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Chapter 1

Introduction

There are four forces which are observed currently in nature. One is the gravitational

force, binding any form of matter together. The second one is the strong nuclear force,

binding the components of the nuclei together. The third is the electromagnetic force,

which is responsible for almost all of the non-gravitative effects which can be observed on

earth in day-to-day life, like solid-state physics. The last force is the weak nuclear force,

which is responsible for part of the nuclear decays. It is remarkable that the latter is the

only one which makes a difference between left and right, in the sense that it violates

parity maximally. This particular property of the weak force has profound consequences.

One of them is that no fermionic particles which is charged under the weak force can have

a static mass. Only dynamical effects can produce such a mass. To provide such a dy-

namical effect, interactions with a special particle, the Higgs particle, are invoked. In this

context the usual picture of the spontaneous broken weak gauge symmetry comes about,

a somewhat unprecise description, as will be seen. Furthermore, the electromagnetic and

weak interaction turn out to be intimately linked, whereby the interaction becomes named

the electroweak interactions. Herein, the formal and phenomenological aspects of these

interactions will be described.

This will start with a short discussion of the phenomenology and ideas which lead

to the formulation of the electroweak sector of the standard model. In particular, this

will show that the description cannot proceed without describing also the physics of the

Higgs particle, asthis is necessary to produce the characteristic properties of the particles

mediating the electroweak interaction, and also for providing the mass to all particles

observed so far, except the Higgs itself.

The formulation of this theory will be in terms of two gauge theories, an Abelian one

and a non-Abelian one, which do mix. The profound consequences of this property will

be described, both by perturbative means and in the non-perturbative domain. Finally,
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2

at the end the electroweak phase transition will be discussed briefly, showing that it may

have far-reaching consequences for the evolution of the universe.

Good introductory textbooks on this topic are

� Gauge theories in particle physics by I. Aitchison and A. Hey (IOP publishing)

� Gauge theories by M. Böhm, A. Denner, and H. Joos (Teubner)

� The quantum theory of fields I & II by S. Weinberg (Cambridge).

� An introduction to quantum field theory by M. Peskin & D. Schroeder (Perseus)

� Quantum field theory by A. Das (World Scientific)

� Finite temperature field theory (1st edition) by J. Kapusta (Cambridge)

and a more modern treatement of the field theory can be found in the review article

arXiv:1712.04721, which I wrote.



Chapter 2

Phenomenology of the weak

interactions

In the following a motivation will be given for what electroweak physics needs to cover.

As it turns out, the electroweak sector of the standard model is a formidable quagmire

of around half a dozen very different mechanisms and issues, which intertwine in a highly

non-trivial way. Each of them on its own has interesting and far-reaching consequences.

But only in their combination they lead to the unique physics of the standard model.

Nonetheless, this makes it often hard to really get an overview of what is going on. In the

following sections, and chapters, it will be attempted to disentangle the various features,

and ultimately recombine them. Here, this will be started with a description of the ob-

served phenomena, which are eventually found to be all tied to the electroweak sector of

the standard model.

2.1 The Fermi constant

The first weak phenomena observed was the β-decay of the nucleon. The first attempts of

a field-theoretical formulation were based on a four-fermion interaction of type

GF (p̄γµn)(ēγ
µν), (2.1)

where p, n, e, and ν represent the fields of the involved proton, neutron, electron, and

the (anti)neutrino and are four-component spinors. The characteristic scale for the weak

process was set by the Fermi constant GF , which is of order 1.14×10−5 GeV−2 ≈ (296

GeV)−2. This is not a renormalizable interaction, and as such should be only the low-

energy limit of an underlying renormalizable theory.

3



4 2.2. Parity violation

In fact, it was suggested that there should exist, similarly to QED, an exchanged boson.

However, to produce such a scale, it would have to be massive with a mass Mw. Assuming

a coupling constant g′ for the process, the scale would be set by expressions of the type

GF ≈ g′2

M2
w

, (2.2)

indicating a mass scale of about (a few) hundred GeV for the process, if g′ ≈ 1. This

already sets the scale of the weak interactions. Furthermore, the appearance of a mass-

scale indicates that the weak interactions will have only a limited range, of the order of

1/Mw, and would be screened beyond this scale. Its range is therefore much shorter than

that of any other force.

Over the time other weak effects were found, all characterized by the scale GF . In

particular, after some time the postulated interactions bosons have been observed directly.

There are two charged ones, the W±, and a neutral one Z (or sometimes Z0), with masses

about 80 and 91 GeV, respectively.

2.2 Parity violation

Another observation, which was made early on, was that the weak interactions did not

respect parity. The discrete transformation parity P inverts the sign of each vector, e. g.,

coordinate r or momenta p

Pp = −p.

Pseudovectors or axial vectors, however, do not change sign under parity transformation.

Such vectors are obtained from vectors, e. g., by forming a cross product. Thus the prime

example of an axial vector are (all kind of) angular momenta

PL = P (r × p) = Pr × Pp = r × p = L.

It was observed that a polarized neutron which decays will emit the electrons preferen-

tially in one direction. Therefore, the interaction must couple spin s and momenta, and

would therefore have also a contribution proportional to sp. However, the momenta of the

decay products also depend on the invariant mass, p2, and thus on a scalar contribution.

Since therefore both scalars (scalar products of two vectors or two axial vectors) and pseu-

doscalars (products of a vector and an axial vector) appear imply that the interaction is

not having a definite transformation behavior under parity, and is thus parity violating.

In fact, it turned out that it is maximally parity violating.
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To give this a more formal version, it is necessary to consider how couplings to fermions

transform under parity. The parity transformation of a Dirac spinor is obtained by mul-

tiplying it with γ0, the time-Dirac matrix. So, for spinors ψ the parity transformation is

given by

Pψ = γ0ψ.

Since furthermore γ0γµγ0 = −γµ, the four-fermion coupling (2.1) will indeed transform as

a scalar

P ((ψ̄γµψ)(ψ̄γ
µψ)) = (ψ̄γ0γµγ0ψ)(ψ̄γ0γ

µγ0ψ) = (ψ̄γµψ)(ψ̄γ
µψ).

To obtain a pseudoscalar coupling, one of the vectors would have to be replaced by an

axial vector. This can be obtained if there would be a matrix γ5 such that γ0γ5γ0 = γ5.

In fact, such a matrix is given by

γ5 = iγ0γ1γ2γ3.

This matrix anticommutes with all Dirac matrices,

{γ5, γµ} = 0.

As a consequence, the current

ψ̄γ5γµψ,

is an axial vector, and can be used to obtain a pseudoscalar coupling.

However, this is not yet indicating to which extend the weak interactions should be

parity violating, and this can also not be predicted on basis of the standard model to be

developed. Experimentally, however, it is found that parity is maximally violated. For

massless particles (e. g. for neutrinos to a very good accuracy) this would imply that only

one of the helicity states would be affected by the weak interactions. The helicity state

for a Dirac spinor is projected out as

1± γ5
2

ψ.

The sign is determined by whether left-handed or right-handed states should be selected.

Experiment finds that only left-handed states are involved, and thus a minus sign is ap-

propriate. Furthermore, the weak interactions are found to violate also the charge con-

jugation symmetry maximally. Hence, the sign is not reversed for the anti-particle state.

Therefore, the correct four-fermion interaction version of the weak interactions would be

(appropriately normalized)

GF√
2

(

ψ̄
1− γ5

2
γµ

1− γ5
2

ψ

)(

ψ̄
1− γ5

2
γµ

1− γ5
2

ψ

)

,

which therefore exhibits maximal violation of C and P individually.
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2.3 Flavor violation

In any strong or electromagnetic process the identity of particles is conserved. What we

call an electron or quark, or in general flavor, remains the same is. E. g., the strangeness

content is not changing. This is not true for weak processes. In fact, they will change the

very concept of flavor, as will be discussed in section 6.3.3. For the moment, however, it

is only important that the weak interactions do not respect flavor for any of the fermionic

particles. In case of the leptons this effect is suppressed by the small neutrinos masses

involved, but in case of quarks this is a significant effect. This happens in a particular

pattern.

Consider, as an eexample, the weak decay of a neutron compared to that of a strange

Λ baryon, it is found experimentally that the relative strengths can be expressed as

g∆S=0 = g′ cos θC

g∆S=1 = g′ sin θC

where g′ is a universal strength parameter for the weak interactions, its coupling constant.

The angle parameterizing the decay is a swecond universal quantity, called the Cabibbo

angle. A similar relation also holds in the leptonic sector for the muon quantum number

g∆µ=0 = g′ cos θLC

g∆µ=1 = g′ sin θLC ,

where, however, sin θLC is almost one, while in the quark sector sin θC is about 0.22. Cor-

responding observations are also made for other flavors.

This result implies that the mass eigenstates of the matter particles are not at the

same time also weak eigenstates, but they mix. Hence, on top of the P-violating and

C-violating factors of (1− γ5)/2, it is necessary to include something into the interaction

which provides this mixing. This can be done by introducing a flavor-dependent unitary

coupling matrix

G′ =
g′√
2







0 cos θ
(L)
C 0

cos θ
(L)
C 0 sin θ

(L)
C

0 − sin θ
(L)
C 0






.

This is equivalent to just use a doublet
(

u d cos θC + s sin θC

)

,

e. g., in the quark sector. Such a doublet structure can be associated with (weak) charges

Qu = 1/2 and Qds = −1/2. This is called the weak isospin. When writing down the
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structure of the standard model version of the weak interactions, it will be found that this

weak isospin will form a gauge group for the weak interactions.

