
pliziert eine kompliziertere Struktur für die Korrelationsfunktionen, da die elektroschwache
Wechselwirkung verschiedene Symmetrien verletzt, insbesondere C und P. Um mit der Sym-
metriestruktur und den verschiedenen Skalen in unserem System zurechtzukommen, verwenden
wir die Funktionalenmethoden.

Im ersten Schritt untersuchen wir die explizite Brechung der C-, P- und Flavorsymmetrie
für das einfachste Objekt, nämlich dem Quarkpropagator. Während bei schwacher Brechung
die qualitativen E�ekte noch die gleiche Richtung aufweisen wie in der Störungstheorie, führt
selbst eine moderat stärkere Brechung zu qualitativ anderen E�ekten. Dies mahnt uns zur
Vorsicht mit störungstheoretischer Extrapolation.

Im nächsten Schritt untersuchen die nicht-störungstheoretische Rückkopplung auf hadro-
nischem Level am Beispiel des schwachen Pionzerfalls. Um zusätzliche Komplikationen durch
die schwachen Eichbosonen zu vermeiden, nehmen wir eine Niederenergiebeschreibung der
schwachen Wechselwirkung. Insbesondere beschreiben wir den schwachen Pionzerfall in dem
kombiniertem Dyson-Schwinger/Bethe-Salpeter Rahmen als auch in der Funktionalen Renor-
mierungs Gruppe. Da die beiden Formulierungen verschiedene Systematiken haben, erlaubt
uns dies die systematischen Fehler zu einem gewissem Maÿe zu kontrollieren. Wir präsentieren
eine Vorgehensweise für den Zugri� auf die Eigenschaften von Bindungszuständen und Reso-
nanzen, wie Masse und Zerfallsbreite, in beiden Formulierungen und setzen diese in Verhältnis
zueinander. Insbesondere testen wir unsere Vorgehensweise wird für ein QCD-unterstütztes
Niederenergiemodell. Zum Abschluss diskutieren wir die Implikationen der Paritätsverletzung
für den schwachen Pionzerfall und umreiÿen einige Aspekte für die zukünftige Forschung.
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Chapter 1

Introduction

One of the most remarkable observations of the 21st century is the recent detection of the
gravitational waves from a binary black hole merger [1,2] and was appreciated with the Nobel
Prize of physics in 2017. Though gravitational waves were predicted a century ago by Einstein's
theory of general relativity, the detection of these was possible in recent years due to the
experimental demanding. This has opened a new gate for future investigations of the universe
and will substantially increase our fundamental understanding.

Apart from the merger of the binary black holes, binary systems of neutron stars, and a
neutron star and black hole are also sources of gravitational waves (see for further details, e.g.,
[3,4], and the references therein). Therefore, various investigations have been done in this �eld
over the last years (see, e.g., [5�7] for a review on this topic). The recent successful detection
of the gravitational waves from a binary neutron star merger [8] underlines the signi�cance of
this researches.

These studies reveal the importance of microphysical details like neutrino physics, magnetic
�elds, etc., on the binary neutron star merger process and its outcome (see for details, e.g., [9�
15]). One of the key ingredients is the neutrino back-coupling because a fraction of gravitational
binding energy is released in the form of neutrinos. During the merger process, which takes
place at the timescale of ms, the material inside the core is very dense and becomes opaque
even for neutrinos [9]. Thus, the neutrinos react with the matter predominantly via β-decay.

At the same time, we have a very high neutrino �ux, which can be measured in detectors
like the future Hyper-Kamiokande [10,16]. The analysis of [15] shows that the maximal energy
of the emitted neutrinos depends on the equation of state. So by measuring the gravitational
waves and the neutrinos from the merger process at the same time, we get complementary
information and learn about the inner structure of neutron star mergers.

In the short timescale of the merger process, we do not have any equilibrium state. Hence,
dynamical back-coupling between the electroweak interactions and the strong interaction be-
comes relevant. A �rst-principles study of this requires a fully back-coupled, non-perturbative
treatment of the system. This is so far only possible at the level of comparatively simple e�ec-
tive models, but not yet in an ab-initio calculation due to the enormous complexity of a fully
back-coupled analysis.

With this work, we aim to start the investigation in this �eld. Since the electroweak
interactions come along with various unique features like the violation of the charge conjugation
(C) and parity (P), a lot of physical aspects, as well as technical issues, have to be solved upfront;
before, the fully dynamical back-coupling for a binary neutron star merger can be considered.

1



2 Chapter 1. Introduction

We will tackle some of these aspects in this work, and the future investigation will essentially
allow us to give some insight into the binary neutron star mergers.

To avoid any misunderstanding, we want to make clear that the distinctive feature of our
study is not the fully back-coupled aspect. Instead, we start our analysis from the quantum
chromodynamics (QCD), the theory of the strong interaction; or at least, we use an e�ective-
model and describe the systematic improvement towards QCD.

As a �rst step, we focus on a few particular aspects of the back-coupling from the elec-
troweak interactions, namely, the breaking of the C, P, and �avor symmetry to the strong
sector. Neutron star mergers are not the only reason to consider this problem. Beyond the
known standard model also hidden sectors may exist in which strongly interacting parity-
conserving and parity-breaking interactions both exist. Both these considerations motivate us
to understand such back-couplings better.

Symmetries reduce, by virtue of the Wigner-Eckhart theorem, the structure of the correla-
tion functions. Therefore, the explicit symmetry breaking induces a richer tensor structure. We
focus on the simplest object, which exhibits the full additional complexity, namely the quark
propagator (QP). Since we are mainly interested in how the strong interaction may amplify, or
modify, the symmetry breaking e�ects, we will consider only an explicit source of the symmetry
breaking.

For the next step, we lift the assumption of an explicit breaking term and take the weak
interaction into account by investigating the weak pion decay. Regarding our motivation of
the binary neutron star mergers, the most dominant process is the β-decay. At the level of the
quarks and leptons, both processes have the same ingredients. The weak pion decay has the
additional advantage of investigating mesons instead of baryons. This does not only simpli�es
the analysis signi�cantly but also gives us the possibility to check our method because the pion
is very well studied in theory and experiment. To do so, we approximate the weak interaction
by a Fermi-theory in the form of an e�ective low-energy 4-Fermi interaction between the quarks
and leptons of the �rst generation. This is a su�cient approximation for the weak interaction,
which does not show a strong momentum-dependence at low-energies due to explicit masses of
the W and Z bosons.

The inclusion of such breakings and the large di�erences in relevant energies already limit
the possible choices of methods. Notably, the lattice gauge theory is not suitable. This is, on
the one hand, due to the immense computational costs for the vastly di�erent energy levels
involved. On the other hand, there is no fully proven way yet to upgrade the static breaking
considered here to the full weak interactions using lattice methods [17].

As an alternative, here we employ for this purpose a combination of functional meth-
ods: Dyson-Schwinger/Bethe-Salpeter-equations (DSEs/BSEs) [18�26] and the Functional-
Renormalization-Group (FRG) [27�30]. Both methods are continuous and covariant formu-
lations, which allow us to access high- and low-energy scales at the same time. Their major
drawback is that they lead to an in�nite tower of coupled non-linear integral equations, which
need truncations to be solved. Nevertheless, these methods yield good results at various levels
of sophistication to determine the QP (see, e.g., [18�20,23,24] and references therein) and the
pion (see, e.g., [26, 31,32] and the references therein).

To be more precise, we use the DSEs to investigate the e�ects of the explicit symmetry
breaking on the QP. In the case of the weak pion decay, we imply the combined DSEs/BSEs
analysis, as well as the FRG. Since both types of approaches have di�erent systematics, this
allows us to control systematic error sources to some extent. In the case of the DSEs/BSEs,
we restrict ourselves to the so-called rainbow-ladder truncation. This truncation conserves
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the most important features for our purpose, like dynamical mass generation and the correct
treatment of chiral symmetry [18�20, 23, 31, 32]. Thus, a large amount of investigation for the
pion has been done using this truncation. This enables us to benchmark our results at the
starting point of the analysis, where we switch o� the part from the weak interaction.

This is of particular importance because the calculation of the decay-width is still an open
question in the functional methods. This is owed to the fact that these methods rely on
the formulation of the quantum �eld theory (QFT) in Euclidean space rather than Minkowski
space, which is necessary to describe physical observables like the decay-width. Hence, one is left
with the possibility to perform numerical extrapolation from the Euclidean data or the direct
calculation in the complex plane of the corresponding momenta. We imply both techniques in
this work. The latter one is preferable but comes along with immense computational costs and
technical issues, which has to be solved and tested upfront.

In the DSE/BSE framework, various approaches have been developed in the recent years to
perform calculations in Minkowski space (see, e.g., [33�39] and the references therein). In [39],
for instance, a formalism for the calculation of the DSEs in Minkowski space is presented by
reversing the Wick rotation. This is applied to the fermion propagator. The so-called Nakanishi
integral representation, along with the light-front projection, is applied for the calculation of
the BSEs in [36,37] (see also the references therein for further details). We solve the BSEs on
the physical pole in contrast to the other approaches, i.e., a pole in the unphysical Riemann
sheet for the Minkowski space. We show the implication of such a pole for the Euclidean space
and locate its right position in the complexi�ed Euclidean space. This does not mean that the
pole itself has moved, but we are looking at the same pole from another direction.

In the FRG framework, techniques have been developed recently to perform calculation in
the Minkowski space, the so-called real-time FRG (see, e.g., [40�51] and the references therein).
Real-time formulation, along with the dynamical hadronization [29, 52�54] are the core of our
investigation in the FRG framework. Dynamical hadronization is a proper and e�cient way to
include our low-energy degrees of freedom, such as the pions dynamically into the system. We
test our approach for a QCD-assisted low-energy e�ective model and outline the procedure for
the weak pion decay. The �nal results for the weak pion decay will be revealed in the future
investigation.

The results presented in this work are achieved within a collaboration. The major part of
these is already published or available as a preprint. Texts and �gures taken from these are
not indicated explicitly.

The thesis is organized as follows. In chapter 2, we motivate our investigation in more
detail and outline the physical aspects. In chapter 3, we turn to the functional methods. Since
these methods are already described in various reviews, we will keep the introduction short
and highlight the technical issues relevant for our investigation. More involved technical and
mathematical details are shifted to the appendix A.

In chapter 4, we present the result for the explicit symmetry breaking on the QP. Probably
the most relevant insight gained, aside from the necessary technology to deal with the increase
of complexity, is that the fully coupled system behaves as expected from perturbation theory
only at very weak breaking. Already at moderately small breaking, the ampli�cation by the
strong interaction can lead to qualitatively di�erent behaviors for the QP than perturbatively
expected. We list many further results in appendix B, providing a complete picture of the
QP for a wide range of parameters and quark masses. In this chapter, we will also present
information on the analytic structure of the QP using its Schwinger function, an issue that is
already in QCD alone highly non-trivial.
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In chapter 5 and 6, we describe the formulation of the weak pion decay in the combined
DSE/BSE and FRG approach, respectively. In particular, we go into detail about the additional
complexities caused by the weak interaction. In addition to this, we test our combined analyses
of the real-time FRG and dynamical hadronization for a QCD-assisted low-energy model. This
system is also investigated for a di�erent level of truncations to have a better insight into the
systematic errors. These results are listed in the appendix D. All of the insights and results
are �nally summarized, and an outlook is given in chapter 7.



Chapter 2

β-decay: Dominant process in neutron

star mergers

In this chapter, we �rst motivate this work in more detail in section 2.1 and discuss the relevant
physical basics. The theoretical foundations are based on the QFT. Hence, we �rst de�ne the
necessary quantities for us to �x the notation in section 2.2. We discuss the approximation for
the weak interaction by a low-energy e�ective interaction with the right symmetry breaking
properties in section 2.3. Afterward, we give a brief introduction into the QCD in section 2.4.
In the end, we deal with bound states and resonances in section 2.5, which are the primary
object of our investigation in this work.

Since the theoretical foundations are textbook knowledge, we keep our introduction short
and highlight certain aspects relevant to our investigation. In this work, we will not deal
with the renormalization theory (see, e.g., [55�62] for a detailed introduction in this topic). We
imply multiplicative renormalization, as done in [26,63]. For the sake of clarity, we will suppress
the multiplicative renormalization constants and state them only in the �nal equations of our
investigation.

Before we start, let us state further de�nitions and conventions. We sum over double indices.
Throughout this work, we work in Euclidean spacetime (gµν = δµν) and use the natural units,
i.e., ~ = c = kB = e = 1. For example, we get for the distance:

1m = 1015fm ≈ 5.1 · 1015 1

GeV
. (2.1)

For the integral in d-dimensions, we de�ne the shorthand notation in the position-space and
the momentum-space:∫

x
=̂

∫
dxd,

∫
p

=̂

∫
d pd

(2π)d
. (2.2)

In this work, we have to deal with very lengthy expressions with multiple integrals. For the
sake of brevity, we suppress the integral symbol in some cases. In this case, the index of the
corresponding �eld also includes the momentum of that �eld, and the summation over double
indices is understood as an integral for continuous indices. At the same time, we suppress all
the delta distributions. Thus, the momentum conservation should be applied correctly at each
vertex.

5
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2.1 Motivation

The past century is characterized by scienti�c innovations and has signi�cantly changed our
view of the world. In particular, the physical understanding of nature is driven by improvements
in observing capabilities. Recently, a new window on the universe has opened with the long-
desired successful detection of the gravitational waves [1, 2, 8]. This will essentially increase
our fundamental knowledge of the most exotic objects in nature, like black holes and neutron
stars. Thus, a huge amount is invested in the present and future observatories for gravitational
waves like LIGO [64,65], Virgo [66], GEO [67], KAGRA [68], and LIGO-India [69].

On the theoretical side, sources for the gravitational waves have become the focus of the
investigation in the past few years. Among these are binaries of black holes and/or neutron
stars and under certain circumstances also gravitational collapse like the supernova (see for
details, e.g., [3�7,70] and the references therein). Neutron stars are in various aspects unique,
and so is their role in physics, especially from the experimental point of view. They are not
only successfully measured in the electromagnetic spectra [71�73], but also neutrinos from a
supernova [74, 75] and gravitational waves from a binary neutron star merger [8] are already
observed. Their understanding requires knowledge from the microphysics to the general rela-
tivity. Thus, all the four known fundamental forces of the nature play an equally important
role, and their interplay with each other makes their study tricky as well as interesting. This
makes them at the same time the perfect laboratory to test our theories (see for an introduction
in this topic, e.g., [70, 76�82] and the references therein).

Neutrinos play an essential role in the understanding of the neutron stars during their whole
life, and extraordinary during supernovae and binary neutron star mergers. This is due to the
fact that a fraction of the gravitational binding energy is released in the form of neutrinos
resulting in a huge neutrino �ux. The neutrino luminosity can become 1020 times higher
than the photon luminosity of our sun and under particular circumstances even higher [9, 83].
Therefore, they govern the infall dynamics of the core-collapse, trigger and fuel the explosion,
and drive the cooling of the neutron star in the course of its life [83�85]. They are also the
only direct probe for the dynamics inside the core due to their weakly interacting nature, and
thus give information on the explosion mechanism.

The role of the neutrinos is also crucial in the case of binary neutron star mergers for the
process itself and its outcome because of their reactions with the matter inside the core. This is
owed to the fact that the neutron stars are already very dense objects and not far away from a
black hole. During the merger process, their coalescence become more dense and opaque even
for neutrinos [5,9�15]. In particular, the form of the gravitational waves depends on the details
of the neutrino back-coupling, which was shown in [14] by calculating the gravitational waves for
three di�erent equations of state. Therefore, the expected gravitational waves should provide
insight into the structure of the corresponding process. At the same time, the maximum energy
of the neutrinos depends on these reactions. So measuring the neutrinos and gravitational waves
give us complementary information and increase our understanding of the merger process.

The so far only successful detection of the gravitational waves [8] along with the multi-
messenger electromagnetic signal [86] from binary neutron star merger has already contributed
to our insight in various ways, published in numerous articles. For example, implications on the
equation of state for the neutron stars were made in [87]. Also, constraints on the cosmological
gravity and nuclear matter parameter for neutron stars were derived (see [88,89] and reference
therein for further details).

Unfortunately, there is so far no successful detection of the neutrinos from this process at
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Figure 2.1: Diagrammatic representation of the β-decay at the level of the elementary particles.
Down-quark (d) decays into an up-quark (u) by emitting a W−-boson, which then decays into
an electron (e−) and electron-anti-neutrino (νe). This is approximated with an e�ective low-
energy interaction of the 4 fermions neglecting the intermediate exchange boson.

the present Super-Kamiokande facility [90]. It should also not be expected that a single mea-
surement will reveal all the answers. Further observations with advanced detectors and better
resolution for the gravitational waves, as well as neutrinos, will give us insight on the neutrino
back-coupling during a merger process. For a detector like the future Hyper-Kamiokande, the
detection number of the neutrinos is approximately 10 if the merger process happens in the
distance smaller than 5 Mpc [10,16], which is a huge amount for neutrinos.

The understanding of the merger process requires progress from the theoretical side, along
with the experimental side. The theoretical analysis is very demanding due to various reasons.
The merger process happens at a time scale of ms and, therefore, does not have any equilibrium
state. At the same time, the environment is such dense that the dynamical back-coupling
between the strong and the electroweak interactions becomes relevant [5,9�15]. This requires a
fully back-coupled, non-perturbative, �rst principle study of the system, which is not feasible
at the moment due to the enormous complexity.

In addition to this, the weak interaction has various unique features, like C- and P-violation.
Investigating these symmetry violations is a tough task even in perturbation theory. Therefore,
the impact of the P-violation has just recently been included in the analysis, however, only in
the context of the supernovae (see for details, e.g., [91�95] and the references therein). These
results show that the kinetic theory is modi�ed by the left-handedness of the particles, which
should not be ignored.

For the merger process, this may have a signi�cant impact. Our results, so far, also indicate
that the symmetry breaking e�ects are ampli�ed by the dynamical back-coupling with the
strong interaction, although the strong interaction conserves these symmetries. Thus, we should
be cautious with the perturbative extrapolations. We will discuss this in more detail in chapter
4. So throughout this work, we take the implicit CP-violation into account.

Considering the most dominant reactions during the merger process, which are given by [14]:

νe + n←→ p+ e−, νe + p←→ n+ e+, νe + νe ←→ e+ + e−, νe + νe ←→ γ,

reveals that the β-decay in its di�erent forms is the most dominant process for the back-coupling
of the strong and weak interacting matter. The β-decay involves the both lightest baryons,
namely, protons (p) and neutrons (n) along with the �rst generation of the leptons, namely,
electrons (e) and electron-neutrinos (νe).

In the constituent quark model (see [96] for an introduction into the elementary particle
physics), the protons and neutrons consist of the quarks from the �rst generation, namely,
up-quark (u) and down-quark (d). At the level of the elementary particles, β-decay is a process
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in which the down-quark decays into an up-quark by emitting a W−-boson. The W−-boson
decays in the following into an electron and anti-electron-neutrino. As a �rst approximation,
we neglect the exchange of the W−-boson, which is a su�cient approximation at low-energies
due to the heavy mass of the W -bosons. So we are left with a low-energy 4-Fermi interaction
involving the quarks and leptons of the �rst generation. The process of the β-decay and its
approximation is shown in �gure 2.1.

The β-decay involves protons and neutrons and hence requires to deal with baryons.
Baryons consist of three quarks. Therefore, their properties like mass and decay-width are
extracted from a 6-point-function in a �rst principle study of a QFT. A fully back-coupled and
non-perturbative analysis of this is far too complicated as a �rst step. Thus, we �rst consider
the simplest and lightest hadrons, namely pions. Pions are mesons and consist of a quark and
an anti-quark of the �rst generation. Their treatment requires knowledge of a 4-point-function,
which is much simpler compared to baryons. In addition to this, the pions are very well studied
in theory and experiment. Hence, they are the perfect candidate to test our method.

The pion-decay into an electron and electron-neutrino involves the same process for the
quarks and leptons as the β-decay. At the level of the elementary particles, we are investigating
the same process in a more general context and hence call it β-decay of hadrons. Let us note
here that the charged pions dominantly decay into a muon and muon-neutrino, which is the
second generation of the leptons. This is not an issue for our investigation because we vary the
mass values of the leptons for di�erent orders of magnitudes in our study. We just call them
electrons and neutrinos as representants of the leptons for the sake of clearer understanding.
This concludes our motivation, and we extract the β-decay of hadrons with the right C- and
P-violation as our primary object of investigation in this work. We now continue with the
theoretical foundations relevant to the understanding of this work, starting with the QFT.

2.2 QFT

In this section, we will de�ne the di�erent quantities of interest. The purpose of this section is
to set up the notation for the following sections. For a detailed introduction in the QFT, we
refer the reader to textbooks like [97�102].

The n-point functions are the central objects in the QFT. For our purpose, we choose the
path integral formalism. First we combine all the �elds of our theory in the �eld Φ and the
corresponding sources in J . With the index i ,we access the di�erent �elds of Φ, like the fermion
�elds ψ̃ and the boson �elds ϕ̃, where the index i includes all the internal indices of the �eld.

Φ =
(
ϕ̃ ψ̃ ψ̃ . . .

)T
, J = (j η −η . . .)T . (2.3)

The n-point functions, also called correlation functions or Green's functions (G(n)), are the
time-ordered vacuum expectation values of the �elds with the measure e−S[Φ], where S[Φ] is
the action of the theory.

G
(n)
i1,...,in

(x1, . . . , xn) ≡ 〈Φi1(x1) . . .Φin(xn)〉 :=

∫
DΦ Φi1(x1) . . .Φin(xn) e−S[Φ]∫

DΦ e−S[Φ]
, (2.4)

where
∫
DΦ denotes the path integral.
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We de�ne the generating functional Z[J ] of the correlation functions and the generating

functionalW [J ] of the connected diagramms (G
(n)
c ), also called Schwinger functional, as follows:

eW [J ] ≡ Z [J ] =

∫
DΦ e−S[Φ]+

∫
(JΦ) .

G
(n)
c,i1,...,in

(x1, . . . , xn) ≡ 〈Φi1(x1) . . .Φin(xn)〉c =
δn

δJi1(x1) . . . δJin(xn)
W [J ]

∣∣∣∣
J=0

. (2.5)

Appropriate functional derivatives of the generating functional enable us to calculate the cor-
relation functions, which is shown in the last line for the Schwinger functional.

With the help of the Schwinger functional, we de�ne the generating functional of the one-
particle-irreducible (1PI)-diagramms, also called the e�ective action, as follows:

Γ [φ] = sup
J

(
−W [J ] +

∫
(Jφ)

)
(2.6)

The �eld φ is the expectation value of the �eld Φ in the presence of the external source J1.

φ =
δW [J ]

δJ
=

1

Z[J ]

δZ[J ]

δJ
= 〈Φ〉J =

(
ϕ ψ ψ . . .

)T
(2.7)

For our analysis, we will use the e�ective action. This completes our introduction into the
QFT.

In the end, we state some important relations, which will be used in the following chapters.
Due to the di�erent mathematical properties of the �elds under commutation, we �rst de�ne:

(−1)Gi,j,... =

{
−1 if {φi, φj , . . .} contains odd numbers of Grassmann valued �elds,

1 else
, (2.8)

and get:

δΓ [φ]

δφi
= (−1)Gi Ji. (2.9)

Using the equations (2.7) and (2.9) we get the relation between the propagator (P) and the
second derivative of the Schwinger functional:

Pij(x, y) :=

[
δ2Γ[φ]

δφj(y)δφi(x)

]−1

= (−1)Gi
δ2W [J ]

δJi(x)δJj(y)
. (2.10)

Eventually, we de�ne a shorthand notations for the n-th functional derivatives of e�ective
action:

Γ
(n)
i1,...,in

[φ] :=
δn

δφi1 . . . δφin
Γ [φ] . (2.11)

In the end, we state the relation for the functional derivative of the propagator:

δ

δφk
Pij := −(−1)Gl,mPilΓ

(3)
k,l,m[φ]Pmj . (2.12)

This concludes our introduction into the QFT.

1Throughout this work we denote the di�erent �elds with tilde on it and their expectation values in the
presence of the externel �eld without a tilde, where the distinction between them has a signi�cant impact.
Otherwise, we will just use the di�erent �elds without a tilde for the sake of brevity.
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2.3 E�ective weak interaction

We refer the reader to textbooks like [103�107] for a detailed introduction into the theory of
the electroweak interactions. The weak interaction has a lot of interesting properties, like the
breaking of various symmetries. Hence, we have to deal with a richer tensor structure for
the n-point-functions. This hampers the analysis signi�cantly. As a �rst step, we focus on
particular aspects of the weak interaction, starting with the C- and P-Violation.

2.3.1 CP-violation

The de�nitions in this section are taken from [107], and we refer the reader to this textbook for
further details on this topic. The weak interaction violates C and P symmetry, each maximally.
Let us start with the P.

Parity

The P-transformation is a point re�ection in space. Thus, it only acts on the space coordi-
nates and di�erentiates between time and space. The symmetry transformation leaves scalars
unchanged and inverts the sign of each vector like coordinates and momenta.

(x0, ~x)→ (x0,−~x), (p0, ~p)→ (p0,−~p). (2.13)

There are also vectors, for example, the angular momentum (~L = ~x×~p), which does not change
their sign under this transformation. Such vectors are called pseudo-vectors or axial vectors.

Analogous to this, we also classify pseudo-scalars, which change their sign under this trans-
formation. This also leads to a classi�cation of the �elds according to their transformation
behavior under the P-transformation2 P. The transformation properties of vector �elds, axial-
vector �elds, scalar �elds and pseudo-scalar �elds are as follows:

PAiµ(p0, ~p)P−1 = ∓Aiµ(p0,−~p), Pϕ(p0, ~p)P−1 = ±ϕ(p0,−~p). (2.14)

For spinors ψ the P-transformation is given by:

Pψ(p0, ~p)P−1 = γ0ψ(p0,−~p), Pψ(p0, ~p)P−1 = ψ(p0,−~p)γ0. (2.15)

We project out left-handed and right-handed spinor states by:

ψL/R =
1

2

(
11∓ γ5

)
ψ, ψ

L/R
=ψ

1

2

(
11± γ5

)
, (2.16)

which are transformed as:

PψL/R(p0, ~p)P−1 = γ0ψ
R/L(p0,−~p), PψL/R(p0, ~p)P−1 = ψ

R/L
(p0,−~p)γ0. (2.17)

This means that the left-handed �elds are tranformed into right-handed �elds and vice versa.
The weak interaction only acts on the left-handed particles and thus violates P maximally.

As already mentioned symmetry breaking leads to a richer tensor structure for the correlation
functions. Let us now illustrate this for the quark 2-point-function, which is the major object

2In the previous section, we have also de�ned the propagator with P. We will only use the P-transformation
in this section of the work. For the rest of the work, P will be used for propagators to avoid ambiguity.
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of investigation in chapter 4. It has 4 di�erent Lorentz-tensor structures, namely, the vector
channel

(
ψ i /pψ

)
, scalar channel

(
ψ11ψ

)
, axial channel

(
ψ i /pγ5ψ

)
, and pseudo-scalar

(
ψγ5ψ

)
.

We consider the P-transformation behavior of these channels. For example, the axial channel
transforms as:

P
(
ψ(p0, ~p) i /pγ

5ψ(p0, ~p)
)
P−1 = ψ(p0,−~p)γ0 i

(
p0γ

0 − ~p · ~γ
)
γ5γ0ψ(p0,−~p)

= −
(
ψ(p0,−~p) i /pγ

5ψ(p0,−~p)
)
, (2.18)

where ~p · ~γ =
∑d−1

i=1 piγ
i. So the axial vector violates P. Analogous calculations for the other

channels show that the �rst 2 channels are P conserving and the latter 2 are P violating. Thus,
the QP has in P violating theories all the 4 Lorentz-tensors instead of 2.

Charge conjugation

The C-transformation (C) replaces the particle by its anti-particle and lets the intrinsic prop-
erties, like the mass, spin, momentum, and energy of the particle unchanged. The common
representation of this transformation is C = i γ2γ0. However, the relations stated here are
independent of the representation. The transformation behavior of the spinor �elds, vector
�elds, real-scalar �elds (ϕ) and complex-scalar �elds (ϕ) are as follows:

CψC−1 = CψT , CψC−1 = −ψTC−1, CAiµC−1 = −Aiµ,
CϕC−1 = ϕ, CϕC−1 = ϕ∗, Cϕ∗C−1 = ϕ. (2.19)

In particular, the right-handed and left-handed spinor-�elds tranforms as:

CψL/RC−1 = C
(
ψ
R/L
)T

, CψL/RC−1 = −
(
ψR/L

)T
C−1. (2.20)

This means that the right-handed particle is transformed into a left-handed anti-particle. The
weak interaction violates C maximally by coupling left-handed particles to left-handed anti-
particles. This concludes our introduction on the CP-Violation.

2.3.2 Symmetry breaking and e�ective interaction

The strong and electric interactions are �avor conserving in contrast to the weak interaction.
During the β-decay process, the down-quark changes its �avor into an up-quark. So the last
missing symmetry violation for our study is the �avor symmetry.

As a �rst step, we want to analyze the impact of the C, P, and �avor symmetry on the
QP in chapter 4. Flavor violation within a generation is not possible without involving further
particles due to electric charge conservation. During the β-decay, this is ensured by the emission
of a lepton and a(n) (anti-)neutrino. So the analysis of the broken �avor symmetry requires the
study at the level of a 4-point-vertex. To avoid the additional complexity of a 4-point-vertex,
we model the leptons as an external background �eld for the study of the QP. Given that our
ultimate interest is in neutron star mergers, where such a reservoir is readily available, this
appears like a reasonable approximation.

The breaking of the symmetries will be realized by including an explicitly symmetry-
violating term in the Lagrangian. The breaking is then generated already at tree-level. For
the study of the QP, we do not want to restrict ourselves to quarks of the �rst generation and
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analyze each generation on its own. Therefore, the subscript u and d denotes up-like quarks
and down-like quarks and the superscript L and R left-handed and right-handed quarks, re-
spectively.

