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1. Introduction

According to today’s belief there are four fundamental forces in nature: gravity and
the electromagnetic, weak and strong interactions. The last three can be unified in
the so-called standard model of elementary particles, but a complete quantum field
theoretical description of gravity yet remains to be formulated. The theory within
the standard model describing the strong interaction is called Quantum Chromody-
namics (QCD). Despite the fact that it is widely accepted, the theory is not solved
yet.

Unlike other forces, e.g. the electromagnetic force, the strong force does not de-
crease with distance. At very small distances the quarks behave like free particles.
This behaviour is called asymptotic freedom and was shown by D. Politzer [1], D.
Gross and F. Wilczek [2] in 1973, who were awarded the Nobel prize in 2004.

One of the most intriguing problems within QCD is confinement. This notion
refers to the experimental fact that no single quark has ever been observed [3]. We
say, the quarks are confined into hadrons, bound states consisting of two or three
quarks and antiquarks which form a non-coloured object. The massless particles
that are thought to mediate the strong interaction force are called gluons. Like
quarks, single gluons have not been seen in experiment so far [3]. This allows us
to take a step from the picture of quark confinement to the more general concept
of colour confinement: there are no isolated particles in nature with non-vanishing
colour charge. As far as theory is concerned, this circumstance still has to be
proven. Right now there are different confinement mechanisms on the market, with
the Gribov-Zwanziger [4] [5] [6] and the Kugo-Ojima [7] scenarios being the most
relevant ones for the correlation functions to be treated here.

It is reasonable to assume that the interaction between quarks is responsible for
the confining behaviour of coloured particles. One possible way to access the strong
interaction is via the Wegner-Wilson loop [8] [9]. This quantity can be used to define
a static quark potential that is convex, monotonically rising, but not rising faster
than linearly [10].

Many different ways to calculate the potential have been proposed over the years.
The resulting potential itself has some important properties: it is not only gauge
group dependent but there is also a dependence on the representation of matter
fields under the gauge group in question.

To illustrate this, figure 1.1 shows a schematic plot of the static potential for the
gauge group SU(N). The dashed line represents the case of matter in the fundamen-
tal representation and shows a linear rise. This means, that the strongly interacting
particles are confined because the potential is increasing with the distance between



1. Introduction

them. However, as far as the adjoint representation is concerned the potential first
shows a linear rise, but then it exhibits a flattening. This is associated with string
breaking [11] [12].

V(r)

Figure 1.1.: Static potential for SU(N): the dashed line stands for the fundamental
and full line for the adjoint case, respectively.

The aim in this thesis was to investigate whether one can see such differences
concerning the gauge group and the representation on the level of Greens functions.

To this end the simplest system possible in this context is investigated: charged
scalar fields in the fundamental as well as the adjoint representation coupled to a
Yang-Mills theory. One is interested in Green functions, which are in general gauge-
dependent quantities. Therefore, a gauge fixing has to be done. In this thesis,
the Landau gauge was chosen for several reasons: it is a covariant gauge and has
been well studied over the years. Additionally, there are also technical advantages
like good renormalization properties and the fact that only the minimum number
of Lorentz tensor structures in the correlation functions are relevant [13]. These
correlation functions can be determined using Dyson-Schwinger equations (DSEs).

As a consequence, the Dyson-Schwinger equations are derived first for both cases.
The next step is to perform an infrared powercounting analysis [14] [15] [16] to
obtain the infrared, and thus long-distance, behaviour and compare the results for
both representations. The main part of this thesis will be a thorough analysis of the
colour structure of the diagrams in the DSEs. This will be done in terms of group
invariants. Then we apply the results to three specific gauge groups: SU(2), SU(3)
and G(2).

Although the confinement problem is fascinating, this is not the only reason to
investigate this system. When quantum electrodynamics (QED) is neglected, the
fundamental case can also be applied to the Higgs sector. This is due to the fact
that the Dyson-Schwinger equations are topologically equivalent in the conifining



and the Higgs phase, if the Landau gauge is chosen.

In addition, there is an equivalence between the infinite-temperature limit of a
4-dimensional Yang-Mills theory and 3-dimensional Yang-Mills theory coupled to a
massive Higgs field in the adjoint representation [17] [18].

Similarly, a 5-dimensional field theory with a compactified 5 dimension can be
reduced to a 4-dimensional one plus a real scalar field. In case of an non-Abelian
theory, the scalar is in adjoint representation [19].

The structure of this thesis is as follows: After this introduction the second chapter
is about group theory and what consequences arise from coupling a charged scalar
field to a Yang-Mills theory in Landau gauge. In the third chapter the methods
used, like Dyson-Schwinger equations and the infrared powercounting technique,
are discussed. An analysis of the colour structure of the diagrams appearing in the
Dyson-Schwinger equations is given in chapter four. The last two chapters contain
a discussion of results as well as a summary and an outlook.
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2. Yang-Mills Theory Including
Adjointly and Fundamentally
Charged Scalars

Quantum Chromodynamics is formulated as a local quantum field theory. Gener-
alising the principle of local gauge invariance from the Abelian gauge theories like
Quantum Electrodynamics one can construct other non-Abelian theories. This was
first done by C. N. Yang and R. Mills [20]. The result is Yang-Mills theory.

2.1. Yang-Mills Theory

To investigate the differences and dependencies mentioned in the introduction let
us construct the simplest system suitable for this purpose. We choose to work in
Euclidean space-time because of technical advantages [21] and start with the Yang-
Mills Lagrangian in a covariant gauge [9]:
1 a a 1 a)2 —~a ab b

L= §FWFW + % (0,45)" + c*9,Dc (2.1)
Greek letters refer to Lorentz indices, latin ones to colour indices. ( is the gauge
parameter and for Landau gauge we have ¢ — 0. A? stands for the gluon fields,
¢® and c® represent the anti-ghost and ghost field, respectively. The field strength
tensor Fj, is defined as

F, = 8,A5 —0,A% — g f“”CAZA,i (2.2)

and
Dzb = 5“2’8# + gf“bCAfL (2.3)

is the covariant derivative in the adjoint representation. The factor g appearing in
the formula denotes the gauge coupling. A derivation of this Lagrangian can be
found in standard textbooks on quantum field theory like [9].

Up to now all we have is a pure gauge theory. To include massive particles, we
couple a charged, massive scalar field to this Yang-Mills theory. Scalars are spinless
bosons and therefore the system including them lacks any internal spin degrees of
freedom compared to fermionic matter fields. Thus, the scalars are easier to deal
with in calculations than fermions, but as a consequence more diagrams in the DSEs
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2. Yang-Mills Theory Including Adjointly and Fundamentally Charged Scalars

below are created. The full Lagrangian involving the scalar field is given by:

1 a a 1 a 2 —a a h 2
L= GF it op (0uAr) 420D 4 Dy )| (D) =m*@1— (el2.)".
(2.4)

If the scalar is in the adjoint representation, the covaraint derivatives in the last three
terms look like (2.3). For any other (including the fundamental) representation the
covariant derivative has a slightly different form:
[t a
Du,ij = 52 OM — 149 E “AH (25)

)

where t* is the generator of any arbitrary representation but the adjoint. Through-
out this thesis, the term ’arbitrary representation’ will always exclude the adjoint
representation. The scalar field is represented by ® and its hermitean conjugate
by ®'. Since we want the Lagrangian to be renormalizable in four space-time di-
mensions, the last three terms in equation 2.4 are the only allowed possibilities for
including scalar fields. There is an expression involving a derivative of the scalar
fields, a mass term and a term proportional to ®*. The mass of the scalar is given
by m and h is a self-coupling between the scalars that has to be distinguished from
the gauge coupling g.

2.2. Group Theory: Lie Algebra and Representations

Since the Lagrangian of the system is invariant under a gauge transformation, quan-
tum chromodynamics is a gauge theory. In the case of QCD, the underlying sym-
metry group is SU(3), which is one of the main sequence Lie groups.

A Lie group is a continuous group. Its infinitesimal group elements can be written
down by
g(a) =1+ia"t" + O (a?). (2.6)

The Hermitian operators t* are the generators of the symmetry group while the o®
stand for the group parameters.

The generators t* of a Lie group form a vector space. This vector space including
the commutator as the algebra multiplication is called a Lie algebra. Thus, the
generators of a Lie group obey the rule

[t t%] = ifobete (2.7)

The factors f®¢ are named structure constants. They are antisymmetric and, like
the generators, they fulfill the Jacobi identity:

[te, [t ] ] + [0, [, e]] + [te, [t °]] = 0 (2.8)

fadEfbcd + fbde]ccad + fcde]cabd =0. (29)

12



2.2. Group Theory: Lie Algebra and Representations

For the sake of completeness and because in this thesis also one of the exceptional
Lie groups is included, the classification of Lie algebras will be stressed at this point.

In physics one is mostly interested in compact Lie groups, because they have
unitary, finite-dimensional representations. By imposing the additional condition
that the Lie algebra has to be simple - i.e. no mutually commuting sets of generators
within the algebra - the possibilities for a Lie algebra are further restricted. All
possible Lie groups can be classified into three families and five exceptions:

e unitary transformations of N-dimensional vectors,
e orthogonal transformations of N-dimensional vectors,
e symplectic transformations of 2N-dimensional vectors,

e five exceptional groups: G(2), F'(4), E(6), E(7), E(8).

Our goal is to describe the fields appearing in the Lagrangian of the system. This
can be done by using a finite-dimensional unitary representation of the underlying
algebra. Since the fact that a Lie algebra represents different groups, e.g. su(3) by
SU(3) or SU(3)/Z(3), is not relevant here, it should be noted that these terms are
used synonymously, as it is common language use in this field.

Roughly speaking, a finite-dimensional representation is a mapping of the group
on a set of matrices in a vector space. Any arbitrary reducible representation can be
written as a sum of irreducible representations. The basic irreducible representations
are also called fundamental representations and for SU(N) it is an N-dimensional
complex vector. Another irreducible representation that can be constructed for
every Lie algebra is the adjoint representation, which consists of the generators of
the algebra. The structure constants correspond to the representation matrices:

(t%),. =if*" (2.10)

At this point some other properties and representation-dependent quantities that
are relevant in this work will be introduced.
The generators of a Lie algebra are Hermitian and traceless:

()" =t (2.11)
(") = 0. (2.12)

Next, the relation
() ("), = Tr{t"t"} = 6 TR (2.13)

yields an index constant Tx for every representation that can be fixed by the nor-
malization chosen. Here, the choice for the index constant is

Tr=. (2.14)

'For more information on Lie groups and group theory in general the reader may consult [22] [23]
[24] or similar textbooks on group theory.

13



2. Yang-Mills Theory Including Adjointly and Fundamentally Charged Scalars

The operator
t? = t¢° (2.15)

commutes with all generators of the group. This is valid for any simple Lie algebra.
t? is called the quadratic Casimir operator and is proportional to the unit matrix.
From now on it will be denoted by Cr (C4) for an arbitrary (adjoint) representation.

Similarly, the dimension of the representations are given by the expressions Ny
and N4 for arbitrary and adjoint representation, respectively. There is also a useful
relation between the Casimir operator for an arbitrary representation and the index
constant:

NRCR = NATR. (216)

There are other invariant tensors that can be constructed via so-called sym-
metrized traces STr for each representation R [25]:

o X , 1 i i
A = STr{th. 5} = - SO Tr{tE Y. (2.17)

In this expression for symmetrized traces one is summing over all permutations of
the indices 7;...7,. One can have one of the indices fixed on a position and permute
the ones left. It is sufficient to consider only symmetrized traces since every trace
over a number of generators can be written as a completely symmetric trace plus
terms of lower order in the generators. These lower order terms can also be expressed
in terms of symmetrized traces. In this thesis, n = 4 will be the highest occurring
number of indices.

The last quantities needed for the evaluation of the colour factors are given by

d33 = (d°)? (2.18)
as well as )
d44 = (dp) (2.19)
and
d444 = d*eldereT geter. (2.20)

These are group dependent numbers. Their explicit values for the gauge groups
we are interested in are given in chapter 5 along with the values of the other group
invariants.

In chapter 4, where the analysis of the colour structure is presented, the colour
structure of each diagram will first be calculated in terms of these five group in-
variants Cy, Cr, N4, Ng, and Tg, as well as d33 and d44. After that, they will be
replaced by their values for specific groups.

14



2.3. The Static Potential

2.3. The Static Potential

The simplest way to observe confinement in a theory is to describe the interaction
between the colour sources with the help of an attractive potential. Since QCD is
a relativistic field theory, the strong interaction is associated with the creation of
particles. This phenomenon cannot be described by a potential. This problem can
be avoided by introducing infinite masses for the quarks in QCD. In that case, there
will be no quark-antiquark pair creation because all the kinetic degrees of freedom
of the quarks are frozen. The case of static quarks is also called the quenched case.

When speaking of a potential, one should thus always be aware of the fact that
the interaction can only be interpreted as a potential, if static quarks are involved.

In the following the derivation of a potential between a quark-antiquark pair ¢q in
a colour-singlet state is sketched. For details of the calculation itself the reader can
consult [8] , where this formalism is also applied to QED as an instructive example.
In order to define such a confining potential one starts with the Wilson loop:

t(l

Ue) =p {exp <ig /C dx“Al‘j(x)E)] | (2.21)

where C is a closed curve in space and P is the path ordering operator. AZ(x)
denotes the gauge field and t* a generator.

In general, the Wilson loop is a complex quantity, but its expectation value is real
because of charge invariance. It represents a finite parallel displacement along the
path C.

The next step is to consider the vacuum expectation value of the Wilson loop:
1
W(E) = (Tr{UO)) = [ DIAITHUC ep (-55(4)) (222

wherein 7 is given by:
7 = /D[A] exp (—Sg(A)). (2.23)

These integrals can be evaluated using the path integral formalism. S5 denotes the
Euclidean action. The Wilson loop U(C) as well as its expectation value W (C) are
gauge-invariant quantities.

In order to calculate the static potential V (r), the path C is chosen as a planar
closed curve. In this manner we arrive at an expression for V (r):

Vi) = lim 28 (tc(r’ D). (2.24)

t—o0

in which C is written in terms of its space and time extent r and t.

The Wilson criterion for quark confinement follows from the interpretation of the

15



2. Yang-Mills Theory Including Adjointly and Fundamentally Charged Scalars

expectation value (2.23) as a potential [8]. It states that if W (C) for similarly shaped
paths C decreases exponentially with the minimal surface area A(C) = rt enclosed
by C, the theory is confining:

W(C) x exp (—cA(C)) for large C' (2.25)

This is considered as a criterion for confinement because in that case a confining
potential follows from (2.23) for large paths:

V(r) =~ or for r — oo. (2.26)

o is called string constant and its estimated value in QCD is between (400 Me\/)2
and (450 MeV)?.

Let us now have a closer look at the properties of the static potential. Using
quantum field theoretical arguments it can be proven that the potential cannot rise
faster than linearly [10]. Convexity is a consequence of the reflection positivity of
gauge-invariant Kuclidean n-point functions, so we have:

V'(r) > 0. (2.27)

Since the potential is also bounded from below, convexity also implies that V (r) is
monotonically rising with the distance:

V'(r) > 0. (2.28)

To illustrate this setting, schematic plots for different gauge groups and represen-
tations are shown on the following pages. Starting with the groups SU(N), figure 2.1
depicts the potential for the fundamental representation. Aside from the Coulomb
like part near the origin, it shows a linear rise. Thus, the quarks (or any coloured
objects in the same representation) are confined by the potential that increases with
the distance.

