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Chapter 1

Introduction

Lattice quantum field theories are essentially quantum field theories which are not defined

in continuum Minkowski time, but rather in a finite Euclidean volume on a discrete set

of points, the lattice1. It is at first sight very dubious that both formulations should have

anything to do with each other, or that this may be useful. But this is not true.

As will be discussed at length, a lattice quantum field theory can, in a very precise

sense, be taken as an approximation of an ordinary continuum2 field theory. In fact, the

lattice can be taken as a regulator of the theory, both in the ultraviolet, due to the discrete

nature of the set of points there is a maximum energy given the smallest distance between

points, as well as in the infrared, due to the finite volume. Thus, a lattice theory can be

taken as a regularized version of the corresponding continuum field theory. Because the

number of points is finite, there is only a finite number of degrees of freedom. Therefore,

it is an approximation of a quantum field theory by a quantum mechanical system.

Because of this, many statements in lattice field theory can be made on a quite rigorous

level, because they have only to cover a finite number of degrees of freedom. There are

therefore many powerful and rigorous statements on lattice theories. Whether they also

hold for the continuum theory is actually rarely known. Taking the limit of an infinite

number of degrees of freedom usually plays havoc with various assumptions. It is therefore

usually unknown whether the approximation by a lattice version of the theory is good.

Fortunately, for many theories this seems to be the case, though rather than proofs there

is usually only circumstantial evidence.

1Note that a lattice field theory can also be defined in Minkowski space-time, and with various things

being infinite rather than finite. However, this is beyond the mainstream lattice to be presented in this

lecture.
2Though precisely continuum does say nothing about the different metric nor the finite volume, it has

become customary to just use the statement continuum to distinguish between both versions of the theory.

This is somewhat an abuse of language.

1
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This problem is somewhat alleviated by the fact that ultimately this question is some-

what academic. Since the universe is (likely) finite and quantum gravity appears at some

ultraviolet scale, any theory on flat Minkowski space-time is anyhow only expected to

be relevant over a finite distance and up to a finite energy in the sense of a low-energy

effective theory. Therefore, the lattice version of a quantum field theory may in the end

be actually even be a better approximation of nature than a continuum theory, if both

should not coincide.

These remarks show the conceptual importance of lattice quantum field theories. There

is also a technical important one. As will be seen, the lattice version of a theory is

accessible to numerical evaluations of a very particular kind: It is possible to approximate

the path integral for any observable with, in principle, arbitrary precision by a numerical

calculation. Especially, in many cases the required computational time grows only like

a (small) power of the number of points of the lattice. Therefore, such calculations are

actually feasible on nowadays computers. Since these numerical evaluations are, up to

certain error sources which can be improved, exact, this implies that all information is

sampled, including non-perturbative effects. This possibility makes lattice quantum field

theories nowadays to a mainstay tool for non-perturbative calculations in lattice quantum

field theory, though there are several areas where the numerical cost is actually still too

large. This is probably an even more important reason to have a look a lattice quantum

field theories.

All of this will be discussed during this lecture. The particular emphasis is on the tech-

niques and concepts of lattice quantum field theory. The phenomenology of the theories

investigated using these methods is not the subject of this lecture, but rather of various

other ones. It is thus a lecture about techniques. The advantage is that these techniques

can be applied to essentially any quantum field theory as a powerful tool.

The number of books on this topic is somewhat limited. The ones which have been

used to prepare this lecture areas

� Böhm et al. “Gauge theories” (Teubner)

� DeGrand et al. “Lattice methods for quantum chromodynamics (World Scientific)

� Lang et al. “Quantum chromodynamics on the lattice” (Springer)

� Montvay et al. “Quantum fields on a lattice” (Cambridge)

� Rothe “Lattice gauge theories” (World Scientific)

� Seiler “Gauge theories as a problem of constructive quantum field theory and statis-

tical mathematics” (Springer)
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As the titles in this list shows, one of the central subjects where lattice quantum field

theory has shown its most spectacular successes in the past has been quantum chromo-

dynamics. Due to the strength of its interactions, QCD exhibits a large number of hard

to control nonperturbative features3. It is here where the ability to deal numerically with

the nonperturbative features excelled.

3Note that strong interactions and nonperturbative features are not equivalent. The best example is

the rich solid state physics, which is entirely due to non-perturbative interactions of the weakly interacting

QED.



Chapter 2

Scalar fields on the lattice

2.1 The path integral

To define a lattice theory the path-integral formulation is the method of choice. Since

defining the path integral itself is usually done using a lattice approximation, it is useful

to consider this in more detail1.

Since the path integral formulation is as axiomatic as is canonical quantization, it

cannot be deduced. However, it is possible to motivate it.

A heuristic reasoning is the following. Take a quantum mechanical particle which moves

in time T from a point a of origin to a point b of measurement. This is not yet making any

statement about the path the particle followed. In fact, in quantum mechanics, due to the

superposition principle, a-priori no path is preferred. Therefore, the transition amplitude

U for this process must be expressible as

U (a, b, T ) =
∑

All paths

ei·Phase (2.1)

which are weighted by a generic phase associated with the path. Since all paths are equal

from the quantum mechanical point of view, this phase must be real. Thus it remains

only to determine this phase. Based on the correspondence principle, in the classical limit

the classical path must be most important. Thus, to reduce interference effects, the phase

should be minimal for the classical path. A function which implements this is the classical

action S, determined as

S [C] =

∫

C

dtL,

1It is actually possible to define, even mathematically rigorous in the non-interacting case, the path

integral directly in the continuum. However, this requires more general ways of integrating, as quantum

fields are usually non-continuous functions, which cannot be treated by Riemann integration.

4



Chapter 2. Scalar fields on the lattice 5

where the integral is over the given path C from a to b, and the action is therefore a

functional of the path S and the classical Lagrange function L. Of course, it is always

possible to add a constant to the action without altering the result. Rewriting the sum

as a functional integral over all paths, this yields already the definition of the functional

integral

U (a, b, T ) =
∑

C

eiS[C] ≡
∫

DCeiS[C].

This defines the quantum mechanical path integral.

It then remains to give this functional integral a more constructive meaning, such that

it becomes a mathematical description of how to determine this transition amplitude. The

most useful approach so far for non-trivial interacting theories is the intermediate use of a

lattice, i. e., in fact lattice field theory as described in this lecture. However, even in this

case there are still conceptual and practical problems, so that the following remains often

an unproven procedure.

Thus, it is useful to first further consider the quantum-mechanical case, to make all of

the above better defined.

The starting point was the transition amplitude. In quantum mechanics, this amplitude

is given by

U(a, b, T = tN − t0) =
〈

a, tN
∣

∣e−iHT
∣

∣ b, t0
〉

.

In the next step, insert at intermediate times a sum, or integral in cases of a continuous

spectrum, over all states

U(a, b, T ) =
∑

i

〈

a, tN
∣

∣e−iH(tN−t1)
∣

∣ i, t1
〉 〈

i, t1
∣

∣e−iH(t1−t0)
∣

∣ b, t0
〉

.

By this, the transition amplitude is expressed by a sum over all possible intermediate

states, already quite in the spirit of (2.1). To fully embrace the idea, divide the time

interval into N steps of size ǫ = T/N , where N is large and will later be send to infinity.

That is actually already a lattice in time. This yields

U(a, b, T ) =
∑

j

∑

ij

〈

a, tN
∣

∣e−iHǫ
∣

∣ iN−1, tN−1

〉

...
〈

i1, t1
∣

∣e−iHǫ
∣

∣ b, t0
〉

=

∫

Πidqi
〈

qa, tN
∣

∣e−iHǫ
∣

∣ qN−1, tN−1

〉

...
〈

q1, t1
∣

∣e−iHǫ
∣

∣ qb, t0
〉

, (2.2)

where in the second line the result was rewritten in terms of a set of continuous eigenstates

of the (generalized) position operator Qi. These are therefore N − 1 integrals.

If, as is the case for all systems of interest in the following, the Hamiltonian separates

as

H =
1

2
P 2
i + V (Q),
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where the Pi and Qi are the M canonically conjugated momenta, then for ǫ arbitrarily

small the Baker-Campbell-Hausdorff formula

expF expG = exp

(

F +G+
1

2
[F,G] +

1

12
([[F,G], G] + [F, [F,G]]) + ...

)

.

yields

e−iHǫ ≈ e−
iǫ
2
P 2
i e−iǫV ,

i. e. for infinitesimally small time steps the exponentials can be separated. Assuming the

states to be eigenstates of the position operator and furthermore inserting a complete set of

(also continuous) momentum eigenstates allows to rewrite the transition matrix elements

as ordinary functions

〈

qi+1, ti+1

∣

∣e−iHǫ
∣

∣ qi, ti
〉

= e−ǫV (qi)

∫

Πj

dpij
2π

Πke
−iǫ

(

pi2
k
2

−ipk
q
i+1
k

−qi
k

ǫ

)

, (2.3)

where products run over the number of independent coordinates M . This infinitesimal

step is also known as the transfer matrix, which transfers the system from one time slice

to another. In fact, even if the Hamilton operator is not known, but only the transfer

matrix, it is possible to construct the full transition amplitude, as this only requires to

sample all possible transfer matrices at every time slice. This possibility will be useful

later on.

Defining

DpDq = ΠN
i Π

M
j

dpijdq
i
j

2π
, (2.4)

and thus in total 2NM integration measures yields the first formulation of the path integral

U(a, b, T ) =

∫

DpDqe−ǫpk
q
i+1
j

−qij

ǫ e−iǫH(pij ,q
j)

Defining
qi+1
j − qij
ǫ

= dtq
i
j

and performing the Gaussian integrals over the momenta yields

U(a, b, T ) =

∫

Dqei
∑N ǫL(qij ,dtq

i
j)
N→∞
=

∫

DqeiS

Dq = ΠN
i Π

M
j

dqij√
2πǫ

,

where L is the Lagrange function of the system, thus arriving at the original idea (2.1).

Considering the result in detail, it is important to note one important feature. The

definition requires to chose any straight line between every point on every of the time
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slices. Thus, in general paths will contribute which are not differentiable. This is a very

important insight: Quantum physics differs from classical physics not only by including

all possible paths, but also by including not only differentiable paths. This is in stark

contrast to Hamilton’s principle of classical mechanics.

Passing now to a field theory, the transition is the same as in classical mechanics: The

paths are replaced by the fields, the Lagrange function by the Lagrangian density, and

the action is an integral over space-time. Of particular importance is then the partition

function

Z =

∫

Dφei
∫

ddxL(φ,∂µφ), (2.5)

where the integral is over all possible field configurations, i. e. all possible values of the field

at all space-time points, including any non-differentiable ones2. Since any field configura-

tion includes the time-dependence, the path-integral can be considered as an integral over

all possible histories of the universe described by the Lagrangian L, from the infinite past

to the infinite future. Thus, the path integral makes the absence of locality in quantum

physics quite manifest. The partition function (2.5) is essentially the transition function

from the vacuum to the vacuum. It is important to note that in the whole setup the field

variables are no longer operators, like in canonical quantization, but ordinary functions.

Nonetheless, the name ’operator’ has stuck to such objects in the lattice literature, and

will also be used here.

While the vacuum-to-vacuum transition is a very useful quantity, what is really impor-

tant are the expectation values of fields, the correlation functions. These can be determined

in a very similar way as before to be

〈T (φ(x1)...φ(xn))〉 =
∫

Dφφ(x1)...φ(xn)ei
∫

ddxL(φ,∂µφ), (2.6)

where there are two important remarks. One is that also the fields in the integration kernel

are ordinary functions. The other is that, independent of the ordering of the fields in the

path integral, this expression automatically creates the time-ordered correlation functions.

2.2 Euclidean space-time lattices

While the formulation (2.6) of correlation functions is useful, it is in practice quite compli-

cated to use, beyond perturbation theory, due to the oscillatory nature of the exponential.

2In fact, it can be shown that those are the dominating ones in the continuum. Making sense out

of this expression in the continuum is highly non-trivial and requires to pass from Riemann integrals to

different definitions of integrals, but this is not the subject of this lecture.
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This makes especially any numerical treatment complicated up to the point of practically

impossible.

This problem can be circumvented by changing from Minkowski space-time to Eu-

clidean space-time. This is formally done by a Wick rotation, i. e. by analytically con-

tinuing from t to it. The resulting expression for the correlation functions is then given

by

〈φ(x1)...φ(xn)〉 =
∫

Dφφ(x1)...φ(xn)e−
∫

ddxL(φ,∂µφ),

creating an exponential damping. Also, there is no time-ordering in Euclidean space-

time. This damping makes numerical evaluations feasible, as will be discussed at length

in chapter 4.

In Euclidean space-time it becomes then a well-defined statement to introduce a lat-

tice: Space-time is reduced to a finite volume, which is further reduced to a finite number

of discrete points. This set of points is called the lattice. Usually, the lattice is hyper-

rectangular3, of lattice extent Nµ in the different directions, and the points are equally

spaced in each direction with a so-called lattice spacing aµ. The total lattice volume is

then Πµ(aµNµ). If all Nµ and aµ are equal, this is called a hypercubic lattice.

This finiteness is also the key to make numerical treatments in chapter 4 possible. There

is one thing then necessary: Boundary conditions, like for every finite volume. They have

to be fixed. However, eventually the focus will be on very large volumes, and therefore

the boundary conditions will become irrelevant. Therefore, unless noted otherwise, they

will be chosen to be periodic for convenience.

In Fourier space, a finite extent implies that there is a smallest absolute value of a

non-zero momentum possible, given by π/(aµNµ) for any direction. The discreteness of

the lattice will at the same time impose a maximal momentum of size π/aµ for every

direction. This is very similar to a crystallographic structure in solid state physics, and

therefore also the name Brillouin zone is used for this momentum range. This Brillouin

zone is given by −π/aµ < pµ < π/aµ, as exp(i2πxµ/a) = 1. With periodic boundary

conditions, this works indeed like in the solid state case. However, this also implies that

results at positive and negative momenta are related by periodicity, and only half of the

information is independent.

Thus, besides making the theory numerically tractable, the lattice introduces both an

infrared cutoff as well as an ultraviolet cutoff in the theory. This makes all quantities well-

defined on a lattice. Especially, in a quantum field theory all quantities are regularized by

3There have been many investigations of other geometries, including random lattices. So far, none of

these have shown any advantage compared to a hyperrectangular lattice. Since a hyperrectangular lattice

lends itself most easily to numerical aspects, this has become the standard discretization of space-time.
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the lattice, and the lattice itself defines regularization.

The so-called thermodynamic limit is then defined as first sending the lattice spacing

to zero and then the volume to infinity, where the order matters. This recovers the contin-

uum theory. This will be discussed in more detail in section 2.7. The thermodynamic limit

therefore corresponds to removing the regulator in a quantum field theory. Thus, before

doing so, all quantities have to be renormalized, as otherwise they will either diverge or

become zero. This points to a very important conceptual insight about lattice calcula-

tions. Because the number of lattice points is finite, a system has only a finite number

of degrees of freedom. The theory at hand is therefore no longer a quantum field theory,

but rather a quantum many-body system. In fact, a modern-day lattice calculation may

involve often billions of degrees of freedom. Nonetheless, this number is still finite. Thus,

lattice calculations are a possibility to approximate a quantum field theory by quantum

mechanics. Since quantum mechanical systems are mathematically much better under

control, it is possible to make much more powerful statements about systems on a lattice.

In fact, it is even possible to prove that most interacting lattice theories are well-defined,

which is not possible in the continuum. Also, many far-reaching exact statements can be

made about lattice theories4.

There are two important remarks. One is that it appears at first worrisome that

an analytical continuation is made while previously it was said that non-differentiable

functions are involved. Fortunately, it can be proven, at least on a finite lattice, that

this procedure is well-defined for any observable quantity, the so-called reconstruction

theorem. However, the reconstruction of a single correlation function in Minkowski space-

time usually requires an infinite number of Euclidean correlation functions, and thus a full

reconstruction is in principle only approximately possible. As will be seen throughout this

lecture, if only partial information is required, which is for many purposes usually more

than sufficient, it is often possible to obtain a quasi-exact result.

The second is that when performing the analytical continuation the Lagrangian be-

comes the Hamiltonian, T −V → T +V . Thus, the partition function becomes equivalent

to the density operator of a statistical system in equilibrium. Hence, strictly speaking a

computation in Euclidean space-time becomes a calculation in Minkowski space-time in

4This is one of the reasons that many people take lattice as a way to define quantum field theory,

given that anyhow gravity will have to have a say about whether a thermodynamic limit is required. At

the current time, this is a question of taste, as without a quantum theory of gravity there can be made

no strong statement whether the actual thermodynamic limit is relevant for describing nature or not.

Conceptually, of course, it would be very good to be able to perform it. However, as well as the structure

of the theories are under mathematical control on a finite lattice, as little is the thermodynamic limit

under mathematical control for essentially all interacting theories.
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equilibrium at zero temperature and density in a d + 1-dimensional system. In this case,

the actual time becomes an auxiliary direction to implement the statistical nature of the

operator, and the system is time-independent. The would-be time of the Euclidean lattice

is actually a space-like, and thus Euclidean, direction of the d + 1-dimensional system in

Minkowski space-time. As the statement above shows, there is also another proof that

all non-equilibrium correlation functions can be, with similar problems, be reconstructed

from the equilibrium ones. Thus, no information is lost in this way, and this view is par-

ticularly useful to harvest the knowledge about numerical treatments of statistical systems

in solid-state physics in chapter 4.

Hence, performing the Wick rotation is a well-defined, and very useful, trick.

2.3 Discrete analysis

On a finite lattice, analytic operations like integrating and taking derivatives become

thrown back to their original definitions in terms of Riemann sums and finite differences.

As a consequence, it may become important how these are implemented. As the theories

live on a discrete lattice, and thus fields and other quantities are only known at fixed

lattice points, any evaluation should only include the lattice points themselves.

As a consequence, derivatives can either be defined as a forward, backward or midpoint

derivatives,

∂µφ(x) → ∂fµφ(x) =
φ(x+ eµa)− φ(x)

a
(2.7)

∂µφ(x) → ∂bµφ(x) =
φ(x)− φ(x− eµa)

a
(2.8)

∂µφ(x) → ∂mµ φ(x) =
1

2a
(φ(x+ eµ)− φ(x− eµ)) , (2.9)

respectively, where eµ are the unit vectors in direction5 µ. While in the limit a → 0 all

are equivalent, they may introduce order O(a) discretization artifacts at any finite lattice

spacings, which are different for the different versions. This problem no longer persist for

the unique lattice Laplacian, which takes the form6

∂2φ(x) → ∂fµ∂
b
µφ(x) =

∑

±µ

φ(x+ eµa) + φ(x− eµa)− 2φ(x)

a2
. (2.10)

5Note that because of the Wick rotation often µ is replaced by a Latin index and/or the directions are

counted from 1 to 4 rather than 0 to 3. Neither of this will be done here.
6Summation on ±µ implies a sum over all positive and negative directions, i. e. positive and negative

values of the unit vectors. Using µ instead implies a sum only over positive directions of eµ.
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Likewise, an integral as a Riemann sum takes the form
∫

d4xφ(x) → a4
∑

x

φ(x),

falling back to its original definition. As a consequence, a functional integral becomes

indeed again a product of normal integrals7,
∫

Dφ(x) → Πx

∫

dφ(x),

as x is just a counting variable in this context.

One apparent feature in all of these definitions is that the lattice spacing a is not only

providing the finite differences, but also the dimension of the analytic operation. As a

consequence, it is often useful to rescale all dimensionful quantities, e. g. fields or coupling

constants, also by a to obtain dimensionless quantities. Then, all dimensions are reinstated

by simply multiplying all quantities just by appropriate powers of a. This also implies that

it is possible to measure all quantities in units of a, and thereby eliminating at fixed lattice

spacings all explicit appearances of a by setting a to one. E. g., in this way

∂2φ(x) →
∑

µ

(φ(x+ eµ) + φ(x− eµ)− 2φ(x)) =
∑

±µ

(φ(x+ eµ) + φ(x− eµ))− 2dφ(x),

where φ is now dimensionless and d is the dimensionality of space-time, usually 4 in the

following. Of course, when taking the limit a→ 0 it is important to take particular care of

it. However, since most of the following will happen on a finite lattice, and the continuum

limit will only be occasionally appearing, a will henceforth be scaled out and set set to 1,

except when noted otherwise.

2.4 The free scalar field

To exemplify this, consider the free scalar field. In the continuum, it is described by the

Lagrangian

L =
1

2
∂µφ∂µφ+

M2
0

2
φ2.

Using the prescription of the previous section, the lattice version of this theory becomes

S =
∑

x

L = −1

2

∑

x,µ

φ(x)φ(x+ eµ) +
1

2
(2d+M2)

∑

x

φ(x)2, (2.11)

7Note that the continuum theory can, strictly spoken, not be taken as the limit of a product of Riemann

integrals, but requires the more general concept of Ito integrals. This will be implicitly taken care of when

including the exponentiated action as part of the measure.
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where the periodicity of space-time has been used to rewrite the kinetic term, and M0 =

aM . The coordinate x is actually a vector of integers, which runs from 0 to Nµ − 1 (or 1

to Nµ, depending on conventions).

This theory can be solved exactly. To do so, note that it is possible to map a vector of

four integers xi to a single integer, a master index n, e. g. by the prescription

n = x0 +N0x1 +N0N1x2 +N0N1N2x3, (2.12)

of course, the choice of the fastest running index is arbitrary. The central point is that this

permits to rewrite all expressions on a lattice as matrix-vector expressions8. Especially,

the action (2.11) can be rewritten, now for d = 4, as

S =
1

2
φnKnmφm

Knm = −
∑

µ

(δn+eµ,m + δn−eµ,m − 2δnm) +M2δnm (2.13)

where the notation n ± eµ means not addition by one, but a corresponding shift in the

master index.

Since the action is quadratic in the fields, all possible N -point correlation functions can

be evaluated exactly. All odd correlation functions vanish, and the even ones describe the

propagation of N/2 non-interacting particles. Especially N = 2 is the propagator, which

can be obtained according to the rules for multi-dimensional Gaussian integration as

〈φnφm〉 = K−1
nm.

While the propagator K−1 could be obtained by direct inversion of K, it is useful to obtain

it by Fourier transformation, using

KlnK
−1
nm = δlm =

π
∫

−π

ddk

(2π4)
eik(n−m).

The Fourier integral covers the whole momentum space of a finite lattice, the so-called

Brillouin zone in analogy to solid state physics. All other momenta are determined due

to periodicity. Moreover, periodicity implies that quantities are symmetric around zero

momentum, and therefore the only independent (integer) momentum component run from

0 to Nµ/2.

In Fourier space (2.13) becomes

K(k) = 4
∑

µ

sin2 kµ
2

+M2,

8Even though this may numerically not always be the most efficient way.
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where the dimensionless lattice momenta are given by

kµ =
2πnµ
Nµ

(2.14)

where the nµ are the integer components. The first term of the denominator is therefore the

lattice Laplacian in momentum space. There is no longer a second momentum argument,

as momentum conservation applies9.

The inverse in Fourier space, and thus the lattice propagator of the free scalar field is

thus

〈φφ〉 (k) = Dtl(k) =
1

4
∑

µ sin
2 kµ

2
+M2

. (2.15)

This explicitly demonstrates the periodicity of the lattice.

To recover the continuum limit requires to reinstantiate the dimensions. Comparison

with the continuum expression implies that

Kµ =
2

a
sin

(kµ/a)a

2
≈ πnµ
aNµ

+O(a2). (2.16)

is the corresponding continuum momentum. kµ/a is thus the lattice momentum. This

already shows that lattice artifacts will deform the propagator if the approximation of the

sine by its first Taylor term is not good.

To avoid these kind of lattice artifacts, it is possible to use quantities in which such

artifacts are removed. Such quantities are called improved quantities. A trivial example

is the dressing function of the propagator, defined as

Z(K2) = 〈φφ〉 (k)
(

4
∑

µ

sin2 kµ
2

+M2

)

= 1,

instead of 〈φφ〉 (k)(k2µ +M2), which coincides with its continuum expression, because all

lattice artifacts have been multiplied out. In this case, it is trivial. In the interacting

theory, this is no longer obvious. Therefore, this would be considered a tree-level improve-

ment, as it removes any artifacts at tree-level. Correspondingly, higher orders of lattice

perturbation theory, to be discussed in section 2.6, can be used to do so beyond leading

order. However, if the non-perturbative corrections to a quantity are large, there is no

guarantee that a perturbative improvement will actually make the situation better, and

may even make it worse at some fixed value of a. At any rate, it should be ensured that

all improvements do not change the continuum result for the quantity in question, in this

case the dressing function.

9As in solid state physics, up to translations of a whole Brillouin zone.



14 2.5. φ4 theory on the lattice

2.5 φ4 theory on the lattice

As with continuum quantum field theory, φ4 theory is also extremely useful to illustrate

how to deal with interacting field theories on the lattice. For that purpose, its most simple

implementation with a single, real degree of freedom will be used. As before in the free

case, the lattice will be hypercubic with periodic boundary conditions in all dimensions.

In Euclidean space-time, the continuum action of this theory is

S =

∫

ddx

(

1

2
∂µϕ∂µϕ+

m2
0

2
ϕ2 +

g

4!
ϕ4

)

. (2.17)

Using the prescriptions of 2.3, the naive discretization of this theory is

S = a4
∑

x

(

1

2
∂fµϕ∂

f
µϕ+

m2

2
ϕ2 +

g2

4!
ϕ4

)

, (2.18)

and thus relatively straight-forward. Note that

am0 = m, (2.19)

i. e. the mass is rescaled such that the lattice mass m is dimensionless.

While this version is, indeed, correct, it turns out to be quite awkward to use. By

performing

ϕ =
2
√
κ

a
φ (2.20)

a2m2 =
1− 2λ

κ
− 2d (2.21)

g =
6λ

κ
, (2.22)

the action takes the form

S =
∑

x

(

−2κ
∑

µ

φ(x)φ(x+ µ) + φ2 + λ(φ2 − 1)2

)

, (2.23)

where an irrelevant constant term has been dropped, and a partial integration has been

performed in the kinetic term. The appearance of 2d in (2.21) stems from a rewriting of the

discretized second derivative (2.10), where the local term has been combined with the mass

term. The parameter κ is called the hopping parameter, in analogy to solid-state theories,

where such terms described the probability of a quanta to move from one location to

another (hop) in a (crystal) lattice. Its connection with the mass shows that the (inertial)

mass opposes such hops. The rescaling also ensures that in the limit of λ→ ∞ the length
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of the field is (classically) frozen to 1, irrespective of the other parameters of the theory10.

Thus, the rescaling also rescales the amplitude. Note that nonetheless the amplitude of

the field can range at every lattice point, at least in principle, within (−∞,∞).

It is this theory for which now basic concepts on the lattice will be discussed. Though

in the following many statements will be formulated for four dimensions, almost anything

actually holds in arbitrary dimensions with minor modifications.

2.6 Lattice perturbation theory

2.6.1 Particle properties

While the true power of a lattice formulation is the possibility to perform non-perturbative

calculations, it is also possible to do perturbation theory on a lattice. The reasons why

this is nonetheless interesting are twofold.

One is that many non-perturbative calculations are performed using the numerical

techniques of chapter 4. Due to the limited amount of computing time this often restricts

the size of the lattice such that at most two orders of magnitude in scale differences can

be covered, and sometimes much less. For theories which are asymptotically free in the

infrared or ultraviolet it is possible to continue the results of the numerical calculation

using perturbative means. This may even be useful for numerical calculations itself, as

knowledge of perturbative renormalization properties can help to improve the calculations.

The second reason is that the lattice regularization provides a mathematically well-

defined framework for quantum field theory. The renormalization, and even definition, of

interacting quantum field theories in the continuum is far less well-defined in a mathemat-

ical sense. Thus, statements using perturbation theory on the lattice are often mathemat-

ically more reliable11.

It is useful to have first a look at the free case. Though it can be solved exactly, it

provides a lot of insight on how perturbation theory works on the lattice.

The starting point is the propagator (2.15). First consider the pole mass of the particle.

10In the particular case of a real field, its value is then restricted to ±1, and the theory becomes a spin

system. That is, however, particular to the real case, and does not happen for more than one internal

degree of freedom, especially the most relevant case of four real degrees of freedom.
11However, the question whether they hold in the continuum limit is much less under mathematical

control, and many statements are only true on a finite lattice. Given the aforementioned argument that in

absence of quantum gravity this may be anyway an irrelevant argument, this will not be dwelt too much

upon here.



16 2.6. Lattice perturbation theory

It is located at the (analytically continued) poles of the propagator, which satisfy

P4 = ±i(m2 + ~P 2)
1
2

Pµ = 2 sin
pµ
2
,

where the pµ are again the dimensionless lattice momenta (2.14), and for the moment the

formulation (2.18) of the action is again used. This implies that the lattice energy of the

particle, defined as

p4 = ±iω

satisfies

2 sinh
ω

2
=

√

m2 + ~P 2

coshω = 1 +
1

2
(m2 + ~P 2).

The lattice energy-momentum relation therefore takes the form

ω = cosh−1

(

1 +
1

2
(m2 + ~P 2)

)

= 2 ln





√

1 +
m2 + ~P 2

4
+

1

2

√

m2 + ~P 2



 .

The dispersion relation on the lattice is therefore substantially different than in the con-

tinuum, where this would be just the ordinary Einstein formula E =
√

m2 + ~P 2. This

will be important when analyzing systematic errors of calculations in section 4.5, and will

be another example for the importance of lattice perturbation theory.

At small momentum this expands to

ω =M +
~P 2

2m∗

+O
(

~p4
)

,

and therefore the non-relativistic dispersion relation on the lattice is recovered. Note that

this is equivalent, up to the rest mass, to the trivial dispersion law of a free particle in a

crystal lattice in solid state physics. However, the two appearing masses are not just m,

but have the values

M = 2 ln

(
√

1 +
m2

4
+
m

2

)

≈ m− m3

24
+O

(

m4
)

(2.24)

m∗ = sinhM = m

√

1 +
m2

4
≈ m+

m3

8
+O

(

m4
)

. (2.25)

Thus the physical, i. e. rest massM and the inertial mass m∗ differ from the dimensionless

tree-level mass m if the mass m is large. However, the lattice mass m is, due to (2.19),
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exactly then not small if a is large, and thus the theory is far from the continuum limit.

The relations (2.24) and (2.25) therefore describe how the finite lattice spacing affects the

mass of the particle. They therefore form the lattice masses. Hence, the expansion should

be considered rather as an expansion in a than an expansion in m.

This shows another use of lattice perturbation theory. With it, it is possible to estimate

the influence of the non-zero lattice spacing, and also volume, on quantities measured on

the lattice. Of course, analytical expressions will not be obtainable for genuine non-

perturbative quantities, but in theories with asymptotic freedom this already helps at

lot.

It is also interesting to compare the wave-function renormalization and the residuum

at the pole. By construction, the wave-function renormalization is ZR = 1. The residuum

at the pole, and thus at the mass of the particle, is

Z3 =
M

sinhM
≈ 1− m2

6
+O

(

m4
)

and therefore approaches ZR in the continuum limit, as it must be.

2.6.2 Interactions

To simplify the following, it will be assumed that no spontaneous symmetry breaking

occurs12.

In principle, the procedure works in a very similar way as in continuum quantum-field

theory, i. e. the derivatives of the Lagrangian are used to define the Feynman rules. The

differences arise from the fact that now the discretized lattice Lagrangian (2.18) is used,

rather than the continuum version (2.17). While the differences will be found to be similar

to the free case for the scalar field, the situation becomes more involved when non-scalar

fields are involved, as will be discussed in section 5.6 for Yang-Mills theory.

The actual differences in Feynman rules are

� The tree-level propagator is (2.15), rather than the continuum one

� Momentum conservation for the lattice momenta (2.14) holds only up to multiples

of 2π, just as in a crystal, due to the periodic boundary conditions

� Loop integrals are performed over the first Brillouin zone only, and are sums over the

discrete lattice momenta (2.14). Note that momentum sums inside an integral can

12Which, in a full non-perturbative simulation, actually requires additional measures to have anyways,

as discussed in section 4.8.
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then be wrapped again into the first Brillouin zone by periodicity. This automatically

regulates all loop integrations both in the infrared and the ultraviolet

� The rescaling of the fields (2.20) requires a rescaling of any n-leg diagram by (2κ)−
n
2

The separation in 1PI and amputated diagrams is done as in the continuum, and the

symmetry factors are the same. Also the vertex is the same as in the continuum, and

given by −g.
As an example, consider the (resummed) propagator D to two loops. This involves

three diagrams, and thus three contributions. These are the tadpole diagram, the stacked

tadpole diagram, and the sunset diagram,

− 1

2κD
(p) = −(P 2 +m2)− g

2
J1 +

g2

4
J1J2 +

g2

6
I

Jn =
∑

q

(Dtl)n

I =
∑

q

∑

k

Dtl(q)Dtl(k)Dtl(p− q − k).