Hence, the flavor (and mass) eigenstates of the fermions are effectively rotated by a

unitary matrix. For two generations, this matrix, the Cabibbo matrix is uniquely given

by

VC =

(

cos θC sin θC

− sin θC cos θC

)

,

with again the Cabibbo angle θC , with a value of about sin θC ≈ 0.22. For three gener-

ations, there exist no unique parametrization of the mixing matrix, called the Cabibbo-

Kobayashi-Maskawa (CKM) matrix. The standard form is

VCKM =







c12c13 s12c13 e−iδ13s13

−s12c23 − eiδ13c12s23s13 c12c23 − eiδ13s12s23s13 s23c13

s12s23 − eiδ13c12c23s13 −c12s23 − eiδ13s12c23s13 c23c13






. (2.3)

cij = cos θij

sij = sin θij

Here, to reduce the number of free parameters to 4 (θ12, θ13, θ23, and δ13) it has been used

that within the standard model this matrix must be unitarity. Testing whether this matrix

is indeed unitary by measuring the nine components individual is currently recognized as

a rather sensitive test for physics beyond the standard model. There is a second such

matrix for neutrinos, the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix, having the

same structure. The difference is that it is not strongly diagonal-dominant, as is the quark

matrix.

The presence of this matrix gives also rise to the possibility that not only C and P are

violated separately, but that also the compound symmetry CP is violated (and therefore

also T by virtue of the CPT-theorem). That occurs to lowest order in perturbation theory

by a box-diagram exchanging the quark flavor of two quarks by the exchange of two W

bosons, the gauge bosons of the weak interaction to be introduced later.

That such a process violates CP can be seen as follows. The process just described is

equivalent to the oscillation of, e. g., a ds̄ bound state into a sd̄ bound state, i. e., a neutral

kaon K0 into its anti-particle K̄0. The C and P quantum numbers of both particles are

P= −1, C= 1 and P= 1, C= 1, respectively, and hence CP= −1 and CP= 1. Thus,

any such transition violates CP. Performing the calculation of the corresponding diagram

yields that it is proportional to the quantity

χ = sin θ12 sin θ23 sin θ13 cos θ12 cos θ23 cos
2 θ13 sin δ13

×(m2
t −m2

c)(m
2
t −m2

u)(m
2
c −m2

u)(m
2
b −m2

s)(m
2
b −m2

d)(m
2
s −m2

d).
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Thus, such a process, and therefore CP violation, is possible if there is mixing at all (all θij

non-zero) with a non-trivial phase δ13, and the masses of the quarks with fixed charge are

all different. They may be degenerate with ones of different charge, however. Since such

oscillations are experimentally observed, this already implies the existence of a non-trivial

quark-mixing matrix. For the lepton case, the smallness of the neutrino masses already

indicate that the effects will be much smaller. Whether there is a non-vanishing δ13 is at

the time of writing yet experimentally not known definitely, but there are indications that

δ13 is close to its maximal value. Which is again quite different from the quark case, where

the value of δ13 is much smaller.

Within the standard model, there is no explanation of this mixing, and these are only

parameters. However, since these mixings only correspond to a base transformation of the

fields with a fixed transformation, the additional complications of mixing will be ignored

throughout most of the following. In the end, it will be seen that they originate from

flavor-violating interactions of the fermions with the Higgs.

2.4 Summary of phenomenology

To summarize, a theory of the (electro)weak physics must provide the following properties:

� Massive intermediate vector bosons

� Parity and charge conjugation violations

� This will require that a dynamical mechanism exists to provide masses to fermions

for theoretical consistency

� A mechanism for CP violation

� A connection to electromagnetism such that the intermediate vector bosons become

charged

� Universality and a suitable scale of the weak coupling

In the following the corresponding theory of the weak interaction used in the standard

model, the Glashow-Salam-Weinberg theory, will be constructed. A first step is to consider

the general type of theories of spin 1 vector bosons.
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2.5 Intermediate vector bosons and the necessity for

a gauge theory

A genuine fermion four-point coupling is not representing a (perturbatively) renormaliz-

able interaction, and can therefore be only an effective low-energy approximation of the

interaction. That it is nonetheless a rather good description is due to the size of the Fermi

constant of about 250 GeV. Only at energies comparable to this scale the approximation

is expected to break down.

The only known renormalizable interaction involving four fermions is that due to the

exchange of an intermediate boson. In fact, the angular distribution of cross-sections

due to the weak interaction indicate that at sufficiently high energies the fermion four-

point-interaction is resolved into the exchange of an intermediate boson of spin one. This

boson has to have an (effective) mass of the order of the Fermi constant. More detailed

investigations showed that the weak interaction can change the electric charge of a particle,

or can leave it unchanged. Therefore, there must exist charged and uncharged intermediate

vector bosons, which are theW± bosons and the neutral Z boson. Their masses have been

measured with rather good precision and are about 80 GeV for the W± boson and 91 GeV

for the Z boson, in fact of the order of the Fermi constant.

Hence, in any diagram there are now a vertex of two fermions with an intermediate

gauge boson G′ reading at tree-level

i
g′√
2
ψ̄γµ

1− γ5
2

G′
µψ,

and two vertices are connected by the propagator for a massive spin 1 boson reading

Dµν =

(

gµν −
kµkν
M2

)

1

k2 −M2
,

where its mass is M . Such a theory is superficially renormalizable, and everything seems

to be working at first glance. However, this is not the case.

If the weak interactions should be an asymptotically free theory, which seems to be de-

sirable and which seems to be consistent with experimental results so far, then at very large

energies only the tree-level (or Born) contribution should be relevant for cross-sections1.

However, this leads to a contradiction. Consider the case of Drell-Yan production of weak

bosons. To be explicit, consider the creation of aW± pair by annihilation of two neutrinos

1It may also be an asymptotically safe theory instead, and then different arguments apply. At the

moment, this seems not to be the case based on experimental results.



10 2.5. Intermediate vector bosons and the necessity for a gauge theory

and the exchange of a lepton, neglecting lepton mixing for the moment2. The amplitude

for this process is given by

MW±

DY = g′2ǫ−∗
µ (k2, λ2)ǫ

∗†
ν (k1, λ1)v̄(p2)γ

µ(1− γ5)
p1ργ

ρ − k1ργ
ρ +m

(p1 − k1)2 −m2
γν(1− γ5)u(p1),

with the massm of the exchanged lepton, polarization vectors ǫ for the producedW bosons

with polarization state λi and v and u spinors of the incoming neutrinos.

Select the longitudinal components to be measured. The corresponding polarization

vectors are

ǫµ(k, 0) =
1

M

(

|~k| 0 0 k0
)

=
kµ

M
+

M

k0 + |~k|

(

−1
~k

|~k|

)

,

which tend to kµ in the high-energy limit, which will be taken here. The mass of the

lepton m is in all cases much smaller than M , and can therefore also be neglected. The

production cross-section for longitudinally polarized W± if all energy scales are large then

becomes
dσ

dΩ
=

g′4

8π2M4
(p1k2)(p2k2) =

g′4

8π2M4
E2 sin2 θ,

where θ is the angle between the incoming neutrino momenta and E is the center-of-

mass energy. Therefore, the total cross-section rises like E2. If this is indeed the leading

contribution at high energies, this will violate unitarity, i. e., probability is no longer

conserved at high energies, and the theory is ill-defined. That this is the case can be seen

by the fact that any total cross-section can be written as

σ =
4π

E2

∑

J

(2J + 1) sin2 δJ ,

on grounds of flux conservation, i. e., unitarity. However, since the phase shift δJ are real

a total cross section for each partial wave amplitude must fall as 1/E2 This is not the case

here, for each partial wave the cross section diverges with E. Thus, unitarity is violated.

A consequence, due to the optical theorem, is that loops containing two virtual lon-

gitudinal gauge bosons will diverge stronger than that of ordinary gauge bosons. Their

propagators are thus effectively equivalent to 1/k instead of a 1/k2 propagator, thus yield-

ing a divergence just as for a four-fermion theory. Thus, with intermediate vector bosons

the theory is not only not unitary, but also not renormalizable, at least not perturbatively.

This could potentially change non-perturbatively, but experiement shows that a different

route is taken by the weak interactions.

This result could appear somewhat strange because other theories, like QED, which

also work with intermediate vector bosons, do not violate unitarity. The reason is that

2This has the advantage that no other process at tree-level interferes.
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the process is not existing in this case, as longitudinal real photons do not exist due to

gauge invariance. Their contribution is exactly canceled by time-like ones. This indicates

already that one possibility to save the weak interactions as an asymptotic free theory

would be to turn it into a gauge theory.



Chapter 3

Hidden gauge symmetry

3.1 The issue with the mass

The previous arguments show that a theory of the electroweak interactions requires two

apparently contradictory properties: A gauge symmetry and massive vector bosons. This

is contradictory since a mass term

M2AaµA
µ
a (3.1)

is not invariant under a gauge transformation

Aaµ → Aaµ +Dab
µ φ

b

Dab
µ = δab∂µ + gfabcAcµ,

neither in the Abelian (fabc = 0) nor in the non-Abelian (fabc 6= 0) case. Apparently, the

only possibilities are that either the gauge symmetry is realized in a form which is different

from Maxwell/Yang-Mills theory or a very different kind of theory is needed.

But it is, in fact, the former possibility, which appears to be realized in the case of

the electroweak interactions. This is an empirical result. What happens is that the gauge

symmetry becomes hidden: It appears that there is no gauge symmetry, and the gauge

bosons are massive, but this is an emergent feature, which comes from the interactions.

The symmetry is thus not visible anymore, as it is in Yang-Mills theory itself. This will

happen through the interaction with another particle, the Higgs.

In the following it will be discussed how to hide a gauge symmetry. Since this be-

comes somewhat complicated when directly applied to the case of a non-Abelian gauge

theory, this will be discussed first for simpler situations before returning to the electroweak

interactions in general and to introduce the celebrated Glashow-Salam-Weinberg theory,

including the Brout-Englert-Higgs mechanism. In fact, it turns out that a hidden sym-

metry is by far not a very exotic mechanism, and it occurs also for global symmetries

12
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or Abelian gauge symmetries. As will be seen, more familiar effects like magnetism and

superconductivity originate from the same mechanism.