The strength of the weak interaction, or more precisely the coupling to the symmetry
breaking external �eld, will be denoted by gw, the e�ective weak strength. We will vary the
value of gw from small values to large values to turn on the e�ects smoothly. Finally, the quark
�elds are denoted by Q. The explicit symmetry breaking term has the form:

LSB =
gw
2

[(
Q
L
u i /pQ

L
d

)
+
(
Q
L
d i /pQ

L
u

)]
. (2.21)

Let us now discuss the implication of the breaking term for the QP. In addition to the
propagation of the up-like quarks and down-like quarks, we also have the propagation from
the up-like quark to a down-like quark and vice versa within a generation due to the �avor
symmetry breaking. So we have also QPs for mixed �avors resulting in 4 di�erent propagators
for a single generation instead of 2. Due to the P-violation, we have for each QP 4 Lorentz-
tensors instead of 2, as already shown in the previous section. Therefore, we have 16 di�erent
quantities to calculate for the QPs instead of 4 due to symmetry breakings showing the rise of
complexity even for the simplest object. We will discuss this in more detail in chapter 4.

For the next step in chapter 5 and 6, we relax the assumption of a reservoir and take
the weak interactions explicitly into account by including the emitted neutrinos and electrons.
This will require to work on a hadronic level, which is our next aim. We start with the weak
pion-decay into an electron and neutrino, according to our discussion in the motivation section.
The decay process at the level of the quarks and leptons is shown in �gure 2.1, which leads to
the following approximation of the weak interaction in form of a 4-Fermi interaction

L4-Fermi =
αw
2

[(
Q
L
uγ

µQLd

)(
l
L
e γ

µlLν

)
+
(
Q
L
d γ

µQLu

)(
l
L
ν γ

µlLe

)]
, (2.22)

where l are the lepton �elds and the subscript e and ν denotes the electrons and neutrinos
respectively. Here αw denotes the e�ective weak coupling.

Such a 4-Fermi interaction in the Lagrangian leads to a non-renormalizable theory [97].
This issue is solved by introducing the e�ective weak coupling momentum-dependent with
su�cient enough drop o� behavior for large momenta. Therefore, we model the e�ective weak
coupling guided by the W-boson exchange. The W-boson exchange leads in Euclidean space
to a contribution of the form:

αw ∼
g̃2
w

p2 +M2
w

, (2.23)

where g̃w is the weak coupling. Mw, and p are the mass and the momentum of the W-boson,
respectively. The coupling does not show a big momentum-dependence for p . 10 GeV due to
the heavy mass of the W-boson and drop o� rapidly for higher momenta. Thus, modeling the
e�ective coupling in this way will ensure renormalizability. This concludes our discussion on
the weak interaction, and we proceed further with the strong interaction.

2.4 QCD

QCD is the theory of the strong interaction. For an introduction in this topic, see for ex-
ample [107�111] and the reference therein. The quarks are the only matter particles in the
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Standard Model of the elementary particles, which interact strongly via the gluons. Let us
�rst describe the QCD and discuss its features afterward. QCD is a non-abelian gauge theory
with the gauge group SU(Nc = 3). Although we state the theoretical description for SU(3),
the following characterization is also valid for a simple Lie group (see textbooks like [112�114]
for an introduction in this topic).

The quarks are charged under the gauge group called the color charge. They are fermions
with spin 1/2 and come in 6 di�erent �avors (f) namely up (u), down (d), charm (c), strange
(s), top (t) and bottom (b). They interact via the gluon gauge �eld Aµ = Aiµt

i, where ti are
the generators of the corresponding gauge group (see the appendix A.2 for further details of
the SU(N)-algebra).

The Lagrangian of the QCD is given by:

LQCD = Qf
(
/D +mf

)
Qf +

1

4
F iµνF

i
µν , (2.24)

where /D = γµDµ with the gamma matrices γµ (see the appendix A.3 for details) and the
covariant derivative:

Dµ = ∂µ − i gsA
i
µt
i. (2.25)

Here gs is the strong coupling. The �eld strength tensor is given by:

F iµν = ∂µA
i
ν − ∂νAiµ + gsf

ijkAjµA
k
ν , (2.26)

where f ijk is the total anti-symmetric structure constant.

The so de�ned Lagrangian is then by construction invariant under the gauge transforma-
tions:

Qf → UQf , Qf → QfU
†, Aµ → UAµU

† − i

gs
(∂µU)U †, (2.27)

where U is an element of the Lie group given by:

U = exp
[
− i tiθi(x)

]
, (2.28)

with N2
c − 1 functions θi(x).

2.4.1 Gauge �xing

The gauge transformations in (2.27) relate in�nite number of physically equivalent �eld con-
�gurations. Thus, we have to single out physically inequivalent gauge con�gurations from the
equivalent one, called gauge �xing. Technically, this is achieved by applying a gauge �xing
condition Gi[A] = 0 (see for details, e.g., [97]). We insert this condition into the functional
integral with the help of the identity (the so called Faddev and Popov trick [115]):

1 =

∫
DGδ(G) =

∫
Dθ(x)δ

(
Gi
[
Aθ
])

det

(
δGi

[
Aθ
]

δθj

)
, (2.29)

where δ is the functional dirac delta.
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For covariant gauges given by:

Gi[A] = ∂µA
i
µ(x)− ωi(x) = 0, (2.30)

with an arbitrary function ωi(x), we obtain the ghost �elds c = citi and the anti-ghost �eld

c = citi from the Faddev-Popov determinant using the relation δGi

δθj
= δGi

δAkµ

δAkµ
δθj

along with

(2.27):

det

(
δGi

[
Aθ
]

δθj

)
= det

(
1

gs
∂µD

ij
µ

)
=

∫
DcDc exp

[∫
ci∂µD

ij
µ c

j

]
,

Dij
µ = δij∂µ − gf ijkAkµ. (2.31)

The ghost �elds violate the spin-statistic theorem and, therefore, are unphysical states. Their
remit is to cancel the unphysical degrees of freedom.

For the �nal step, we integrate over the ωi with a Gaussian weight (
∫
Dω exp(−

∫
(ωi)2/(2ξ)))

and eliminate the delta function. As a result of this, we obtain our gauge �xed action of the
theory with the gauge �xing parameter ξ. An explicit construction shows that this does not
�x the gauge uniquely beyond perturbation theory. Thus, we have to deal with the so-called,
Gribov copies [116], whose role is still an open question in the non-perturbative approaches.
We refer the reader to [117�125] and the references therein for further details on this topic.

For a better understanding of the di�erent contributions, we split the the Lagrangian of
the QCD in the matter part LM, part for the gauge-�elds LG, gauge �xing part LGF, and the
ghost part LGh:

Lgauge-�xedQCD = Qf
(
/D +mf

)
Qf︸ ︷︷ ︸

LM

+
1

4
F iµνF

i
µν︸ ︷︷ ︸

LG

+
1

2ξ
(∂µA

i
µ)2︸ ︷︷ ︸

LGF

+ ci∂µD
ij
µ c

j︸ ︷︷ ︸
LGh

. (2.32)

The matter part contains all the contributions from the quarks, which are the free propagation
of the quarks and the interaction part for the quarks via the gauge �elds. This part is inde-
pendent of gauge �xing. The gauge part is the Yang-Mills part of the theory without gauge
�xing. The last two parts are the additional contributions from gauge �xing procedure.

The gauge �eld propagator in momentum-space is given by the inverse of the 2-point func-
tions. The tree-level propagator (DA) has the following form:

DA,ij
µν (p) =

 δ2

δAjν(p′)δAiµ(p)
Sgauge-�xedQCD [φ]

∣∣∣∣∣
φ=0

−1

=
δij

p2

[
Π⊥µν(p) + ξΠ‖µν(p)

]
. (2.33)

Here, we split the contributions into the longitudinal (Π‖) and transverse (Π⊥) direction given
by:

Π‖µν(p) =
pµpν
p2

, Π⊥µν(p) = δµν −Π‖µν(p). (2.34)

Throughout this work, we choose the Landau-gauge (ξ → 0) for our investigations due to
its several advantages. The obvious one is that the gluon propagator has only a transverse
direction. The most important bene�t for our study is that we have the minimal amount of
terms possible (see, e.g., [126] and the reference therein). Therefore, most of the investigations
are done in this gauge and allow comparison with other results. This concludes the formal part
of the QCD, and we highlight some essential features of the theory in the following.
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2.4.2 Properties

Con�nement, along with dynamical chiral symmetry breaking, build the core for the formation
of the hadrons and their properties. Thus, they play an essential role in our understanding
of the QCD. This understanding is driven by the collider experiments, e.g., at the LHC and
calculations from the perturbation theory. The possibility of the perturbative calculations
is owed to the asymptotic freedom feature of the QCD. So we occupy ourselves with these
properties in the following starting with the asymptotic freedom.

Asymptotic freedom

Asymptotic freedom is a crucial ingredient for the success of the QCD as the theory for the
strong interaction. Therefore, It has a fundamental role in the Standard Model of the elemen-
tary particle physics. The importance was �rst realized in the work of David Gross, Frank
Wilczek, and David Politzer [127,128] and was essentially appreciated with the Nobel Prize of
physics in 2004. Asymptotic freedom states that an interaction vanishes asymptotically rather
than diverges for increasing energy scales.

As a consequence of this, the value of the strong coupling becomes small enough to be
in the validity range of perturbation theory for su�cient high-energies. This makes QCD
predictive up to the highest orders and ultraviolet (UV) complete. This feature allows a QFT
and, in particular, QCD to be a fundamental theory of the nature. Let us note here that in
contrast to the QCD, the theory of the electroweak interaction, by Abdus Salam and Steven
Weinberg [129,130], is not asymptotically free and thus breaks down at su�ciently-high energy
scales. Therefore, the Standard Model is not a fundamental theory of the nature despite all its
success. So the QCD is, at the moment, the only theory of the nature with this feature.

Con�nement

While the coupling of the QCD vanishes asymptotically in the UV, it is strong in the infrared
(IR). In particular, it binds the quarks together to color neutral bound states called hadrons
and does not allow to single out color charged objects. Thus, only hadrons are observed in
the detectors and not the quarks and gluons, which is the essential di�erence to the other
observed fundamental particles and forces we know. This property of QCD is referred to as the
color con�nement or just con�nement. The more profound understanding of why this happens
is still far from being solved. Numerous studies are dealing with the con�nement problem,
and a rigorous proof of it is one of the unsolved millennium prize problems (see [131] and the
references therein for details on this topic).

Dynamical chiral symmetry breaking

Chiral symmetry is an exact symmetry of the QCD for massless quarks. This symmetry is
explicitly violated in nature due to the �nite mass of the quarks. In addition to the explicit
violation, it is is also broken dynamically. The dynamical chiral symmetry breaking is respon-
sible for the large constituent quark masses, hence heavy hadrons. Let us, in the following,
illustrate how the dynamical breaking of the chiral symmetry endows the quarks with the mass
in the chiral limit. This procedure uses the Hubbard-Stratanovich transformation, which helps
us to understand better the features of the dynamical hadronization, one of the key features
in our analysis using FRG.
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λ h h

Figure 2.2: Diagrammatic representation of partial bosonization procedure by the Hubbard-
Stratanovich transformation. The transformation enables us to replace the 4-Fermi interaction
(coupling λ) by a Yukawa interaction of the quarks and bosons (coupling h).

For this purpose, we consider the case of a single massless quark with the dynamically
generated chiral symmetric 4-Fermi interaction in the scalar minus pseudo-scalar channel by
the quark-gluon interaction. The scalar channel is related to the sigma meson and the pseudo-
scalar channel to the pion, which are the lightest mesons [132]. Thus, these channels for the
4-Fermi interaction are the most dominant ones.

The Lagrangian is given by:

Lchiral =
(
Q/∂Q

)
+
λ

2

[(
QQ
)2 − (Qγ5Q

)2]
, (2.35)

and the chiral transformation by:

Q 7→ Q exp
[
− i

2γ5Θ
]
, Q 7→ exp

[
− i

2γ5Θ
]
Q, (2.36)

where θ is chiral rotation angle. Let us note here that the combination of scalar minus pseudo-
scalar channel is chiral symmetric and not each channel on its own, seen by a straight forward
calculation.

The Hubbard-Stratanovich transformation is given by an identity insertion in the path
integral of the form:

11 = N
∫
Dϕ1Dϕ2 exp

[
−
∫

1

2
m2
σ

{(
ϕ1 +

h

m2
σ

(QQ)

)2

+

(
ϕ2 −

h

m2
σ

(Q i γ5Q)

)2
}]

, (2.37)

where N is a normalization constant. We call the �eld ϕ1 sigma and ϕ2 pion, which will be
clear later on.

To obtain the bosonized action we cancel the 4-Fermi interaction by setting λ = − h2

m2
σ
and

get the bosonized Lagrangian of the form:

Lbosonizedchiral =
(
Q/∂Q

)
+
m2
σ

2

(
ϕ2

1 + ϕ2
2

)
+ h

[
ϕ1(QQ)− ϕ2(Q i γ5Q)

]
. (2.38)

This bosonization procedure enables us to replace the 4-Fermi interaction by a Yukawa inter-
action with a boson exchange, which is shown diagrammatically in �gure 2.2. However, the
4-point interaction is dynamically generated again into the system by the same diagrammatical
process reversely. Thus, we have the Yukawa interaction, as well as the 4-point interaction, in
the system.

This is the well known double-counting problem of the Hubbard-Stratanovich transforma-
tion. The dynamical hadronization avoids this problem by allowing the identity transformation
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at the level of the full e�ective action. We will introduce this procedure in section 3.3.1 and
discuss its advantages at that point.

Let us now turn back to the dynamical chiral symmetry breaking. According to the Noether-
Theorem, there exists a conserved charge for each symmetry [133]. For the chiral symmetry,
this is given by:

Q5 =
1

2

∫
d3 x Q(x)γ0γ5Q(x). (2.39)

According to the Nambu-Goldstone-Theorem, symmetry breaking is characterized by (see,
e.g., [107] and the references therein):

0 6=
〈[

iQ5, Q i γ5Q
]〉
∼
〈
QQ
〉
, (2.40)

i.e., non-vanishing chiral condensate. The Euler-Lagrange-equations of the bosonized �elds
yield:

δS

δϕ1
= m2

σϕ1 + hQQ = 0,
δS

δϕ2
= m2

σϕ2 + hQγ5Q = 0. (2.41)

So the non-vanishing chiral condensate implies a non-vanishing expectation value for the sigma
�eld (0 6=

〈
QQ
〉
∼ 〈ϕ1〉).

The Euler-Lagrange-equation for the quark evaluated at the expectation values for the
bosonic �elds yield:

δS

δQ

∣∣∣∣
ϕ1=〈ϕ1〉,ϕ2=0

= (/∂ +mQ)Q = 0, with mQ = h 〈ϕ1〉 ∼
〈
QQ
〉
6= 0. (2.42)

This shows that the dynamical breaking generates the constituent quark masses. Thus, hadron
masses are predominantly caused by the binding energy. In particular, we get a massive mode,
namely, the sigma.

According to the Nambu-Goldstone-Theorem, we also have a massless particle, the Nambu-
Goldstone-boson, which is the pion in our case. So pion would be massless and absent from
the physical space if chiral symmetry were not broken explicitly in the nature. This explains
why the pion is so much lighter than the other hadrons and, therefore, plays a unique role in
the hadron spectrum. This concludes our brief introduction to the QCD. We now deal with
the bound states and resonances, which are the primary object of investigation in this work.

2.5 Bound states and resonances

The strong interaction bounds the quark and gluons to hadrons. Thus, we observe bound
states in nature instead of the quarks, which is related to the well-known con�nement property
of the QCD. Our knowledge about the strong force and to some extent of the weak force is
derived from the hadrons and their decays. Therefore, bound states and resonances play a
crucial role in the understanding of nature (see, e.g., [134�139] and the references therein for
further details).

Bethe and Salpeter already made one of the critical works to determine the properties of
bound states in the early '60s [140, 141]. Although we have made signi�cant progress since
then in the understanding of the bound states and their properties, the quantitative precision
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of their properties is still a big challenge. In QCD, this is even more hampered because the
coupling becomes strong in the IR and thus requires a non-perturbative treatment (see [18]
and the references therein for further details).

Almost all quantitative non-perturbative approaches are formulated in Euclidean space. So
we are left with two options. Either, we extract the bound state properties from subleading
exponential tails of the Euclidean correlation functions; or we continue our formulation from
the Euclidean space to the Minkowski space and calculate the correlation functions direct in
Minkowski space. While the latter one is more desired, it is not possible for the large part of
the bound states at the moment due to the immense computational power required for this.

In this work, we will imply both techniques. We will deal with the technical details for the
investigation of the bound states and resonances in the following chapters, whilst introducing
the di�erent methods. Let us now turn to the analytical structure of the correlation functions,
which is directly related to the properties of bound states and resonances.

2.5.1 Resonances: Poles in the second Riemann sheet

Before we start with the analytical structure, let us �rst de�ne the Riemann sheets. They come
into play when dealing with multi-valued complex functions3. We will discuss the Riemann
sheets for the root function, which is relevant to our study and refer the reader to the textbooks,
like [142�144] for a general mathematical introduction into this topic.

The square function maps the complex variable z and its negative to the same complex
number. Thus, the inverse function

f : C→ C, z 7→ √z (2.43)

is multi-valued. The issue of a well-de�ned inverse function can easily be solved by restricting
the image of f . Therefore, we cut the complex plane along the negative real axis4. The upper
and lower half of the complex plane is then de�ned as the �rst and second Riemann sheet, also
called the physical and unphysical sheet, respectively.

The function f is now well de�ned on each Riemann sheet. We depict the imaginary part of
f on booth sheets in �gure 2.3. The orange and blue area shows the �rst and second Riemann
sheet, respectively. Both sheets are disconnected along the cut but connected to each other
along the same cut. So we change from one sheet to the other, when we move in a circle around
the origin. This is of particular interest when performing contour integrals in the complex plane.
Let us now turn back to the analytical structure of the correlation functions.

The analytical structure of the correlation functions is the consequence of causality on
the scattering matrix5 (for details see, e.g., [134�139,147�150] and references therein.). Bound
states and resonances manifest themselves as poles in the scattering matrix. To be more precise,
let s = P 2

M be the total momentum (PM ) squared of the incoming particles, which form the
bound state, in Minkowski space. Then resonances are poles in the second Riemann sheet, and
stable particles are poles on the real axes of the variable

√
s.

3The word "function" is not correct, because function implies that the mapping is well-de�ned and not
multi-valued. Nevertheless, we stick to the standard notation in the literature and call it a function.

4The cut is not unique. Any path which connects the brunch points (in this case ∞ and 0) can be chosen as
a cut. However, we choose the standard de�nition for the Riemann sheets in this case.

5A rigorous proof of this exists only within a non-relativistic scattering, relativistic perturbation theory, and
axiomatic �eld theory [139]. For relativistic scattering beyond perturbation theory this is only an hypothesis
(Mandelstam hypothesis [145,146]).
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Figure 2.3: The imaginary part of the root function for the both Riemann sheets. The orange
(+) and blue (−) represents the image on the �rst and second Riemann sheet, respectively.

The pole position also reveals the mass (M) and decay-width (Γ) of the particle, given by
(
√
sPole = M − i Γ

2 )
6. For a better understanding, we show the pole position of stable particles

and resonances in the complex
√
s-plane (left panel) and the resulting pole positions in the

complex s-plane (right panel) in �gure 2.4. The red point shows the position of the pole in the
�rst Riemann sheet of the corresponding resonance.

We conclude that from the pole positions of the corresponding correlation function or the
propagator, we may extract properties of the bound states and resonances. The BSEs make
use of this by evaluating the correlation functions on the pole (particle is on-shell). In the FRG
framework, we use the propagators of the mesonic-�elds, which are introduced into the system
by dynamical hadronization, to extract the pole position. For the propagator, we use the direct
calculation in the Minkowski space with the real-time FRG, as well as an extrapolation of the
Euclidean propagators into the real-time momentum region. For the latter one, we calculate
numerical Padé-like analytical continuation and the Schwinger function of the propagator.

2.5.2 Analytical structure from numerical continuation

Let us now introduce these two extrapolation mechanisms brie�y.

Padé-like analytical continuation

In this work, we use a modi�ed version of standard Padé approximant, which follows Sch-
lessinger's point method [151] nested function (CN (p)), to �t the propagators. The approxi-
mating function CN (p) is a rational function given by the expression:

CN (p) =
z1

1 + z2
p−p1

1+z3
p−p2
1+...

, (2.44)

where the coe�cients z1,...,N are determined from the input data for the Euclidean propagator
on the momentum grid p1,...,N , see [151, 152] for more details. This allows us to continue the

6The mass and decay-width of resonances are also de�ned by Breit-Wigner parametrization in the literature.
The Breit-Wigner is only a good parametrization for particles with Γ�M . This has led to a lot of controversy
on the sigma meson due to its large decay-width (see, e.g., [139] for a review on this topic). So we use the pole
position for the characterization, which is mathematically well-de�ned, but maybe less intuitive.
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Figure 2.4: The pole positions for stable particles (wiggly line) and resonances (blue area)
in the complex

√
s-plane (left panel) and the implication for the resonances in the complex

s-plane (right panel). Stable particles are poles on the real axes and resonances are poles in
the second Riemann sheet in the complex

√
s-plane. The red point shows the position of the

pole in the �rst sheet of the corresponding resonance.

function in the complex p-plane, thus obtaining poles. We determine the poles numerically,
hence the pole masses and the decay-width of the particle.

Schwinger function

Let us now brie�y introduce the Schwinger function (for more details see [153, 154]). The
Schwinger function ∆(t) is de�ned as

∆(t) =
1

π

∫ ∞
0

d p4 cos(tp4)σ(p2
4), (2.45)

where σ(p2
4) is one of the dressing functions7 from the propagator evaluated at zero spatial

momentum (~p = 0).
The dressing function with a real pole (PPole = M) in timelike momenta (p2

4 < 0) yields for
the Schwinger function the following:

σ(p2
4) ∼ 1

p2
4 +M2

⇒ ∆(t) ∼ 1

|M | e
−|M |t (2.46)

For a complex conjugate poles PPole = M ± i Γ
2 we get

∆(t) ∼ e−|M |t cos

(
Γ

2
t+ δ

)
, (2.47)

where δ is a phase shift.

7The QP has a dressing function for each Lorentz-tensor. The Schwinger function calculated from di�erent
dressing functions di�ers quantitatively. The mass and the decay-width are extracted from the exponential tail
and oscillation behavior of the Schwinger function, which is the same for the di�erent dressing function of the
QP. So it does not matter which dressing function we take. However, the dressing function of the scalar channel
is numerically more stable, especially in the chiral limit due to the dynamical chiral symmetry breaking. Thus,
we use the scalar channel for our analysis.
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The Schwinger function of a real stable particle is an exponential decay function with the
decay rate giving the mass of the particle. For a resonance, we get an oscillating exponential
decay function. The oscillation frequency is related to the decay-width of the particle. Al-
though the propagator looks very similar in the euclidean space, they di�er signi�cantly in
their Schwinger function. So the Schwinger function is an excellent quantity to investigate the
analytical structure.

In the end let us note another more detail parametrization of the propagators by a mero-
morphic function of the form:

σ(p2
4) =

e2 + fp2
4

p2
4 + 2m2 cos(2θ)p2

4 +m4
. (2.48)

This parametrization is also often used, like in [154]. This leads to the following Schwinger
function:

∆(t) =
e2

2m3 sin (2θ)
e−tm cos(θ)

(
sin (θ + tm sin (θ)) +

fm2

e2
sin (θ − tm sin (θ))

)
. (2.49)

We will �t our results using both types of parametrizations. Let us note here that both
parametrizations lead to the same results for the poles. However, one parametrization is some-
times more suited for �tting to numerical data. In the latter parametrization, m cos(θ) is the
real part of the pole and m sin(θ) is the imaginary part of the pole. This concludes our brief
introduction to the physical background of the thesis, and we turn to the formal part.
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Chapter 3

Functional methods

In this chapter, we will focus on the functional methods in the form of the DSEs, BSEs, and
the FRG. These approaches are well-known, and hence various aspects are discussed in detailed
reviews. So we will keep our introduction short. Some of the more involved technical details
are shifted to the appendices for the sake of simplicity.

3.1 DSEs

The DSEs are equations of motions for the correlation functions (see, e.g., [18�22,155�161] and
the references therein for a detail introduction in this �eld). They are the consequence of the
invariant measure for the path integral under translation for each �eld Φi → Φi+εi. This leads
to the condition, that the total derivative of each �eld vanishes.

0 =

∫
DΦ

δ

δΦi
e−S[Φ]+

∫
(JΦ) =

∫
DΦ

{(
− δ

δΦi
S [Φ] + (−1)Gi Ji

)
e−S[Φ]+

∫
(JΦ)

}
,

=

(
− δS

δΦi

∣∣∣ δ
δJ

+ (−1)Gi Ji

)
Z[J ] (3.1)

The �rst term in the parenthesis in the second line means that the �rst derivative of the action
is evaluated at the derivative of the corresponding sources δ

δJ . In the standard literature, this

is denoted as δS
δΦi

[
δ
δJ

]
, and we are also going to use this notation in the following.

Multiplying both sides with e−W [J ] from the left and applying the derivatives correctly
yields:

0 =

(
− δS

δΦi

[
δW [J ]

δJ
+

δ

δJ

]
+ (−1)Gi Ji

)
1. (3.2)

After using the equations (2.7), (2.9), and (2.10); we get the master equation for the 1PI-
generating functional:

δΓ [φ]

δφi
=

δS

δΦi

[
φ+ (−1)G

∫
P δ

δφ

]
1. (3.3)

From this equation, all the equations for the n-point functions are derived via suitable deriva-
tives. We will compare some features of the DSEs with the FRG in the last section of this
chapter. Hence, conclude our introduction into the DSEs for the moment.

23
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I K

=Ψ ΨKΨ Ψ
P 2 → −M2

Pole

=

Γ(2n)

Γ(2n) + Γ(2n)

Figure 3.1: Graphical derivation of the BSEs. The �rst line shows the general expression for
n-incoming particles going to n-outgoing particles, described by the 2n-point-function. Its
contributions are splitted in parts, which do not contain the same 2n-point function with the
right pole structure and those who do. The second line shows the extraction of the BSA at the
pole. See text for further details.

3.2 Bound states and decays in the Bethe-Salpeter-approach

The full information of the bound states and resonances is encoded in the corresponding Greens
function, e.g., from the 4-point function, we may extract masses and decay-width of the mesons.
In this work, we are interested in the mass and decay-width of the pion; thus, we will focus on
the 4-point functions. Nevertheless. let us be more general in this introductory section (see,
e.g., [23�26,140,141] and the references therein for a detailed introduction into this topic).

First, consider the evolution of n-incoming particles into n-outgoing particles, which is
described by the 2n-Greensfunction and its amputated counterpart the scattering matrix T (2n):

G(2n) = G
(2n)
0 +G

(n)
0 T (2n)G

(n)
0 , (3.4)

where G
(2n)
0 is the disconnected product of 2n-propagators. Starting point is the �nding in the

QFT that stable particles or resonances appear as poles (MPole) in the scattering matrix and
correlation functions (see e.g [99, 100,139,162] and the referencies therein for more details):

T (2n) ∝ ΨΨ

P 2
M −M2

Pole

, (3.5)

where Ψ is the Bethe-Salpeter-amplitude (BSA) and PM the total momentum of the n-particles
in Minkowski space which forms the bound-state or resonance.

Due to the fact that the functional methods are formulated in the Euclidean space, we need
to calculate the Greens functions on the complex plane to access quantities from Minkowski
space. Unfortunately, such a calculation is too complicated and not feasible at the moment.
Luckily, the DSEs of the corresponding Greens functions are simpli�ed if the particle is on-shell
and are called the homogeneous BSEs. In the following, we will illustrate how these equations
are derived from the DSEs of the 1PI-correlation functions. This derivation is also shown
diagrammatically in �gure 3.1 for a better understanding.

To be more formal, let P be the total momentum of the particle in Euclidean space. Then,
the relation (3.5) transforms into:

Γ(2n) = N ΨΨ

P 2 +M2
Pole

, (3.6)
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where N is renormalization constant. Taking appropriate derivatives of the master equation
(3.3) yields a DSE for Γ(2n). For the following steps, we make use of the condition that only
few Greensfunctions on the right hand side of the master equation exhibits a pole for the
n-incoming particles.

Diagrammatically, the contributions to the 2n-point function are splitted in parts containing
the same Γ(2n) with the right pole structure or not (�rst line in �gure 3.1). Therefore, we
multiply this equation with (P 2 +M2

Pole) and take the limit P 2 → −M2
Pole:

NΨΨ = lim
P 2→−M2

Pole

{
(P 2 +M2

Pole)Γ
(2n)
}

= lim
P 2→−M2

Pole

{
(P 2 +M2

Pole)
δ2n−1

δφ2n−1

δS

δΦ

}
. (3.7)

From the last step follows that only terms on the right hand side contribute, which have the
same pole structure, and the rest vanishes. This simpli�es the equation drastically.

For example, only one term remains for the pion in the pure QCD case (see appendix C
for further details). From the last equation, we extract BSA and gets the desired homogeneous
BSEs, which has the general form (second line in �gure 3.1):

Ψ = KG
(n)
0 Ψ, (3.8)

where K is the interaction kernel derived from DSEs in our case.
The same procedure can also be used in the nPI-formalism to derive the interaction kernel

(see for details [24�26]). The kernel might not be the same using di�erent formalisms, but the
result is for an untruncated system. This concludes our introduction into the BSEs, and we
proceed with the FRG.

3.3 FRG

The modern formulation of the FRG is based on the Wilsonian idea of integrating out the
quantum �uctuation step by step, instead, of doing it at once like for the DSEs (see, e.g.,
[27�30, 163, 164] for a detailed introduction into this topic). Technically, we regularize the
�uctuations below the renormalization group (RG) scale k. This is achieved by introducing an
additional term ∆Sk with a regulator Rk, which determines how the quantum �uctuations are
integrated out.

Hereby, we get IR-regularized generating functionals:

Zk [J ] = eWk[J ] =

∫
DΦ e−S[Φ]−∆Sk[Φ]+

∫
(JΦ). (3.9)

For practical use, a regulator quadratic in �elds is choosen. We will also do this in our study
(see [29] for a discussion on a general type of regulator):

∆Sk [Φ] =
1

2

∫
q

Φ(−q)Rk(q)Φ(q) =
1

2

∫
q
ϕ̃(−q)RBk (q)ϕ̃(q) +

∫
q
ψ̃(q)RFk (q)ψ̃(q) + . . . , (3.10)

where RBk and RFk are the bosonic and fermionic regulators respectively. In general, they have
the following form:

RBk (q2) ∝ q2rB(q2/k2), RFk (q2) ∝ /qrF (q2/k2), (3.11)

where rB and rF are the regulator shape functions for the bosonic and fermionic case, respec-
tively.