Now, consider the situation to leading order in g. Then only the leading tadpole J1

contributes. As it is momentum independent, it is only a shift in the mass. Requiring

D =
1

P 2 +m2
R

to define the renormalized mass to this order leads to an expression for the pole mass Mg

to order g very much like (2.24),

Mg = 2 ln

(
√

1 +
m2
R

4
+
mR

2

)

=M0 +
1

2m∗

g

2
J1, (2.26)

where M0 is the tree-level mass (2.24) and m∗ the inertial tree-level mass (2.25).

This leaves to calculate the contribution J1. For simplicity, assume that the lattice

size13 N → ∞, and thus the summation is actually an integral over the first Brillouin

zone,

J1 =

π
∫

−π

d4q

(2π)4
1

4
∑

µ sin
2 kµ

2
+m2

m=0
= r0 ≈ 0.155. (2.27)

The limit m → 0 is actually interesting as, as will be discussed in the next section 2.7, this

is actually necessary close to the continuum limit. Expanding the integrand in powers of

13This is often not a good approximation, but without it it is usually not possible to obtain analytical

results at all.
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m2 yields in the next order in m

J1 = r0 +m2

(

1

16π2
lnm2 + r1 +O(m2)

)

(2.28)

r1 ≈ −0.0303,

and thus the integral is actually well-behaved for m→ 0.

On the lattice, the mass renormalization can also be viewed from a different perspective.

The renormalized mass, with a reinstantiated, reads

(amR)
2 = (am)2 +

gr0
2

+
g

32π2
(am)2 ln(a2m2) +

gr1(am)2

2
+O(g2, (am)4). (2.29)

To obtain a finite, renormalized, mass in the continuum limit a → 0, this implies that it

is necessary to tune the bare parameter m accordingly to14

(am)2 = −g
2
r0 +O(g2),

and then the renormalized, physical mass becomes finite, and in this case actually zero.

If there should remain a non-zero value, it is necessary to include it in this condition.

Thus, to obtain a definite mass in the continuum limit requires to tune the bare mass

accordingly. This is, however, nothing else but the usual tuning of counter terms in

continuum calculations.

It should be noted that (2.27) appears to be never divergent, as (2.29) is always finite,

even for a→ 0. The reason is that the actual limits in (2.27) are always finite in units of

a. In fact, reinstantiating units in (2.27) yields upper and lower limits of ±π/a. Thus, the
expression (2.29) is not only regulated, but by expressing everything in units of a already

renormalized. The divergences would pop up when introducing a again in (2.28), which

would give a leading term r0/a
2, which diverges in the continuum limit.

As in lattice calculations mostly the form (2.23) rather than (2.18) is used, this trans-

lates into a tuning of the hopping parameter (2.21)

κ = κc =
1

8
+

(

3r0 −
1

4

)

λ+O(λ2). (2.30)

This implies that by choosing κ = κc, the critical hopping parameter, a particular mass, in

this case zero, is fixed for the particle in the continuum limit. This is, unfortunately only

half the truth. This would be correct, if all relevant contributions would be entirely due to

the leading perturbative contribution, and the rest could be neglected. But this is actually

14Note that by this tuning all other terms become automatically of higher order in g and can therefore

be neglected.
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a fine-tuning problem. If not the contributions to all orders, and also all non-perturbative

contributions, are exactly canceled, any surviving term will act like a non-zero mass.

Since therefore the actual value cannot be determined exactly, as otherwise the theory

would have already been solved and lattice simulations would be pointless, this implies

that in actual numerical calculations the correct value for the bare parameters need to

be determined in an iterative procedure: Choose a value for κ, perform (numerically by

extrapolation) the limit a → 0 for the renormalized mass, improve the choice of κ and

repeat, until the desired mass has been hit satisfactorily good.

It is interesting to briefly discuss the opposite limit, i. e. λ → ∞. In this case the

potential in (2.23) enforces that the length of φ is frozen to 1, and thus the only possible

values are φ = ±1. Other than that the term does not contribute. The action then reduces

to

S = −2κ
∑

x

∑

µ

φ(x)φ(x+ µ).

This is then just the ordinary Ising model. Thus, the infinite-coupling limit of the φ4

theory is reducing to a quantum-mechanical system. It should be noted that this limit

does not easily commute with the continuum limit, and care has to be taken, and this

statement is therefore on a finite lattice.

2.6.3 Hopping expansion

The formulation (2.23) allows also for a quite different expansion than in λ: An expansion15

in κ. As κ is a measure of how easy it is to move from one site to another, this is also

called a hopping expansion. Assume therefore that κ is small, but not necessarily that λ

is small. Because of (2.21) this implies that the mass is large, at least compared to the

coupling λ. Note, however, that this refers to the lattice mass. As discussed in section 2.7,

the continuum limit requires a vanishing lattice mass. Therefore, the hopping expansion

is automatically dealing with an extremely coarse lattice. While it can therefore not be

expected that this will give results quantitatively agreeing with the continuum it is possible

that qualitative results may still agree, under conditions formulated in section 2.7.

In the extreme case of κ = 0, (2.23) reduces to

S =
∑

x

(

φ2 + λ(φ2 − 1)2
)

=
∑

x

S(x).

In this case, the path-integral can be calculated exactly, since the Boltzmann weight

15This is sometimes also called a high-temperature expansion, as formally κ plays the same role as the

inverse temperature of a statistical system, see chapter 7.
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factorizes,

Z =

∫

Dφe−S = Πx

∫

Dφe−S(x) =
(
∫

Dφe−S(x)
)V

= ZV
I ,

where V is the lattice volume. While still not exactly solvable, the single-site integral can

be determined numerically to essentially arbitrary precision.

Corrections beyond κ can then be determined in a series expansion in κ. To see how

this works, rewrite the term proportional to κ in (2.23) as

SI = −2κ
∑

nn

φ(x)φ(y),

where nn now indicates that the sum should be performed over nearest neighbors, and

that x and y only differ by a single lattice spacing. The partition function then reads

Z =

∫

DφΠze
−S(z)Πnne

2κφ(x)φ(y), (2.31)

where the site-local and nearest-neighbor terms have been separated.

Expand now the second factor in κ,

Πnne
2κφ(x)φ(y) = Πnn

(

1 + 2κφ(x)φ(y) +
(2κ)2

2!
(φ(x)φ(y))2 +O

(

κ3
)

)

.

As is actually quite often the case, it is now possible to give this object an interpretation in

graph theory. For this, note that φ(x)φ(y) can be considered to be a (directed) connection

from site x to site y. Performing the product then creates products of such connections,

creating a bond. All such bonds start at some initial point i and end at some final point

f . If there is more than one bond between two points, their multiplicity is m(i, f). A

graph G is then the collection of all bonds with the same initial point and final point. The

number of bonds in a graph is called by L(G). The number of points ending in a lattice

point, called in this context a vertex ν, is called N(ν).

It can then be shown that

Πnne
2κφ(x)φ(y) =

∑

G

(2κ)L(G)c(G)Πb[φ(i(b))φ(f(b))]

c(G) = Πif
1

m(i, f)!
,

and thus an expression determined entirely in terms of possible graphs, which can be

created on the lattice. That this is possible is actually not specific to φ4 theory, but rather

generic: Lattice actions can be rewritten in geometric terms describing geometric objects

on the lattice. This is also true for continuum perturbation theory, though in that case as
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graphs the Feynman graphs serve. The underlying structure in both cases is exactly the

same: The fact that they are a combinatorial rewriting of expressions of a infinite product

of an infinite sum.

This implies that to evaluate (2.31), it is necessary to evaluate integrals of type

γk =
1

Z1

∫

Dφφke−SI .

Because SI is an even function γ2n+1 = 0. Note that this implies that only closed bonds will

contribute. Open bonds have at their endpoints fields with an argument not reappearing,

and therefore they vanish. Closed loops have the endpoints squared, and will therefore

contribute. For even n, this can still not exactly be integrated, but calculated numerically

to essentially arbitrary precision.

This allows to finally rewrite (2.31) as

Z

ZV
1

=
∑

G

(2κ)L(G)c(G)ΠνγN(ν).

This is an exact expression, as long as the lattice spacing remains finite. In the limit a→ 0,

the sums become integrals, and the exchange of summation and integration may no longer

be possible. However, it appears that this is often a surprisingly good approximation to

the continuum theory.

To give an example of how a result could look like, the normalized partition function

up to order κ4 in d dimensions is

Z

ZV
I

= 1 + (2κ)2
Bdγ22
2

+O(κ4),

with B a constant. While this result is particular for the partition function, it is possible

to derive similar results for other quantities, like the free energy16 or for 1PI correlation

functions, and essentially any quantity of interest.

2.7 The phase diagram and the continuum limit

After having introduced the first non-trivial examples of a theory on the lattice, the next

logical question is how to obtain the continuum quantum field theory. It is a long discussion

whether this is actually necessary, as any theory requiring normalization anyways will

break down at some scale Λ, and it would therefore be sufficient to consider the situation

16In this case the expansion is called linked-cluster expansion for reasons stemming from solid-state

physics.
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at finite lattice spacing. However, only for theories for which the continuum limit can

be taken, at least in principle, it can be ensured that the result is independent of the

regulator, and therefore whether results are obtained using a lattice or, say, some Pauli-

Villar regulator.

The necessary procedure can already be discussed when considering the free scalar field

of section 2.4. The single parameter of the theory was the mass, which had the property

that the continuum mass is given by the lattice mass by

M0 =
M

a
.

This implies that having a to zero is achieved by sending the lattice parameter M to zero,

since

a =
M

M0

and the continuum, dimensionful mass M0 is fixed. However, for the free theory on the

lattice 1/M is just the correlation length. Thus, the continuum limit requires the corre-

lation length to go to infinity, and thus corresponds to a second-order phase transition of

the discrete lattice model. Of course, on a finite volume there is no true phase transition,

and thus the order of the two limits is important here.

At any rate, the important insight is that the continuum limit of a lattice field theory is

defined by a second-order phase transition in the phase diagram spanned by the parameters

of the theory. Thus, the existence of a second-order phase transition is necessary for a

lattice field theory to have a continuum limit. If the phase diagram of a lattice field theory

does not contain a second-order phase transition, it is not possible for the theory to have a

continuum limit. This corresponds in the continuum limit to the impossibility of removing

the regulator.

In such a case, there exists no continuum field theory. However, this does not imply that

the theory makes no sense at all. If in some regions of the phase diagram the dependence

on the lattice spacing is small, the theory may still serve well as a low-energy effective

theory, as is e. g. also possible for some non-renormalizable continuum field theories, as

long as the dependence on the regulator is sufficiently small for the purpose at hand.

When the theory becomes interacting, there are two further subtleties to be considered.

One is that the parameters of the Lagrangian are often subject to renormalization, and

thus would go to either zero or infinity when sending the regulator to infinity, which

corresponds to sending the lattice spacing to zero. If this is the case, they are not useful

to identify a correlation length, as their size depends on the renormalization scheme. Thus,

it is necessary to consider renormalization scheme and scale invariant quantities, e. g. the

proton mass. With it, in the same way as above a correlation length and a second order
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phase transition can be identified. Thus, even for interacting theories its is necessary and

sufficient to search for a second-order phase transition in the quantum phase diagram of

the theory.

The second subtlety is that a theory which interacts at a finite lattice spacing may

cease to interact at a second-order phase transition, i. e. all correlation functions take the

form of a non-interacting theory. Such theories are termed trivial, and e. g. the φ4 theory

of section 2.5 belongs very likely to this class, as well as QED.

Though the prescription to find the continuum limit for any given lattice field theory

is thus straightforward, it is in practice far less straightforward, especially if the quantum

phase diagram has a significant number of dimensions, where significant can already be

two, depending on the theory: There is no analytic way to determine for any reasonable

complicated, and for particle physics relevant, theory the phase diagram analytically17. It

is therefore necessary to search for them using numerical methods, as discussed in chapter

4. As any numerical statement, no identification of a possible phase transition is therefore

ever proof, and thus the (non-)existence of second order, and thus continuum, field theories

stays therefore in most cases an assumption backed by (circumstantial) numerical evidence.

However, luckily, most interesting theories belong to the class mentioned above where

the dependence on the lattice spacing, and thus the distance to the continuum becomes

quickly practically negligible, and therefore no matter the status of the theory as a con-

tinuum field theory for most practical purposes the lattice theory at finite a is completely

sufficient. As the general attitude in field theory is anyhow based on a hierarchy of effective

field theories, until a better concept emerges, the problem of actually proving the existence

of a second-order phase transition is usually not too relevant. However, it remains still

a numerical challenge, which rarely can be augmented by analytical statements, to find

regions of the phase diagram where a is sufficiently small to make practical applications

possible.

There is, however, an important secondary problem. While the prescription above

determines how to find a continuum limit, it does say nothing about the parameters of the

theory for which the continuum limit has been reached. As is visible, e. g., in expressions

like (2.30), the bare parameters of the Lagrangian need to be tuned very precisely to obtain

a particular value for the renormalized parameters of the theory in the continuum limit.

To control the continuum limit of which theory is taken, it is therefor necessary to

ensure that the limit is taken at fixed theory. For this purpose, consider a sequence of

values for the lattice spacing an, with an→∞ = 0. To actually deal with the desired theory

in the continuum limit requires to keep all independent parameters the same for every

17Though some quite interesting statements can be made in general.
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an. In a renormalizable theory, these are a finite number of parameters, e. g. for the φ4

theory the renormalized mass and the renormalized interaction strength at every an. Note

that the bare parameters κ and λ change and thus an(κn, λn). This sequence defines a

so-called line of constant physics, or sometimes also renormalization trajectory. Thus,

the prescription for the continuum limit to a predetermined theory is to follow a line of

constant physics to the continuum limit, rather than just perform the continuum limit.

While this seems simple enough, especially with expressions like (2.30) at hand, this is

actually not so. First, as already noted below (2.30), we do not know the exact expressions

to have at fixed a the desired physical properties, as otherwise we would have already solved

the problem. Thus, in general, this requires an iterative procedure to find a line of constant

physics. The second problem is that not for all possible desired values there is a second-

order phase transition, and thus not all lines of constant physics end at such a transition.

This may even differ within a theory, e. g. for the φ4 theory there is overwhelming evidence

that only the trajectory g = 0 ends in a second-order phase transition, and the theory is

thus trivial.

This also implies that the line of constant physics can lead to very different points in

the phase diagram, and structures like isolated points of second-order phase transitions,

but also hypersurfaces are possible. Thus, the structure may indeed be very rich. And

complicated to determine.

There is an important problem when following a line of constant physics. The lattice

phase diagram, cannot only have such second-order transitions, but also phase transitions

of other order, e. g. first order. This corresponds to lattice transitions, akin to quantum

phase transitions of crystals in solid state physics. Since across such transitions quanti-

ties change non-analytically, so do all quantities measured along such a line of constant

physics. Hence, it is, mathematically, not possible to continuously interpolate, or extrapo-

late, across such a non-analyticity. An extrapolation towards the continuum limit is then,

in general, impossible. Thus, to extrapolate from results at a finite lattice spacing to zero

lattice spacing it is required that no non-analyticities along the line of constant physics

are encountered.

The serious problems for an actual calculation is, however, that for any non-exactly

solvable model the presence or absence of such non-analyticities can not be detected with-

out actually finding them. Therefore, for any interesting theories, the absence of non-

analyticities along the lines of constant physics must actually be assumed, making the

continuum limit generally not systematically controllable. That should always be kept in

mind.

This implies that results from the hopping expansion of section 2.6.3 can usually not
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be expected to connect to the continuum limit18.

Still, this may in actuality not be as bad as it seems. Quite often non-analyticities

seem to happen only while a is still quite large and thus the lattice coarse. Also, often

the consequence of non-analyticities seem to be not be a strong quantitative influence on

many observables of interest. But it still requires care.

2.8 Detecting phase transitions

It has now be very often allured to phase transitions. However, as known from thermody-

namics, there are no true phase transitions, i. e. no non-analyticities, in a finite volume,

and thus on a finite lattice. Since practically, especially numerical, calculations are usually

restricted to a finite volume the question arises how to then detect phase transitions. The

answer to this lies in the way how phase transitions evolve when the volume is send to

infinity.

Before doing so, an important distinction of two cases has to be made: Phase transi-

tions which have or have not a finite correlation length, i. e. first or second order phase

transitions. As has been discussed in section 2.7, only second-order phase transitions are

really interesting, as they are associated with the continuum limit. However, first order

are not, but can still exist, and make an extrapolation to infinity impossible. If a (first-

order) phase transition happens at fixed (lattice) parameters, it is also called a bulk phase

transition.

The tool to identify phase transitions is by the scaling of relevant quantities with the

volume, a so-called finite-size-scaling analysis. Phase transitions are signaled by non-

analyticities in thermodynamic bulk quantities, like the free energy, heat capacities etc.

in form of either jumps or singularities. On a finite volume, these non-analyticities are

absent.

Consider the specific heat C, or any other quantity showing the same qualitative behav-

ior at a phase transition. Using similar arguments as when obtaining critical exponents

in temperature19, it can be shown that such quantities behave as a function of lattice

extension with a critical behavior

C = LαC0(L
β) (2.32)

18In fact, there are more fundamental reasons speaking against this, as e. g., any interacting continuum

theory should be non-analytic in its coupling, and therefore any expansion can never be exact. This is

known as Haag’s theorem.
19In fact, as discussed in chapter 7, temperature is actually nothing but a finite time extent.
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with C0(0) constant and α > 0 and β < 0. The critical exponents α and β are charac-

teristic for the universality class of the second order phase transition at hand. Like for

the conventional critical exponents of the temperature behavior, (hyper)scaling relations

between different exponents of different quantities exist.

Thus, identifying a second-order phase transition can be done by measuring a quantity

like (2.32) as a function of L, and fitting the exponent, and extrapolating it to infinite

volume. There is, however, one important issue to take into account. The relation (2.32)

is true around the infinite-volume divergence. At L = ∞, this peak is located in the

phase diagram at a critical value of the lattice parameters, say κc and λc for the φ
4 theory.

However, on a finite lattice, the maximum of (2.32) may not be at the same values of κ

and λ, as there are additional finite contributions,

C = Lα(κc,λc)C0(L
β, κc, λc) + C1(κ, λ, L),

where C1 is finite even for L → ∞. The dependence of κc and λc have been added, as

in principle there can be multiple phase transitions in the system at different positions in

the phase diagram. Thus, in general the peak will move, and this has to be taken into

account when fitting.

In fact, also the critical values show a scaling behavior of type

αmax(L) = αc +
a

Lγ
+ α1(L)

where α can be either κ or λ (or the parameters of a given model), a is a constant, γ > 0,

and α1 vanishes quicker than 1/Lγ for L→ ∞. In fact, γ = β in many cases due to scaling

relations.

Of course, it can be argued that because of (2.29) it would also be sufficient to just

track the correlation lengths directly. This is true. Unfortunately, in practical calculations

this is usually much harder then monitoring bulk quantities. The scaling with volume of

extensive quantities makes them much less sensitive to fluctuations than correlations.

Another possibility appears to be order parameters, if there is one associated with the

second-order phase transition20. However, as will be discussed in more detail in sections

2.9 and 4.8 , this is not directly possible.

First order transitions are not associated with singularities, but with jumps, due to

the existence of a latent heat. Also these jumps get washed out on a finite lattice. Similar

as to the case of a second order phase transition, they can be identified by tracking some

suitable quantity with a jump. A reasonable estimate of its behavior is, e. g.,

C(L, α) = C0 tanh(L
d(α− αc))

20Second-order phase transitions without associated symmetry and order parameter are rare, but do

exist.
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where d is the dimension. This scaling with Ld is typical for a first order transition,

though the tanh-behavior is not necessary. Note also that the jump position is in this case

not changing with L, a typical signal of a first-order bulk transition. Thus, measuring a

dependence on Ld in this way provides a possible tag for a first-order transition.

There are other, partly even more powerful, possibilities to identify a first-order tran-

sition by the fact that a coexistence of both phases and a hysteresis is possible. This will

be discussed in more detail in section 4.7.

Note that there are also phase transitions with finite correlation length, but singularities

only in even higher derivatives than susceptibilities21, including those which have such a

singularity at an infinite number of derivatives. Since these are nonetheless signals of a non-

analyticity in the partition sum, these also make any analytical continuation impossible.

However, they are much harder to detect, as statistical fluctuations increase with the order

of derivative, though in principle a higher-order finite-size-scaling analysis is also possible

in this case. A particular example of such a case is the so-called roughening transition of

the non-Abelian gauge theories, to be discussed in chapter 5, which has a singularity only

at infinite order, but nonetheless effectively blocks an extrapolation from the equivalent

of the hopping expansion in such theories.

2.9 Internal and external symmetries on the lattice

On the lattice, symmetries work somewhat different than in the continuum, especially

external symmetries. But there are also subtle differences for internal symmetries, due to

finite volume.

2.9.1 External symmetries

External symmetries are the Poincare symmetry, as well as symmetries connected to them,

like chiral symmetry and supersymmetry. Chiral symmetry will be discussed in chapter 6,

but supersymmetry is beyond the scope of this lecture. Here, Poincare symmetry will be

the central issue.

There are two central points to be considered when it comes to Poincare symmetry.

The fact that the lattice formulation is in Euclidean space-time, and on a lattice, see

section 2.2.

21In the old Ehrenfest classification, these are phase transitions of higher-than-second order.



Chapter 2. Scalar fields on the lattice 29

2.9.1.1 Translation symmetry

On a finite lattice translation symmetry is no longer a continuous symmetry, and it is

only possible to translate by one unit of lattice spacing a. The translation group therefore

becomes a discrete group. If the theory is endowed with boundary conditions, this group

becomes finite, as, if t is the translation operator and there are N lattice sites and the

boundary conditions are periodic, tN = 1 holds. Thus, the translation group becomes

the group ZN . Correspondingly, all representations have to fall into such representations.

Especially, this implies that energy levels are necessarily discrete, and there exists, as in

solid state physics, the already noted Brillouin zone. Fourier transformation therefore

maps to the dual space, like in a crystal.

2.9.1.2 Reflection positivity

Lattice theories are usually defined in Euclidean space-time. In section 2.2, it was stated

that this is, generically, not a problem. While the arguments given there are adequate for

standard quantum field theories, this is not generically true. As will be discussed in section

5.9, there are reasons to consider actions deviating from the natural ones. To ensure that

they provide well-defined quantum-field theories is less trivial. The important criterion

for this is that the transfer matrix (2.3) fulfills reflection positivity.

The reflection operator R on a finite lattice for a scalar field is defined as

Rφ(x) = (φ(Rx))∗

R(x0, ~x) = (−x0, ~x),

i. e. it is the equivalent of time reversal T in the continuum theory, and inherits from it

its anti-linearity and product rule.

Consider now an arbitrary function

F =
∑

i

∫

dx1...dxifi(x1, ..., xi)φ(x1)...φ(xi) (2.33)

where the functions fi fall off sufficiently fast at infinity to make the integrals well-defined

and have support only at positive times x0 ≥ 0.

Reflection positivity is now the statement than for any set of fi

〈(RF )F 〉 ≥ 0 (2.34)

holds. Defining the Schwinger function

Sn(xi, yj) =
〈

(φ(y1)...φ(yn))
†φ(x1)...φ(xn)

〉

,
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this amounts to

∑

ij

∫

dx1...dxndy1...dynf(yk)
∗f(xl)S(Ryk, xl) ≥ 0.

It thus means that any expectation value in the forward direction in time, smeared by a

suitable test function, has a positive norm. It is thus essentially the same statement which

is necessary to create a probability interpretation in Minkowski space-time.

On a finite, hypercubic22 lattice, there are now actually two possibilities to perform a

reflection. It is possible to reflect in the plane x0 = 0 and thus x0 → −x0,. This is called
site reflection. Or in the plane between two lattice planes, e. g. at x0 = 1/2, leading to

x0 → 1 − x0. This is called link reflection, as it happens in the region linking two lattice

surfaces. Only if for both types of reflections (2.34) holds, reflection positivity holds, and

the theory is well-defined.

Interestingly, and actually practically useful, is that if a theory is known to satisfy

reflection positivity, it is possible to derive the Hamilton operator, and thus action, from

the transfer matrix. Consider first site reflection, and a function F as defined in (2.33).

This implies that a state created by F , |Ψ〉 = F |0〉 satisfies

〈Ψ|Ψ〉 ≥ 0,

nothing but a positive norm23. This is true for any F . In particular, this implies it is also

true, if F vanishes for a umber n of lattice sites in positive time direction. Then, there is

a gap between RF and F of 2n lattice sites, but their norm is still positive. A special case

of such a function is any function F , which is translated by the transfer matrix T , (2.3),

by n lattice spacings. This implies

〈

Ψ|T 2n|Ψ
〉

≥ 0.

This implies that T 2 is a positive operator, and that a Hamiltonian for a lattice translation

by two units of lattice spacing can be defined as T 2 = e−2aH , which is thus necessarily

self-adjoint such that its exponential can be positive. In the same manner link reflections

can be used to show that the same results holds if the initial separation of F is only one,

but not two lattice spacings, due to the half lattice spacing displacement to start with.

Thus, reflection positivity guarantees a positive norm of any set of states and the existence

of an self-adjoint Hamilton operator.

It is interesting to apply link reflections to the scalar field to see how reflection positivity

requires the hopping parameter to be positive. The only part of the action which has no

22Similar arguments pertain to other structures
23This already forebodes that gauge theories with their indefinite metric space are harder to deal with.
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trivial properties under reflection is the kinetic energy in (2.23). Also here, almost all

terms are not close to the reflection surface. For simplicity, drop the potential energy, as

it will have trivial properties in the following. Then the action consisting only of terms

involving only x0 ≥ 1 will be called S+. Likewise S− collects all terms at negative times,

and Sc the rest. It is then possible to decompose the action as

S = S+ +RS+ + Sc

Sc = −2κ
∑

x

φ(1, ~x)φ(0, ~x).

Because φ(0) = Rφ(1), the Boltzmann weight of Sc can be expanded as

e−Sc =
∑

n

κn
∑

i

cniφ(1, i)Rφ(1, i),

where the cni are positive coefficients, and the i-notation indicates that the corresponding

lattice sum needs to be evaluated. Using this, the relevant expectation value becomes

〈FRF 〉 =
∑

n

κn
∑

i

cni

∣

∣

∣

∣

∫

Πx0>0dφFφ(1, i)e
−S+

∣

∣

∣

∣

2

where it has been used that the involved functions are real and known functions of the

fields, and thus the action of R can be explicitly evaluated. This has to be positive for

any operator F . This can only be true, if κ ≥ 0. Thus, the hopping parameter needs to

be positive, as announced.

2.9.1.3 Rotation symmetry and angular momentum

The lattice breaks the continuous (Euclidean) rotation symmetry SO(d). For a hypercubic

lattice, the remainder symmetry is the so-called hypercubic symmetry with symmetry

group H(d), a discrete group, known from crystallography.

As an example, consider two dimensions, yielding a square lattice with group H(2).

The only rotations possible are by π/2, or by multiples of this. Of course, there are also

the parity transformations, i. e. P and T , which in two dimensions are also rotations. The

group is actually isomorphic to Z4, as for any rotation R(nπ/2)4 = 1 is true, including P

and T .

The most important consequence is that a discrete group has only a finite number

of irreducible representations. This has extreme consequences when it comes to spin or

angular momentum. Every spin value in the continuum, i. e. s = 0, 1/2, 1,... is a separate

irreducible representation of the rotation group.
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As a consequence an infinite number of irreducible representations in the continuum

are mapped to the same irreducible representation on the lattice. This implies that various

spin values cannot be distinguished on the lattice.

Consider the most important case of four dimensions. The group H(4) has 24 elements

and 5 irreducible representations of dimensionality 1, 1, 2, 3, and 3, called A1, A2, E, T1

and T2 respectively.

Each of the irreducible representations is linked to a number of continuum spins. These

are the sequence 0, 4,... for A1, 3, 6,... for A2, 2, 4, 5,... for E, 1, 3, 4, 5,... for T1 and 2, 3,

4, 5,... for T2. Except for spins 0 and 1 all spin values appear in different representations.

This implies that various components of the continuum spins are mapped to different

discrete representations. Therefore, to collect all spin components for any spin larger

than 1 will require to investigate more than one of the discrete representations. This is

important, as the simplest possibility to identify what continuum spin is associated with

a given object is to count degeneracies. This also implies that the, in the continuum limit

different, parts of a given representation map to different subspaces of the continuum

representations, but the mapping is not unique, as can be seen, e. g., for spin 4.

This can also be counted differently. The single component of spin 0 is located entirely

in A1. All three components of spin 1 are located in T1. For spin 2, its five components

are distributed over E and T1. For spin 3, its 7 components are distributed over A2, T1,

and T2. For spin 4, its 9 components are distributed over A1, E, T1, and T2.

To identify to which representation an operator belongs requires to identify how it

transforms under the discrete subgroup. E. g. an operator invariant under rotations will

belong to the representation A1, while a (discrete) vector will transform as an element of

the T1 representation. It is thereby possible to construct systematically the assignment

of a spin to a given operator24. However, as the five representations are independent,

continuum degeneracies do not persist on the lattice, except within a representation. The

two and three spin states of spin 2 belonging to E and T1 would be degenerate within a

representation, but not with each other, EE 6= ET2 . This degeneracy will only be recovered

in the continuum limit, when the rotation group reemerges.

The difference occurring between A1 and A2, and T1 and T2 have to do with the spinor

representations of SO(d), which are given by Dirac matrices. The Dirac matrices 1, γ0, γ5,

and γ0γ5 belong to A1, while γi, γ0γi, γ5γi, and γ0γ5γi all belong to T1, forming together

the 16-dimensional spinor basis.

These issues become quickly rather complex if considering spins greater than one. It

should also be noted that the assignment of (charge)parity has to be taken care of, though

24In practice, this can become quite tedious. See, e. g., arxiv:0803.4141.
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as a discrete symmetry it usually just adds to the corresponding representation, giving

then RPC assignments as usual, but R is now one of the discrete representations, rather

than the continuum spin. Note that positive and negative parity do not necessarily have

to be connected in the same way to the various discrete representations.

2.9.2 Internal symmetries

Genuine internal symmetries are not affected by the presence of a lattice regulator. E. g.,

upgrading the φ4 model to an O(N) requires only the same steps as in the continuum, i.

e. adding further indices to the fields, and sorting quantities by their respective charges.

This is also true for local symmetries like gauge symmetries.

Especially, this implies that a lattice formulation, viewed as a ultraviolet or infrared

regulator, does not break such symmetries. This is not necessarily the case, e. g. cutoff

regulators break the internal symmetries, especially gauge symmetries. This is, however,

not a conceptual problem, as this is similar to the breaking of the space-time symmetry

by a lattice. When removing the regulator consistently, all symmetries are recovered.

Using the lattice regulator is thus nothing but a different choice of which symmetries

are broken by the regulator. In fact, it is an unfortunate consequence of our current

understanding of quantum field theory that the necessity of having regulators always

imply that some symmetries are broken, no matter what, until the regulator is removed.

Thus, lattice is the choice of regulator if to keep internal symmetries intact when

regulating is of paramount importance25.

The previous statements are no longer true if the internal symmetries and space-time

symmetries are intertwined, as happens for supersymmetry and chiral (gauge) theories, not

to mention general relativity. In this case also the internal symmetries are broken, inducing

differing amounts of problems. These problems range from inconvenient to making a lattice

regularization unusable, even if they are recovered in the continuum limit. These issues

will be discussed in more details in chapter 6.

There is also an issue with the so-called spontaneous breaking of symmetries. A lattice

formulation is a consistent non-perturbative formulation. In such a formulation, a thing

like spontaneous symmetry breaking does not occur. The reason is that the usual way

of defining spontaneous symmetry breaking requires to make a choice of preference. This

choice is always human-made, and therefore does not happen on its own. Thus, all order

parameters always vanish.

25Similar properties are often associated with dimensional regularization. However, this is not true

beyond perturbation theory, as dimensional regularization requires analyticity properties of correlation

functions, which are most likely not fulfilled beyond perturbation theory.
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What happens is that the theory remains in a metastable state, which would show a

breaking of the symmetries in case of any external perturbation, no matter how weak. In

absence of such an external perturbation, this will not happen. This is actually not a fea-

ture of a lattice formulation, but is true in any genuine non-perturbative formulation. But

it is something encountered somewhat regularly in the context of numerical simulations.