3.2 Hiding the symmetry

3.2.1 Global symmetries

3.2.1.1 Magnetism

The technically simpelst possibility for hiding a symmetry occurs with a global symmetry.

While there are many different possibilities how to realize this effect, the simpelst one

involves for the moment only a single real scalar field. As will be seen, this gives a field-

theoretical model of magnetism.

A suitable, perturbatively renormalizable, potential for this field is

V (φ) = −1

2
µ2φ2 + ωφ3 +

1

2

µ2

f 2
φ4. (3.2)

Without the φ3 term the field enjoys a Z2 symmetry, φ → −φ. Having a non-zero value of

ω would explicitly break this symmetry. However, here the symmetry should be hidden,

and thus it needs to be there in the first place. Thus, ω will be set to zero for the moment.

Note that the φ2 term looks odd at first, as it seems to give the φ-particle a tachyonic mass.

This will be a case where the effects of the interactions are so important that this tree-level

behavior will be altered, and ultimately provide a normal mass to the particle. This will

also provide an important lesson abou the expansion point of perturbation theory.

This potential has minima at φ = ±f/
√
2, V (±f/

√
2) = −f 2µ2/8. It has a maximum

at φ = 0. Therefore, weak quantum fluctuations will always drive the system away from

the classical φ = 0 situation and into either of the minima. Of course, quantum effects will

also shift the minima away from f , and it cannot be excluded a-priori that these could

not distort the maximum sufficiently such that φ = 0 would again be a minimum. In

fact, examples are known where this is the case. But for suitabley chosen values of the

parameters this is not the case, and this will be assumed henceforth.

But concerning the minima, there are two equiavlent ones at ±f/
√
2. This is due

to the potential being Z2 symmetric. Nonetheless, classically the groundstate has to

have a unique value for the field. In classical physics, however, it is necessary to specify

initial conditions to fully pose the problem. The initial conditions will then select which

minimum1.

1It is important to note that classical physics can be formulated as an initial value problem and has
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The situation changes drastically at the quantum level. The path integral averages with

a symmetric weight over all histories of the field φ, and thus over all initial conditions.

Because the symmetry is neither broken by the Lagrangian, nor by the measure2. Thus,

for every field configuration there is another one with the same weight, but with value

−φ. Hence, the (space-time averaged) expectation value 〈φ〉 = 0 always. In addition, the

space-time-avergaed 〈φ2〉 > 0 always, as the field fluctuates always. It thus also does not

help.

Does this imply that at the quantum level the classical maximum is preferred? No. But

is shows that 〈φ〉 is not a suitable observable to discuss the dynamics. It is necessary to

sharpen the expectation. In fact, what one implicitly assumes is that in such a situation,

if one performs a measurement, one obtains a result in which the field points at every

point in space-time in, essentially, the same direction. A measurement is doing nothing

more than to select a fixed configuration. Thus, what the actual question is, is whether

such a field configuration is typical for the system. This question can be answered in two

distinct ways.

The first one is to construct an observable which tests if the average field configuration

has this property. The important insight is that this is not a local property, as the two

previous observables. Rather, the question is, whether there is a preferred orientation

globally. This is the same as asking whether for point the neighboring field values are

aligned, or not. This can be tested with

〈

(
∫

ddxφ(x)

)2
〉

> 0 (3.3)

as this will only be non-vanishing if the system has long-range orders. And that is what is

usually denoted as magnetism. However, this observable will not identify which minimum,

because either has this feature. In fact, asking which minimum makes no sense, as both

are equally likely.

The alternative is to ask, whether the system reacts to an external perturbation. For

this, switch now on ω, which breaks the symmetry explicitly. Depending on the sign of

ω, either of the minima will be the preferred one, as it skwes the potential in one of the

directions. Now measure

lim
|ω|→0

〈φ〉 6= 0 (3.4)

then a detrministic evaluation under the equations of motion. Thus, in this theory, if somebody insists

on setting the initial conditions φ = ∂iφ = 0, the field will remain in the metastable equilibirum forever.
2This is not proven, but the absence of such an anomaly can be shown in this case relatively straight-

forward, as the Jacobian under a symmetry transformation indeed is unity.
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with implicit averaging over space-time. Alternatively, and more conventional, one could

also add a source-term φ, which would have the same effect. Depending on whether (3.4)

vanishes or not is again a statement about long-range order. If long-range order is possible,

even an infinitesimal perturbation will create it. If not, then an infinutesimal perturbation

has no effect. Thus, also this procedure identifies reliably the dynamics sought-for. In

addition, it yields a prefereed minimum.

In most theories, (3.3) and (3.4) will yield the same answer. However, especially in

gauge theories, this is not necessarily the case, as non-analyticities can develop in the limit

(3.4), which yield that (3.4) indicates a breaking of symmetry, even if (3.3) does not. Thus,

generically (3.4) is the better choice to detect this kind of dynamics. However, because it

is a global observable, it is usually harder to calculate.

This situation is often denoted (in an abuse of language) as a spontaneous breakdown

of the symmetry. But this is not quite correct. In the case of (3.3) the symmetry is always

intact, while in (3.4) it is awalys explicitly broken, even in case of an infinitesimal ω (or j).

Still, this name stuck, also to separate the situation at hand from the case of a finite ω or

j, which is an explicit symmetry breaking. Another notion is that of a hidden symmetry

for the situation (3.4), as the symmetry would actually be there if ω woud be zero, but

seems to be absence in the limit.

3.2.1.2 Perturbation theory

The most important reason to do this trick is the applicability of perturbation theory.

Perturbation theory is, essentially, as small-field expansion around zero field. There is no

way whatsoever to obtain a non-zero expectation value for any field just in perturbation

theory. This implies that hiding a symmetry, and therefore giving mass to gauge bosons,

is necessarily an inherently non-perturbative process. A perturbative description, which

is often and especially in the standard model surprisingly good, can still be achieved by

the following trick: Rather then to expand around the vacuum, expand around a classical

solution, in which one of the minima has been selected using initial conditions, e. g., the

value φ = f/
√
2. This yields a new perturbative expansion, but now with a vacuum

expectation value 〈φ〉 = f/
√
2. If the fluctuations are small, especially if the quantum

potential remains close, in a suitable meaning, to the classical one, this will provide a very

good quantitative description. Given the success of perturbation theory in electroweak

physics, this seems to be not the case at presently achievable energy scales. One needs

to note, nonetheless, that the vacuum expectation value has been set by hand in this

approach. It is therefore necessary to take care that only quantities insensitive to this

choice will be reliable. Hence, the absolute value of the magnetization will come out right,
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but not the orientation. The consequences of such a perturbative treatment will now be

discussed in detail.

However, a discrete group like Z2 is of limited use phenomenologically. All experiments

indicate that continuous groups are central in particle physics, especially for the weak

interaction. Therefore, at the very least a charged scalar will be necessary, which will be

discussed now. Actually, it will be necessary to upgrade it at least to a doublet later on.

The potential for such a charged scalar field is similarly given by

V (φ, φ†) = −1

2
µ2φ†φ+

1

2

µ2

f 2
(φ†φ)2. (3.5)

A cubic term φ2φ†+φ†2φ has been omitted directly. In this case, a global phase symmetry

is present, i. e., the theory is invariant under the replacement

φ → e−iθφ ≈ φ− iθφ

φ† → eiθφ† ≈ φ† + iθφ†.

To analyze the situation further, it is useful to rewrite the complex field in terms of its

real and imaginary part

φ = σ + iχ,

and correspondingly for its hermitian conjugate. The Lagrangian then takes the form

L =
1

2
(∂µσ∂

µσ + ∂µχ∂
µχ) +

µ2

2
(σ2 + χ2)− 1

2

µ2

f 2
(σ2 + χ2)2,

and therefore describes two real scalar fields, which interact with each other and hav-

ing the same (tachyonic) tree-level mass µ. The corresponding transformations take the

(infinitesimal) form

σ → σ + θχ

χ → χ− θσ,

and therefore mixes the two flavors.

To find the extrema of the potential, it is necessary to inspect the derivatives of the

potential

∂V

∂σ
= −µ2σ +

µ2

f 2
σ(σ2 + χ2)

∂V

∂χ
= −µ2χ +

µ2

f 2
χ(σ2 + χ2).
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The extrema of this potential therefore occur at σ = χ = 0 and at

σ2 + χ2 = f 2 = φ†φ.

To analyze whether these extrema are maxima or minima the second derivatives of the

potential are necessary, reading

∂2V

∂σ2
= −µ2 +

µ2

f 2
(3σ2 + χ2)

∂2V

∂χ2
= −µ2 +

µ2

f 2
(3χ2 + σ2)

∂2V

∂σ∂χ
= 2

µ2

f 2
σχ

Obviously, at zero field, the second derivatives are smaller or equal to zero, and therefore

the potential at zero field is maximal. The situation at the second extremum is symmetric,

so it is possible to make any choice to split the f 2 between σ and χ. Making now the

explict choice and splitting it as σ = f and χ = 0 yields immediately

∂2V

∂σ2
= 2µ2

∂2V

∂χ2
= 0

∂2V

∂σ∂χ
= 0.