The adjoint case for SU(N) can be seen in figure 2.2. Again, it starts with a
Coulomb part but for larger distance the linear rise changes and a flattening of the
potential occurs. This behaviour is associated with string breaking, a phenomenon
that is explained as follows: The electric flux between two colour sources is squeezed
into a thin, effectively one-dimensional flux tube. This flux tube is also referred to as
string. At large distances this string can break via particle-antiparticle pair creation
because this is energetically more favourable. Still, the quarks are confined because
even if the string is breaking, the quarks immediately form bound states with the
newly created dynamical quarks or gluons in the quenched case.

The gauge groups of primary interest in this work are SU(2), SU(3) and G(2). As
mentioned before, SU(3) is the underlying symmetry group of QCD. SU(2)-Yang-

16



2.3. The Static Potential

V()

Figure 2.1.: Static potential for SU(N) with matter in the fundamental
representation.

V()

Figure 2.2.: Static potential for SU(N) with matter in the adjoint representation.
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V(r)

Figure 2.3.: Static potential for G(2) with matter in the adjoint and fundamental
representation.

Mills theory has been studied extensively on the lattice and is also the underlying
group of the weak isospin. Since G(2) is relatively unknown, a few statements about
this group are in order. As stated in the previous chapter, the group G(2) is one of
the five exceptional Lie groups that are not part of the main families SO(N), SU(N)
and Sp(n). G(2) is a subgroup of SO(7), is generated by a non-Abelian, compact
Lie algebra of rank 2 and has 14 generators. The dimension of the fundamental and
adjoint representation of this group are 7 and 14, respectively.

Looking at the static potential for G(2), figure 2.3, there is no difference between
the adjoint and the fundamental representation. In both cases the potential shows
the same behaviour as for SU(N) in adjoint representation: the potential flattens at
large distances [26]. Again, this corresponds to string breaking. The reason for this
is, that for G(2) gluons can screen quarks. More on this behaviour will follow below.

So why are we interested in this particular group?

The reason is that there is an important structural difference between SU(/V) and
G(2). The group G(2) has a trivial center. The center of a group is the subgroup
of elements in the group that commute with all others. In case of G(2) this is just
the identity. For SU(N), the center is Z(N).

In SU(3) Yang-Mills theory confinement is often associated with the center [11].
At low temperatures the center symmetry is unbroken. Therefore, the static quarks
and anti-quarks are confined by a string. On the other hand, at high temperatures
the symmetry breaks spontaneously. This is called the deconfined phase.

Investigating the gauge group G(2), one can see the triviality of the center has
consequences on how confinement is realized. In G(2) Yang-Mills theory, strings
confining two G(2) "quarks” can break via the creation of dynamical ”gluons”.

18



2.3. The Static Potential

Thus, one static G(2) "quark” can be screened by three G(2) ”gluons” [26]. This
is similar to QCD, where a string connecting a quark-antiquark pair can break due
to the creation of another quark-antiquark pair. It should be emphasized that like
QCD, G(2) Yang-Mills theory is expected to show colour confinement [26] [12].

The possible connection between center symmetry and confinement serves as a
motivation for this thesis. However, this issue will not be discussed further in this
context since it is not relevant for the technical details of the calculations. For more
detailed information the reader is referred to [11] and [27].

At this point, it should be reemphasized that the behaviour of the potential ex-
plained before is only true for the quenched case. To avoid confusion, the meaning
of 'quenched’ in this context is discussed further. In this work, the term ’quenched’
refers to the fact that contributions from the sea of particles will be ignored. Speak-
ing in terms of the Dyson-Schwinger equations below, all diagrams containing closed
scalar loops will be excluded in the quenched case.

There are no dynamical scalars available in this approximation, therefore, string
breaking via the creation of scalar particle-antiparticle pairs is not possible. This
leads to the linear rise of the SU (V) potential in fundamental representation. The
flattening of the SU(N) potential at large r in adjoint representation is due to the
screening of the matter field via dynamical gluons [11] [12]. The same mechanism
is responsible for the behaviour of the G(2) potential in both representations, only
the number of gluons needed to screen a G(2) matter field is different from the case
of SU(N), it is three [26].

Looking at the unquenched case, where contributions from the sea of (scalar)
particles are allowed, the potential for the groups mentioned before in both repre-
sentations exhibits a flattening at large distances. This is due to the fact that the
string breaks either via the screening of the matter field by a number of dynamical
gluons or via scalar particle-antiparticle pair creation.

19
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3. Methods

Over the years many methods and procedures have been developed to analyse the
strong interaction. For example, perturbation theory is and has been successfully
applied to QCD, however this only works assuming the coupling constant is small
at high ehergies. This is perfectly valid at small distances (i.e. at high momenta),
where the quarks are asymptotically free. On the other hand, in the low-momentum
range perturbation theory breaks down. Therefore, to gain insight in the infrared
behaviour of the theory we have to rely on other techniques. To name a few of them,
lattice calculations prove to be very useful [8] [28] as well as functional approaches
like renormalization group equations (RGE) [29] and Dyson-Schwinger equations
[30]. The latter are used in this thesis.

3.1. Dyson-Schwinger-Equations

Since we are dealing with a quantum field theory, our goal is to get information
about the Green functions. The Dyson-Schwinger equations (DSEs) are the quan-
tum equations of motion for Green functions. This formalism was first presented
by F.J. Dyson [31] and J.S. Schwinger [32], who developed the concept indepen-
dently. Dyson-Schwinger equations are a non-perturbative tool, hence one can cover
the whole momentum regime of QCD. In particular, one is able to investigate the
infrared behaviour of the theory [30].

The formalism is based on the idea that the integral over a total derivative of the
generating functional vanishes:

/Dw]diwe—s[w]wﬂi —0. (3.1)

For the sake of simplicity all Lorentz, colour and representation indices have been
absorbed into the index i. J; is the source of an arbitrary field ¢;. S[¢] is the action
of the theory:

S = /d“xﬁ. (3.2)

This leads to the following equation:

08
0t

=0 (3.3)

;s ov;
Qpi:q/i"rAi]jéTj ¢

where W, denotes the averaged fields in the presence of the sources and A;’j is a
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3. Methods

Figure 3.1.: Scalar propagator DSE: The full line represents a scalar field, the spring
line a gluon and a dashed line a ghost. Black dots stand for dressed
vertices and propagators. Note, that all internal propagators in the
diagrams are dressed but the black dots have been omitted for the sake
of visual clarity.

general propagator of the generic field 1. At this point, also mixed propagators can
occur. In the theories investigated here, these will vanish when we set the external
sources to zero. From the latter equation one can derive the so-called generating
equations for particles via taking the functional derivative with respect to a ghost,
gluon or scalar.

In the next step we have to take functional derivatives again to get the equations
of motions for the Green functions. In principal this calculation can be done by
hand, but when going to higher Greens functions it gets very messy due to the
number of terms and fields involved. Therefore, all DSEs in this thesis were derived
with the Mathematica package DoDSE [33].

The Dyson-Schwinger equation of the scalar propagator in figure 3.1 serves as an
illustrative example. On the left hand side there is the dressed scalar propagator.
The bare propagator is the first diagram appearing on the right hand side, next
is a diagram with a gluon loop and the last two diagrams of the first row are a
gluon and a scalar tadpole diagram. The remaining diagrams are of 2-loop order.
All inner propagators are dressed propagators. The (truncated) DSEs of the other
propagators and vertices appearing in this thesis can be found in appendix A.

3.2. Powercounting Technique

In this section the infrared powercounting technique [34] [35] [36] [14] [15] will be
summarized. For a more detailed information I refer the reader to the PhD thesis
of M.Q. Huber [37] which does not only contain a thorough review of this tool but
also illustrative examples where the powercounting is applied to various cases.
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3.2. Powercounting Technique

The infrared powercounting technique allows us to investigate the full system of
Dyson-Schwinger equations (or renormalization group equations) via inequalities of
so-called infrared exponents. Without applying any truncation we are able to con-
vert an infinitely large system of coupled integral equations to an infinite number
of inequalities between so-called infrared exponents. Many of these inequalities are
superfluous, so they can be ignored. The remaining ones form a rather small finite
set that contains supposedly all the information about the infrared behaviour of the
theory.

For a Landau-gauge Yang-Mills theory coupled to a scalar field two different kinds
of such solutions have been obtained with the help of DSEs: the scaling and the
decoupling solution. The first one is characterized by scaling relations between the
critical infrared exponents. The decoupling solution is characterized by a constant
gluon propagator at zero momentum and a tree-level like ghost propagator. Only
the scaling solution leads to IR enhanced n-point functions. A general bound on the
IREs necessary for quark confinement is satisfied in both types of solution [38]. We
stay with the scaling solution, since it is much simpler. Note that the selection of
the scaling or the decoupling solution is likely just a pure gauge choice [13] [39].

Since we are interested in the infrared behaviour of the Yang-Mills theory, we
have to investigate the full non-perturbative Green functions as stated in the pre-
vious section. For simplicity we start with looking at the 2-point functions. The
propagators can be parameterized as follows:

22 (3.4)

wherein Z (p?) is a dressing function while P;; contains all the colour and Lorentz
structure of the specific Green function. In the infrared region for the dressing
function Z (p?) a power law ansatz is made:

z"m(p*)=C- (pQ)é for p* — 0 (3.5)

where C'is a constant factor and ¢ denotes the infrared exponent (IRE). If § < 0 the
propagator is infrared enhanced. Propagators with more than one dressing function
can be treated as several propagators with one dressing function each. A general-
ization for vertices (that usually need many dressing functions due to their tensor
structure) is also possible [15].

When all momenta go to zero at the symmetric point, this is called the uniform
limit and only this case will be taken into consideration in this section.

Since all momenta in the integrals of the n-point functions turn then into external
momenta because of dimensional reasons, it is sufficient to work only on the level
of IREs. In order to have a scaling solution, we have to assume that none of the
important contributions vanish because of cancellations.
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3. Methods

Having stated the above conditions, we can proceed with the infrared power-
counting. We start with the formula for the infrared exponent of an arbitrary [-loop
diagram v in d dimensions [16]:

51/ :l§ + E n" (511 E Ny e xll..‘miT + Cx”'"x”)
; vert.k>3
X4 ’LT
+ 30wt o, (3.6)
vert.k>3

The fields are represented by a set {z,},r =1,..., R where R denotes the number
of fields in the action. The factor n,, stands for the number of internal propagators
in the diagram, ¢,, for their infrared exponents. The vertices are denoted in a similar
fashion: nbzil"'x” and nzil"' are the numbers of dressed and bare vertices of type
X4, ...x;,. The variable ¢*1*ir stands for the canonical dimension of the vertices.

L

This formula can be rewritten in terms of the number of external legs m,,. This
replaces the dependence on internal propagators. The details of this calculation can
be found in the appendix of [16], here I will only present the result in d dimensions:

d 1 A\ 1 .
o ((il—l) (w=2) +bay o + 5 Zk’”” 5)

vert.r>3
+ v So1) (-2 fen g, 3.7
ve;>3 <(4 > Z ) ( )

L

where k:;ff " represents the number of times a leg of the field x; occurs in the
vertex @, ..x;, and u = > kp .

Based on the fact that a diagram on the right-hand side cannot be more divergent
than the one on the left-hand side, one can derive inequalities for higher n-point
functions [16]:

Ty ... T d
Oy, + 5 Zk Bty 4 (= 2) (Z - 1) > 0. (3.8)

The DSEs of primitively divergent n-point functions always contain the bare quan-
tity on the right-hand side of the equation. The coefficients of ng and n;, are non-
negative. The relation n, # 0 holds only for primitively divergent vertex functions.
Therefore, a primitively divergent interaction xz;,...z;, obeys the inequality

— i -2 ——1] > .
2;5%1@ + (u )<4 )_0 (3.9)
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3.2. Powercounting Technique

These formulas are all we need to investigate the system that was described in
chapter 2.

We can now apply the infrared powercounting technique to our Landau gauge
Yang-Mills theory including charged scalar fields. The tree-level interactions ap-
pearing in the Lagrangian are the ghost-gluon vertex, the 3-gluon and the 4-gluon
vertex, the scalar-gluon vertex, the 2-scalar-2-gluon vertex and the 4-scalar vertex.
If we use equation (3.9) on every one of them we end up with a set of six inequalities
corresponding to the order of the vertices listed above:

1 d
3 d
00+ <Z — 1) >0 (3.11)
1 d
§gl+55+<1_1) >0 (3.12)
S0 + (le - 1) >0 (3.13)
d
b+ 0+ (5 =2) 20 (3.14)
d
0, + (Z - 1) >0 (3.15)

The infrared exponents of the gluon, ghost and scalar propagators are denoted by
dg1, Ogr, and d,, respectively.

From equation (3.11), (3.13) and (3.15) one can immediately see that d, > 0 and
ds > 0. This renders all other equations superfluous, except one:

1
5591 + 6gh + <%Z — 1) > 0. (3.16)

Since we observed before that d, > 0, the ghost propagator is the only one left that
can have an IRE < 0 and therefore be infrared enhanced. In the literature this is

usually denoted as
1 d d
§5gl:—gh+(1—1)zlﬁ+(z—1). (317)

For the system in question here there are two qualitatively distinct phases [40] [8].
These are called the confining and the Higgs phase. The Dyson-Schwinger equations
for the two phases are topologically equivalent. In this work we take a closer look at
the confining phase, but the results obtained in section 4 and appendic C also hold
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IREs (53 (Sg (5gh (Sggh 539 (539 (549
decoupling M, |0 0 0 0 0 0
partial scaling | M, | 2k+ —K+ 0 0 —3k+ | —4k+
+4-1|+%-1 +4—-1|+4—
full scaling M, | 26+ —K+ 0 —My — k+ | =3k+ | —4k+
+4-1|+%-1 +4 — +2-1| 44—

Table 3.1.: Infrared exponents in the confining phase.

true in the Higgs phase.

In the following, the definition of a new quantity M,

M. — 0, for a massless scalar: m? =0
s 1, for a massive scalar: m? > 0

(3.18)

turns out to be very helpful, since we can now treat the massless and the massive
confining phase simultaneously.

There are three mathematically possible solutions for this system. All of them
are listed in Table 3.1 and named according to their scaling properties. In case of
the full scaling solution, a scaling behaviour is seen in both the scalar and the pure
Yang-Mills sector.

On the other hand, the partial scaling solution also describes a scaling in the pure
gauge sector, but the scalar sector decouples.

The third solution stems from fact that the ghost propagator is dominated by
its tree-level term and then the ghost equation can be solved trivially. This case
corresponds to Kk = 0 and is called the decoupling solution. Since the derivation of
(3.17) requires k < 0, it can be seen that the decoupling solution is only realized, if
the scaling solution is excluded.

Returning to Table 3.1, it shows the values of the infrared exponents for the
confining phase. dg4gp, 0sg, 034 and 044 stand for the infrared exponents of the ghost-
gluon, the scalar-gluon, the 3-gluon and the 4-gluon vertex respectively. The values
of IREs of the 2-scalar-2-gluon (da425) and the 4-scalar vertex (d45) cannot be de-
termined simultaneously for the massless and the massive case due to qualitative
differences. Since this has no influence on the analysis of the colour structure in the
next chapter, further details and results will be omitted here. For a discussion and
physical interpretation of this matter the reader is referred to [41] [42].