How to deal with this problem numerically will be described in section 4.8. There are

two possibilities how to deal with the situation conceptually.

One is to use only observables, which respect the symmetry, and will therefore not

vanish. There are observables of this type, which can still be used to test for the metasta-

bility. The drawback is that such operators usually involve more individual field operators

than, say, order parameters. Since numerical noise quickly increases with the number of

operators, often exponential or worse, this is not always possible.

The alternative is that an external source is introduced to explicitly break the symme-

try. The simulations are done for several values of the external source and an extrapolation

to zero is performed afterwards. However, this limit is not for all quantities analytic, as

the theory itself is not analytic in the limit, and therefore may be problematic. This is

even more troublesome in numerical calculations, where non-analyticities are notoriously

hard to detect.



Chapter 3

Measurements

After having now a basic formulation of a lattice theory at hand, the next important step

is to understand how to obtain results from it. At first this seems trivial, as, after all,

this would be just evaluating the expectation values 〈O〉. And this seems to be quite

similar as in the continuum, as the case of perturbation theory in section 2.6 seems to

have shown. While this is true, and all statements of the continuum theories remain true,

though perhaps somewhat more tedious, there are now additional possibilities, which are

usually not considered in the continuum. Probably one of the most important ones is

that operators on a finite lattice are not distributions in space-time, but rather ordinary

functions. They can therefore be used in quite different ways. Also, the formulation in

Euclidean space-time allows somewhat different opportunities.

3.1 Expectation values

The first insight is how to consider expectation values. In the continuum, these expectation

values are usually considered to be some function, which fulfills certain (self-consistency)

equations. On a lattice, an expectation value can be rather considered as its original

definition of an average.

Consider a lattice and a single scalar field. By giving the finite set of numbers {φ(xi)},
where xi are all possible points on the lattice, a full space-time history of the system is

completely described. Such a set of values is called a configuration C. Expectation values

can thus be considered as

〈O〉 = 1

NC

∑

C

e−SO =
1

NC

∑

wC

O (3.1)

where in the second step the w indicates that the summation needs to be weighted by the

Boltzmann factor e−S, to make the nature of the summation as a sum over configurations

35
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really explicit. The number NC is the number of configurations included, which, in principle

should be all. This will become particularly important in chapter 4.

If the field would be restricted to a finite number of values, e. g. if φ would be a spin

variable, then this sum would indeed be finite: Since there is a finite number of lattice

points and the field can only take a finite number of values on every lattice point, the sum

is indeed a sum, and thus has a finite number of terms on any finite lattice. If the field

can take a value in a continuous range, like the field of the usual φ4 theory, the sum is not

a real sum, but needs to integrate over all field values. However, as long as the lattice is

finite, it is still possible to exchange the summation over configurations with such integrals

(if technically possible), an important difference compared to the continuum, and which

is one of the reasons why it is possible to make very powerful mathematical statements on

finite lattices. When taking the infinite-volume limit, this is no longer true, and care has

to be taken.

It is this view that expectation values are (weighted) sums over configurations, which

lies at the heart of most investigations using lattice methods.

A consequence of this very literal implementation of expectation values of a path inte-

gral (2.6) is that the correlation functions so obtained are always the full, non-amputated

ones.

3.2 Spectroscopy and energy levels

Euclidean space-time introduces a number of interesting consequences. Consider an arbi-

trary operator. Work in the Heisenberg picture which puts all the time-evolution in the

operator. The time-evolution operator is now given by exp (±Ht) for a time-independent

Hamilton operator. Then an expectation value can be written as

〈O〉 =
〈

eHtOe−Ht
〉

=
∑

nm

〈

0
∣

∣eHt
∣

∣n
〉

〈n |O|m〉
〈

m
∣

∣e−Ht
∣

∣ 0
〉

=
∑

nm

e(En−Em)t 〈0|n〉 〈m|0〉 〈n |O|m〉 .

Thus, various overlaps appear and an exponential damping factor.

Consider now the case of a particle created by an operator at time t1 and destroyed at

time t2, suppressing all other arguments. Then

〈

O(t2)
†O(t1)

〉

=
〈

O(0)e−H(t2−t1)O(0)
〉

=
∑

n

〈

O(0)e−H(t2−t1) |n〉 〈n| O(0)
〉

=
∑

n

e−En(t2−t1) |〈O|n〉|2
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where it has been used in the first step that H |0〉 = 0. The matrix elements 〈O|n〉 are

called the overlap of the operator O with the state n. They will depend on any other

quantum numbers or parameters besides the energy, as will the energies themselves.

It should be noted that it was assumed that the overlap norms are positive (semi-

definite). While this is true in non-gauge theories, and in gauge theories for gauge-invariant

observables, this is not generically true. Especially gauge-dependent quantities, say the

photon or electron propagator, have generically negative norm contributions. This compli-

cation will be ignored for the moment, until section 5.5. Thus for now it can be assumed

that all correlation functions have this form.

Consider now the special case t1 = 0, then

〈

O(t)†O(0)
〉

=
∑

n

e−Ent |〈O|n〉|2
t≫E−1

n>0≈ |〈O|0〉|2 e−E0t. (3.2)

Thus, at sufficiently long time (separations) any expectation value will be dominated by the

ground state, a consequence of the Euclidean space-time. At least, as long as the overlap

with the ground-state is non-zero. Otherwise, the lowest level with non-zero overlap will

dominate.

This result shows two important features.

Any correlation function is characterized by two sets of numbers. One are the energy

levels En for the given quantum number channel. They will be the same for all correlation

functions in a fixed quantum number channel. The other are the overlaps of the operator O
defining the correlation function with the energy eigenstates |n〉. These are characteristic

for the correlation function in question, sometimes called the fingerprint of the operator.

The second feature comes from the fact that the energy levels in a finite volume are

discrete, and therefore there is a denumerable infinite number of them. Thus, there exists

a linear transformation, a unitary matrix O, betweenany complete base of operators and

the energy eigenbasis. Conversely, knowing the expansion (3.2), it is possible to recon-

struct this transformation. This feature is used in the so-called variational analysis, to be

discussed in section 4.6.

It should be noted that if one of the involved operators has a vacuum expectation

value, i. e. 〈O〉 6= 0, there are disconnected contributions. These have to be subtracted,

to obtain the connected correlation functions,

〈O(0)O(t)〉C = 〈O(0)O(t)〉 − 〈O(0)〉)2,

as otherwise the vacuum expectation value will contribute a constant in (3.2). While

conceptually not an issue, it is in numerical calculations a problem due to the degrading

signal-to-noise ratio at long times, as discussed in section 4.4.
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3.3 Bound states

So far, the operators had been any arbitrary ones. However, the previous discussion

becomes extremely useful in the case of states creating particles. Consider some given

quantum number channel identifying a particle. In the φ4 theory this could be a scalar

particle, which would then be just the field φ. However, this does not need to be necessarily

a single field operator, and any composite operator with the same quantum numbers would

serve the purpose as well, e. g. φ(x)φ(x) = (φφ)(x). This will become very important in

gauge theories in chapter 5, as only composite operators can be gauge-invariant.

Select now the rest-frame of the generated particle, and perform a Fourier transform

on the spatial momenta

O(t, ~p) =
∑

x

ei~p~xO(x)
~p=~0
=
∑

~x

O(t, ~x) = O(t), (3.3)

for zero spatial momentum, giving an operator only dependent on the time. This is

sometimes called a projection on zero momentum.

However, in the rest frame, the energy is just the mass, and thus

〈O(t)O(0)〉 =
∑

n

e−Ent |〈O|n〉|2
t≫E−1

n>0≈ |〈O|0〉|2 e−Mt (3.4)

Thus, at sufficiently long times the mass of the ground state particle can be determined

from the exponential decay of the correlator.

If there are additional stable bound states in the same channel, all energy levels up to

the elastic threshold will be again the masses of these bound states. Thus the spectrum

of stable states can be determined from the lowest exponential fall-offs.

There is, however, a complication, in interpreting these masses directly as the desired

quantities. As was already visible in section 2.6.1, already perturbatively the masses on

the lattice will usually not agree with the continuum ones. In particular, the mass will

depend on the volume. This can be immediately seen by the fact that the size of state

is affected by quantum fluctuations, and the virtual particle cloud around it has a finite

extent. If this extent is of similar size as the lattice volume, the particle will be distorted.

For a stable particle, this distortion can be perturbatively estimated. Neglecting dis-

cretization artifacts, this leads for the φ3 theory to

m =M +
3

16π2m(aN)



λ2e−
√

3
2
m(aN) +

m

π

∞
∫

−∞

dye−
√
m2+y2(aN)F (iy) +O

(

e−m
′(aN)

)



 .

(3.5)
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Herein is F the forward scattering amplitude, m is the infinite-volume mass of the state,

and m′ the next higher mass appearing in the corresponding quantum number channel.

While non-trivial in itself, this correction is not larger than the leading exponential term.

Thus, volume corrections to the mass of a stable state fall of exponentially with volume.

While the particular form is special to the φ3 theory, the statement remains generally true:

Stable particle masses approach their infinite-volume limit exponentially fast.

Likewise, it can be shown that the mass of a stable bound state of two particles of

mass m behaves as

mB =MB − 3g2

16πm2
B(aN)

e
−

√

m2−
m2

B
4

(aN)
+O

(

e−m
′
B(aN)

)

(3.6)

where g is the coupling of the interaction binding the particles together.

Thus, the energy levels can not be directly interpreted as the infinite-volume masses,

but approach them exponentially fast at sufficiently fine discretizations. Physically, this

can be understood, because the propagation for a massive particle is exponentially damped

in Euclidean space-time. Since the finiteness of the box is accompanied by periodic bound-

ary conditions1, the distortion comes essentially from self-interference of a particle moving

around the box. This becomes then exponentially damped.

The situation is drastically different if the particles are massless. Then their prop-

agation is no longer damped exponentially, but only by inverse powers of the box size.

However, because of the finite volume, such a state will have a mass2, as the volume acts

as an infrared regulator, of order 1/(aN). As a consequence, the mass M ∼ 1/(aN), and

thus the leading terms in both (3.5) and (3.6), are polynomial in the lattice size, giving

the leading contribution as a finite-volume artifact for massless particles.

The situation changes, if the elastic threshold is crossed, and the states become reso-

nances. Of course, there exist channels in which no stable particles exist, and then also

these considerations do not even apply for the ground state. This is the next topic.

3.4 Resonances, scattering states, and the Lüscher

formalism

Besides bound states there are two other categories which play a role for spectroscopy:

Scattering states and resonances.

1Other boundary conditions yield different particularities of the effect, but qualitatively yield also

finite-volume corrections to masses.
2For particles with spin one or larger, this becomes more involved.
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Scattering states are states which involve multiple individual particles, which may or

may not have relative momentum, and form a given set of total quantum numbers. These

particles are considered to be essentially non-interacting, i. e. sufficiently far separated

to have at most exponentially small interactions3. In case of the φ4 theory for the 0+

quantum number channel a single-particle state is φ(t,~0). The two lowest scattering states

in the same channel are φ(t,~0)φ(t,~0) and φ(t, ~p)φ(t,−~p), where ~p is the smallest lattice

momentum, i. e. a momentum with a single non-zero component of size π/N .

Considering the non-interacting case, the masses of these state are, up to lattice correc-

tions, m, m0
s = 2m and4 m1

s = 2
√

m2 + ~p2. The first scattering state is then the lightest

state into which a heavy scalar particle of mass 3m > M > 2m could decay, it gives the

elastic threshold. Likewise, the scattering state φ(t,~0)3 defines the inelastic threshold for

a particle of mass M > 3m, as such a particle can now decay into either two or three

particles.

As a consequence, in every quantum number channel there are always all possible

scattering states. Scattering states of massive particles without internal relative momenta

receive only the exponential corrections due to finite volume. However, states with relative

momenta receive polynomial corrections, as the momenta depend polynomially on the

volume. This can actually be helpful, as it pushes scattering states with non-zero relative

momenta high up in the spectrum on sufficiently small volumes, and there is hence a sweet

spot in volume where the exponential corrections are yet small but the polynomial ones

are still large.

It should be noted that relative momenta can alter the quantum number of states, as

momentum carries an angular momentum of 1−.

The other category of possible states are resonances, i. e. unstable bound states. Res-

onances are in itself a quite intricate topic in quantum field theory. They show up as

additional states in the energy levels above the elastic threshold. Thus, their presence

can be detected by level counting. Surplus states compared to the expected scattering

states are derived from resonances. Unfortunately, their properties are much harder to

determine.

To see this note that a finite lattice is essentially quantum mechanics. Thus, there is

avoided level crossing, i. e. if the system is deformed by a change of the parameters, in

particular the volume, which affects the energy levels, they will continuously change, but

3Interactions by massless particles pose a problem here, as they make strictly speaking this idealization

impossible. However, aside from QED all currently relevant theories on the lattice have a mass gap, and

therefore the following applies.
4To include discretization artifacts the formula 2 cosh(m1

sa/2) − 2 cosh(am) − (2 sin(ap/2))2 = 0 can

be used. However, this correction is usually quite small for small momenta.
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never cross. As resonances are above the elastic threshold, the number of energy levels

below them will continuously increase up to infinity when sending the volume to infinity.

Thus, every time a scattering state would cross the resonance level actually the level do

not cross, but swap their identity instead. Moreover, the energies are real. This is fine for

stable states, which are associated with real poles in Minkowski space-time, but not for

resonances, which belong to complex poles on the second Riemann sheet. Thus, the energy

levels give only a summary information, which may or may not be similar to the real part,

and thus mass, of the pole. Thus, at first sight it seems hopeless to learn about resonances

from lattice field theory. Of course, the information is, due to the reconstruction theorem,

contained in the theory. But this leaves the question how to obtain it. This is even more

serious in practical calculations, where only a finite number of parameter sets and lattice

points are available, which cannot determine an analytic function as a correlation function

uniquely.

Fortunately, there is a way around it.

The basic physics idea is that two particles in a finite box will always interact. This

interaction will distort the energy levels of this scattering state. It is then possible to derive

from these deviations information about this interaction. Since this is the same type of

interaction as responsible for the binding of the resonances, this implies that it should be

possible to infer properties of the binding mechanism, and thus resonance properties, from

these distortions. This is indeed possible using the so-called Lüscher method. Like for the

determination of the volume-dependence of the masses it uses essentially a perturbative

analysis to determine how the volume, assuming again negligible lattice spacing effects,

distorts the energy levels.

Consider for now the case of a resonance at rest decaying into two identical, spinless

particles of mass m, and that this is the only open decay channel. The method has been

extended to include different particles, also with spin and outside the rest frame of the

resonance, and to include multiple open two-body channels, and the development of an

extension to three-body channels is essentially finished at the time of writing. While

technically far more complicated than the simple case they are conceptually quite similar.

Therefore, here only this simplest case will be discussed. If need be, the other cases can

yet only be found in contemporary literature.

As deformations of the energy levels occur due to interaction, and thus scattering, of the

constituents, the central quantity of interest are the phase shifts. The elastic cross-section,

i. e. precisely the process which a scattering state undergoes, reads

σe =
16π3

s

∑

l

(2l + 1)

∣

∣

∣

∣

e2iδl(s) − 1

2i

∣

∣

∣

∣

,
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where s is the center-of-mass energy, and the sum is over all partial waves of angular

momentum l. The quantities δl are then the phase shifts, which characterize the elastic

process completely. The phase shifts in turn are connected to the width function Γ as

cot δl(s) =
M2 − s

Γ(s)
√
s

where M is the mass of the resonance of angular momentum l. If the resonance has a pole

close to the real axis (in comparison to its mass), the amplitude has the form.

A(s) ∼ −√
sΓ(s)

s−M2 + i
√
sΓ(s)

= eiδl sin(δl) (3.7)

The cross-section is then a Breit-Wigner one

σ ∼ Γ2

(
√
s−M)2 + Γ2

4

where Γ is evaluate at M2. Wide resonances show a quite different behavior.

Now, there will be energy levels En between the elastic and inelastic threshold on the

lattice. These energy levels are determined as

En = 2
√

m2 + ~p2n.

Without interactions, ~p2 would be just the normal momenta, i. e. given by integer multiples

of 2π/N . Now, they will be given by5

~p2n =

(

qn
2π

N

)2

with some, usually non-integer, number qn. This number can be determined once the

energy level En and the infinite-volume masses m of the decay products are known.

It has then been shown that these numbers are related to the scattering phase shifts,

where the exact form depends on the relative momentum and the spins of the involved par-

ticles. In the simplest case of spinless particles with vanishing center-of-mass momentum

this relation reads

tan δl(qn) =
π

3
2 qn

Z~000(1, q
2)
.

5Lattice artifacts could be included in this relation e. g. by using the improved dispersion relation of

footnote 4.
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The function Z
~0
00 is a purely geometric function, which is obtained from analytically con-

tinuing

Z
~d
lm(r, q

2) =
∑

~∈P~d

|~x|lYlm(~x)
(~x2 − q2)r

P~d =

{(

~m+
~d

2

)∣

∣

∣

∣

∣

~m ∈ Z
3

}

.

The functions Ylm are the usual spherical harmonics. This sum is not convergent for

r = 1, as it is essentially the ζ-function, and therefore needs to be analytically continued.

A possible continuation yields at r = 1

Z
~d
lm(1, q

2) =

1
∫

0

dt
(π

t

)
3
2
etq

2
∑

~u∈Z3,~u 6=0

(−1)~u
~dil
(

−π|~u|
t

)l

Ylm

(

−π|~u|
t

)

e−
π2|~u|

t

+
δl0δm0√

4π

1
∫

0

dt
(π

t

)
3
2
(

etq
2 − 1

)

− πδl0δm0 +
∑

~x∈P~d

|~x|lYlm(~x)
~x2 − q2

e−(~x
2−q2),

which converges exponentially fast.

Thus, it is possible to reconstruct the phase shifts from the energy levels. However,

in any practical calculations usually only very few energy levels are located between the

elastic and inelastic threshold, sometimes not more than one. Thus, with a single lattice

it is usually not possible to obtain enough information to reconstruct the phase shift.

This can be improved by either using several different volumes or by adding more energy

levels. The latter is obtained by also including moving scattering states, i. e. with non-zero

center-of-mass momentum, or, equivalently, a resonance not decaying at rest. This latter

option complicates things further. It is then necessary to transform the result back into

the rest frame. This is straightforward, but cumbersome in detail.

Combining the the result for the phase shift with the amplitude relation (3.7) yields

√
sΓ(s) cot δl(s) =M2 − s

and thus the width can be obtained from this relation. As the width itself includes phase

space effects, it is often convenient to exchange it for the coupling g(s) of the decay channel

to the resonance by

Γ(s) =
p3

2

g(s)2

6πs
which can also be determined directly from the phase shifts

p3√
s
cot(δl(s)) =

6π

g(s)2(M2 − s)
≈ a + bp2.
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where the linear expansion in p2 holds only close to zero momentum of the constituents.

Herein p is the would-be three-momentum the scatting states would have at the given s,

and will coincide with the ~pn2 for the corresponding values of s which agree with measured

lattice energies. The parameter a is known as the scattering length. As this quantity is

uniquely connected to the coupling, it could, in principle, be also extracted directly from

the finite-volume modification of the bound state (3.6). However, in practice the method

presented here is superior, and forms the standard approach.

3.5 General correlation functions

While masses and widths are usually the primary quantities of interest, they are not always

sufficient. An alternative are fully resolved correlation functions in momentum space6.

Calculations of such correlation functions proceed in a rather straight-forward way.

Given any field, its full momentum-space version is obtained by a discrete Fourier trans-

formation

φ(p) =
1

√

ΠµNµ

∑

x

e
i2π

∑

µ

pµxµ
Nµ φ(x).

The pµ are here the integer-valued lattice momenta. Note that the Fourier-transformed of

even a purely real field is usually complex. Note that the complex conjugate yields

φ(p)† =
1

√

ΠµNµ

∑

x

e
−i2π

∑

µ

pµxµ
Nµ φ(x)†.

Thus, for a purely real field, the complex conjugate in momentum space only reverses the

momentum. This implies that only momenta with 0 ≤ pµ ≤ Nµ/2 provide independent

information, due to the periodic boundary conditions.

Arbitrary correlation functions can then be obtained by calculating products of the

fields, and then averaging them over configurations. E. g. a propagator is given by

D =
〈

φ(p)†φ(p)
〉

=
1

Nc

∑

i

φi(p)
†
iφ(p), (3.8)

where i counts the configurations and Nc is the number of configurations, where eventually

Nc → ∞ should be taken, as noted already in section 3.1. For a vertex, this yields

Γ = 〈φ(p)φ(q)φ(k)φ(−p− q − k)〉 = 1

Nc

∑

i

φi(p)φi(q)φi(k)φi(−p− q − k). (3.9)

6On a finite lattice configuration-space quantities are also well defined. However, in the continuum limit,

they generically become tempered distributions, and are therefore more involved. Thus, momentum-space

quantities, which are essentially ordinary functions in Euclidean space-time, are usually better suited.
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There are, however, a number of caveats.

The first, and probably simpler one is that these are lattice quantities, and there-

fore cannot be directly compared with the continuum version. E. g., to obtain a more

continuum-like version of the propagator, it would be necessary to calculate

D(P ) = a2κ
〈

φ†φ
〉





2

a

√

√

√

√

∑

µ

sin2

(

πpµ
Nµ

)





where the improved lattice-momentum (2.16) is used to determine the momenta. The

factor κ appears because of the rescaling of the the fields (2.20). While the lattice ensures

that the so obtained propagator is regulated, and therefore finite, it is not yet renormalized.

This manifests in a dependency on a, usually making the propagator either vanish or

diverge for all momenta as a→ 0. It thus needs to be renormalized to become meaningful.

But this can be done in exactly in the same way as in continuum theories, and will therefore

not be detailed here.

Furthermore, if the fields carry indices, e. g. when there would be two scalar fields φ1

and φ2, the propagator becomes matrix-valued

Dij =
〈

φi(p)†φj(p)
〉

Just as in the continuum the propagator can then be decomposed into invariant tensors

to isolate dressing functions (or form factors). If there is a source breaking the symmetry

explicitly as

Dij =
(

δij − ninj
)

Ds + ninjDt

with the two independent scalar dressing functions Ds and Dt and ni is a normalized

vector in the direction of the source. Of course, any choice of basis is equally well justified.

The dressing functions can then be isolated by projections

Ds =
1

2

(

δij − ninj
)

Dij

Dt = ninjDij ,

as is also done in the continuum. If the symmetry is intact, there is only one dressing

function,

Dij = δijD.

In general, the decomposition has to be done in terms of the invariant tensors of suitable

rank for the given correlation function and symmetries of the involved fields, according to

the Wigner-Eckart theorem.
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The situation only becomes somewhat involved if the indices are not internal, but

space-time, i. e. Lorentz indices. Because of the violation of rotational symmetry addi-

tional tensor structures can arise in comparison to the continuum. These vanish when

the continuum limit is approached, but will at finite lattice spacing contribute. This is

of special importance when lattice perturbation theory is used to estimate discretization

artifacts, and adds further complications. This holds also true for vertices.

Another problem appears when considering vertices like (3.9). The fact that the vertex

function are directly created from the fields implies that this is the full correlation func-

tions. To obtain what is usually considered to be the vertex function, the connected part

of this function must be taken and amputated. This also works like in the continuum,

in principle. In the practice of numerical simulations, the necessary subtractions usually

incur an enormous amount of statistical noise, making an extraction difficult. This also im-

plies the necessity to know all relevant lower n-point functions to perform this procedure.

Of course, as for the propagator, lattice corrections, normalization, and the projection to

dressing functions have to be performed in essentially the same way as for the propagator.

The second issue has far more implications. An expression like φi(p)
†φi(p) in (3.8)

hides the important fact that on a single configuration no symmetries exist. Especially,

any single field configuration has no rotational or translational symmetry. This implies

that on a single configuration there is also no momentum conservation, and the propagator

should be actually rather φi(q)
†φi(p), and the dependency on p and q will be different.

Only summation over many configurations will restore momentum conservation and a

dependency purely on p2 = q2 rather than the individual components. This requires the

number of configurations Nc in (3.8) and (3.9) to be large enough that these effects become

small. Performing an evaluation only of φi(p)
†φi(p) is, in a sense, already an improvement

for a finite number of lattice configurations.

To assess the extent of such problems it is useful to evaluate correlation functions

along different momentum axises. In the continuum, they agree. On the lattice, they will

in general not. Comparing results with permuted momentum components will give an

estimate of how badly momentum conservation and reflection symmetries are deteriorated

by a finite number Nc. Comparing results with different momentum components but equal

length of the momentum gives an estimate of violation of rotational symmetry.

Finally, even for theories without interactions the propagator has not the free form

(2.15) on a single configuration. In fact, even without interactions the fields φ(x), and thus

φ(p), fluctuate strongly from site to site7. Only on the average this strong fluctuations

7This is what is expected from the continuum: The largest contribution to the path integral stem

from non-differentiable field configurations, corresponding to lattice fields fluctuating arbitrarily between
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cancel each other, giving the simple free propagator.

lattice sites. This is a very literal realization of the concept of quantum fluctuations.



Chapter 4

Monte-Carlo simulations

While the approximation of quantum field theory using quantum mechanics provides the

possibility for stronger mathematical statements in some cases, the real advantage is that

it makes such theories accessible to numerical simulations. In particular, such simulations

are possible for many Lagrangians no matter the couplings, and therefore can cover without

further approximation also non-perturbative physics. This allows to directly probe bound

states and phase transitions, which are genuine non-perturbative phenomena.

The drawback is that there are various error sources, which can lead to both qualitative

and quantitative problems. These will be addressed in sections 4.4 and 4.5.

4.1 Importance sampling and the Markov chain

Formally, the lattice path integral is just a large number of integrals which, in principle,

could also be numerically evaluated, as can be seen from its measure (2.4). However, the

number of integrals scales as Nd, and thus very quickly not all integrals can be performed

individually within any reasonable amount of computing time. Thus, a different approach

is necessary.

The basic idea of the solution is already given in section 3.1: Determine configurations,

and then average expressions over them, appropriately weighted by the Boltzmann factor.

The practical problems are twofold. One is how to obtain configurations. The other

how to obtain enough configurations.

The first answer seems to be simple, as any values for the field variables is actually a

valid field configuration. This, however, leads to a serious problem with the second part of

the question. Some arbitrary field configuration will usually have a very small Boltzmann

factor. Only rarely there will be a configuration with a large Boltzmann factor, and the

ratio will worsen with volume. The reason is that most configurations are more or less

48
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just quantum noise, which is absorbed during renormalization. The relevant information

is hidden in this noise.

The solution to this problem comes from the analogy of section 2.2 of a lattice theory

with a stochastic system. Introducing a fictitious fifth coordinate, the so-called Monte-

Carlo time, a choice of a relevant configuration can be considered as non-equilibrium

equilibration. It is this idea which will now be used.

For the following, it is convenient to write the action as

S = βV ǫ = βE (4.1)

where V = ΠµNµ is again the volume and β some factor. In case of φ4 this would be κ,

but it can have any definition. However, it is not by chance that it is the same symbol

as the inverse temperature in statistical mechanics, and E is then the energy, and ǫ the

energy density. This makes the analogy to a four(five, when including the time when out

of equilibrium)-dimensional statistical mechanics system in equilibrium evident. It is also

useful to define the density of states d as

d(ǫ) = eV s(ǫ) =

∫

Dφδ
(

ǫ− S

V β

)

,

where s is thus the same as the entropy density, and φ are the fields of the theory, which

are not necessary to specify in detail for most of the following.

This allows also to rewrite the partition function as

Z(β) =

∫

Dφd(ǫ)e−V βǫ =
∫

dǫeV (s−βǫ) =

∫

dǫe−V f ,

introducing the free energy density f . In analogy to statistical mechanics

ρ(β, ǫ) =
d

Z
e−V βǫ =

e−V f

Z

is then the probability density for a given energy density.

Now, in the sum over configurations only those will substantially contribute which have

a not too small Boltzmann factor exp(−S). In fact, if the system is viewed as a statistical

ensemble, then any equilibrium configuration has a weight, or density, W of

W [φ] ∼ e−S[φ]. (4.2)

The constant of proportionality will be (implicitly) fixed such that

∑

φ

W [φ] = 1,
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i. e. the total weight of all configurations is unity. If it is now possible to create con-

figurations with a probability according to this weight, then for any subsample of N

configurations any average

〈A〉 = 1

N

∑

C

A[C] (4.3)

will approach the same average as a sum over all configurations with the weight functions

as in1 (3.1). However, outside of equilibrium the configurations will have a differing weight

Wn. In this case, (4.3) will not hold, as this corresponds to taking the path integral with

a different weight function.

Note that though written like an expectation value for any finite number of config-

urations N this number will be different from the actual expectation value. This is a

statistical error, which will be discussed in more detail in section 4.4. This is sometimes

emphasized by using different symbols for the case of finite and infinite (all) N .

This leaves the question how to actually obtain such a selection of weighted configura-

tions.

In practice this is solved by a method which deforms a given configuration φn into

a new configuration φn+1 by a sequence of changes, which are made such as to make a

configuration relevant. This is called an update. This seems to require that a first good

configuration exists. However, a suitable chosen update process will move any configura-

tion towards a relevant one by updates. Thus, in practice a simulation starts by some,

often random, field configuration, which is then made relevant. This is called thermal-

ization. This will be discussed more in section 4.4.2. For the moment, just consider the

situation of getting from one configuration to a new one.

It is, in principle, irrelevant which subset of configurations is used in (4.3), and in fact it

is best to have a random sequence, again for reasons to be discussed in section 4.4.2. Thus,

the transition between two configurations can be considered a stochastic process, and a

transition from a configuration φ to a new configuration φ′ will occur with a probability

P (φ→ φ′). This probability is normalized
∑

φ

P (φ′ → φ) = 1

i. e. given any configuration the total probability for a transition to any other configura-

tion is one: Configurations are not lost in transition. Also, the probability needs to be

positive for any configuration φ to give a reasonable probability2. This is also called strong

1This implies that in the limit of infinite configurations, configurations would be included multiple

times in this sum, with the multiplicity given by expS. However, for any reasonable amount of computing

time, no configuration will be contributing even twice.
2Which is precisely the origin of the sign problem to be discussed in section 7.2.
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ergodicity, as it implies that any configuration can be reached from every configuration

with a finite probability. Note that this does not require that this is a direct transition.

In fact, in practice a transition is often build up from many steps, which individually do

not satisfy strong ergodicity, but combining a certain number of them in a single update is

strongly ergodic. E. g., most updates consist out of steps which change the configurations

only at a single lattice site. Such a step is not strongly ergodic, as it cannot connect two

configurations which differ at different lattice sites. However, combining steps such that

every lattice site is updated can constitute a strongly ergodic update.

The transition probability is related to (4.2) as

Wn′ [φ′] =
∑

φ

P (φ→ φ′)Wn[φ]. (4.4)

Thus, the weight of a configuration is modified by the transition to a new weight.

As noted above, it is usually not possible to guess an initial configuration such that

already 4.2 holds, but it will be a different configuration. Updates will drive the configu-

ration towards W if

lim
k→∞

∑

φik

P (φi
k → φ)

∑

φik−1

P (φi
k−1 → φi

k

)...
∑

φi1

P (φi
1 → φi

2

)Wx[φ
i1 ] =W [φ],

i. e. in the limit of an infinite number of transitions any weight will approach the Boltzmann

weight. This is like the usual thermalization of a system out of equilibrium towards

equilibrium, and the same name is used. This implies that

W [φ′] =
∑

φ

P (φ→ φ′)W [φ]

and thus that the Boltzmann weight (4.2) is invariant under updates. Also this is expected

from thermodynamics: Once a system has reached equilibrium, it will stay there forever,

no matter what the individual parts of the system do. It should be noted that in case

of multiple equilibrium situations, like at first order phase transitions, this requires some

care, see section 4.7. If the system would have more than one equilibrium distribution,

which are not related to any phase transition, it may become more complicated to give

sense to the numerical process. Since this is not relevant in the systems of interest in

particle physics, to the best of our current knowledge, it will be assumed not to be the

case. If there is a single equilibrium situation, then actually the starting point is irrelevant,

if all other conditions listed above are met.