Apart from some conditions, the regulator can be chosen arbitrary, which are:
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i) For k → 0, all the quantum �uctuations are integrated out. So we get the full theory,
and hence the regulator term should vanish:

lim
k2

q2
→0

Rk(q) = 0. (3.12)

ii) The regulator should act as a mass term in the infrared to ensure the IR regularization:

lim
q2

k2→0

Rk(q) > 0. (3.13)

iii) The last condition with the UV-cuto� Λ is:

lim
k2→Λ2→∞

Rk(q)→∞ (3.14)

and ensures, that the classical �elds dominate the path integral for k →∞.

These properties of the regulators translates into boundary conditions for the regularized ef-
fective action:

lim
Λ→∞

lim
k→Λ

Γk[φ] = S[φ], lim
k→0

Γk[φ] = Γ[φ], (3.15)

and thus enable us to �ow smoothly from the classical theory S at k = Λ → ∞ to the full
quantum e�ective action at k = 0.

The derivation of the �ow equation, also called the Wetterich's equation, with all its details
and with the dynamical hadronization is shifted to the appendix D. The standard form (without
the additional term from the dynamical hadronization) is then given by:

∂tΓk [φ] =
1

2
STr [(∂tRk)Pk] , (3.16)

where t = − ln( kΛ) is the RG time and Pk is the propagator in the presence of the regulator:

Pk =
[
Γ

(2)
k [φ] +Rk

]−1
. (3.17)

In this work, we are interested in the hadron decays, especially of the pion. This re-
quires calculations in Minkowski space called real-time FRG and the concept of the dynamical
hadronization. We will deal with the real-time FRG later in chapter 6. So let us now introduce
in the following subsections the idea of the dynamical hadronization.

3.3.1 Dynamical hadronization

As already mentioned, bound states and resonances in QFT manifest themselves in resonant
momentum channels of the corresponding correlation functions. In e�ective �eld theories, such
a channel can be described by an exchange of a particle, which is well known as the Hubbard-
Stratanovich transformation in the case of local 4-point interaction, already introduced in
section 2.4.2. This idea is now generalized for the dynamical hadronization (also sometimes
called dynamical bosonization or condensation). For a detailed introduction, see e.g., [29,52�54]
and for QCD related application [165�168] and the references therein.
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d
dtΓk = 1

2 − − − + 1
2

Figure 3.2: Diagrammatic representation of the Wetterich equation. The brown-wiggly, grey-
dotted, black-solid, red-dashed, and double blue-solid lines represent the gluons, ghosts, quarks,
leptons, and mesons from the dynamical hadronization, respectively. The blob with an x in it
shows the regulator insertion.

Due to the fact that the intermediate particle may be created at di�erent scales during
the �ow, it is introduced into the system scale-dependent. In this way, the FRG avoids the
well-known double counting problem of the for the Hubbard-Stratanovich transformation by
allowing the identity transformation on the level of the full e�ective action at each RG step. Let
us emphasize that the dynamical hadronization is now developed for a general type of transfor-
mation and is no longer restricted to Hubbard-Stratanovich type transformations. Although
for our purpose, Hubbard-Stratanovich type transformations are su�cient.

Technically, this is achieved by formulating the transformation rule for the in�nitesimal
RG step. Let us de�ne Φ̂ as the part of the �elds introduced by the dynamical hadronization.
Then, we give the relation of how the bound state is formed by the fundamental �elds as a
function F [φ]:

∂tΦ̂ = ȦkF [φ], (3.18)

where Ȧk is the scale-dependency of the transformation and can be chosen arbitrarily.

For example, the σ is a scalar formed of up-antiup and down-antidown, and hence the
transformation rule is given by

∂tσ̃ = ȦkQQ. (3.19)

If the transformation rule obeys the following condition, which it does in the example
mentioned above: 〈

∂tΦ̂i(q)
〉
J

= ∂tφ̂i(q). (3.20)

Then, the �ow equation gets an extra term on the left-hand side from the scale-derivative of
the new scale-dependent �elds:

d

d t
Γk[φ] = ∂t|φ̂k Γk[φ] + ∂tφ̂

δ

δφ̂
Γk [φ] =

1

2
STr [(∂tRk)Pk] (3.21)

For the detailed derivation of the �ow equation, see appendix D.

We show the diagrammatic representation of the �ow equation (3.21) in �gure 3.2 with the
di�erent contributions for our study. The �rst contribution is given by the QCD in the form of
the gluons (brown-wiggly lines), ghosts (grey-dotted lines), and quarks (black-solid lines). In
the presence of the e�ective electroweak interaction, we also have leptons (red-dashed lines).
The last contribution is from the mesons (double blue-solid line) in the form of the pions and
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sigma, which are introduced into the system via the dynamical hadronization1. The blob with
an x in it represents the regulator insertion. We will use this convention for the representation
of the di�erent �elds throughout this work.

Let us mention the advantage of such a procedure in the following. Strongly correlated
systems like QCD are typically investigated in systematic vertex expansions [167�170] (details
on the expansion will be discussed in the next section). The higher-order vertices (vertices with
no classical part) are generated dynamically into the system in the �rst place from vertices or
diagrams with the classical part. These diagrams have a rapid decay behavior in momentum-
space for asymptotically free theories as QCD. This leads to very e�cient suppression of the
diagrams after the angle integration.

Resonances in the interaction channel, on the other hand, do not have such behavior if their
regularized mass is of the same order as the cuto� or below. The advantage of the dynamical
hadronization procedure is twofold. First, we resolve the pole behavior in the resonant inter-
action channel and get well-controlled behavior. This is of particular importance for numerical
implementation. The second advantage is the reduction to a lower-order vertex, which is even
more important for applications.

For example, in the case of the mesons, the 4-quark-vertex can be reduced to a 2-quark-1-
boson-vertex. A 3-point-vertex has a smaller tensor basis and also fewer momentum variables,
i.e., any 3-point-vertex depends on two independent external momenta from which one con-
structs three Lorentz-invariants, as the two momenta squared and the angle between them. On
the other hand, a 4-point-vertex depends on three external independent momenta resulting in
six Lorentz-invariants.

This also emphasizes the power of the dynamical hadronization procedure. Nevertheless,
let us make clear that dynamical hadronization does not entail the reduction to a low-energy
e�ective �eld theory. It is only a convenient and e�cient reparametrization in the dynamical
low-energy degree of freedom.

3.4 Properties and comparison of the DSEs and FRG frame-

works

FRG in the form of the Wetterich equation and DSE are very close to each other with their
assets and drawbacks. Both yield exact equations for the correlation functions and thus are
non-perturbative formulations. In both cases, we get an in�nite tower of coupled, non-linear
equations, which needs to be truncated at some stage for the practical calculations. Before we
state some remarks on properties and the truncation scheme, let us �rst give some de�nitions.

For our study, we employ the vertex expansion of the e�ective action in terms of the
correlation functions. It can be seen as a generalization of the multidimensional Taylor series
for the �elds. Thus, it provides us with a systematic expansion scheme for error control in terms
of apparent convergence. Usually, the series is expanded around vanishing �elds, but the best
convergence is achieved by expanding around the minimum of the corresponding potential.
We will do this in chapter 6 for the mesonic potential and hence introduce the series for a
non-vanishing expansion point.

We have to deal with the tree-level and full quantities. So we de�ne the tree-level n-point-

1We do not use di�erent diagrammatic representations for the sigma and pion �elds throughout this work.
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δ
δϕΓ =

ϕ1

ϕm−1

+ ... +

.
.
. Γ(m−1)S(m)S(m)

m− 2-Loop

Figure 3.3: Diagrammatic representation of the DSE (3.26). ϕ1 . . . ϕm indicate the internal
�elds in the master equation. Small black blobs and big red blobs represent the tree-level and
full vertex, respectively, denoted with S(m) and Γ(m−1).

vertex with S(n):

S
(n)
i1,...,in

[φ] :=
δn

δφi1 . . . δφin
S [φ] , S

(n)
i1,...,in

≡ S(n)
i1,...,in

[
φ = φ(0)

]
, (3.22)

where φ(0) is the expansion point for the �elds. The full vertex Γ(n) is de�ned analogous2.
The tree-level and full propagators of the �eld φ at the expansion point will be denoted

with Dφ and P φ, respectively.

Dφ
ij :=

[
δ2

δφjδφi
S[φ]

∣∣∣∣
φ=φ(0)

]−1

, P φij := Pij |φ=φ(0) =

[
δ2

δφjδφi
Γ[φ]

∣∣∣∣
φ=φ(0)

]−1

. (3.23)

The vertex expansion for the e�ective action is given by:

Γ[φ] =

∞∑
n=0

1

n!
Γ

(n)
i1,...,in

∆φi1 . . .∆φin (3.24)

where ∆φ = φ− φ(0). Here, we have used the sloppy notation of n! in the expansion, which is
not correct if di�erent �elds are involved. To be correct, let nj be the amount of the di�erent
�elds with n = n1 + . . . then by n! = n1!× . . . the right expression is yield.

In the end, let us state some conventions for the diagrammatic representations of the equa-
tions in both frameworks. We will use the convention of a small black blob and big red blob
for the diagrammatic representation of the tree-level and full vertex throughout this work. The
distinction between the tree-level and full quantities is only relevant in the DSE/BSE frame-
work. In the FRG, all the quantities are full. For the sake of a consistent notation, we will use
the big red blob also in the context of the FRG.

Let us also note here that all the internal propagators in the DSE/BSE framework, as well
as in the FRG, are full propagators. Therefore, we will not use an extra big red blob for the
propagators to indicate a full propagator, which is usually done in the DSE/BSE literature.
All the internal propagators are understood to be full propagators.

Let us now compare some properties. The signi�cant di�erences between both methods are
owed to the fact that the classical action of the theory is the starting point for all the functional
derivatives of the e�ective action (right-hand side of the master equation for the DSEs (3.3)).
As a consequence of this, each term on the right-hand side has one classical vertex, and hence
a bare coupling.

2We have already de�ned the full n-point-vertex and propagator in the presence of the �elds in equation
(2.10) and (2.11)
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The �ow equation, on the other hand, is a relation for the e�ective action and thus has
only full vertices and dressed quantities. In �gure 3.2, we see the diagrammatic representation
of the �ow equation, which is an exact equation with a one-loop structure.

The amount of the loops in a DSE depends on the order of the interactions in the theory. For
a better illustration of this, let us consider a pure bosonic classical action with an interaction
of the order m:

S[ϕ̃] =

∫
gϕ̃m =

∫
1

m!
S(m)ϕ̃m, S(m) = m!g (3.25)

where g is the corresponding coupling. The master equation yields:

δΓ [ϕ]

δϕ
=
δS

δϕ̃

[
ϕ+ P δ

δϕ

]
1. = mg

(
ϕ+ P δ

δϕ

)m−1

1

=
S(m)

(m− 1)!

(
ϕm−1 + . . .+ Γ(m−1)[φ]Pm−1

)
. (3.26)

Here, we suppress the integrals and the indices of the particles for the sake of brevity.

The diagrammatic representation of this equation is shown in �gure 3.3. We see each term
on the right-hand side has one classical vertex (S(m)) with the bare coupling g. The last term
in the parenthesis shows that an interaction of the order m in general causes a (m − 2)-loop
on the right-hand side of the master equation, which is connected to a full vertex of the order
m− 1 (Γ(m−1)).

The Greens function of the order 1 (left-hand side) requires the knowledge of the Greens
function of the order m − 1, which is the highest order appearing on the right-hand side. In
general, the n-point correlation functions are related to n+m− 2-point correlation functions,
where m is the highest order of the interactions in the classical action with the corresponding
�eld. Thus, the amount of the loops, as well as the correlation to higher-order Greens functions,
depends on the theory under consideration in the DSE.

These numbers are �xed in the FRG. The Wetterich equation relates the e�ective action
with its second derivative. Taking further derivatives of the e�ective action yields equations of
n-point functions, which depends at most on n+ 2-point functions.

A further di�erence is that each �eld in the theory has its own master equation for the DSEs
(3.3); whereas, the Wetterich equation is one equation for the e�ective action. Therefore, for
a vertex with di�erent kinds of �elds, there exist di�erent DSEs starting with di�erent master
equations for each �eld type [126]. The equations are di�erent but equivalent. This provides us
with the so-called transverse Ward-Takahashi identities, which says that the di�erence between
these equations should vanish.

For example, the DSE for the quark-gluon-vertex can be derived starting from the master
equation for the quarks or gluons. The di�erence should already be evident by comparing the
loop-orders. We have a four-gluon interaction in the classical action. Thus, starting with the
gluon �eld will yield an equation with a 2-loop structure. The quark �elds have the maximal
interaction term of the order 3 in the classical action. This leads to an equation of 1-loop
structure. For some practical use, one equation may be more convenient than the other and
thus can be used as a practical advantage. This concludes our presentation of the properties
for the di�erent formalisms. In the following, we introduce the truncation procedure used in
functional methods.
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3.4.1 Truncation

In the context of the truncation, it is also important to discuss the tensor basis of a given
vertex. The di�erent kinds of �elds in the theory have various attributes, like �avor and color
for the quark �elds3. So the correlation functions and the n-point vertices are tensor-valued.

They are expanded in tensor basis according to their structure in di�erent spaces:

Γ
(n)
i1,...,in

=
∑
m

fm(p1, . . . , pn)τmi1,...,in , S
(n)
i1,...,in

=
∑
m

gmτmi1,...,in , (3.27)

where τm are the tensor basis with the corresponding scalar dressing functions fm. They
depend on the external momenta of the vertex4. For the tree-level vertex, we have the tree-
level coupling gm instead of dressing functions. In general, the contributions of the most tensor
basis at tree-level vanishes (gm = 0 for most of the m's) but are generated dynamically into
the system at the level of the full vertices (fm 6= 0).

For a better understanding, let us consider the 4-gluon-vertex. It has 136 Lorentz-tensors,
which can be reduced to 41 in the Landau-gauge. In addition to these, we have di�erent tensors
in the color space, which depend on the amount of the colors and grow exponentially with Nc.
For SU(3), we have 8 tensors resulting in a basis of 328 tensors for this vertex (see, e.g., [126]).
This is only for the four-gluon-vertex in pure QCD. P-violation, in addition, enlarges the tensor
basis of the vertices.

The functional methods yield equations for each dressing function, which is, in general,
coupled non-linear to all other dressing functions. So even for one vertex, we have to derive
328 equations in pure QCD, which can not be done by hand. Thus, di�erent Mathematica
tools, like DoFun [171, 172] and FormTracer [173], have been developed in the past few years,
which makes the most of the calculation automatized. However, these tools are developed in
the context of the QCD, and special care has to be taken in the presence of additional symmetry
breakings present in this work. The equations are then solved with various numerical methods.

This leads us to the next challenge while calculating the dressing functions numerically. The
dressing function depends on all the external momenta at this vertex: for the 4-gluon-vertex, on
three independent external momenta from which one constructs six Lorentz-invariants. Even
a tiny grid of 32 = 25 points in each direction will lead us to a 326 = 230 grid points in the
momentum-space for each dressing function. Taking all these into account is not feasible at
the moment. This example illustrates very well the complexity one has to deal with in the
functional methods. Thus, truncating such an extensive system of equation is a necessary step
in functional methods.

The truncation is usually done threefold. First of all, we only take Γ(n) till to a maximum
N into account and neglect all higher-orders (Γ(n) = 0 for n ≥ N). This may be guided
by the physical intuition or from the perturbation theory that some particular vertices are
more dominant for the given question at hand, or the restriction is just given by the technical
feasibility.

For a given n-point-vertex, we may also take only a sub-part of the tensor basis. Finally, we
may not take the full momentum-dependencies into account and choose particular momentum

3We make the following conventions for the rest of this work. We use the indices {a, b, c, d}, {e, f, g, h}, {i, j},
{α, β} and {µ, ν, ρ, σ} for the colors, �avors, adjoint in color-space, adjoint in �avor-space and Lorentz-space,
respectively; if nothing else is stated.

4Note that we suppress the delta function for the momenta throughout this work and thus only n−1 momenta
are independent. Hence, we may denote sometimes only (n-1) momenta for the dressing functions.
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= +
−1−1

Figure 3.4: Diagrammatic representation of the DSE for the QP (3.28). This is given by all
the possibilities how a quark can propagate from one place to an other in QCD. The black line
with an arrow on it represents the tree-level propagator.

channels, which may be more dominant for the question at hand. This concludes our introduc-
tion to functional methods. In the end, we present the rainbow-ladder truncation [18, 19, 23]
for the QP and the pion BSE, which we use for our study.

Rainbow-ladder truncation

Applying the master equation (3.3) on the QCD action from eq. (2.32) yields the following
DSE for the QP: (

PQ
)−1 ≡ Γ(2),Q = S(2),Q +

∫
S(3),A,Q,QPQΓ(3),A,Q,QPA. (3.28)

Here, we have suppressed all the internal indices of the di�erent �elds for the sake of clarity.
The diagramatical representation of this equation is shown in �gure 3.4. The inverse full QP
is given by the inverse tree-level QP and the way how a quark can propagate in QCD viz. by
emitting a gluon and absorbing it.

The equation shows that the QP needs the knowledge of the full gluon propagator (PA)
and the full quark-gluon-vertex, which have their own DESs depending on higher-order n-point
functions. These two full quantities couple the matter sector with the Yang-Mills sector. The
fully back-coupled analysis of the Yang-Mills sector and the matter sector is very complicated
and a current �eld of investigation on its own (see, e.g., [20, 167, 174�178] and the references
therein for the role of the quark-gluon-vertex).

Thus, we will not dynamically back-couple these both sectors, but rather take the tree-level
tensor structure for the quark-gluon-vertex, which is the rainbow-ladder truncation5 [18,19,23],
with an e�ective coupling for the strong interaction, the well-known Maris-Tandy coupling [179].

To be more precise, the tree-level quark-gluon-vertex6 is given by:

S
(3),A,Q,Q
(i,µ),(a,e),(b,f) = − i gst

i
baγ

µδef = gsτ
1, τ1

(i,µ),(a,e),(b,f) = − i tibaγ
µδfe. (3.29)

The basis of the full quark-gluon-vertex has 12 basis tensors, which are reduced to 8 in Landau-
gauge, and only one of them (τ1) has a non-vanishing contribution at tree-level. So we take
only this part of the basis for the full quark-gluon-vertex and combine this with the full gluon
propagator to an e�ective interaction with tree-level tensor structure.

PA(q)Γ
(3),A,Q,Q
(i,µ),(a,e),(b,f)(q, p− q, p) =

αs(q
2)

g2
s

DA(q)S
(3),A,Q,Q
(i,µ),(a,e),(b,f). (3.30)

5Applying this truncation for the QP is called the rainbow truncation. Since the same structure for vertices
is also present in the BSEs (see, e.g., the pion BSE in section 5.4), the same truncation is also applied for the
BSE, which is called the ladder truncation. Therefore, the self-consistent truncation is called the rainbow-ladder
truncation.

6The tree-level gluon propagator DA is already stated in equation (2.33)
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The Maris-Tandy coupling αs is given by

αs(q
2) =

π

ω6
Dq4 e−

q2

ω2 +
2πγm[1− exp (− q2

m2
t
)]

ln[e2−1 + (1 + q2

Λ2
QCD

)2]
(3.31)

Here, the parameters are adapted to describe pions in the vacuum adequately. In the literature
these parameters are �tted for degenerate masses of up and down-quarks [180]. For a detailed
analyses of di�erent parameter sets, see e.g., [181,182].

To allow for comparison, we choose here one such set, namely ΛQCD = 0.234 GeV, mt =
1.0 GeV, ω = 0.4 GeV, and D = 0.93 GeV2. γm = 12/(11Nc−2Nf ) is the anomalous dimension
of the QP. Because we consider each quark generation on its own, we chooseNf = 2 andNc = 3.
The last term for the Maris-Tandy coupling is to ensure the right perturbative behaviour of
the strong coupling in the far UV.

In the end, let us mention that the rainbow-ladder truncation is quite successful in determin-
ing the light meson and baryon sector, as shown in these works [18�20,23,24,26,31,32,183�188].
This is owed to the fact that coupling conserves the most important features for our purpose,
like dynamical mass generation and the correct treatment of chiral symmetry. Therefore, this
is su�cient for our study (see, e.g., [26, 189�191] and the references therein for investigations
beyond the rainbow-ladder truncation). This concludes our introduction to the formal part of
the thesis. We now present the results in the following chapters starting with the QP.
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Chapter 4

Quark propagator with broken C, P,

and �avor symmetry

In this chapter, we will investigate the in�uence of the broken C, P and �avor symmetry on
the QP. For this purpose, we insert an explicitly symmetry-violating term in the Lagrangian.
Using our ansatz in equation (2.21) and (2.32) leads us to the following Lagrangian:

LESB = Lgauge-�xedQCD + LSB = Qf
(
/D +mf

)
Qf +

gw
2
σef

(
Q
L
e i /pQ

L
f

)
+ LRest, (4.1)

where σef is only 1 for mixed �avour within a generation else 0. LRest is the remainder of the
QCD Lagrangian and does not play a speci�c role in the following.

First, we focus on the modi�cation of the QP caused by the additional symmetry violation
and compare it with the pure QCD case in section 4.1. Afterward, we present the numerical
results of the di�erent quantities for the QP in section 4.2. We will also present an analysis of
the analytical structure of the QP using its Schwinger function, as well as Padé-like analytical
continuations. In particular, we will put these both methods in perspective to each other.

We list many further results in appendix B, providing a complete picture of the QP in
this setup for a wide range of parameters and quark masses. All of the insights and results
are �nally discussed in section 4.3. The major part of the results presented here are already
published in [192,193].

4.1 Quark propagator

In this section, we �rst analyze the general structure of the QP, which has additional non-
vanishing contributions due to symmetry violation in section 4.1.1. The signi�cant contribu-
tions to the QP caused by these are already visible at the tree-level QP. Thus, we deal with
them in section 4.1.2. Afterward, we turn towards the full QP and analyze the coupled system
of the DSEs in 4.1.3.

4.1.1 Structure of the quark propagator

The breaking of the explicit �avor symmetry results in non-vanishing QPs (PQef ) from �avor
e to f . In addition to this, each QP also has non-vanishing axial and pseudo-scalar channels.
In particular, the QP and its inverse have the same tensor basis. The standard notation for
the vector and scalar channel dressing functions of the inverse Propagator in the literature is

35
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A and B. We will keep this and denote the dressing functions for the axial and pseudo-scalar
channels of the inverse propagator with C and D. The corresponding dressing functions of the
propagator are expressed by a tilde.

We can write the QP in a matrix form, where the diagonal elements are the QPs for pure
�avor, and the o�-diagonal elements are the QPs for mixed �avors. So we combine the �avor
elements in a matrix, e. g., for the vector channel as:

A =

(
Auu Aud
Adu Add

)
, (4.2)

which allows for a compact notation. Writing the propagator and its inverse in terms of these
matrices yields:

PQ(p2) = Ã(p2) i /p+ B̃(p2)11 + C̃(p2) i /pγ
5 + D̃(p2)γ5,(

PQ(p2)
)−1

= Γ(2),Q = −A(p2) i /p+B(p2)11 + C(p2) i /pγ
5 +D(p2)γ5. (4.3)

The dressing functions of the propagator and its inverse are related with each other. In
general, the dressing functions of the propagator depends on all the dressing functions of the
inverse propagator in a complicated way, and generically denoted as:

Ãef = Ãef (Agh, Bgh, Cgh, Dgh). (4.4)

This relation is simpli�ed drastically in pure QCD, where only the vector and scalar channel
of the pure �avour contributes. It is given by:

Ãee(p
2) =

Aee(p
2)

A2
ee(p

2)p2 +B2
ee(p

2)
, B̃ee(p

2) =
Bee(p

2)

A2
ee(p

2)p2 +B2
ee(p

2)
. (4.5)

This is no longer true in our case. The fundamental relation:

P−1P = 11. (4.6)

for the propagator and its inverse yields the general relations between the matrix-valued dress-
ing functions:

AÃp2 +BB̃ + CC̃p2 +DD̃ = 11, −AB̃ +BÃ+ CD̃ −DC̃ = 0,

−AD̃ −DÃ+BC̃ + CB̃ = 0, AC̃p2 + CÃp2 +BD̃ +DB̃ = 0. (4.7)

While this is a system of linear equations for either the matrix elements of the propagator
or its inverse, an explicit solution is of little use. The expressions become incredibly lengthy
and, therefore, prohibitively expensive to evaluate during numerical calculations. Thus, in our
investigations, we always solved such equations numerically at double precision.

For the analysis of the P-violation, it is more convenient to split the Lorentz-channels into
left-handed L̃(p2) and right-handed R̃(p2) contributions to the QP, instead of splitting it into
the vector and axial channels:

P (p2) =
1√
2
L̃(p2) i /p(11− γ5) +

1√
2
R̃(p2) i /p(11 + γ5) + B̃(p2)11 + D̃(p2)γ5, (4.8)
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with the relations:

L̃(p2) =
1√
2

(
Ã(p2)− C̃(p2)

)
, R̃(p2) =

1√
2

(
Ã(p2) + C̃(p2)

)
. (4.9)

To assess the consequences for the left-handed and right-handed contributions, it is useful
to de�ne their relative ratio as:

r̃ef (p2) =
L̃ef (p2)− R̃ef (p2)

L̃ef (p2) + R̃ef (p2)
= − C̃ef (p2)

Ãef (p2)
. (4.10)

We will analyze this quantity for the e�ects on the P-violation in section 4.2.5. Let us now
turn to the tree-level QP �rst.

4.1.2 The tree-level quark propagator

The tree-level propagator already reveals the major contributions for the QPs. They are
separated in the di�erent channels at tree-level, but will mix in the full case. Thus, for a
better understanding, let us state the QPs at tree-level, which are given by:

DQ
uu(p2) =

1

N(p2)

[
(m2

d + (1− 2g2
w)p2) i /p+mu(m2

d + p2)11 + 2g2
wp

2 i /pγ
5
]
,

DQ
dd(p

2) =
1

N(p2)

[
(m2

u + (1− 2g2
w)p2) i /p+md(m

2
u + p2)11 + 2g2

wp
2 i /pγ

5
]
, (4.11)

DQ
ef,
e 6=f

(p2) =
gw

N(p2)

[
(memf − p2) i /p− (me +mf )p211− (memf + p2) i /pγ

5 − (me −mf )p2γ5
]
,

where the common denominator is given by:

N(p2) =m2
dm

2
u + (m2

u +m2
d)p

2 + (1− 4g2
w)p4 = (1− 4g2

w)(p2 +M2
l )(p2 +M2

h). (4.12)

Here, we have factorized the denominator to see both poles of the tree-level propagator.
The poles are given by:

Ml/h =

√√√√m2
u +m2

d ∓
√

(m2
u −m2

d)
2 + 16g2

wm
2
um

2
d

2(1− 4g2
w)

. (4.13)

For gw → 0, Ml goes to the mass of the lighter quark, and Mh to the mass of the heavier
quark. By increasing gw, the value of Ml is decreased and Mh is increased and thus increases
the e�ect of the mass splitting.

Note thatMl andMh diverge at gw = 0.5. At this point, the poles turn imaginary, indicating
a breakdown of the trivial vacuum around which the perturbative expansion is performed. This
feature will not be lifted in the full non-perturbative treatment. Hence, we are only able to
�nd solutions as long as gw . 0.4. Since this is a very large breaking, probably far too strong
for the setting of neutron star mergers guiding this work, we did not endeavor to �nd out what
happens beyond this point, thus restricting ourselves to breaking strengths below this value.

The explicit chiral symmetry breaking by the tree-level masses manifests itself in the scalar
channel of the pure and mixed �avors. In the chiral limit, the scalar channel vanishes at tree-
level, but due to dynamical chiral breaking, the scalar channel does not vanish for the full
propagator.
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= +

−1 −1

Figure 4.1: Diagrammatic representation of the DSEs for the QPs. The black- and grey-solid
lines represent QPs for pure and mixed �avors, respectively.

The vector channel of the mixed propagator is proportional to gw(mumd − p2), which
changes its sign for p2 > mumd. The in�uence of this is a contribution in di�erent directions
for high- and low-momenta. For heavier bare quark masses, this contribution is shifted to
higher momenta.

The most remarkable contribution, a di�erence of both quark masses, appears in the pseudo-
scalar channel of the mixed propagator. This will have a signi�cant impact on the full prop-
agator. Remarkably, this contribution appears with an opposite sign for the propagator from
up-like quarks to down-like quarks and the other way around: Although we have taken the
same strength for the propagation of both mixed QPs in our ansatz, we get a di�erence, if the
quarks have di�erent masses. This concludes our analysis on the tree-level propagator, and we
proceed with the full propagator and consider their DSEs.

4.1.3 The DSEs of the quark propagator

A graphical representation of the DSEs in the presence of the additional symmetry violations
is shown in �gure 4.1. The equations look similar to those of QCD (see �gure 3.4), where the
QP can also be given in a matrix form, but with vanishing o�-diagonal elements. It is only the
appearance of the o�-diagonal tree-level elements, which gives rise to all di�erences.

Due to the similarities, we employ the same rainbow-ladder truncation as stated in equation
(3.30) to this system of equations resulting in:

Γ
(2),Q
ef (p2, µ2) =

√
Z2,e(µ2,Λ2)Z2,f (µ2,Λ2)S

(2),Q
ef +

Z2,e(µ
2,Λ2)Z2,f (µ2,Λ2)

3π3
×

×
∫ Λ

d4 q
αs(k

2)

k2

(
δνρ −

kνkρ
k2

)
γνPfe(q

2, µ2)γρ, (4.14)

where Z2,e and Z2,f are the quark wavefunction-renormalization constants for �avor e and

f .
∫ Λ

represents a translationally-invariant regularization with the UV-cuto� Λ. µ is the
renormalization point and k = q − p.

By inserting the form of the QPs from eq. (4.3) in (4.14), we extract the equations for
the dressing function. The detailed expressions are stated in the appendix B.1. For our study,
we take for the bare quark masses mup = 2.3 MeV, mdown = 4.8 MeV, mstrange = 95 MeV,
mcharm = 1.275 GeV, mbottom = 4.18 GeV and mtop = 160 GeV from the PDG [194]. Besides,
we will also consider the chiral limit, as well as degenerate cases.

Let us note here that the PDG values are in a di�erent renormalization scheme, actually
even di�erent schemes for di�erent �avors, and at di�erent renormalization points for the
di�erent �avors. Here, we aim to compare di�erent �avors directly. Therefore, we chose as a
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uniform renormalization scheme that our quark masses should equal the values listed above at
µ = 106 GeV, and use a miniMOM-type scheme.