The infrared powercounting only needs the tree-level interactions given in the
Lagrangian. Yet this technique yields an analysis of the full system of DSEs of
the system without any truncation necessary. This makes it a powerful tool for
identifying the leading diagrams within a DSE or an RGE.
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3.2. Powercounting Technique

As mentioned before, the ghost propagator is infrared enhanced. In the scalar
propagator DSE the bare propagator is leading in the infrared. It was argued in [41]
that coupling a scalar field to a Landau gauge Yang-Mills theory does not change the
scaling behaviour of the Yang-Mills sector, or the fact that the ghost is dominating in
the infrared. Therefore, in all DSEs of pure Yang-Mills vertices the leading diagrams
are the ones containing ghost-loops or ghost-boxes.

As far as the 4-scalar vertex and the 2-scalar-2-gluon vertex are concerned, we
have to distinguish between massless and massive scalars again.

In the first case, the leading diagram of the 4-scalar vertex is the bare 4-scalar
vertex. For the 2-scalar-2-gluon vertex the ghost-triangle diagram as well as a higher
order diagram containing a 5-point function and a ghost loop can be identified as
the leading contributions [41].

The leading diagrams of the 2-scalar-2-gluon DSE for a massive scalar are the same
as in the massless case. In case of the 4-scalar vertex, the leading contributions can
again only be found when including 5-point functions.

More details on this distinction will follow in chapter 5.

At this point the results so far are summarized. In the first step, the Dyson-
Schwinger equations for both the adjoint and the fundamental system have been
derived. As expected, one arrives at the same set of equations for both cases.

In order to find a difference between the two representations, a powercounting
analysis was performed. The infrared exponents for both cases have been evaluated
and the possible solutions for the system in question have been discussed. Still,
the IREs of the adjoint and the fundamental system turn out to be identical and
lead to the same solutions and scaling behaviour because the DSEs are topologically
identical. Therefore, concerning this issue the infrared powercounting technique
does not bear any new results and a different approach is needed to gain insight on
that matter.

The only resolution possible at this point is that the different solutions may cor-
respond to different matter fields. However, the validity of this szenario can not be
decided on pure infrared analysis grounds.
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4. Analysis of the Colour Structure

4.1. Colour Structure of Diagrams

Since the fundamental and the adjoint system not only have the same Dyson -
Schwinger equations, but also the infrared powercounting analysis yields the same
IREs in both cases, we have to go further. We are looking for a structural difference,
so the next logical step is a thorough analysis of the colour structure.

Therefore, one has to go back to the DSEs. Since the DSEs are an infinite tower of
equations, a one-loop truncation is applied to keep the system simple. The appearing
non tree-level vertices like the 4-ghost vertex are replaced by the structures given at
the end of the section. Their explicit form is given at the end of this section. Every
diagram containing an n-point function of the order higher than four are ignored
and only DSEs up to order four are considered. The consequences can be seen by
comparing the truncated scalar propagator DSE in figure 4.1 with figure 3.1.

égg@@fdr% . é@@fm@m
-1 = -1 S 2 - 8 -
Y ¢ ® 5 % § +...
%0 0o 0. @99

Figure 4.1.: Truncated scalar propagator DSE

290909

All other truncated Dyson-Schwinger equations of the system can be found in
appendix A.

Having restricted the DSEs to one-loop diagrams, we can start our analysis of
the colour structure of every single diagram. For the tree-level vertices the colour
structure can be read off from the DSEs derived before. The example of the ghost-
gluon vertex is one of the simplest because both the ghost and the gluon field are
in adjoint representation.

¥TE0000066000°

~ig f*p!

29



4. Analysis of the Colour Structure

Again, the factor ¢ stands for the gauge coupling, f®¢ are the generators of the
adjoint representation and p* represents the momentum of the anti-ghost.

Vertices involving scalar fields require a little bit more of our attention. Depending
on whether we want to calculate the fundamental or the adjoint case, we have to
take into account different colour structures.

a,n

~1g(t*);;(¢ — k),  arbitrary representation
~igf*(q—k), adjoint representation

000000000000

p

We do not need to choose a specific representation yet, so at this point (¢%);;
stands for the generator of any arbitrary representation but the adjoint. A complete
list of colour structures for tree-level vertices for adjoint and arbitrary representa-
tions can be found in appendix B.

Knowing the colour structure of the tree-level vertices provides a starting point
for constructing every other diagram. To see how this works we choose the swordfish
diagram appearing in the DSE of the scalar-gluon vertex as an example.

At this point another remark about arbitratry representations are in order. In
chapter 2 it was stated that every representation but the adjoint is included. Now an
additional restriction is made. The theory requires a representation that is sensitive
to charge-anticharge particles. For SU(N) this means, only representations with
half-integer spin are allowed. Representation with integer spin do not distinguish
between this particluar types of particles.

Starting from now, the arbitrary representations are limited to the fundamental
representations only in this thesis.

b fundamental representation:

~ (Becdag + Bpedac) X (1), % (Dacdiys)

:
=
q
=
q

adjoint representation:
~ (5af560 + 5a65fc + 6&05f3) X (fbdg) X (5de(5fg>

This specific diagram consists of a 4-scalar vertex, a scalar-gluon vertex and two
scalar propagators. Consulting appendix B we can see that the first factor stems
from the 4-scalar vertex and the second one from the scalar-gluon vertex. There
are two expressions for this diagram depending on the representation chosen for the
scalar. The third factor containing two Kronecker deltas corresponds to the two
inner scalar propagators forming the scalar loop in the diagram.

The colour diagonality of the propagators follows from [43] and has been confirmed
in lattice calculations [44] [45] [46].

The imaginary unit and the gauge coupling appearing in appendix B were left out
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4.2. Colour Structure in Terms of Group Invariants

as they factorize from the rest and we are only interested in the colour part of the
expression. The same is true for the momentum parts, except for the 4-gluon vertex
below.

Some diagrams in the Dyson-Schwinger equations include vertices that have no
tree-level contributions: the 4-ghost vertex, the 2-scalar-2-ghost vertex, and the 2-
gluon-2-ghost vertex. To obtain an expression for their colour structure, they are
approximated by the diagrams containing tree-level vertices given below:

N s S _ N e \ /
N \\\\ - ya \ /
\\\ bl G * //1 \\ /
\\ 7 E N\ // \\ //
o - g o - @oTTTTTTTTTY
7N S RN / \
® N /b\ i N Pl \
N - ~< s / \
. N /// \\\ ’ N / \\
2 reba pedc 2 reda rebc
~ =g ~ =g
\/ fundamental representation:
2 reab (qe
S ~ =g f (t )ab
- :
:
.. adjoint representation:

\\\ //,/ S ~ _g2feabfecd

There are two possible tree-level diagrams for calculating the colour structure of
the 2-gluon-2-ghost vertex. Both are taken into account in this work and will be
denoted as L; and Lo.

(@ S oy W) © § 56
%, é@ Ty, 6@6@6 %, S ™. GG@GQ
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%%, & € %, & |
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/x/ £y = Ny /// AN > .5‘g\
e T , 7 Y02, >
- T g - 2z
2 raed pbce 2 recd peab
Ly ~—g°f*f Ly~ g f«f

4.2. Colour Structure in Terms of Group Invariants

To keep the discussion more general, we now want to calculate the colour structure
of the diagrams constructed before in terms of group invariants. The generators of
the adjoint representation are antisymmetric:

fabc — _fbac — fbca — _fcba — fcab — _facb’ (41)
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4. Analysis of the Colour Structure

An expression containing two or three structure constants can be reduced to [25]

faed phed _ ¢ sab. (4.2)
facd fbee peaf _ %CAfdef. (4.3)

For arbitrary representations there exist similar rules [25]:
(t);; )5 = 0uChr, (4.4)
(), (%), = Tr{t*t"} = 6w T, (4.5)

(#%)i (#) 3o () = (CR - %CA) (t),: (4.6)
ifabe (tb)ij () = %(JA (t) s (4.7)

(1) (), () = A + 5 FT, (4.8)

As mentioned in chapter 2, C4 and Cr are the Casimir operators of the adjoint
and an arbitrary representation, respectively. Tg is an index constant, which is fixed
by the normalization.

With the help of these relations each diagram in the Dyson-Schwinger equations
for the 3-point vertices can be calculated by hand in reasonable time. This is due
to the fact that we restricted the system to one-loop diagrams and the highest n-
point functions appearing in these diagrams are of order 4. Therefore there is no
expression containing a product of more than three tensor ¢ and (ta)ij and the
rules (4.2) - (4.8) can be applied.

Going back to the example of the swordfish diagram we had before, we see that
there is indeed a difference in the colour structure depending on which representation
for the scalar field we use: in the fundamental case the whole diagram is proportional
to the generator of the representation while for the adjoint case the diagram is
proportional to zero. This is due to a cancellation because of the antisymmetry of
the structure constants.

| fundamental representation:
i ey (7 () —
=

().

adjoint representation:
~ (5aféec + 5a65fc + 5acdfe) X (fbdg) X
(5de(5fg) — (f'bca o fbca) =0

The diagrams appearing in the DSEs of the 4-point functions are more com-
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4.2. Colour Structure in Terms of Group Invariants

plicated. According to [43], a 4-point function in adjoint representation can be
decomposed into a sum of ten different tree-level diagrams that correspond to in-
variant tensor structures. Fortunately, not all of them are independent. Using the
Jacobi identity and some other relations only six independent tree level diagrams
are left. The same decomposition can be done for a 4-point function in fundamental
representation and for a 4-point function that has two adjoint and two fundamental
legs. This leads to a basis of four and five components, respectively.

These tensor structures form a basis that is not orthogonal. In this thesis an
orthogonal basis was constructed from these tensors for convenience. The only con-
dition imposed was that the first component is the tree-level colour structure of the
vertex in question. This is due to the fact that the tree-level contribution is leading
in the ultraviolet regime and the same is assumed for the infrared. An investigation
to which extent this applies can be found in [47]. The other components consist
of linear combinations of the tensor structures mentioned before. Since there are
different possibilities to realize that, the basis used in this work is given below.

4-legs-adjoint basis:

1st COHlpOHthZ (feacfebd + feadfebc)
nd . eac febd __ read febc
2"* component: (f f fef )
3rd Component: (6ab50d -+ 5ad5bc -+ 5ac(5bd)
4" component: (feacfebd — feadfebe 4 Ou(Ng — 1)0aebpqg + Ca(1l — NA)éad(Sbc)
5 component: (¢ f 4 fed f4 — 2Ca(Ng + 1)dspbe + 5Ca(Na+ 1)Suadiet
+LCA(N g + 1)80c00a)

)
h ) 24(Na+2)  jabed
@cmmmm<%%+%%+%%+ﬁmﬁmd>

After comparing these expressions to appendix B, it can be seen that the first
component of the adjoint basis is the tree-level colour structure of the 2-scalar-2-
gluon vertex. The third component corresponds to the adjoint 4-scalar vertex.

Still, the first and the third components of the this basis were switched for the
calculation of the adjoint 4-scalar vertex. This was done because in every table in
appendix C the first expression should correspond to the tree-level contribution for
convenience.

As far as the 4-gluon vertex is concerned, the order of the 4-legs-adjoint basis is
the same as for the 2-scalar-2-gluon vertex.

Similarly, the first components of the 2-legs-adjoint-2-legs-fundamental basis and
the 4-legs-fundamental basis can be identified with the tree-level colour structures
of the 2-scalar-2-gluon and the fundamental 4-scalar vertex, respectively.

2-legs-adjoint-2-legs-fundamental basis:

15" component: ((t“)}k (") KT (tb):k (ta>kj>
25¢ component: ((t“)zk (") T (tb):k (ta)kj>
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37 component: ((t‘l);rk (tb)kj + (tb);rk (t); — Tr(1 + NA)5ab5,;d>
4™ component: <CA (1) (1), — Caa (1)}, (1), — 2T(Na — 1) fo% (tC)U)
5th component: ((ta>;[k (tb)kj + (tb);fk (ta)kj _ TrNA(=Ca+4CRr+TR(1+Na)(—4+Np+NaNRg)) >

2NRd33(1+NA)
abc (4c Ca—4CRr—4TR(Na+1)
xd (t )ij - Ng(Na+1) 5ab(5cd

4-legs-fundamental basis:

15" component: (0404 + daadpe)
274 component: (Gup0eq — Guadpe)

37 component: <—NATR<5ab5cd — NaTrGaibbe + Nr(Ng + 1) (£9); (¢9) +
FNR(Ng 1) (1), (1),

4% component: <—NATR5ab50d + NaTrdaadse — Nr(Ng — 1) (17); (1), +
+NR(NR B 1) (tb)jk (tb)li>

The full results for every diagram for all DSEs including the ones for the non
tree-level vertices can be found in appendix C.

All the results were calculated and checked with the help of the symbolic manipu-
lation system FORM developed by J. A. M. Vermaseren [48]. There is a very useful
FORM package named ’color’ written by T. van Ritbergen, A.N. Schellekens and
J.A.M. Vermaseren [25], which is able to calculate the colour structure of diagrams
containing up to 16 vertices. The package is also sensitive to different representa-
tions and calculates the colour factor in terms of the group invariants N4, Ng, Cy,
Cr and Txr. More details can be found in the paper associated with the FORM
package 'color’ [25].
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5. Results

In the previous chapters the colour structure analysis was motivated, the necessary
tools were developed and an example was given in terms of group invariants to
illustrate the procedure.

In this chapter the leading diagrams of each DSE according to power counting
will be presented and their colour structure will be evaluated for both the adjoint
and the fundamental representation. In addition the results will be applied to the
gauge groups SU(2), SU(3) and G(2).

A distinction between the massive and the massless scalar case will be made as
well as the quenched and the unquenched system. Differences are pointed out and
possible implications and consequences will be discussed.

A short note on the difference between the chosen gauge groups and in non-leading
diagrams will close this chapter.

5.1. Propagator DSEs

Up to now every colour factor was calculated in terms of group invariants. Their
values for the groups of most interest here are given in Table 5.1. As mentioned
before the value for Ty is % At this point, we insert specific values of the former
invariants into the results to see whether we find differences concerning the gauge

groups.

We start by looking at the Dyson-Schwinger equations of the propagators, i.e.
2-point functions. The powercounting analysis required that the ghost propaga-
tor is infrared enhanced. Furthermore, the leading diagrams of the gluon and the
scalar propagator DSE were identified as the ghost-loop diagram and the bare scalar

group invariant | SU(2) | SU(3) | G(2)
Ny 3 8 14
Npg 2 3 7

Cy 2 3 2

Cr 3 3 1

d33 % 0

d44 oE |z | %

55 5 77

d444 204912 | 3456 110592

Table 5.1.: Values for group invariants for SU(2), SU(3) and G(2).
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propagator, respectively.

Their colour factors are given in the figures below. There is no difference between
the different representations since the ghost and the gluon are both in the adjoint
representation and the propagator is always proportional to 6.