A sufficient, but not necessary, condition for an update to satisfy all the conditions

listed above is detailed balance

P (φ→ φ′)W [φ] = P (φ′ → φ)W [φ′] (4.5)
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i. e. the probability for going back and fore between two configurations is given by the

ratios of the Boltzmann weight. While weaker conditions can be formulated, usual lattice

algorithms all fulfill this stronger condition, and this will therefore suffice here. A proof of

these statements can be obtained by considering (4.4) to be a matrix-vector equation with

P the matrix and W the vector. Then the fact that there is one largest eigenvalue of P

which is 1, with eigenvector W , and all other eigenvalues smaller than 1 and P a positive

matrix guarantees with some linear algebra theorems the rest.

Any update process which has the features above, and therefore automatically any

algorithm satisfying detailed balance, is called a Markov process. The sequence of config-

urations created is called a Markov chain.

4.2 Metropolis algorithm

Now the requirements for an update to create configurations has been formulated, but still

an explicit implementation is lacking. In fact, there exist a very large number of possible

algorithms. Here, an example will be discussed, the so-called Metropolis algorithm. It is

very flexible and can be used for almost any theory for which a simulation is reasonable

at all. However, it is not a particular efficient one, and theory-specific ones can easily

outclass this algorithm by orders of magnitude in performance. It is therefore strongly

advised to thoroughly search the literature before choosing an algorithm.

To flesh out the algorithm requires essentially only one thing: To provide an update

which changes a configuration, and to show that it fulfills detailed balance.

The algorithm operates as following: First, select a new configuration. This can be

done in any way thought possible. E. g. for the φ4 theory every field value could be added

some Gaussian distributed random number with some fixed width being the same for all

lattice sites. This configuration is always accepted if its action is smaller, and therefore

the Boltzmann weight (4.2) larger, than for the previous configuration. If the action

is increased (W decreased) accept it with the probability exp(Sold − Snew) < 1. Up to

normalization, this corresponds to the transition probability

P (φ→ φ′) ∼
(

θ(Sold − Snew) + θ(Snew − Sold)e
Sold−Snew

)

. (4.6)

The actual test, whether a proposed changed should be accepted if its action is larger can

be obtained by drawing a random number between zero and one and compare it to this

probability.

In practice, such a global update yields almost never an accepted change, making this

highly inefficient. This can be changed by instead performing local updates, where a
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change is only proposed at a single lattice site3. Such an update is not ergodic, but by

performing such updates at every lattice site in turn makes the algorithm again ergodic4.

Then the individual acceptance probabilities become large enough to efficiently find new

configurations5.

A full update of all lattice sites is also called a sweep. Note that the movement in

configuration space, as noted above, is akin to a stochastic process. Therefore, one update

is often considered to be one unit of Monte-Carlo time, and the movement in sweeps is

called a propagation in Monte-Carlo time. It is important to distinguish this from the

time coordinate x0.

To modify the acceptance probability can also be achieved by modifying how a new field

configuration is proposed. The more the fields change, the less likely the new configuration

will be accepted. However, if the changes are too small then only small modifications of a

given configuration will be explored. This can lead to serious problems, as will be discussed

in section 4.5.2. Still, acceptance rates of changes at a single site between 10% and 90%

are usually a good choice.

The Metropolis algorithm satisfies detailed balance, as its involves directly the weight

(4.2). Inserting (4.6) into (4.5) shows this explicitly.

A generalization of the Metropolis algorithm is obtained by decomposing it into two

probabilities, P = PAPC . PC is now an arbitrary probability distribution to obtain from

any given field configuration a new one. Defining

PA(old → new) ∼
(

θ(Wold −Wnew) + θ(Wnew −Wold)
PC(new → old)Wnew

PC(old → new)Wold

)

(4.7)

yields a transition probability which satisfies detailed balance, which can be proven again

by direct insertion. If the transition probability is independent of the direction, PC drops

out, and the previous case is recovered. E. g. if a local modification of the field is done by

adding some random number to the field value, the change is independent of the direction.

If the change would have different sizes depending on the previous field values, this is not

the case, and (4.7) has to be used instead of (4.6).

3If the fields have more than one component, even for changes of a single component.
4Since particle physics theories have only next-neighbor connections in the action, there are the pos-

sibility to update either all sites in order, e. g. using the counting (2.12) (lexicographical) or first all

even sites and then all odd sites of this quantity, which reduces the respective interference (checkerboard

update). However, in practice this makes usually little difference. Also a purely random choice of selected

lattice points is possible, and roughly equally effective.
5A more quantitative definition of ’efficiently enough’ will be discussed in section 4.4.2.
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4.3 Improving algorithms

While the Metropolis algorithm is comparatively simple to implement, it is far from the

most efficient one. This will become even more clear in section 4.4.2. There are many

faster algorithms. When using knowledge about the theory in question it is always possible

to be even faster. Examples of this will be discussed in sections 5.4 and 6.9. Here, generic

improvements will be discussed.

4.3.1 Acceleration

A straightforward improvement is obtained by using a multi-hit Metropolis algorithm.

This algorithm is only a slight change to the ordinary Metropolis algorithm. It only alters

the local updates, but the composition of a sweep from local updates is not changed.

The modification is that instead of making one proposed change, a fixed number N of

proposals are made per lattice site to alter the field value. Only after this the next lattice

site is updated. In the limit of large N this becomes a rather efficient algorithm. However,

the repeated attempts also cost time, and therefore there exists a sweet spot in N , where

this algorithm is particularly efficient. The reason is that less and less the result depends

on previous information of the system, and therefore more differences in configurations are

possible.

The number of hitsN can in addition be optimized at run-time, making this an adaptive

algorithm. If a particularly measure of efficiency is available, this can be checked after

every sweep to adjustN . Similarly, this can also be done for the parameters of the proposed

change for the fields, e. g. the maximum size of changes. It is important that this is only

done after a full sweep, as otherwise the update becomes incoherent, treating different

parts of a lattice differently. This is important as that the sweet spot of such numerical

parameters quite strongly depend on the parameters of a theory, and good values cannot

be predicted. In this way, it is possible to adjust them at run time. Note, however, that

an optimal choice could also depend on the configuration, making optimization at best

hard and only working on average.

4.3.2 Overrelaxation

The aim of the sampling is to cover as many relevant field configurations as possible. The

previously described algorithms are canonical, as they allow to change the action. Since

the action is equivalent to the energy, according to (4.1), the name arises.

However, in many cases such changes can be inefficient in sampling all of configuration
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space, as they prefer areas of lower action. While detailed balance guarantees that in the

limit of an infinite number of configurations everything is sampled correctly, this may not

be so with a finite number of samples. Especially, if the space of all possible configurations

has multiple areas of low ation, which is actually quite common, the algorithm will tend

to stay close to a minimum for very many updates, before moving on to another area of

low action.

To avoid this, it is possible to use microcanonical updates, i. e. any kind of change to

the field configuration such that the action remains constant. As this requires knowledge

about the action, such so-called overrelaxation updates cannot be formulated in general.

Since such an update moves along curves of constant action without preference for minima

it will tend to get less stuck at a given (local) minimum.

While in the limit of an infinite number of configurations both microcanonical and

canonical updates yield the same result for theory parameters in which the average of

the action of the canonical updates equals the fixed value of the action in microcanonical

updates, this is not very relevant in practice. In fact, often the value of the action is the

observable, and unknown in advance. Thus, in practice usually a mixture of canonical and

microcanonical updates is performed. Putting together a sequence of such updates then

manifest a (macro)sweep, and it is sufficient that such a sweep satisfies detailed balance,

which is guaranteed, if individually both do, and sometimes even if only one does.

Due to applications of this idea to the movement of spins towards equilibrium, the

name of such microcanonical updates is also overrelaxation.

4.4 Statistical errors

Since a Monte Carlo chain is stochastic process, it is equivalent to an experiment with

noise. Therefore, the average (4.3) will usually differ from the one in the limit of an infinite

number of configurations. It is therefore important to determine the error associated with

this process.

4.4.1 Determination and signal-to-noise ratio

As the process is of the same type as any statistical process, the statistical error for a

quantity O with average value 〈O〉 is given after N measurements by

σO =

√

1

N(N − 1)

∑

i

(Oi − 〈O〉)2 (4.8)
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where Oi is the measurement of the quantity on the ith configuration. This gives the

usual one standard deviation, and thus the infinite-configuration average will be within

〈O〉 ± σO with a probability of roughly 67%, and correspondingly for higher multiples of

σO.

While this is a suitable error estimate6 for Gaussian distributed quantities, it is not

generally a good estimate. Especially, there are often quantities, just think of a positive

operator O2, which are not Gaussian distributed.

To deal with this, other methods are available. The two most prominent ones are

bootstrap and jackknife. They both operate in the same conceptual way: By obtaining a

number of averages from pseudo-experiments. They then give as an error margin values

〈O〉± such that some fraction, say again 67%, of all so generated average values fall within

〈O〉− ≤ 〈O〉 ≤ 〈O〉+, such that the number of averages on both sides is equal, i. e. 33.5%.

This allows for asymmetric errors.

The average values for jackknife are obtained by eliminating from the set {Oi} one

or more elements before calculation. If one is removed, this is called single-elimination

jackknife. Then the average value is determined. This is repeated many times, up to and

including N times if there are N configurations, to produce the distribution of averages.

Bootstrap operates oppositely. It draws from the set {Oi} a fixed, but larger, number of

values, and calculates then the average value. This is repeated multiple times, usually also

for the number of configurations. It is allowed to also draw numbers twice. In fact, often

the number drawn is larger than the available number of configurations.

It can be shown that both methods yield for Gaussian distributions of values in the

limit of an infinite number of configurations the same value as the statistical error (4.8).

In fact, if the values are Gaussian distributed, they approach the value quickly. The major

advantage is to deal with non-Gaussian, in particularly asymmetric, errors. Especially

jackknife has become a quasi-standard, but bootstrap is conceptually not weaker. To test

how Gaussian a result is, and whether the number of configurations can be considered

large, the statistical error (4.8) and the one from jackknife or bootstrap can be compared.

The mathematical theory of stochastic error estimation is very extensive, but in most

cases the above is sufficient.

An important issue in statistical errors is the signal-to-noise ratio, i. e. the ratio

σO/ 〈O〉, the so-called signal-to-noise ratio. If this ratio is one or even larger, the op-

erator is zero within errors. In fact, to obtain a reliable statement requires that this ratio

6Any so calculated results can only be an estimate, as there could be a ’unlucky’ sequence Oi, making

the error extremely overestimated or underestimated. This problem is discussed in many details in the

corresponding literature. For practical purposes, these subtleties are usually glossed over.
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should be much smaller than one. A usually unambiguously accepted level for a signal is

three for evidence and five for a genuine signal. In practical cases it is often not possible

to reach such a large ratio for many quantities of interest. This is amplified by (3.2) in

spectroscopy: It is needed to follow a signal until only the ground state contributes. At

the same time, the signal drops exponentially. Thus, the signal-to-noise-ratio deterioates

exponentially. There are many possibilities to counteract this by making the prefactors

of the noise small, or to some extent even the prefactor in the exponent, as described in

section 4.6, but eventually always the noise wins. This becomes more troublesome the

heavier the mass. In fact, in many cases it is possible to estimate the statistical noise to

rise like exp(aOmO/ml), where mO is the relevant mass scale of the observable, a is some

constant, typically specific to the observable, and ml is usually the lightest mass. Thus,

the heavier the particle, the larger the signal-to-noise problem.

The signal-to-noise ratio is a function, and can depend on the parameters of the mea-

surement. Therefore, if there are disconnected vacuum expectation values, as discussed in

section 3.2, the error of the vacuum expectation value will be independent of time. Thus,

the exponentially decreasing signal has to be extracted from this background, and thus the

signal-to-noise ratio degrades exponentially fast. In channels without vacuum expectation

values, this is not an issue, if the number of configurations becomes large enough.

4.4.2 Autocorrelations, thermalization, and critical slowing down

An important constraint on the previous discussion of statistical errors is the implicit

assumption that every measurement is independent. For this to be true, every configura-

tion needs to be independent. This is, however, in general not true if the configurations

are created by a finite number of sweeps in a Markov chain. As already (4.6) shows the

changes depend on the previous configurations. Though there are possibilities to reduce

this dependence, overrelaxation being one of them and another one will be discussed in

section 5.4, in practical cases for particle physics theories it can never be eliminated.

As a consequence, the configurations are said to be correlated to some degree. If they

are correlated, observables measured are not independent, and the fluctuations between

configurations are smaller than without correlations. Thus, the actual statistical error are

larger than those calculated using the methods in section 4.8. The only question is how

large.

To obtain an estimate for the correlation of configurations the so-called autocorrelation

time can be determined, where time refers here to the Monte-Carlo time, i. e. number

of sweeps between configurations. It is calculated in the following way: Determine an
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observable on every configuration7, O(ts), where ts is a sweep, and assuming 〈O〉 = 0.

Then calculate

〈〈O(0)O(∆ts)〉〉 =
1

N −∆t

N−∆t
∑

i

O(i)O(i+∆t),

where N is the total number of configurations. Alternatively, by periodicity in Monte-

Carlo time, also all configurations can be included. The double bracket indicate that this

average is taken over different Monte Carlo times, instead the usual ones. If the average of

the operator is non-zero, it is necessary to calculate (now assuming a suitable wrapping)

〈〈O(0)O(∆ts)〉〉 =
1

N

N−∆t
∑

i

O(i)O(i+∆t)− 〈O〉2 (4.9)

Usual algorithms, like the Metropolis algorithm, then exhibit usually the following behav-

ior

lim
∆t→∞

〈〈O(0)O(∆ts)〉〉 ∼ e−∆ts/τ , (4.10)

where τ is called the correlation time. Thus, correlation between different configurations

vanish exponentially fast.

However, if τ & 1, there are still (sizable) correlations between two configurations left.

There are two possibilities to deal with it. The best choice is to drop configurations,

i. e. perform sweeps, but not perform measurements. Dropping Nd configurations will

reduce the correlation time down to τ/Nd. Unfortunately, this may be too costly, which

is especially true if fermions are involved. Then it can be shown that the statistical error

including the effects of auto-correlations is larger by a factor of max(1, 2τ) than without

correlations. I. e. τ must be smaller than 1/2, or the error increases. Thus, also Nd must

be so large that τ/Nd is smaller than 1/2, or a residual error enhancement of the same

size remains.

Unfortunately, there is a number of caveats.

One is the quite obvious problem to determine τ . On the one hand, the subtraction

(4.9) implies that it becomes hard to numerically extract long autocorrelation times. This

can be complicated further by the fact that with a finite number of sweeps the asymptotic

behavior (4.10) may not have been reached8, and subleading contributions can obscure

the asymptotic behavior. In particular, this implies that it is never possible to obtain

anything but a lower limit of τ , as long as no analytical solution for the theory exist.

7This already hints that it should be best a scalar observable to avoid effects due to, e. g. rotating

configurations in inner or outer space.
8It can be shown that this is essentially dominated by the eigenvalues of the transition probability

matrix, which are usually very hard to calculate.
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Another one is that τ can be, and quite often is, dependent on the observable. This is

intuitively clear, as an observable which depends on multiple, far-separated lattice points

will only be completely changed once all lattice points have been changed often enough.

An observable, which locally depends only on a single lattice site will be much quicker

to decorrelate. Thus again, any determination will only give, strictly speaking, a lower

estimate of τ for this observable. The best lower limit to τ is obtained when taking the

largest of all τ obtained in all measurements.

A third one is that this implies that there are also correlations still with the initial-

ization, i. e. the non-equilibrium configuration the Markov chain started from. As these

are not relevant configurations any influence of them will disturb the assumption that the

Boltzmann weight is the correct weight for configurations. As a consequence, usually a

thermalization is performed in the beginning of a simulation. For this an initial number of

configurations from Nt sweeps are dropped, and not used for measurements at all. Since

thermalization is harder than decorrelation, as in this case two things have to happen at

once, usually Nt ≫ Nd is chosen, in practice a factor 10 to 100 larger, but even larger

numbers are not unheard of.

Finally, the exponential behavior (4.10) can be troublesome if the autocorrelation time

becomes long. It can be shown that for an observable dominated by correlations over

distances ξ then

τ ∼ ξz, (4.11)

and thus the autocorrelation time increases as a power-law with the dynamical exponent

z of the correlation length. The problem now arises if the correlation lengths become

large. Especially, for light or massless particles on large volumes or close to second-order

phase transitions, and thus especially close to the continuum limit, ξ becomes large. Thus,

simulating closer and closer to the continuum limit becomes increasingly expensive in terms

of decorrelation or statistical precision, if z > 0. This is known as critical slowing-down.

Most standard numerical algorithms, including the Metropolis algorithm, have z ∼ 2. It

is possible to decrease this value substantially, and z ∼ 1, or even z ≈ 0, is possible for

some systems. However, such algorithms tend then to be quite specific to the theory in

question, and thus require large development, and thus human, work. It is always a careful

balance between costs of additional simulation time and human effort at that point.

In addition, if the origin of critical slowing down is the approach of the continuum limit,

there is an additional effect. If the physical volume should stay constant, it is necessary

to increase the volume accordingly, i. e. by a factor ξd. Thus, the autocorrelation time

for approaching the continuum limit is actually ξd+z, and thus critical slowing down can

never be completely eliminated.
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4.5 Systematic errors

Section 4.4 dealt entirely with problems arising from doing numerical simulations. These

combine with additional errors, which are not entirely only due to the statistical evaluation,

or cannot be beaten with a reasonable increase in computational power. These are called

systematic errors. Despite their name, they are not systematically controlled, but merely

a qualitative systematic understanding of them is possible. They are furthermore errors,

which cannot be estimated based on a single simulation, but require usually multiple

simulations with different lattices and lattice parameters to cope with them.

4.5.1 Lattice artifacts

Any lattice simulation is performed on a finite lattice and, due to critical slowing down, not

at exactly zero lattice spacing, even if the position of the continuum limit in the quantum

phase diagram is known. Examples of such systematic errors have already been discussed in

various previous sections, especially 2.6.1 and 3.3. These are the dependency of the results

on the lattice size and the lattice discretization: Every result from a numerical simulation

will depend on both N and a. In the context of continuum theories this corresponds to a

dependency on the infrared and ultraviolet regulator. These are called lattice artifacts.

Similarly to the continuum, the leading dependency on these lattice parameters can

be determined perturbatively, though in this case as a series in a and 1/N . Sections

2.6.1 and 3.3 give examples for these two types of calculations, respectively. However, a

full analytical knowledge of the dependency would only be possible, if the theory would

have been solved analytically, which for obvious reasons would make lattice simulations

irrelevant. Thus, two problems remain: Is the volume large enough and the discretization

fine enough to allow for using only a finite number of terms in these expansions? Are

there (subleading) contributions not captured by a (truncated) perturbative series present

which contribute in a quantitative relevant fashion?

The first question can again only be answered if a theory is exactly solved. Other than

that, the best possibility is to determine results for multiple volumes and discretizations

and compare the dependency with the expected dependency. If it fits, an extrapolation

to infinite size and zero discretization is attempted. Even if it does not fit, because of

the second question, a suitable parametrization of the dependency can be attempted and

then an extrapolation can be performed. However, as is well known from mathematics,

it is impossible to obtain a reliable extrapolation from a finite number of points. Thus,

such extrapolations should always be considered as lower limits to the uncertainties due

to systematic errors.
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Of course, it is ideal if experimental results, mathematical exact statements, or at least

results from other sufficiently reliable methods are available to compare to. If they fit with

the extrapolations it gives confidence that the basic dependency on lattice artifacts has

been understood well enough.

On the other hand, this makes life particularly annoying for new theories for which

predictions have to be made. It should always be kept in mind that examples are known,

where over a wide range of lattice parameters the expected qualitative asymptotic behavior

was observed, but at even larger lattice sizes and finer discretizations it vanished again,

only to reappear even closer to the thermodynamic limit, but with different prefactors.

A rule of thumb to estimate whether a volume is large enough is that Naml ≫ 1 where

ml is the lightest mass in the spectrum. This will not work for systems with massless

particles, where conclusions are notoriously hard to make. Likewise, 1/a ≫ mh, where

mh is the mass associated with the heaviest particle, stable or not, under scrutiny. The

latter is known in numerics also as the Nyquist theorem. This is particularly troublesome

for new theories, where no information on ml and mh are yet known, forcing an iterative

spiral to approach suitable lattice settings. Also, many contemporary lattice simulations

in particle physics are still at a level where 2 ≫ 1 needs to be accepted on faith.

4.5.2 Overlap and reweighting

There is another problem, which arises at two points. This is encoded in (3.2) and in

(4.3): Overlap. While the reasons behind this problem can be different, the conceptual

consequence is quite similar.

Start out with (3.2). In any practical calculations, it will not be possible to include all

possible operators. Some of these problems can be reduced, as will be discussed in section

4.6. However, there is always the possibility that the overlap | 〈O|0〉 |2 of all operators

with the vacuum (or any other state) is zero or, more likely, so small that it is zero within

statistical errors. Then, such a state will be missed in any analysis. This is an overlap

problem, as the chosen basis of operators is not large enough to statistically meaningfully

cover this state. If measurements in a certain range should be performed, this problem

becomes stronger the more states are in the range, as at least one operator with non-zero

overlap has to be included for every channel. Since there is no a-priori way of determining

operators with large overlap, the truncation error induced by the choice of basis remains

an uncontrolled error.

The second overlap problem arises from (4.3). The choice of configurations is based on

an importance sampling, i. e. the question which configurations have a large Boltzmann

weight (4.2). This is good if the observable does not itself depend so strongly on the con-
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figurations that the choice of configurations is affected by it. A trivial example where this

happens is exp(S). This well-defined observable is large exactly where (4.2) is small and

vice versa. Thus, trying to measure this observable with the usual choice of configurations

does not work9. The reason is again that the support of the observable in the configura-

tions selected during importance sampling is small compared to the total support. Due to

the exponential form (4.2), this will only occur if an exponential enhancement is provided

by the observable, which is strong enough to compete. This is fortunately rarely the case

for the operators which are a polynomial in the fields. However, since these are also func-

tions, it cannot a priori be excluded that such an enhancement is dynamically generated.

It is almost impossible to detect such an overlap problem.

There is one situation, in which such an overlap problem is routinely relevant. While

the Metropolis algorithm is suitable for all actions, it is often not very efficient. However,

more specific updates can become slow if the action changes. In this case, reweighting

is a possibility. For rewighting the action is split S = SB + Sr. Only the part SB is

used for the generation of configurations. The contribution Sr is then included in the

operator measured, i. e. O → Oe−Sr . Provided Sr ≪ SB, this will not create an overlap

problem, and thus
〈

Oe−Sr
〉

SB
/
〈

e−Sr
〉

SB
, where the subscript indicates the action used

for importance sampling, will be the same as 〈O〉S. It makes only sense if the creation of

configurations using SB is much more efficient as the one using S, as the sampling becomes

exponentially bad with an increase in Sr. Still, this happens.

4.5.3 Ergodicity

As noted in section 4.2, the Metropolis algorithm, as well as essentially all other algorithms,

have a tendency to stay close to minima of the action. This behavior can be improved

using overrelaxation, as described in section 4.3.2. However, this is not always sufficient.

If it is not sufficient, the algorithm is not ergodic (enough), and the set of configurations

may not represent the theory faithfully.

Problems with ergodicity can often be seen by monitoring some quantities as a function

of Monte Carlo time. Ideally, any quantity should, after thermalization, fluctuate stochas-

tically around the average value. If a problem with ergodicity arises, this is not the case,

and the values fluctuate for a large number of sweeps around one value, and then quickly

change to fluctuate around a different value. If this is the case the algorithm is not very

ergodic. Of course, it may be that it is ergodic, but only very inefficient. This situation

is nothing but strong residual correlations. However, determining the correlation time of

section 4.4.2 would only show this if determined over multiple changes of the value around

9Of course, in the limit of an infinite number of configurations everything will be fine again.
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which the fluctuation occurs. This may not happen quickly enough to be detectable. In

fact, the jump from one value to another may happen only at too large Monte Carlo times

to be visible in a simulation. Usually, the time spend at one value will increase the larger

the volume, as there are more options to offset changes towards a different value by other

lattice sites.

To detect such problems the best way is to start the simulation with random (so-called

hot) initial conditions. If a so-far undetected problem with ergodicity arises, the different

starting values will thermalize towards different values. If this happens, this is a sure sign

for an ergodicity problem of the algorithm. Unfortunately, this does not work the other

way around. The absence of such a signature does not imply the absence of an ergodicity

problem. Fortunately, such situations are rare.

4.6 Spectroscopy

Spectroscopy is one of the primary goals of lattice calculations. Due to (3.2), it is also

pretty demanding, as the error increases exponentially with time. Furthermore, it is not

possible to use every operator with the same quantum numbers for a basis, and thus be

able to obtain all energy levels. In practical calculations only a few, usually at most a few

tens, of the infinite number of operators can be included. Fortunately, there is a number

of possibilities to compensate at least part of this problem.

4.6.1 Time-slice averaging

There is a comparatively simple way to improve the statistics essentially by a factor of

Nt. As particle physics theories are usually homogeneous in time, performing on every

configuration

〈OO〉 (∆t) = 1

Nt

Nt−1
∑

t=0

〈O(t)O((t+∆t) mod Nt)〉

creates an average over all time slices, and thereby improves the statistics. Of course,

the time-slices are correlated. Thus, the measurements on individual time-slices are not

statistically independent. However, the averaging does not alter the quantum numbers.

Thus, the averaged operator is used as the physical operator, and thus interpreted as a

single measurement on a configuration, rather than every time-slice separately.

Note that sometimes anisotropic lattices are used, possibly even with a different dis-

cretization in time and space directions, with a larger number of lattice points in time

direction. This gives more to average over. Also, this can allow to have more points before
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the signal-to-noise ratio becomes too bad. It therefore helps to improve the data quality

as well. The downside is that this makes time special. Thus the aspect ratio of the lattice

arises as an additional systematic error, as in the thermodynamic limit the lattice must

become again symmetric to avoid breaking rotational symmetry. Especially, for non-scalar

quantities this requires, in principle, to treat polarization directions along and orthogonal

to the time direction differently, which is usually not done, despite aspect ratios of two

and larger. This should be kept in mind.

4.6.2 Smearing

In most theories short distances are entirely dominated by quantum effects. Using oper-

ators which are evaluated on a single lattice site are therefore strongly afflicted by these

quantum fluctuations, increasing the noise. On the other hand, often quantities living on

a multiple of the lattice spacing are of general interest. Also, latest for bound states, they

have usually a finite extent. Approximating them with operators, which are point-like,

can also create an overlap problem.

To deal with this problem, the concept of smearing is introduced. The idea of smearing

is to use extended operators rather than point-like operators. They are thus smeared over

some number of lattice points. A smeared operator for the scalar field can, e. g., be

constructed as

φn(x) =
1

1 + 2(d− 1)

(

φn−1(x) +
∑

µ

(

φn−1(x+ µ) + φn−1(x− µ)
)

)

, (4.12)

where φ0 is the unsmeared field. This is applied to every lattice site. Note that only nearest

neighbors are involved. Therefore, smearing a single site and then continuing to the next

will have the problem that the smearing is different at different positions in the lattice.

Especially if n is small, this can induce systematic effects, as it signifies a preferential

position. Therefore, it is best to perform smearing on a copy such that every lattice site

uses the original fields for smearing. Of course, the configuration used for the next sweep

in the Markov chain should not be changed, as smearing alters the Boltzmann weight of

a configuration10.

By performing a number of such smearings, the operator becomes averaged over more

and more lattice sites. Since the fluctuations are random and of either sign, they will

average out, while the signal remains stable.

10In fact, in the limit n → ∞ the result will be the vacuum, i. e. all fields vanish at every lattice site.

Already much before this, the field configurations becomes classical, as all quantum fluctuations have been

removed. Such configurations are actually of measure zero in the path integral, showing how smearing on

the configurations of a Markov chain would distort the importance sampling.
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Operators build from fields at some smearing level n are independent of operators build

at a different smearing level m. Thus, using operators build from different smearing levels

can also be used to create additional operators for an operator basis.

It should be noted that (4.12) is just an example of smearing. There are many other

possible smearings, some particular for a given theory. They differ in the way how strongly

they average. Thus, with some smearing prescription it may take (many) more smearing

sweeps than with others to obtain a similar level of averaging. Also, the smearing will

proceed at different speeds for different discretizations and lattice spacings. To compare the

impact of different smearings or the same smearing for different lattice spacings it is best

to monitor some observable quantity. If it is altered by the smearing to the same extent,

i. e. has the same value, the number of smearing sweeps in both approaches are roughly

equivalent. This can be understood straightforwardly: The extent of an operator smeared

n times on a lattice with discretization is a. Operators with different physical extent11 an,

due to different discretization and different smearing, will have different overlaps with a

state. Given that only a finite number of points is available, this can affect results of fits.

Besides these discrete smearing operations there exist also a continuous formulation

of smearing, the so-called Wilson flow. It can be used to show that all of the smearing

prescriptions are equivalent when reaching the same physical extent, as discussed above.

The Wilson flow is quite similar to the concept of a continuous coarse-graining, and thus

is effectively a differential equation. To apply it is essentially the numerical solution of a

(partial) differential equation. This will not be detailed further here.

It is important to note that (4.12) should only be performed over spatial directions,

i. e. the sum should exclude the time direction, if quantities like a temporal correlator in

spectroscopy should be considered. Otherwise exactly the time dependence, which should

be measured, would be washed out.

4.6.3 Variational analysis

Another possibility to improve the situation is by utilizing the insights gained in section

3.2 and 3.3. According to (3.2), every correlation function of operators is a sum of ex-

ponentials. Conversely, some linear combination of correlation functions must therefore

be pure exponentials. If it would be possible to determine this basis, there would be no

higher-state contaminations, and therefore already short times, where the signal-to-noise

ratio is as good as possible, could be used to determine the energy-levels.

Assume for the moment that the set of operators is finite, and given by {Oi}. Defining

11Note that there is a usually a prefactor, which is charateristic for the semaring method.
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the correlator matrix

Oij(t) =
〈

O†
iOj

〉

(t)

will give a hermitiean (symmetric) matrix, if all operators are hermitian (real). For oper-

ators creating states, this can be safely assumed. Also, this requires time-slice-averaging

of all operators, as otherwise different evaluation times could break the symmetry of the

matrix, at least at finite statistics.

Hermitiean matrices can always be diagonalized, and their eigenvalues are real. The

corresponding eigenvectors will be some linear combinations of the operators themselves.

In this eigenbasis, these operators have no longer any overlap with the other operators.

This implies that they are necessarily pure states, and thus the eigenvalues behave like12

λi = aie
−Eit

and the eigenvalues actually determine the composition of this pure base.

So far the theory. In numerical calculations, it is not possible to cover the whole

(infinite) basis. Therefore, this decoupling will not be perfect, and eigenlevels will behave

like

λi = aie
−Eit

(

1 +O
(

e−∆Eit
))

,

where ∆Ei is the distance to the next closest energy level. Furthermore, because of the

prefactors, the assignment of an eigenvalue to an energy level is not tied to the absolute size

of the eigenvalue, and avoided level-crossing can occur. This can be monitored using the

eigenvectors, as they should not depend on time except when such level crossing occurs.

This implies that especially for densely spaced energy regions even this so-called vari-

ational analysis will provide only an estimate. Still it is (usually) improved compared to

the pure operators.

The situation improves if the coefficient of the subleading contributions can be made

smaller. While this is no improvement in principle, this improves the signal-to-noise ratios

at long times. It is found empirically that preconditioning in the form of the so-called

generalized eigenvalue problem can do so. In this case, the eigenvalue problem is solved not

for the matrix O(t) but for a matrix CO(t), where C is time-independent. Often a choice

like (Oi(t0)Oj(t0))
−1 is suitable. That this indeed helps can be understood intuitively.

This normalizes at a fixed time t0 all eigenvalues to one. This is always possible, as this is

just the overall normalization of the operators, which will play no role for the exponents.

In the end, it corresponds to a rescaling of the operators, which is always possible. But

12If the size of the lattice plays still a role, this will be a cosh behavior, rather than an exponential

behavior.
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at this time then all exponentials are of the same size, and not hugely different. Thus,

up to differences of in practical applications not more than 10 in the energy levels, all

eigenvalues behave in the same way. Without this rescaling, there can be additional

factors of several orders of magnitudes. Given the errors and finite precision arithmetic,

this would numerically deteriorate the signal. By this normalization, this problem is

avoided. Of course, to obtain the eigenvectors of the original problem then requires an

appropriate rescaling of the obtained eigenvectors.

4.6.4 Resonances

Concerning resonances, everything which has been said so far for should also be applied to

the determination of energy levels for counting of levels and for a Lüscher analysis. Note

that smearing must be applied in such cases with great care. After all, higher energy levels

oscillate quicker, and will therefore be averaged out before lower states are affected. Thus,

too generous smearing could lead to a loss of signal of one or more levels, and thus of a

loss of the signal of the resonances. Using therefore a mix of different smearing levels is

often useful to capture all states.