It is therefore a true minimum, and will be the ground-state of the system, provided

quantum corrections are not too large. Replacing in the Lagrangian the fields now by

σ → σ + f (3.6)

χ → χ,

a new (and equally well-defined) Lagrangian is obtained with the form

L =
1

2
(∂µσ∂

µσ + ∂µχ∂
µχ)− µ2σ2 +

µ2

f
σ(σ2 + χ2) +

1

2

µ2

f 2
(σ2 + χ2)2, (3.7)

where irrelevant constant and linear terms have been dropped. This Lagrangian, with

the fluctuation field σ, describes two scalar particles, one with (normal) tree-level mass√
2µ, and one with zero mass. These interact with cubic and quartic interactions. It is

noteworthy that the cubic coupling constant is not a free parameter of the theory, but it

is uniquely determined by the other parameters. That is, as it should be, since by a mere

field translation no new parameters should be introduced into the theory.
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The fact that one of the particles is actually massless is quite significant. It is called a

Goldstone particle, and the Goldstone theorem states quite generally that for any theory

with a positive-definite metric in the internal space and a hidden symmetry such a particle

must exist. However, it must not always be, as in the present case, an elementary particle.

E. g., the corresponding Goldstone boson of chiral symmetry breaking in the chiral limit

of QCD, the pion, is a composite object. Indeed, the corresponding excitations in a

ferromagnet are spin-waves, and thus even collective excitations. In a gauge theory, which,

even in the case of QED, has no positive metric space, the theorem is not holding, and

no such particle must appear. Indeed, it will be found that the Goldstone boson actually

takes on the role of the yet missing third polarization of the gauge bosons. The explicit

construction of Goldstone’s theorem will be given in section 3.2.2.

The shifted theory has as a new minimum of the potential at all fields being zero.

Therefore, it is amiable to the usual perturbative expansion. Thus, the decisive step for

being able to doing perturbation theory was the shift (3.6).

It should be noted, as an aside, that it is always possible to shift the potential such

that the lowest energy state has energy zero. In this case, the potential takes the form

V =
µ2

2f 2

(

φφ† − f 2

2

)2

.

This is the same as the potential (3.5), up to a constant term of size µ2f 2/8, which is

irrelevant.

There is a another feature of the theory with hidden symmetry. Return to the sit-

uation with the unshifted fields. The charge Q associated with the symmetry and the

corresponding Noether current generates the transformation as

[Q, σ] = iχ

[Q, χ] = −iσ.

From this follows immediately

〈0| [Q, χ]| 0〉 = 〈0|Qχ− χQ|0〉 = −i〈0|σ|0〉 = −if.

That is of course only possible, if the hermitian charge Q is not annihilating the vacuum

state

Q|0〉 = |q〉 6= 0.

So, the vacuum state is charged, despite the Hamiltonian3 being invariant under the sym-

metry transformation [Q,H ] = 0. However, it follows

0 = [Q,H ]|0〉 = HQ|0〉 −E0Q|0〉 = H|q〉 − E0|q〉 = 0,

3The Hamiltonian is invariant when the Lagrangian is, provided boundary terms can be dropped.
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and therefore it appears that the state q must be degenerate in energy with the vac-

uum, which has energy E0. However, this observation is misleading. The state q is not

normalizable,

〈q|q〉 = 〈0|QQ|0〉 = 〈0|
∫

d3xJ0(x)Q|0〉 =
∫

d3x〈0|eiPxJ0(0)e−iPxQ|0〉

=

∫

d3x〈0|eiPxJ0Qe−iPx|0〉 = 〈0|J0Q|0〉
∫

d3x = ∞.

where it has been used that the, by definition, coordinate-independent charge Q is com-

muting with the generator of translations Pµ. That Q is still time-independent follows

from its commutation with the Hamiltonian, and therefore its trivial Heisenberg equation

of motion. Furthermore, P |0〉 = 0 has been used, under the assumption that the ground-

state is isotropic, which should be realized in a particle physics theory. Therefore the

state q is indeed not normalizable. Q is therefore mapping a state from the (normalized)

Hilbert space outside the Hilbert space, and is hence no longer well-defined. That is also

a general statement that the charge of a hidden symmetry in its naive form is no longer

a well-defined operator. Therefore, no operator Q exists in this case, i. e., no well-defined

operator.

3.2.1.3 The catch

While the previous construction works well, it is, in fact, not formally correct. The step

where the hidden symmetry becomes an explicitly broken one is when f in the shift (3.6)

was onwards treated as a constant in deriving the new Lagrangian (3.7). This is not correct

beyond a perturbative expansion close to the minimum.

In fact, actually also the value f changes under a symmetry transformation, as it is

part of the field σ, as

σ → σ + θχ

χ → χ− θ(σ − f)

f → f + θχ,

i. e. f has actually to be transformed. The implicit step which has been done was iden-

tifying the shift value f with the parameter f of the Lagrangian. Setting for a moment
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f = v to differentiate between both, yields

L =
1

2
(∂µσ∂

µσ + ∂µχ∂
µχ) +

µ2v√
2

(

v2

f 2
− 1

)

σ +
µ2v2

4

(

v2

2f 2
− 1

)

−µ2

(

3

2

v2

f 2
− 1

2

)

σ2 − µ2

(

1

2

v2

f 2
− 1

2

)

χ2 +

√
2µ2

f

v

f
σ(σ2 + χ2) +

µ2

2f 2
(σ2 + χ2)2(3.8)

v=f
=

1

2
(∂µσ∂

µσ + ∂µχ∂
µχ)− µ2σ2 +

√
2µ2

f
σ(σ2 + χ2) +

1

2

µ2

f 2
(σ2 + χ2)2 − µ2f 2

8
.

where the explicit identification has been done in the last line. One consequence is that

in the Lagrangian (3.8), i. e. before the identification v = f has been made, at tree-level

both fields are still massive. However, these tree-level masses are not symmetry-invariant

quantities, and there is no Goldstone boson. Only in the small-field expansion where

v ≈ f , this is a negligble problem.

Of course, as long as no transformation is performed, this does not change. Hence, once

the symmetry is explicitly broken by a choice of vacuum, calculations can be performed,

but they will never reflect the underlying symmetry, but the explicit broken one. Keeping

this in mind, this is very often sufficient. However, using suitable, and more demanding,

non-perturbative methods, it is also possible to perform corresponding calculations without

this choice, yielding for any invariant quantity the same results. In fact, massless states

will then also appear, though they are not necessarily created by the elementary fields,

and may become only accessible using composite operators. This has yet been not fully

explored for global symmetries. For gauge symmetries, this is much better understood, as

will be discussed in section 6.3.2.

3.2.2 The Goldstone theorem

Staying with a perturbative/fixed setup, it is possible to make much more general stat-

ments about the apperance of Goldstone bosons.

3.2.2.1 Classical Goldstone theorem

In the previous (Abelian) case there appeared one massless and one massive scalar after

hiding the symmetry. The Goldstone theorem states this more generally: If a symmetry

group G of size dimG is hidden, then there exists as many massless modes as there are

generators. If the group is only hidden partly than only as many massless modes appear

as generators are hidden.

This can be shown as follows. Take as the symmetry group a (semi-)simple Lie-group

G. Than the symmetry transformation of the associated real fields transforming under a
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real representation of the symmetry group are given by

δφi = iT ija φjθ
a (3.9)

with arbitrary infinitesimal parameters θa counting from 1 to dimG. The Lagrangian

L =
1

2
∂µφi∂

µφi − V (φ)

must be invariant under a group transformation. Since the kinetic term is trivially so, this

implies for the potential

0 = δV =
∂V

∂φi
δφi = i

∂V

∂φi
T aijφ

jθa.

Since the parameters are arbitrary, this can only be satisfied if

∂V

∂φi
T aijφ

j = 0

holds. Differentiating this equation with respect to φk yields

∂2V

∂φkφi
T aijφ

j +
∂V

∂φi
T aik = 0.

The symmetry is hidden by expanding around the minimum of the potential, and therefore

the first derivatives have all to vanish. The symmetric matrix of second derivatives is

positive at a minimum, i. e., has only positive or zero eigenvalues

∂2V

∂φk∂φi
= (M2)ki.

Expanding now, as before, the field around the classical minimum at ψi = φi − fi, the

quadratic order of the Lagrangian reads

L =
1

2
∂µψi∂

µψi − 1

2
(M2)kiψkψi + ....

Since the mass matrix M is semi-definite positive, all particles have at tree-level only

positive or zero mass.

The conditional equation for a classical minimum reads

(M2)kiT aijf
j = 0.

If the classical minimum is invariant under a subgroup H of G, this subgroup is called the

stability group of G. As a consequence for generators ta out of H the conditional equation

reads

taijf
j = 0.
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Therefore, the value of the mass matrix is irrelevant for this direction, and there can

be dimH massive modes. However, for the coset space G/H with generators τa, the

corresponding equations

τaijf
j 6= 0.

are not fulfilled, and therefore the corresponding entries of the mass-matrix have to vanish.

Since these represent dim(G/H) equations, there must be dim(G/H) massless modes, the

Goldstone modes.

A simple example of these concepts is given by the linear σ-model

L =
1

2
∂µφi∂

µφi − λ

4

(

φiφ
i − µ2

λ

)2

.

This is invariant under the group O(N) if the real field φ has N components. The classical

minimum is given by the condition

φiφi = f ifi = f 2 =
µ2

λ
> 0 (3.10)

provided µ2/λ is greater than zero. This minimum characterizes a vector of length f 2 on

the N -sphere, and is therefore invariant under the group O(N−1), being thus the stability

group of this theory. Since O(N) has N(N − 1)/2 generators, there are N − 1 generators

no longer manifest, and thus there exists N − 1 massless modes. Setting conventionally

the direction to (0, ..., 0, f) and rewriting the theory with the shifted field φ = (~π, σ + f)

yields the Lagrangian

L =
1

2
∂µσ∂

µσ − µ2σ2 +
1

2
∂µ~π∂

µ~π − λ

4
(~π2 + σ2)2 − λvσ(~π2 + σ2).

And, indeed, the N − 1 fields ~π are massless, while the field σ is massive with mass
√
2µ,

in accordance with the Goldstone theorem.