=
~ ~

_/ N group invariant | SU(2) | SU(3) | G(2)
S adjoint | (40 26 | 307 | 207
4 group invariant | SU(2) | SU(3) | G(2)
adj.& fund. | 99 §ab 5ab §ab

5.2. 3-point Function DSEs in quenched
Approximation

Continuing the analysis from before the results for the 3-point functions in quenched
approximation are given. There are three tree-level vertices containing three external
legs: the ghost-gluon, the scalar-gluon and the 3-gluon vertex. First, the leading
diagrams of the ghost-gluon vertex are presented as well as the results for their
colour structure:

//%\\ group invariant | SU(2) | SU(3) | G(2)
4\ } adjoint CAfabc Qfabc 3fabc 2fabc
\/:O::\
/,% group invariant | SU(2) | SU(3) | G(2)
/’ \\ adjoint _%C«Afabc _fabc _%fabc _fabc
/,./waw\b\
. X

s ~
-, ~
s N

However, no dependence on the gauge group can be observed in this case. Both
diagrams are proportional to a product of the adjoint quadratic Casimir C'4 and a
generator of the adjoint representation f?*¢ modulo a prefactor. This is valid for the
three groups in question and no qualitative difference can be seen.

Next, the leading contributions of the 3-gluon vertex DSE is given. There are two
results presented for the diagram with the ghost-loop. As mentioned in the previous
chapter, this is due to the fact that there are two possibilities for replacing the non
tree-level 2-ghost-2-gluon vertex with tree-level diagrams.

36



0000000

A group invariant | SU(2) | SU(3) | G(2)
PN adjoint | $C o f* fobe | 3 fabe | fabe
-~ @,
6 >
(66666 %\
3
/,%\ group invariant | SU(2) | SU(3) | G(2)
4/ \* L1 %CAfabc fabc %fabc fabc
. S L2 —CAfabc _2fabc _3fabc _2fabc

5.3. 4-point Function DSE in the Yang-Mills Sector

Still, no difference concerning the representations can be seen because, so far,
there are no leading diagrams involving scalars. Additionally, no structural differ-
ence regarding the different gauge groups can be found.

We conclude this section with the result for the leading diagram in the scalar-gluon

DSE given below.

g

q

% group invariant | SU(2) | SU(3) | G(2)
4//’ \\\\* adjoint _CAfabc _2fabc _3fabc _2fabc
\ / fund. }LCA (ta)bc % (ta)bc 4§L <ta)bc % (ta)bc

Here too, no structural difference between the fundamental and the adjoint case
can be observed.

5.3. 4-point Function DSE in the Yang-Mills Sector

As mentioned before, the 4-point functions are projected on bases including their
own tree-level colour structure according to chapter 4. Again, the quenched case is
considered.

The only tree-level 4-point function in the pure gauge sector is the 4-gluon ver-
tex. Since the 4-gluon vertex is a pure Yang-Mills vertex, the leading diagrams are
identified as those with a ghost loop or a ghost box and are given below. Again,
there are two expressions for one of the diagrams stemming from the two tree-level
possibilities of the 2-gluon-2-ghost vertex.
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adj. | group invariant SU(2) | SU(3) | G(2)
[ INLCR 6 54 28
%, S 2| —iNaCh —6 | —54 | —28
 — |3 | IN,CE 30 180 | 140
| | 4t | INLO3 (2N, — 3) 18 702 | 700
J—— o« | " | —UNLO4(—2Ns+1) | 10 | 270 | —252
< |6 2TR(Cj760R) (5NaTrx | T3¢ e =
XC%(CA — 6CR)+
+12 d44(2 + Ny))
adj. | group invariant SU(2) | SU(3) | G(2)
[ —INLCE —12 | —108 | —56
%, & 27 o 0 0 0
8 |3 BN, 30 180 | 140
PO 4™ 10 0 0 0
& TN s | WN,O3 (2N, — 1) 20 540 | 504
A N |6 | iy GNATWCx | M | e |
X (CA — GCR>+
+12 d44(2 + Ny))
Ly | group invariant SU(2) | SU(3) | G(2)
T INL G 6 54 28
ond | 1N, O3 -6 54 | -28
3t | SN,C3 30 180 | 140
4t 1IN, C% (2N, — 3) 18 702 | 700
% & | 9" | gNaCi(=2N4 +1) -10 270 | -252
D> S
6 | ooy (GNaTRCRx | 7|42
\\\ /‘// X (CA - 6CR)+
+12 d44(2 + Na))
Q‘;\m
66666666666 %, | Lo | group invariant SU(2) | SU(3) | G(2)
T NG 18 162 | -84
2nd | LN, 5 6 54 28
3rd | 0 0 0 0
4™ 1IN, CH(—2N, +3) | -18 | 702 | -700
5 | IN4C3(2N4 —1) | 30 810 | 756
6" | 0 0 0 0

For these three diagrams no qualitative difference can be observed as far as the
different gauge groups are concerend.
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5.4. 4-point Function DSEs including Scalars

Since the two remaining tree-level vertices involve scalar fields, again a distinction
between a massless and a massive scalar has to be made. In addition, differences re-
garding the adjoint and the fundamental representation are most likely to be found
here.

Looking for the leading contributions, the 2-scalar-2-gluon vertex DSE is insen-
sitive to whether the scalar carries a mass or not. In both cases the same two
diagrams are the leading ones: the ghost-triangle diagram and one higher order
graph containing a 5-point function and a ghost loop.

The results of the ghost triangle diagram are given here.

adj. | group invariant SU(2) | SU(3) | G(2)
110 0 0 0
2nd —%NACE‘ -12 -108 -56
3rd |0 0 0 0
ath | INAC3(2NA—3) | 36 | 1404 | 1400
X ) 5t | 0 0 0 0
P, & 6" |0 0 0 0
\\\ // fund. | group invariant SU(2) | SU(3) | G(2)
158 | —ENATRr (3C5 —10C4Cr+ | —5 |-} |0
nd 0 0 0 0
3rd | AINATR (—3C3 +10CACr+ | 2 L |
—|—4OR(—20R +Tr + TRNA))
4th 0 0 0 0
5 | §NaTr (=3C3 +10CACr+ | & T TP
+4CRr(—2Ck +Tr + TrNa))

This is the first evidence for the differences we have been looking for. First of all,
there is a structural difference in the tree-level component of this specific diagram.
In the adjoint case the colour structure is zero, even when calculated in group
invariants. On the other hand, the fundamental colour structure is proportional to
a finite value.

Looking at all components, another detail can be observed. If the 6'* component of
the adjoint case is excluded, the zero-components of the adjoint and the fundamental
representation seem to be switched. Those components that have a finite value for
the adjoint representation are zero for the fundamental case and vice versa. However,
this fact should not be overemphasized because the order of components of the basis
is an arbitrary choice. Still, an underlying structure can be seen.

The third difference that can be found in this diagram concerns the gauge groups.
Going back to the tree-level component of the fundamental case, it should be noted
that the explicit values for SU(2) and SU(3) are finite, while it is zero for G(2).
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5. Results

Since it was stated in chapter 2 that there is a structural difference between SU(N)
and G(2), one is looking for details that might be important for an underlying mech-
anism. This indicates that there is one.

The second leading contribution in the 2-scalar-2-gluon DSE is an higher-order
diagram containing a 5-point function. As it was shown in [41], a skeleton expan-
sion can be applied to get rid of the 5-point function. This results in two diagrams
of two-loop order that are given below. It should be emphasized once more that
these diagrams are the leading contributions of the 2-scalar-2-gluon DSE for both
the massless and the massive case.

In the first of the diagrams steming from the skeleton expansion, no structural
difference between the adjoint and the fundamental representation can be seen. The
switching of the components like in the last diagram is also not repeated here. How-
ever, the tree-level component deserves some attention in the fundamental case.
Again, the value for G5 is zero whereas those for SU(2) and SU(3) are finite.

adj. | group invariant SU(2) | SU(3) | G(2)
15t | —SNACH -6 -81 -28
2nd | —LN,CY -6 -81 -28
3t | —3N,CF -30 | -270 | -140
4t EN4C4 (2N, — 3) 18 1053 | 700
5 | L NACK(—1+ 2Ny) 10 405 252
c
| 6% |~ GNATaChx | 32 | s |
@/o\@’(@ X(CA — GCR)+
%”%‘"’% +12 d44(2 + Nya))
g g g
/E—E—K fund. | group invariant SU(2) | SU(3) | G(2)
15t | —2iNATRC5(Ca — 2CR) =3 =3 |0
PA 0 0 o jo0
3rd leZ'NATRCi (—Ca+2Cg+ % —% —%
+Tr +TrNa)
4th 0 0 0 0
iNATRC? i i i
5 4NRA(1—IT-N/:\) (=Ca(=1+ Ng+ 16 5 G
+NANR) +2(2Tg(1 + Nya))+
+CR(—2 + NR + NANR))

Next, the second diagram resulting from the skeleton expansion is given. Here,
neither a qualitative difference regarding the representations can be observed, nor
between SU(N) and G(2). Nevertheless, it should be noted, that the 4" component
for fundamental representation bears a difference within the SU(N). While there is
a finite value in case of SU(3), it reduces to zero for SU(2).
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5.4. 4-point Function DSEs including Scalars

adj. | group invariant SU(2) | SU(3) | G(2)
[ —INACh 6 |-81 | -28
gnd | LN, 6 81 |28
3rd —%NACEZ -30 -270 -140
4th %NACj(—ZNA +3) -18 -1053 | -700
5" | 37NACA(=1 + 2Na) 10 | 405 | 252
2 668 X (CA - GCR)—l—
%@a\(/‘@; +12 d44(2 + Ny))
®
g % fund. | group invariant SU(2) | SU(3) | G(2)
/—E\ T | INATnC} N
2t | ENATRCY 2 z 7
3| §NATRCE(Ca — ATr(1+ Na)) | —3 —135 1 .98
ath 1 AN TRCH (Cy — 2T X 0 54 77
(=14 Na))
X(—2 —+ NR —+ NRNA)+
—2TR (N3Ng + 4+ N+
+2N4(1+ Ng)))

Continuing with the 4-scalar vertex DSE, the distinction between a massless and
a massive scalar has to be taken into account.

In the first case, where the scalar does not carry a mass, the leading diagram can
be identified as the bare 4-scalar vertex. The colour structure of this diagram can
be read off from appendix B, since the same colour structure for bare and dressed
vertices is assumed.

~ (0abOed + OacObd + Gaddbe) adjoint
~ (dabOed + daddbe) fundamental

If the scalar is massive, the leading contribution contains a 5-point function. This
diagram can again be skeleton expanded. The resulting graph is of 3-loop order and
its colour structure is given below.
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adj. | group invariant SU(2) | SU(3) | G(2)
10| 55 (48 dd44 + 25N4C%) 200 6‘?605 T
ond | 04 (—96 dd4 + 13N,C4) | 2 | 16895 | slen
3" | —15C4 (96 d44 + 5NACY) 558 | 8885 | 487
4th ﬁCA (—48 d44(3NA _ 1)_|_ 1265485 27(1)3325 34??(1553
5N4C4 (30N, — 31))
5th ﬁCA (—48 d44<3NA + 1>+ 22;25 921091205 10;471217
NAC4 (38N, — 51))
6" 24TR(Ci;f6CR) (48 d44C TR+ 2%825 4875245 177868829
+NATRrC4(25C 4 — 150CR)+
+20C% d44(2 + Ny)
144 (—20RTx d44+
+ d444(2 + Ny)))
fund. | group invariant SU(2) | SUB3) | G(2)
15t 55 (12 d44 + NoTrC%(Ca + 12TR)) | 15; 27 %
2nd | (12 d44 + NoTRCA(Ca — 12T)) | =238 | -9 —2
3rd | 5 (—48 d44 (TpN4 + (Ca — Cp)x | =126 | 1265 | 37719
XNR(l + NR)) +
+C% (—4C%TrNANR(1 4+ Ng)) +
+12 (T3N3 + d33Ng(1+ Ng)+)
CATRNA (4CRNR(1 + NR)—|—
+Tr(—4Na + 3Ng(1+ Ng))))
ath | L (—48 d44 (TpNy — (Ca — Cp)x | 852 | 026 | L2882
XNR(—l + NR))) +
+C% (—4C%TrNANR(—1 + Ng)) +
+12 (T3N3 4+ d33Ng(—1+ Ng)+)
CaTrNA (—4CRrNg(—1+ Ng)+
+Tr(—4N4 + 3Ng(—1+ Ng))))

5.5. quenched vs unquenched

In the next part of this chapter the difference between the quenched and the un-
quenched system is examined. As mentioned in chapter 2 the meaning of quenched
in this context means that no contributions from sea particles are allowed. There-
fore, all diagrams containing a closed scalar loops are ignored in this case.

Starting with the Dyson-Schwinger equations of the 3-point functions, the dia-
grams containing closed scalar loops are shown, along with their respective colour

structure. Only one such diagram is found in each 3-point DSE.

42




5.5. quenched vs unquenched

2 group invariant | SU(2) | SU(3) | G(2)
adjoint _CAfabc _Zfabc _3fabc _Qfabc
Sec fundamental | T f° Tfabe | gfabe | ffabe

In case of the ghost-gluon vertex, it should be noted that in the adjoint represen-
tation the colour structure is proportional to the adjoint Casimir operator. On the
other hand, in fundamental representation it is proprotional to the index constant
Tr that is fixed by the normalization and has the same value for every group.

However, no qualitative difference can be seen if this diagram is excluded.

Next, the corresponding diagram of the 3-gluon vertex DSE is given. A difference
can indeed be seen here. The colour structure of this swordfish diagram is zero
for the adjoint and proportional to d*° for the fundamental representation. The
quantity d**¢ is non-vanishing for SU(3), but zero for SU(2) and G(2).

0090

group invariant | SU(2) | SU(3) | G(2)
adjoint 0 0 0 0
fundamental %dad’ 0 %d‘wb 0

i)
68 )
55 gy

The results so far support the assumption that the pure Yang-Mills sector is ba-
sically not affected whether one considers the quenched or the unquenched case.

The remaining 3-point function DSE is the one of the scalar-gluon vertex. The
diagram corresponding to this equation is shown below. Here, we also see a difference
between the two representations: the colour structure is proportional to a generator
in the fundamental case, but cancels for the adjoint.

0000999

group invariant | SU(2) | SU(3) | G(2)
adjoint 0 0 0 0
fundamental % (ta)bc % (ta)bc % (ta)bc % (ta)bc

This is again the kind of difference we have been looking for. As stated in the in-
troduction, the aim of this thesis was to see whether these representation-dependent
differences can be seen on the level of correlation functions. Knowing that there has
to be a distiction between the two representations, these results provide a starting
point for a deeper analysis.

However, the diagrams are subleading in the infrared. This requires that cancel-
lations occur if this should be relevant.

Proceeding with the 4-point DSEs, their diagrams containing scalar loops do not
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5. Results

show a similar difference regarding the representation. This is expected for the 4-
gluon DSE since it belongs to the pure Yang-Mills sector and therefore, should be
unaffected by this. The diagrams of interest are the first, the seventh and last two
graphs in appendix C.7.

Likewise, the corresponding diagrams of the 4-scalar and the 2-scalar-2-gluon DSE
do not exhibit a qualitative difference concerning their colour structure. Regarding
the 4-scalar vertex, the only quenched diagram is the second graph in appendix C.9.
In case of the 2-scalar-2-gluon vertex there are two quenched diagrams which are the
first two listed in appendix C.8. This seems to hint that the main contribution to

this behaviour stems from the 3-point functions, more precisely from the scalar-gluon
DSE.