Another issue is the selection of operators. It is not a-priori clear which operators have

a large overlap with a resonance. Especially, if a resonance should be a collective excitation

this would require operators which involve an infinite number of elementary field operators

for overlap, like an exponential in the fields. Such an object would, however, likely give

rise to an overlap problem. It is therefore careful balancing necessary to identify a suitable

set of operators.

As a rule of thumb all field content, including those with relative momenta13, should be

included for the ground state and all scattering states levels up to, at least, the inelastic

threshold. The number of scattering levels can be judiciously reduced by reducing the

physical volume. In fact, in this case a small volume can be an advantage. However, the

volume should still be large enough that all other massive states are essentially at their

infinite-volume value, i. e. the exponential corrections of section 3.3 should have died out

already. This is usually possible to achieve.

Thus, the composition of a suitable operator basis often requires first a good under-

standing of ground states in the possible decay channels, if possible.

Other than that the best way ahead is a general careful analysis of the energy levels.

13Note that in practice discretization errors seem to play a smaller role than expected, and e. g. the use

of dispersion relations correcting for the final lattice spacing are often overkill.
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4.7 Phase transitions revisited

The detection, and classification, of phase transitions is essential to find the continuum

limit of a theory. Performing a finite-size scaling analysis, like discussed in section 2.8,

is certainly the best way. However, first and second order transitions can become quite

similar, depending on the relevant critical exponent. Also, as will be discussed in chapter

7, sometimes first order transitions can be physical.

To identify first order transitions the Monte Carlo process itself can actually be used.

At a first-order transition there is a coexistence of two phases. On a finite lattice, this

coexistence region is actually smeared out over a range of parameters rather than just at

the transition. If there are two phases, they will have differing values for observables. As

a consequence, there will be configurations belonging to either phase14. In a histogram of

the value of the observable in the configurations thus a double-peak structure will arise15.

Observing such a structure is a signal for a first order transition.

In fact, if the Markov chain is not very ergodic, this will manifest like critical slowing

down that the observable will scatter for a while around one value and then around another

one. Thus, already the Monte Carlo histories can signal a first order phase transition.

However, this may actually be just an ergodicity problem, and the observation of the

double peak structure is much better suited. In fact, this is a signal that the physical

effects of the phase transition are not sufficiently compensated for in the algorithm, and

thus a bug is here turned into a feature.

Another possibility to detect a first order phase transition is by hysteresis. By tuning

the control parameter in which the phase transition occurs from above the transition to

below the transition during the Markov chain, the theory will stay in one phase or the

other for a while even after crossing the critical value. Thus, the Monte-Carlo history as

a function of the value of the control parameter will show a hysteresis loop. Again, this

is using the bug of not being quickly ergodic, and an ideal algorithm would not see the

effect.

However, it should be noted that an ideal algorithm would have a dynamical critical

exponent of zero in (4.11). No such algorithm exists for any relevant particle physics

theory. Thus, this bug can in practice always be utilized as a feature.

14On sufficiently large lattices, or sufficiently far away from the critical region, even a single configuration

will have contributions from both phases, which will therefore by spatial averaging wash out the effect to

be described. This needs to be offset by being close enough to the critical region at fixed lattice volume.
15Of course, this will require sufficient statistics, especially if the average value in each phases are close

to each other.
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4.8 Spontaneous symmetry breaking in numerical sim-

ulations

Ergodicity and a finite volume has also another consequence: Lattice simulations imple-

ment the concept of symmetry in quantum field theory quite faithfully. In particular,

any non-explicitly broken symmetry is always exact, as in a finite volume and with an

ergodic algorithm, if enough configurations are sampled, always all possible directions are

sampled. Thus, any quantity not invariant under a symmetry transformation vanishes.

Thus, something like spontaneous symmetry breaking is not possible in a (numerical)

lattice calculation. This is, however, not a bug. Rather, it really implements symmetries

in quantum field theory much more literally than usually calculations. As also here spon-

taneous symmetry breaking, without an external limiting procedure, does not exist. At

most, a theory can be metastable against any infinitesimal explicit symmetry breaking.

To obtain therefore the usual notion of spontaneous symmetry breaking requires the

same prescription as in full quantum field theory: Introduce an explicit symmetry break-

ing, do simulations for different values of the explicit symmetry breaking, and ultimately

extrapolate to zero. Only then quantities like magnetization do not vanish.

Of course, depending on the rate of ergodicity, this can be obtained with more or

less numerical noise, especially at small breakings. An alternative are observables, which

detect metastability, but are invariant under the symmetry. E. g., in case of the φ4 model,

instead of using the vacuum expectation value of an order parameter
〈

∑

x

φ(x)

〉

,

which without explicit symmetry breaking always vanishes, it is possible to use
〈(

∑

x

φ(x)

)2〉

, (4.13)

which, in the infinite-volume limit, will be non-zero only in case of metastability. If there

is no such metastability this quantity drops like an inverse power of volume. Thus, the

situation is often straightforwardly distinguishable16.

Note that
〈

∑

x

φ(x)2

〉

16Though other lattice artifact can still fake a wrong behavior far away from the thermodynamic limit,

and also a dependence like a + b/V c is possible, where a ≪ b leads at first to an apparently different

behavior.
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is not suitable, as this quantity is always non-zero, except when the field is always zero

except for measure-zero parts of space-time. The latter is, however, just the vacuum.

The only reason why an explicit breaking may technically be more advantageous than

using quantities like (4.13) is that operators like (4.13) generically involve a larger number

of operators, and are therefore much more noisier. It then requires a careful consideration

which is the better approach.

This has also implications for the search for (second) order phase transitions of section

2.8 using order parameters. These will be zero without explicit breaking, but with explicit

breaking the searched-for phase transitions often degenerate into crossovers. Thus, it is

either necessary to use quantities like (4.13), which are expensive, or to employ critical

slowing down to make sure that the washing-out does not happen.

In the end, once more, any statement will be affected by lattice artifacts. Thus, any

results will only be true up to the lattice artifacts.



Chapter 5

Gauge fields on the lattice

The formulation of gauge theories on the lattice is quite different from the one in the

continuum. The main difference is that a lattice allows for a non-linear formulation, which

makes the volume of gauge transformations finite, i. e. compact1. Therefore, the path

integral of a gauge theory on a finite lattice is well-defined, even without gauge-fixing.

Compactness is achieved by using instead of the gauge field A rather the parallel

transporter

U ∼ eiA

as the elementary degree of freedom, the so-called link. Thereby, the algebra-valued gauge

fields are mapped to the gauge group. Since non-Abelian Lie groups have a finite group

size, in sense of the Haar measure, the links only vary over a finite range. This makes

an integration over the gauge orbits without gauge fixing possible. Note that this could,

in principle, also be done in the continuum, allowing for a gauge-invariant formulation.

The drawback is that this induces an infinite number of tree-level diagrams, due to the

exponential.

It is a far less obvious statement, and this will be discussed in detail in section 5.8, that

this also allows a reformulation of the theory entirely in terms of gauge-invariant variables.

However, the number of variables is infinite, and therefore this is not helpful in practice,

but an important conceptual insight: Gauge fields are just auxiliary field to have a local

formulation of the theory. But this is not necessary, just convenient.

1There are also lattice formulation of gauge theories which use an explicitly non-compact version. While

they have the same continuum limit, and therefore are conceptually as well-founded, as their compact

counter parts, they reintroduce the problem of flat directions leading to runaway situations, and currently

no efficient numerical tools are available for them in the non-Abelian case.
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5.1 Abelian gauge theories

Interestingly, Abelian gauge theories on the lattice are actually more complicated than

non-Abelian gauge theories. The reason is that Abelian groups are not in the same sense

compact as non-Abelian groups. Because the scalar product on the generator space has

zero eigenvalues, there are even for the group flat directions. Secondly, Abelian gauge

theories have multiple physical charge superselection sectors, where non-Abelian gauge

theories have only one. This also complicates matters. While the second problem can be

tamed by suitable boundary conditions, even though these make measurements generically

more complicated, the first problem has never been fully solved. The main drawback is

that it is hard to find efficient ergodic algorithms. These issues become important for

combined QCD+QED simulations, which start to become a major topic in lattice QCD

calculations.

Here, Abelian gauge theories will only be used for conceptual purposes, and then

neither of these practicalities matter.

To introduce a gauge field on the lattice, consider the following situation: Given two

charges φ at positions x and y, how can a gauge-invariant operator be constructed? The

answer is

O(x, y) = φ†(y)eie
∫ y
x
dzµAµ(z)φ(x) (5.1)

where the exponential is known as Schwinger’s line function. This is explicitly gauge-

invariant, as can be seen from the fact that under a gauge transformation G = exp(ieg(x))

eie
∫ y
x
dzµAµ(z) → eie

∫ y
x
dzµ(Aµ(z)+∂µg(z)) = eie(g(y)−g(x)+

∫ y
x
dzµAµ(z)) = G(y)eie

∫ y
x
dzµAµ(z)G(x)−1,

(5.2)

and since φ(x) → G(x)φ(x) under the same transformation.

On a finite lattice, the path in Schwinger’s line function is a path along the connections

between the lattice points. The shortest possibility is a straight line in a fixed direction of

length a. In this case

eie
∫ y
x
dzµAµ(z) → eieaµAµ = Uµ(x) (5.3)

where in the second step no longer a summation is performed on µ. The quantity Uµ

is called a link, as it lives on the connection between two lattice sites. The link in the

opposite direction is given by

U−µ = e−ieaµAµ = U †
µ = U−1

µ .

Note that the last two equalities use the explicit fact that an element of U(1) is unitary.

This implies that

φ(x+ eµ)
†Uµφ(x)
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is gauge invariant. Moreover
∑

µ

φ(x+ eµ)
†Uµφ(x)

is also rotational invariant. Thus, a gauge-invariant action for gauing the φ4 theory (2.23),

scalar QED, is given by

S =
∑

x

(

φ†(x)φ(x) + γ(φ†(x)φ(x)− 1)2 − κ
∑

±µ

φ(x)†Uµ(x)φ(x+ eµ)

)

. (5.4)

where translation invariance is used in the last term. Set the mass to zero and the self-

coupling to zero, and thus κ = 1/2d for simplicity. Then that this is true can be seen from

using that

2dφ†(x)φ(x) = 2
∑

µ

φ†(x)UµU
−1
µ φ(x).

Expanding then for small a

Uµ ≈ 1 + ieAµ − e2
∑

µ

AµAµ

the contributions of order e0 provide again φ†∂2φ. Collecting everything to order e yields

ie

2
Aµφ

†

(

φ− 1

d

∑

µ

φ(x+ µ)

)

= ieAµφ
†∂µφ

and in the same manner with φ and φ† exchanged. Finally, for order e2, several times the

same terms appear, yielding in total

−e2A2
µφ

†φ

All, together, this yields

φ†(∂µ + ieAµ)
2φ,

and thus the usual kinetic term. Hence, the (naive) continuum limit of the gauge-kinetic

term is correct. Since the potential is build form gauge-invariant quantities, this is also

correct in the same way.

Thus, it remains only to build the kinetic term for the gauge fields themselves, in

terms of the links. This requires a gauge-invariant object, which does not involve charges.

Because of (5.2), a link transforms as

Uµ → G(x+ µ)−1UµG(x). (5.5)
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Thus, to obtain a gauge-invariant quantity, it is necessary somehow to cancel any appearing

G by a G−1. The simplest quantity, which has this property is the so-called plaquette

Uµν = Uµ(x)Uν(x+ µ)Uµ(x+ ν)−1Uν(x)
−1. (5.6)

The path traced out is a square on the hypercubic lattice. In this form, it is traversed

counter-clockwise, but it remains also gauge-invariant when traversed clockwise. However,

by using the link definition (5.3), it can be shown that

Uµν = eiea
2Fµν , (5.7)

where Fµν = ∂µAν − ∂νAµ is the ordinary field strength tensor. It is not yet a rotational-

invariant object. This is obtained by summing over all possible indices which, due to the

symmetry of the lattice, reduces to
∑

ν>µ

Uµν ,

Before continuing, it is convenient to rescale Aµ → Aµ/e, removing the electric charge

from the link definition, and defining β = 1/e2. Because of (5.7), the plaquette itself

would expand to the field strength tensor alone in next-to-leading order. To cancel this,

the final action for Maxwell theory can be defined as

SM = β
∑

x,µ<ν

(

1− 1

2
(Uµν + U †

µν)

)

≈ a4β

4

∑

x,µ,ν

FµνFµν +O(a5),

and thus the conventional gauge action. Combining this with (5.4) yields then the action

for scalar QED. Defining β = 1/e2 is not a random choice. Rather, when considering only

Maxwell theory, it acts like a temperature.

The main advantage of the formulation (5.3) is that the values of the links Uµ are

restricted. As an ordinary complex number on the unit circle, their absolute value is

always one. This is in stark contrast to the field Aµ, which is a real number, varying from

−∞ to +∞. This is therefore called a compact formulation of Maxwell theory or (scalar)

QED. In particular, the integration variables in the path integral are not the fields Aµ,

but rather the links Uµ. Thus, the integration region is finite. The integration measure

is only equivalent to the usual one in the continuum limit. Otherwise, it differs by O(a),

and thus generally the lattice theory is a different theory than the continuum one. This

can be treated as an additional discretization artifact, but will, e. g., add additional O(a)

vertices in the perturbative treatement in section 5.6.

This has an extremely important consequence when it comes to the gauge freedom of

the theory. For the gauge fields Aµ, the theory is invariant under Aµ → Aµ + ∂µg, with g
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an arbitrary function. Note that this function is neither necessarily continuous or needs

to fall off at infinity, as is assumed in perturbation theory. In the continuum, this yields

a technical problem, as there are flat directions of infinite size, the functional space of

the real function g at every space-time point, where the action is constant. This yields

factors of infinity. In the compact formulation, there is still a redundancy, but the gauge

transformation G in (5.5) is exp(ig(x)), and therefore also of absolute size 1. Therefore

an integral over all possible gauge transformations for a fixed configuration, a so-called

gauge orbit, is finite at every space-time point. Since the number of space-time points

is finite, the total integral is finite. Thus, the path integral is finite and well-defined.

Therefore the gauge-fixing, which is necessary2 in the continuum to regulate the infinities,

is not necessary on a finite lattice. Therefore, as long as only gauge-invariant quantities

are calculated, gauge-fixing is not needed on the lattice.

However, it is possible. If gauge-dependent quantities, like the photon or (scalar)

electron propagator3 should be calculated, it is even necessary as otherwise these quantities

vanish or are just random (Gaussian) noise. How to do so will be discussed in section 5.5.

There is a slight complication when it comes to numerical simulations. Since different

gauge copies on a given orbit give the same result for a gauge-invariant observable, it is

necessary to sample every gauge orbit the same number of times, or otherwise different

gauge orbits are weighted incorrectly relative to each other. In actual numerical simula-

tions this is of little concern, as the number of configurations is so small that the chance

to hit the same orbit in a Markov chain even twice can be neglected for continous gauge

groups. However, the assumption underlying the limit of an infinite number of configura-

tions is that the Markov chain samples all gauge orbits in the same way. It also implicitly

assumes that the size of every gauge orbit is the same, up to measure zero contributions.

There is no reason at the current time to doubt this assumption. The situation is more

involved in the case of discrete gauge theories. There, depending on the lattice size, the

size of the gauge group, and the volume the possibility to hit gauge orbits more than once

can become non-negligible.

There are three remarks to be made on this theory, which applies to all versions, i. e.

Maxwell theory, scalar QED, and QED itself.

The Maxwell action (5.8) is up to order a5 just the continuum action. However, starting

2Actually, it is possible even in the continuum to find formulations without explicit gauge-fixing, but

so far none of them has turned out to be practically viable.
3Note that the physically observable electron or photon are not the two-point functions, i. e. propa-

gators, of the elementary fields. They need to be dressed by a so-called Dirac phase factor, effectively

adding a cloud of virtual particles. This is somewhat non-trivial, and therefore slightly outside the scope

of this lecture.
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from order a5 terms like F 3 appear. Such terms induce already at tree-level additional

interactions between photons. Thus, at finite a, Maxwell theory on a lattice is interacting.

These interaction diminish as a goes to zero, but remain at any finite lattice spacing. In

addition, there are interactions to arbitrary high orders at tree-level, suppressed only by

more powers of a. Though the theory is still renormalizable when sending the regulator

to infinity, i. e. a to zero,the theory is different from Maxwell theory at any finite lattice

spacings. This feature will actually be generic for lattice gauge theories, because of the

compact formulation. This is the price associated with using a compact formulation. Such

additional interactions can therefore be considered to be additional lattice artifacts.

To remove them, it appears to be tempting to use a formulation using only the gauge

fields, and thus treat them in the same way as the scalar fields and do not introduce

links. This is the so-called non-compact formulation. Of course, this reintroduces the flat

directions. A sufficiently small subsample, as is usual in numerical simulations, will still

not hit the same gauge orbit twice. Thus, it would still be possible to do simulations

without gauge-fixing. However, on any finite lattice, this is a different theory then the

compact one. In particular, its phase diagram will look different. Only the continuum

limit will be the same. Also, algorithms which work well for the compact formulation may

not be efficient for the non-compact version, and vice versa. Thus, both theories need to

be considered independently, though they are the same theory in the continuum limit.

While the two aforementioned problems apply to any gauge theory on a lattice, there

is an additional problem associated with Maxwell theory and both kinds of QED. As

far as it seems, the phase diagram of both the compact and non-compact versions does

not have an interacting continuum limit, and the theories are trivial. While not as well

established as for the case of φ4 theory, there is enough circumstantial evidence that makes

this result likely4. Thus, these theories can only be considered as effective theories, keeping

a finite. But this then implies that the compact and non-compact version remain distinct.

Fortunately, the impact of this distinction seems to be sufficiently small at relevant energy

scales.

5.2 Non-Abelian gauge theories

Besides QED and φ4 the relevant bosonic interactions of the standard model, and most

theories beyond it, are non-Abelian gauge theories, so-called Yang-Mills theories.

4In perturbation theory, this is signaled by the appearance of the Landau pole at high energies. How-

ever, this is not an implication. The existence of a Landau pole does not necessarily imply triviality, as

the case of QCD shows. Still, it is a signal which should prompt a check for triviality of a theory.
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The extension of the Abelian case to the non-Abelian case on the level of the action is,

as in the continuum, straightforward. In the continuum, the gauge field of Maxwell theory

is upgraded to a non-Abelian gauge field by Aaµτ
a ≡ Aµ, where the τa are the generators

of any compact Lie algebra and Aaµ(x) are dA real fields, where dA is the dimension of

the Lie algebra, i. e. number of generators τa. Of course, also for the generators different

representations are possible. Here, always the lowest-dimensional, usual hermitian ones

will be used, i. e. for SU(2) the two-dimensional Pauli matrices and for SU(3) the three-

dimensional Gell-Mann matrices.

Though the following works identically for non-(semi)simple Lie algebras only semisim-

ple Lie algebras will be considered for ease of notation. As the generators of a Lie algebra

form a vector space, this implies that at every lattice point such a vector space is at-

tached. It is again convenient to rescale the fields by the coupling constant g, and define

β = 2dF/g
2, where dF is the dimension of the lowest-dimensional fundamental represen-

tation. The continuum fields are then obtained as
√
βAaµ from the lattice fields Aaµ.

As before, link variables can be defined as

Uµ(x) = eiaAµ (5.8)

Thus, the links belong to the group5, rather than the algebra. But since the groups derived

from compact Lie algebras are compact as well this implies, as before for the Abelian case,

that the integrals over the gauge degrees of freedom are finite. However, the integrals are

no longer over real or complex functions, like with the scalar or the Abelian gauge fields,

but over the group. Thus, a suitable integral measure is the corresponding Haar measure.

Also gauge transformations now become group elements, i. e. G is now an element of the

group as well. Then, the nominal form of the Abelian gauge transformation (5.5) remains

the same. However, as the links and G are now matrices, this is a matrix multiplication.

The non-homogeneous part of non-Abelian gauge transformations arises from commutators

of the generators, which in contrast to the Abelian case no longer vanish. After all, formally

the generator of an Abelian gauge group is just a single one, the ordinary number 1.

Likewise, to define the action it is only necessary to generalize the concept of the

5Note that algebras have usually more than one associated group, which usually differ by discrete

factors like Zn. Moreover, one of the groups is the universal, connected covering group, while all other

groups are not necessarily connected. The choice of group can make a physical difference, especially in

case of multiple gauge interactions. However, for the purpose of QCD alone, this is not the case. Since

this will be the main aim in the following, just SU(3) will be assumed. The physically correct choice

when embedding QCD in the standard model is actually SU(3)/Z3, but this is less efficient to simulate

numerically. In general, it needs to be specified to which group the links belong. If not stated otherwise,

here always the universal covering group will be selected.
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plaquette (5.6) to

Pµν =
1

2dF

(

trUµν + trU †
µν

)

(5.9)

Uµν = Uµ(x)Uν(x+ µ)Uµ(x+ ν)−1Uν(x)
−1 (5.10)

where it is used that the representation (5.8) of the group is unitary. The normalization

ensures that the value of the plaquette can range from −1 to 1. The so-called Wilson

action is then

SW = β
∑

x

∑

µ<ν

(1− Pµν) , (5.11)

which reproduces the ordinary Yang-Mills action in the continuum, just like in the Abelian

case. Note that the plaquette is invariant under gauge transformations, and thus the

action is as well. It is also invariant under transformations from the discrete subgroup

which distinguishes the groups belonging to the same algebra, in the SU(N) case this

is the center of the gauge group given by ZN . This therefore establishes an additional2

symmetry of the theory6.

What has been said about additional interactions and the compact version of the

Abelian gauge theory remains true for the non-Abelian one. However, Yang-Mills theory

is even in the continuum limit an interacting theory, and therefore already an interesting

subject in itself. Therefore, before adding scalars in section 5.11 and fermions in section

6.5, it is worthwhile to explore first this theory alone.

Note that non-Abelian Yang-Mills theories are asymptotically free, i. e. the gauge

coupling at the cutoff vanishes as the cutoff is send to infinity. Since the parameters in the

Lagrangian have to be interpreted as the couplings at the ultraviolet cutoff, this implies

that β → ∞ as a → 0. Thus, asymptotic freedom predicts that if Yang-Mills theory is

well-defined, it has to have a second-order phase transition at β → ∞. This seems to be

indeed the case, and will be discussed in more detail in section 5.7.

5.3 Gauge-invariant observables and glueballs

As in the continuum theory and the Abelian case a gauge field, or a link, are not observable

quantities, as they are gauge-dependent. It is necessary to build gauge-invariant objects

out of them, and thus composite operators.

For this purpose, the plaquette (5.10) delivers the blueprint: By forming a closed path

of lattice sites and multiplying the links along this path creates a gauge-invariant operator

6Thus, formally, the symmetry group of the theory is larger than of the continuum Yang-Mills theory,

and the theory is, strictly speaking, different. This does not seem to affect the continuum limit



Chapter 5. Gauge fields on the lattice 79

by construction. Since the links are the only such objects available to build gauge-invariant

quantities this also exhausts all possibilities. However, there are still two distinct options

to consider. Since the lattice is finite, but has periodic boundary conditions, the path can

either stay within the lattice volume, or wrap around once or multiple times around the

lattice, by using the periodicities. Operators, which are created from closed paths inside

the lattice volume are called Wilson loops. Gauge-dependent open paths are sometimes

also called a Wilson line. Those derived from those traversing the boundary are called

Polyakov loops, which in both cases refer to the operators or the path.

Polyakov lines, because they remain sensitive to the boundary conditions for any size

of the lattice, are rather special objects. They will play a role in chapter 7, but will be

disregarded for now.

The simplest operator is already the trace of the plaquette (5.9). Due to its connection

to the action (5.11), the volume-averaged value of it is nothing but the internal energy of

the system. By construction, it is a quantity between 0 and 2. To obtain a physical value,

it still needs to be multiplied by a−4, yielding an internal energy density per volume,

and which is bigger than zero because of the normalization. However, because of the

appearance of a in the definition of the link (5.8) the links will become closer and closer

to one in the continuum limit, provided that the gauge fields do not grow like 1/a. The

latter can be proven, at least in certain gauges, most notably the Landau gauge, and is thus

fulfilled. But then will the link become closer and closer to one in the continuum limit, and

thus the internal energy approaches its maximum value, while a−4 diverges, and so does

the internal energy. But this is nothing but the usual divergence of the vacuum energy,

and as always, the quantity needs to be renormalized when the regulator is removed, which

is just a → 0 on a lattice. A renormalization scheme can always be chosen to yield zero

vacuum energy.

Still, even the unrenormalized vacuum energy is a valuable piece of information. It

is the most local quantity, which can be obtained. Thus, it should have the smallest

autocorrelation time, and therefore the measurement of its autocorrelation time gives

something of a lower limit. Furthermore, the internal energy is, of course, sensitive to the

parameters of the theory. Because it is a volume average, the fluctuations of this quantity

will be quite small, and thus the plaquette can be determined rather reliably, even on quite

small lattices with few configurations. It is therefore a very good quantity to test, whether

an implementation of an algorithm works. Of course, also the plaquette suffers lattice

corrections, and therefore such comparisons should only be made on the same volumes

and the same lattice spacings.

Incidentally, in two dimensions Yang-Mills theory can be solved exactly, as there it is
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a theory without degrees of freedom, both in the the continuum and on the lattice. In

fact, even the lattice spacing can be determined analytically as a function of β in two

dimensions, and is given for an infinite volume by

a(β) =

√

− ln I2(β)
I1(β)

σ
,

where the Ii are the ith Bessel functions and σ is a fixed dimensionful quantity, which

sets the scale. This also offers a possibility to test the code. This will play a role latter in

section 5.7.

Another quantity of interest is obtained from a planar, rectangular Wilson loop of size

R× T . As will be discussed in more detail in section 5.8, the quantity

V (R) = − lim
T→∞

1

T
ln 〈W (R, T )〉 (5.12)

is intimately connected with the excitation energy of a system of a static charge and a

static anti-charge in the fundamental representation.

It is also possible to obtain a corresponding object in the adjoint (or any other repre-

sentation). For that purpose, it is necessary to transform the links from the fundamental

representation to the corresponding representation. This can be done in general, as long

as distinct elements in the target representation have distinct elements in the original rep-

resentation. Since the fundamental representation of the links is faithful, this is always

possible. E. g. for the adjoint representation the transformation is given by

ubcµ =
1

2
tr
(

τ bU †
µτ

cUµ
)

,

where uµ is the link in the (usually not faithful) adjoint representation.

The only physical degrees of freedom in Yang-Mills theory are glueballs, i. e. bound

states of gluons. Their spectroscopy can be done using the methods discussed in sections

3.2, 3.3, 3.4, and 4.6, and only the operators need to be supplied. These need to be given in

terms of Wilson lines. It is now the transformation properties of the corresponding oper-

ator, and thus path, under the discrete rotation group of section 2.9.1.3, which determine

the corresponding spin of the glueball operators.

For spin zero and both parities only a single representation appears, A1 and E. For

SU(2), the corresponding glueball operators are

O0+(x) = trUµ(x)Uν(x+ eµ)Uµ(x+ eν)
†Uν(x)

† (5.13)

O0−(x) =
∑

µ6=ν 6=ρ6=σ

trUµ(x)Uν(x+ eµ)U
†
µ(x+ eν)U

†
ν(x)Uρ(x)Uσ(x+ eρ)U

†
ρ(x+ eσ)U

†
σ(x)

(5.14)
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Thus, the 0+ operator is just the plaquette. Note that because of the pseudo reality

of SU(2) there is no charge parity distinguishing states. For SU(3), these operators are

complex, and their real and imaginary parts correspond to positive and negative charge

parity, respectively. A more involved operator is the one for 2+

O2+(x) = ℜtr(Uxy(x) + Uyz(x)− 2Uxz(x)). (5.15)

This operator will not contain all of the multiplet elements belonging to its multiplet. It is

possible to construct systematically operators of any spin, parity, and charge parity. The

same is true for scattering operators. E. g. (O0+O0+) (x) represents the simplest scattering

operator in the 0+ channel. It should be noted that the 0+ channel is in Yang-Mills

theory the only channel with a vacuum expectation value, and therefore has disconnected

contributions. The operators (5.13-5.15) are of particular interest in Yang-Mills theory, as

the level-ordering is found to be 0+ − 2+ − 0− for the three lowest-level, in contradiction

to the naive expectation that (pseudo)scalars are lighter than tensors.

As discussed in section 4.6.2, smearing can be used to generate less noisy operators for

the purpose of spectroscopy. The possible simplest smearing for SU(2) is APE smearing,

defined as

U (n)
µ (x) =

1
√

detR
(n)
µ (x)

R(n)
µ (x) (5.16)

R(n)
µ (x) = αU (n−1)

µ (x) +
1− α

2(d− 1)
S (5.17)

S =
∑

ν 6=µ

(

U (n−1)
ν (x+ eµ)U

(n−1)†
µ (x+ eν)U

(n−1)†
ν (x) (5.18)

+U (n−1)†
ν (x+ eµ − eν)U

(n−1)†
µ (x− eν)U

(n−1)
ν (x− eν)

)

where α is a tuning parameter7 to optimize the effect. The quantity S, defined in (5.18),

is a so-called staple. It is a plaquette in which a single link has been removed. Because of

this construction, the staple transforms the same way under a gauge transformation as the

removed link. This is necessary, as otherwise the smearing would create gauge-dependent

results8. Effectively, (5.17) shows that APE smearing is again an averaging like in section

4.6.2, but this time of a link with the surrounding staple. One important restriction has

to be taken into account when doing spectroscopy with smeared operators, like (5.13-

5.15): Because a time dependences should be measured, a smearing which averages over

7A typically good choice is α = 0.55. The extreme case α = 0 is called cooling, and reduces quantum

fluctuations fastest, but also degrades the signal very quickly.
8However, APE smearing is not maintaining a gauge, if one is fixed using the methods of section 5.5,

but effectively performs also a staple-dependent gauge transformation.
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different time-slices, including connection of time slices by a temporal link, would distort

the time-dependence. Thus, for this purpose smearing should only be done with spatial

hypervolumes and in spatial directions9.

The normalization by the determinant (5.16) is necessary, as the sum of SU(2) group

elements is only proportional to a group element, and not a group element. This is called

a projection into the group. This is necessary to keep within the theory. It is this last

feature which makes smearing for groups other than SU(2) more difficult. In general, any

averaging procedure contains summing group elements. However, for groups other than

SU(2) a sum of group elements is no longer proportional to a group element. This has

to be fixed by the corresponding projection. There is, however, no unique way of such a

projection. A common choice is to select Un
µ such that trU

(n)
µ R

(n)
µ is minimized.

Besides APE smearing many other smearing methods have been devised over time. In

the end, all of them perform the same objective, albeit with different efficiencies, i. e. effect

as a function of smearing progress, and have different secondary properties, e. g. whether

they are analytic functions of the original links. Thus, there is no unique best choice, and

secondary considerations are needed to decide what should be used for a given problem.

5.4 Numerical algorithms for gauge fields

It is possible to use the Metropolis algorithm of section 4.2 for Yang-Mills theory. A more

efficient algorithm, especially with a critical slowing-down exponent of only one instead of

two, is the so-called heatbath algorithm. The heatbath algorithm intends to select the new

field configuration independently of the old field configuration and such that it satisfies the

Boltzmann distribution. In case of a (non-Abelian) gauge theory, this is indeed possible

locally, i. e. if a single lattice site is updated, the new link can be chosen such that it obeys

the Boltzmann distribution for its local heatbath, formed by the surrounding links. In

fact, the multi-hit Metropolis algorithm of section 4.3.1 does exactly this in the limit of

an infinite number of hits. It can be shown that such an algorithm always would maintain

detailed balance, but the corresponding proof will be skipped here for the sake of brevity.

In case of a gauge theory, this can actually be achieved in a single step, which is

therefore highly efficient. Consider first the case of SU(2), as all other groups will be using

the SU(2) procedure. This is done for each link separately, i. e., for each lattice site and

each direction.

9If a coordinate/momentum-dependence in an additional/another direction is important, the corre-

sponding directions should also not be smeared. Note that smearing as a site-averaging removes the

high-frequency, and thus high-momentum, parts first.
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The staples are the local heatbath for the link, as this is the only system with which

the link is in contact. Thus, let S be the staple (5.18) for the corresponding link, and

k =
√
detS. This will be needed to formulate the local heat-bath.