At the perturbative resumed one-loop level in our miniMOM scheme, this amounts to
a di�erence of about 25 − 35% larger masses, depending on �avor, compared to the PDG
renormalization scheme. Note that the small di�erence is due to the appearance of the running
coupling at the renormalization point in this scheme. At the qualitative level of our study,
this will make little di�erence. Ultimately, if we would be able to solve the DSEs exactly, the
scheme would anyhow not matter for physical observables.

4.2 Numerical results

For each quark generation, we have 2 propagators for pure �avor and 2 propagators for mixed
�avor, and each has 4 Lorentz-channels, resulting in 16 dressing functions. We will consider 6
cases in total, the chiral limit and three physical quark generations, and two cases of degenerate
masses. Therefore, we have numerical results for 192 dressing functions and each of them as a
function of the weak strength.

In addition to that, we also have the Schwinger function for each dressing function. To
avoid cluttering up the main text, most of these results are relegated to appendix B. Here, only
the qualitatively most remarkable results will be analyzed. The results in the appendix do not
add any conceptual new to this section.

The result for the QP in QCD are usually given in terms of the wavefunction renormalization
Z(p2) = 1/A(p2) and massfunction M(p2) = B(p2)/A(p2) [18,23,153]. For ease of comparison,
the case with gw = 0 will serve as a reference. Therefore, in section 4.2.2 the results for Z and
ÃAA will be explored. Afterward, the massfunction and the related B̃AA will be discussed in
section 4.2.3.

We will analyze the pole structure of the QPs in section 4.2.4. In section 4.2.5, we will
investigate the results for the axial channel C̃AA, and study the impact of P-violation. But
�rst, it is necessary to discuss the involved scales, as the problem is now a multi-scale one.
Note that in the chiral limit, there is no di�erence between the up-like quark and down-like
quark, and thus the �avor-diagonal elements coincide. In these cases, always the up-type one
will be shown.

4.2.1 Relative scales

gw is dimensionless. Thus, a possibility for the comparison of the breaking strength with the
strong interaction is given by gw and the average strength of the Maris-Tandy coupling α in
the IR region. Neglecting the perturbative part of the Maris-Tandy coupling, we get:

α =

∫
dx

2π
α(x) ≈ 5.5, (4.15)

where x = q2/ω2 and the integration region for the average is taken from q = 0 to q = 1 GeV.
The weak coupling is constant throughout. The smallest values of the weak strength gw = 10−6

is many order of magnitude smalle than α and thus represent the natural case. The largest
value of gw = 0.4, which is only one order of magnitude smaller than α, substantially deviates
from nature. This also justi�es our choice to restrict to not too large values of gw. However,
such e�ects may play a role in theories with strongly-interacting chiral sectors.
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Figure 4.2: The scalar channel for the inverse mixed propagator in the chiral limit and for all
three quark generations.

The interaction also manifests itself into a momentum-scale, in particular, appearing in
the scaler channel. The weak strength is transmuted into a momentum-scale in the �avor
o�-diagonal-element, which is zero without breaking. It is shown for various quark masses in
�gure 4.2.

It is seen that in the IR this dressing function is approximately proportional to the weak
strength for gw ≤ 0.1. Note that the generated scale depends on the quark masses. For both
light generations, the di�erence to the chiral limit is small. For the top- and bottom-quark,
the generated scale is one order of magnitude bigger at the same gw. Thus, there is a linking
of the di�erent involved scales.

4.2.2 Wavefunction renormalization function

From equation (B.3) follows that Auu and Ãuu are directly linked with each other, and thus
Z = 1/Auu is also directly related to Ãuu. These dressing functions are shown in �gure 4.3
for di�erent values of gw and di�erent �avors. Starting in the chiral limit (sub�gure 4.3a), we
see no appreciable e�ect for values of gw . 0.01. At larger values Ãuu slightly increases in the
UV when increasing gw. In the mid momenta regime, it is slightly decreased, and in the IR,
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(a) The Wavefunction renormalization (left panel) and the vector channel of the QP (right panel) for
di�erent values of gw in the chiral limit.
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(b) The �avor-diagonal vector channel without (left panels) and with (right panel) explicit breaking.
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Figure 4.3: The wavefunction renormalization and the �avor-diagonal vector channel.
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Figure 4.4: The massfunction (left panel) and the �avor-diagonal scalar channel (right panel)
for di�erent values of gw in the chiral limit.

it is signi�cantly increased. A consequence of this is that Z also increases in the IR. This can
be understood from equation (B.3), as Auu is obtained from integrating Ãuu multiplied with a
kernel over all momenta. Because Ãuu is increased in the UV very little and more decreased
in the mid-range, Z is slightly decreased in the UV range due to the integration. For the same
reason, Z is not increased as much as Ãuu is increased in the IR.

For other quark masses, the same behavior is seen, as shown in the second and third panel
of �gure 4.3. The graph shows that Ã is increased in the IR for all quark �avors, and thus Z
is also increased.

The e�ect comes from di�erent sources. One is from gw and the other from a combination
of gw and the bare quark masses. Especially, A and Z are increased for the up quarks more
than in the chiral limit. The value for up-like quarks is increased, in general, more than for
down-like quarks. This is also seen in �gure B.1 in appendix B.3.1 in more detail.

This can be understood from equation (4.11) for the tree-level case. One of the contributions
arises from the bare quark masses and another from mass splitting with di�erent signs. This
creates the cross-talks leading to the observed e�ects. We will return to this later in section
4.2.5. In addition, the absolute value is decreased for higher bare quark masses, as anticipated
because the masses of the quarks enter in the denominator of the QP. This can be seen already
for the tree-level propagator in equation (4.12).

4.2.3 Massfunction

The relations between the dressing functions of the QP and its inverse are more involved as in
QCD, as already discussed in 4.1.1. In QCD, the relation is given in equation (4.5), which is
expressed in the standard literature in the following form:

Ãee(p
2) =

Zee(p
2)

p2 +M2
ee(p

2)
, B̃ee(p

2) =
Zee(p

2)Mee(p
2)

p2 +M2
ee(p

2)
. (4.16)

To be able to compare, we therefore choose to de�ne a (pseudo) massfunction as:

Mee(p
2) =

Bee(p
2)

Aee(p2)
, (4.17)
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Figure 4.5: The massfunction for di�erent values of gw. From top to bottom generations one
to three are shown, and the left-hand panels show up-type quarks, and the right-hand panels
down-type quarks.
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which by construction coincides with the usual one in the QCD case. Of course, neither in QCD
nor here this function needs to coincide with the actual mass. Any such statement requires the
analysis of the pole positions in section 4.2.4. Nonetheless, we will stick here with the usual
convention and call this quantity massfunction.

The dependence on gw of this massfunction in the chiral limit is shown in the left panel of
�gure 4.4. As in QCD, the massfunction is non-zero, indicative of chiral symmetry breaking.
The massfunction starts to change appreciably for gw & 0.01, like the wavefunction renormal-
ization. The same is true for B̃uu, which is also shown in the right panel of �gure 4.4. Since
the connection between Buu and B̃uu, due to equation (B.3), is similar as for Auu and Ãuu, the
same analysis as before applies, and the response to gw follows the same pattern.

At non-zero masses, the picture changes. This is shown in �gure 4.5 for all quark �avors.
The massfunction M of the up quark is decreased by increasing gw for gw . 0.3. For larger
values, it increases again, but here our approximations start to break down. This replicates
the result of the tree-level propagator in section 4.1.2. The mass of the heavier quark in a
generation is increased, and the mass of the lighter quark is decreased.

The second generation follows the pattern of the �rst, but not the third. In the latter
case, the massfunction of both quarks increases. This implies di�erent contributions to the
massfunctions. One increases the massfunction of the heavier quark and decreases the one of
the lighter quark. The other contribution increases with the mass of both quarks. An indication
of this is already seen in the second generation, albeit not creating a qualitative change.

4.2.4 Poles of the quark propagator

In this section, we will analyze the pole structure of the QPs with the Schwinger function, as
well as with a Padé-like analytical continuation, as described in section 2.5.2.

Schwinger function

Let us �rst consider the Schwinger function equation (2.45) in the chiral limit for the �avor-
diagonal dressing function B̃. The other �avor-diagonal dressing functions do not lead to
qualitatively new results and are even quantitatively similar, so these will be skipped here. The
results are shown in the top panel of �gure 4.6. The Schwinger function shows an oscillatory
behavior, consistent with the form (2.47), and thus complex conjugate poles, as in pure QCD
for the rainbow-ladder truncation [153]. In fact, a �t using a more detailed ansatz of this type,
see equation 2.49, works very well, as is also shown in the top-left panel of �gure 4.6. The
values of the �t parameters are listed, for completeness, in appendix B.3.6.

However, the oscillation period starts to increase substantially for gw > 0.01, up to a point
where at large gw the �rst zero-crossing has moved to a time which we can no longer numerically
resolve reliably. Thus, the imaginary part shrinks with increasing breaking. The curvature at
short distances is still not quite right for a physical particle. A similar behavior, though with
suppression of oscillations for decreasing interaction strength, has already been observed for
adjoint scalar particles [195, 196]. This strongly suggests that the interaction strength plays a
crucial role for the scale at which negative norm contributions become relevant, even though
the coupling does not di�erentiate between positive-norm and negative-norm states.

At the same time, the steepness decreases, making the real part smaller. Thus, the increase
in gw moves in total the poles closer to the origin, as both real and imaginary parts decrease.
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Figure 4.6: Flavor-diagonal(top panel) and o�-diagonal (bottom panel) Schwinger function in
the chiral limit for di�erent gw (left panel) and with �ts (right panel).

The �avor-o�-diagonal Schwinger function, again only the scalar part as the others are
very similar, is shown in the bottom panel of �gure 4.6. In principle, it shows a very similar
behavior as for the �avor-diagonal part, except that it always retains a �rst zero-crossing,
relatively independent of gw, at very short times. It is still possible to �t it using the same �t
form. The results for the �t are also listed in appendix B.3.6. It is found that the zero-crossing
at small momenta comes from the phase shift δ in (2.47). It is very close to π/2 and causes
the sign change for the Schwinger function at a small t. Still, the position of the pole also
moves towards the origin with increasing breaking strength. The Schwinger function for the
�rst two generations show the same behavior as in the chiral limit, see �gure B.8 in appendix
B.3.6. For the third generation, the fall-o� was too fast, due to the large real part, as that any
unambiguous statements could be drawn before numerical noise drowns out the signal.

It is quite an interesting result that the breaking pushes the poles closer to the origin. As
we expect a change of physics when crossing the threshold gW & 0.4, this could be the �rst
indication of a drastic change at strong breaking. However, this is probably not of relevance
to neutron star physics. On the downside, the decreasing distance to the origin will create
additional problems in any mesonic correlators in rainbow-ladder calculations [18, 19, 23]. In
these cases, more elaborate schemes will be necessary than a tree-level breaking, which we are
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Figure 4.7: The pole positions in a contour plot without (top-left panel) and with gw = 0.4
breaking strength (top-right panel). Real (bottom-left panel) and imaginary part (bottom-right
panel) of the poles from the Schwinger method and Padé-like continuation.

currently developing.

Padé-like continuation

Let us now consider the Schlessinger point continuation (equation (2.44)) for �avor-diagonal
dressing function Ã. The other �avor-diagonal dressing functions are again very similar, so
these will be skipped here. The contour plot of the imaginary part in the chiral limit is shown
in the top panel of �gure 4.7. We obtain 4 poles for the QP at the positions PPole = ±

(
M ± i Γ

2

)
.

Let us mention here, that the dressing functions of the QPs are functions of momentum
squared Ã(p2) and hence do not di�erentiate between p and −p. Therefore, any numerical
continuation using these data should be symmetric under this transformation. We see this in
the top panel of �gure 4.7. Thus, for each pole also its negative is a pole. This is also true
for the Schwinger function. We see in equation (2.47) that only the absolute value of the real
part enters in the form of the Schwinger function. The imaginary part of the pole comes in the
cosine, which has an additional parameter for the phase shift δ. Hence, the Schwinger function
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Figure 4.8: Axial channel and the ratio (4.10) for di�erent values of gw.

with a negative Γ can be �tted with the same positive Γ using the phase shift δ′ = δ±π. So the
amount of the poles from the Schwinger function is the same as for the Padé-like continuations.
We just neglect the part with the negative mass guided by physics.

We see in the bottom panel of �gure 4.7 that the poles from the Schwinger function and the
Schlessinger point method agree within the error also quantitatively. Let us note here that the
poles with the negative mass are just artifacts from the numerical continuation of the Euclidean
data. The direct calculation of the QP in the complex plane has only complex conjugate poles
on the left side of the complexi�ed Euclidean space (see left panel of �gure 5.2).

We do not show further results for the other QPs as they agree with the results in the
last section. Due to the fact that the Schlessinger point method is far easier for the numerical
implementation, we will use this for our remaining analysis in this work. This concludes our
analysis of the pole structure. We now turn to the investigation of the P-violation.
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Figure 4.10: The �avor-o�-diagonal ratio (4.10) for di�erent gw for the �rst generation (top
panels) and third generation (bottom panels) for physical mass splittings (left panels) and
degenerate masses (right panels).

4.2.5 P-violation

In the following, the handiness of the quarks is investigated, using the de�nition (4.9). This
requires the axial channel, shown in the left panel of the sub�gure 4.8a for the chiral limit. The
corresponding dressing function C̃ is for the �avor-diagonal elements found to be positive for
higher momenta and negative in the IR. At the same time, for increasing gw the absolute value
of C̃ also increases. Of course, at large momenta, the dressing function goes to its tree-level
part, which from equation (4.11) is:

C̃0,AA =
2g2

wp
2

N(p2)
, (4.18)

which is positive, actually for all momenta. Therefore, the back-coupling to QCD forces it to
be negative in the IR. This happens at a transition scale of approximately 1 GeV, which is the
typical QCD scale.

To assess the consequences of this for the left-handed and right-handed contributions, we
use the relative ratio from equation (4.10). Since Ã is always positive, the sign of r̃ is given by
the sign of C̃. This already entails a change of sign, and that the left-handed part is larger in
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the infrared. This is also shown in the right panel of the sub�gure 4.8a. The e�ect increases
non-linearly with gw: For gw . 0.1, the absolute value |r̃| in the UV and IR is increased by
two order of magnitudes, when gw is increased by one order of magnitude.

The �avor-o�-diagonal C̃ is always negative in the chiral limit, but Ã changes its sign, see
�gures B.2 and B.5 in appendix B.3. At the same transition scale of approximately 1 GeV as
for the �avor-diagonal case, and in the chiral limit, Ã has a zero-crossing and C̃ not. This
leads to a diverging r̃ud at this scale. Thus, there is a transition from right-handed in the UV
to left-handed in the IR in this case also. This is shown in the left panel of the sub�gure 4.8b.

Increasing the mass, the situation for up and down quarks is shown in the left panel of the
sub�gure 4.9a. The absolute value of C̃ is di�erent for up- and down-quark, but their behavior
is as in the chiral case for gw = 10−5. Slightly, increasing gw to 5 · 10−5 entails a drastic
qualitative change. For the up-quark, C̃ is still positive in the UV and negative in the IR, but
for the down-quark, it remains positive for all momenta. Therefore, the up-quark still �ips its
chirality at long distances, but the down-quark does not do so.

To understand the origin of this e�ect, it is helpful to study the degenerate mass case, also
shown in the right panel of the sub�gure 4.9a. There is no (numerically detectable) di�erence
between up- and down-quark1, and C̃ changes sign again, as in the chiral limit. For higher
values of gw, the absolute value of C̃ just increases in the IR. This implies that the di�erent
behavior of C̃ for the non-degenerate case is due to the mass splitting of the quarks. Since at
tree-level only in the pseudoscalar channel, a contribution proportional to the mass splitting
occurs, this e�ect must have been propagated by the QCD interaction to the axial channel.
Moreover, the e�ect becomes already important at the, compared to QCD, very small mass
splitting and a very small breaking scale of gw ≈ 5 · 10−5. This can only happen if there is
a strong non-linear ampli�cation mechanism is at work. This implies that the QCD medium
strongly a�ects the helicity at long ranges, but only for non-degenerate quark masses. That
was certainly not expected.

The same is true for the other quark generations, see for the second generation the left
panel of the sub�gure 4.8b. The e�ect is still there for the third generation, with its very large
mass splitting, see sub�gure 4.9c, and there occurs already at an even smaller breaking strength
of gw = 10−6. Thus, the absolute value of the involved mass scales ampli�es the non-linear
back-coupling, such that it occurs at weaker breaking strength.

The corresponding relative ratios are shown in �gure B.7 in appendix B.3. These graphs
support the existence of a transition scale, where the left-handed and right-handed contribution
change their relative contribution.

For the mixed �avor case, the e�ect is solely driven by the absolute value of the mass
splitting, and the breaking strength plays only a minor role. This is shown in �gure 4.10.
Whether there is a mass-splitting or not plays only a role if the mass splitting is large enough,
i.e., in the third generation. Only then the behavior with or without mass splitting di�ers
qualitatively in the infrared. Already, the second generation is su�cient for this, as can be
seen in sub�gure 4.8b.

4.3 Discussion and implications for physics

We have calculated the QP in the presence of explicit C, P, and �avor symmetry breaking.
Moreover, we took into account the non-linear back-coupling from QCD in the rainbow-ladder

1Which is not trivial, as even at tree-level the �avor propagation is not symmetric.
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truncation. The latter leads to qualitative e�ects, even for relatively small explicit breaking
strengths, at long (hadronic) distances. They also couple in a highly non-trivial way the
various dressing functions to each other. This was particularly visible in the way how e�ects
from mass splitting and mass averages surfaced in various dressing functions. The non-linear
ampli�cation also surfaced in other ways. This is a crucial insight: external perturbations can,
even in rainbow-ladder truncation, be substantially ampli�ed by the strong interactions. This
must be regarded as a warning that even small e�ects can play a non-perturbatively signi�cant
role when QCD is involved.

From the point of view of physics, another exciting insight is obtained when considering
how left-handed and right-handed particle propagation changes. Under particular conditions,
�ips between handedness can be ampli�ed at long distances by the strong interaction. This
can deplete or enlarge the available particles in some handedness. As the weak interactions
only couple to a particular handedness, this can increase or decrease the reservoir of particles,
which are weakly interacting in a system. If this pertains to the full system, this can in�uence
the dynamics in forming or merging neutron stars, as this could alter, e.g., the opacity for
neutrinos. This is even more important as the typical range where this occurs is only of the
size of a hadron.

Concluding, this investigation showed that weak interaction e�ects, even if themselves small,
can be ampli�ed by the strong interactions, and this back-coupling can have a qualitative
impact. Keeping this in mind will be important in the next step, when relaxing the assumption
of a reservoir, and taking the weak interactions explicitly into account, by including the emitted
neutrinos and electrons. This will require to work on a hadronic level, which we do in the next
chapter.
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Chapter 5

The weak pion decay in the

Bethe-Salpeter-approach

In this chapter, we will focus on the weak pion decay in the combined DSE/BSE framework.
So before we deal with the pions, let us �rst state the implications of the right pole structure
for the correlation functions from the Mikowski space, as stated in section 2.5 to the Euclidean
space in the �rst section 5.1. In the second section 5.4, we will discuss the BSE for the weak
pion decay. Some parts of the �ndings are already published in [197]. The �nal results of the
decay process will be presented in future investigations. Technical details of the derivation are
shifted to the appendix C for the sake of reproducibility.

5.1 Poles in the second Riemann sheet

The homogeneous BSEs (3.8) are derived from the DSEs of the corresponding n-point function
under the condition that the particle is on-shell, as outlined in section 3.2. Thus, the BSE has
only solutions for particular momentum con�gurations, which gives us access to the properties
of the bound state and resonances. The momenta are given by the pole positions of corre-
sponding n-point functions. From the pole position, we extract the mass and decay-width of
the particle. Stable particles are poles on the real axes, and resonances are poles in the second
Riemann sheet in the Minkowski space (MPole = M − i Γ

2 ) as already introduced in section 2.5.

As a consequence of this, the real-valued momenta in Euclidean space are not su�cient to
determine the bound state properties. Therefore, we complexify the Euclidean space. To avoid
any misunderstanding, let us note here that we still work in the Euclidean metric, as stated in
the conventions for the thesis in chapter 2. Since any momentum squared in Euclidean space
is the negative of the momentum squared in Minkowski space, the left and right half-plane of
the complexi�ed Euclidean space is called the Minkowski and Euclidean space, respectively,
in the standard functional method literature. To avoid any confusion, we will not use these
expressions in this manner as we deal with the actual Minkowski and Euclidean space for the
discussion of the pole position.

Let us now discuss the consequences of the pole positions in Minkowski space, as stated in
section 2.5, for the complexi�ed Euclidean space because solving the BSEs, essentially, boils
down to �nd the right pole position in the complex plane. To be more formal, let P and PM be
the total momenta of the incoming particles in Euclidean and Minkowski space, respectively;
and P 2 = sE and P 2

M = s. In the rest frame of the resonance (~PM = 0), we get in Minkowski

53
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Figure 5.1: The pole positions for stable particles (wiggly line) and resonances (blue area)
in the complex

√
sE-plane (left panel) and the implication for the resonances in the complex

sE-plane (right panel).

space:

PM,0 = MPole = M − i Γ
2 . (5.1)

This is directly related to the fourth component in the Euclidean space through the Wick
rotation [39]. Thus, we get the following for the momentum and its squared in Euclidean
space:

P4 = iPM,0 = iMPole = iM + Γ
2 , ⇒ sE = −s = −M2

Pole =

(
−M2 +

Γ2

4

)
+ iMΓ. (5.2)

For a better understanding, we depict an analogous �gure 5.1 to the �gure 2.4 for the pole
positions in the complexi�ed Euclidean space. The �gure shows the pole position of stable
particles (wiggly lines) and resonances (blue area) in the complex

√
sE-plane (left panel) and

the complex sE-plane (right panel). We have emphasized that the pole of a resonance is in
the second Riemann sheet in Minkowski space. In �gure 5.1, we see the same pole in the �rst
quadrant of

√
sE-plane. The pole has not moved; instead, we are looking at the same pole from

another position. This is directly visible by looking at the relative position of the pole in the
�rst and second sheet to the stable particles1.

We work in the complex sE variable for our study, and hence the pole is located on the
upper left quadrants for particles with M > Γ/2, which is the case for the pions. Thus, for
physical stable or unstable particles, we must search for poles on the negative real axes or the
upper half of it in the complexi�ed Euclidean space.

Although solving the BSEs does not sound very di�cult, in practice, it is a tough task,
especially for decaying particles. For stable particles, we must search for a pole on a line, which
is much simpler than searching in a plane. To do so, we will start in the pure QCD case, where
the pole position is well-known, and turn on the weak interaction smoothly. At the same time,
we will make the leptons much heavier than the pion. Hence, the decay can not take place. In
the end, we will go smoothly to lighter leptons masses and thereby turn on the decay process.

1Starting from the position of a stable particle, we have to move in the opposite mathematical direction for
the pole of a resonance. We see this in �gure 2.4 and 5.1 for Minkowski and Euclidean space, respectively.
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Figure 5.2: The pole position of the QP in the complex plane for the up-quark from the Padé-
like analytic continuation (left panel) and the required area of the QP in the complex plane for
the BSEs (right panel). The maximal area is restricted by the poles of the QP in the complex
plane (blue area). This maximal area should contain the whole area for stable particles (yellow)
as well as resonances (green) during the integration of the the BSE.

This will move the pole in the upper half, which we can follow. This concludes our discussion
on the pole positions in the complexi�ed Euclidean space. Let us, in the following section,
discuss the implications of the pole position for the QP.

5.2 Quark propagator in the complex plane

The BSEs are derived under the condition that the particle is on-shell. Thus, the total mo-
mentum of the incoming particle is �xed and given by the equation (5.2). Especially, the total
momentum is complex-valued. As a consequence of this, at least one of the particle forming
the bound state has complex-valued momentum. Therefore, studying the BSEs of the pion
requires the knowledge of the QP in the complex plane. So let us deal with this issue in the
following and consider the case of the mesons.

We de�ne k± as the momenta of quark and anti-quark, respectively. Using the relative
momentum k (real-valued) between both quarks, we may write:

k± = k ± η±P, k = η−k+ + η+k− η+ + η− = 1, (5.3)

where the parameter η± allows us to share the complex-valued momentum P between the
quark and anti-quark. For example, η+ = 1 means that the whole complex-valued part of
the total momentum is in the quark momentum, and the momentum of the anti-quark is pure
real-valued.

The dressing function of the QPs depends on the Lorentz-invariants of their momenta,
which are:

k2
± =

(
k2(1− z2) + (kz ± η±

2
Γ)2 − η2

±M
2
)
± 2 i η±M

(
kz ± η±

2
Γ
)
, (5.4)
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where z = cos(θ) and θ is the angle between P and k. This relation describes the area con�ned
by a parabola in the complex p2-plane (p2 = k2

±) shown on the right panel in �gure 5.2. The
parabola is opened horizontally on the right-side with its apex at −η2

±M
2 on the left-side.

The direct calculation in the complex plane yields complex conjugate poles for the QP on
the left side of the complex p2-plane. These agree very well with the poles from the Padé-like
analytic continuation, which are depicted on the left panel for the up-quark. The poles yield
a maximum for the Parabola apex before they come inside the parabola region (blue). For
parabola containing these poles, we need more advanced and sophisticated numerical tech-
niques, which are currently being developed to go stepwise beyond this limitation (see [26] and
the references therein for further details on this topic).

Using the standard numerical techniques, we are restricted to a maximum parabola given
by the poles. This is directly related to a maximum mass Mmax for the bound state and
resonance. In the case of the light quarks, the maximum is given by:

Mmax ≈ min

[
0.5

η±
GeV

]
. (5.5)

Fortunately, the poles do not hinder our study as the pions are very light (Mπ ≈ 0.14 GeV)
and we can use the standard numerical techniques for our study.

The BSEs are integral equations, and the integrals are usually calculated till a UV-cuto� Λ
in the renormalization theory. Thus, we need the QP for a �nite region. So calculating the QP
in an area that includes the entire integration region and is smaller than the maximal region
is su�cient for the analysis. For stable particles Γ = 0, the area (yellow) is mirror symmetric.
However, for resonances (green), the region is dominated by the upper half of the complex plane
for quark, as well as anti-quark. This concludes our brief analysis of the QP in the complex
plane. For further technical details on the numerical implementation in the complex plane,
see [22,25,26,198] and the references therein.

5.3 Poles in the second Riemann sheet and BSEs

We have emphasized throughout this work on the fact that physical resonances are poles in the
second Riemann sheet and not in the �rst sheet. Thus, it is crucial to analyze the properties,
which the BSEs must at least ful�ll, to distinguish between both sheets in general. A pole in
the �rst Riemann sheet can be realized by applying the transformation Γ→ −Γ in our recent
analysis with Γ > 0.

As a consequence of this, the pole of the resonance is transformed to its complex conjugate
(sE → sE). This means that the pole is located on the lower half of the sE-plane (see the red
point on the right panel in �gure 5.1). Thus, the condition that the pole is in the second sheet
and not in the �rst sheet implies that for a given sE its complex conjugate sE can not be a
solution of the BSE at the same time.

Let us be more formal in the following. We can write the BSEs equation (3.8) as a general
eigenvalue problem of the form:

λ(sE)Ψ(sE) =M(sE)Ψ(sE). (5.6)

We may callM the BSE matrix2, which contains the BSE Kernel and the QPs. Solutions of
the BSEs are given by all the momentas sE ∈ C with λ(sE) = 1.

2In practice, the BSA is calculated on a grid and henceM is �nite dimensional square matrix. Solving the
BSEs boils down to �nding the eigenvalues and eingenvectors of this matrix.
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In particular, if sE is a solution of the BSE with the BSA Ψ and M ful�lls the following
property:

M(sE) =M(sE). (5.7)

Then sE is a solution of the BSE with the complex conjugate BSA3 Ψ. This can be seen from
a straight forward calculation:

M(sE)Ψ(sE) =M(sE)Ψ(sE) =M(sE)Ψ(sE) = λ(sE)Ψ(sE) = 1×Ψ(sE). (5.8)

So the necessary but unfortunately not su�cient condition to distinguish between the poles
from the �rst and second sheet is that the BSE matrix violates the relation (5.7).

Let us now check which part of the BSE matrix does not transform in agreement to this
relation and hence could be a source to violate this relation for the whole BSE matrix. For
this purpose, we start with the di�erent momenta in our system.

In the rest frame of the resonance, we may write the transformation for going from the
second sheet to the �rst sheet as follows:

PM → PM , P → −P , sE → sE, k → k = k, k± → k ∓ η±P . (5.9)

We note that the momenta P and k± are not transformed into their complex conjugate momenta
and hence can be one of the sources to violate the relation (5.7).

The momenta of the quark and anti-quark are transformed into the complex conjugate of
each other for the typical case η+ = η− = 1

2 . Since the dressing function of both QPs come in
combination, their combination might still transform according to the relation (5.7), especially,
in the case of degenerate quark masses, where both QPs agree.

The investigation of the pion is done for degenerate quark masses and η+ = η− = 1
2 in the

standard literature. Therefore, we will also start our analysis in this case to benchmark our
results. So it is essential to distinguish between both sheets also in this case. In the next step,
we will go to the physical quark masses. Thus, let us in the following discuss this case.

The dressing function Ã and B̃ are real-valued on the real axis. Thus, for the analytic
continuation of these function we get :

Ã
(
p2
)

= Ã
(
p2
)
, B̃

(
p2
)

= B̃
(
p2
)
, (5.10)

from the Schwarz re�ection principle. So the dressing functions of the QP has the transforma-
tion behaviour accordint to the relation (5.7) in the case of the degenerate masses.

The dressing functions come along with scalar products in various combinations of the
momenta. In particular, there are scalar products in the BSE matrix, which contain an odd
or an even amount of the momenta P . The scalar products with an even amount transform
according to (5.7) and with odd momenta transforms with an additional minus sign. Especially,
linear combinations of these provide us with the possibility that the whole BSE matrix can not
transform according to (5.7).

We see this in the case of the pion BSE on the example of the matrix element M1,2:

M1,2 = 2 i
(

2m−(P · q)−m+P 2
)
→ 2 i

(
2m−(P · q) +m+P 2

)
6= M1,2, (5.11)

3We will use only in this section Ψ to denote the complex conjugation of the BSA.
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where q is the relative momentum of the internal quarks. m− and m+ are multiplications
and additions of the QP's dressing functions (see the section 5.4 and appendix C.2 for further
details and exact de�nitions). As a consequence of this, the BSEs can have the property
to distinguish between the �rst and second Riemann sheet in general. Notably, the BSE of
the pion violates the relation even in the degenerate case. Therefoe, the BSEs may have the
property to distinguish between both sheets in our study. We will check this for the weak pion
decay.