5.6. SU(N) vs G(2)

A few more words on the differences between different gauge groups are in order.

As explained in chapter 2, the main reason for being interested in the group G(2)
in this context is the fact that there is a structural difference between SU(N) and
G(2). In contrast to the group SU(N), G(2) has a trivial center. This has conse-
quences on how confinement is realized in these groups.

Starting to look at the tree-level component of the colour structure of the various
diagrams from this point of view, it can be seen that there are several diagrams
whose colour structures have finite values for SU(N) but are zero for G(2). This
was already pointed out in the previous section, where the leading diagrams were
presented. It should be emphasized that this kind of difference is not obeserved in
the diagrams steming from the Dyson-Schwinger equations of the pure Yang-Mills
sector. Furthermore, this behaviour occurs only in the fundamental representation.

Concerning the scalar-gluon DSE, the diagrams of interest are the third and the
fifth in appendix C.6. In the 2-scalar-2-gluon DSE we find four diagrams exhibiting
this behaviour (diagrams 6, 7, 11, 12 in appendix C.8) additional to the leading
ones discussed in section 5.4. This kind of difference is not found in the tree-level
components of any diagram in the 4-scalar vertex DSE. However, it can be seen in
the second component of both the first and the third diagram in appendix C.9.

Indeed, there seems to be a pattern behind this, and one can speculate, that
contributions showing this behaviour might be important to the building of the
string tension.

5.7. Non-leading Differences

To close this chapter, a few other differences in non-leading and unquenched dia-
grams are pointed out.
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5.7. Non-leading Differences

Starting with the difference between the two representations, there is one diagram
(diagram 8 in appendix C.8) from the 2-scalar-2-gluon DSE that deserves attention.
In this case, the colour structure of the adjoint representation is proportional to a
product of group invariants while it is zero for fundamental representation. This is
somehow inverse to the cases discussed in the previous sections, where it is always
the adjoint case that reduces to zero.

There is another diagram (fifth diagram in appendix C.8) belonging to the 2-
scalar-2-gluon vertex DSE that shows the same behaviour, although only in case of
SU(2).

Next, there are two diagrams of the 3-gluon DSE that are proportional to d®¢:
the quenched diagram dicussed in a previous section and the scalar-triangle graph
(diagram 5 in appendix C.5). Since d** is zero for SU(2) and G(2), there is a dif-
ference between those two groups and SU(3).

The last peculiar detail in this section concerns a diagram of the 2-gluon-2-ghost
veretx DSE. As mentioned before there are two possibilities to replace the non-tree
level 2-gluon-2-ghost vertex, denoted by L; and Ls. This makes a difference for the
third graph in appendix C.11, where the colour structure has a finite value when
using L, but cancels in case of Ls.
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6. Summary

In this last part of this thesis the results will be summarized.

In this thesis a charged scalar field coupled to a Landau-gauge Yang-Mills theory
has been investigated. Among others, the confinement problem serves as a motiva-
tion. The strong interaction force can be described by an attractive potential. This
potential depends on the gauge group as well as on the representation chosen for the
scalar. In this case, the adjoint and the fundamental representation are considered.
The aim of this thesis was to examine whether these differences can be seen on the
level of correlation functions.

To this end, the Dyson-Schwinger equations for both systems were derived first.
As expected, they turn out to be topologically equivalent and no difference can be
seen.

Next, an infrared powercounting analysis was performed on the adjoint and the
fundamental case. The leading diagrams of each DSE were identified and their in-
frared exponents were evaluated. In addition, the possible phases of the system were
discussed, along with the mathematically possible solutions. However, the IREs of
both systems are identical and lead to the same solutions in both cases.

To gain further insight, the colour structure of the diagrams appearing in the
DSEs was analysed. Since the Dyson-Schwinger equations are an infinite tower
of equations, a one-loop truncation was applied. Only DSEs to the order of four
were taken into account and all diagrams involving a n-point function where n =5
or higher were ignored. The tree-level vertices were left bare and the appearing
non tree-level vertices were approximated by diagrams containing tree-level vertices.
The colour structures of the remaining diagrams were calculated in terms of group
invariants and later the values for the groups SU(2), SU(3) and G(2) were inserted.
To get results for the DSEs of the 4-point functions, a basis orthogonal to the
respective tree-level colour factor was developped.

In the following, the results for the leading diagrams identified with the help of
the powercounting analysis before are presented. No qualitative differences can be
seen in the pure Yang-Mills sector. The same is true for the leading diagram of the
scalar-gluon DSE.

However, when considering the leading triangle graph of the 2-scalar-2-gluon DSE,
a difference concerning the representation is found. The tree-level component of
this specific diagram is zero in the adjoint and is proportional to a product of
group invariants in the fundamental case. Additionally, the fundamnetal tree-level
component exhibits another difference regarding the gauge groups of interest. It has

a finite value for SU(2) and SU(3) but is zero for G(2).
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6. Summary

The other leading diagrams do not show this difference concerning the represen-
tation, but the discrepancy between SU(N) and G(2) can be observed in a number
of other leading as well as subleading diagrams of the 2-scalar-2-gluon DSE. One
might speculate that these contributions are important for the building of the string
tension.

Next, the quenched and the unquenched system are considered. In this context,
the term ’quenched’ refers to the fact that all diagrams containing a closed scalar
loop are excluded. As expected, there is no qualitative difference for the ghost-gluon
DSE. On the other hand, the corresponding diagrams of the scalar-gluon DSE and
the 3-gluon DSE reveal a distinction. The colour factor is proportional to a fixed
value in the fundamental case, but cancels for the adjoint. This behaviour is not
seen in the DSEs of the 4-point functions which backs the conjecture that the 4-
point functions might not be important for this mechanism.

At the end, the differences occuring in non-leading contributions are discussed.
There is one subleading diagram of the 2-scalar-2-gluon DSE that shows a structural
difference between the adjoint and the fundamental representation. A second one
exhibits this difference only in case of SU(2).

In addition the colour structure of a diagram steming from the 2-gluon-2-ghost
vertex turns out to be qualitatively different, depending on which possibility to re-
place the non tree-level 2-gluon-2-ghost vertex is chosen.

By identifying the contributions that are sensitive to different gauge groups one
provides the basis to identify the mechanism by more sophisticated treatments, in
particular self-consistent extensions. In particular, this gives reason to believe that
the qualitatively different behaviour of the string tension could be embodied in
(low-n) correlation functions.
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A. Dyson-Schwinger Equations

This appendix consists of a graphic representation of the truncated Dyson-Schwinger
equations of the propagators and the tree-level and non-tree-level vertices. All DSEs
were derived with the help of the Mathematica package DoDSE [33]. For the sake
of brevity only the truncated versions employed here are shown.

A.1. Propagator Equations

A.1.1. Ghost Propagator DSE

A.1.2. Gluon Propagator DSE
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A. Dyson-Schwinger Equations

A.2. tree-level Vertex Equations

A.2.1. Ghost-gluon Vertex DSE
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A.2.2. 3-gluon Vertex DSE
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A.2. tree-level Vertex Equations

A.2.4. 4-gluon Vertex DSE
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A. Dyson-Schwinger Equations

A.2.5. 2-scalar-2-gluon Vertex DSE
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A.3. non tree-level Vertex Equations

A.3. non tree-level Vertex Equations

For the sake of completeness the Dyson-Schwinger equations of the three appearing
non tree-level vertices are given below.

A.3.1. 4-ghost Vertex DSE
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A. Dyson-Schwinger Equations
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B. Colour structure of Feynman Diagrams

B.1. Vertex Conventions

In this chapter the expressions of the colour structures of the tree-level vertices are
summarized. These factors can be read off from the Dyson-Schwinger equations
calculated before. Greek letters refer to Lorentz and latin letters to colour indices.

?

imaginary unit

g coupling constant of the gauge sector

h coupling constant between scalars

fabe structure constants

() generators of fundamental representation
Du» vy ko | momentum tensors

B.1.1. pure Yang-Mills vertices

ghost-gluon ver

\
:UJJJJJJJJJJJJJJ

3-gluon vertex:

tex:

~ igfeept

~ _igfabc ((q - k)u5w7 + (k - p)véup + (p - Q)péul/)

~ 92(feabfeCd((Sua(sup_5up(sl/a)+feacf€bd(6w/50p_5up5m7)

+feadf6bc(5w/5<7p o 5;1051//)))
—_ g2(feabfech =+ feaCfede
+feadfebcc)
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B. Colour structure of Feynman Diagrams

B.1.2. vertices involving adjoint scalar fields

scalar-gluon vertex:

~igf*(q — k),

-

/\ ~ 92 (feacfebd + feadfebc) 5IW

4-scalar vertex:

~ 2h (5ab5cd + 5ac5bd + 5ad5b0)

X

B.1.3. vertices involving fundamental scalar fields

scalar-gluon vertex:

~ ig(t")ijqu

-

4-scalar vertex:

~ —% ((5ab50d + 5ad6bc)

X
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C. Results for colour structure of DSE diagrams

In this part the results of the colour contribution for all the diagrams are shown. In
case of the DSEs of the 4-point function the results are projected on the basis given
below. The structure of this chapter is as follows: The diagrams are classified by the
DSEs they appear in. The colour structure of the tree-level diagrams can be found
in appendix B. The remaining higher order diagrams are shown in the left column.
The upper table of the right column contains the results for SU(2), SU(3) and G(2)
for the adjoint representation while the lower one corresponds to the fundamental
representation.

The results of some diagrams contain factors A, B, ... F. They stem from the
4-gluon vertex whose tree-level colour structure does not factor from the Lorentz
tensor structure. See appendix B.1.1 for details.

The 4-point functions are projected one the following basis:

e 4-legs-adjoint basis:

1t Component: (feacfebd + feadfebc)
nd . eac febd __ read pebc
2"* component: (f f feef )
3rd COIIlpOIlGIltZ (6ab5cd + 5ad6bc + 5ac5bd)
4™ component: (feacfebd — fead febe 4 Oy (N — 1)84e0p + Ca(l — Na)daabee)
5th component: (feacfebd + feadfebc — %CA(NA =+ 1)5ab60d + %CA(NA + 1)5ad5bc+
+LCL(N A + 1)60e000)

)
6th Component < abécd + 5ad5bc + 5a05bd + T—Q?gXA-gé)R) dabcd)

Note that for appendix C.9 the first and the third component of the 4-legs-adjoint
basis are interchanged.

e 2-legs-adjoint-2-legs fundamental basis:

1%t component: ((ta’ Zk (tb) -+ (tb) ta>kj)
25t component: ((ta I (tb (tb)zk ta)kj>
(60 (9),5+ ()3 070, = Tl + Nt
4" component: (CA (t")} tb)k] —Ca (tb) (t); — 20TR(Na — 1) fabe (tc)ij>
T

b b a TrNA(—CaA+4CR+TR(1+NA)(—4+Np+NaNg))
(1) + (£7) ] (1), — TeRalCatOntn N A Nt Na N

37? component:

X

5" component: ((t“)zl‘C
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¢. Results for colour structure of DSE diagrams

% dabc (tc)

ij

Ngr(Na+1)

e 4-legs-fundamental basis:

_ Ca—4CRr—ATRr(Na+1) 5 0 d)
a Ct

158 component: (0404 + daddbe)

2nd

374 component:

+Nr(Nr+1) (tb)jk (tb)li)
4" component: (—NATRéabécd + NaTr0adbbe — Nr(Nr — 1) (ta)ji (") +
FNp(Ng = 1) (), (),

component: (6gp0cq — Oaddpe)
(= NaTrOwdea = NaTrdaadhe + Na(Nr + 1) (12);, (1), +

C.1. ghost propagator DSE

C.2. gluon propagator DSE

C.3. scalar propagator DSE

$

6666(106“0\

(7Y
£ 3
S 2
(= S
=) S
% Sk
209 \\99

58

group invariant | SU(2) | SU(3) | G(2)
adjoint | C46% 2452 352 2520
group invariant | SU(2) | SU(3) | G(2)
adjoint | 2046% 469 | 667 | 46
group invariant | SU(2) | SU(3) | G(2)
adjoint 20 40% 469 | 66% | 459
fundamental | TR %5‘“’ %(5“’) %5‘“’
group invariant | SU(2) | SU(3) | G(2)
adjoint | C46%° 2670 369 | 26
group invariant | SU(2) | SU(3) | G(2)
adjoint | 040 250 | 369 | 26
group invariant | SU(2) | SU(3) | G(2)
adjoint Ca6% 2670 359 2670
fundamental | =T —%5“” —%(5“" —%5“1’
group invariant | SU(2) | SU(3) | G(2)
adjoint 20469 459 659 459
fundamental %CR(S‘”’ géab %(5“’) %5“’)




C.4. ghost-gluon Vertex DSE

group invariant | SU(2) | SU(3) | G(2)
adjoint 2(Ny +2) 5% 1069 | 2060 | 3259

fundamental | (Ng + 1)§% 36% | 409 | 849

o group invariant | SU(2) | SU(3) | G(2)
£ adjoint a0 26% | 357 | 249
. fundamental | —Crd* — %5“’ — %5 ab | _gyab

C.4. ghost-gluon Vertex DSE

2
G% group invariant | SU(2) | SU(3) | G(2)
é@ 033&\ L1 _lC fabc _fabc §fabc _fabc
é 3 2 12 . be 2 b b
\e()_/aw9?® L2 CAf(ZC 2f(l(, 3fCLC 2f(lC
Q
e group invariant | SU(2) | SU(3) | G(2)
*\ } adjoint CAfabc 2fabc 3fabc Qfabc
) :O::i
G
§ group invariant | SU(2) | SU(3) | G(2)
§ @%\ adJ oint _%CAfabc _fabc %fabc _fabc
[ -
- N
S
/s?\ group invariant | SU(2) | SU(3) | G(2)
/ \\\ a,djOiIlt _%CAfabc _fabc _%fabc _fabc
€20000008_
/// \\\

: group invariant | SU(2) | SU(3) | G(2)
adjoint _CAfabc _Qfabc _3fabc _2fabc
o fundamental | Tx % fabe % fabe % fabe
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¢. Results for colour structure of DSE diagrams

C.5. 3-gluon vertex DSE

,,,,,

A
€2000000,
Si

SR

%?g
2
S
§ agpsP
§
§

(@GGSSG

\
\
40000000,
/

C.6. scalar-gluon DSE

2,
0900000,
e, &
LyggP

(8807
\é
=)
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group invariant | SU(2) | SU(3) | G(2)
%CAfabc fabc %fabc fabc
group invariant | SU(2) | SU(3) | G(2)
adjoint 0 0 0 0
fundamental %d“d’ 0 %d‘wb 0
group invariant | SU(2) SU(3) G(2)
%CAfabc % fabcD % %Dfabc % fabcD %
x (A— B+ X(A—B+ | x(A—B+ | x(A— B+
—20C) —20C) —2C) —2C)
group invariant | SU(2) | SU(3) | G(2)
L1 %CAfabc fabc %fabc fabc
1.2 _CAfabc _Qfabc _3fabc _Qfabc
group invariant | SU(2) | SU(3) | G(2)
adjoint %OAfabC fabc %fabc fabc
fundamental | —d*c+ ‘hl; fabe | —dabe +i fabe
_}_%fabcTR _I_%fabc
group invariant | SU(2) | SU(3) | G(2)
_%OAfabc _fabc _%fabc _fabc
group invariant | SU(2) | SU(3) | G(2)
adjoint 0 0 0 0
fundamental | 0 0 0 0