For the next step note that SU(2) is isomorphic to the three sphere, S3. Given any

vector ~a normalized to 1, the corresponding SU(2) matrix m is

m =

(

a0 + ia3 a2 + ia1

−a2 + ia1 a0 − ia3

)

(5.19)

However, not all of this information is physically independent. After all, there is a gauge-

freedom involved. Thus, it is sufficient to find a direction. Now, note that the continuum

limit at β → ∞ yields Uµ → 1, i. e. close to the north-pole to the sphere. This is

corresponding to the infinite-temperature limit of the statistical system. Thus, depending

on the temperature, and thus β, as formalized by the heat-bath, different distances of

the direction vector to the north-pole are preferred. To accommodate it, a0 needs to

be chosen accordingly. There are different algorithms to find a good choice. Here, the

so-called Creutz algorithm will be presented.

To do so, first determine a random number y by

y = e−2βk +
(

1− e−2βk
)

r,

where r is a random number between 0 and 1, drawn from a flat distribution. Thus, in

the limit β → ∞ this is just r, in the limit β = 0, y is always one. A proposal for a new

value of a0 is then determined by

a0 = 1 +
ln y

βk

and thus a0 is essentially one at β → ∞, but, as an expansion shows, not so at β → 0.

The rejection probability for this choice is determined as

P = 1−
√

1− a20,

and thus this proposal for a0 is rejected with this probability, and otherwise accepted. This

procedure is repeated until accepted. Note that for β → ∞, The choice of a0 ≈ 1 is almost

always rejected. There, it becomes hard to find a suitable result, and other algorithms,

e. g. the Kennedy-Pendleton algorithm, becomes more suitable. After this, the remaining

three components ai are then selected randomly, but ensuring ~a2 = 1. Thus, any way

of selecting a random three-dimensional (the fourth direction is a0) direction serves this

purpose. While not obvious, what is created is a new link uµ, obtained from ~a via (5.19),

which satisfies the distribution

W ∼ e
β
2
trUµSdU,
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where dU is the corresponding Haar measure, and thus corresponds to a local equilibrium

choice. That, what makes it not obvious is the fact that there is a lot of freedom in the

direction of ~a, and this is explicitly accommodated here.

This completes the local update which can then be upgraded to a global update by

performing it at every site, and every direction as discussed in section 4.2.

This update can be improved using overrelaxation, as discussed in section 4.3.2. An

overrelaxation update is given by

Unew
µ =

(

SUµS

detS

)−1

(5.20)

where S is again the staple, and Uµ is the old link. Thus, it performs a similarity trans-

formation of the link. However, to obtain the contribution to the action, this link is again

multiplied by the staple, and therefore the value of the action remains unchanged, as it

must for an overrelaxation update. Still, the links are different. This is a quite efficient

overrelaxation update, as it does not involve any randomness. Note that even though

it may look similar to the smearing operation (5.16), it is different. There, the link is

replaced by the staples, and thus, the action depends, essentially on S2, rather than SUS,

and this changes (in fact, reduces), the action.

It now remains to extend this to groups different from SU(2). This is facilitated by

the fact that every Lie group has SU(2) as a subgroup. The basic idea of updating groups

different from SU(2), the so-called Cabibbo-Marinari trick, is to update an SU(2) subgroup,

but always for different embeddings of this subgroup into the full group, using that there

are no invariant subgroups. For this, it is necessary to rewrite every group element such

that it is an element belonging to an SU(2) subgroup times a remainder10. Consider, e.

g., SU(3). Every SU(3) element can be written as a product

U =







s11 s12 0

s21 s22 0

0 0 1













t11 0 t12

0 1 0

t21 0 t22













1 0 0

0 r11 r12

0 r21 r22






(5.21)

The three matrices s, t, and r are matrices, which can be mapped to SU(2) matrices by

reunitarization, i. e. create a vector ~a from, e. g., s, by setting

a0 =
ℜs11 + ℜs22

2
,

and so on, and then create an SU(2) matrix according to (5.19) from ~a. These subgroups

are extracted in turn for all three subgroups of the staple K. These staple submatrices

10This is the actually challenging, group-theoretical part. Usually, this requires to map the group to a

complex vector space, even if the relevant representation could be real.
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are then used to create a new SU(2) matrix with the same heatbath algorithm as before.

Note that the heat-bath algorithm does not need the previous link, and therefore this does

not need to be decomposed. Call this S for the first subgroup, T for the second etc. The

new link is then given by RTSUµ, where Uµ is the new link. However, to compensate

for multiplying, rather than replacing, the link, requires to use for the first subgroup the

original staple, for the second subgroup the staple SK, and for the third TSK. In this

sense, this is a sequence of updates of the subgroup.

Rather than working in this way through the subgroups, it is alternatively possible to

just select always a random subgroup. This can be done, e. g., by performing a random

gauge transformation or any other means of selecting a random subgroup. The only

important feature required is that this selects any subgroup of the group with the same

probability. If then a sweep updates one or multiple subgroups does not matter. It is only

necessary that a full update updates every subgroup in the same way, and affects every

subgroup.

The same trick can be extended to any Lie group. If no explicit decomposition like

(5.21) is available a choice using random transformations is always possible, as long as it

guarantees to update all subgroups equally. Note, however, that the overrelaxation must

also be adapted, and the simple (5.20) does not work. Again, a possibility is to overrelax

all SU(2) subgroups, by again selecting single subgroups in the same way, and performing

(5.20) then for each.

5.5 Gauge-fixing

As noted, gauge-fixing is not necessary in numerical simulations. However, there are many

reasons to determine gauge-fixed quantities nonetheless. E. g., they technically facilitate

renormalization or they are of genuine interest when comparing results to continuum

methods. Sometimes the behavior of gauge-fixed quantities can also be of interest in

itself. Thus, there are plenty of reasons to gauge fix.

However, gauge-fixing operates quite different than in the continuum when it comes

to numerical simulations. In particular, there is no Faddeev-Popov procedure or anti-field

formalism. Note, however, that in analytical calculations, especially perturbation theory

to be discussed in section 5.6, it works in essentially the same way as in the continuum.

The only difference is that the choice of regulator, the lattice spacing, is already made.

This choice is maintaining the gauge symmetry, in contrast to e. g. a cut-off regulator, and

therefore does not pose any particular challenge in this context.

For numerical simulations the approach is the following. Gauge-fixing is not performed
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as inserting some weight function such as to sample only part of the gauge orbits. While

in principle possible no algorithm has yet been devised to do so efficiently. The reason is

that the weights necessary during gauge-fixing are for relevant gauges usually such that

the Boltzmann weight is modified such as to be no longer positive definite. The origin

of this is that the gauge fields in principle have too many degrees of freedom, and they

are essentially canceled, and thus subtracted, by the ghosts acting as negative degrees of

freedom.

Thus, gauge orbits for gauge-fixed configurations are still created in the standard way.

Then, gauge-fixing is performed by transforming a configuration to the desired gauge, and

thereby the configuration sum (3.1) is turned into a sum over configurations satisfying a

gauge condition. Since in a numerical calculations in practice never an orbit is encountered

twice, not even in different gauges, there is again no problem of counting.

This leaves the problem of how to perform the gauge transformation. This is actually a

more involved problem than could be anticipated. The problem is twofold. One is how to

implement the usual gauge conditions. The other is the so-called Gribov-Singer ambiguity.

Start with the first one. Gauge conditions are usually given as a differential equation

to be satisfied by the gauge field. An example is, e. g., Landau gauge, ∂µA
a
µ = 0. Other

gauges are given as averages over gauge conditions. E. g. linear covariant gauges average

over all possible gauge conditions of type ∂µA
a
µ = Λa, i. e. over all functions Λa, with a

given weight related to the gauge parameter. The latter type is again a functional integral,

and therefore would require its own Monte-Carlo process. While thus in principle solvable,

this is not quite simple to implement in practice, and thus Feynman gauge on the lattice

is still not really satisfactorily implemented. Therefore, here only gauges which select a

single gauge copy will be considered.

It then remains to find a gauge transformation G, such that after performing (5.5),

no matter whether Abelian or non-Abelian, leads to a link which associated gauge field

satisfies the gauge condition, at least up to lattice corrections. Especially in the case of

non-Abelian gauge theories an exact solution of the associated differential equations for

matrices is usually not solvable exactly. Thus, again, numerically solutions are needed.

To give an example of such an algorithm, consider Landau gauge. Since the equation

(5.5) is an equation for the link, it is useful to formulate Landau gauge using links. Con-

sider for the following again the simplest SU(2) case. Gauge-fixing for other non-Abelian

gauge groups can be constructed essentially along the same lines as with the Cabibbo-

Marinari formulation for update algorithms. However, this will involve, similar to the case

of smearing in section 5.3, the projection of some matrices to SU(3), and thus the same

difficulties. However, the same algorithms can be used for this purpose as in the smearing
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case.

The Landau gauge condition takes the form to minimize11

E[G] = 1− 1

2dNd

∑

µ,x

trG(x)UµG
†(x+ µ) (5.22)

over all possible G. Write G = exp(iαωaτa), where α is an arbitrary scale parameter.

Then

dE

dα
=

1

2Nd
√
β

∑

x

ωa∂µA
ag
µ +O(a2) (5.23)

∂µA
a
µ =

∑

µ

(Aµ(x)
a −Aµ(x− µ)a)

Aaµ =
1

2i
tr(Aµτ

a)

Aµ =
1

2

(

Uµ − U †
µ

)

+O(a2) (5.24)

which therefore vanishes if Aaµ satisfies the Landau gauge condition. Note that (5.24)

defines the lattice gauge field, and differs from the continuum gauge field by corrections

of order O(a2). Furthermore, this relation only holds for SU(2). For other groups, the

traceless part of the difference has to be taken, or the trace has to be subtracted explicitly,

as there the links are not hermitian.

There are many possible algorithms to find a G such that for a given original con-

figuration Uµ the gauge-transformed links UG
µ satisfy (5.23). Here, as an example, the

simplest possibility will be considered. As noted, there is no analytic solution, and there-

fore an iterative method is used. As such, and working with finite precision, it will never

exactly satisfy (5.23), but only approach it. It has therefore to be stopped after a sufficient

fulfillment of (5.23) has been reached. Usually at least 10−12 is necessary12.

The following method is called the Los-Alamos method. Start with some initial values,

i. e. matrices G, at every point of the lattice. This can either be just unit matrices, or

some random matrices13. The procedure is again organized as a change of G at every

lattice site, traversing the lattice in any manner. Given some lattice site x, calculate

H(x) =
∑

µ

(

Uµ(x)G
†(x+ µ) + U †

µ(x− µ)G†(y − µ)
)

,

11For complex representations replace trUµ by tr(Uµ + U †
µ)/Nc.

12In fact, (5.23) is only one possibility to formulate Landau gauge, and is actually not a very precise

statement, since certain contributions will not be well covered. In the literature other alternatives can be

found, which are technically better suited.
13A random SU(2) matrix can be created by taking a random vector on S4, and then using the mapping

(5.19).
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which is essentially, the quantity with which G would be multiplied to calculate its con-

tribution to (5.22). This matrix can be decomposed as

H =
√
detHh,

where h is an element of SU(2). Choosing a new Gn as

Gn = h†

will therefore change the contribution at x in (5.22) to the trace of the unit matrix, and

therefore maximize the local decrease. However, this will change also the contribution at

other lattice sites, but it can be shown that this always decreases (5.22). Thus, this is

the equivalent to the heat-bath algorithm for gauge-fixing. Thus, repeating this at every

lattice site will eventually lead to a fulfillment of (5.22).

Unfortunately, also such algorithms face the problem of critical slowing down. This

Los-Alamos algorithm is in fact particularly bad, as it has a dynamical exponent of 2.

Adding the equivalent of overrelaxation of section 4.3.2 can bring this dynamical exponent

down to 1 with little effort, and essentially down to a logarithmic behavior using so-called

Fourier acceleration. However, the latter has a quite large pre-factor, and therefore is only

on very large lattices advantageous.

The appearance of critical-slowing down indicates already a problem of (5.22): There

appears to be multiple extrema. Thus, the Landau gauge condition is not unique. This

is the second problem, the Gribov-Singer ambiguity. Non-Abelian gauge theories cannot

be gauge-fixed using a ’local’ gauge condition, i. e. gauge conditions which can be written

using the fields and derivatives only. This is a generic problem, and has to do with the

geometric structure of the non-Abelian gauge group14, a quite involved and not yet fully

understood problem. However, the origin and details of this problem will not be the focus

here, rather its implication for lattice calculations.

The problem has two aspects. The one is how to solve the problem on the lattice.

This is rather straight-forward: The residual ambiguity of (5.22) has to be resolved by

a prescription how to deal with the multiple minima. Many such resolutions exist, and

each is a valid definition of the gauge. There are also many other gauge conditions, which

are straightforward to implement on the lattice, and resolved the problem completely.

The drawback is that all solutions eventually need to make some statement about that

14The non-Abelian nature manifests by the existence of the self-interactions. This has an odd conse-

quence for Abelian gauge theories. The higher terms in (5.8) lead to interactions. They in turn make the

theory ’effectively non-Abelian’. As a consequence, the Gribov-Singer ambiguity also arises in Abelian

gauge theories on the lattice, but becomes irrelevant in the limit a → 0.
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they really do what their description proposes. E. g. one solution, the so-called minimal

Landau gauge, is to average over all solutions to (5.22) with a flat weight. Proving that

any algorithm devised to do so actually does so is so far impossible. On the other hand,

all algorithms which can be shown to solve the problem exactly usually scale bad, often

exponentially, with volume. Therefore, a proven, efficient solution is not yet there.

The second aspect is the comparison with continuum calculations, one of the moti-

vations for gauge-fixed calculations. So far, it was not possible to construct any of the

resolutions of the Gribov-Singer ambiguity on the lattice in such a way, as that it would

be possible beyond doubt to implement them also in any non-perturbative continuum

method. It is therefore not yet entirely clear, how to actually compare results from the

lattice with continuum results.

Fortunately, all results so far strongly indicate that any resolution of this problem will

only affect the very far infrared, which appears to be irrelevant for essentially all physical

observables, and thus even some disagreement or unresolved subtleties in this region could

very well be irrelevant in the end. Still, understanding this is essential to really fully

understand (non-Abelian) gauge theories, and therefore remains open research.

A last point are the ghost fields, which are, in form of the Faddeev-Popov, or the

more general anti-field, approach, introduced in the continuum to have an explicitly local

formulation of the gauge-fixing. As is visible from the above, this is never done on the

lattice. However, it may still be interesting to determine correlation functions of ghosts,

for the same reasons as listed above. This can be done by reverting the Faddeev-Popov

procedure. Originally, it was used to write the Faddeev-Popov determinant,

detMab = det ∂µD
ab
µ

as a local term in the Lagrangian. This is not done here, rather by averaging over gauge-

fixed configurations in (3.1) this weight is implicitly included. Any correlation function

involving ghost fields will have to have contributions with net-zero ghost number, i. e. c̄c,

as ghost number is a conserved quantum number, and therefore other correlation functions

vanish. When integrating out the ghost fields, this leads to

c̄a(x)cb(y) → (Mab(x, y))−1,

i. e. all ghost field pairs are replaced by inverse of the Faddeev-Popov operator15. The

discretized version of this operator on the lattice reads, up to a convention-dependent

15If four or most ghost fields are involved, actually all possible pairings of the ghost have to be summed

over, called in analogy to canonical quantization Wick contractions. This will actually also be true for

fermions, and therefore the details of this will be postponed to section 6.8.
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normalization,

M(y, x)abωb(x) =

(

∑

x

(

Gab(x)ωb(x) +
∑

µ

Aabµ (x)ωb(x+ eµ) +Bab
µ (x)ωb(x− eµ)

)

)

Gab(x) =
∑

µ

tr({τa, τ b}(Uµ(x) + Uµ(x− eµ)))

Aabµ (x) = −2tr
(

τaτ bUµ(x)
)

Bab
µ (x) = −2tr

(

τaτ bU †
µ(x− eµ)

)

, (5.25)

which is formulated as its effect on a vector. This vector can be trivially removed from

the definition, but it is actually this contraction which is needed most. As the inverse of

the operator has to be calculated, this needs to be done numerically. Usually, methods

like conjugate gradient, or derivatives of it, are more than capable of doing so. Note that

Uµ are the gauge-fixed link variables.

Note that as long as no matter fields are involved in the gauge-fixing procedure, like

in the ’t Hooft gauges in electroweak physics, nothing of the above is changed. Rather,

only on top of determining, using (5.5), the final gauge-fixed links only also the matter

fields have to be gauge-transformed using the final gauge transformation G. Since gauge

transformations do not affect physics, the gauge-fixed links can also be used in the next

step of the Markov chain without any consequence.

5.6 Perturbation theory revisited

Where the ghosts again appear is, of course, when doing lattice perturbation theory.

Here, gauge-fixing proceeds as in the continuum. Also, as already noted in section 2.6,

the Feynman rules are essentially the same, up to straightforward changes due to the

lattice. However, there is one small difference for the gauge fields. As the lattice action

(5.11) is formulated using the links, but perturbation theory acts upon the gauge-fields,

this requires to transform from the links to the gauge-fields first, e. g. using (5.24). This

difference entails slight modifications due to effects of higher orders in a.

The gluon propagator in linear covariant gauges is given by

Dab
µν =

δab

K2
σ

(

δµν − (1− ξ)
KµKν

K2
ρ

)

,

where Kµ is the improved lattice momentum (2.16) associated to the lattice momentum

kµ of (2.14) and ξ is the usual gauge parameter of linear covariant gauges. However, in

contrast to the continuum case, there is also a gluon-two-point vertex,

Γabµν =
(−2π)4β

a2
δ(p)δµνδ

ab. (5.26)
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It is only contributing at zero momentum, and it diverges in the continuum limit, as there

β → ∞ and a2 → 0. In fact, it is a mass-like term. It is this term, which compensates

gauge-symmetry-violations due to the regulator, and therefore is the origin of maintaining

gauge-invariance with the lattice regularization16. It needs therefore to be included in

lattice perturbation theory. It originates when transforming the measure from links to

the gauge fields, which in the contnuum limit are equivalent up to O(a2) corrections.

Exponentiating the latter yields, among other effects, the vertex (5.26).

The ghost propagator is comparatively harmless, as its scalar nature is not affected by

the lattice, and therefore its propagator reads

DG =
δab

K2
µ

.

Note that as in the continuum it has the wrong sign for a physical particle.

More substantial deviations arise at the three-point level. The ghost-gluon and three-

gluon vertex read, respectively,

Γc̄cAµabc(p, q, k) = ig(2π)4fabcKµ cos
akµ
2

(5.27)

ΓAAAµνρabc(p, q, k) = ig(2π)4fabc

(

δνρ
(

k − q
)

µ
cos

apν
2

+ δµρ
(

p− k
)

ν
cos

aqρ
2

+δµν (q − p)ρ cos
akµ
2

)

(5.28)

p− q =
2

a
sin

(pµ − qµ)

2
, (5.29)

where momentum conservation, which holds modulo Brillouin zone translations, is sup-

pressed, and no summation is implied. The ghost-gluon vertex (5.27) shows a lattice

correction in form of a cosine-correction. For akµ ≪ 1, this correction is essentially 1.

However, for momenta appreciably close to the cut-off, it is relevant. This strongly em-

phasizes that it would be desirable to only consider energy scales orders of magnitude

smaller than the cutoff 1/a, which is in practice usually not possible. The three-gluon

vertex shows another kind of lattice correction in the form that combinations of momenta

are performed on the lattice, and only afterwards the corresponding more continuum-like

momenta (2.16) are obtained. Again, this creates additional lattice artifacts at scales not

far away from the cutoff, i. e. wherever sin x ≈ x is not a reasonable approximation.

The situation becomes even more interesting for the four-gluon vertex, which on the

lattice is too lengthy to quote it here. In the continuum, this vertex is momentum-

independent. This is no longer the case on a finite lattice. Because of the expansion of the

16Note that generically symmetry violations, including gauge symmetry violations, due to a regulator

are not harmful when treated properly. Otherwise the violation of space-time symmetries due to the

lattice would have dramatic consequences.
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plaquette action (5.8), there are terms of type F 4 in the lattice action. This contains terms

of type (∂A)4, which create a momentum-dependent four-point vertex. This vertex is of

the same order, g4, as the conventional four-gluon vertex, due to the rescaling of the gauge

fields with β. Because of the derivatives, it adds an (involved) momentum dependency to

this vertex. Of course, this contribution vanishes as a→ 0, but is relevant at finite a.

In a similar way, even additional vertices are created. E. g. another four-point vertex

is the two-ghost-two-gluon vertex

Γc̄cAAµνabcd(p, q, k, r) =
g2(2π)4

12
{τ c, τd}abδµνPQ,

which does not exist in the continuum theory, and vanishes in the continuum limit.

Likewise, even higher orders create further interaction vertices. In addition, it is

found that individual graphs have additional divergences, and can even yield non-Lorentz-

covariant terms. These are canceled between different diagrams, order-by-order. This

indicates that lattice perturbation theory for gauge theories, due to the link formulation,

is much more involved than continuum perturbation theory. This is the price to be paid

for having a formulation convenient for numerical simulations. Fortunately, the running

in QCD is fast enough that modern numerical simulations can cope with many aspects

by brute force to avoid necessitating the use of perturbation theory for extrapolations or

assessment of lattice corrections. For theories different than QCD this may not be the

case.

5.7 Scaling and the continuum limit

An interesting result can be obtained from lattice perturbation theory for the assessment of

how ’far’ an actual calculation is from the continuum limit, the so-called scaling behavior.

It strongly uses the fact that Yang-Mills theory (and QCD) is asymptotically free.

For this purpose, consider the running coupling. As usual, the running coupling needs

to be defined within a particular renormalization scheme. For now, consider a momentum-

subtraction scheme (MOM), in which it is defined to be value of the three-gluon vertex

at a symmetric momentum configuration with momenta of size µ. To one-loop order, the

running coupling is then given by

g(µ) = g2
(

1− g2

16π2

11Nc

3

(

ln
(

a2µ2
)

+ C
)

+O(g4)

)

(

1 +O(a2µ2)
)

C =
3c3 − 2c1

11
≈ 6π2

11N2
c

− 9.44598,
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and which is therefore a double-expansion in both g and a, as is always the case in lattice

perturbation theory.

As always the combination aµ appears, it is now convenient to define the β-function

by a derivative with respect to a, yielding

β(g, aµ) = −a∂g
∂a

=

(

− g3

16π2

11Nc

3
+O(g4)

)

(

1 +O(a2µ2)
)

.

Considering this as an equation for a, rather than g, and solving the differential equation,

yields

a = e−
∫ g dg

β = Λ−1
L e

− 1

2
NC
16π2

11
3 g2
(

1 +O(g2)
)

,

or, at next-to-leading order,

a = Λ−1
L e

− 1

2
NC
16π2

11
3 g2

(

NC

16π2

11

3
g2
)−

N2
c

(16π2)2
34
3

2( NC
16π2

11
3 )

2
(

1 +O(g2)
)

.

The newly appearing quantity ΛL is an integration constant, and may be defined by solving

these equations for it. It thus behaves like f(g)/a, with f the corresponding function. After

fixing this quantity, e. g. by comparison to experiment, the value of a can be perturbatively

determined as a function of g. Due to asymptotic freedom, given that a is fine enough,

this will be its asymptotic behavior. At larger a, however, non-perturbative corrections as

well as higher order corrections, will modify the dependence of a on g (and thus β). Note

that a(g) is a non-analytic function of g.

If a(g) is found to be described sufficiently well by the above formulas, the value of β

is said to be in the scaling limit, i. e. the lattice spacing effects are small enough that they

are, due to asymptotic freedom, determined by perturbation theory17. Therefore, if a(g)

behaves perturbatively, this is usually taken as evidence for being close to the continuum

limit, then also called the scaling limit. This is a genuine feature of asymptotically free

theories, and, e. g., asymptotically safe theories will not show such a behavior.

More importantly, the same also holds for dimensionful quantities. Especially, for any

mass m

m = CmΛL

holds, with some coefficient Cm, which depends on the dimensionless parameters of the

lattice theory, in particular later also on the bare masses of the quarks or other matter

17Note that there are some subtleties involved, as this is pure numerical evidence. It can therefore not

be guaranteed that it is really under control. Also, the results will never be exactly of this form - it is

just the quantitatively dominating part.
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fields. Consequently, also masses will show asymptotic scaling. Measuring masses can

therefore also be used to estimate how close a result is to the continuum limit. Moreover,

if the ΛL, as in the present case of pure Yang-Mills theory, does not depend on any intrinsic

mass scales, this implies for the masses of two states, e. g. two glueballs, behave as

m1

m2
=
Cm1

Cm2

(

1 +O(a2m2)
)

,

and thus the mass ratios of states approach constants close to the continuum limit.

5.8 The strong-coupling expansion

5.8.1 Construction

It is quite helpful to consider the equivalent of the hopping expansion of section 2.6.3 for

Yang-Mills theory. Since the value of the plaquette (5.10) is bounded, the Boltzmann factor

of a single plaquette approaches 1 when β approaches zero. As was discussed before, this

corresponds to the limit of the coupling going to infinity, and is therefore a strong-coupling

limit.

Define Sp as the contribution of a single plaquette to the action and

Sp = 1 + fp,

then fp vanishes as β → 0. Since the plaquette is bounded, fp has, in fact, to vanish

uniformly18. Therefore, the full action can be written as

e−S = Πp(1 + fp) = 1 +
∑

p

fp +
∑

p,p′

fpfp′ + ... =
∑

P

Πp∈Pfp, (5.30)

where P is any set of plaquettes. Thus, similarly to the hopping expansion, the action,

and thus the path integral, can in this limit be recast as a sum over graphs with weight

factors.

It is now useful to perform a so-called character expansion. For this note that the

character χr of a matrix U r in representation r of a group is defined as

χr(U
r) = trU r,

and dr = χr(1). Note that characters are invariant functions, as any similarity transforma-

tion of U r will not change it. Especially, this implies that the values of a character is the

18Note that this is not true in the continuum limit of β → ∞, as is necessary to obtain a second-order

phase transition.
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same for all unitarily equivalent representations. It can now be shown that any invariant

function f(U) of group elements can be written as

f(U) =
∑

r

frχr(U) (5.31)

fr =

∫

dUχ∗
r(U)f(U), (5.32)

and thus the characters form a complete basis, and r runs for simplicity over unitarily

inequivalent representations.

Since the plaquette is an invariant function, it follows

e−Sp =
∑

r

drcr(β)χr(U),

where the cr are coefficient functions which, in principle, can be determined using (5.32).

They depend on the group. E. g. for SU(2) they become

ar =
cr
c0

=
I2j+1(β)

I1(β)
≈ β2j

(2j + 1)!
+O(β2j+2),

where the Ii are the modified Bessel functions. Reinserting this into (5.30) yields

e−S = c6N
d

0 Πp

(

1 +
∑

r 6=0

drarχr(U)

)

= c6N
d

0

∑

G

Πp∈SG
drparpχrp(U),

where G is a graph which contains all possible combinations of plaquettes not in r = 0 and

the support SG of this graph is then the set of all such plaquettes. Since it can furthermore

be shown that
∫

dUχr(V U)χr′(U
−1W ) = δrr′

χr(VW )

dr

any graph with internal boundaries can be recast into a graph which only contains an

outer boundary.

In a very similar way as for the hopping expansion it is now possible to calculate any

quantity of interest in a series expansion in β, as the larger the graphs the higher the

power in β. However, to actually perform the calculation then requires to still calculate

the integrals over the characters which stem from the path integration. In particular, the

Wilson confinement criterion, which will be treated in section 5.8.2, and the fact that there

is no massless excitation (i. e. glueball) is present in the spectrum can be calculated in

this way.

Unfortunately, this is also already showing that the results cannot be transferred to

the continuum limit. The exchange of the integration from the path integral and the
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summation of the character expansion (5.31) is only possible because the functions fp

uniformly converge to zero. This is no longer true in the continuum limit, and the exchange

is (in general) not possible.

There is even a physical interpretation of this process in terms of the lattice degrees of

freedom. The graphs of plaquettes involved can be either (relatively) flat or can extend

into all dimensions. At small β, the system is dominated by flat graphs, while at some β

the importance of non-flat graphs increases. As such graphs are rougher, this is known as

a roughening transition and conjectured to be of infinite order, i. e. arbitrarily smooth but

still non-analytic with an essential singularity in β. This rough shape is corresponding to

quantum fluctuations, as they are just random fluctuations of the fields and all associated

quantities over short scales. In a sense, this can therefore be considered as the point

where field-theoretical fluctuations become more important than just ordinary quantum-

mechanical fluctuations.

Thus, there is no analytic connection from the strong-coupling expansion, and, strictly

speaking, results in the strong-coupling expansion are meaningless for the continuum the-

ory. Surprisingly, quantitatively, results from the strong-coupling expansion for those

gauge groups, where it has been checked, are still similar to the results close to the con-

tinuum limit. However, this should not be expected to be the case.

5.8.2 Wilson criterion

To give a more detailed example of what the strong-coupling expansion can be used for,

it is interesting to consider the Wilson confinement criterion.

One of the most naive ways in which to investigate confinement is to investigate the

following situation, motivated by the idea of test charges in classical electrodynamics.

Reduce first the problem to the quenched case, i. e. Yang-Mills theory. Place then two

test-charges into the system, one with fundamental and one with anti-fundamental charge.

Since test-charges can be taken to be static, this situation is completely characterized

by the spatial distance between the two test charges. Connect these with a gauge field

such that the total setup is gauge-invariant. Finally, measure the total energy of this

arrangement as a function of the distance of the test charges.

The interesting result is that this energy has the following form,

V (r) = σr + c+ d
α

r
+O(α2), (5.33)

where c and d are some constants, α is the strong coupling constant, and σ is called

the string tension for reasons to become clear soon. The Coulomb-like term as well as

most of the higher order corrections are what is expected in perturbation theory. In
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fact, since in perturbation theory the asymptotic, non-interacting states are quarks and

gluons, perturbation theory knows nothing of confinement. It is a purely non-perturbative

phenomena.

The other two terms are significant. They imply that the energy is linearly rising with

distance. In fact, σ ∼ (400 MeV)2 is so large that moving the two charges even the size of

a proton away from each other is already very expensive, and any macroscopical scale is

absurdly so. There is a restraining force associated with such a potential, which attempts

to keep the charges together. This is not a necessary consequence of the requirement of

gauge invariance, but a genuine feature of Yang-Mills theory.

That Yang-Mills theory can create such a behavior can be shown in the strong-coupling

limit. To do so, it first requires to be a bit more explicit about the corresponding operator.

It is given by the Wilson line,

U(C) = P exp



ig

∫

C

dsµAaµ
λa

2



 , (5.34)

where C is a path, which starts at the first charge, moves to the second over the distance

R, follows this charge for some time T , then returns to the first charge, and final closes on

itself by going back in time. It is therefore a rectangle of size RT . That the path-ordered

exponential (5.34) is actual the correct expression can be seen by exponentiating the

covariant derivative, which connects two fundamental quark sources over an infinitesimal

distance to give a gauge-invariant expression. Its (Euclidean) expectation value

W = 〈U〉 = 1

Z

∫

DAµtrUe−S

is gauge-invariant. On the lattice, if taking a rectangle of size the lattice spacing, it

coincides with the plaquette.

From this the Wilson potential, as in (5.12), is defined as

V (R) = − lim
T∞

1

T
logW.

This will ultimately yield (5.33). For this to happen, the Wilson line must behave asymp-

totically as exp(−RTσ). Thus, an asymptotic non-vanishing string tension σ implies that

the exponent behaves like the area enclosed by the curve C. This is called the area law,

and thus a non-vanishing σ is equivalent to confinement, and this area law is the Wilson

confinement criterion. In contrast, if the exponent only scales with the length of the curve

C, a so-called perimeter law, the string tension is zero, and the potential (5.33) is quali-

tatively the same as the one of QED, and therefore there is no confinement according to

the Wilson criterion.
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It is thus necessary to calculate the strong-coupling expansion of the Wilson loop of

large size. Performing this calculation leads to the results that essentially a covering of the

area enclosed by C by plaquettes is the dominant contribution. The contribution is then

proportional to the number of plaquettes, and thus to the area. The pre-factor can then

be calculated by calculating the corresponding characters. This yields for SU(N) groups

2at leading order

W = exp

(

ln 1
3g2

a2
RT

)

where a is the lattice spacing, and therefore a string tension of 1/a2 × ln 3g2, where the

lattice spacing just sets the dimensionality. Hence, the string tension is essentially given

by the (large) coupling, as was to be expected given that no other parameter exist in the

theory.