In the end, let us mention that the BSA of the pion in pure QCD is real though the matrix
is complex-valued. This is owed to the fact that the QP in the complex plane enters the matrix.
However, the complex part cancels out during the calculation of the BSA (see, e.g., [26,31,32]
and the references therein). This is no longer true for the weak pion, and hence the BSA will
be complex-valued. This concludes our general consideration. We now turn to the BSEs of the
weak pion decay.

5.4 Coupled system of BSEs

The pions play a crucial role in nature and thus are very well studied from the theoretical
side, as well as the experimental side. This is owed to the fact that they are the lightest
hadrons and, therefore, mediate the longe range interaction between them. Their unique role
is emphasized through the fact that they are Goldstone bosons of the chiral symmetry, which
makes them very much lighter than the rest of the hadrons. They would be absent from
the physical spectrum if the chiral symmetry would be exactly realized in nature. Therefore,
without the right treatment of the chiral symmetry, it is not possible to describe the light-quark
meson spectrum qualitatively correct, and "�ne-tuning" is necessary (see [31,32,132] for further
details on this topic).

This is of particular importance for the truncation scheme in the DSE/BSE approach. The
rainbow-ladder truncation applied in this work does have the right treatment for the chiral
symmetry. Nevertheless, let us brie�y deal with this issue �rst, before we analyze the BSEs of
the weak pion decay.

The BSA of the pion in pure QCD is given by (see for the derivation in the appendix C
and the equation (5.18)):

Ψ =

∫
KQ,Q,Q,QPQPQΨ, KQ,Q,Q,Q = S(3),A,Q,QPAΓ(3),A,Q,Q (5.12)

with the Kernel K. The solution of the BSA requires the knowledge of the full QP, the full
gluon propagator, and the full quark-gluon-vertex, which has there own DSEs.

The DSE of the QP in pure QCD is stated in equation (3.28) and also requires the knowledge
of the full gluon propagator and the full quark-gluon-vertex. In particular, both quantities
appear in the same form. Hence, the truncation scheme for the QP and the pion BSA has to
be self-consistent. Especially, the truncation scheme must respect the underlying symmetries
of the theory, realized via the Ward-Takahashi or Slavnov-Taylor identities for global or local
symmetries, respectively.

The axial-vector Ward-Takahashi identity ensures the right treatment of the chiral symme-
try. So any truncation on the DSE of the QP has a direct impact on the pion BSE. This has
been studied extensively in [31,32]. We refer the reader to this paper for further details on this
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topic4.
The inclusion of the (e�ective) weak interaction breaks the chiral symmetry. Hence, the

axial-vector Ward-Takahashi identities are modi�ed. Going along the lines of [31, 32] for the
modi�ed axial-vector Ward-Takahashi identities is far too complicated for the explorative study
here as we have already seen the rising of the complexity for the QPs due to the additional
symmetry violations.

It is believed that the impact is low as far as the strength of the weak interaction is small.
Therefore, this will be postponed to future investigations. In this regard, it is important to note
that the chiral symmetry is also broken in the QCD due to the �nite mass of the quarks, which
may have a more signi�cant impact than the weak interaction. The chiral symmetry is restored
in the limit of vanishing quark masses and weak interaction, and the rainbow-ladder truncation
has the correct implementation of the chiral symmetry in this limit, which is su�cient for our
study.

5.4.1 BSEs of the weak pion decay

Let us now turn to the derivation of the BSE for the weak pion decay and be more formal in the
following. The pions are pseudo-scalar mesons and hence directly related to the pseudo-scalar
channel of the quark anti-quark pair5:

πα ∼
(
Qγ5T

αQ
)
, (5.13)

where Tα are the generators of the SU(Nf ) �avor space. In our case (Nf = 2), we choose the
Pauli matrices.

The πα does not contain the charged pions, which are the major object of the investigation
in this study. We get the charged pions via:

π± = π1 ∓ iπ2 ∼
(
Qγ5

(
T 1 ∓ iT 2

)
Q
)
, (5.14)

and we de�ne

T̃ 1 = T 1 − iT 2, T̃ 2 = T 1 + iT 2. (5.15)

Due to the fact that the π1/2 and the charged pions π± are related via a simple linear combi-
nation to each other, we can study any of them. Therefore, we will use both �elds throughout
this work and switch between both representation at will6. Anyhow, explicit calculation are
easier for π1/2, because the algebra of the Pauli matrices is well known and implemented in
di�erent computational tools.

The approximation of the weak interaction from equation (2.22) together with the La-
grangian of the QCD from equation (2.32) yields for the matter part7:

LW = LM + Ll + L4-Fermi = Q
(
/D +mf

)
Q+ l

(
/∂ +mf

)
l +

αw
2

[(
Q
L
γµT̃αQL

)(
l
L
γµT̃αlL

)]
= Q

(
/D +mf

)
Q+ l

(
/∂ +mf

)
l +

αw
2

[(
Q
L
γµT α̃QL

)(
l
L
γµT α̃lL

)]
, (5.16)

4In particular, the conditions on the renormalization constants have also been investigated in detail.
5We will use this relation in the next chapter for the dynamical hadronization.
6We will use the Pauli matrices T and modi�ed version of them T̃ throughout this work. Therefore, we make

the following convention for the adjoint �avor index: α and α̃ is {1, 2} in the case of T̃ and T , respectively.
7Here, we show the expression only once in both representation for a better understanding of our conventions.
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π± =Ψ′ Ψ π±

π±+π± =Ψ Ψ π±Ψ′

Figure 5.3: Diagrammatic representation of the weak pion BSE (5.18).

where Ll = l
(
/∂ +mf

)
l is the pure leptonic part and given by the free propagation of the

leptons.
Using this Lagrangian, we derive the BSE from the DSE of the 4-point functions, as men-

tioned in section 3.2. To be more precise, we have to consider two BSAs, namely one pion
amplitude (Ψ) without the decay coming from the pure QCD and the additional amplitude for
the decay process (Ψ′) into the leptons from the inclusion of the electroweak interactions. The
former one is derived from the DSE of the 4-quark-point function and the latter one from the
2-quark-2-lepton-point function. We will call them in the following the pure amplitude and
decay amplitude, respectively.

Γ(4),Q,Q,Q,Q = N ΨΨ

P 2 +M2
π,Pole

, Γ(4),l,l,Q,Q = N Ψ′Ψ
′

P 2 +M2
π,Pole

, (5.17)

where Mπ,Pole is the pole of the pion.
We derive the equations for the BSAs from the DSE of the both 4-point functions, as

outlined in equation 3.7. The derivation of this is illustrated diagrammatically in the appendix
C.1, and we get:

Ψ =

∫ {
KQ,Q,Q,QPQPQΨ + S(4),Q,Q,l,lP lP lΨ′

}
,

Ψ′ =
∫ {

S(4),l,l,Q,QPQPQΨ
}
, (5.18)

where the Kernel K is the same as in the pure QCD (see equation (5.12) or the more detailed
expression in the appendix C.2).

Diagrammatic representation of these equations is shown in �gure 5.3. The �rst equation
is the usual description in pure QCD but has now an additional term describing that the pion
has a leptonic intermediate state. The second equation provides the actual decay of the pion
into leptons. Note that there is also a non-trivial equation for a pole in the 4-lepton channel
and related to this 2-lepton-2-quark channel in our approximation. However, this is decoupled
from the 4-quark and 2-quark-2-lepton-channel system and, therefore, does not in�uence the
weak pion decay process in our study.
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Let us now look closer into di�erent ingredients for the solution and start with the QP PQ.
The inclusion of the proposed (e�ective) weak interaction has no direct impact on the DSE
of the QP. This is owed to the fact that the 4-Fermi interaction (equation (5.16) or (2.22)) is
related to the QPs of di�erent �avors within a generation, which is not possible in the Standard
Model due to the charge conservation. So we are left with the QPs in the pure QCD case, and
the rainbow-ladder truncation is possible. They are required in self-consistent truncation in
the complex plane, as already discussed in detail.

We also need the full lepton propagator P l. The only interaction term for the leptons in
our theory is e�ective 4-Fermi interaction (equation (5.16)). For the same reasons as for the
quarks, this term does not impact the DSE of the lepton propagators, and we are left with the
free propagation for the leptons. Thus, the full propagator is given by:

P l(p) = Dl(p) =
1

p2 +m2
f

(
i /p+mf11

)
. (5.19)

This is owed to our simple ansatz in the lepton sector. This is su�cient for the �rst step since
we want to see how the opening of the leptonic decay channels in�uences the pole position of
the BSEs.

This simple form of the propagator is especially helpful regarding the pole position. Analog
to the QP in section 5.2, we also require the lepton propagator in the complex plane inside
a parabola. This lepton propagator has a pole at −m2

f . The pole is outside the parabole
as long as the leptons are heavy enough that the pions can not decay. Opening the decay
channel moves the pole inside the integration region. We can avoid the pole by deforming our
integration contour as outlined in [38, 199, 200]. So this is technically feasible, especially for
such a simple propagator like in our case. We refer the reader to [38,199,200] for more details
on this and proceed further.

The Kernel K is given by the pure QCD part and hence is truncated, according to rainbow-
ladder. Apart from this, we also need the tree-level 2-quark-2-lepton-vertex, which must not
be calculated as it is given by our ansatz. Thus, all the ingredients of the BSEs are known,
and we can calculate the BSA.

5.4.2 Bethe-Salpeter-amplitude of the weak pion decay

The BSA of pseudo-scalar mesons has, in general, a four-dimensional basis in the Lorentz-
space [201]. Hence, we have four dressing functions for each BSA (f1, . . . , f4 and g1, . . . , g4).
The dressing functions depend on the Lorentz-invariants of the external BSA momenta. The
BSAs of mesons depends on two external momenta from which one can form three Lorentz-
invariants.

Due to the fact that the particle is on-shell, it is convenient to use the total momentum
squared P 2 as it is �xed during the calculation. For the remaining two, we choose the relative
momentum squared k2 and the cosine of the angle between them (z = cos(θ), i.e., fi(P

2, k2, z)
and analog for gi). Combining this with the �avor and color structure of the pions yields for
the pure and decay amplitude the following:

Ψα = Tα11c
γ5

2

(
f111 + f2 i /P + f3 i /k + f4Pµkνσµν

)
,

Ψα′ = Tα
γ5

2

(
g111 + g2 i /P + g3 i /k + g4Pµkνσµν

)
, (5.20)
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where 11c is the identity in color space.
We insert the general form in equation (5.18). Moreover, we take suitable traces to project

out the di�erent dressing functions and get:

fi =

∫
q

{
C1
αs((k − q)2)

(k − q)2
Mi,jfj + C2αw((k − q)2)M̃i,jgj

}
,

gi =

∫
q

{
C2αw((k − q)2)M ′i,jfj

}
, (5.21)

where C1, C2 are constants from the trace andMi,j , M̃i,j ,M
′
i,j are the matrix elements contain-

ing the dressing functions of the fermion propagators and traces of the momenta (see appendix
C.2 for the detailed expressions).

In particular, we get:

g1 = g4 = 0. (5.22)

Hence, only the axial channel (g2, g3) of the decay amplitude contributes. This is directly
related to the CP-violation, which is seen straight forward in the FRG framework and comes
out after a long calculation in DSE/BSE framework. Therefore, we discuss this issue using the
analogy of both frameworks.

In the FRG framework, the bound states are most straightforwardly described using dy-
namical hadronization, as outlined in 3.3.1. Thus, we have the pion �elds explicitly in the
system. The pure and the decay amplitude in the BSE framework describes the relation of the
pions with the quarks and leptons at the pion pole, respectively. So the BSAs are connected
to the 3-point functions of the pions with quarks or leptons, respectively.

Ψ = Γ(3),π,Q,Q
∣∣∣
P=Mπ,Pole

, Ψ′ = Γ(3),π,l,l
∣∣∣
P=Mπ,Pole

. (5.23)

In particular, 3-point function and the BSA have the same tensor structure in the �avor,
color, and Lorentz-space. So the general form of the full vertex is given by:

Γ(3),π,l,lπαl
L
lL = παl

L
[
Tα

γ5

2

(
g111 + g2 i /P + g3 i /k + g4Pµkνσµν

)]
lL. (5.24)

Due to the fact that only left-handed �elds are involved, we get in the FRG framework straight
forward the desired result for g1 and g4. They are related to:

g1 ∼ lL
[
Tα

γ5

2

]
lL = 0, g4 ∼ lL

[
Tα

γ5

2
σµν

]
lL = 0. (5.25)

Taking also the right-handed �elds (l = lL + lR) into account shows that the channel of g1

and g4 are related to contributions involving di�erent handedness, and the channel of g2 and
g3 are related to contributions involving the same handedness:

g1 ∼ lR
[
Tα

γ5

2

]
lL + l

L
[
Tα

γ5

2

]
lR, g2 ∼ lL

[
Tα

γ5

2
i /P

]
lL + l

R
[
Tα

γ5

2
γµ

]
lR, (5.26)

analog for g3 and g4. The same is true for f1 to f4. This has important implications for the
physics.
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The di�erent channel gives us access to the handedness of the particles, and hence we
can investigate the impact of the P-violation. Our study for the QP in chapter 4 reveals the
possibility of changing the handedness of the particles. To be more precise, we got di�erent
contributions for the handedness of the heavier and lighter quarks within a generation above a
threshold breaking strength caused by the mass di�erence between both quarks. Such behavior,
if still persists in the full system, would result in a non-vanishing pseudo-scalar and tensor
channel (g1 and g4).

Our naive intuition could be that this would screen the decay process since the weak decay
involves only left-handed particles. However, the dynamical back-coupling can cause new e�ects
even at moderate strengths, as seen during the investigation of the QP. Thus, we require also
a back-coupled analysis with the leptonic sector. In particular, we need to go beyond the free
lepton propagator and include the weak gauge bosons. This is far too complicated as a �rst
step and will be done in future investigations. This concludes our treatment of the BSA of the
weak pion decay. In the end, we summarize our �ndings in the following section.

5.5 Summary and discussion

The combined DSE/BSE framework makes the use of the poles for bound states and resonances.
The axiomatic �eld theory demands that the pole of a resonance is located in the second
Riemann sheet of the Minkowski space. So it is of particular importance that we translate the
pole positions from the Minkowski space to the complexi�ed Euclidean space correctly. Thus,
the �rst part of the investigation was devoted to this issue and its generic implications on the
BSEs.

Our �ndings reveal the pole position on the negative upper half of the complexi�ed Eu-
clidean space. It is important to note that the pole position has not moved. Instead, we are
looking at the same pole from another direction. In the next step, we have studied the pos-
sibility for the BSEs to distinguish between both sheets in general by looking for a necessary
condition. We found one condition for this purpose, which could be ful�lled in a general BSE
and was ful�lled in the case of the pions.

In the second part, we have formulated the weak pion decay in the DSE/BSE framework
and discussed the various technical issues while solving these equations. In particular, we have
studied the impact of the additional leptonic decay channel for the BSAs, which has revealed
two vanishing and two non-vanishing channels related to the handedness of the particles.

The two non-vanishing channels are in agreement with the previous studies for the leptonic
decay constant [32]. Anyhow, we also get an impact on the two vanishing channels (g1 and
g4) from our examination of the QP in the previous chapter. In particular, the channel g1

and g4 are related to contributions from the leptons with di�erent handedness and vanish in
perturbation theory. This is owed to the fact that the weak interaction only couples to the
left-handed particles.

In the analysis of the QP with broken symmetries, we have seen that for su�cient breaking
strengths and degenerate masses, there is a change of the contributions in the handedness for
the lighter and heavier quarks. So we have already alerted that the non-perturbative back-
coupling may deplete or enlarge the available particle is some handedness. We see here that
the impact of such behavior would result in a non-vanishing g1 and g4.

Since all the channels of the BSAs are coupled with each other, this would directly impact
the leptonic decay constant and, therefore, the pole position of the pion. There is nothing a
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priori we can say about the e�ect of this on the decay process itself. From our naive intuition,
one could believe that the decay process would be screened, resulting in a more stable pion.
So the decay-width of the pion would decrease as it was the case for the quarks in the previous
chapter.

Anyhow, one should be cautious with such statements as we have already seen that the non-
perturbative back-coupling can cause new e�ects even at very small strengths. To investigate
this, we must go beyond the free propagation of the leptons and dynamically back-couple
the e�ects of the strong interaction to the electroweak interactions in the leptonic sector as
well. This is far too complicated in the �rst place and will be shifted to future investigations.
This completes our formulation of the weak pion decay in the DSE/BSE framework. We now
consider the same process in the FRG framework and compare them with each other. The �nal
results of both methods will be presented in the future.



Chapter 6

Bound states and resonances in the

FRG-approach

In this chapter, we will deal with bound states and resonances in the FRG framework. Our
analysis is based on two key ingredients, namely, the concept of dynamical hadronization
[29, 52�54] and the calculation of the real-time correlation functions [40�51]. Let us also note
here that an FRG approach very close to the BSE-DSE framework has been put forward
in [202,203]. However, we will not discuss this approach here and refer the reader to [204,205]
for recent works in this direction.

As a �rst step, we will test both key ingredients on the QCD-assisted low-energy quark-
meson model (QMM), starting with the dynamical hadronization in the �rst section 6.1. The
major parts of these results are already published in [206,207]. We will introduce the real-time
FRG in section 6.2. Afterward, we combine both techniques in section 6.3 to formulate the
weak pion decay in the FRG framework analog to the DSE/BSE framework. Some parts of the
�ndings are already published in [197]. In the end, we will summarize our �ndings and discuss
the physical implications.

6.1 Quark-meson model

In the FRG framework, we start with the classical action of the theory at the cuto�-scale Λ
and integrate out step by step the quantum �uctuations. As a result of this, all the correlation
functions of the theory are generated dynamically into the system. This includes all the related
particles of the corresponding theory. Dynamical hadronization is an appropriate and e�cient
way to include them as the e�ective degrees of freedom, diagrammatically shown as double
lines in �gure 3.2.

The stepwise integration of the quantum �uctuation is done by lowering the cuto�-scale k.
In particular, all the single loops in �gure 3.2 are suppressed if the cuto�-scale drops below
the mass gap m of the respective propagator. This essentially means that at a given scale, k0

particles with heavier mass gaps (k0 < m) e�ectively decouples from the system. Thus, they
can be dropped, and particles with lighter mass gain in importance.

We may use these as the e�ective �elds φEFT to get an e�ective low-energy description
of the initial theory. This describes a natural way to embed an e�ective theory into the
more fundamental theory, where the cuto� k0 is the natural UV-cuto� of the e�ective theory

65
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(ΛEFT = k0). We may write this as:

SEFT,ΛEFT [ΦEFT] = ΓFT,k0 [φEFT] , (6.1)

where SEFT is the classical action of the e�ective theory and ΓFT is the regularized e�ective
action of the more fundamental theory at the scale k0.

In this work, we use this procedure to get a QCD-assisted low-energy e�ective theory (see,
e.g., [166�168] and the references therein for further details in the context of the QCD). Notably,
we may get an e�ective theory, where the gauge sector is decoupled from the matter sector.
This is owed to the fact that the gluons in the Landau-gauge have a mass gap of almost 1 GeV,
and hence below the cuto�-scale of k0 . 1 GeV, they are decoupled from the system. So the
gluons can be dropped. Since the ghost �elds only couple to the matter sector via the gluons
in leading order, the ghost �elds can also be dropped.

We are left with the quarks, leptons, and hadrons with masses below 1 GeV. The pions
and sigma are the lightest hadrons and thus play the most crucial role. As a �rst step, we
ignore the leptons and take only pions and sigma into account. This leads us to the QMM.
This concludes our discussion of the QCD-embedding of the low-energy e�ective theory. We
now proceed with the investigation of the QMM.

In the �rst section 6.1.1, we will present the action of the QMM. Afterward, we will discuss
the �ow equation in section 6.1.2. We show the numerical results in section 6.1.3 and compare
them with the QCD correlation functions from [168]. In the end, we will use the numerical
extrapolations of the propagators to determine their poles in section 6.1.5.

6.1.1 Ansatz

In section 5.4, we have already emphasized the importance of the symmetries for the truncation
scheme in the context of the chiral symmetry for the pions. In the DSE/BSE framework, the
most challenging complication is to �nd the right approximation for the kernel, which is, on
the one hand, treatable and, on the other hand, keeps the most important symmetries of the
underlying physics intact.

This is much easier in the FRG framework based on dynamical hadronization. This is
owed to the fact that the correlation functions are not treated as in the DSE/BSE approach,
partly including the o�-shell behavior and partly restricting to on-shell properties. Instead,
all the correlation functions originate from common e�ective action. Naturally, such a uni�ed
approach resolves the challenge of self-consistent truncations, which is of crucial relevance in
the DSE-BSE framework, by construction. As a consequence of this, a chiral symmetric ansatz
for the regularized e�ective action is su�cient for our study of the pions.

Let us now start with the construction of the right ansatz for our study, which is minimal on
the one hand and captures all the relevant physics, on the other hand. This requires to include
the sigma in addition to the pions to realize the symmetry appropriately (see our example for
the dynamical chiral symmetry breaking in 2.4.2).

Apart from the kinetic terms for the di�erent �elds, we can divide the e�ective action into
three parts, namely the quark-self-interaction part, the pure mesonic-self-interaction part and
the connection between them. Let us �rst state our ansatz and discuss the di�erent parts
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afterward:

Γk =

∫ {
ZQ,k

(
Q/∂Q

)
+

1

2
Zσ,k(∂µσ)2 +

1

2
Zπ,k(∂µπ

α)2 + Vk [ρ]− cσ

+hkQ

(
i γ5T

απα +
1√
2Nf

σ

)
Q+ λk

[
1

2Nf

(
QQ
)2 − (Qγ5T

αQ
)2]}

. (6.2)

We start our discussion with the part for the quark-self-interactions. During the �ow of
the e�ective action for the QCD, all the quark-self-interactions are generated dynamically and
in leading order the four-quark interactions. The scalar minus the pseudo-scalar channel is
related to the lightest mesons, as presented in our example for the chiral symmetry breaking
in section 2.4.2. Hence, they are the most dominant interaction channels. In addition to this,
they are also symmetric under the chiral transformation, as illustrated in section 2.4.2 and are,
therefore, our choice for the interaction channels in the pure quark sector.

From the dynamical hadronization, we obtain a Yukawa interaction term between the
mesons and quarks with the Yukawa coupling hk. This expression is the generalization of
the relations obtained in section 2.4.2. We follow [168] and parametrize the scale-dependence
of the auxiliary �eld as:

∂tσ̃(p) =
1√
2Nf

∫
q
Ȧk (p− q, q)

(
Q(p− q)Q(q)

)
,

∂tπ̃
α(p) =

∫
q
Ȧk (p− q, q)

(
Q(p− q) i γ5T

αQ(q)
)
. (6.3)

Here, we introduce the quantities for arbitrary amount of �avors, but the �nal calculation is
done for Nf = 2.

The mesonic-self-interaction is described by the potential Vk[ρ], which is O(4)-symmetric
indicated by ρ = 1

2κ
2 with κ = (σ, πα) as the isospin symmetry remains unbroken. A non-

vanishing expectation value of ρ signals condensation of the sigma meson (〈ρ〉 = 1
2〈σ〉2 6= 0),

thus spontaneous symmetry breaking.
The term cσ is an appropriate shift of the sigma �eld caused by the current quark masses,

which breaks the O(4)-symmetry explicitly. This e�ectively alters the expectation value of the
sigma meson by tilting the e�ective potential (Uk = Vk− cσ) and hence results in a �nite mass
of the Goldstone modes (pions).

As a consequence of this, it is more convenient to use a Taylor expansion for the potential
Vk about the IR minimum ρ0 = 1

2〈σ〉2 of the corresponding e�ective potential Uk (see [208] for
further details). So we may write the potential as follows:

Vk[ρ] =
N∑
i=1

vk,i
i!

(ρ− ρ0)i, U ′k[ρ]
∣∣
ρ=ρmin,k

=0, ρ0 = ρmin,0 = 1
2〈σ〉2, (6.4)

where vk,i are the momentum-independent couplings. The order of the Taylor expansion N is
chosen large enough to achieve apparent convergence. The expansion point is kept �x through-
out the �ow to increase the stability of the �ow equations [208].

Before we conclude our discussion on the ansatz, let us look closer to quark-meson interac-
tion. From our ansatz we get for the quark-pion-vertex:

Γ(3),π,Q,Q = ihkγ5T
α. (6.5)
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Figure 6.1: Diagrammatic representation of the �ow equations for the propagators, Yukawa
coupling, and 4-quark interaction. For the sake of brevity, we suppress the di�erent permuta-
tions of the diagrams for the Yukawa coupling and 4-quark interaction.

This vertex is directly related to the BSA of the pion, as already outlined in the last chapter
(see equation (5.23) and (5.20)). The BSA of the pion has 4 Lorentz-channels, and we are
taking only the most dominant of those in our ansatz (hk =̂ f1). The channel f2 and f3 play
an important role for the weak pion decay as presented in section 5.4.2 and hence will be taken
into account for the study of the decay process in section 6.3. Since we just start to build our
setup in this section, our approximation for the quark-pion-vertex is su�cient. To summarize,
our ansatz captures within a reasonable approximation the leading behavior of the two �avor
QCD at low momenta. We close our consideration on the ansatz and turn to the �ow equations.

6.1.2 Flow equations

Let us now turn to the di�erent quantities in our ansatz and consider their �ow equations.
First of all, we have the wavefunction renormalization functions for the mesons Zπ,k(p), Zσ,k(p)
and quarks ZQ,k(p), the Yukawa coupling hk(p1, p2), 4-quark coupling λk(p1, p2, p3), and the
couplings of the mesonic potential vk,i. We take the latter one momentum-independent and all
the other quantities momentum-dependent.

The �ow equations of these quantities are obtained by inserting our ansatz from equation
(6.2) in the Wetterich equation (3.21) evaluated at the IR minimum for the sigma �eld. For
example, the wavefunction renormalization functions are obtained from the corresponding 2-
point functions. Further technical details on the derivation and the explicit expressions of the
�ow equations are shifted to the appendix D.3.3.

The diagrammatic representation of the �ow equations is shown in �gure 6.1. Let us start
with the 4-quark interaction λk (last line in �gure 6.1). First of all, we see that the exchange
of the mesons via Yukawa interaction (box-diagram) generates λk dynamically into the system
even if we start our �ow for vanishing 4-quark interactions λΛ = 0, which is the famous double-



Quark-meson model 69

counting problem of the Hubbard-Stratanovich transformation as already mentioned.

With the help of Ȧk from the parametrization of the dynamical hadronization we can avoid
this issue. To be more precise, due to the modi�ed Wetterich equation for the dynamical
hadronization case (see the extra term on the left hand side of equation (3.21)) we get:

∂tλk =Flowλk − Ȧkhk, ∂thk =Flowhk − ȦkΓ(1),κ. (6.6)

We avoid the dynamical generating of the 4-quark coupling by canceling its �ow and hereby
shifting all the contributions to the Yukawa coupling.

∂tλk =0, ⇒ Ȧk =
Flowλk
hk

, ⇒ ∂thk =Flowhk −
Flowλk
hk

Γ(1),κ. (6.7)

As a consequence of this, the interaction vanishes λk ≡ 0. Moreover, we can drop all the
diagrams with the 4-quark-vertex1. This simpli�es the coupled set of equations signi�cantly,
and we are left with the �ow equations of the 2-point functions and the 2-quark-meson-vertex.

In the second last line of �gure 6.1, we see the �ow of the 2-quark-meson-vertex. The
2-quark-pion-vertex is related to the BSA of the pion, as already discussed in section 6.1.1 and
5.4.2. We will compare this vertex with the BSA in section 6.3 in more detail, and hence turn
to the 2-point-functions.

The �ow of the inverse QP (�rst line) is similar to the DSE of the QP, shown in �gure 3.4.
Apart from the regulator insertion and all vertices being full vertices, the major di�erence is
the exchange of the mesons, which are the e�ective low-energy degree of freedom, instead of the
gluons. As an advantage of this, we can take the dynamical back-coupling of the light meson
sector to some extent into account since it is easier than the dynamical back-coupling of the
gauge sector. So we also have the �ow of the inverse meson propagators (second line) and also
the �ow of the mesonic potential. This concludes our discussion on the �ow equations, and we
proceed with the numerical results.

6.1.3 Numerical results

In the following, we di�erentiate between the bare and renormalized quantities, which will be
denoted by a bar. The renormalization conditions are imposed at vanishing momenta (which
is the simplest choice) by requiring

Z̄π,k(p = 0) = 1, Z̄σ,k(p = 0) = 1, Z̄Q,k(p) = ZQ,k(p), (6.8)

As a result, all dressed quantities are RG-invariant, while the bare ones are not2. Further
details on renormalizing the di�erent quantities are shifted to the appendix D.

1This does not mean that the �ow equation of the 4-quark coupling is irrelevant. The box-diagram plays
an essential role as its contributions are shifted to the Yukawa coupling. For further details, see analysis of the
di�erent truncation schemes in appendix D.3.4

2Note that the quark wavefunction renormalization (ZQ,k) is not renormalized in the IR, like the meson
wavefunction renormalization, rather in the UV (ZQ,k(pmax) = 1) in our convention. This is due to the nature
of the quarks as they are free at high-energies (asymptotic freedom) and con�ned in hadrons at low-energies
(con�nement). This is also done for the quark wavefunction renormalization in the DSE framework (see chapter
4). In this regard, let us also note that the quark wavefunction renormalization is de�ned in the FRG framework
as the inverse of the one in the DSE framework (ZFRG = 1/ZDSE) in the standard literature. We keep the
standard de�nitions from the literature throughout this work for the sake of comparison.
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Figure 6.2: The �ow of the curvature masses (PM left panel and QCDM right panel) for the
mesons. The �ow is started in the chiral symmetric regime. During the �ow, chiral symmetry
is broken dynamically, and thus the masses of pion and sigma run apart in the QMM. In the
right panel the results for the QCDM and those in full QCD from [168] are compared.

We solve the �ow equations for two di�erent sets of parameters in the IR (k → 0). The
�rst set corresponds to the values of the physical observables and the second one to the �rst-
principle calculation of the QCD with the FRG presented in [168]. The latter one has the
advantage of testing the validity of low-energy e�ective descriptions of bound states in QCD.