C.6. scalar-gluon DSE

|
=
E
|
!

group invariant | SU(2) | SU(3) | G(2)
adjoint 0 0 0 0
fundamental | § (t7),, 6 (e | 5 (e | 5 (e

group invariant | SU(2) | SU(3) | G(2)
adjoint | 3C, fo° gfae | Zfeke | 3fabe
fund. % (CR— %CA) —% —1—12 0
g
E group invariant | SU(2) | SU(3) | G(2)
@% adjoint | — % . fabc — fabc — % abe | _ fabc
£ 2 fund. | —LCy4 - 1

group invariant | SU(2) | SU(3) | G(2)
adjoint | 3Ca f** Fe | I | o
fund. | Cgp—3Ca _1 1 0

1000009

|
3
q
% group invariant | SU(2) | SU(3) | G(2)
4//’ \\\ adjoint _CAfabc _Qfabc _Bfabc _2fabc
* a a a a
\ / fund. %CA (t )bc % (t )bc z% (t )bc %(t )bc
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¢. Results for colour structure of DSE diagrams

C.7. 4-gluon vertex DSE

62

adj. | group invariant SU(2) | SU(3) | G(2)
1%t —%NAOﬁ; -12 -108 -56
ond —%NAOﬁ; -12 -108 -56
3rd | 10N, C? 120 720 260
4th 1 IN,C3 (2N, — 3) 36 1404 | 1400
5t | LNACS(2N4 — 1) 20 540 | 504
6" | ey (GNATRCx -
X (Cy — 6CR) + 12 d44(2 + N,))
fund. | group invariant SU(2) | SU(3) | G(2)
1% — e NATRCS -3 —3 I
2| — g NaTrCH -3 —3 —1
31| —1NATR(Ca — 6CR) 2 5 7
4t | ENATRCE(2N4 — 3) 2 O
5| 5 NATRCE(2N4 — 1) 2 e 8
1 22

6" 192TR(CA—6CR) (48 d44(2 + Na)+ 10% % _%g

+NATR (—59C%(2 + Na)+

+576C% (—3Tr + Cr(2+ Ny))

—T2C4CRr (—=8Tr + 9CR(2+ Na)) +

+6C%(—8Tg + 51CR(2 + Ny))))




C.7. 4-gluon vertex DSE

adj. | group invariant SU(2)
1ot | MaCh (A(D - 3F - 3G)+ 6 (A(D — 3F — 3G)+
+3C(—D +2F + G)+ +3C(—D +2F + G)+
+B(-2D + 3F + @) +B(-2D 4 3F + @)
nd | —IN,C3 (A(D — F)+ —6(A(D — F)+
+B(G + F)+ +B(G + F)+
+C (=D + G + 2F)) +C(=D + G + 2F))
3 | 2N,CA(A+ B)(D + G) 30(A+ B)(D + G)
4t | INLC3 (2N = 3) (A(D — F)+ | 18(A(D — F) + B(G + F)+
+B(G+F)+C(—D+G+2F)) | +C(—=D + G +2F))
5t | =L NAC3(2N4 — 1) —10(A(D — 2G — 3F)+
x(A(D — 2G — 3F)+ +3C(—D + G +2F)+
+3C(—D + G +2F)+ +B(=2D + G + 3F))
+B(—2D + G + 3F))
6" | S A (BNATRCE X BB(A+ B)(D +G)
X(CA - 603) + 12 d44(2 + NA))
SU(3) G(2)

1st

2nd

3rd
4th

5th

6th

54 (A(D — 3F — 3G)+
+3C(—=D +2F + G)+
+B(—-2D + 3F + G))

—54 (A(D — F)+ —28 (A(D — F)+

+B(G + F)+ +B(G + F)+

+C (=D + G + 2F)) +C (=D + G + 2F))
180(A+ B)(D + Q) 140(A+ B)(D + Q)
702(A(D—-F)+ B(G+ F)+ | 700 (A(D - F)+ B(G+ F)+

+C (=D + G +2F))
—270 (A(D — 2G — 3F)+
+3C (=D + G+ 2F)+
+B(—2D + G + 3F))

LE(A+B)(D+G)

28 (A(D — 3F — 3G)+
+3C (=D +2F + G)+
+B(—-2D + 3F + G))

+C (=D + G +2F))
—252 (A(D — 2G — 3F)+
+3C (=D + G+ 2F)+
+B(—2D + G + 3F))

LB (A+B)(D+G)

adj. | group invariant SU(2) | SU(3) | G(2)
INACH 6 54 28
—INACH —6 —54 | —28
SNAC? 30 180 | 140
INAC3 (2N, — 3) 18 702 | 700
~UNLCY(—2N4 + 1) —10 | —270 | —252

1
2TR(CA—6CR) (5NATRC3 X

><<(:t4 — 6(:33) + 12 (14#1(2 + ]\Cq))

3825
128

1435

1113
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¢. Results for colour structure of DSE diagrams

64

L, | group invariant SU(2) | SU(3) | G(2)
[ IN,CE 6 54 | 28
ond | _IN,C3 6 -4 |-
3rd gNACi 30 180 140
4t | LN, C3 (2N, — 3) 18 | 702 | 700
5 | ENACH(—2N4 + 1) -10 2270 | -252
8" | s (GNATeCix | 38 | 18 | 19
X (CA — 6CR)+
+12 d44(2 + N,))
Ly | group invariant SU(2) | SU(3) | G(2)
1 | —2N,CF 18 [ -162 | -84
o | 1N, C 6 54| 28
3 | 0 0 0 0
ath | IN,C3(—2N, +3) | -18 | =702 | -700
5% | IN,C3(2Na—1) |30 | 810 | 756
6" | 0 0 0 0
adj. | group invariant SU(2) | SU(3) | G(2)
| IN,C 6 54 | 28
o | _1N,C3 6 | -54 | —28
3rd %NACI% 30 180 140
4t | LN, C3 (2N, — 3) 18 | 702 | 700
5 | =5 NAC3(—2N4+1) | =10 | =270 | —252
6" | wmoameom ONaTex | 52 | 52 | §°
XC%(OA — 603)‘1‘
+12 dd4(2 + Ny))
adj. | group invariant SU(2) | SU(3) | G(2)
1%t —%NAC’i —12 —108 | =56
2nd | () 0 0 0
3rd gNACi 30 180 140
4th 10 0 0 0
5% | LN, C8 (2N, — 1) 20 | 540 | 504
6" | spenmeem ONaTRCiX | 5% | 550 |5
X (CA — GCR)+
+12 d44(2 + Ny))
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adj. | group invariant SU(2) | SU(3) | G(2)
[ —IN,CY 6 |54 |-
gnd | 1N, C3 6 -4 |-
3rd | 5N,C? 60 360 280
4t | LN,C3 (2N, — 3) 18 | 702 | 700
5t | LN,CY (2N, — 1) 10 |270 | 252

66666@ 6" TR(CAl—GCR) <5NATRC‘%‘X % % %

(C'y — 6C5) + 12 d44(2 + Ny))

fund. | group invariant SU(2) | SU(3)
1t ENATRCY ! 2
oS, 2| g NaTrC} s i
o 0\@\@\0@\ 3rd }lNATR(CA — 6CR) —% -5
4th = NATRC%(—2N4 + 3) —2 -
5th = NATRC%(—2N4 + 1) —3 —4
6" | semmioaecy (—24 d44(2 + Na) + NaTgrx —2139 | _ 3089
(31C3(2 + Na) — 288C% (—3Txr + Cr(2+ Na)) +
+48C4Cr (—6Tr + TCr(2+ Na)) +
—6C?4(—4Tg + 27Cr(2+ Na))))

S Xo3IeA uon[s-F /)
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&
éé
%

P
o
2N
e IEEEE00G00T

%)

<9

adj. | group invariant SU(2) SU(3) G(2)
1ot | U2B N, o8 6(A—2B+ | 54(A—2B+ | 28 (A — 2B+
—30) —30) —30)
ond | (AN, O3 6(C—A) | 54(C—A4) |28(C—A)
3 | 2N,C4(A+ B) 30(A+B) | 180(A+B) | 140(A+ B)
gt AN, 32N, —3) [ 18(A—C) | T02(A—C) | T00(A — O)
i | SAZBIO N, O3 x| —10(A+ —270 (A+ —252 (A+
X (2N, — 1) —2B—3C) | =2B-3C) | —2B —3C)
o | e A B) | MEAB) | B4+ B)
X (5NATRC€1
X (CA — 6CR)+

12 d44(2 + N,))

sure1SeIp 5G] JO 9INJONIYS INO0J0D I0f SINSIY D



adj. | group invariant SU(2) | SU(3) | G(2)

15t [ INLCH 6 54 28

2md | —INACH —6 —54 | =28

3t | EINLCE 30 180 | 140

4t | INAC3(2N4 — 3) 18 702 700

5 | =L NAC3(—2N4+1) —10 | =270 | —252

0" | e (VAT x me |uwo | u

X(Ca —6CR) + 12 d44(2+ Ny))

group invariant SU(2) | SU(3) | G(2)
iNATRCY 3 9 7
—3NaTrC} R -7
—5NaTr(Ca — 6Cr) 5 10 14
TNATRC3(2N4 — 3) 2 117 175
SNATRCS(—2N4 +1) -2 -45 -63
(=35C3 (2 + Ny) 4 720% (=375 + Cr(2+ Ni)) +
+18C4Cr (—4TR + QCR(Q + NA)) +
+6C3(—Tr + 20Cg(2 + Na))))

L9

S Xo3IeA uon[s-F /)
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adj. | group invariant SU(2) | SU(3) | G(2)

150 [ —INLCH —12 | —108 | —56

2nd | 0 0 0

3t | IN,CE 30 180 | 140

4t 10 0 0 0

5t | ANAC(2N4 — 1) 20 540 | 504

6" | srcimscm (GNATRCS X W um o up

x(Cy — 6CR) + 12 d44(2 + Ny))

fund. | group invariant SU(2) | SU(3) | G(2)
15t — S NATRCY -3 -18 -14
2nd 10 0 0 0
31| —2NATR(Ca — 6CR) 2 10 14
4t 10 0 0 0
5 | §NATRCE(2N4 — 1) 5 90 126
6" | s ooy (12 d44(2 + Na) + NaTpx 1 - |1

(=35C3 (2 + N4) + 720% (=3Tx + Cr(2+ Na)) +

—|—18CACR (—4TR + 903(2 + NA)) +
+60%(~Tr + 20CR(2+ Na4))))

sure1SeIp 5G] JO 9INJONIYS INO0J0D I0f SINSIY D



C.8. 2-scalar-2-gluon vertex DSE

C.8. 2-scalar-2-gluon vertex DSE

adj. | group invariant SU(2) | SU(3) | G(2)
15t | 20N,C% 240 1440 1120
2md |0 0 0 0
374 | ANAC4(N4 +2) 120|960 | 1792
4t 10 0 0 0
v | 5 | —AN,CA(2N3 4+ 6N, — 11) | 400 | -15840 | -34720
6" | 0 0 0 0
fund. | group invariant SU(2) | SU(3) | G(2)
15t iNATR<CA — 4(CR+TR)) —% —% —%
2rd () 0 0 0
3rd | LNATR (Ca+ 2 (—2Cr+ i = =
+Tr(Na+ Np+ NaNg — 1))
4th 0 0 0 0
5 (1+NA)NATR ((3+ Na)x 3% 18%0 %
X(Ca+2(=2Cr +Tr +TrNa4)))
adj. | group invariant SU(2) | SU(3) | G(2)
158 | 10NAC% 120 720 560
2nd | () 0 0 0
34 | 2N4C4(Na +2) 60 480 896
4t 10 0 0 0
| 5™ | =3NaCE(2Ni +6Na —11) | -200 | -7920 | -17360
& et o 0 0 0
fund. | group invariant SU(2) | SU(3) | G(2)
1%t ENATR(—Ca + 4(Cg + Tg)) 2 2 I
2nd | S NATRC A i 1 I
3rd | —ENATR (Ca +2(—2Ck+ -3 =
+Tr(Ng + Ng+ NaNg —1)))
4th — L NATRCA(Cy — 2TR(Na — 1)) | 0 4 "
pth 1;;11% NuTR (Ca+2(—2Ck+ | —% 2|5
+1r + TRNA))
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¢. Results for colour structure of DSE diagrams

70

/‘J\fg\

Ty
Yoy, 66666

000600000¢

6665

adj. | group invariant SU(2) | SU(3) | G(2)
¥t |0 0 0 0
nd —%NACE‘ -12 -108 | -56
3rd |0 0 0 0
4t | IN,C3(2NA—3) |36 | 1404 | 1400
510 0 0 0
6" | 0 0 0 0
fund. | group invariant SU(2) | SU(3) | G(2)
150 | —SNATRr (3C3 —10C4Cr+ | -3 [ -1 |0
+8C%)
2nd 0 0 0 0
3d | AINATR (—3C3 +10CACr+ | 2 »
—|—4CR<—QCR +Tr + TRNA))
4th 0 0 0 0
5t | INATR (—3C3 +10C4Crt | Z xR
+4CRr(—2CRr + Tr + TrNA))
adj. | group invariant SU(2) | SU(3) | G(2)
15t %NACE)Z‘ 12 108 56
2md | Q) 0 0 0
3rd | 5N,C? 60 360 280
4th | ANACH (1 — 2Ny) -20 -540 | -504
5|0 0 0 0
6" | iy GNATaChx | 32 | 1 | i
X (CA - 603)-}-
12 d44(2 + Ny))
fund. | group invariant SU(2) | SU(3) | G(2)
15t | —INATRCY -3 -9 |-7
2nd | —1N,TRrCH —3 -9 —7
3rd —INATRCH (Ca+ 2 45 98
—4TR(1+ Na))
ath | INATRCH 3 27 14
NATRC 4
5™ _4N;(1I—{i-]\;1;) (16 (Cr+ g _% _1_2
—Tr(1+ Na)) +
+Ca(Ng + NsNg —4))
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C.8. 2-scalar-2-gluon vertex DSE

adj. | group invariant SU(2) | SU(3) | G(2)
1 [ 2N, CY 30 [ 270 [ -140
2nd | AN, O3 6 54 28
3 | INLNCE 30 180 | 140
4t | INLC% (3 — 2Ny) -18 | -702 | -700
5t | ZN4CS(2N4 — 1) 50 1350 | 1260
6" | sreaeon ONaTrx | 32 | 52 |2
XC%(OA — 6OR)+
+12 d44(2 4+ N,))
fund. | group invariant SU(2) | SU(3) | G(2)
158 | iNATRCA(3C4 — 8CRr) | 0 —2x -z
| —LiNATRCY —& T -0
3t | LiNATRCA(3Ca — 8Ch) T
ath | LiNATRCA (CF+ 3 Lo 490
—4CATR(NA — 1)—|—
+16CRTR(N4 — 1)) | |
5th | 5iNATRrCA(3CA —8CR) | 0 - | -Z
adj. | group invariant SU(2) | SU(3) | G(2)
I =N 12 [-108 | -56
2nd | 0 0 0
3¢ | —5NAC% 60 | -360 | -280
410 0 0 0
5t | INLCY(2N4 — 1) 20 540 | 504
6" | —mameey (ONaTrChx | -8 | 52 | =5
X (CA — 6CR)+
+12 d44(2 + Ny))

fund. | group invariant SU(2) | SU(3) | G(2)