The drawback of this argumentation is that the strong-coupling expansion is possibly

not connected analytically to the continuum limit of g → 0. Hence, the proof of having an

area-law in the strong-coupling limit has not necessarily any implications for the continuum

theory, as reassuring as the result itself is.

Performing numerical calculations, however, show that for all practical purposes the

string tension survives, provided there is no further non-analyticity involved in taking the

continuum or infinite-volume limit.

5.9 Improved actions

As has been noted the action is at finite lattice spacing quite different than the continuum

action, inducing even perturbatively additional terms, because of the link formulation.

This is in contrast to the scalar case, and the price to be paid for having compact variables.

To reduce the impact of this problem, it is possible to work with so-called improved

actions. Consider the following action

S = a4S0 + a6S1,

where the terms S0 and S1 are no longer depending explicitly on the lattice spacing a.

This implies that S1 has dimension a−2. In the limit of a → 0, the second term becomes

irrelevant compared to the first, provided no anomalous implicit dependency of S1 on a

exists. In particular, in terms of perturbative power counting, the term S1 is an irrelevant

operator. Thus, in the continuum limit, the actions S and S0 should describe the same

theory.
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Conversely, this implies that a term like S1 can always be added to S0, without altering

the theory in question in the continuum limit. Of course, terms with even higher powers

in a can be added as well.

Now, for the Yang-Mills case, the Wilson-action (5.11) is itself a power series in a, if

the links are expanded,

a4SW = a4Sc + a4
∑

n=1

a2nSn,

where Sn=0 = Sc is the continuum action. Therefore, by adding terms −a2nSn to the

Wilson action

a4S = a4SW − a4
∑

n=1

a2nSn = a4Sc

will remove the artifacts, without altering the continuum action. In practice, this is not

exactly possible, as this is an infinite series. Thus, rather only the leading terms are

canceled. Such actions are called improved actions. If all terms would be canceled, e. g.

by finding a suitable resummation, this would be called the perfect action.

However, it is not so that improving the action is necessarily improving any observables.

After all, observables contain field operators in different weights, and therefore different

combinations of lower-order and higher-order operators would cancel the discretization

errors. In particular, an improvement for one operator can worsen another one.

An example of such an improved action, the so-called (tree-level) Lüscher-Weisz action,

can be constructed in the following way. It uses two further expressions in the action. The

first is a closed Wilson loop of length six in the form of a rectangle and a three-dimensional

form called the parallelogram,

U r
µν(x) = Uµ(x)Uµ(x+ µ)Uν(x+ 2µ+ ν)U †

µ(x+ µ+ ν)U †
µ(x+ ν)U †

ν (x+ ν)

Up
µνρ(x) = Uµ(x)Uρ(x+ µ)Uν(x+ µ+ ρ)U †

µ(x+ ν + ρ)U †
ρ(x+ ν + ρ)U †

ν(x+ ν).

The resulting action, with SW the Wilson action, is then given by

S = SW + β

(

∑

x,i

5

3Nc
ℜtr(1− Up

i )−
∑

x,i

1

12Nc
ℜtr(1− U r

i )

)

,

where the sum on i includes all possible independent orientations of the corresponding Wil-

son loops. This action is optimized to reduce the discretization errors in certain scattering

amplitudes.

Because the choice of action can be used to improve the a-dependence of observables, it

makes also sense to use improved actions for theories where the action itself is already the

continuum action, like in case of the φ4 theory with action (2.23). However, these terms
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will then deteriorate the result for the action at finite lattice spacing. Therefore, it is

always important to take into account all observables which will be measured to optimize

the choice of action.

It is an interesting option to combine the smearing of section 5.3 with the idea of

improving the action. By smearing the operators used in the action, the system will behave

better at long distances. However, care must be taken that in the limit of a→ 0 still the

continuum action is recovered. Therefore, it is necessary that smearing needs always to

be over a finite number of lattice sites, rather than over a finite physical distance, such

that the operators are evaluated on a region of space-time which again shrinks to a point

in the continuum limit. Still, such constructions are quite successful.

5.10 Topology

To illustrate how all the problems of lattice simulations can combine it is useful to consider

a particular cumbersome observable: The so-called topological charge.

In the continuum, the topological charge is defined as

Q =
1

32π2

∫

ddxǫµνρσF
a
µνF

a
ρσ,

where the normalization depends on the gauge-group, and is given here for SU(2). It

can be shown that the topological charge is an integer in the thermodynamic limit. The

reason for this being an integer is actually the global structure of space-time, i. e. how the

gauge-field and action behaves at infinity. The reason is that the integrand can be recast

into a total derivative, and thus Gauss law makes this a surface integral.

A lattice realization of this quantity can be obtained using the same formula together

with (5.24) or, in terms of the link-variables, as a space-time sum of the operator (5.14).

A quantity of similar interest is the so-called topological susceptibility, defined as

χQ =
〈

Q2
〉

− 〈Q〉2 .

It is connected with various statements in QCD about mass generation and in the weak

interaction with baryon number violation.

Because this quantity is sensitive to infinity, it will be sensitive to the boundary on

a finite space-time lattice. Moreover, it will be sensitive to the boundary conditions,

therefore breaking the usual consideration that the choice of boundary conditions should

no longer matter if the volume is large enough.

As a consequence, there turn up three problems in measuring this quantity on a finite

lattice.
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The first is that it will be some continuously distributed quantity, rather than an

integer. This is an artifact because of the discrete space-time lattice and the fact that the

lattice has a finite extent. Only the boundary should contribute, but the boundary is not

far away, and is discrete. At infinite volume, quantum fluctuations are completely random

at infinity, and would average out. This does not happen on a finite, and particularly

periodic, lattice. Therefore, the averaging out of quantum fluctuations need to be done

’by hand’. This can be achieved by performing the smearing of section 5.3, as this does

exactly so. However, in this case it is even necessary not only to reduce the quantum

fluctuations, but to entirely remove them. Therefore, much larger numbers of smearings

are necessary usually averaging many times over the full lattice. Precisely at which level

to stop the smearing is a very non-trivial question, as eventually Q will become zero since

eventually the smearing moves the lattice towards zero field values. This is not an entirely

settled question.

The second is that because the observable is sensitive to the boundaries, and should be

an integer, it is very hard to change in the Markov process. In the continuum limit, any

change would need to make a big jump from integer to integer to update into a different

topological sector. In a local update this becomes less and less probable the larger the

number of lattice sites. This implies that the autocorrelation times strongly increase,

making simulations very expensive. This problem can actually be compensated for partly

by a different choice of boundary conditions, e. g. open boundary conditions.

5.11 Weak interactions and the Higgs

The simplest possibility to add matter to the gauge interactions is by coupling it to the φ4

theory. This can be done for either the Abelian or non-Abelian theory in the same way.

The decisive difference is again that, rather than formulating the covariant derivative using

the fields, it is formulated using the links.

As a concrete example, consider the Higgs sector of the standard model. The Higgs

fields φ are a scalar doublet19 in the fundamental representation of SU(2). Thus, under a

gauge transformation G, it will transform as G(x)†φ(x). Due to (5.5), the expression

φ(x+ µ)†Uµ(x)φ(x) (5.35)

is a gauge-invariant quantity. Since φ†φ is so, this implies that by inserting (5.35) in (2.23)

19Actually, this case is special, as there is an additional global symmetry, the SU(2) custodial symmetry.

It is important to consider this additional symmetry when classifying operators, akin to flavor in QCD,

but this will play no role here.
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will create a gauge-invariant Lagrangian, given by

S =
∑

x

(

φ†(x)φ(x) + γ(φ†(x)φ(x)− 1)2 − κ
∑

±µ

φ(x+ µ)†Uµ(x)φ(x)(5.36)

+
β

dF

∑

µ<ν

ℜtr (1− U(x)µν)

)

β =
2CF
g2

(5.37)

a2(2λv2) =
1− 2γ

κ
− 2d (5.38)

1

2λ
=

κ2

2γ
. (5.39)

Expanding Uµ is a will return the usual continuum Lagrangian.

There are two caveats in working with this theory, one of conceptual and one of practical

importance.

The conceptual issue arises in contact with the usual idea of a Higgs vacuum expec-

tation value. It is possible to do perturbatively the same analysis for (5.36) as is done in

the continuum, including the introduction of a Higgs vacuum expectation value. However,

when doing a lattice simulations, gauge-fixing is unnecessary. Since the Higgs vacuum

expectation value is actually gauge-dependent, and in some gauges always zero, this im-

plies that a lattice simulations does not involve it. In fact, to determine it will require

to fix a suitable gauge, like the ’t Hooft gauge. This is just a manifestation of section

2.9: Any symmetry, which is not explicitly broken, will be manifest in a lattice simulation

using ergodic algorithms. This is also true for gauge symmetries20. And thus the weak

gauge symmetry is unbroken. Of course, the physically observable consequences remain

untouched. That the results coincide with the usual perturbative treatment is actually

not trivial, but well understood. However, the explanation of this goes beyond the scope

of this lecture21.

It is worthwhile to note that this theory is possibly trivial, an issue which may be

important to provide upper limits where physics beyond the standard model may appear.

The practical issue arises with the simulation algorithm. Considering the heatbath

algorithm of section 5.4, it was there necessary to determine the heat-bath in form of the

20In fact, there is a proof for finite lattices, Elitzur’s theorem, that it is impossible to also break a gauge

symmetry spontaneously in the sense of section 2.9.
21The important insight is that the gauge-dependent fields, the W/Z and Higgs are not necessarily

in one-to-one correspondence with the physical states, which are gauge-invariant composite objects, but

for very particular reasons this is the case in the standard model for the values of the standard model

parameters.
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staples. Because of the coupling to the Higgs particles in (5.36) the heatbath is now a

combination of the staples and the term stemming from the covariant kinetic term. Thus,

the determination of the heatbath has to be adapted. In the standard model case, this is

actually possible, and a modified heatbath algorithm can be constructed. However, this

is due to special features of the gauge group SU(2). If the theory would have a different

(larger) gauge group, no heatbath algorithm is currently known, and either Metropolis-

type algorithms of sections 4.2 and 5.9 are needed, or algorithms which are similar to the

ones used for fermions in section 6.9.

Moreover, it is now necessary to update both the Higgs field and the gauge fields. A

simultaneous change of both is usually inefficient, and thus a sweep is decomposed into

usually a sweep of the gauge field followed by a sweep of the Higgs fields, or sometimes

multiple sweeps for either field interlaced with multiple sweeps of the other field. It is also

possible to update at every lattice point first one field and then the other. At any rate,

this may degrade decorrelations, and has to be studied on a case-by-case basis.

Finally, smearing for the scalar field can no longer proceed as in section 4.6.2, in

particular not like (4.12), because an expression like (4.12) is not yielding a new field

which has the correct transformation properties under a gauge transformation. This can

be remedied by

φ(n) =
1

1 + 2(d− 1)

(

φ(n−1) (5.40)

+
∑

µ

(U (n−1)
µ (x)φ(n−1)(x+ eµ) + U (n−1)

µ (x− eµ)φ
(n−1)(x− eµ))

)

.

The smearing for gauge fields has not to be adapted, as (5.16-5.17) maintain gauge invari-

ance by construction, as do other smearings of gauge fields. However, in contrast to (4.12)

(5.40) includes now links. Therefore, when calculating correlators smearing should not be

done along time-like directions anymore.

These issues generically apply if multiple fields are involved, which now happens for

the first time.
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Fermions

As it turns out, fermions are the bane of (numerical) lattice calculations. This is mainly due

to the inherent non-local structure induced by the Pauli principle, and the fact that chiral

symmetry, underlying massless fermions, is not compatible with a lattice discretization.

Fermions thus require very special care. In the end, the consequence is that fermions

are quite expensive when it comes to numerical simulations, and remain a substantial

challenge. Although, by use of ingenious algorithms and brute force it is by now possible

to simulate QCD with up to four quark flavors with physical masses.

6.1 Naive fermions and the doubling problem

The source of the problem is really the fermion itself. This can be seen by the fact that

it already arises for the free fermion with Grassmann-valued fields ψ and ψ. Consider its

Lagrangian

L = ψ (γµ∂µ +m0)ψ,

where the Euclidean γµ are hermitian1 and are obtained from the Minkowski ones by the

identification γi = −iγi and γ0 = γ0.

As for the bosons in section 2.4, the fermion fields and mass are rescaled by factors

of a to make them dimensionless. Using the midpoint derivative (2.9) their lattice action

reads

S =
∑

nmαβ

ψα(n)Kαβ(n,m)ψβ(m) (6.1)

Kαβ(n,m) =
1

2

∑

µ

(γµ)αβ
(

δm,n+eµ − δm,n−eµ
)

+mδαβδnm,

1This is actually a choice, and other conventions are possible.

104



Chapter 6. Fermions 105

where K is again the inverse propagator.

Using the rules for Grassmann integration, the propagator in momentum space can be

calculated and yields

〈

ψαψβ
〉

(p) = K−1
αβ (p) =

−i(γµ)αβPµ +mδαβ
P 2
µ +m2

(6.2)

Pµ =
1

a
sin(pµa) =

1

a
sin

(

πnµ
Nµ

)

.

The important difference to (2.15) is the differing factors of 2 in the definition of the

momentum. They arise from the first-order nature of the fermion action, and are the

source of the differences to the scalar case.

The consequences are severe. In the scalar case the expansion of Kµ for small a, which

is the equivalent object to Pµ in the fermion case, in (2.16), yielded only “small” (compared

to 1/a) contributions for small lattice momenta, nπ/N ≪ 1. Here, this also appears for

nπ/N ∼ π, because of the factor 2. Thus, the propagator (6.2) has additional poles. There

are 2d to be precise, one for every combination of where the momenta are either close to

zero or close to the edge of the Brillouin zone. Thus, despite the action seems to go to the

correct continuum limit, it describes far too many fermions.

The reason for this is that a quantum theory is not only defined by the action, and

therefore statements based just on the action are insufficient in the quantum case. Also

the measure of the path integral contributes. And here the origin of this phenomenon

originates. Technically, the additional poles occur because at least one momentum is of

order the cutoff. Therefore, there is always a light particle at energies at the cutoff, and

therefore probes the existence of a cutoff, and therefore the lattice structure. Therefore,

the regulator always play a role. Why is this so?

In the continuum theory, the situation is somewhat different. There, when sending the

regulator to infinity, renormalization is necessary. The renormalization, however, induces

a so-called anomaly, i. e. it breaks one of the symmetries of the theory. For fermions, this

symmetry is the so-called (global) axial U(1) symmetry, i. e. invariance of the action under

ψ → eiγ5θψ,

where θ is an arbitrary parameter, and γ5 = γ0γ1γ2γ3 is the Euclidean version of the γ5

matrix. For any finite regulator, the theory is actually not breaking the symmetry. The

appearance of the doublers can be traced back to this. A single fermion pole at the origin

would actually also violate the symmetry, as this kind of rotation transforms the 2d poles

into each other. Thus, the other poles must be present to keep the symmetry realized at
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finite cutoff. It is thus a problem of the exchange of limits2. This already hints at the

resolution of the problem: It appears necessary to somehow break the symmetry already

at finite cutoff.

To understand the problem, it is best to trace out the steps leading to the appearance

of the factor 2. Going backwards, it turns out that it originates from using the midpoint

derivative, (2.9), which already shows the explicit factor of 2. The reason for choosing the

midpoint derivative was that it is manifestly (anti)hermitian, while left-derivatives and

right-derivatives transform into each other by performing a hermitian conjugation, there-

fore not yielding a hermitian Lagrangian. This problem did not appear for scalars, which

are described by second-order derivatives, of which the discretization is both symmetric

and hermitian. The first-order nature is actually imposed by the fact that the fermions

require a first-order description. All of this points to a very fundamental problem of

fermions.

This is indeed the case, and formulated in the Nielsen-Ninomyia theorem, which proof

is beyond the scope of this lecture: It is impossible to have at the same time, in a lattice

formulation of fermions, chiral symmetry, locality, hermiticity and translational invariance.

Thus, it is necessary to give up at least one of those to make progress. Studying the

list, chiral symmetry appears to be by far the most acceptable sacrifice. This is indeed

what is done in most modern formulations of fermions on the lattice, though all other

options have been studied as well. In the end, it is only the continuum limit, which is

important. And in some cases, it was possible to work with a violation of one of the other

properties, and still recovering a decent continuum theory. But the, by far, simplest, most

general, and most successful approach is to loose chiral symmetry on a finite lattice.

6.2 Wilson fermions

There is a large number of ways how this can be done. Of these, only three will be

presented here. One are the Wilson fermions to be discussed in this section. In a sense it

is the most brutal version to deal with the problem, but this is balanced by the fact that

it is the cheapest one in terms of computation time. In the section 6.4 a solution will be

shown, which is arguably the most elegant one, albeit at much larger computational cost.

Both versions together cover more than half of all contemporary lattice simulations.

One of the conditions remaining is that the action should still be the same in the

continuum limit. Thus it is a good strategy to modify the action by higher-dimensional,

2Incidentally, the anomaly has observational consequences in QCD, and this could be taken as an

indication that a continuum approach is necessary to describe physics, at least without (quantum) gravity.
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so-called irrelevant, operators, which have positive mass dimension, and therefore vanish

in the continuum limit.

For Wilson fermions, this amounts to change the action to

S = SN − r

2

∑

n

ψ(n)∂fµ∂
b
µψ(n)

where SN is the naive fermion action (6.1), and r is a new parameter, the so-called Wilson

parameter. This is a term with mass-dimension five. For the theory to be renormalizable

requires therefore that the term is taken to be proportional to a, and therefore to vanish

in the continuum limit. Thus, r has to be chosen such that this is achieved.

To see how this comes about, it is useful to determine again the propagator. As the

action is still quadratic in the fermion fields, this can be done explicitly, and yields

Kαβ(n,m) = (m+ 4r)δnmδαβ −
1

2

∑

µ

(

(r − γµ)αβδm,n+eµ + (r + γµ)αβδm,n−eµ
)

. (6.3)

Note that the matrix-version of r is just the unit matrix multiplied by r, but forming this

combination is convenient. As r also appears in the mass term, the mass term no longer

vanishes at m = 0. Therefore, the additional term breaks explicitly chiral symmetry even

for massless fermions, as was required.

To interpret the consequences, it is useful to study the propagator in momentum space,

which reads
〈

ψαψβ
〉

(p) = K−1
αβ (p) =

−i(γµ)αβPµ +M(p)δαβ
P 2
µ +M(p)2

,

which looks very much like (6.2), except for the appearance of a momentum-dependent

mass

M(p) = m+
2r

a

∑

µ

sin2 apµ
2
,

where the lattice parameter has been reinstantiated for convenience. This mass shows

distinctively different properties inside the Brillouin zone and at its boundaries. Since

sufficiently far inside the sin expands to a, the second term vanishes for a→ 0. However,

at the boundaries, the sine approaches 1, and therefore the mass diverges. Thus, the

doublers are made infinitely heavy and are therefore removed from the spectrum.

Note that at any finite value of a the actual mass is r dependent, but can be made

zero at r = −m/4. Once interactions are included, this is no longer analytically possible,

and the actual value required for massless fermions has to be determined numerically, and

depends on a.
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6.3 Staggered fermions

The search for useful solutions to the problem of chiral symmetry on the lattice has

led to a large number of fermion formulations. As has been explicitly demonstrated for

Wilson fermions, all of them have conceptual drawbacks until arriving at a conceptual

clean solution to be discussed in the next section. However, a conceptual clean solution

is expensive in terms of computing time. Thus, many alternative formulations, which are

compromises, have been proposed and used. Most of them have never achieved widespread

use, except for Wilson fermions and the so-called staggered fermions.

The latter are technically much more involved than the Wilson fermions, but restore

part of the chiral symmetry. This is achieved by having 2d/2 degenerate fermions for a

single original fermion, i. e. four in four dimensions. This implies the existence of a corre-

sponding flavor symmetry. To separate this symmetry from the actual flavor symmetry, it

is usually called taste symmetry. By placing the fermions on a sublattice of half the lattice

spacing, with one flavor per lattice site only, the ensuing theory has a diagonal subgroup

of the original flavor and chiral symmetry, which is conserved in the lattice approximation.

Especially, this symmetry can be spontaneously broken, leading to the desired excitation

spectrum.

The downside of this formulation is that only theories having fermions in sets of four

degenerate ones can be studied. QCD is not even approximately of this type, as the charm

quark is heavy.

As an ad-hoc compensation of this problem, rather than using the quark propagator,

its fourth root is used, the so-called rooting trick. Though this works on a finite lattice

without gauge interaction, there are conceptual problems with gauge interactions and in

the continuum limit. But quantitatively these conceptual problems seem not to matter

for essentially all quantities of interest, and therefore this approach has found widespread

use, especially as it is computationally quite cheap.

Still, in the long-run, with more and more readily available computing power, these

will drop out of use in favor of Ginsparg-Wilson fermions to be discussed next. In addi-

tion, because of the conceptual problems, using staggered fermions with the rooting trick,

remains a debated issue. This lead to a renaissance of the use of Wilson fermions in recent

times.
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6.4 Ginsparg-Wilson fermions

The Nielsen-Ninomyia theorem forbids a real solution of the problem. However, it turns

out that there is an alternative way of approaching the problem of chiral symmetry on the

lattice. So far, all attempts have been focused on making the breaking of chiral symmetry

by the lattice less dramatic for small a. The alternative approach is to not insist on

having chiral symmetry on the lattice, but rather having a symmetry on the lattice, which

becomes the original chiral symmetry in the continuum limit. In a sense, the problem is

evaded, rather than solved. This should not be considered a cheap exit. After all, the

Nielsen-Ninomyia theorem shows that it is impossible to solve the original problem.

The advantage of this route that there is always a symmetry, and thus spontaneous

symmetry breaking is possible even for a finite lattice. The downside will be that this

approach is that it is substantially more expensive than, e. g., Wilson fermions. This is

the reason why not all calculations nowadays are done using this formulation. However,

whether the original symmetry is explicitly broken or replaced are on any finite lattice

conceptually equally good3.

The starting point for the Ginsparg-Wilson construction is the fermion action

S =
∑

xy

ψ̄(x)(D(x, y) +mδxy)ψ(y)

where the Dirac operator is now required to have two properties. The first is that for

a → 0 it reproduces the continuum Dirac operator, to generate the correct continuum

limit of the theory. This is already true for the Wilson Dirac operator, and even the naive

Dirac operator.

The second requirement is the non-trivial one4

γ5D(x, y) +D(x, y)γ5 = a
∑

z

D(x, z)γ5D(z, y). (6.4)

If the right-hand-side would be zero, this would be just the ordinary requirement {γ5, D} =

0 implying continuum chiral symmetry. Since D should reproduce the ordinary Dirac

operator in the continuum it is not singular in 1/a, and therefore the right-hand side

vanishes as a → 0, recovering chiral symmetry in the continuum limit. So far, so good.

However, several questions need now to be answered.

3There are some subtleties in the continuum limit if the chiral limit is considered, i. e. zero fermion

(quark) mass at the Lagrangian levels. These arise because of analyticity properties of the limit. However,

these play no role if the symmetry is already explicitly broken by finite quark masses, and therefore

irrelevant, e. g., in QCD.
4In general, γ5 can be replaced γ5R, where R is any local, non-singular matrix, proportional to the

Dirac-1, though it may differ from one in other spaces, e. g. in flavor space. This will not be used here.
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The first is whether the theory is still well-defined, i. e. local. Rewriting this as a

matrix equation also in space-time indices, the relation (6.4) can also be written as

{γ5, D−1} = aγ5.

Since the right-hand side is proportional to a unit matrix in space-time indices, the break-

ing is even ultralocal, answering this question affirmatively.

The second is, whether there are any solution at all. This is also true, as

D =
1

a
(1− V )

with

V †V = 1

V † = γ5V γ5

solves (6.4). These are rather weak conditions, and it is straightforward to find solutions.

The final question is actually less trivial to answer: Does this Dirac operator, called

the Ginsparg-Wilson-Dirac operator, have doublers. This is in general the case. However,

there are solutions, which have not. A particular example is the Neuberger-Ginsparg-

Wilson-Dirac operator,

V = A(A†A)−
1
2

A = 1− aKW

where KW is the Wilson-Dirac operator (6.3). This is stated here without proof. The

appearance of the square-root of a matrix makes this a very involved numerical problem,

which is much more expensive in terms of computing time than Wilson or staggered

fermions. In section (6.5), when QCD is introduced, the Dirac operator needs only to be

replaced by one with minimal coupling to continue working for QCD.

It is useful to study the features of this symmetry further. The actual symmetry

implemented is

ψ → eiθγ5(1−
a
2
D)ψ

ψ̄ → ψ̄eiθγ5(1−
a
2
D),

i. e. it differs from an ordinary chiral transformation by the term iγ5aD/2. This deviation

vanishes again as a→ 0.

Another advantage of this formulation is coming from a quite different angle. In the

standard model chiral symmetry is actually quite different than in QCD. Because the
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weak interactions only affect left-handed fermions, chiral transformations mix in a non-

trivial way with weak gauge transformations. If chiral symmetry would be explicitly

broken by the lattice regulator, this will propagator to the gauge symmetry, leading to

an anomalous breaking of the weak gauge symmetry. Since a gauge anomaly renders a

theory physically useless, observables depend on the choice of gauge when quantizing such

a theory, this makes a lattice description of the weak gauge interaction with Wilson and

staggered fermions impossible.

Having such a replacement symmetry with the correct continuum behavior available

appears at first to solve this problem. Unfortunately, this is not the case. Though one can

write down some associated gauge symmetry, it has not the correct continuum limit to

act as a discretization of the standard model. So far, a solution has not been found, and

this question is subject of current research. It seems possible that a unbroken alternative

symmetry, which becomes the weak gauge symmetry in the continuum limit, exists.

6.5 QCD

After having fermions available, the next step is to study the corresponding gauge theo-

ries. Here, this will be restricted to QCD-type theories, i. e. coupling of (mass-degenerate)

fundamental fermions to a non-Abelian gauge theory, usually of SU(N) type. More com-

plicated theories are straightforward extensions, as long as the fermions are coupled vec-

torially to the gauge fields. Chiral couplings, like in the weak interactions, are more

problematic. On the other hand Abelian gauge theories, like QED, are a simplification5.

Turning free fermions into QCD follows essentially the same line as for the scalar

fields in section 5.11, i. e. by promoting the fermions to color vectors in an appropriate

representation, and introducing a link into the derivative term of the fermion action.

For simplicity, here only one class of fermions, the Wilson fermions, will be studied in

detail. The full action and corresponding discussion for essentially ever type of fermions

can be found in the literature.

The resulting action is

S = SYM +
∑

f,x

(

ψ̄f (x)ψf (x)− κf

±4
∑

µ=±1

ψ̄f (x+ µ)(rf + γµ)Uµ(x)ψf (x)

)

where SYM is the Yang-Mills action and f are the flavors, which can have different masses

and therefore different hopping parameters and Wilson parameters.

5Note that existing results on QED alone seem to suggest that it is a trivial theory in the sense of

section 2.7.
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In the same way as for the scalar particle an expansion in a of the links yields the

covariant derivative. Also, in the same way this implies the existence of an involved tree-

level structure in terms of the gauge fields at finite a.

Especially for numerics it is useful to note that the quarks only appear as a bilinear.

Since they are Grassmann fields, it is possible to perform the functional integral explicitly,

yielding6

∫

Dψ̄ψAe−S =

∫

DAΠf detDfe
−SYM . (6.5)

Herein the determinant of the Dirac operator D for every flavor f , detDf , appears. In

particular, if the flavors are degenerate, the product is (detD)Nf .

This result is crucial for the development of fermion algorithms in section 6.9, as

Grassmann numbers are not representable in a computer, while the fermion determinant

is made of ordinary numbers7, and thus can be.

A second use is that it allows for a, at first sight, quite drastic approximation. Set-

ting detD = 1 gives the quenched approximation. Thus, evaluating operators involving

fermions fields, see section 6.7, uses gauge fields weighted by the Yang-Mills action. Since

algorithms to create configurations including the determinant are much more demanding

in terms of computing time, this is a drastic simplification. While there is no justifica-

tion for such an ad-hoc approximation possible, it turns out to be not a bad one. In

fact, many quantities, especially static ground-state quantities, are within 10% of their

values in actual QCD. This gets even better if the quarks are heavier than in ordinary

QCD. This already explains why the approximation is working so well based on physics.

Because of the mass of the quarks they are not relevant for long-range structure. How-

ever, static bound-state properties are long-range effects, and are therefore only weakly

affected. Due to dynamical chiral symmetry breaking in QCD this effect is even amplified,

as it provides every quark with an additional effective contribution to its mass, making

the approximation even better.

6Note that there are subtleties involved with zero eigenvalues of the Dirac operator, which will not be

detailed here.
7Note that this has nothing to do with QCD, just with the possibility of integrating out the fermions.

If the theory should have terms in the action of higher power than two in the fermion fields it is possible

to use a (generalized) Hubbard-Stratonovich transformation to introduce auxiliary fields to reduce the

polynomials to bilinears, and therefore perform the same exact integration.
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6.6 Perturbation theory for fermions

Just as with the scalars in section 2.6, there are now possible ways to treat QCD (or

fermions in general) perturbatively. One is an ordinary expansion in the coupling constant,

while the second one is also a hopping expansion, or equivalently a heavy-mass expansion.

Consider first the conventional perturbative expansion. This requires to supplement

the Feynman rules of section 5.6 by the quark propagator and the quark-gluon vertex.

Except for the color structure, the quark propagator is essentially the one of the free

quark. Thus, its propagator reads

Dab
ψ̄ψαβ = δab

(

1

i
∑

µ γµ sin pµ +Mf(p)

)

αβ

Mf(p) = mf + 2rf
∑

µ

sin2 pµ
2
,

where again the (flavor-dependent) Wilson term appears. Thus, in comparison to the

continuum case, already at tree-level the mass function is momentum-dependent, and

quite strongly so. Thus, in comparison to the rather mild lattice correction of the gluon

and ghost in section 2.6 the fermions are much more sensitive to the underlying lattice.

Even more interesting is the case for the quark-gluon vertex,

Γp̄siψAff
′ija

αβµ (p, q, k) = −ig(2π)4δff ′τaij
(

γµ cos
(p+ q)µ

2
− irf sin

(p+ q)µ
2

)

αβ

.

It has not only a further (real) part, but actually an additional different Lorentz structure,

which arises from the Wilson term. In fact, since it is scalar, it is a term which explicitly

breaks ordinary chiral symmetry. Because of its momentum structure, this will vanish

again in the continuum limit, recovering the correct (perturbative) chiral symmetry of

the interaction. Nonetheless, this shows how the explicit breaking of chiral symmetry

manifests due to the lattice regularization not only at the level of creating an additional

mass, but in the very structure of the interaction.

Other than that, ordinary perturbation theory proceeds with fermions as without

fermions.

Consider in the following Nf degenerate quarks. The second type of expansion is the

hopping expansion. For this, write the Dirac operator as

Q(x, y) = δxy − κ
∑

µ

δx,y+µ(r + γµ)Uµ(x) = δxy − κM(x, y)

where M is called hopping matrix. Rewrite the fermion determinant as

detD = etr ln(1−κM).
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This logarithm can be expanded as

tr ln(1− κM) =
∑

l

κl

l
trM l.

Since the hopping matrix has a simple structure, the powers can be calculated explicitly

as

trM l = Nf

∑

xiµi,i=1...l

δx1,xl+µlδxl,xl−1+µl−1
...δx2,x1+µ1tr (Uµl(xl)...Uµ1(x1)) tr ((r + γµl)...(r + γµ1))

(6.6)

Because of the δs, this is always a closed Wilson loop, and therefore on a hypercubic lattice

only even l contribute, weighted with a spinor trace. E. g., up to order 4 this gives

tr ln(1− κM) = NfV
(

48κ2(r2 − 1)

+κ4

(

(r2 − 1)2 + 8(r4 − 2r2 − 1)
1

V

∑

Plaquette

ℜtrUPlaquette

)

+O(κ6)

)

.

Thus, this shifts the gauge action by an offset, therefore effectively shifting β. Thus,

the presence of the fermions act as changing the Boltzmann factor such that different

configurations are weighted differently.