For the �rst one, we set the curvature masses in the IR to the following values:

mπ = 138.7 MeV, mσ = 495 MeV, mQ(0) = 297 MeV, fπ = 93 MeV, (6.9)

where the running curvature masses are de�ned at the minimum of the potential:

m2
π,k = V ′k[ρ]

∣∣
ρ=ρmin,k

, m2
σ,k =

[
V ′k[ρ] + 2ρV ′′k [ρ]

]∣∣
ρ=ρmin,k

,

mQ,k(p) =
hk(p,−p)√

2Nf

σmin,k. (6.10)

The pion decay constant fπ will be calculated from the σ condensate based on an approximation
provided by the Gell-Mann-Oakes-Renner relation. The accuracy of this strongly simpli�ed way
to determine the pion decay constant is su�cient for the purpose of the exploratory investigation
presented here.

The second set of parameter is given by:

mπ = 140 MeV, mσ = 402 MeV, mQ(0) = 409 MeV, fπ = 79.3 MeV. (6.11)

In the following, we will refer to the results from the �rst and second parameter set as the
physical model (PM) and the QCD related model (QCDM) respectively. The latter one will
always be compared with the results from the �rst principle calculation of the QCD in FRG
from [168] and referred as the QCD results in the following.

Before we start, let us state some technical details. The Yukawa coupling depends on two
external momenta hk(p1, p2), where p1 and p2 are the momenta of the anti-quark and quark,
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Figure 6.3: Momentum-dependent quark massfunction (PM left panel and QCDM right panel)
and the Yukawa coupling for the PM (left panel). The right panel shows a comparison of the
same quantity between the QCDM and QCD.

respectively. Previous studies in QCD [168] have shown that a weighted sum between total
and relative momenta captures the full momentum-dependence quite accurately.

hk(p1, p2)→ hk

(√
1

4
(p1 − p2)2 + (p1 + p2)2

)
. (6.12)

The same also holds for Ȧ(p1, p2). So this will be employed for our study of the QMM.
Let us note here, that for the comparison of the Yukawa coupling with the dressing function

from the BSA, we need the full momentum-dependence of the Yukawa coupling at the pion
pole. So restricting hk to one momentum channel is not su�cient for the study of the weak
pion decay. Therefore, we will take the full momentum-dependence in section 6.3 into account.
Further technical details are shifted to appendix D.

Let us start with the �ow of the mesonic curvature masses, depicted in �gure 6.2. This
is a key ingredient in all diagrams as it sets the dominant scale in the diagrams. In the left
panel, we depict the results for the PM and in the right panel for the QCDM, along with
the QCD results. Flows of the masses starts in almost chiral symmetric region (ρmin,Λ ≈ 0)3

for all three models. Hence, the curvature masses of pion and sigma are almost identical
(see equation (6.10)). During the �ow, chiral symmetry is broken dynamically (ρmin,k > 0)
resulting in heavier masses for sigma. The results from the PM are qualitatively very similar
to the previous calculations in the QMM ( see, e.g., [208,209]).

In the context of our work, the description of bound states and resonances (i.e., low-energy
degree of freedom) is of signi�cant interest. In particular, the hallmark of our study is the
non-perturbative study of hadrons starting from the QCD. Therefore, the comparison with the

3Note that the term cσ in the e�ective action alters the expectation value by tilting the e�ective potential,
thus ρmin,k > 0 for all scales k. The term cσ is the appropriate shift caused by the current quark masses.
The �nite quark masses break the chiral symmetry explicitly, which is small for quarks of the �rst generation.
ρmin,Λ ≈ 0 just outlines this fact. For the chiral symmetric case (without the term cσ, thus Uk = Vk), the
pion mass �ows towards zero (mπ = V ′0 |ρ=ρmin,0 = U ′0|ρ=ρmin,0 = 0) as the pions are the Goldstone bosons.

Therefore, pions would be absent from the physical spectrum. This case is not very interesting for us since we
want to study the pions.
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Figure 6.4: Momentum-dependent wavefunction renormalization (PM left panel and QCDM
right panel). The right panel shows a comparison of the same quantity between the QCDM
and QCD.

QCD results is of particular importance. We plot the results for the di�erent quantities on
the right panels of �gures 6.2, 6.3, and 6.4. For small and moderate scales, or low-momenta
regions; our results are in good agreement with the low-energy QCD results. However, these
results can only be achieved by using a very small UV-cuto�, namely ΛUV ∼ 360 MeV (see
also [210]). With a higher UV-cuto�, it is not possible to decrease the sigma mass further while
keeping fπ, mπ and mQ �xed. This is most likely linked to the triviality of the O(N) model,
which shrinks the values of possible IR values for a given cuto� when increasing the truncation.
This has already been observed in [43,211].

Let us, in the following, compare the di�erent quantities in more detail and state their
implications for physics, starting with the curvature masses in �gure 6.2. The mesonic degrees
of freedom decouple considerably faster in QCD, which is also visible in �gure 6.3 for the quark
masses or in �gure 6.4 wavefunction renormalization. Besides, the sigma mass in QCD does not
show the dip towards smaller masses in the region where chiral symmetry is restored, which
is also related to the steeper rise of the massfunction in QCD. This feature has potentially
important consequences for the details of chiral symmetry restoration at �nite temperature,
thus deserves further investigation.

There, the low UV-cuto� scale additionally results in a relatively low highest temperature
that can be considered due to the thermal range of these models, see [212]. More generally, the
necessary modi�cation of the initial e�ective action for large external scales such as tempera-
ture, chemical potential, external background (chromo-) magnetic and electric �elds has to be
considered, for a detailed discussion see [213].

In all plots, the red vertical line denotes the UV-cuto� used in our calculation. The slow
decay for large momenta is not very surprising in the QMM as there is no other scale involved,
which could potentially suppress the mesonic degrees of freedom. Nevertheless, it is one of the
most prominent di�erences to the full QCD calculation, resulting in a rather small range of
momenta, where the QMM accurately describes all dynamics of full QCD. However, this does
not imply that the description at larger momenta is wrong, merely that the question depends
strongly on the observable at hand. This concludes our presentation of the results for Euclidean
momenta. Let us now brie�y discuss systematic improvements of the QMM towards full QCD
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on a quantitative level.

6.1.4 Systematic improvements towards QCD

In our system, we consider apart from the couplings of the mesonic potential four quantities,
namely, the wavefunctions of the mesons and quark, and the Yukawa coupling. The wavefunc-
tion of the quark stays practically at unity for all scales. The bump in QCD at the scale of
the gluon mass gap corresponds only to a sub-leading quantitative correction. Therefore, we
can neglect the wavefunction of the quarks and concentrate our discussion on the remaining
quantities. In particular, the di�erence in the wavefunctions of sigma and quark does not play
an essential role in the following discussion. So we focus on the mesonic wavefunction Z̄κ(p)
and Yukawa coupling h̄(p1, p2).

Let us start with the wavefunction. We observe signi�cant di�erences between the QMM
and the QCD results; see �gure 6.4. However, the leading diagrams that generate momentum-
dependence are the same in both cases (the �rst two diagrams in the second line of �gure 6.1).
As a result, the main di�erence between the QMM and QCD results must be generated by
h̄(p1, p2).

To see this, we also consider the leading diagrams for the momentum-dependence of the
Yukawa coupling and get three leading diagrams of the triangle form. The �rst two triangle-
diagrams with the quark and meson exchange are again self-consistently contained in the QMM
(second and last term in line three of �gure 6.1). However, the diagram with the gluon exchange,
see the right panel in �gure 6.5, is not. It is not possible to include this diagram without
the knowledge of the gluon propagator and the quark-gluon-vertex building up the one gluon
exchange coupling, but QCD-assisted models can be constructed with this input.

Let us note here that in the DSE/BSE framework, we also model the quark-gluon-vertex and
the gluon propagator according to the rainbow-ladder truncation. The model for the interaction
is given by the Maris-Tandy coupling. Thus, including these as an external input would result in
an analogous truncation scheme like the rainbow-ladder truncation in the DSE/BSE framework.

We conclude from this analysis that the QMM can be systematically improved towards QCD
by either including the QCD Yukawa coupling as external input or the gluon exchange coupling
(right panel in �gure 6.5). This underlines the strength of the current setting of systematically
improvable QCD-assisted low-energy e�ective theories. This concludes our discussion on the
systematic improvements towards QCD, and we proceed with the poles from the numerical
extrapolation.

6.1.5 Poles from the numerical extrapolation

In this section, we determine the pole positions of the mesonic and quark propagators using
Schlessinger's point method. We skip the Schwinger function since we have already seen that
both methods lead to similar results in the context of the QPs in chapter 4. The pole posi-
tion from the direct calculation in Minkowski space is done in the next section 6.2.2. So the
numerical values of the masses and decay-width for both methods are stated in table 6.1 after
introducing the FRG approach to real-time correlation functions.

The pion is the lightest degree of freedom in the QMM, thus stable. For the sigma meson,
it is found in the present calculation that its pole mass slightly exceeds the two pion decay
threshold. Therefore, we expect the mass to be dominated by a pole close to the timelike axis
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Figure 6.5: The ratios of the pole masses mpole from the numerical extrapolation using Sch-
lessinger's point method and curvature masses mcur for di�erent grid points (left panel) and
the dominant diagram contributing to the Yukawa coupling in QCD (up to permutations of
the regulator) and not included in the QMM (right panel). The ratio (left panel) is stable for
the pion and for the quarks. For the sigma it converges slowly, but eventually.

on the second Riemann sheet of the retarded propagator and, therefore, accessible within this
framework to good accuracy.

The quarks also have a pole very close to the timelike axis on the second Riemann sheet.
This is in contrast to the pair of complex conjugate poles in the DSE framework (see top
panel of �gure 4.7). The complex conjugate poles are associated with con�ned states under the
assumption of unbroken BRST symmetry (see [153,162,214�217] and the references therein for a
detailed discussion on this topic). The con�nement property for the quarks requires the gauge-
sector, which is dropped in the low-energy QMM. Therefore, the pole on the second Riemann
sheet for the quarks is not a contradiction within our truncation. The �nite decay-width of the
quarks is related to the possibility of forming pion and sigma via dynamical hadronization.

The numerical error of the reconstruction is checked by computations with di�erent numbers
of grid points. The resulting masses are displayed relative to the curvature masses in the left
panel of �gure 6.5. As expected from analytical arguments, the pole mass of the pion agrees
well with its renormalized curvature mass [43,212], and its decay width is zero within numerical
uncertainties.

As outlined above, the sigma meson features in our calculation within the QMM only a small
decay width, Γ/M � 1, validating our reconstruction approach. Furthermore, the relative
di�erence between the pole and curvature mass is signi�cant at ∼ 35%. Such an order of
magnitude agrees qualitatively with previous studies [43] in which the momentum-dependence
of the propagators was not fed back into the equations. This has obvious consequences for
low-energy e�ective theories of QCD, where the mass of the sigma meson is often used to �x
the free parameters. This concludes our presentation of the results, and we proceed with the
real-time FRG.
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6.2 Real-time FRG

After years of extensive development for the calculation of the real-time correlation functions,
we have now a very well real-time version of the FRG at hand [40�51]. This makes use of
the well-known Euclidean correlation functions of the theories. We may �nd all the key ideas
for the real-time FRG in the work of [41], which is the fundament of this study. In [41], the
real-time version is applied to a bosonic theory. Thus, additional complexities arising from the
fermions are not discussed there. Here, we brie�y mention the key ideas of [41] in section 6.2.1
and apply them to the QMM in section 6.2.2. The technical issues arising from the insertion
of the fermions are shifted to the appendix D.4. We refer the reader to [41] and the references
therein for a detailed introduction.

6.2.1 Introduction

First of all, the calculation of the real-time correlation functions is not a conceptional issue
in the functional methods rather a technical problem. In the FRG framework, the regulator
insertion introduces additional unphysical poles in the propagator (see equation 3.17). We may
write the propagator of a bosonic �eld4 φ as follows:

P φk =
1

Γ
(2),φ
k +Rk

=
1

∆Γ
(2),φ
k +m2 +Rk

. (6.13)

Here, we split the contributions from the 2-point functions Γ(2),φ in the part for the mass m
and the rest ∆Γ(2),φ.

We have already seen that the pole position of the QPs limits the calculation of the BSA
in the DSE/BSE framework, and going beyond the poles requires advanced numerical methods
(see section 5.2). The signi�cant di�erence is that the poles in the FRG framework are scale-
dependent and, therefore, move during the �ow. The Wetterich equation is integrodi�erential-
equation. Hence we have to perform momenta integration on contours.

The naive idea of deforming the contours to avoid the poles would lead to changing the
contours in each RG-step, which is not practical. The second option is to avoid the unphysical
poles by introducing a regulator, which only depends on spatial momenta. However, this would
break Euclidean and Minkowski symmetry, and regulators that preserve SO(1, 3) Lorentz-
symmetry are of paramount importance [40�43]. Therefore, this option is also not possible.

The way out of this problem is the freedom of choice for the regulators. We may modify
the regulator with an additional ∆M(k) term to shift the poles outside the contours:

Rk → Rk + ∆M2(k),

⇒ P φk =
1

∆Γ
(2),φ
k +m2 +Rk + ∆M2(k)

=
1

∆Γ
(2),φ
k +Rk +M2

, (6.14)

where M2 = m2 + ∆M2 is the e�ective mass. We see that this shifts the position of the pole.
The modi�ed regulator Rk + ∆M2 must still obey the three conditions for the regulator (see
section 3.3). This rather simple idea works as shown in [41] and is su�cient for our study.

4For the illustration, we use the bosonic case since it is simpler. For the fermions, we may extract a common
denominator from the di�erent Lorentz-channels, which is similar to the form in equation (6.13). See our
example for the e�ective scalar QP in appendix D.3.2.
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In the fermionic case, we have di�erent Lorentz-channels for the 2-point function. The
naive idea of introducing the additional mass-term in the scalar channel would break the chiral
symmetry explicitly. This is not desirable since the symmetry is of paramount importance
for our study. All the Lorentz-channels contribute to the poles. Thus, they are present in all
the Lorentz-channels of the propagator. Therefore, we can pull a common denominator out
consisting of the poles.

We de�ne this as the e�ective scalar propagator (P̂ ). It has the following general form (see,
e.g., the QP in equation (D.27)):

P̂ (p) =
1

[Zr,k(p)]
2 p2 +m2(p)

, Zr,k(p) = Zk(p) + R̂Fk (p), (6.15)

where R̂ is the scalar contribution to the fermionic regulator (without the Lorentz-structure).
So taking the ∆M term in the vector channel as:

RFk (p) = R̃Fk (p) + ∆M(k)/p, (6.16)

shifts also the pole position. This concludes our introduction into the real-time FRG and
further technical details are stated in the appendix D and [41].

6.2.2 Poles for the quark-meson model from the real-time FRG

Our major quantity of investigation is the spectral function from which we may extract the
pole of the particles. The spectral function ρ is given by:

ρ(p) = −2ImGR(p), (6.17)

and directly related to real-time retarded propagator (GR). The retarded propagator can be
obtained via the reverse wick rotation from the Euclidean propagator5:

GR(p0, ~p) = − lim
ε→0

P (~p,− i(p0 + i ε)). (6.18)

So in practice, we calculate the propagator along the vertical axes in the complex plane to
obtain the spectral function for di�erent ε's.

The �ow of the propagators is depicted in �gure 6.1. As a �rst step, we truncate our coupled
system of �ow equations at the level of the propagators. This means we only calculate the
propagators for complex momenta and use the already calculated Euclidean data for the higher-
order n-point functions. This is analog to the rainbow-ladder truncation in the DSE/BSE
framework, where we calculated the QP in the complex plane using Maris-Tandy coupling as
the external input. This provides us also with a systematic truncation scheme since we can
include the real-time higher-order correlation functions step by step into the system.

We calculate the spectral functions for the mesons and quark (at ε = 2 MeV). Moreover,
We normalize the spectral functions such that the maximum of the function is 1 for a better
illustration since these di�erentiate in orders of magnitude. We show our preliminary results
in �gure 6.6 for the frequencies (ω = −p0). For the sake of comparison, we plot the spectral
function using the propagator from the numerical extrapolation via Schlessinger's point method

5We study the case for vanishing temperatures, Hence, the Euclidean Feynman propagator coincides with
the uniquely de�ned analytical continuation of the Minkowski Feynman propagator. For �nite temperatures,
see the detailed discussion in [41].
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Figure 6.6: The normalized spectral function of pion (blue-solid line), sigma (red-dashed line),
and quark for imaginary frequencies ω and ε = 2 MeV. ρQ,Z (brown-dotted line) and ρQ,M
(black-dot-dashed line) are the spectral functions of the vector and scalar channel, respectively.
The spectral function are normalized such that the maximum of the function is 1 for a better
illustration. Results from the numerical extrapolation (left panel) and real-time FRG (right
panel).

(left panel) and real-time FRG (right panel). At this point, we again express our sincere
gratitude to Nicolas Wink for providing us the numerical data of the spectral functions from
the real-time FRG calculation.

The spectral function for the pion agrees quantitatively very well within both methods
resulting in similar pole masses and decay-widths for the pion. This is just the expression of
the fact that the Padé-like analytic continuations work very well for the lowest state.

The maximum for the sigma is shifted to lower frequencies resulting in smaller values for
pole mass. This will move the pole mass closer to two pion threshold and hence is a correction
of the results in the right direction. The same holds for the quarks. In addition to this, the
spectral functions of the vector and scalar channel also agree very well quantitatively in the
real-time FRG resulting in a more precise value for the pole position for the quark.

We use reconstruction methods for the pole positions in the real-time framework since we
only have the functions along a vertical line and not in the plane. Further results on the
complex plane are currently being calculated and will be presented in future studies. Results
for the poles from the numerical extrapolation shows that Γ�M is a reasonable assumption.
Thus, we use the Breit-Wigner parametrization for the spectral function to �t the data. The
parametrization is given as follows:

ρBW (ω) ∼ 1

(ω2 −M2)2 +M2Γ2
. (6.19)

We listed the values for the masses and decay-width from the �t in table 6.1.

The pole masses of pion and quark are very close to the curvature masses. We get a
stable pion within the numerical error as it is the lightest particle. The quark is almost stable.
The biggest di�erence is seen for the sigma pole mass, which is now very close to the two pion
threshold within the errors (2mπ ≈ 275 MeV ≈ 290±15 MeV). Our preliminary results already
show that using the real-time FRG yields quantitatively better results for the pole positions.
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Numerical Extrapolation Real-Time FRG
Particle Curvature mass Pole mass Decay-width Pole mass Decay-width

Pion 138.7 137.4 ± 0.5 0.5 ± 0.5 137.6 ± 0.1 0.5 ± 0.5
Sigma 494.5 320 ± 25 36 ± 5 290 ± 15 40 ± 10
Quark 298.3 312 ± 8 13 ± 5 299 ± 1 2 ± 1

Table 6.1: Curvature mass, pole mass and decay-width are given in MeV. For the numerical
extrapolation, we have used the full momentum-dependencies of the respective propagator in
the complex plane. In the case of the real-time FRG, we �tted the data to the Breit-Wigner
representation of the respective spectral function.

This concludes our presentation of the preliminary results using real-time FRG, and we proceed
with the weak pion decay.

6.3 Formulating the weak pion decay

Let us now formulate the weak pion decay in the FRG framework. For this purpose, we �rst
deal with the minimal extension of the QMM from section 6.1.1 in the �rst section 6.3.1.
Afterward, we will deal with the �ow equations in section 6.3.2.

6.3.1 Ansatz

For the study of the weak pion decay, we include e�ective weak interaction as proposed in
section 2.3 in our ansatz. As a consequence of this, the pion can now decay into leptons. Thus,
we also have to include 2-lepton-pion-vertex in our ansatz. This also requires the propagation
of the lepton in our system.

The QMM model proposed in section 6.1 has the charged, as well as the neutral pion,
and sigma included for the right implementation of the chiral symmetry. The e�ective weak
interaction violates the chiral symmetry explicitly. We take an explicit chiral violating ansatz,
as already discussed in the DSE/BSE framework. Since we are interested in the weak pion
decay of the charged pions, this will split each dressing function related to pions in part for the
neutral pion and part for the charged pions6.

For example, the 2-quark-pion-vertex consists of a tensor basis with 4 Lorentz-channel as
it is directly related to the BSA (see section 5.4.2). Now we have 4 dressing function hi,k and
fi,k for the neutral and charged pions, respectively (see equation (6.5) and (5.20)). For this
purpose, we de�ne the 4 tensor basis related to the pions and 1 to the sigma as follows:

τα1 = i γ5T
α11c, τα2 = τα1 /P , τα3 = τα1 /k, τα4 = τα1 Pµkνσµν , τ0 =

1√
2Nf

11, (6.20)

where P and k are the total and relative momenta of the fermions, respectively. Taking all this

6This is also true for the parametrization for the scale-dependence of the auxiliary �eld in equation (6.3).
This parametrization can straightforwardly be generalized for the splitted contributions for the neutral and
charged pion. Thus, it is not stated explicitly in this work.
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into account results in the following ansatz for our action:

Γk =

∫ {
ZQ
(
Q/∂Q

)
+

1

2
Zσ(∂µσ)2 +

1

2
Zπn(∂µπ

3)2 +
1

2
Zπc(∂µπ

α̃)2 + l
(
Zl /∂ +ml

)
l

+Uk [ρ] + h1σ
(
Qτ0Q

)
+ hiπ

3
(
Qτ3

i Q
)

+ fiπ
α̃
(
Qτ α̃i Q

)
+ giπ

α̃
(
l
L
τ α̃i l

L
)

+λn
[(
Qτ0Q

)2
+
(
Qτ3

1Q
)2]

+ λc
(
Qτ α̃1 Q

)2
+ αw

(
Q
L
γµT

α̃QL
)(

l
L
γµT

α̃lL
)}

. (6.21)

Here, we have suppressed the index for the RG-scale k for all the dressing functions for the
sake of clarity.

The �rst line consists of the kinetic part for the di�erent �elds. The last line consists
of di�erent 4-Fermi interactions. The �rst term in the second line is the mesonic potential,
which is unmodi�ed. The second line consists of all the interactions between the meson sector
and the fermion sector. In particular, the h's, f 's and g's7 are related to BSA of the neutral
pion, charged pion and decay amplitude, respectively (see section 5.4.2). Taking all these into
account results in 16 momentum-dependent dressing functions in our system instead of 4 in
the QMM. This concludes our discussion for the ansatz of the e�ective action, and we proceed
with the �ow equations.

6.3.2 Flow equations

The diagrammatic representation of the �ow equations for the weak pion decay is depicted in
�gure 6.7. We have two 4-fermion-vertices in our system � one for the quark-self-interaction
and one arising from the weak interaction. The latter one is modeled by the 2-quark-2-lepton-
vertex, according to 2.3. This means that the weak interaction is taken as an external model.
Thus, the �ow of the 2-quark-2-lepton is not taken into account.

The contributions from the �ow of the 4-quark coupling are shifted to the Yukawa coupling
via the dynamical hadronization, as described in 6.1.2. Therefore, the 4-quark-coupling vanishes
for all scales. So we do not show contributions of this vertex to the �ow of the other vertices.
We depict the �ow of the 4-quark-vertex (last line) containing only those diagrams, which
generates this vertex dynamically back into the system as these contributions are required for
the dynamical hadronization procedure.

The �ow of the QP (�rst line) remains the same as in the QMM (see �gure 6.1) as the
e�ective weak interaction only contributes to �avor changing propagators within a genera-
tion, which is not possible due to the charge conservation. This was already observed in the
DSE/BSE framework. Note, the �ow of the QP is only identical at the diagrammatic level.
Since the Yukawa coupling in the 2-quark-meson-vertex is split into parts for the neutral pion
and charged pion, the explicit expression of the �ow equation from the equation (D.37) changes.

The �ow of the meson propagators (second line) gets an additional contribution from the
lepton-loop. The �ow of the lepton propagator (third line) also has a lepton-meson-loop con-
tribution, and thus the lepton propagator is not the free propagator as in the DSE/BSE frame-
work.

The 2-quark-pion-vertex and 2-lepton-pion-vertex are directly related to the BSAs (�gure
5.3). Hence, we compare these two quantities in the following. The pure amplitude (Ψ) has

7Note that the only g2 and g3 are non-vanishing as discussed in section 5.4.2.
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Figure 6.7: Relevant part of the �ow equations for the propagators, Yukawa coupling, and
4-Fermi interaction. For the sake of brevity, we suppress the di�erent permutations of the
diagrams for the Yukawa coupling and 4-quark interaction.

one contribution from the QCD given by the gluon exchange and one contribution from the
decay amplitude given by the e�ective weak interaction. The contribution from the QCD to the
2-quark-pion-vertex (fourth line) is now given by the mesons (�rst and second term) since they
are an e�ective degree of freedom at low-energy and gluons are decoupled from the system.

Apart from these, the 2-quark-pion-vertex has also contributions from the e�ective weak
interaction. The di�erence is that in the FRG framework, the 2-quark-2-lepton-vertex is a full
vertex, and in the DSE/BSE framework, it is a tree-level vertex. As long as we model this
vertex in the FRG framework, they both agree. Taking the �ow of this vertex would take some
e�ects of the dynamical back-coupling of the strong sector to the e�ective weak sector into
account, which will be done in future investigations.

The 2-lepton-pion-vertex (second last line) is related to the decay amplitude. Thus, both
have a similar contribution from the weak interaction (last term). Due to the dynamical
hadronization, we have a Yukawa interaction between the leptons and pions in our system. This
allows for a self-interaction between the leptons via a pion exchange (�rst term), and hence
2-lepton-pion-vertex has this additional contribution in contrast to the DSE/BSE framework,
where the leptons are free.

The inclusion of the pions via the dynamical hadronization generates the dynamical back-
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coupling between the quark-meson sector and the lepton sector to some amount. This is in
contrast to the DSE/BSE framework and highlights the power of the dynamical hadroniza-
tion procedure. Anyhow, the Yukawa interaction is small, and the contributions of these are
suppressed.

Let us, in the following, consider the implication of these in a little bit more detail. The
2-lepton-pion-vertex has contributions involving di�erent and same handedness (see discussion
in section 5.4.2). In particular, contributions to g1 and g4 vanishes as the weak interaction
only couples to left-handed particles. The explicit breaking of the C, P, and �avor symmetry
at the level of the QP showed that under particular circumstances, the handedness of the
particles could be changed by the non-perturbative back-coupling. So the channel g1 and g4

can be generated by the dynamical back-coupling of the strong and weak interactions. As a
consequence of this, the decay process may be suppressed, and the dynamics of the neutron
star mergers may be signi�cantly modi�ed. We have set up a framework where we can tackle
this issue step by step.

At the moment, these equations are solved, and the results will be reported elsewhere. This
concludes our presentation of the weak pion decay in the FRG framework, and we summarize
and discuss our �ndings in the following section.

6.4 Summary and discussion

We have set up the technical foundation to study the weak pion decay within the FRG frame-
work. This approach is based on two key features, namely the dynamical hadronization and
the real-time calculation of the correlation functions. The former one comes with the great
advantage that the information of bound states can be mapped to lower-order n-point func-
tions in a systematic manner. Besides, this simpli�es the procedure of building self-consistent
truncations compared to the DSE/BSE framework.

This is owed to the fact that the correlation functions originate from a common e�ective
action; instead, stemming from an approach treating the correlation functions partly o�-shell
and partly on-shell, like in the DSE/BSE framework. Therefore, many problems are avoided
when expressing the bound states exclusively in terms of their constituents.

Apart from these rather technical advantages, the inclusion of the e�ective degrees of free-
dom in the form of the pions and sigma generates an interaction between the leptons via mesons
exchange. So this enables us to take some part of the dynamical back-coupling from the strong
sector also in the lepton sector into account. To do this in the DSE/BSE framework involves
the weak gauge bosons, which is highly non-trivial, highlighting the power of the dynamical
hadronization procedure.

We �rst used this procedure within a QCD-assisted low-energy QMM and compared these
results with a recent study of a full QCD calculation [168] to test the validity of our truncation.
We found good quantitative agreement at low-energies . 250 MeV. Above these scales, qual-
itative di�erences start to appear, which could be traced back to missing contributions in the
Yukawa coupling. Especially, the implementation of the chiral symmetry and dynamical mass
generation was correct, which is of paramount importance for the study of the pions. So using
a low-energy e�ective model is reasonable to describe the dynamics of pions at low-energies,
which is su�cient for our work.

Therefore, we used the second set of parameters for the QMM to produce results with
physical observables in the IR. In particular, we extracted the pole masses of the quarks and



82 Chapter 6. Bound states and resonances in the FRG-approach

mesons from there propagator using numerical extrapolation via Padé-like approximation, as
well as from the spectral function of the particles via real-time FRG. Since the pion was the
lowest-lying state in our system, it was found stable in both procedures.

The most signi�cant di�erence was observable in the pole mass of the sigma, where the
numerical extrapolation yields a heavier mass for the two pion decay threshold. This was not
only corrected qualitatively but also quantitatively by our preliminary results using the real-
time FRG framework. So our real-time FRG set up works very well in the QMM model. Thus,
we will use it for future investigations of the weak pion decay.

In the end, we extended our QMM, including the leptons, hence the e�ective weak interac-
tion. In particular, we compared the 3-point-vertices with BSAs from the DSE/BSE framework
since they are related to each other. The pure BSA and the 2-quark-pion-vertex have similar
contributions with the di�erence that the quark-self-interaction is given by the meson exchange
instead of the gluon exchange as we consider the QMM and not the full QCD.

The most important di�erence arises in the decay channel, wherein the FRG framework, we
have contributions for the leptonic-self-interaction originating from the dynamical hadroniza-
tion procedure. These enable us to take the dynamical back-coupling between the quark-meson
sector and the lepton sector into account. In particular, we can investigate the dynamical back-
coupled in�uence of the P-violation on the decay process to some amount. This concludes the
presentation of our results so far. The numerical results are currently on their way and will be
stated in future works. In the end, we summarize our complete �ndings and give an outlook
for future studies in the following chapter.



Chapter 7

Summary and outlook

Motivated by the non-negligible back-coupling between the strong and electroweak sector of
the standard model in very dense environments, like the neutron star mergers, we started the
investigation in this �eld by analyzing particular aspects of the non-perturbative back-coupling.
The theory of the electroweak interactions comes along with various unique features like C-
and P-violation, which signi�cantly increases the complexity of such research. Therefore, we
started our analysis with the breaking of the C, P, and �avor symmetry. To be more precise,
we examined the e�ects of the non-perturbative back-coupling for the strong sector at the level
of the simplest object, namely the QP.