1% —3iNATRCA(Ca — 2CR) —& —2i 0

ord 10 0 0 0

31| —LiNATRCA (Ca — 2Ck — Tr+ & 251 105
—TRrNa4)

4th —2iNAT3CACRr(Na — 1) —% | 1120 | —182:

5" | Ny (Ca(Ne + NaNg — 1)+ | 2 =
—ATr(1 4+ Na)+
+2CR(Ng + NaNg — 2))
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¢. Results for colour structure of DSE diagrams
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adj. | group invariant SU(2) | SU(3) | G(2)
15t [ —INACY -6 -54 -28
2md | INACH 6 54 28
3| —2INLCF -30 -180 | -140
4t 1 2IN,C3 (3 — 2N,) -18 =702 | -700
5th | ENACE(2N4 — 1) 10 270 252
6" | Zorimry (SNTx | 3 | —igp |
XCE‘(CA — GCR)+
+12 d44(2 + Ny))
fund. | group invariant SU(2) | SU(3) | G(2)
1t INATR(3CE — 10C4CRr + 8CE) | 4 5 0
2md | =3 N TRrCA(Cx — 2CR) —4 —1 0
3rd | —INsTR(—3C3 +10C4Cr+ | -3 | =25 | -1
+4CR<—QCR +Tr + TRNA>)
4th %LNATRCA (C% — 204Cr+ 3 59 91
+4CRTR(NA — 1))
5th | —Halr (—3C% 4 10C4Cr+ o I i s
+4CRr(—2Cr + T+ TrN4))
adj. | group invariant SU(2) | SU(3) | G(2)
150 [ ZNACH 12 108 56
2nd | () 0 0 0
3| —2NLCE -30 -180 | -140
4th 10 0 0 0
5t | ENAC(1 —2N,) -20 -540 | -504
6" | Sty (NTix | 3 | g8 |
XCE‘(CA - GCR)+
+12 d44(2 + Ny))
fund. | group invariant SU(2) | SU(3) | G(2)
15 0 0 0 0
nd SiINATRCS 3i 18i 14i
3rd 0 0 0 0
4th —2iNATRCE (Ca+ | 12 954i | 2520i
—2TRNA(N4 — 1))
Hih 0 0 0 0




00660000000¢

C.8. 2-scalar-2-gluon vertex DSE

adj. | group invariant SU(2) | SU(3) | G(2)
1t [ INACH 6 54
2md | —INACH -6 -54 -28
3rd | INLCF 30 180 | 140
4th 1 INAC3 (2N, — 3) 18 702 700
5t | SNAC(1 —2N,) -10 2270 | -252
| s GNATix |42 |52 |
XC%(CA — GCR)+
+12 d44(2 + Na))
fund. | group invariant SU(2) | SU(3) | G(2)
[ IN,TRC? 3 T
2nd 0 0 0
3rd %NATRCA(CA —4TR(1 +NA)) —% 475 —49
4th 0 0 0
c
B Ny (16 (Crt — =
—Tr(1+ Na)) +
+CA(Ng+ NsNg —4))
adj. | group invariant SU(2) | SU(3) | G(2)
1t [ BN, CF 78 702 364
2nd | —2N,CF -30 270 -140
3t | INLCE 30 180 140
4t 1 2N,C3 (2N, — 3) 90 3510 | 3500
5t | BN4CH(1—2Ny) -130 | -3510 | -3276
| s (NI | S| e |0
XC%(CA — 603)4’
+12 d44(2+4 Na))
fund. | group invariant SU(2) | SU(3) | G(2)
158 | SNATR(5CE — 24C4Cr + 32CF) | = = I
2nd 5 NATRCA(8CR — 3Cy) 0 2 I
3t | LNATR (5C%+ -5 | -2 | -3
—|—4CA(TR + TrNs — 6CR>+
+16CRr(2Cr — Tr(1 + Na)))
ath 1 LNATRCA(—8Ck + 3C) 0 -2 -1
5th 1 NRNATRX _45 _ 2245 | _ 2989

32(1+Na)Ng

X (—16CR(1 + Ny)x

X (—2CR + TR + TRNA) +
+C3(4 4+ 5Np(1+ Ny))+
—8C'4 (—2Tr(1 + Na)+
+CRr(2+ 3Ngr(1+4 Ny))))

216
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¢. Results for colour structure of DSE diagrams

adj. | group invariant SU(2) | SU(3) | G(2)
15t [ INLCY 6 54 28
2nd | LN, O 6 54 28
3 | IN,CE 30 180 | 140
4t 1 IN4C3(—2N4 + 3) -18 =702 | -700
5t | LNACH (1 —2Ny) -10 2270 | -252
6" 2TR(Cj—6CR) (5NaTrx | 532 e =
S é@@@ xC3(Cy — 6CR)+
+12 d44(2 + Ny))
fund. | group invariant SU(2) | SU(3)
OIS 1%t ENATR(3C3 — 10C4CR + 8C}) 2 =
2md | AINJZTRCA(Cy — 2CR) 3 1
3rd | LN, TR (—3C% +10CACr+ - -
+4C%(—2CRr 4+ Tr + TrN4))
4t —AINLTRCA (CF — 2C4Cr+ -3 -59

+]§(;RCTR(NA - 1))
5| ARy (16(Cr = Tr(L+ Na))+ | =358 | =%

—%NATR (—3031 + 10C4Cr+
+4C%(—=2Cr + Tr + TrN4))

adj. | group invariant SU(2) | SU(3) | G(2)
15 [ —NAC3 24 [216 |-112
2nd | LN, CH 12 108 | 56
3t | —IN,CF -30 | -180 | -140
4t | IN,C3 (3 - 2N,) 36 | -1404 | -1400
| INACH(2N4 — 1) 40 1080 | 1008
h 1 3825 1435 1113

6" | —g@ameony ONaTrx | =55 | =%~ | =%~

xC%(Cy — 6CR)+

+12 d44(2 + N,))

fund. | group invariant SU(2) | SU(3)
1t [ —IN,TR(Ca — 2CR)? -5 | =3
2m | ENATRCA(Cx — 2CR) = :

3 | —§NaTr (205+ e e

+CA(—8Cr + Tr + TrNa)+
+4CRr(2Cr — Tr(1 + Na)))

4| CIN,TRCR(Ca ~ 20%) -3 |3
. 45 595
| —awai UCRNR(L+ Najx |G| 55

X (—QCR + TR + TRNA) +
—C%(1+2(1+ Na)Ng)+
+4C4(=Tr(1 + Na)+
+Cr(1 4+ 2Ng(14 Ny))))
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adj. | group invariant SU(2) SU(3) G(2)
1 | —IN,C3(C + B) 12(C+ B) [ 108(C'+ B) | 56(C + B)
2nd | Q) 0 0 0
3rd | EN4C2(C + B) 60(C'+ B) | 360(C + B) | 280(C + B)
4th 10 0 0 0
5th | —3N4C%(2N4 —1)(B+C) —20(C+B) | =540(C+B) | —504(C'+B)
6" | Fre— (5NATRCS BE(C+B) | ¥ (C+B) | LE(C+ B)
fund. | group invariant SU(2) SU(3) G(2)
15 —sNATRC3(A + B) —2(A+B) | -5(A+B) | -1(A+B)
ond 0 0 0 0
3 | —gNATRCA(Cx —4ATR(1+ Na)) | §(A+B) | 2(A+B) | 49(A+ B)
(A+ B)
g | INGTEC3 (N, — 1)C 3C 63C 91C
5" | —svrin NaTrCax 2(A+B) | -2(A+B) | —5(A+ B)
X (16(03 — TR(l + NA))+
+Ca(Ng + NrNy —4))

S Xo1I0A UON[3-g-18[8S-7 Q1)
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adj. | group invariant SU(2) SU(3) G(2)
150 [ —INAC3(A+ B) -6(A+B) -54(A+B) -28(A+B)
2nd | AINAC%(A— B —20) 6(A-B-2C) | 54(A-B-2C) | 28(A-B-2C)
3 | —=2N,C3(A+ B) -30(A+B) -180(A+B) -140(A+B)
4t | —INAC3(2N4—3)(A—B—2C) | 18(A-B-2C) | -702(A-B-2C) | -700(A-B-
2C)
5th | LN,C3(2N4 — 1)(A + B) 10(A+B) 270(A+B) 252(A+B)
6" | — ey (BNATRCE —385(4+B) | 454+ B) | —1U2(A+D)
fund. | group invariant SU(2) SU(3) G(2)
1°t INATRC%(A + B) 3(A+ B) 9(A+ B) 7(A+ B)
ond | AN, TRC(A—B—2C) | 3(A—-B—-20)|9(A-B—-20) |7(A—B-20)
37| SNATRCA (Ca+ —2(A+ B) —45(A + B) —98(A + B)
—4Tr(1+ Ny4)) (A+ B)
4t T AINATRC(B—A+2C) | 3(B—A+2C) | 27(—A+B+2C) | 14(—A+ B +2C)
B ARy X ~2(A+ B) 2(A+B) 2(A+ B)
X(16 (Cr — Tr(1 + Na))+
+Ca(—4+ Nr+ NgrNya))

sure1SeIp 5G] JO 9INJONIYS INO0J0D I0f SINSIY D
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adj. | group invariant SU(2) | SUB3) | G(2)
| L(N,C7 + 48 ddd) Iy T | 17w
2nd —%NACi -6 -81 -28
3t | ANLCH 30 270 140
4th %NACj(QNA —3) 18 1053 700
5 1 1 (NACH(13 + 14N4) + 48 d44) 535 | e ) _stoal
6 | e (NATRCA(Ca = 6Cy)+ | 82 | 4 | 1
+12 d44(2 + Ny))
fund. | group invariant SU(2) | SU(3) | G(2)
1¢f — 1 (NATRCH + 48 d44) P
2nd | I NATRCY —3 z -7
3rd | =L (NATRCE (Ca — 24Tr(1 4 Na))+ 5885 | lolls | 39865
+48 d44)
4th sNATRCE(Ca — ATR(N4 — 1)) -3 —27 | -168
5th 24—NR(11+NA) (—48 d44NR(1 + NA) — NATRC,?Z;(NR‘{’ 352% % 53281
+N4Ng — 18) + 6CANATR(—12Ck 4+ Tr(1 + Na) ¥
X(12 + NR + NANR>>)

S Xo1I0A UON[3-g-18[8S-7 Q1)
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adj. | group invariant SU(2) | SU(3) | G(2)
10 [ —INLCA 6 81 |28
ond | _IN,C4 -6 81 | -28
3rd | —INLCH 30 | -270 | -140
”f%% 6666666666“ 4 | IN,C4(2N4 - 3) 18 1053 | 700
@g\%ﬁ“\ 5| LN,CA(—1+2N,) 10 | 405 | 252
- 6" | —tmassom GNaTrCA(Ca = 6CR)+ | =58 | =58 | =15
g 2 3 +12 d44(2 + Na))
2 g 9
g 2 9
fund. | group invariant SU(2) | SU3) | G(2)
15t —1iNATRC3(Ca — 2Cp) —31=-3 |0
ond | 0 0o o
3rd | JiNATRCH(—Ca +2Cr + T + TrNa) % —o ) L
ath— | Q 0 0 0
i A i i i
5| e (—Ca(=1+ N + NaNg)+ % w2
+2(2TR(1 + Na)) + Cr(=2+ Ng + NaNr)))

sure1SeIp 5G] JO 9INJONIYS INO0J0D I0f SINSIY D



6L

adj. | group invariant SU(2) | SU(3) | G(2)

T [ —INLCE 6 81 | -28

2nd | IN,C4 6 81 28

3 | —3INLCH 30 |-270 | -140

4th | IN4CY(—2N4 + 3) 18 | -1053 | -700

5th | L NACS(—1+ 2Ny) 10 405 252

6" | — g aem (BNaTRCA(Ca — 6CR)+ | 550 | -5 | -1

+12 d44(2 + Ny))
fund. | group invariant SU(2) | SU(3) | G(2)
15 | SNATRCH 2 = 7
2nt | ENATRCY 2 z 7
3rd ENATRCE(Ca — ATR(1 4 Ny)) -3 ~155 | 08
4t —ENATRCH(Ca — 2Tr(—1 4+ Ny)) 0 54 77
5% | gnATICAS (8Ck + Ca(—2+ Ng + NgNa)+ | -8 | -20 | 102
—2TRr(N3Ng + 4+ Ng +2Na(1+ Ng)))

S Xo1IoA UON[S-g-1R[RIS-Z "§))



¢. Results for colour structure of DSE diagrams

C.9. 4-scalar vertex

adj. | group invariant SU(2) | SU(3) | G(2)
15 | 10NAC% 120 720 560
ond —%NACE, -12 -108 -56
3rd —%NACE; -12 -108 -56
gt | —INLC5(2N4 —3) |36 1404 | 1400
5t | AN4CY(2N4 — 1) 20 540 | 504
6" | ey (ONaTrx | %522 | 1528 | 42
\/ xC2(Cy — 6CR)+
N +12 d44(2 + Ny))
%a% 99995 fund. | group invariant SU(2) | SU(3) | G(2)
/@E\ 18 %NATR(—CA—FZL(CR—FTR)) % % %
2nd | —IN Tr(—Cy — 4(Cr — Tr)) -2 |5 0
3rd —sNATR (ACRTrN s + 4TANs+ | O 10 147
—4C%Ng(1+ Ng)+
+CaA(=TrNa + CrNg(1+ Ng)))
Ath | ANATR (—ACRTRNA + ATENA+ | 0 10 |
—40%Ng(—1+ Ng)+
+CA(TrN4 + CrNg(—1+ Ng)))
adj. | group invariant SU(2) | SU(3) | G(2)
10 [ AN4(16 + 10N4 + N3) 660 | 5120 | 19712
2nd | _ANLCA(24 Ny) 2120 | -960 | -1792
3 | —4ANAC4(2 4 Ny) 2120 | -960 | -1792
4th | —4N3Cs(—4 + N3) 360 46080 | 301056
5| SNACA(=2+ Na)(2 4 N4)? | 200 19200 | 114688
6" |0 0 0 0
fund. | group invariant SU(2) | SU(3) | G(2)
10 | 5Nr(3+4Ng+ Np) | ¢ 2 0
2nd | —LNp(—=1+ N3E) —3 —2 —2
3rd 0 0 0 0
4th 0 0 0 0
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C.9. 4-scalar vertex

adj. | group invariant SU(2) | SU(3) | G(2)
158 | BNAC% 60 360 280
gnd | 1N, CY 6 | -54 |28
3d | —1N,C3 6 54 | -28

4t | INLCH(2N4 — 3) 18 702 | 700
5th leNAlcg(zNA—l) 10 270 | 252

6th (5NATRX 3825 1435 1113

Tr(Ca—6CR) 64 4 1

XCE‘(CA — 6CR)+
+12 d44(2 4+ Ny))