It should be noted that this theory for the group O(4), being isomorphic to SU(2)×SU(2),

is one of the models of chiral symmetry breaking. It will also play a central role in the

electroweak sector of the standard model as the Higgs sector before introducing the weak

gauge interaction.
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3.2.2.2 Quantized Goldstone theorem

To determine the consequence of hiding symmetry at the quantum level it is useful to

investigate the normalized partition function4,

T [Ji] =
Z[Ji]

Z[0]
=

1

Z[0]

∫

Dφi exp
(

i

∫

d4x(L+ Jiφi)

)

,

with the same Lagrangian as before. Since the Lagrangian and the measure are invariant

under a symmetry transformation5, the variation of the partition function must vanish

0 = δZ[Ji] =

∫

DφieiS+i
∫
d4xJiφi

∫

d4x

(

∂δφi
∂φj

+ δ

(

iS + i

∫

d4xJiφi

))

.

The first term is the deviation of the Jacobian from unity. As the measure is invariant, it

vanishes. The second is the variation of the action, which also vanishes. Only the third

term can contribute. Since all variations are arbitrary, it thus follows

∫

d4xJiT
a
ik

δT [Ji]

iδJk
= 0,

where it has been used that Z[0] is a constant, and the order of functional and ordinary

integration has been exchanged, and

δT [Ji]

iδJi
=

1

Z[0]

∫

Dφiφi exp
(

i

∫

d4x(L+ Jiφi)

)

.

Furthermore, it has been used that all variations are independent, thus delivering dimG

independent equations.

Since

δT ≡ δ
(

eTc
)

= eTcδTc,

and the factor exp(Tc) is not depending on x, since it is a functional, this can be rewritten

in terms of the generating functional for connected Green’s functions as

∫

d4xJiT
a
ik

δTc[Ji]

iδJk
= 0.

4It is the uses of sources in this expression, which is the equiavlent of the external magnetic field in

section 3.2.1.1, which is really the explicit breaking of the symmetry. The discontinuity in this source is

really the origin of any mismathc with a full non-perturbative description.
5If the measure would not be invariant, this would lead to an anomaly. This happens, e. g., in the

case of chiral symmetry. For the purpose of the electroweak physics, this is not the case, and therefore

invariance is assumed here.
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This can be furthermore transformed into an equation for the vertex (i. e., connected and

amputated Green’s functions) generating functional Γ, which is related to the connected

one by a Legendre transformation6

iΓ[φ] = −i
∫

d4xJiφi + Tc[J ]

〈φi〉 =
δTc[J ]

iδJi
= 〈0|φi|0〉 [Ji]

Ji = −δΓ[φ]
iδφi

, (3.11)

by simply exchanging the derivative and the source. This yields finally
∫

d4x
δΓ

δφi
T aik 〈φk〉 = 0. (3.12)

For the fields developing a vacuum expectation value it then holds when sending the

sources to zero

fi = 〈0|φi|0〉 =
δTc
iδJi

[0]

Ji = − δΓ

iδφi
[fi] → 0. (3.13)

The inverse propagator of the fields φi is given by

iδ2Γ

δφi(x)δφj(y)
[fi] = −(D−1)ik(x− y). (3.14)

An expression for this object can be obtained by differentiating (3.12) with respect to the

field once more yielding
∫

d4x

(

δ2Γ

δφi(x)δφj(y)
T aik 〈φk〉+

δΓ

δφi
T aiiδ(x− y)

)

.

The last term vanishes since the generators are Hermitian and traceless and, even if not,

because δΓ/δφi = 0, while the first one is just the Fourier-transform of the inverse propa-

gator at zero momentum, yielding

(D−1)ij(p = 0)T aikfk = 0.

Thus, there must vanish as many inverse propagators as there are non-zero fi. At tree-level

the inverse propagator is given by7

(D−1)ij = δij(p
2 +m2),

6Using the same notation for the field and its one-point Green’s function.
7Note that without supersymmetry all symmetry generators are bosonic, and therefore the propagator

is that of a bosonic particle. It is (pseudo)scalar, as vector (and higher-spin) particles would break Lorentz

symmetry.
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and thus this implies that the pole mass must vanish, the propagator becomes that of

a massless particle, just as classically. However, in the full quantum theory, the mass

becomes momentum-dependent, and the full propagator takes the form

D−1
ij = Zij(p

2)(p2 +Mij(p
2)).

Thus, only the combination Z(0)/M(0) must vanish. This is the so-called screening-mass

of the particle, which therefore has to vanish. The propagator has also a pole at this

point, and therefore in this case the screening mass coincides with (a) pole mass, giving

the particle a genuine massless mode. However, there can also be further poles at non-

zero momentum, i. e. massive, and potentially stable, excitations with the same quantum

numbers as the Goldstone mode. This is the quantized version of the Goldstone theorem.

It should be noted here that this derivation only applies to a global symmetry. From an

axiomatic point of view, the reason for failure is that implicitly a positive definite Hilbert

space has been assumed, which is not the case for a gauge theory. Thus, it is useful to

first introduce the gauged version of the theory before dwelling on the finer points of it.

3.3 An interlude: Foundations of gauge theories

Before delving into the case of local symmetries, it is useful to shortly rehearse the formu-

lation of gauge theories8. Their quantization will be discussed later in more details.

3.3.1 Abelian gauge theories

The simplest possible gauge theory is the quantum-field-theoretical generalization of elec-

trodynamics. In classical electrodynamics, it was possible to transform the gauge potential

Aµ by a gauge transformation

Aµ → Aµ + ∂µω,

where ω is an arbitrary function. A defining property of such gauge transformations is

the fact that they do not alter any measurable quantities. In particular, the electric and

magnetic fields ~E and ~B, which are obtained from the gauge potentials by

~Ei = − ∂

∂t
Ai − ∂iA0

~Bi = (~∇× ~A)i,

8A much more deatiled treatement can be found in the lecture quantum field theory II.2
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are invariant under such transformations. From the vector potential, it is possible to form

the field strength tensor

Fµν = ∂µAν − ∂νAµ,

which is also invariant under gauge transformations. The Maxwell equations can then be

written in the compact form

∂µF
µν = jν

∂µF νρ + ∂νF ρµ + ∂ρF µν = 0,

where jµ is the matter current. These are the equations of motions of the classical La-

grangian

L = −1

4
FµνF

µν − jµAµ.

Consistently quantizing this theory is actually highly non-trivial, and will be briefly re-

hearsed in section 5.1.1. However, for the current purpose it is mainly interesting how the

Lagrangian of the quantized version of this theory looks. It turns out that the first term

proportional to FµνF
µν is already the Lagrangian of the quantized electromagnetic field.

It then remains to construct the electric current. If an electron is represented by a spinor

ψ, this spinor is actually no longer invariant under a gauge transformation. However, as

in quantum mechanics, only the phase can be affected by a gauge transformation, as the

amplitude is still roughly connected to a probability (or electric) current, and thus may

not be affected. Therefore, under a gauge transformation the spinors change as

ψ → exp(−ieω)ψ,

where the same function ω appears as for the vector potential, which is now representing

the field of the photon, and is called gauge field. Since ω is a function, the kinetic term for

an electron is no longer invariant under a gauge transformation, and has to be replaced by

iψ̄(γµ(∂µ + ieAµ))ψ.

This replacement

∂µ → ∂µ + ieAµ = Dµ

is called minimal coupling, and Dµ the covariant derivative. This is now gauge invariant.

Thus, the (gauge-invariant) Lagrangian of quantum electro dynamics (QED) is given by

L = −1

4
FµνF

µν + ψ̄(iγµDµ −m)ψ,

where a mass term has been added, which is trivially gauge-invariant. The second term is

thus the quantum version of the jµAµ term at the classical level.
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This type of gauge theories is called Abelian, as the phase factor exp(iω) with which

the gauge transformation is performed for the fermions is an element of the U(1) group.

Thus, U(1) is called the gauge group of the theory. It can furthermore be shown that the

vector potential, or gauge field, is an element of the corresponding u(1) algebra.

3.3.2 Non-Abelian gauge theories: Yang-Mills theory

Although U(1) gauge theory already provides an enormous host of interesting physical

effects, e. g. solid state physics, its complexity is not sufficient to describe all the phenomena

encountered in the standard model, e. g. nuclear physics. A sufficiently complex theory

is obtained when the Abelian gauge algebra u(1) is replaced by the non-Abelian gauge

algebra9 su(N), where N is referred to often as the number of colors. In case of the strong

interactions N is 3, and for the weak interactions it is 2.

In this case, all fields carry an additional index, a, which indicates the charge with

respect to this gauge group. E. g., the gluon index runs from 1 to 8, while the quark

index runs from 1 to 3, because the former have charges corresponding to the adjoint

representation of SU(3), and the latter to the fundamental one.

In particular, a gauge field can now be written as Aµ = Aaµτa, with τa the generators

of the algebra of the gauge group and Aaµ are the component fields of the gauge field for

each charge. The gauge transformation of a fermion field is thus

ψ → gψ

g = exp(iτaωa),

with ωa arbitrary functions and a takes the same values as for the gauge fields. The

corresponding covariant derivative is thus

Dµ = ∂µ + ieAaµτa,

with the τa in the fundamental representation of the gauge group. The corresponding

gauge transformation for the gauge fields has then to take the inhomogeneous form

Aµ → gAµg
−1 + g∂µg

−1.

The expression for Fµν is then also no longer gauge invariant, and has to be generalized to

Fµν = F a
µντa = ∂µAν − ∂νAµ − ie[Aµ, Aν ].

9Such gauge theories can be constructed for any Lie group, but the following is restricted to those

relevant for the standard model.
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This quantity is still not gauge invariant, and thus neither are magnetic nor electric fields.

However, the expression

tr(FµνF
µν)

is. Hence, the Lagrangian for a non-Abelian version of QED reads

L = −1

4
tr(FµνF

µν) + ψ̄(iγµDµ −m)ψ, (3.15)

which at first looks simple, but just because the explicit form has been defined into appro-

priate quantities, and Fµν and Dµ are now matrix-valued in the group space of the gauge

group.