This should not come as a surprise. After all, the integration range of the path integral

of the gluon field did not change when introducing the quarks. The only thing which

can change is how important the gauge fields are. This is true in general - the presence

of matter just weight the gauge field configurations differently, but does not change the

integration range in the path integral8

6.7 Fermionic expectation values

Expectation values for fermions are9, conceptually, just the same as for bosons: Expecta-

tion values of products of the fields. While in an analytical calculation this is all there is to

it, this is quite different when performing numerical evaluations as, as noted, Grassmann

8While in QCD the presence of the quarks is a second-order effect, as can be seen from the success

of the quenched approximation, this is quite different in case of adding the Higgs in section 5.11: If the

Brout-Englert-Higgs effect is active, the gauge bosons act as having a mass. The gauge fields describing

this behavior are already included in the pure Yang-Mills case, but their effect cancels out, given the

(pseudo)massless gluons of Yang-Mills theory. It is the skewing by the Higgs field in the sampling procedure

which brings the other behavior to be dominating.
9Note that essentially everything, except for the Lorentz structure, said in the following also applies

to determining expectation values for the Faddeev-Popov ghost of section 5.5.
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numbers cannot be represented in a computer. However, the tricks necessary to do so

numerically are sometimes also useful analytically, which is why they are discussed before

section 6.9.

The most important insight is that the relevant expectation values are always conserv-

ing fermion number10. Thus, the number of fermion and anti-fermion operators must al-

ways match in an expectation value. Since the action is a fermion bilinear11, the fermionic

integration can always be performed exactly, as they are of Grassmann-Gaussian type.

Doing so yields therefore expressions involving the Dirac operator only.

Performing the explicit calculation is essentially nothing but performing Wick contrac-

tions in canonical quantization, and this will therefore not be detailed here. For simplicity,

here the case of Nf degenerate flavors will be considered. The final results is

〈

ψ(y1)ψ̄(x1)...ψ(yn)ψ̄(xn)O(A)
〉

=

∫

Dψ̄ψAψ(y1)ψ̄(x1)...ψ(yn)ψ̄(xn)O(A)e−SYM−
∑

ψ̄Qψ

=

∫

DAe−SYMO(A)(detQ)Nf

∑

z1...zn

ǫz1...zny1...yn
Q−1(z1, x1)...Q

−1(zn, xn) (6.7)

where O is any operator of the gluon fields only, any gauge-index contractions have been

suppressed, and a canonical order of the quark fields has been introduced, which can

always be achieved by transpositions (and corresponding powers of −1). Q is given in12

(6.6) and

ǫj1...jni1...in
=

1

−1

0

if (j1, ..., jn) is an

even

odd

no

permutation of (i1, ..., in).

If the flavors are not degenerate, Q becomes also a matrix in flavor space. Without

flavor-changing interactions, it is, however, block-diagonal, and therefore the determinant

factorizes, and also the inversions become simpler.

The main problem is now how to calculate both the effects of the determinant13 and

the inverse of the Dirac operator. The first problem will be relegated to section 6.8, as it

is relevant for the generation of the configurations.

The answer to the second is both straightforward and involved at the same time. In

principle, it just needs to require to invert a matrix numerically. However, the matrix is

10There exist theories without this feature. They will not be considered here, and would need quite

different approaches.
11See footnote 7 for other theories.
12For the ghosts, just replace Q by the Faddeev-Popov operator (5.25).
13Which is simply set to one in the quenched case, but leaving the sum untouched to obtain quenched

expectation values for the fermions.
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V × dF × Nf × dD-dimensional, where dD is the dimension of the representation of the

Clifford algebra for the fermions. For Dirac spinors in four dimensions dD = 4. It is the

factor V which makes this inversion numerically involved. The one advantage is that Q,

as can be seen from (6.6), is a sparse matrix, inheriting the (anti-)hermiticity properties of

the Euclidean Dirac matrices. Conjugate gradient-type algorithms are therefore suitable

to provide a good estimate.

There are two technical problems. One is minor, and is the choice of stopping criterion.

Though conjugate gradient algorithms with finite precision arithmetics are subtle when it

comes to convergence properties, the Dirac operator is quite well-behaved so that already

rather simple stopping criteria are sufficient.

The second problem is that a conjugate-gradient type algorithm operates by applying

iteratively the matrix to a vector to construct the action of the inverse matrix on this

vector. This result is then applied in an expression like (6.7) to other quantities. Therefore,

it matters what vector is chosen.

The simplest choice is a vector, which vanishes everywhere except on a single point on

the lattice. This is a so-called point source. If used, (6.7) gives the result for a propagation

from the points xi to yi. However, this is as evaluating 〈φ(y)φ(x)〉 for fixed x and y - it gives

a propagator from a single point to another single point. It therefore misses the possibility

to use translation symmetry to average over the lattice. Therefore, this result will be

very noisy. The advantage is that a point source in position space contains in momentum

space all modes. Therefore, it is possible to determine the propagator for all momenta by

multiplying the vector obtained from conjugate gradient to a vector corresponding to a

plane wave for all possible momentum, and thus calculating the propagator in momentum

space requires only one inversion, at the expense of being more noisy. On the other

hand, inverting Q on a plane-wave vector will give a single point in momentum space, but

averages over all lattice points, giving a comparatively good signal-to-noise ratio. However,

this requires one inversion per momentum, which is much more expensive. Thus, a trade-off

between acceptable noise level, which can also be beaten by the number of configurations,

and computing time for the inversions need to be made.

The situation becomes more involved when considering the needs of spectroscopy, as

will be detailed more in section 6.8. Calculating a bound-state correlator requires the

evaluation of (3.4), build from (3.3). This implies to perform a double sum

∑

spatial x,y

O(x)†O(y),

which requires to evaluate all the Q from one point to another point, and thus all pos-

sible point sources to be multiplied to some point vector are needed, so-called all-to-all
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propagators. This requires V inversions and V 2 vector multiplications. This is usually

far too expensive. One possibility are so-called wall sources, where not all possible posi-

tions are taken into account, but all positions on a hypersurface, assuming that ultimately

translation symmetry ensures this to be correct. This reduces the effort to N inversions14.

An alternative is a stochastic evaluation, where the sum is approximated by a number of

randomly chosen sources. These issues are beyond the scope of this lecture, but should be

considered and researched in the literature before setting out to perform such calculations.

It should be noted that the matrix Q, and thus the fermion propagator, is gauge-

dependent. In fact, a single Q−1 would be just the fermion propagator. What is not

gauge-dependent is the spectrum of Q, and the trace of Q−1, e. g. gives the gauge-invariant,

but renormalization-dependent, chiral condensate. This is not a problem if either the

configuration is gauge-fixed, or only gauge-invariant combinations of fermion fields are

evaluated. In the first case the expressions always have meaning, while in the second

the actual gauge does not matter. However, if a configuration is not gauge-fixed, it is

in some random gauge15. This gauge will change during the update, and therefore the

fermionic expectation values of two different configurations cannot be compared, if the

configurations have not been gauge-fixed before calculating (6.7).

6.8 Hadron spectroscopy

Hadron spectroscopy now amounts almost only to evaluate (6.7) as a result of writing

(3.4) in terms of fermion fields. There are just two more issues.

One is that the expression (6.7) is essentially giving only scalars. It is necessary to

introduce other quantum numbers.

Consider first the simplest case of some bound state consisting, at the valence level,

only out of a fermion and an antifermion, in QCD mesons. To create an operator with the

same quantum number is then done as in the continuum by writing an operator

ψ̄ai (x)Γijψ
a
j (x), (6.8)

where a is a color index and Γ is a suitable matrix in Dirac and flavor space. E. g. for

a π± this would a tensor product of a τ 1,2 in flavor space and a γ5 in Dirac space, while

it would have a τ 3 for the π0, but still a γ5 in Dirac space. This implies that this is just

14Of course, it could be assumed that the symmetries makes it sufficient to consider just a single pair

of points as an estimator, but this will be very, very noisy.
15Every field configurations defines a gauge, but one which is usually not respecting any symmetries,

nor which could be given in terms of any useful gauge condition, lest alone bringing a second gauge field

in any straightforward way into the same gauge.
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a matrix element of Q−1, which is then contracted with Γ, and ultimately traced over.

Thus, technically the same has to be done as in (6.7), just that not only particular matrix

elements are needed in position space, but also in color, Dirac, and/or flavor space. In

fact, if Γ = 1, this just returns (6.7).

Likewise, operators for baryons are constructed for a spin 1/2 baryon like

ǫabcψ(x)
k
aΓ

B
(

ψ(x)lTb Cγ5Γ
Aψ(x)mc

)

, (6.9)

where C = iγ2γ0 is the charge conjugation matrix, a... are again color indices and k...

are flavor indices, and ΓA,B are again arbitrary γ matrices. Consider first ΓA = ΓB = 1.

In this case the term in parentheses forms a scalar, essentially a diquark, which is then

coupled to the single remaining spinor to create a spin 1/2 particle. Note that this state

is not a parity eigenstate, which is usually an almost conserved quantum number of mass

eigenstates, and therefore needs to be projected upon such a state. This is achieved using

the projector (1±γ0)/2, where + gives the nucleon and − its parity partner, the N(1535).

By judicious choices of the ΓA,B all other states, which can be created from three quarks,

can be constructed.

The antiparticles are created from these operators as usual by hermitian conjugation.

Of course, it is possible to construct much more involved operators, also including

relative momenta and more fields, not to mention states like tetraquarks, pentaquarks,

and scattering states. They can be used to form a basis for a variational analysis, as

discussed in section 4.6.3.

As already discussed in section 4.6.2, such local operators are often not a good approxi-

mation, and operators averaged over some lattice sites are better suited. Since expectation

values for fermions contain two contributions, the gauge bosons and the fermions, there

are two possible ways to perform smearing, just like in section 5.11.

The first one is to smear the gauge fields, using the methods of section 5.3. Then the

Dirac propagators Q are evaluated on the smeared links.

The second one is by implementing the smearing itself in the inversion process, and

thus in the fermion sector. So far, the inversion was essentially done on some lattice

position, or a plane wave. By performing the inversion over a vector which describes a

(spatial) extended object, this can be done. After all, the vector on which the inversion

is performed has V components. Therefore, the components can be used to create such a

structure. Likewise, the final contraction can also be done using such an operator.

The challenge in doing so is that this must maintain gauge covariance. This is not

generically the case. One possibility to ensure this is the so-called Jacobi smearing. Given
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the point source vector S, the smeared source P is

P (x) =
∑

y1,y2,y3

(

N
∑

n=0

αnH(x, y)n

)

S(y)

H(x, y) =

3
∑

µ=1

(

Uµ(x)δx+µ,y + U †(x− µ)µδx−µ,y
)

which is done at fixed time if spectroscopy should be done. The parameters N and α

can be tuned independently for each operator to improve, e. g., the signal-to-noise ratio.

Physically, the parameter α steers the width of the source, and the final source P can

be thought of as something as a proposed wave-function of the hadron. As always, using

operators with different parameters can be used to enlarge the operator basis. The links

ensure that the final result is gauge-covariant, i. e. transforms like a link between all

positions.

Technically, this corresponds to replacing the operator Γi in (6.8) and (6.9) by a func-

tion of space-time. This also shows why gauge-covariance is important: After all, the

hadron should be a gauge-invariant state. This also implies that the plane-wave source

of section 6.7 cannot be used for hadronic correlators, as they would not create a gauge-

invariant operator.

An alternative to gauge-covariant smearing is to evaluate (6.8) and (6.9), i. e. by fixing

the gauge fields using the methods in section 5.5. Then any source can be chosen, as it is

then in a fixed gauge. The final averaged result will then be still gauge-invariant as the

gauge-dependent parts drop out. Note that this physically corresponds to using operators

which are different for different configurations, but only differ in gauge-variant parts.

6.9 Algorithms for fermions

The discussion of the previous sections already point to how to deal with the creation

of configurations: Integrate out the fermions, leading to (6.5), and then evaluating the

fermion determinant in some numerical way. Since this is then an expression depending

on the gauge fields only, it is possible to dice a new gauge field, and then use, e. g., the

Metropolis algorithm, to accept or reject the update.

While this procedure works in theory, it is highly inefficient in practice, as this requires

to evaluate the fermion determinant for every local update. As the (approximate) calcu-

lation of the determinant of a large matrix, even if the matrix is sparse, is very expensive,

it appears better to find an update which does not make this necessary.

For this purpose it is useful to introduce a new class of algorithms.
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6.9.1 Molecular dynamic algorithms

To introduce this algorithm consider again a single real scalar field. Gauge fields and

fermions will be added later.

The basic idea of molecular dynamics is to map the problem of finding a new configu-

ration to a problem of classical mechanics. To this end it consider the Hamiltonian

H =
∑

x

p(x)2

2
+ S, (6.10)

where S is the original action of the theory, e. g. (2.23). Thus, to the field at every

lattice point an additional momentum p(x) has been introduced. Since by discretization

all analytical operations have been turned in sums and differences of the field at various

points on the lattice, these momenta are by definition conjugate to the fields at the lattice

points, as the action just acts as a potential. Since the lattice has a finite (or at least

denumerable infinite) number of points, this is not a field theory, but really a point particle

mechanical system. Thus, the system obeys all theorems of classical mechanics, e. g.

Liouville’s theorem.

Its equation of motion are therefore

dτφ(x) = p(x) (6.11)

dτp(x) = − ∂S

∂φ(x)
, (6.12)

where again it needs to be emphasized that x is acting as an index, not as a variable. The

parameter τ is an additional fictitious coordinate, conceptually just like the Monte-Carlo

time, but another, independent variable. Because the classical partition function of this

system

Z =

∫

dp(x)dφ(x)e−H

evaluates, after integrating out p(x), to the (discrete) path integral of the original system,

the ergodicity hypothesis of classical statistical physics implies that any position φ(x) is

therefore visited with probability exp(−S), and thus exactly with the required probability.

Therefore, the expectation value of any observable can be computed as a time average

in τ ,

〈O〉 = 1

T

τ0+T
∫

τ0

dτO(φ(τ)). (6.13)

where τ0 now takes the role of the thermalization time. Thus, by starting from some

random initial field configuration and solving (6.11-6.12) over some time interval T mea-

surements are generated with this method. The necessary initial values for the canonical
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momentum can be chosen, in principle, also randomly, but since they only appear in a

Gaussian, it can be expected that they will also be Gaussian distributed in equilibrium, and

it therefore makes more sense to draw them from the corresponding Gaussian distribution

initially.

Of course, there is again no exact analytical solution of (6.11-6.12) in general. Thus, it is

necessary to solve the equations (6.11-6.12) numerically using the initial field configuration

as initial values, and likewise performing the integral (6.13) analytically. As these are large

systems of coupled partial differential equations, this is not entirely trivial.

An analogue to overrelaxation of section 4.3.2 is to regularly replace the actual values of

the canonical momenta by new, randomly drawn canonical momenta with again Gaussian

chosen values. This induces a drift in a different direction in phase space, without changing

that the actual values of the fields are distributed according to Boltzmann weight.

A drawback of this approach is that numerical errors in solving (6.11-6.12) will drive

the system out of equilibrium. As this problem increases the coarser the integration steps

and the larger the number of equations, this quickly leads to problematic costs in terms

of computing time. To avoid this problem, it is possible to combine molecular dynamics

with the Metropolis algorithm of section 4.2.

No matter how coarse the integration algorithm, if it is reversible, the result of in-

tegrating (6.11-6.12) over a certain interval ∆τ can be considered to be a proposed new

configuration. Thus, taking this proposal as the input into a Metropolis accept/reject

step creates an algorithm which fulfills detailed balance. In this way detailed balance is

automatically satisfied, creating a Markov chain. Since it is a global update, it is, however,

not possible to just move to the next lattice site. Rather than that a new proposal can

then be created by choosing a new, Gaussian distributed set, of canonical momenta, just

like in the overrelaxation update.

A convenient choice for solving (6.11-6.12) is the leapfrog algorithm. Time evolution

is generated by the Hamilton equation. Using the Hamilton equation, it is found that

performing an integration step of ∆τ is achieved by first performing

p(x) → p(x) (6.14)

φ(x) → φ(x) +
∆τ

2
p(x) (6.15)

followed by

p(x) → p(x)−∆τ
∂S

∂φ(x)
(6.16)

φ(x) → φ(x), (6.17)
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and then once more (6.14-6.15) to finish the update cycle. Because the Hamilton equation

is time-reversal invariant, this integration satisfies the preconditions for the Metropolis

algorithm. The error is O(∆τ 3). Performing an evolution of total length τ requires τ/∆τ

steps, and has therefore an error O(τ∆τ 2). By tuning τ and ∆τ the acceptance probability

can be adjusted. Of course, if τ is shorter than the autocorrelation time, which is calculated

in τ in the same way as for tMC in section 4.4.2, this will not completely decorrelate the

configurations, and the same steps have to be taken as in general.

This can be improved, though not qualitatively but quantitatively, using the Sexton-

Weingarten version. This corresponds to multiple updates of types (6.14-6.17), but with

shorter time intervals. It starts from (6.16-6.17) with ∆τ/6, and then alternates with

∆τ/2, 2∆τ/3, ∆τ/2, and ∆τ/6, for a total of five steps. This can be used to increase ∆τ

to decrease autocorrelations.

6.9.2 Molecular dynamics for gauge fields

For gauge fields it is convenient to use the links as generalized coordinates. The analogue

to (6.10) is

H =
1

2

∑

xµ

trΠ2
µ(x) + S,

where the canonical conjugated momenta are traceless and hermitian matrices16. The

corresponding molecular-dynamics equations (6.11-6.12) for gauge fields are then

dτUµ = iΠµ(x)Uµ(x)

dτΠµ(x) =
iβ

2dF

(

Uµ(x)Vµ(x)− (Uµ(x)Vµ(x))
† − 1

dF
tr
(

Uµ(x)Vµ(x)− (Uµ(x)Vµ(x))
†
)

)

,

where Vµ(x) is for the Wilson action just the staples (5.18), where the operation in paren-

theses takes the traceless, anti-Hermitian part, such that Π is again of the correct type.

These equation can then be used in (6.14-6.17), or in a Sexton-Weingarten-type update.

To create random values of the canonical momenta Π, it is possible to decompose Πµ(x) =
∑

a τ
aπaµ(x), where τ

a are the generators. The values for the real functions πaµ can then

be selected by Gaussian random values, e. g. of unit width, or any other suitably ergodic

choice. Again, this can be adjusted to improve acceptance probability.

Of course, there will be additional terms if matter fields are present. This will now be

exemplified for fermions, but is also true for, e. g., the scalars of section 5.11. Note that

16These are not the conventional canonical momenta for a gauge field, even if the fields instead of the

links would be used. After all, the time is a fictitious fifth dimension of a system in equilibrium. Thus, also

none of the usual subtleties because of the gauge degrees of freedom arise, nor is gauge-fixing required.
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non-trivial topology, i. e. gauge fields like instantons, are in this sense quite problematic.

These require large changes, and thus long integration times. But long integration times

reduce the acceptance probability for ’normal’ gauge field configurations quite substan-

tially. Here again a balance is needed to be both sufficiently ergodic and efficient at the

same time.

6.9.3 Updating QCD

Essential all algorithms for fermions in common use today use molecular dynamics, but

are still very expensive to do17. However, this is mainly because of the absence of better

working algorithms, not because molecular dynamics is very favorable. After all, since it is

a global update, it can make only small changes which lead to long autocorrelation times.

The main reason for this problem arises from the Grassmann fields. Since they cannot

be represented numerically, they need to be integrated out. This leads to a determinant,

but this therefore couples all points of the lattice. The expression is inherently non-local18.

This prevents the possibility to construct efficient local updates like a heat-bath, as always

the complete lattice contributes to the local heatbath. Thus, the determinant would be

needed to be recalculated after each local update, making this possibility prohibitively

expensive.

As if this problem was not serious enough, also the calculation of the determinant

has additional problems. For free fermions, the lowest eigenvalue will be determined by

the mass. In QCD, however, there are additional zero modes which stem from the gauge

interactions. Depending on the type of fermions, these may exist approximately or exactly

on a finite lattice. In addition, there are more small eigenvalues19, making the conditional

number of the Dirac operator unfavorably large for numerical operations. This problem is

reduced if the bare quark mass is large.

Finally, the individual eigenvalues are not necessarily positive or even real, depend-

ing on the type of Dirac operator. While the determinant itself is necessarily so in the

thermodynamic limit, any approximation which does not capture a balanced amount of

eigenvalues leads to a violation of the positive weight necessary for the Markov process. If

the Dirac operator satisfies at least the so-called γ5 hermiticity, γ5Dγ5 = D†, this problem

17The main reason is that the Dirac operator will be needed to be inverted multiple times. However,

if observables are build from many quark fields such that many different contractions are necessary, also

the calculation of observables can start to become the dominating cost factor. If possible, it is therefore

useful to consider whether calculated inverted Dirac operators, the propagators, can be used for multiple

purposes in a calculation, or can even be stored if sufficient diskspace is available.
18Which is actually necessary to implement the Pauli principle, in which fermions and bosons differ.
19This is an effect due to dynamical chiral symmetry breaking in QCD.
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is slightly lifted, as then eigenvalues are pairwise complex or real, and thus the determinant

is at least real.

If this is the case, two degenerate flavors will yield a guaranteed positive determinant.

This is a rather good approximation for QCD. Since the next heavier quark is already

quite heavy, the problem for it are much less substantial, and therefore just a degeneracy

for the two lightest quarks works comparatively well. It should be noted that there exists

Dirac operators, like the so-called overlap operator, which do not have this problem, and

are therefore suited even for non-degenerate quarks. However, the numerical calculation

of these operators is in itself already very expensive, offsetting this advantage in many

circumstances.

Eventually, the resulting algorithms can be optimized in various ways. Each of them

has its advantages and disadvantages. Some of them even do not create a perfect Markov

chain, but allow for small violations of detailed balance to find a reasonable solution. Here,

thus only a single example, suited e. g. for two degenerate flavors of Wilson fermions, will

be discussed.

For this purpose so-called pseudofermion fields are introduced to rewrite the determi-

nant again as an exponential

detQ =

∫

Dφ†Dφe−φ†Q−1φ,

which is an non-local action. If there are two degenerate flavors, it follows that detQ detQ =

detQ†Q, where γ5 hermiticity and det γ5 = 1 has been used. The action is then−φ†(Q†Q)−1φ,

and therefore it is positive, but still non-local.

Because the theory is still bilinear in the pseudofermion fields, it is actually still possible

to determine their distribution exactly. If a field R is created according to a Gaussian of

unit width, i. e. determined by exp(−R†R), the pseudofermion field φ = Q†R will actually

satisfy the Boltzmann weight.

With this an update algorithm, the so-called R algorithm, can be constructed.

In a first step the field φ is created according to its Boltzmann weight as discussed

above. The canonical momenta for the gauge fields are randomly generated. The gauge

fields are then updated with this random canonical momentum, while the canonical mo-

menta are updated by

dτΠµ(x) =
iβ

dF

(

Uµ(x)Vµ(x)− (Uµ(x)Vµ(x))
† − 1

dF
tr
(

Uµ(x)Vµ(x)− (Uµ(x)Vµ(x))
†
)

)

Vµ(x) =
∂S

∂Uµ(x)
,

where the action now has contribution from the gauge fields, but also from the term

−φ†(Q†Q)−1φ. It thus involves explicitly the pseudofermion fields as well as derivatives of
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the (inverse) of the Dirac operator with respect to the links20. The latter can be given as

a closed, albeit lengthy, explicit expression involving only the (inverse) Dirac operator and

the links. Still, calculating it is the actually expensive step, as the inverse of the Dirac

operator is involved. This process is repeated to create full molecular dynamics steps,

which are then finally accepted or rejected in a Metropolis update. As with ordinary

molecular dynamics, using schemes like leapfrog or Sexton-Weingarten can be used to

improve the behavior.

As noted above, this runs into trouble if small eigenvalues occur. One possibility

to improve the situation is the so-called Hasenbusch preconditioning. This is done by

introducing a second Dirac-operator W , for which already Q+m0, where m0 is a (larger)

mass is a reasonable choice, and a second pseudofermion field with action

detQ†Q =

∫

Dφ†DφDΦ†DΦe−φ
†(W †W )−1φ−Φ†((W−1Q)†(W−1Q))−1Φ.

Although now more expensive inversions are needed, the appearing conditions numbers

are smaller, and the inversions become (substantially) cheaper.

Note that the pseudofermion fields do no longer play a role after the links have been

calculated. All gauge observables involve only the links, and in all fermionic observable,

see (6.7), also only the Dirac operators, and thus again only the links U , appear.

Theories which preserve chiral symmetry face one more problem. Because they obey

the Atiyah-Singer index theorem, they preserve topology. Thus, the gauge fields configura-

tions separate into sectors with different winding number. There is no continuous evolution

connecting different sectors, and therefore molecular dynamics cannot easily change be-

tween sectors, yielding an ergodicity problem. This is an important, albeit non-trivial

issue, which solution(s) go beyond the scope of this lecture.

20Improved actions, as discussed in section 5.9 for gauge fields, also exist for fermions. Not all of these

actions are actually differentiable in the links, especially if particular types of smearing, so-called fat links,

are involved. Such cases require more care.
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Finite temperature and density

One of the most important physical phenomena which involves non-perturbative physics is

thermodynamics. Because phase transitions imply non-analyticities and separate phases

discontinuities it is not possible to treat them in a perturbative approach based on an

expansion in a series.

Lattice methods are therefore are suitable alternative. However, separate phases and

phase transitions only exist, strictly speaking, in an infinite volume, as was already dis-

cussed in the context of quantum phase transitions in section 2.8. This also remains true

in thermodynamics. Thus, eventually in a numerical simulation it will always be necessary

to perform an extrapolation to infinite volume, again without certainty of whether any-

thing impedes the extrapolation. At the same time the continuum limit is less relevant,

as thermodynamic effects are primarily long-range effects. Still, the discretization should

be sufficiently good to avoid that discretization artifacts influence the relevant degrees of

freedom.

In the following knowledge of basic continuum thermal quantum field theory will be

assumed, and it will be concentrated on discussing the changes due to the lattice formu-

lation.

7.1 Finite temperature

As noted in chapter 4, the Euclidean formulation of quantum field theory is actually

describing already a quantum field theory in equilibrium at zero temperature and density.

In a similar vain as in the reconstruction theorem it is therefore possible to show that any

non-equilibrium information is contained in the equilibrium theory, though in practice it

may not be possible to extract it with any finite amount of effort.

It is therefore a comparatively trivial step to introduce finite temperature in the system.

126
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For this, recall that a system in equilibrium is static, and a time-dependence no longer

exists. Thus, the ’temporal’ direction, after all just a conventional choice of one of the equal

Euclidean direction, does no longer exist. Importantly, this implies that the spectroscopy

of section 3.2 makes no longer sense, as a propagation in time direction no longer takes

place. The concept of mass requires refinement.

However, the fourth direction of the lattice is still necessary. According to the Matsub-

ara formalism, it can be used to introduce a temperature into the system. In particular,

T =
1

Lt
=

1

aNt

. (7.1)

and thus the temperature T is directly related to the temporal extent. This also emphasizes

that Lt → ∞, as was done so far, is equivalent to zero temperature. Note that the Kubo-

Martin-Schwinger condition furthermore implies that bosons (including ghosts) need to

have periodic boundary conditions, while fermions need to have anti-periodic boundary

conditions in the this direction to allow for an interpretation as a temperature1. There is

no condition for the boundary conditions in spatial directions.

This is in principle already all relevant conceptual points when introducing finite tem-

perature in lattice calculations. However, there are many practical issues to be considered.

The first is that also for (7.1) still a → 0 will be needed to be taken eventually. To

keep the temperature fixed this implies that aNt remains fixed. This is different as so far,

since beforehand aNµ needed to diverge, and thus Nµ had to grow faster than a shrinked.

This is still true for Ls = aNs, the spatial directions. But not for Lt. This implies that

Nt 6= Ns, as was the case so far2. Thus, the aspect ratio Nt/Ns will be different from one,

and necessarily needs to approach zero in the continuum limit. At any finite a this aspect

ratio is different from zero. Also, there are different possibilities how to approach zero.

This gives rise to an additional systematic error source, which needs to be treated in the

same way as in section 4.5 systematic volume and discretization errors. Likewise, this can

be considered as a systematic error in treating finite temperature not in an infinite spatial

system, where strictly speaking the concept of temperature is not well defined.

The second is that at fixed a temperature can only be changed by changing Nt, and

therefore only in fixed step. In particular, there is a maximal temperature, 1/a. However,

1Note that this, strictly speaking, implies that this type of boundary conditions also decide whether

the case Lt → ∞ can be interpreted as zero temperature or just as Euclidean field theory. However, since

for Lµ → ∞ the results become independent of the boundary conditions, this actually plays no role.
2An alternative is the introduction of different discretizations for different directions. If restricted to

relatively few lattice sites, this is an advantage, as otherwise the temperature can at fixed a only be

changed in steps. However, the implementation of this is then dependent on the theory in question, and

will therefore not be discussed here.



128 7.2. Finite density and the sign problem

as usual, Nt = O(1) is certainly inviting discretization errors. Likewise, Nt ≈ Ns will

create large aspect ratio errors. Thus, ideally 1 ≪ Nt ≪ Ns should be ensured, on top of

all other conditions discussed in section 4.5. In practice, this is rarely possible.

Another issue is that the introduction of thermodynamics introduces a heatbath. In a

relativistic treatment, like quantum field theory, this heatbath has its own four-velocity,

uµ. The standard Matsubara formalism, which has been employed here as well, makes

the special choice to work in the rest-frame of the heatbath. This is the reason why the

original time-direction is special. There are two consequences of this.

One is that Lorentz symmetry is no longer manifest, as the four velocity of the heatbath

is now a distinguished direction. However, Lorentz symmetry is still intact, it is just no

longer obvious anymore. By explicitly reintroducing the four-velocity of the heatbath

in every step it is possible to regain manifest Lorentz symmetry. While theoretically

appealing, this is in practice quite cumbersome and therefore almost never done. While

the lattice formulation uses Euclidean space-time to start with, the same considerations

apply to the Euclidean O(4) symmetry as well.

The presence of a distinguished four-direction has also another consequence. Any

directional quantity, like vectors or tensors, can now be decomposed into elements parallel

and perpendicular to this direction. Such quantities will have different properties, which

will only merge in the zero temperature limit. In addition, all quantities will depend

separately on (pseudo) t and ~x2 instead of x4, making all functions involved. Note that

the finite extent in the would-be time direction implies that even in the infinite-volume

limit the energy is still quantized in so-called Matsubara frequencies, and zero energy/4-

momentum is, because of the Kubo-Martin-Schwinger condition, only possible for bosonic

quantities, but not for fermions.

7.2 Finite density and the sign problem

Like temperature, density, or more aptly chemical potential, is another control quantity

of a thermodynamic system in equilibrium. Any globally conserved charge can be used to

introduce an associated chemical potential to create a system with a non-zero net density

of this charge3.

Such a chemical potential can again be introduced using the Matsubara formalism,

including the possibility of introducing multiple chemical potentials for different charges.

3Note that electric charge is somewhat subtle in this respect, and any non-Abelian gauge charges

immediately create a gauge anomaly when a corresponding chemical potential is introduced, as any such

potential explicitly breaks gauge symmetry.
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In principle, in the continuum the only thing needed is to add a term

µN,

to the action, where µ is the chemical potential and N is a counting operator for the

conserved charge. Naively, this would be just

N =
∑

x

φ(x)†φ(x),

as in the continuum.

However, especially for fermions, it is insufficient to just add such a term.

This is mainly due to the lattice discretization. The number operator is not actually the

integrated density, but rather the spatial integral of the fourth component of the Noether

current, and thus involves in its definition a direction and thus needs to involve nearest

neighbors. A suitable implementation of this feature is then explicitly given by

µN =
1

2a

∑

x

(

eµaφ†(x)φ(x+ et)− e−µaφ†(x− et)φ(x)
)

(7.2)

The exponential dependence at leading order generates the correct continuum dependence.

Time-reversal invariance then determines that it cannot be just µ, but rather needs to be

a function satisfying f(aµ) = 1/(f(−aµ)) for which the exponential is the simplest, but

not the only solution.

Note that the Pauli principle forbids more than one fermion of the same quantum

numbers at every lattice site. Thus, for every lattice, there is maximum occupation, and

thus maximum possible density.

There is another problem for fermions. The additional term (7.2) is again a bilinear.

It therefore becomes part of the Dirac operator. It turns out that for a gauge theory in

which the fermion fields are part of a complex representation, which includes QCD, the

Dirac operator has no longer a purely real eigenspectrum. This can be seen by the fact

that the chemical potential acts like an imaginary gauge-field for such theories. Therefore,

the determinant is no longer real (and its square positive). Thus, there is no longer

a Boltzmann factor with a probability interpretation, spoiling the usual algorithms to

perform simulations.

It should be noted that this a technical problem, and not a physical one. What actually

happens is that all physical quantities are still well-defined. If and how this problem can

be solved is yet unclear.
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