H fund. | group invariant SU(2) | SU(3) | G(2)
% 9 158 [ §NATR(Ca — 4(Cr + Tr)) -%= | -2 [-3
% d 27 | AN TR(Ca — 4(Cr—Tr)) | & - o
@ 3rd | —L (BNATRNRC3(1 + Ng)+ | 0 215 |0

/\ +2NATRCs (NaTp+
—5NRCR(1 + NR)) +
+8(—N3TACR — N3T3+
+ d33NgR(1 + Ng)+
+NATrNrC%(1 + Ng)))
4th | & (BNATRNRC3 (=14 Ng)+ | 0 -2 10
—2NTRC Yy (NATR-i—
+5NRCr(—1+ Ng)) +
+8(—N3TACR — N3T3+
— d33Np(—1+ Np)+
+NATRNRCE(=1 + Ng)))
adj. | group invariant SU(2) | SU(3) | G(2)
It | 2N4Ca(2 + Na) 60 | 480 | 896
2nd | —5NC% -60 -360 -280
3rd | —BN,4C? -6 -360 -280
4| NoC2(2N% +2N,—9) | 180 | 9720 | 23016
5% | LN,C2(2N% + 6N, — 11) | 100 | 3960 | 8680
GTTUETTTTO0T 6" |0 0 0 0
fund. | group invariant SU(2) | SU(3) | G(2)
158 [ —2NATR(2 + Ng) -1 -3 1-Z
2nd | AN TRNR : 2 2
37| SNATR(Ng (Ca — 4CR) % —3 -28 — 265
X (1 + NR)+
—2NATr(—2+ N3))
gth | ENATR (2NATr(—2+ Np)+ | 1 14 0%
+C4 (=14 Ng))
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¢. Results for colour structure of DSE diagrams

82

E

100000090000
100000090000

)

adj. | group invariant SU(2) | SU(3) | G(2)
1t [ 3NLCT 30 180 140
2nd | INL,CH 6 54 28
3rd | —INACH -6 -54 -28
4t | —INAC3(2N4 — 3) 18 702 700
50 | —ENACS (1 — Ny) -10 2270 | -252
6 2TR(Cj—6CR) (5NATR X % % %
XC%(CA — 603)—|'
+12 d44(2 + Ny))
fund. | group invariant SU(2) | SU(3) | G(2)
18 | NATr(Cr + Tk) 2 Z z
2" | NATr(—Cr + Tk) -2 e
3| —iNTgr (2TAN A+ -3 -40 o
—2C%Ng(1+ Ng)+
+Cr(2TrRNA + C4Ng(1+ Ng)))
4th —3NaTg (2TANA+ 0 8 9
—2C%Nr(—1+ Ng)+
+Cr(—2TrNa+
+CaNg(—1+ Ng)))




C.9. 4-scalar vertex

adj. | group invariant SU(2) | SU(3) | G(2)
15| 57 (48 d44 + 25N, CY) 200 [ oEE | A
ond | 10y (=96 dd4 + 13N,C4) | 2T | 16895 | aiedn
3 | =504 (96 d44 + 5NACY) — 558 | 8385 | 487

4th 5140,4 (—48 d44(3NA _ 1)+ 12651185 27?3325 34257%53

5NAC4 (30N, — 31))

h 1 28155 920105 1044617
5t =504 (—48 d44(3N4 + 1)+ oo 5 =

NAC(38N4 — 51))

6th 24TR(Ci—6C’R) <48 d44CATR+ 223325 4875245 177868829
+NATRCA(25C, — 150CR)+
+20C2% d44(2 + N,4)
144 (—2CR Ty d44+
+ d444(2 + Na)))
fund. | group invariant SU(2) | SU(3) | G(2)
15t 5 (12 d44 + NsTrC3(Ca + 12TR)) | 1055 27 %
2nd | 5 (12 d44 + NATRCE(Ca — 12TR)) | =23 | -9 -2
3¢ | L (=48 d44(TpNy + (Ca — Cg)x | —U35 | 1265 | 57770

XNR<1 + NR)) —+

+C? (—4C3TrNANR(1 + Ng)) +
+12 (T2 N% + d33Ng(1 + Ng)+)
CATrNA (ACrNg(1+ Ng)+
+Tr(—4N4 + 3Ng(1 + Ng))))
4t} L (—48 d44 (TrRNy — (Ca — Cr)x | S50 | G0 | 12882l
XNR<—1 + NR))) +

+C3 (—4C3TRrNANR(—1 + Ng)) +
+12 (T3N3 + d33Ng(—1+ Ng)+)
CATrNA (—4CrNg(—1+ Ng)+
+Tr(—4N4 + 3Nr(—=1+ Ng))))
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¢. Results for colour structure of DSE diagrams

C.10. 4-ghost vertex DSE

.
\”\m&mmmmqo’

84

Ly | group invariant SU(2) | SU(3) | G(2)
150 | INACH 6 54 28
2nd | —IN,CH -6 -54 -28
3t | SN,C3 30 180 140
4t | ANLCE(2N4 — 3) 18 702 | 700
50 | SNACH(1 — 2N,) -10 2270 | -252
6" | smcaiom ONaTex | 2 |52 | 5°
XC%(CA - GCR)+
+12 d44(2 + N,))
Ly | group invariant SU(2) | SU(3) | G(2)
15 | —2N,CF -18 -162 | -84
2nd | INACH 6 54 28
3 10 0 0 0
4 1 INJCH(—2N4 + 3) | -18 =702 | -700
5t | SNACH (=14 2Ny4) | 30 810 756
6" | 0 0 0 0
adj. | group invariant SU(2) | SU(3) | G(2)
15t [ 3N,CF 18 162 84
2nd | —IN,C3 -6 -54 -28
3rd |0 0 0 0
4t | INLCE(2N4 —3) | 18 702 | 700
5th | ANACS(1 — 2Ny) | -30 -810 | -756
6" | 0 0 0 0
adj. | group invariant SU(2) | SU(3) | G(2)
I e -12 -108 | -56
2rd 10 0 0 0
3 | IN,CE 30 180 | 140
4th 10 0 0 0
5t | ANACH (=1 + 2Ny) 20 540 | 504
6" | sreeoy (BNaTRCA(Ca —6CR)+ | 350 | 12 | 52
+12 d44(2 + N,))




C.11. 2-gluon-2-ghost vertex DSE

adj. | group invariant SU(2) | SU(3) | G(2)
. [ TTTINACS 6 54 28
- o |2 | SIN,CY -6 54 | -28
: = |3 | IN.CE 30 180 | 140
. 4| INLCR (2N, - 3) 18 702 | 700
o« o |5 | LN,C(1—2N,) 10 | -270 | -252
/ \ 12°'AYA A
N QTR(ij6C’R) (5NATRCEX(OA — 6CR)+ %285 % %
+12 d44(2+ N,))

C.11. 2-gluon-2-ghost vertex DSE

Ly | group invariant SU(2) | SU(3) | G(2)

150 | 2AN,CF 18 162 84
2nd | —INLCH -6 -54 -28
310 0 0 0

A | IN,O3(2N, —3) | 18 702 | 700
5% | LN,C3(1—2N4) | -30 | -810 | -756

2 &
2 S 6" | 0 0 0 0
%%m + Ly | group invariant SU(2) | SU(3) | G(2)
/ %%A 1t [ —IN,CE 12 -108 | -56
2nd | 0 0 0
’ S 3 INACE 30 180 | 140
4t |0 0 0 0
5t | IN4C(1— 2N4) 20 540 | 504
6" 2TR(C’j—GCR) (BNATrx | 3% e 5
C2%(Ca — 6CRr)+
+12 d44(2 + Ny))
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¢. Results for colour structure of DSE diagrams
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Ly | group invariant SU(2) | SU(3) | G(2)
1t | 3N,CF 18 162 84
ond | —IN,C3 6 | -4 |-28
310 0 0 0
4t | INLC3(2NA—3) |18 | 702 | 700
5 | LN,C3(1—2N,) | -30 | -810 | -756
6% | 0 0 0 0
Ly | group invariant SU(2) | SU(3) | G(2)
15t | —IN,C3 -6 -54 -28
4 A
ond —gNACi -30 -180 -140
3 | LN,C3 6 54 |28
4t | LN, C3(—2N4 + 3) 18 | 702 | <700
Sz: TENAC%(_l +2Na) 103825 2719135 2512113
6" | —arpeneom ONaTrRX | —T55 | =% | %
XCIQL‘(CA — GCR)+
112 d44(2 + Nyy))
Ly | group invariant SU(2) | SU(3) | G(2)
T [ INACS 6 54 | 28
gnd | 1N, C3 6 |54 |-28
3rd | SNACH 30 180 | 140
At | IN,C3(2N4 — 3) 18 | 702 | 700
5 | SNACH(1 — 2N,) -10 2270 | -252
6" | sreeom ONaTex | 58 | 5% | 5%
XC%(CA — GCR)+
+12 d44(2 + Ny))
Ly | group invariant SU(2) | SU(3) | G(2)
1%t 10 0 0 0
ond %NACE" 12 108 56
3rd | 0 0 0 0
ath | IN,C8(=2N, +3) | -36 | -1404 | -1400
5t 10 0 0 0
6" | 0 0 0 0




C.11. 2-gluon-2-ghost vertex DSE

adj. | group invariant SU(2) | SU(3) | G(2)
7 [ INLC3 6 54 28
%% 2 | IN,C 6 54 28
A 3 | INLNCE 30 180 | 140
NP
b 4 | INLCH(=2N4+3) | -18 | -T02 | -700
& 5t | LN,C3(1 — 2N,) 210|270 | -252
2 4
: 5 | 6% | ooy (GNATex | 22 | M2 | 1
xC2(Cq — 6CR)+
+12 d44(2 + Ny4))
adj. | group invariant SU(2) | SU(3) | G(2)
“ 10 [ IN,C3 6 54 28
S & | 2M | —iNACY -6 54 |28
e ¢ 3rd | AN,C2 30 | 180 | 140
+ | 4h | INLC3 (2N, - 3) 18 702 | 700
| | 500 | LNLC3%(1 —2Ny) -10 2270 | -252
B 9aa g X 12 4 4 1113
6" QTR(C,:—GC’R) (BNATRx % % 8
xC2(Cq — 6CR)+
+12 d44(2 + Ny4))
adj. | group invariant SU(2) | SU(3) | G(2)
10 [ TN, 12 108 | 56
P, ] m |0 0 0 0
e { 3rd | —IN,C? 30 | -180 | -140
g 1 th
= 4th | 0 0 0
g !
E | 5t | ENACH(1 — 2Ny) -20 -540 | -504
) . 3825 1435 1113
%, | 6" | —zmazeon ONaTex | -5 | =152 | —%°
XC%(OA — 6CR)+
+12 d44(2 4+ Ny))
group invariant SU(2) | SU(3) | G(2)
1T [ INLC3 6 54 28
S & |2 —INaCY -6 54 |28
s 3 | SNLC?3 30 | 180 | 140
é é 4 | LN, C3 (2N, — 3) 18 702 | 700
g g 5 | LNAC(1 - 2N,) 10 | 270 | -252
ST AN 1435 1113
. | " | e ONaTRX | 5 | |5
XCI%‘(CA — 60}{)4‘
+12 d44(2 + Ny))
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adj. | group invariant SU(2) SU(3) G(2)
15t | BEEN,CF 6(B+C) 54(B + O) 28(B + O)
gnd | 2AEB-C N, O 6 (2A+ —54 (2A+ 28 (2A+
+B —O) +B-C) +B - C)

grd | MBI N, 2 30(B+C) | 180(B+C) | 140(B + O)
gth | —2AEBC N, CF x —18 (2A+ | =702 (2A+ | =700 (2A+

x(2N4 — 3) +B —O) +B - C) +B - C)
5th | BEENL,CE(1—2N4) | —10(B+C) | —270(B+C) | —252(B + C)
6" | smcicecy GNax | FR(B+C) | {E(B+C) | FHB+C)

XTRC%(CA — GCR)+
+12 d44(2 + Ny))

sure1SeIp 5G] JO 9INJONIYS INO0J0D I0f SINSIY D



C.12. 2-scalar-2ghost vertex DSE
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C.12. 2-scalar-2ghost vertex DSE

adj. | group invariant SU(2) | SU(3) | G(2)
IS ) 0 0 0
ond | _1N,C3 12| -108 | -56
34 10 0 0 0
4t 1 IN4C3(2N4 — 3) | 36 1404 | 1400
510 0 0 0
6" |10 0 0 0
fund. | group invariant SU(2) | SU(3) | G(2)
1% 0 0 0 0
ond %iNATRC’i 31 183 147
3rd 0 0 0 0
4th SiINATRCA(Ca + 2TR(Na — 1)) | 12 1807 | 210i
5th 0 0 0 0
adj. | group invariant SU(2) | SU(3) | G(2)
15 %NAC:Z 12 108 56
2nd | () 0 0 0
3rd | BN4C% 60 360 280
4t 10 0 0 0
5| LN,C3(1—2N,) | -20 | -540 | -504
6" | mmeeey ONaTex | B2 | 52 | 4P
XCE‘(CA — 6CR)+
12 d44(2 + N))
fund. | group invariant SU(2) | SU(3) | G(2)
150 | =3 NATRC3 -3 -18 | -14
2nd 0 0 0 0
3| =3 NATRCA (Ca+ 9 90 196
—4TRr(Na+ 1))
4th 0 0 0 0
e E R ™
—f—OA(—Q + Ng + NANR)+
—QTR(l + NA) X
X(4 + NR -+ NANR))
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¢. Results for colour structure of DSE diagrams
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adj. | group invariant SU(2) | SU(3) | G(2)
1t [ INACH 6 54 28
2md | —INACH -6 -b4 -28
3t | INLCE 30 180 140
4th 1 2N,C3 (2N, — 3) 18 702 700
5t | EN,C5(1 —2Ny) -10 2270 | -252
th 1 3825 1435 1113
6% | smpoameom ONalr* | 55 | % | %
XC%(CA — 6CR)+
+12 d44(2 + Ny))
fund. | group invariant SU(2) | SU(3) | G(2)
15t | INATRCY 2 9 7
ond —1NATRCH —3 -9 -7
3 | INATRCA(Ca —ATR(NaA +1)) | —3 -45 -98
4th —INATRCZ(Cy 4 2TR(Ns — 1)) | -6 -90 -105
5 ﬁ;‘gfﬁ) (80R+ _4_2 _% _%
+Ca(—2+ N+ NaNg)+
—QTR(l + NA) X
X(4—|— NR—|— NANR))
adj. | group invariant SU(2) | SU(3) | G(2)
1t [ INACH 6 54 28
2md | —INLCY -6 -b4 -28
3 | SNLCF 30 180 140
4t | INAC3(2N4 — 3) 18 702 700
501 ENACS(1 — 2N,) -10 -270 | -252
h 1 3825 1435 1113
6" | smeey ONaTeX | 558 | 52 | %5
XC%(CA — 603)—|'
+12 d44(2 + Ny))
fund. | group invariant SU(2) | SU(3) | G(2)
15t [ —INATRC3 -2 |9 -7
2nd | INATRCY s 9 7
4 A 2
3| —iNATRCA(Ca —ATR(Na + 1)) | 3 45 98
4th INATRCE(Ca + 2TR(N4 — 1)) 6 90 105
+Ca(—2+ Ng + NyNg)+
—2TR(1 -+ NA) X
X(4—|— NR+ NANR))
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