3.4 Hiding local symmetries

The situation for hiding a local symmetry analogous, though more involved, to the case

of a global symmetry. For simplicity, regard the Lagrangian of an Abelian theory, coupled

to a single, complex scalar, the so-called Abelian Higgs model,

L = ((∂µ + iqAµ)φ)
†(∂µ + iqAµ)φ− 1

4
(∂µAν − ∂νAµ)(∂

µAν − ∂νAµ)

+
1

2
µ2φ†φ− 1

2

µ2

f 2
(φ†φ)2.

Note that the potential terms are not modified by the presence of the gauge-field. There-

fore, the extrema have still the same form and values as in the previous case, at least

classically. However, it cannot be excluded that the quartic φ†φAµA
µ term strongly dis-

torts the potential. Once more, this does not appear to be the case in the electroweak

interaction, and it will therefore be ignored.

The general equation of motion, without fixing the gauge, for the photon is

∂2Aµ − ∂µ(∂
νAν) = iq(φ†∂µφ− (∂µφ

†)φ)− 2q2φ†φAµ. (3.16)

To bring this equation into a more simple form, rewrite the scalar field as10

φ(x) =

(

f√
2
+ ρ(x)

)

exp(iα(x)).

10Note that if the space-time manifold is not simply connected and/or contains holes, it becomes

important that α is only defined modulo 2π. For flat Minkowski (or Euclidean) space, this is of no

importance. However, it can be important, e. g., in finite temperature calculations using the Matsubara

formalism. It is definitely important in ordinary quantum mechanics, where, e. g., the Aharanov-Bohm

effect and flux quantization depend on this, when not using a formulation employing only gauge-invariant

quantities.
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This is another reparametrization for the scalar field, compared to σ and χ previously. It

is such that at ρ = 0 this field configuration will be a classical minimum of the potential

for any value of the phase α. Inserting this parametrization into the equation of motion

(3.16) yields

∂2Aµ − ∂µ(∂
νAν) = −q2f 2

(

Aµ +
1

q
∂µα

)

− 2q2fρAµ − q2ρ2Aµ.

While the two last terms do describe the interactions of the fluctuating field ρ with the

gauge boson, the first two terms describe only the interaction with the phase. So far, no

gauge has been fixed, despite the fact that the theory has a non-trivial classical vacuum.

Now, it is possible to make the deliberate gauge choice, the so-called unitary gauge,

∂µA
µ = −1

q
∂2α. (3.17)

This is always possible. It is implemented by first going to Landau gauge and then perform

the gauge transformation

Aµ → Aµ +
1

q
∂µα

φ → exp(−iα)φ.

This gauge choice has two consequences. The first is that it makes the scalar field real

everywhere. Therefore, the possibility of selecting the vacuum expectation value of φ to be

real is a gauge choice. Any other possibilities, e. g. purely imaginary, would be equally well

justified gauge choices. This also implies that the actual value of the vacuum expectation

value of φ is a gauge-dependent quantity. The equation for the gauge-fixed field then takes

the form

∂2Aµ − ∂µ(∂
νAν) = −q2f 2Aµ − 2q2fρAµ − q2ρ2Aµ, (3.18)

i. e., the first term on the right-hand side has now exactly the form of a screening term,

and yields an effective mass qf for the photon field. If the field ρ would be negligible, it

would further follow, as before, that ∂µA
µ = 0. That this is not the case can be seen by

the gauge condition (3.17). The interaction terms enforce this condition on the gauge field

away from ∂µA
µ = 0. Furthermore, if ρ could be neglected, the equation of motion for Aµ

would now be indeed

(∂2 +M2)Aµ = 0.

Together with the gauge condition for Aµ this implies that the field Aµ acts now indeed

as a massive spin-1 field. At the level of the Lagrangian, this mass would appear from the
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two-scalars-two-gauge boson term out of the covariant kinetic term for the scalars, and

the explicit appearance of the condensate,

(Dµφ)
†(Dµφ) = −φ†∂2φ− iqφ†Aµ∂µφ+ iqφAµ∂µφ

† + q2φφ†AµA
µ.

The last term provides then the mass-term due to its dependence on f 2. The Goldstone

theorem actually guarantees that a mass will be provided to each gauge boson associ-

ated with one of the hidden generators. Hence, a massless Goldstone boson is effectively

providing a mass to a gauge boson by becoming its third component, and vanishes by

this from the spectrum. It is the tri-linear couplings which provides the explicit mixing

terms delivering the additional degree of freedom for the gauge boson at the level of the

Lagrangian. Hence, the number of degrees of freedom is preserved in the process: In the

beginning there were two scalar and two vector degrees of freedom, now there is just one

scalar degree of freedom, but three vector degrees of freedom. The gauge-transformation

made nothing more than to shift one of the dynamic degrees of freedom from one field

to the other. This was possible due to the fact that both the scalar and the photon are

transforming non-trivially under gauge-transformations. It is thus a remarkable fact that

the equation of motion for the gauge field depends on the gauge.

This can, and will be, generalized below. In general it turns out that for a general

covariant gauge there are indeed six degrees of freedom, four of the vector field, and two

from the scalars. Only after calculating a process it will turn out that certain degrees

of freedom cancel out, yielding just a system which appears like having a massive vector

particle and a single scalar. It will also be this effect which will permit to show that the

theory is now indeed renormalizable. But it is now somewhat to be expected: A Yang-Mills

theory coupled to arbitrary fields, such that asymptotic freedom is preserved, is always

renormalizable, and the infrared, non-perturbative effect of condensation of matter fields

would not spoil the high-momentum behavior necessary for renormalization.

Another quite striking result from the equation (3.18) is the fact that the two interac-

tion couplings and the effective mass are completely fixed by the two parameters of the

original theory. Therefore, in this form the hidden symmetry still surfaces in the form

of relations between various coupling parameters. By measuring such relations, it is in

principle possible to determine whether a theory has a hidden symmetry or not.

Note that though the original scalar field φ was charged, the radial excitation as the

remaining degree of freedom is actually no longer charged: The coupling structure appear-

ing in (3.18) is not the one expected for a charged field. Still, the theory now seems to

provide a reasonable starting point for a perturbative expansion with ρ expanded around

zero field. And also in this expansion, due to the particular relations of the coupling con-
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stants, it will be found that the theory is renormalizable, and thus its degree of divergence

is in fact less than its superficial degree of divergence11.

A possibility to make this behavior more explicit, though at the cost of having unphys-

ical degrees of freedom which only cancel at the end, are ’t Hooft gauges. To explicitly

demonstrate them use once more the decomposition

φ =
1√
2
(f + σ + iχ)

for the scalar field. Then the equation of motion of the photon becomes

(∂2 + (qf)2)Aµ − ∂µ(∂
νAν) = −qf∂µχ+ q(χ∂µσ − σ∂µχ)− q2Aµ(σ

2 + 2fσ + χ2).

Again, the effective mass for Aµ is explicit. Interestingly, the field χ appears linearly in

the equation of motion. Therefore, the photon and this scalar, the would-be Goldstone

boson, will mix. This equation is not yet meaningful, as it is not possible to obtain a pho-

ton propagator from it, since the corresponding differential operator cannot be inverted.

Therefore, select the ’t Hooft gauge

∂µA
µ = qfξχ, (3.19)

where ξ is a free gauge parameter. Though it is not entirely trivial to find a gauge

transformation φ such that the gauge-fixed field satisfies the ’t Hooft condition (3.19), it is

always possible to any order in perturbation theory. However, the scalar fields in general

do not take a simpler form. In particular, in contrast to the previously employed unitary

gauge, the components are still present. Nonetheless, by virtue of the gauge condition the

equation of motion for A takes thus always the form

(∂2 + (qf)2)Aµ −
(

1− 1

ξ

)

∂µ(∂
νAν) = q(χ∂µσ − σ∂µχ)− q2Aµ(σ

2 + 2fσ + χ2).

In this equation the mixing of A with χ has been removed. In particular, in the limit of

σ and χ to zero, the tree-level propagator can be obtained as the Green’s function of the

remaining operator and takes the form

Dtl
µν =

(

−gµν +
(1− ξ)kµkν
k2 − ξM2

)

1

k2 −M2 + iǫ
,

with M = qf . As has been seen previously, the problems with renormalization occurred

since the propagator had a term scaling as kµkν/M
2 beforehand. This term is here no

11Similar to a supersymmetric theory, where relations between the degrees of freedom and coupling

constants imposed by supersymmetry also reduce the actual degree of divergence below the superficial

degree of divergence.
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longer present, since in the limit of k2 → ∞ this becomes just the propagator of a massless

vector boson in general covariant gauges with gauge parameter ξ. Therefore, the theory

actually renormalizes in the same way as ordinary Maxwell theory. The price to be payed,

however, is that the unphysical degree of freedom χ is still present, and has to be included

in any calculation. Only in the end it will cancel out, in just the same way as in unitary

gauges the non-renormalizable divergences disappear.

Furthermore, this particular gauge also provides in perturbation theory a smooth limit

of the propagator for a vanishing mass. In this limit, exactly the massless gauge boson

propagator is reproduced.

Both properties are significantly different from the previous case. By inversion of the

equation of motion (3.18) yields the propagator

Dtl
µν =

(

−gµν +
kµkν
M2

)

1

k2 −M2 + iǫ
.

This propagator has the property to spoil superficial renormalizability, as it behaves es-

sentially like 1/(k2M2) at large momenta. Furthermore, there is no smooth behavior for

vanishing mass.