The QP was calculated within the rainbow-ladder truncation using a non-linear model for
the strong coupling. This model had the correct implementation of the chiral symmetry and
dynamical mass generation, which is of paramount importance for our study. Our study showed
that the explicit breaking couples the various dressing functions of the QP in a highly non-
trivial way. This can lead to qualitative e�ects at long hadronic distances, even for moderate
breaking strengths. Thus, we should be cautious with perturbative extrapolation. This was
especially observable for the e�ects from the mass splitting leading to exciting insight from the
physical point of view.

Under particular conditions, the mass splitting e�ects can be ampli�ed by the strong inter-
action changing the handedness of di�erent particles. This can deplete or enlarge the available
particles in some handedness. Since the electroweak interactions couple only to the left-handed
particles, this can increase or decrease the reservoir of the weak interacting particles leading to
modi�ed dynamics of the neutron star merger. Anyhow, such a statement requires a dynamical
back-coupled study at the hadronic level.

Thus, for the next step, we took a low-energy description for the weak sector with the
right C- and P-violation to study the weak pion decay in the combined DSE/BSE, as well as
FRG framework. We outlined the mechanism to extract observables like mass and decay-width
of the particles in these frameworks. These quantities are related to the pole position of the
corresponding correlation functions. So we �rst discussed the implication for a pole position
from the Minkowski space to the complexi�ed Euclidean space.

In this context, we analyzed the general structure of BSEs to distinguish between the
�rst and second Riemann sheet. Notably, we found that the BSEs, in general, may have this
property, which is ful�lled for the BSEs of the weak pion decay. This is of particular importance
since physical resonances are poles in the second Riemann sheet. While the pole position in the
BSEs arises directly from the self-consistency condition, in the FRG, it is necessary to extract
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the pole position from the resulting propagator, i.e., the pion propagator in our case.
We introduced the pions into the system via dynamical hadronization, as the e�ective low-

energy degree of freedom, in the FRG framework. The dynamical hadronization procedure
comes along with many bene�ts from the technical, as well as the physical point of view. In
particular, it enables us to take some part of the dynamical back-coupling for the lepton sector
into account, which requires to work with weak gauge bosons in the DSE/BSE framework.
Thus, the dynamical hadronization, along with the real-time FRG are the core of our bound
state investigation in the FRG framework. The latter is a convenient way to circumvent
technical di�culties while calculating real-time correlation functions.

We tested our set up in the FRG framework for a QCD-assisted low-energy e�ective quark-
meson model. Especially, the results were compared with a recent FRG study [168] showing
good quantitative agreement for low-energies . 250 MeV, which is su�cient for our study of
the pion. In the end, we calculated the masses and decay-width of the pion using numerical
extrapolation and real-time FRG. Our preliminary results for the masses and decay-widths
using real-time FRG revealed not only qualitative correction but also good qualitative results.
Especially for the sigma, which mass was found close to the two pion threshold.

Apart from some rather technical issues, we also discussed the implication of the P-violation
on the weak pion decay in both frameworks and put them in perspective to each other. We ex-
tracted di�erent contributions for the BSA originating from the same handedness and di�erent
handedness. In the standard analysis, the contributions for the di�erent handedness vanishes
as the weak interaction only involves left-handed particles.

In a fully back-coupled analysis, this may not vanish since we saw the possibility of changing
the handedness for di�erent particles in the study of the QP. We can investigate this possibility
in the FRG framework without more ado in contrast to the DSE/BSE approach. This is owed
to the fact that the dynamical hadronization procedure induces lepton-self-interaction via the
pions, and hence enables us to dynamically back-couple the quark-meson and lepton sector.

Recent studies on the impact of the P-violation in the context of the supernova showed a
non-negligible modi�cation of the kinetic theory [91�95]. Keeping this in mind may lead to a
signi�cant in�uence on the dynamics of the neutron star mergers by the dynamical changing
of the handedness. This is currently under investigation, and results will be presented in the
future.

Concluding, this investigation was a starting point of a new �eld, which will grow in the
near future due to the developments in the gravitational waves observatories. We tackled a
few technical, as well as physical aspects, showing that the e�ects of weak interaction can
lead to qualitatively di�erent behavior even for small strengths. While this gives us a warning
with perturbative extrapolation, on the one hand, it may lead us to new interesting physical
phenomena on the other hand. Anyhow, there are still various aspects to be tackled before we
can deal with the β-decay of the protons and neutrons for the neutron star mergers, like the
inclusion of the �nite temperature and density.



Appendix A

De�nitions, conventions and

mathematical relations

A.1 Fourier-transformation

We use the following conventions for the Fourier-transformations in the d- dimensional Eu-
clidean space for the fermion �elds ψ and boson �elds ϕ:

ψ(x) =

∫
p
ψ(p) exp(i px), ψ(x) =

∫
p
ψ(p) exp(− i px), ϕ(x) =

∫
p
ϕ(p) exp(i px), (A.1)

and the relation: ∫
x

exp(− i px) = (2π)dδ(d)(p). (A.2)

A.2 SU(N)-algebra

Let
{
ti, i = 1, ..., N2 − 1

}
be the generators of the corresponding Lie-algebra of SU(N). The

generators ful�ll the following commutator and anti-commutator relations:[
ti, tj

]
= i f ijktk,

{
ti, tj

}
= 2

c

N
δij11 + dijktk, (A.3)

where f ijk and dijk are the total anti-symmetric and symmetric structure constants, respec-
tively. In particular, we have f iij = 0 without summing over the same indices and diij = 0
after summation over the same indices. For the traces we get:

Tr
(
titj
)

= cδij , (A.4)

where c is a constant depending on the representation, with c = 1
2 in the fundamental represen-

tation. In the following, we state some fundamental and important relations for the calculation.

Completeness relation:

tiabt
i
cd = cδadδbc −

c

N
δabδcd. (A.5)
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Fierz identity:

tiabt
i
cd =

c(N2 − 1)

N2
δadδcb −

1

N
tiadt

i
cb. (A.6)

Jacobi identity: [[
ti, tj

]
, tk
]

+
[[
tk, ti

]
, tj
]

+
[[
tj , tk

]
, ti
]

= 0,

f ijlfkml + fkilf jml + f jklf iml = 0. (A.7)

Some relations for the trace:

Tr
(
titi
)

= c(N2 − 1), Tr
(
titjtk

)
=
c

2
(dijk + i f ijk),

f ijk Tr
(
titjtk

)
= i c2N(N2 − 1), dijk Tr

(
titjtk

)
=
c2(N2 − 1)(N2 − 4)

N
,

Tr
(
tititjtk

)
=
c2(N2 − 1)

N
δjk, Tr

(
titjtitk

)
= − c

2

N
δjk, (A.8)

Tr
(
tititjtj

)
=
c2(N2 − 1)2

N
, Tr

(
titjtitj

)
=
c2(1−N2)

N
. (A.9)

Some results for the structure constants:

f ijlfkml = 4
c

N
(δikδjm − δimδjk) + dkildjml − djkldiml, f ijlfkjl = 2cNδik,

f ijlf ijl = 2cN(N2 − 1), dijldkjl = 2
c(N2 − 4)

N
δik, (A.10)

dijldijl = 2
c(N2 − 4)(N2 − 1)

N
, f ijldkjl = 0.

A.3 Dirac-algebra in d = 4

Let γ0, ..., γ3 be the gamma matrices. We de�ne the following matrices:

t1 = 11 the scalar channel,

t2,...,5 = γ0,...,3 the vector channel,

t6,...,11 = σ03, σ13, σ23, σ01, σ12, σ02 the tensor channel, (A.11)

t12,...,15 = i γ0,...,3γ5 the axial channel,

t16 = γ5 the pseudo-scalar channel,

with:

γ5 = γ0γ1γ2γ3, σµν =
i

2
[γµ, γν ] , {γµ, γν} = 2δµν11, Tr

(
tAtB

)
= 4δAB. (A.12)

The matrices t1, . . . , t16 de�nes a basis. Let us note here, that for the basis we only take the
matrices σµν with ν > µ for the tensor channel. Otherwise, the matrices will get linearly
dependent due to the relation σµν = −σνµ.
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We get the complete commutator and anti-commutator relations for the di�erent channels:

[γµ, σνρ] =2 i (δµνγρ − δµργν) , {γµ, σνρ} =− 2εµνρα i γαγ5,[
γµ, i γνγ5

]
=2 i δµνγ5,

{
γµ, i γνγ5

}
=εµναβσαβ,[

γµ, γ5
]

=− 2 i i γµγ5,
{
γµ, γ5

}
=0,[

σµν , i γ
ργ5
]

=2 i
(
δνρ i γµγ5 − δµρ i γνγ5

)
,

{
σµν , i γ

ργ5
}

=2εµνραγ
α,[

σµν , γ
5
]

=0,
{
σµν , γ

5
}

=− εµναβσαβ, (A.13)[
i γµγ5, i γνγ5

]
=− 2 iσµν ,

{
i γµγ5, i γνγ5

}
=2δµν11,[

i γµγ5, γ5
]

=2 i γµ,
{

i γµγ5, γ5
}

=0,[
γ5, γ5

]
=0,

{
γ5, γ5

}
=211,

[σµν , σαβ] = i δνασµβ − i δνβσµα + i δµβσνα − i δµασνβ ,

{σµν , σαβ} =2
(
δµαδνβ − δµβδνα

)
11− 2εµναβγ

5.

A.4 C operator

We state here some relations for the C-operator for the completeness. These relations are taken
from [107].

C† = C−1, CT = −C, C∗ = −C−1,

C−1γµC = −(γµ)T , C−1γ5C = (γ5)T , C−1γ5γµC = (γ5γµ)T , (A.14)

C−1σµνC = −(σµν)T , C−1tiC = (ti)T .

A.5 Integrals

DSEs and FRGEs consist of loop integrals. For the explicit calculation, we choose polar
coordinates. In appropriate coordinate systems, the integrands are independent of some angle
direction. Hence, these angle integrations can be performed upfront. So we will state some
remarks on the polar coordinates in the �rst section. Afterward, we will mention the details
for the numerical implementation for the sake of replicability.

A.5.1 Polar coordinates

Let x ∈ Rd and f : Rd → R be a function. We de�ne the usual transformation from the
Euclidean coordinates (x1, . . . , xd) to polar coordinates (r, θ0, θ1, . . . , θd−2). For the integral in
the polar coordinates we get:∫

dd xf(x) =

∫
d(r, θ0, θ1, . . . , θd−2)

{
rd−1

d−2∏
i=1

sini(θi)f(r, θ0, θ1, . . . , θd−2)

}
. (A.15)

Let us de�ne Iangle(j) the integral over the �rst j angles (j ∈ {1, . . . , d− 1}):

Iangle(j) =

(∫ 2π

0
d θ0

) j−1∏
i=1

(∫ π

0
d θi sini(θi)

)
. (A.16)
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As a special case, we de�ne Iangle(0) = 2 if the function depends on all the polar coordinates.
With the help of the Γ-function:

Γ(z) =

∫ ∞
0

d t tz−1 exp(−t), (A.17)

we can calculate this expression:

Iangle(j) =
2π(j+1)/2

Γ((j + 1)/2)
=

{
2 π(j+1)/2

((j−1)/2)! for j odd,

2 (2π)j/2

(j−1)!! for j even.
(A.18)

The values for the some j's are listed in the table.
j 0 1 2 3 4 5 6 7

Iangle(j) 2 2π 4π 2π2 8
3π

2 π3 16
15π

3 1
3π

4

For the explicit calculations, we substitute y = r2 and zj = − cos(θj) for (j ∈ {1, . . . , d− 2}).
Using this in equation (A.15) yields for the integral:∫

dd xf(x) =

∫
d(y, θ0, z1, . . . , zd−2)

{
1

2
y
d−2

2

d−2∏
i=1

(1− z2
i )

i−1
2 f(y, θ0, z1, . . . , zd−2)

}
. (A.19)

A.5.2 Numerical implementation

The numerical integration is performed using Gauss-Legendre or Gauss-Chebychev quadrature.
For the radial direction, we use nodes vr and weights wr from Gauss-Legendre and distribute
them equally over the di�erent order of magnitudes for the integration region. Therefore, we
also choose an IR-cuto� κ ≤ 10−8 GeV in addition to the UV-cuto� Λ for the radial direction.
The function for the distribution is given as:

gr(t) =
√
κΛ eln(Λ

κ )t . (A.20)

We checked, that the results are independent of the cuto�s. So we get for the integral in the
radial direction: ∫ Λ

κ
d y y

d−2
2 f(y, . . .)→

Nr∑
i=1

wirg
′
r(v

i
r)gr(v

i
r)

d−2
2 f(gr(v

i
r), . . .). (A.21)

For the angle direction, we can also choose Gauss-Legendre for the nodes and weights. But
in d = 4 dimensions the angle integration in z2 direction has an additional factor of

√
1− z2

2

from the Jacobi determinant. The Gauss-Chebychev 2 quadrature has this factor already
included. Thus, for the z2 direction it is more convenient to choose the Gauss-Chebychev 2:∫ 1

−1
d z2

√
1− z2

2f(. . . , z2)→
N2∑
i=1

wi2f(. . . , vi2). (A.22)

The last two angle directions do not have any additional factor from the Jacobi determinant.
Thus, Gauss-Legendre nodes and weights are taken for these directions for the explicit calcu-
lation.



Appendix B

DSEs of the quark propagator

B.1 Coupled set of equations

In this section, we state the detail expressions of the di�erent dressing functions of the QP. We
�rst de�ne the following two kernels:

K1(p, q, k) = 12πCF
α(k2)

k2
,

K2(p, q, k) = 4πCF
α(k2)

k2p2

[
(p · q) + 2

(p · k)(q · k)

k2

]
, (B.1)

where CF = (N2
c − 1)/2Nc and Nc is the number of colors, i.e. Nc = 3. We further de�ne the

functional Πi for i = 1, 2 as:

Πi,e(f, p
2) = Z2,e(µ

2,Λ2)

∫ Λ d4 q

(2π)4

{
Ki(p, q, k)f(q2, µ2)

}
. (B.2)

This yields the DSEs of the the di�erent dressing functions for �avor-diagonal elements e ∈
{u, d}:

Aee(p
2, µ2) = Z2,e(µ

2,Λ2)
[
1 + Π2,e(Ãee, p

2)
]
,

Bee(p
2, µ2) = Z2,e(µ

2,Λ2)
[
me + Π1,e(B̃ee, p

2)
]
,

Cee(p
2, µ2) = Z2,e(µ

2,Λ2)Π2,e(C̃ee, p
2), (B.3)

Dee(p
2, µ2) = Z2,e(µ

2,Λ2)Π1,e(D̃ee, p
2),

where me = Zm,e(µ
2,Λ2)mbare,e with Zm,e being the mass renomalization constant and mbare,e

the bare quark mass for �avor e. For the mixed �avors, we get (e, f ∈ {u, d} , e 6= f):

Aef (p2, µ2) =
√
Z2,e(µ2,Λ2)Z2,f (µ2,Λ2)gw + Z2,f (µ2,Λ2)Π2,e(Ãfe, p

2),

Bef (p2, µ2) = Z2,f (µ2,Λ2)Π1,e(B̃fe, p
2),

Cef (p2, µ2) =
√
Z2,e(µ2,Λ2)Z2,f (µ2,Λ2)gw + Z2,f (µ2,Λ2)Π2,e(C̃fe, p

2), (B.4)

Def (p2, µ2) = Z2,f (µ2,Λ2)Π1,e(D̃fe, p
2).
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B.2 Numerical implementation on the real axis

Let us now state some detail on the numerical implementation of the coupled set of DSEs
from the previous section. This system of equation is technically very similar to the ordinary
rainbow-ladder truncation. Therefore, a numerical solution using standard �xed-point iteration
schemes is possible and was done here. The integrals are performed, as stated in A.5. Only
the QP was numerically inverted at every step due to the more involved structure, as already
discussed.

There are, however, a few more subtle numerical issues to be mentioned. To perform the
integral for Πi,e, the dressing functions Ã, B̃, C̃, and D̃ are evaluated for various momenta
using interpolation. We performed our calculations using linear and cubic interpolation. If
we use a precision of 5 × 10−5, which is considered to be su�cient in the standard �xed-
point iteration scheme, for A, B, C, and D, we get di�erent numerical solutions for linear
and cubic interpolation. By increasing the precision, the solution from the linear interpolation
approaches the solution from the cubic interpolation for all dressing functions except for Dee

and D̃ee. Especially using linear interpolation, we get di�erent solutions for Dee and D̃ee by
using di�erent start values for the iteration. In contrast to this, we get the same solutions for
di�erent start values using cubic interpolation. Thus, we consider the solutions from the cubic
interpolation as stable and used them throughout this work.

In addition, we used a precision of 5 × 10−7, instead of the standard value, for A, B, C,
and D and 28 = 256 grid points. In this case, the di�erence for the solutions from the linear
and cubic interpolation was at most in the third signi�cant digit and thus led essentially to the
same results.

Let us note that our precision for the iteration procedure is for the dressing functions of
the inverse propagator (A, B, C, and D). The dressing functions of the propagator (Ã, B̃, C̃,
and D̃) are calculated by a numerical inversion, with a precision of roughly 10−20.

B.3 Numerical results

B.3.1 Vector channel

The results are shown in �gure B.1 and B.2. A comparison between the di�erent generations,
the chiral limit, and tree-level for the �avor-o�-diagonal vector dressing function is shown in
sub�gure B.2a for a �xed value gw = 0.2. The tree-level value is given by, see equation (4.11):

Ã0,ud =
gw(mumd − p2)

N(p2)
. (B.5)

This demonstrates that at tree-level, the dressing function is negative for momenta p2 ≥ mumd

and positive for lower momenta. The full dressing function exhibits the same behavior, but
the absolute value is substantially larger. Note especially that in the chiral limit, the tree-level
propagator is proportional to −p2, thus negative for all momenta. The full dressing function
is, however, positive in the IR. As the masses of up- and down-quark are comparatively small,
the result for them is close to the one in the chiral limit.

The dependence on the generation and gw is shown in sub�gure B.2b. In every generation
Ãud increases with gw. The zero of Ãud shifts to higher momenta for heavier masses. This is
already the case for the tree-level propagator, where the zero is determined by the condition
p2 = mumd.
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Figure B.1: The �avor-diagonal vector dressing function for di�erent values of gw. From top
to bottom generations one to three are shown, and the left-hand panels show up-type quarks,
and the right-hand panels down-type quarks.



92 Chapter B. DSEs of the quark propagator

full

tree-level

10-3 10-2 10-1 100 101 102 103 104

0.0

0.2

0.4

0.6

0.8

Momentum p [GeV ]

A˜
u
d
(p

)
[1

0
-
3
/G

eV
2
]

top-bottom, gw=0.2

chiral

up-down

charm-strange

top-bottom

10-3 10-2 10-1 100 101 102 103 104

0.0

0.5

1.0

1.5

2.0

Momentum p [GeV ]

A˜
u
d
(p

)
[1
/G

eV
2
]

gw=0.2
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at gw = 0.2.
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Figure B.2: The �avor-o�-diagonal vector dressing function.
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B.3.2 Scalar channel

Complementing the results in section 4.2.3 the �avor-diagonal scalar dressing functions for the
di�erent quarks are shown in �gure B.3.

The results for the �avor-o�-diagonal scalar dressing function are shown in �gure B.4. A
comparison to the tree-level case of the third generation �avor-o�-diagonal scalar dressing
function is shown in sub�gure B.4a. Note that the tree-level result is, see equation (4.11):

B̃0,ud = −gw(mu +md)p
2

N(p2)
. (B.6)

Thus, at tree-level B̃0,ud is negative for all momenta, in particular in the UV. The latter is also
seen in the full case. But it switches to a positive value in the IR. This qualitative behavior is
also seen for the other generations, as is also plotted in sub�gure B.4a, but at di�ering absolute
values. This persists even in the chiral limit. The value of this quantity is also found to increase
when increasing gw, which is shown in sub�gure B.4b.

B.3.3 Axial channel

The results are shown in �gure B.5. The �avor-o�-diagonal axial dressing function is shown
for the various generations and the chiral limit in comparison to tree-level in sub�gure B.5a at
�xed gw = 0.2. The tree-level propagator takes the form, see equation (4.11):

C̃0,ud = −gw(mumd + p2)

N(p2)
. (B.7)

Therefore, the full dressing function becomes negative in the UV. In the IR, it is positive for the
third and second generation, as is visible from sub�gure B.5a, but remains negative for the �rst
generation and the chiral limit. The change of the relative ratio between the left-handed and
right-handed contribution is related to the sign of C̃, see equation (4.10). For the second and
third generation, the contribution from the mass splitting is high enough to make C̃ positive
in the IR. A detailed discussion is given in section 4.2.5.

In sub�gure B.5b the dependence on gw is shown for the di�erent generation and the chiral
limit. The higher the value of gw, the larger the dressing function. However, the qualitative
behavior is unchanged, and therefore entirely controlled by the masses.

B.3.4 Pseudo-scalar channel

The results are shown in �gure B.6. At tree-level, the �avor-diagonal pseudo-scalar dressing
function vanishes. The full dressing function has a �nite value, which is depicted in the left
panel of sub�gure B.6a for all quarks at gw = 0.2.

The �avor-o�-diagonal dressing function at tree-level is zero for degenerate quark masses,

D̃0,ud = −D̃0,du = −gw(mu −md)p
2

N(p2)
, (B.8)

as can be obtained from equation (4.11). This is also true for the full case, also shown in
the right panel of sub�gure B.6a, and especially so for the chiral limit. For non-degenerate
quark masses, the dressing function does no longer vanish. This is in as far remarkable as
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Figure B.3: The �avor-diagonal scalar dressing function for di�erent gw. From top to bottom
generations one to three are shown, and the left-hand panels show up-type quarks, and the
right-hand panels down-type quarks.
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Figure B.4: The �avor-o�-diagonal scalar dressing function.
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Figure B.6: The pseudo-scalar dressing function.
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Figure B.7: Ratio (4.10) for the left-handed and right-handed �avor-diagonal quark propagator
for di�erent values of gw. From top to bottom generations one to three are shown, and the
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Figure B.8: The Schwinger function for di�erent values of gw. Top and middle panels show
generations one and two and the left-hand panels show up-type quarks, and the right-hand
panels down-type quarks. The bottom panels show the �avor-o�-diagonal elements for the �rst
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gw M Γ
2 δ m θ

chiral

0
0.01
0.05
0.1
0.2
0.3
0.4

0.54± 0.05
0.54± 0.05
0.54± 0.05
0.47± 0.05
0.42± 0.05
0.38± 0.05
0.31± 0.05

0.30± 0.01
0.30± 0.01
0.26± 0.01
0.21± 0.01
0.17± 0.01
0.05± 0.01
10−7 ± 0.01

−1.13± 0.05
−1.13± 0.05
−0.90± 0.05
−0.66± 0.05
−0.14± 0.05

0± 0.05
0± 0.05

0.61± 0.05
0.61± 0.05
0.60± 0.05
0.51± 0.05
0.45± 0.05
0.38± 0.05
0.31± 0.05

0.51± 0.05
0.51± 0.05
0.46± 0.05
0.41± 0.05
0.38± 0.05
0.14± 0.05
10−9 ± 0.05

up

0
0.01
0.05
0.1
0.2
0.3
0.4

0.54± 0.05
0.54± 0.05
0.54± 0.05
0.49± 0.05
0.45± 0.05
0.39± 0.05
0.34± 0.05

0.31± 0.01
0.31± 0.01
0.27± 0.01
0.22± 0.01
0.17± 0.01
0.06± 0.01
10−7 ± 0.01

−1.13± 0.05
−1.13± 0.05
−0.92± 0.05
−0.82± 0.05
−1.15± 0.05

0± 0.05
0± 0.05

0.63± 0.05
0.63± 0.05
0.60± 0.05
0.53± 0.05
0.48± 0.05
0.39± 0.05
0.34± 0.05

0.51± 0.05
0.51± 0.05
0.47± 0.05
0.43± 0.05
0.36± 0.05
0.14± 0.05
10−9 ± 0.05

down

0
0.01
0.05
0.1
0.2
0.3
0.4

0.56± 0.05
0.56± 0.05
0.56± 0.05
0.50± 0.05
0.46± 0.05
0.39± 0.05
0.34± 0.05

0.32± 0.01
0.32± 0.01
0.28± 0.01
0.20± 0.01
0.19± 0.01
0.06± 0.01
10−7 ± 0.01

−1.13± 0.05
−1.13± 0.05
−0.86± 0.05
−0.40± 0.05
−1.45± 0.05

0± 0.05
0± 0.05

0.64± 0.05
0.64± 0.05
0.63± 0.05
0.54± 0.05
0.49± 0.05
0.40± 0.05
0.34± 0.05

0.51± 0.05
0.51± 0.05
0.46± 0.05
0.39± 0.05
0.39± 0.05
0.15± 0.05
10−9 ± 0.05

Table B.1: Fit values for the �avor-diagonal Schwinger functions.

non-trivial e�ects due to (non-)degeneracy propagate in other dressing functions, as discussed
in the main text. We also �nd that the di�erence between the up-to-down and down-to-up
dressing function, as discussed in section 4.1, also persists in the full case, and both di�er by
a sign. This e�ect does not propagate to other dressing functions, where we do not �nd any
di�erence.

The dependence of the �avor-o�-diagonal pseudo-scalar dressing function on generation
(right panel sub�gure B.6c) and gw (left panel sub�gure B.6c), also in comparison to tree-level
(sub�gure B.6b), is shown. Here also the sign switch between up-to-down and down-to-up is
shown. Note that the sign in the infrared is again di�erent for the �rst generation and the
second and third generation. This is because of the switch of relative sign in the mass di�erence
from the �rst to the other generation, as is already the case at tree-level in equation (B.8). The
size, but not the qualitative features, increase again with gw. The size of the dressing function
also decreases with increasing quark mass.

B.3.5 Relative ratio

In �gure B.7 the relative ratio (4.10) for the �avor-diagonal elements are shown, see section
4.2.5 for a detailed discussion.
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gw M Γ
2 δ m θ

chiral

10−6

10−5

10−4

10−3

10−2

0.05
0.1
0.2
0.3
0.4

0.48± 0.05
0.47± 0.05
0.47± 0.05
0.47± 0.05
0.47± 0.05
0.48± 0.05
0.49± 0.05
0.43± 0.05
0.42± 0.05
0.35± 0.05

0.29± 0.01
0.29± 0.01
0.29± 0.01
0.29± 0.01
0.29± 0.01
0.28± 0.01
0.24± 0.01
0.19± 0.01
0.11± 0.01
10−4 ± 0.01

−2.12± 0.05
−2.03± 0.05
−2.00± 0.05
−2.00± 0.05
−2.00± 0.05
−1.93± 0.05
−1.57± 0.05
−1.68± 0.05
−1.64± 0.05
−1.57087

0.56± 0.05
0.55± 0.05
0.55± 0.05
0.55± 0.05
0.55± 0.05
0.56± 0.05
0.55± 0.05
0.47± 0.05
0.43± 0.05
0.35± 0.05

0.55± 0.05
0.56± 0.05
0.56± 0.05
0.56± 0.05
0.56± 0.05
0.53± 0.05
0.46± 0.05
0.41± 0.05
0.25± 0.05

2.857× 10−4

up-down

10−6

10−5

10−4

10−3

10−2

0.05
0.1
0.2
0.3
0.4

0.49± 0.05
0.49± 0.05
0.49± 0.05
0.49± 0.05
0.49± 0.05
0.49± 0.05
0.49± 0.05
0.44± 0.05
0.44± 0.05
0.38± 0.05

0.31± 0.01
0.31± 0.01
0.31± 0.01
0.31± 0.01
0.31± 0.01
0.29± 0.01
0.26± 0.01
0.20± 0.01
0.12± 0.01
10−4 ± 0.01

−2.10± 0.05
−2.01± 0.05
−1.99± 0.05
−1.99± 0.05
−1.99± 0.05
−1.90± 0.05
−1.56± 0.05
−1.71± 0.05
−1.66± 0.05
−1.57087

0.58± 0.05
0.58± 0.05
0.58± 0.05
0.58± 0.05
0.58± 0.05
0.57± 0.05
0.55± 0.05
0.49± 0.05
0.46± 0.05
0.38± 0.05

0.56± 0.05
0.56± 0.05
0.56± 0.05
0.56± 0.05
0.56± 0.05
0.54± 0.05
0.48± 0.05
0.43± 0.05
0.27± 0.05

2.652× 10−4

Table B.2: Fit values for the �avor-o�-diagonal Schwinger functions.

B.3.6 Schwinger function

In �gure B.8, the Schwinger function for the scalar dressing function for the �rst and second
generation, both for �avor-diagonal and �avor-o�-diagonal elements, are shown. The third
generation's large tree-level mass leads to a too-quick drowning in numerical noise to provide
any reasonable results. For a detailed discussion, see section 4.2.4.

Fit parameters for the Schwinger function

The values for the �t-function are listed for the various cases studied in tables B.1 and B.2 for
the �avor-diagonal and �avor-o�-diagonal elements, respectively.
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Appendix C

BSEs of the weak pion decay

C.1 Diagrammatic derivation of the BSEs

In this section, we illustrate the diagrammatic derivation of the weak pion BSEs from the DSEs
of the corresponding 4-point functions for a better understanding. The formal derivation has
very lengthy expressions. Thus, stating them here is of no use. We recommend using tools like
DoFun and FormTracer for the derivation. Keep in mind that DoFun was build to derive DSEs
or FRGEs in QCD, and special care has to be taken into account for our study. Nevertheless,
it is possible to use these tools for the derivation.

Let us present the procedure for the 4-quark-vertex in the following. The quark-gluon
interaction in our Lagrangian (see equation 5.16) generates one-loop-diagrams. The 4-Fermi
interaction for the weak sector causes up to 2-loop-diagrams (see our introduction in section
3.4). As a �rst step, we neglect all the 2-loop-diagrams in our system. For a better under-
standing of the following discussion, let e, f , g, and h be the �avor of our 4 quarks. Each �eld
has its own master equation for the DSEs (see section 3.4). Without loss of generality, let us
start with the master equation of the quark e. Then, the quark e is always connected to the
tree-level vertex. We show some diagrams of the resulting DSE in �gure C.1, which captures
all the relevant features for the derivation of the BSE.

The BSEs are derived under the assumption that the 4-point function exhibits a pole. Let
us say that the quarks g and h has the total momentum P equal to the pion pole1:

Γ(4) = N ΨΨ

P 2 +M2
π,Pole

. (C.1)

We multiply the DSE for 4-point function with P 2 +M2
π,Pole and take the limit P 2 → −M2

π,Pole.
As a consequence of this, all the terms, which do not have a pole for this particular momentum
con�guration, in the DSEs vanishe. Note that in our example, this means the total momentum
squared of the quarks e and f as well as g and h are �xed to the pion pole squared. Let us
now illustrate the last step diagrammatically for the 4-quark-vertex, shown in �gure C.1.

The �rst term is given by the box-diagram via two gluon exchange. It only consists of the
quark-gluon-vertex at tree-level, as well as full. None of them has a pole. Hence, this diagram
vanishes for the pion BSE.

1This also implies that the total momentum of e and f is equal to the negative of the g and h due to
momentum conservation.
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Figure C.1: Diagrammatic representation of the DSEs for the 4-quark-vertex with the �avors
e, f , g and h.

The next term is the triangle-diagram with the 4-point function of the quarks. This has a
pole for this particular momentum con�guration since the quarks g and h are at this vertex
and have the total momentum P . So this diagram gives us a contribution to the pion BSE.

The next term (�rst term in the second line) is again a triangle-diagram, but this time the
quarks f and h are at the 4-quark-vertex and the gluon exchange between the quarks e and g.
Since the total momentum of the quark f and h are not �xed, this 4-point function has not a
pole for this particular momentum con�guration. Therefore, this diagram does not contribute
to the pion BSE. In pure QCD, all the other diagrams also vanish because they do not have
a pole or are not evaluated at their pole. Thus, the pion BSE in the pure QCD has only one
contribution given by a gluon exchange (see section 5.4).

The last term arises from the additional 4-Fermi interaction in our system. This diagram
has a 2-quark-2-lepton-vertex with the external quarks g and h. Both quarks have the total
momentum equal to the pion mass. So under the assumption that this 4-point function has
the pion pole as well, this also contributes to the pion BSE representing the decay amplitude
Ψ′.

All the other diagrams vanish using the same procedure. We are left with two contributions
for the pion BSE. The �rst one is given by the gluon exchange, which is also present in the pure
QCD case, and the second one arising from the e�ective weak interaction related to the decay
process. For self-consistency, we also have to apply the same procedure for the 2-quark-2-lepton
DSE. This will provide us with a coupled set of BSEs.

Let us in the following give the detailed expression of the pion amplitude. For this purpose
we de�ne the momenta k and q to be the relative momenta of the external and internal quarks,
respectively. Then, we get for the momenta of the external and internal quarks the following:

k± = k ± η±P, q± = q ± η±P. (C.2)
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The relative and total momenta are de�ned as:

P = k+ − k−, k = η−k+ + η+k− q = η−q+ + η+q− η+ + η− = 1. (C.3)

Applying the momenta conservation at the quark-gluon-vertex, we get for the gluon momenta:

p = k − q. (C.4)

We use u, v, w, x, y and z for the combination of all the internal indices of the fermionic
�elds excluding the momenta. For the gluon �elds, we use i and j. With this we may write
the expression for BSA as follows:

Ψu,v

(
P 2, k2, P · k

)
=

∫
q

{
Ku,v,w,x(P, k, q)PQw,y(q+)PQx,z(q−)Ψy,z(P

2, q2, P · q)+

+S(4),Q,Q,l,l
u,v,w,x (P, k, q)P lw,y(q+)P lx,z(q−)Ψ′y,z(P

2, q2, P · q)
}
, (C.5)

Ψ′u,v
(
P 2, k2, P · k

)
=

∫
q

{
S(4),l,l,Q,Q
u,v,w,x (P, k, q)PQw,y(q+)PQx,z(q−)Ψy,z(P

2, q2, P · q)
}
.

with the Kernel

Ku,v,w,x(P, k, q) = S
(3),A,Q,Q
u,i,w (k+, k − q, q+)PAi,j(k − q)Γ(3),A,Q,Q

w,j,x (k−, k − q, q−). (C.6)

C.2 Numerical setup

We insert the form of the BSAs as given in equation (5.20) in the BSEs to project out the
dressing functions fi and gi. This leads to the relation for the dressing functions given in
equation (5.21). Since P 2 is �xed, these dressing functions depends on two Lorentz-invariants.
Let θ be the angle between P and k and θ′ between P and q. We de�ne z = cos(θ) and
ω = cos(θ′). Using these integration variables and performing the integrals in an appropriate
coordinates, we may write the equation (5.21) as follows (see section A.5 with y = q2):

fi(k
2, z) =

∫ Λ2

0
d y

∫ 1

−1
dω
√

1− ω2y

{
C1

α
(

(k − q)2
)

(k − q)2
Mi,jfj(y, ω)+

+C2αw((k − q)2)M̃i,jgj(y, ω)

}
, (C.7)

gi(k
2, z) =

∫ Λ2

0
d y

∫ 1

−1
dω
√

1− ω2y

{
C2αw

(
(k − q)2

)
M ′i,jfj(y, ω)

}
,

where the constants C1 and C2 are given by:

C1 =CF
4πIangle(2)

2(2π)4
Z2,u(µ2,Λ2)Z2,d(µ

2,Λ2) =
2

3π2
Z2,u(µ2,Λ2)Z2,d(µ

2,Λ2),

C2 =
2

π3

√
Z2,u(µ2,Λ2)Z2,d(µ2,Λ2)Z2,e(µ2,Λ2)Z2,ν(µ2,Λ2). (C.8)

where Z2,e are the wavefunction renormalization constants of the di�erent particles.
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Here, we have chosen the momenta routing such that the BSA on the right hand side
depend only on the integration variables y and ω. So by choosing our grid for the BSAs given
by our integration nodes, this equation becomes a �nite dimensional eigenvalue problem with
the matrixM.

M = y

(
C1

α((k−q)2)
(k−q)2 M C2αw

(
(k − q)2

)
M̃

C2αw
(
(k − q)2

)
M ′ 0

)
. (C.9)

Let us in the following deal with the matrix elements in more detail. The quark and lepton
propagator of the �avor e have the following general form:

PQ/le (p2) = ÃQ/le (p2) i /p+ B̃Q/l
e (p2)11. (C.10)

In equation (C.5) for the pion BSE we have quark and lepton propagator of the form P
Q/l
w,y (q+)

and P
Q/l
x,z (q−). Let e and f be the �avor of the �rst and second propagator, respectively. We

de�ne:

aQ/l = ÃQ/le (q2
+)Ã

Q/l
f (q2

−), cQ/l = ÃQ/le (q2
+)B̃

Q/l
f (q2

−),

bQ/l = B̃Q/l
e (q2

+)B̃
Q/l
f (q2

−), dQ/l = B̃Q/l
e (q2

+)Ã
Q/l
f (q2

−), (C.11)

m+
Q/l = cQ/l + dQ/l, m−Q/l = cQ/l − dQ/l. (C.12)

The BSE of the pion in pure QCD has already been investigated in various works. Thus,
we do not state the matrix M for the pure QCD part here since it is a very lengthy expression.
We refer the reader to the literature in this case. The matrix elements from the decay part
are new. Thus, we state them in the following. The matrix M ′ can directly be obtained from
M̃ by replacing the lepton propator quantities by QP quantities due to the symmetry of the
BSE. For example, replace al by aQ. Therefore, we only state the matrix M̃ in the following
and suppress the index Q. The matrix elements for the contribution to f1 and f4 vanish (see
our discussion in chapter 5). So we get:

M̃1,1 = M̃1,2 = M̃1,3 = M̃1,4 = M̃4,1 = M̃4,2 = M̃4,3 = M̃4,4 = 0. (C.13)

The remaining part has a common denominator given by:

m = (k · P )2 − (k · k)(P · P ). (C.14)
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The matrix elements are given by:

M̃2,1 =
i

2m

(
(k · k)

(
m+(P · P )− 2m−(P · q)

)
+ 2m−(k · P )(k · q)−m+(k · P )2

)
,

M̃2,2 =
1

4m

(
(k · P )2

(
a(P · P ) + 4a(q · q)− 4b

)
+ (k · k)

(
4(P · P )(b− a(q · q))+

+8a(P · q)2 − a(P · P )2
)
− 8a(k · P )(k · q)(P · q)

)
,

M̃2,3 =
1

4m

(
− (k · P )(k · q)

(
4(a(q · q) + b) + a(P · P )

)
+ (k · k)(P · q)×

×
(

4(a(q · q) + b)− a(P · P )
)

+ 2a(k · P )2(P · q)
)
,

M̃2,4 =− i

2m

(
(k · P )2

(
m−(P · q)− 2m+(q · q)

)
+ (k · P )(k · q)× (C.15)

×
(

2m+(P · q)−m−(P · P )
)
− 2m+(k · k)

(
(P · q)2 − (P · P )(q · q)

))
,

M̃3,1 =− i

m
m−
(

(P · P )(k · q)− (k · P )(P · q)
)
,

M̃3,2 =
2

m
a(P · q)

(
(P · P )(k · q)− (k · P )(P · q)

)
,

M̃3,3 =
1

4m

(
(P · P )(k · q)− (k · P )(P · q)

)(
4(a(q · q) + b) + a(P · P )

)
,

M̃3,4 =− i

2m

(
(P · P )(k · q)− (k · P )(P · q)

)(
m−(P · P )− 2m+(P · q)

)
.

Further details on the numerical implementation is already stated in various literatures. Hence,
we conclude our technical discussion on the pion BSEs.



108 Chapter C. BSEs of the weak pion decay



Appendix D

FRG

D.1 Flow equation for the dynamical hadronization

In this section, we derive the Wetterich equation for the dynamical hadronization case with all
its details. Let now a part of the �elds be scale-dependent, which is the case for the dynamical
hadronization. We split Φ = (Φ̃, Φ̂k) into a scale-independent part Φ̃ and scale-dependent part
Φ̂k and de�ne the IR-regularized functional Zk[J ] and Schwinger functional Wk[J ]:

eWk[J ] ≡ Zk [J ] =

∫
DΦ̃ exp

[
−S[Φ̃]−∆Sk[Φ] +

∫
(JΦ)

]
. (D.1)

The expectation value φ of the �eld Φ in the presence of the source J is:

φi = 〈Φi〉J =
δ

δJi
Wk[J ]. (D.2)

The IR-regularized e�ective action is given by:

Γk [φ] = sup
J

{
−Wk [J ] +

∫
(Jφ)

}
−∆Sk [φ] . (D.3)

We get for the source �elds:

Ji(p) = (−1)Gi
δ

δφi(p)
(Γk [φ] + ∆Sk [φ]) . (D.4)

For the 2-point function and the propagator (Pk), we have the relation:

Pk,ij(p1, p2) =

[
δ2

δφj(p2)δφi(p1)
(Γk [φ] + ∆Sk [φ])

]−1

= (−1)Gi
δ2

δJi(p1)δJj(p2)
Wk[J ] (D.5)

We get the following useful relation:

〈Φi(p1)Φj(p2)〉J =
δ2Wk[J ]

δJi(p2)δJj(p1)
+ φi(p1)φj(p2) = (−1)Gi Pk,ij(p1, p2) + φi(p1)φj(p2). (D.6)

For the total derivative of Wk respect to t = log( kΛ), we get:

d

d t
Wk[J ] =−

〈
d

d t
∆Sk[Φ]

〉
J

+

∫
(∂tJ)φ+

∫
Ĵ
〈
∂tΦ̂
〉
J
, (D.7)

109



110 Chapter D. FRG

and of Γk:

d

d t
Γk[φ] =

〈
d

d t
∆Sk[Φ]

〉
J

− d

d t
∆Sk[φ] +

∫
Ĵ
(
∂tφ̂−

〈
∂tΦ̂
〉
J

)
. (D.8)

This is at the same time:

d

d t
Γk[φ] = ∂t|φ̂ Γk[φ] +

∫
δ

δφ̂
Γk [φ] ∂tφ̂. (D.9)

Hence, we get the �nal expression:

∂t|φ̂k Γk[φ] =

〈
d

d t
∆Sk[Φ]

〉
J

− d

d t
∆Sk[φ] +

∫
δ

δφ̂
(Γk [φ] + ∆Sk [φ])

(
∂tφ̂−

〈
∂tΦ̂
〉
J

)
−
∫

δ

δφ̂
Γk [φ] ∂tφ̂. (D.10)

This general expression simpli�es for ∆Sk of the form:

∆Sk [Φ] =
1

2

∫
q

Φ(q)Rk(q)Φ(q). (D.11)

We get:〈
d

d t
∆Sk[Φ]

〉
J

=
1

2

∫
q

{
(∂tRk,ij(q)) 〈Φi(q)Φj(q)〉J +Rk,ij(q) 〈∂t(Φi(q)Φj(q))〉J

}
=

1

2

∫
q

{
(∂tRk,ij(q))

[
(−1)Gi Pk,ij(q, q) + φi(q)φj(q)

]
+Rk,ij(q)

〈
∂t(Φ̂i(q)Φ̂j(q))

〉
J

}
, (D.12)

and:

d

d t
∆Sk[φ] =

1

2

∫
q

{
(∂tRk,ij(q))φi(q)φj(q) +Rk,ij(q)∂t(φ̂i(q)φ̂j(q))

}
. (D.13)

Hence, we get for the �ow:

∂t|φ̂k Γk[φ] =

∫
q

{
(−1)Gi

1

2
(∂tRk,ij(q))Pk,ij(q, q) +

1

2
Rk,ij(q)

[〈
∂t(Φ̂i(q)Φ̂j(q))

〉
J

−∂t(φ̂i(q)φ̂j(q))
]

+
δ

δφ̂(q)
(Γk [φ] + ∆Sk [φ])

(
∂tφ̂(q)−

〈
∂tΦ̂(q)

〉
J

)
(D.14)

− δ

δφ̂(q)
Γk [φ] ∂tφ̂(q)

}
.

For the last step, let us assume that the derivative of the scale-dependent part of the �elds
is at most linear. This means:

∂tΦ̂i(q) = (∂tAi,m(q))Fm[φ](q) + (∂tBi,m(q))G[φ](q)Φm(q), (D.15)
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which ful�ls the condition:〈
∂tΦ̂i(q)

〉
J

= ∂tφ̂i(q) = (∂tAi,m(q))Fm[φ](q) + (∂tBi,m(q))G[φ](q)φm(q). (D.16)

This yields:〈
∂t(Φ̂i(q)Φ̂j(q))

〉
J
− ∂(φ̂i(q)φ̂j(q)) =(−1)GG[φ](q) [(∂tBi,m(q))Pk,mj + Pk,im(∂tBm,j(q))] .

We insert this into the �ow equation and get the �nal equation:

∂t|φ̂k Γk[φ] =
1

2
STr {[(∂tRk) +G[φ](∂tB)Rk +RkG[φ](∂tB)]Pk} − Tr

{
δ

δφ̂
Γk [φ] ∂tφ̂

}
(D.17)

D.2 Regulators

D.2.1 Regulators for the Euclidean case

We choose the standard exponential regulator for our calculation. The bosonic and fermionic
regulator shape function are given by:

rB(x) =
xm−1

exm − 1
, rF (x) + 1 =

√
rB(x) + 1, (D.18)

where the explicit calculation is done for m = 2. This results in the following regulators for
the di�erent particles (see equation (3.11)):

Rik(p) = R̂ik(p)p
2, R̂ik(p) = Zi,k(0)rB

(
p2

k2

)
, i ∈ {σ, π} ,

Rik(p) = R̂ik(p)/p, R̂ik(p) = Zi,k(0)rF

(
p2

k2

)
, i ∈ {Q, l} . (D.19)

D.2.2 Regulators for the real-time FRG

We de�ne a smooth approximation (Θn) for the step function (Θ) and a modi�ed version of
this via:

Θn(x) =
1

1 + xn
, Θα,β,n (x) =αΘn

(
β

x

)
. (D.20)

We further de�ne:

∆mr(k) =µ

√
Θα,β,n

(µ
k

)
n→∞−−−→

{√
αµ, if k < µ

β

0, if k > µ
β

. (D.21)

This results in the following regulators for the di�erent particles (see equation (3.11)):

R̂ik(p) =

(
Zi,k(0) +

∆m2
r(k)

p2

)
rB

(
p2 + ∆m2

r(k)

k2

)
, i ∈ {σ, π} ,

R̂ik(p)) =

(
Zi,k(0) +

∆mr(k)√
p2

)
rF

(
p2 + ∆m2

r(k)

k2

)
, i ∈ {Q, l} . (D.22)
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Figure D.1: The �ow of the curvature masses for the mesons (left panel) and quark (right
panel) for di�erent UV-cuto�s.

D.3 Quark-meson model

D.3.1 Initial values

We choose our initial values to achieve the IR-values for the curvature masses and pion decay-
constant, as stated in equation((6.9) and (6.11). We refer the reader to our discussion in 6.1.5;
or 6.2.2 and [43] for further details on the relation between curvature and pole masses,.

According to our discussion in 6.1, we start the �ow at ΛUV = 950 MeV. The initial mesonic
potential is considered to be quadratic (i.e., all higher orders of the mesonic potential vanish
at the starting point of the �ow):

Vk=ΛUV = a1(ρ− ρ0) +
a2

2
(ρ− ρ0)2 (D.23)

where ρ0 is the expansion point. We set the wavefunction renormalizations to unity at the
UV-cuto�.

For completeness, we also state our initial values for our full truncation of the PM considered
in this work:

a1 = (2638 MeV)2, a2 = 50, hΛ = 18.085, ρ0 =
1

2
(28.32 MeV)2 (D.24)

The results of the renormalized quantities in the IR do not depend on the UV-cuto� if it
is changed within reasonable bounds and if the initial values (D.24) are changed accordingly.
This is demonstrated in �gures D.1 and D.2, where these quantities are displayed for two values
of the UV-cuto�, ΛUV = 950 MeV (blue line) and ΛUV = 800 MeV (red line).

D.3.2 Propagators

Due to the fact that �ow equations are evaluated at non-vanishing �elds, we have for the 2-point
functions:

Γ(2),π(p = 0) = V ′k[ρ], Γ(2),σ(p = 0) = V ′k[ρ] + 2ρV ′′k [ρ], m̂Q,k(p) = hk(p,−p)
√

ρ

Nf
. (D.25)
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Figure D.2: Momentum-dependence of the quark mass and Yuakawa coupling (left panel), and
the wavefunction (right panel) for di�erent UV-cuto�s.

We de�ne the following mesonic propagators:

Pi(p) =
1[

Zi,k(p) + R̂ik(p)
]
p2 + Γ

(2)
i (0)

, i ∈ {σ, π} . (D.26)

In addition, we can de�ne an e�ective (scalar) QP, entering all loop functions:

P̂Q(p) =
1

[ZrQ,k(p)]
2 p2 + m̂2

Q,k(p)
, ZrQ,k(p) = ZQ,k(p) + R̂Qk (p), (D.27)

resulting in the following full QP:

PQ(p) =P̂Q(p)
[
ZrQ,k(p) i /p+ m̂Q,k(p)11

]
. (D.28)

D.3.3 Flow equations

Let us start with the �ow equation of the mesonic potential. We take the ansatz for the
potential (equation (6.4)) and insert this into the Wetterich equation (3.21). Evaluating the
expression for non-vanishing sigma �elds (ρ = 1

2σ
2) yields for the part of the potential:

∂tVk[ρ] =
1

2

∫
q
q2
{

˙̂
Rσk (q)Pσ(q) + (N2

f − 1)
˙̂
Rπk (q)Pπ(q)− 8NcNf

˙̂
RQk (q)ZrQ,k(q)P̂Q(q)

}
. (D.29)

To project out the the �ow of vk,i's, we take derivatives of the equation D.29 with respect to
ρ and evaluate it at ρ = ρ0:

∂tvk,i = ∂iρ∂tVk[ρ]
∣∣
ρ=ρ0

. (D.30)

We can get the momentum-independent part of the mesonic 2-point-functions from the
mesonic potential via:

Γ(2),π(p = 0) = ∂ρV [ρ], Γ(2),σ(p = 0) = ∂ρV [ρ] + 2ρ∂2
ρV [ρ],
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Therefore, we only solve the momentum-dependent part and used for the momentum indepen-
dent part (curvature masses) the mesonic potential. This leads us to:

∆Γ
(2),i
k (p) = Γ

(2),i
k (p)− Γ

(2),i
k (0), i ∈ {σ, π} . (D.31)

The tadpole-diagram, depicted in the second line in �gure 6.1, only contributes to the
momentum-independent part of the �ow equation as the 4-point functions do not carry any
momentum-dependency in our truncation. Thus, it can ignored for our study, and we are
left with the polarization diagrams. So we will not state any contributions from the tadpole-
diagram in the following. The mesonic wave-function renormalizations are directly related to
the 2-point functions by:

Zi,k(p) = p−2∆Γ
(2),i
k (p). (D.32)

We used computation tools, like DoFun [171] and FormTracer [173], for the derivation of
the �ow equations. Let us now turn to the expressions for the �ow equations and de�ne the
relative momentum between the internal and the external momenta r = q−p. The contribution
to the Γ̇

(2)
π,k(p) and Γ̇

(2)
σ,k(p) from the quark-loop is the same and given by:

Γ̇
(2),κ
Q,k (p) =

∫
q

{
12

˙̂
RQk (q)(q)P̂ 2

Q(q)P̂Q(r)hk(r,−q)hk(q,−r)
[(
Z2
rq,k(q)q

2 −m2
q,k(q)

)
×

×ZrQ,k(r)(p q − p2) + 2mq,k(q)mq,k(r)ZrQ,k(q)q
2
] }
. (D.33)

The full �ow for the 2-point function of the pion is:

Γ̇(2),πk(p) =Γ̇
(2),κ
Q,k (p) +

∫
q

{(
Γ(3)
ππσ(0)

)2 [ ˙̂
Rπk (q)P 2

π (q)Pσ(r) +
˙̂
Rσk (q)P 2

σ (q)Pπ(r)
]}

, (D.34)

and correspondingly the full �ow of the sigma is:

Γ̇
(2)
σ,k(p) =Γ̇

(2),κ
Q,k (p) +

∫
q

{
3
(

Γ(3)
ππσ(0)

)2 ˙̂
Rπk (q)P 2

π (q)Pπ(r)

+
(

Γ(3)
σσσ(0)

)2 ˙̂
Rσk (q)P 2

σ (q)Pσ(r)

}
. (D.35)

The mesonic 3-point vertices are obtained from the mesonic potential via:

Γ(3)
ππσ(0) = σV

(2)
k [ρ]

∣∣∣
ρ=ρ0

, Γ(3)
σσσ(0) =

[
3σV

(2)
k [ρ] + σ3V

(3)
k [ρ]

]∣∣∣
ρ=ρ0

. (D.36)

The �ow for the wavefunction part of the QP is given by:

Żq,k(p) =− 1

4p2

∫
q

{
(p q)

˙̂
RQk (q)(q)P̂ 2

Q(q)hk(−p, q)hk(−q, p)
(
m2
q,k(q)− Z2

rq,k(q)q
2
)
×

× (3Pπ(r) + Pσ(r)) + 2P̂Q(r)ZrQ,k(r)(p q − p2)×

× hk(r, p)hk(−p,−r)
(

3
˙̂
Rπk (q)P 2

π (q) +
˙̂
Rσk (q)P 2

σ (q)
)}

. (D.37)



Quark-meson model 115

π

σ

Full

Full w/o DH

LPA+Y'

LPA+Y

LPA

0 200 400 600 800

0

500

1000

1500

2000

RG scale k [MeV ]

m—
x
(k
)
[M

eV
]

Full

Full w/o DH

LPA+Y'

LPA+Y

LPA

0 200 400 600 800 1000
0

50

100

150

200

250

RG scale k [MeV ]

m—
Q
(p

)
[M

eV
]

Figure D.3: Flow of the meson masses (left panel) and quark masses at p = 0 (right panel) for
di�erent truncations.

From the 2-quark-meson-vertex, we obtain the full momentum-dependency of the Yukawa
coupling. Anyhow, for the particular one momentum channel in our study (see equation (6.12)),
we may also derive the �ow equation from the scalar channel of the QP. With this, we get for
the Yukawa coupling without the extra contributions from the dynamical hadronization the
following:

ḣk(p,−p) =− 1

4

∫
q

{
2

˙̂
RQk (q)(q)P̂ 2

Q(q)hk(−p,−q)hk(q, p)hk(q,−q)ZrQ,k(q)q2 (3Pπ(r)− Pσ(r))

+ P̂Q(r)hk(−p,−r)hk(r, p)hk(r,−r)
(

3
˙̂
Rπk (q)P 2

π (q)− ˙̂
Rσk (q)P 2

σ (q)
)}

. (D.38)

The �ow of λk has a very lengthy expression and thus is not noted here. In the particu-
lar momentum channel of equation (6.12), we get the following relation from the dynamical
hadronization by setting the �ow of λk to zero:

∂tλk(p,−p, p) =Flowλk(p,−p, p)− Ȧ(p,−p)hk(p,−p),

Ȧ(p,−p) =
Flowλk(p,−p, p)

hk(p,−p)
, (D.39)

ḣk(p,−p) =Flowhk(p,−p)− Flowλk(p,−p, p)
Γ(1),κ(0)

hk(p,−p)
.

D.3.4 Truncation schemes

In this section of the appendix, we discuss details on the di�erent truncations schemes for the
QMM. In particular, we compare them to our results in section 6.1 and refer to this as the
full case. Thus, we set the initial values for di�erent truncations to achieve the same IR values
given by the PM. The results are shown in D.3 and D.4.

We consider four additional truncations, apart from the full case, given by:

• Full w/o DH: First, we want to analyze the e�ects from the dynamical hadronization
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Figure D.4: Momentum-dependence of the quark mass and Yuakawa coupling (left panel), and
the wavefunction (right panel) for di�erent truncations.

procedure. Therefore, only the contributions from the dynamical hadronization procedure
are neglected.

• LPA + Y': In addition, we neglect the �ow of the wavefunction renormalization function
and thus set the wavefunctions to unity.

• LPA + Y: Besides, we suppress the momentum-dependence of the Yukawa coupling.
Thus, only its �ow at vanishing momenta is considered.

• LPA: Finally, also the Yukawa coupling is �xed to a constant. So we are left with the
�ow of the momentum-independent couplings from the potential.

Let us start with the running of the curvature masses, shown in �gure D.3. The most notable
e�ect is the faster decoupling of the meson masses at larger scales. Hence, the behavior gets
closer to the one in full QCD. The running of the quark mass is almost una�ected.

The momentum-dependent Yukawa coupling is depicted in the left panel of �gure D.4.
Below the UV-cuto�, It is mostly independent of the truncation, as long as the momentum-
dependency is taken into account. We observe the same pattern for the wavefunctions, as
shown in the right panel of �gure D.4. These �ndings are in according to our discussion
about the di�erent contributions generating momentum-dependencies in 6.1. This concludes
our presentation of the results from the di�erent truncation schemes.

D.4 Regulator dependencies for the real-time FRG

Let us now discuss an issue caused by modifying the regulator with an additional mass-term in
the real-time FRG framework. The quantum �uctuations are integrated out step by step in the
FRG, as stated in the introduction. Especially, the regulator determines how the �uctuations
are integrated out. In practice, the regulator singles out momentum-shells for the integration.

To be more precise, the regulator shape function singles out momenta for the propagator
around unity (x ≈ 1). This means the following for the modi�ed regulator in the real-time
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Figure D.5: Ratio of the the di�erent quatities (left panel) and the �ow of the meson masses
(right panel) for di�erent scale shifting.

FRG framework (see section D.2.2):

p2 ≈ k2 −∆m2
r(k). (D.40)

So we may integrate out the di�erent �elds at di�erent scales for di�erent values of the mass-
shifting. Since the di�erent �elds in our system may have di�erent masses, we want to do this.
Therefore, we investigate the e�ects of integrating out bosonic and fermionic �elds at di�erent
scales for our QMM to get an insight.

D.4.1 Scale shifted regulators

For this purpose, we de�ne bosonic and fermionic scale shifting function as follows:

fi(k) =Θ1−γi,βi,ni

(
k

Λ

)
+ γi

n→∞−−−→
{

1, if k > βΛ

γi, if k < βΛ
, i ∈ {B,F} , (D.41)

where βi and γi (∈ [0, 1]) are parameters.

As a �rst step, we analyze the impact of the scale shifting without the mass shifting term.
This results in the following regulators for the di�erent particles:

R̂ik(p) =Zi,k(0)rB

(
p2

f2
B(k)k2

)
, i ∈ {σ, π} ,

R̂ik(p)) =Zi,k(0)rF

(
p2

f2
F (k)k2

)
, i ∈ {Q, l} . (D.42)

The scale shifting function enable us to start the �ow equation unmodi�ed in the UV (βi < 1).
Around the scale βiΛ, we start to shift the scale of the corresponding �elds to lower values
(γik). Thus, the corresponding �elds are integrated out faster (γi < 1).
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D.4.2 Scale-dependencies of the quark-meson model

We only shift the scale of one kind of �eld at the same time since γi corresponds to the relative
shift of the scales between the fermionic and bosonic �elds. Therefore, we de�ne:

γ =


γB, if γB < 1

1, if γB = γF = 1

1/γF , if γF < 1

. (D.43)

We show the relative ratio of the di�erent quantities (left panel) and the �ow of the meson
masses (right panel) for di�erent values of the scale shifting in �gure D.5.

The quarks only interact via the mesons with each other in our system. Dynamical chiral
symmetry is related to a strong enough interaction between the quarks. γ > 1 means that
the fermionic �elds are integrated out faster during the �ow. So if we have integrated out all
the quarks before we even start to integrate out the bosons (γ = ∞), there is no interaction
between the quarks. Hence, no dynamical chiral symmetry breaking will appear. Therefore,
the e�ects of the dynamical chiral symmetry breaking are reduced for γ > 1. This is seen for
the �ow of the curvature mass (red) in the left panel of �gure D.5, as the di�erence between
the meson masses, is shrunk. This also explains the decreasing of the sigma condensate for
increasing γ as it is directly related to dynamical chiral symmetry breaking. Therefore, the
quark mass and sigma mass is also decreased. This concludes our brief presentation of the
results for scale shifted regulators.
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List of abbreviations

BSA Bethe-Salpeter-amplitude
BSE Bethe-Salpeter-equation
C Charge conjugation
DSE Dyson-Schwinger-equation
FRG Functional-Renormalization-Group
FRGE Functional-Renormalization-Group equation
IR Infrared
P Parity
PM Physical model
QCD Quantum chromodynamics
QCDM QCD related model
QFT Quantum �eld theory
QMM Quark-meson model
QP Quark propagator
RG Renormalization-Group
UV Ultraviolet
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