Thus, in both cases, and in general, there is no possibility to evade that something

will not be manifest, either the physical spectrum or renormalizability, and only becomes

restored at the end of a calculation. How to transfer this observation to non-Abelian gauge

theories, and make it more formal, will be discussed in the following.
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The Glashow-Salam-Weinberg theory

It is now clear that a theoretical description of the weak interactions requires a gauge

theory, as well as some matter field(s) to hide it and provide a mass to the weak gauge

bosons. The fact that there are three distinct gauge bosons, two Ws and one Z, indicates

that the gauge theory has to be more complex than just the U(1) gauge theory of QED. It

will thus be a non-Abelian gauge theory. Furthermore, since two of them are charged the

connection to the electromagnetic interactions will not be trivial, and there will be some

kind of mixing. All of these aspects will be taken into account in the following.

4.1 Phenomenological construction the gauge group

Phenomenologically, the weak interactions provides transitions of two types. One is a

charge-changing reaction, which acts between two gauge eigenstates. In case of the leptons,

these charge eigenstates are almost (up to a violation of the order of the neutrino masses)

exactly a doublet - e. g., the electron and its associated electron neutrino. Therefore,

the gauge group of the weak interaction should provide a doublet representation. In case

of the quarks this is less obvious, but also they furnish a doublet structure. Hence, an

appropriate gauge group for the weak interaction will contain at least SU(2). Since only

the left-handed particles are affected, this group is often denoted as SU(2)L, but this

index will be dropped here. Therefore, there are three doublets, generations, of leptons

and quarks, respectively in the standard model. However, the mass eigenstates mix all

three generations, as will be discussed in detail below.

Since the electric charge of the members of the doublets differ by one unit, the off-

diagonal gauge bosons, the W, must carry a charge of one unit. Furthermore, such a

gauge group has three generators. The third must therefore be uncharged, as it mediates

interactions without exchanging members of a doublet: It is the Cartan of the SU(2)

33
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group.

The quantum number distinguishing the two eigenstates of a doublet is called the third

component of the weak isospin2 t, and will be denoted by t3 or I3W . Therefore, the gauge

group of the weak interactions is called the weak isospin group

However, the weak gauge bosons are charged. Therefore, ordinary electromagnetic

interactions have to be included somehow. Since ordinary electromagnetism has a one-

dimensional representation, its gauge group is the Abelian U(1). The natural ansatz for the

gauge group of the electroweak interactions is thus the gauge group SU(2)×U(1)1. With

this second factor-group comes a further quantum number, which is called the hypercharge

y. The ordinary electric charge is then given by

eQ = e
(

t3 +
y

2

)

. (4.1)

Thus, the ordinary electromagnetic interaction must be somehow mediated by a mixture

of the neutral weak gauge boson and the gauge boson of the U(1). This is dictated by

observation: It is not possible to adjust otherwise the quantum numbers of the particles

such that experiments are reproduced. The hypercharge of all left-handed leptons is −1,

while the one of left-handed quarks is y = +1/3.

Right-handed particles are neutral under the weak interaction. In contrast to the

t = 1/2 doublets of the left-handed particle, they belong to a singlet, t = 0. All in all,

the following assignment of quantum numbers for charge, not mass, eigenstates will be

necessary to reproduce the experimental findings:

� Left-handed neutrinos: t = 1/2, t3 = 1/2, y = −1 (Q = 0)

� Left-handed leptons: t = 1/2, t3 = −1/2, y = −1 (Q = −1)

� Right-handed neutrinos: t = 0, t3 = 0, y = 0 (Q = 0)

� Right-handed leptons: t = 0, t3 = 0, y = −2 (Q = −1)

� Left-handed up-type (u, c, t) quarks: t = 1/2, t3 = 1/2, y = 1/3 (Q = 2/3)

� Left-handed down-type (d, s, b) quarks: t = 1/2, t3 = −1/2, y = 1/3 (Q = −1/3)

� Right-handed up-type quarks: t = 0, t3 = 0, y = 4/3 (Q = 2/3)

� Right-handed down-type quarks: t = 0, t3 = 0, y = −2/3 (Q = −1/3)

1Actually, the correct choice is SU(2)/Z2×U(1), though this difference is not relevant in perturbation

theory, and therefore neglected here.
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� W+: t = 1, t3 = 1, y = 0 (Q = 1)

� W−: t = 1, t3 = −1, y = 0 (Q = −1)

� Z: t = 1, t3 = 0, y = 0 (Q = 0)

� γ: t = 0, t3 = 0, y = 0 (Q = 0)

� Gluon: t = 0, t3 = 0, y = 0 (Q = 0)

� Higgs: a complex doublet, t = 1/2 with weak hypercharge y = 1. This implies zero

charge for the t3 = −1/2 component, and positive charge for the t3 = 1/2 component

and negative charge for its complex conjugate

This concludes the list of charge assignments for the standard model particles. The Higgs

case is special, and will be detailed in great length below, starting with section 4.2

Since at the present time the photon field and the Z boson are not yet readily identified,

it is necessary to keep the gauge boson fields for the SU(2) and U(1) group differently, and

these will be denoted by W and B respectively. The corresponding pure gauge part of the

electroweak Lagrangian will therefore be

Lg = −1

4
Ga
µνG

µν
a − 1

4
FµνF

µν

Fµν = ∂µBν − ∂νBµ

Ga
µν = ∂µW

a
ν − ∂νW

a
µ + gfabcW b

µW
c
ν ,

where g is the weak isospin gauge coupling. fabc are the structure constants of the weak

isospin gauge group, which is just the SU(2) gauge group.

Coupling matter fields to these gauge fields proceeds using the ordinary covariant

derivative, which takes the form

Dµ = ∂µ +
ig

2
τaW

a
µ +

ig′y

2
Bµ,

where g′ is the hypercharge coupling constant, which is modified by the empirical factor y.

Note that y is not constrained by the gauge symmetries, and its value is purely empirical.

Thus, why it takes the rational values it has is an unresolved question to date. However,

this fact would come about naturally, if the weak gauge group would originate from a

different gauge group at higher energies, say SU(2)×U(1)⊂SU(3), which is hidden to the

extent that all other fields charged under this larger gauge group are effectively so heavy

that they cannot be observed with current experiments.

The matrices τa are determined by the representation of SU(2) in which the matter

fields are in. For a doublet, these will be the Pauli-matrices. For the adjoint representation,
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these would be given by the structure constants, τabc = fabc, and so on. For fermions, of

course, this covariant derivative is contracted with the Dirac matrices γµ. Precisely, to

couple only to the left-handed spinors, it will be contracted with γµ(1− γ5)/2 for the W a
µ

term and with γµ for the kinetic and hypercharge term. By this, the phenomenological

couplings are recovered in the low-energy limit, as the propagator of a massive gauge boson

then becomes proportional to 1/M2, thus recovering the Fermi-coupling g2/M2. How this

mass disappears in the case of the non-Abelian gauge group will be discussed in section

4.3.

4.2 Group structure and custodial symmetry

One aspect, which has been glossed over so far, is the necessity of two complex doublets for

the Higgs. Because SU(2) is a pseudoreal group, it would essentially be sufficient to have

a single complex doublet to write down a gauge-invariant theory. However, in this case

the number of Goldstone bosons is too small to provide three massive gauge bosons, as

demanded by experiment. Thus, the presence of two doublets is experimentally necessary,

but not theoretically. However, the presence of the second doublet has more consequences

than just giving all three weak gauge bosons mass.

To understand the consequences it is best to concentrate first on the pure Higgs sector,

i. e. only considering the two doublets, and no other fields. In this case the theory becomes

the linear σ-model

L =
1

2
∂µφ∂

µφ− V (φ2),

where φ, the Higgs field, is now a four-dimensional real vector. This theory has therefore

an O(4) symmetry, i. e. it is invariant under rotations of the Higgs field.

The group O(4) is isomorphic to SU(2)×SU(2). Rewriting the 4-dimensional real vector

first as a complex doublet and then this doublet as a 2× 2 matrix

X =

(

φ1 −φ∗
2

φ2 φ∗
1

)

= (φ†
iφi)

1
2ϕ, (4.2)

where ϕ is an SU(2) matrix, makes this structure manifest. The corresponding Lagrangian

takes the form

L = tr∂µX
†∂µX − V (detX) = tr∂µX

†∂µX − V (trX†X),

which makes the symmetries manifest. The two SU(2) groups now act once as a left-

multiplication or as a right-multiplication on (4.2). Thus, these are usually called SU(2)L×SU(2)R.
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When passing to the gauged theory, it is actually only the SU(2)L which becomes

the weak gauge group. Thus, the name is doubly motivated, both from the fermions on

which it acts and from the present setup. The theory retains the group SU(2)R as a

global symmetry group, as long as the remainder of the standard model is not included.

Thus, there is a global symmetry, called custodial symmetry. This symmetry will remain

unbroken, as the Brout-Englert-Higgs effect only acts in the gauged sector, and therefore

spontaneously break only SU(2)L. The consequence of the custodial group is, e. g., that

in absence of the hypercharge the three gauge bosons all receive the same mass.

This is best seen by considering unitary gauge. In this case, the Higgs field is rotated

such that it becomes real. This condition is not invariant under custodial transformation.

This gauge condition therefore locks the gauge and custodial symmetry. To maintain the

invariance of the gauge condition under a custodial transformation, which must be possible

as the gauge condition cannot break a global symmetry, requires then to also perform a

gauge transformation to maintain a real Higgs field. This locking is the mechanism how

the custodial symmetry guarantees the same masses for the gauge bosons.

When coupling the hypercharge gauge boson, or fermions, the custodial symmetry is

explicitly broken. This happens by the fact that it is actually the U(1) subgroup of the

SU(2)R, which becomes broken. This uniquely provides the hypercharge quantum numbers

of the Higgs field and the electric charges of the electroweak gauge bosons, but not of the

fermions. This will yield, e. g. that the W± and the Z are no longer mass degenerate.

This breaking is actually mild, as can be seen from the small mass difference of the weak

gauge bosons.

Note that if the custodial symmetry would be spontaneously broken, the Goldstone

theorem would require the existence of massless excitations, up to corrections due to the

small explicit breaking, like the pions of QCD. Since these are not observed, this requires

the custodial symmetry to be not spontaneously broken. This constrains the form of the

potential, as it is possible to write down further terms, which would yield an absolute

minimum breaking the custodial symmetry spontaneously.

While in the standard model the custodial symmetry only plays furthermore a minor

role, it is quiet important in beyond-the-standard-model physics. The requirement of its

existence and it being unbroken substantially limits possible larger theories in which the

standard model can be embedded. During most of the remainder, the custodial symmetry

will not play an important role, but it will become important again when considering the

gauge-invariance of the observable, and thus physical, spectrum in chapter 6.3. Especially,

it will also be important to justify the use of perturbation theory.
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4.3 Hiding the electroweak symmetry

To have a viable theory of the electroweak sector it is necessary to hide the symmetry

such that three gauge bosons become massive, and one uncharged one remains massless.

Though this can be of course arranged in any gauge, it is most simple to perform this in

the unitary gauge. Since three fields have to be massive, this will require three pseudo-

Goldstone bosons. Also, since empirically two of them have to be charged, as the W±

bosons are charged, the simplest realization is by coupling a complex doublet scalar field,

the Higgs field , to the electroweak gauge theory

Lh = Lg + (Dµφ)
†Dµφ+ V (φφ†)

φ =
1√
2

(

φ1 + iφ2

φ3 + iφ4

)

(4.3)

where the field φ is thus in the fundamental representation of the gauge group. Because of

the hypercharge being the U(1) subgroup of the custodial charge, tts hypercharge will be 1.

The potential V can only depend on the gauge-invariant combination φ†φ, and thus can, to

be perturbatively renormalizable, only contain a mass-term and a quartic self-interaction.

The mass-term must be again of the wrong sign (imaginary mass), such that there exists

a possibility for the φ field to acquire a (gauge-dependent) vacuum-expectation value. At

that point there is not yet the familiar bosons, but three weak isospin gauge bosons W a

and a hypercharge gauge boson B.

To work in unitary gauge it is best to rewrite the Higgs field in the form

φ = e
iτaαa

2

(

0

ρ

)

.

There are now the three αa fields and the ρ field. Performing a gauge transformation

such that the phase becomes exactly canceled, and setting ρ = f + η with f constant

makes the situation similar to the one in the Abelian Higgs model. Note that by a global

gauge transformation the component with non-vanishing expectation value can be selected

still at will. It is convenient to use the matrix representation for the Higgs field for this

purpose, which after gauge-fixing is

X = f1 + η,

and thus the vacuum-expectation value is propertional to the unit matrix in this gauge.

The bilinear interaction term with the gauge fields then reads

g2f 2

2
W a
µW

µ
b trτ

a1τ b1 +
g

′2f 2

2
BµB

µtr12 + terms with η.
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At this point, it appears that both gauge symmetries are broken, and all four gauge bosons

would be massive. However, this is not the case, as a simultaneous and opposite U(1) gauge

transformation in the hypercharge and one proportionally to τ 3 in the weak isospin leaves

the vacuum expectation value invariant. for this remember that they act on X as left

multiplication and right multiplication, and thereby cancel. If the second term would be

absent, then in the employed conventions trτaτ b = 1/2 this yields a mass-term with equal

mass MW = gf/2 for all three gauge bosons of the weak isospin. As advertised, this is due

to the then exact custodial symmetry. It corresponds to performing a global SU(2) left

multiplication and right multiplication, which again leaves the vacuum expectation value

invariant. Thus, there is a linking between global weak isospin and custodial symmetry.

This is what is meant colloquial as the breaking of the ((electro)weak) gauge symmetry.

The remaining diagonal subgroup of SU(2)localL ×SU(2)globalR →SU(2) is often also refereed

to as the custodial symmetry . It is also the U(1) subgroup of this diagonal subgroup

which will become the electromagnetic gauge symmetry below.

To make the unbroken diagonal U(1) subgroup manifest a change of variables can be

used. Defining

Aµ = W 3
µ sin θW +Bµ cos θW

Zµ = W 3
µ cos θW −Bµ sin θW ,

which are the fields given the name of the photon Aµ and the Z boson Zµ. The mixing

parameter θW is the (Glashow-)Weinberg angle θW , and is given entirely in terms of the

coupling constants g and g′ as

tan θW =
g′

g

cos θW =
g

√

g2 + g′2

sin θW =
g′

√

g2 + g′2
.

Using the inverse transformations

W 3
µ = Aµ sin θW + Zµ cos θW

Bµ = Aµ cos θW − Zµ sin θW

yields that no longer a mass-term for the photon appears, due to the relative minus sign.

However, the mass for the Z boson increases according to

MZ cos θW =MW .
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The actual value depends on the relative strengths of the weak isospin and hypercharge

interaction. In the standard model, this yields an increase of somewhat more than 10%.

This is a change between the so-called charge eigenbasis, in which the hypercharge and

the weak isospin interactions are separated, to a mass eigenbasis, in which the states are

eigenstates of the mass operator. While technically not necessary, it is usually the mass

eigenstates, especially the photon, which are easier to prepare experimentally. However,

this implies that part of what is perceived as electric interactions is actually weak isospin

interaction.

Of course, this changes also the form of the coupling for matter to the neutral fields.

In particular, the SU(2) symmetry is no longer manifest, and the W 1,2 cannot be treated

on the same footing as the neutral bosons. E. g., the neutral part of the coupling in the

covariant derivative now takes the form

D(N)
µ = ∂µ + ig sin θWAµ

(

t3 +
y

2

)

+ i
g

cos θW
Zµ

(

t3 cos
2 θW − y

2
sin2 θW

)

.

Using the relation (4.1), it is possible to identify the conventional electric charge as

e = g sin θW ,

i. e., the observed electric charge is smaller than the hypercharge. It should be noted that

this also modifies the character of the interaction. While the interaction with the photon

is purely vectorial, and the one with the W 1,2 bosons remains left-handed (axial-vector),

the interaction with the Z boson is now a mixture of both, and the mixing is parametrized

by the Weinberg angle.

In addition, the original interaction between the W i entails now a tree-level interaction

not only of the Z withW 1,2, but also of the photon. It is in this context useful to introduce

the linear combination

W± =
1√
2

(

W 1 ∓ iW 2
)

as the new states no interaction with the photon with a coupling strength given by ±e,
while the coupling to the Z is reduced to g cos θW . Thus the ’electric’ charges of the

W± bosons is actually entirely a weak isospin interaction, and just stems from a switch

to a mass eigenbasis. These electrically charged states have still the same mass MW .

However, their coupling to other particles via a covariant derivative is purely left-handed,

and derived from the weak isospin. This also allows them to couple to formally electrically

neutral states, like neutrinos.
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4.4 Fermion masses

So far, the construction seems to reproduce very well and elegantly the observed phe-

nomenology of the electroweak interactions.

However, there is one serious flaw. The Dirac equation for fermions, like leptons and

quarks, has the form

0 = (iγµDµ −m)ψ =

(

iγµDµ +
1− γ5

2
m+

1 + γ5
2

m

)

ψ.

The covariant derivative is a vector under a weak isospin gauge transformation, and so

is the spinor (1 − γ5)/2ψ. However, the spinor (1 + γ5)/2ψ is a singlet under such a

gauge transformation. Hence, not all terms in the Dirac equation transform covariantly,

and therefore weak isospin cannot be a symmetry for massive fermions. Another way of

observing this is that the mass term for fermions in Lagrangian can be written as

Lmψ = m(ψ̄LψR − ψ̄RψL),

and therefore cannot transform as a gauge singlet. Thus an ordinary tree-level mass term

is forbidden in the standard model.

However, massive fermions must be accommodated in the theory: Since the experi-

mentally observed quarks and (at least almost) all leptons have a mass, it is necessary to

find a different mechanism which provides the fermions with a mass without spoiling the

isoweak gauge invariance.

A possibility is by utilizing the BEH-effect also for the fermions and not only for the

weak gauge bosons. By adding an interaction

Lh = gfφkψ̄

(

αkij
1− γ5

2
+ βkij

1 + γ5
2

)

ψ +

(

gfφkψ̄

(

αkij
1− γ5

2
+ βkij

1 + γ5
2

)

ψ

)†
,

this is possible. The constant matrices α and β have to be chosen such that the terms

become gauge-invariant. Their precise form will be given later. If, in this interaction,

the Higgs field acquires a vacuum expectation value, φ = f+quantum fluctuations, this

term becomes an effective mass term for the fermions, and it is trivially gauge-invariant.

Alongside with it comes then an interaction of Yukawa-type of the fermions with the

Higgs-field. However, the interaction strength is not a free parameter of the theory, since

the coupling constants are uniquely related to the tree-level mass mf of the fermions by

gf =

√
2mf

f
=

e√
2 sin θW

mf

mW
.
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However, the 12 coupling constants for the three generations of quarks and leptons are not

further constrained by the theory, introducing a large number of additional parameters in

the theory. Though phenomenologically successful, this is the reason why many feel this

type of description of the electroweak sector is insufficient. However, even if it would be

incorrect after all, it is an acceptable description at energies accessible so far, and thus

will be discussed further.

4.5 The Glashow-Salam-Weinberg theory in general

Combining the last three sections, the Glashow-Salam-Weinberg theory is of the following

type: It is based on a gauge theory with a gauge group G, which is SU(2)×U(1). There are

left-handed and right-handed fermions included, which belong to certain representations

La and Ra of the gauge group G. These have been doublets for the left-handed quarks

and leptons, and singlets for the right-handed quarks and leptons. There is also the scalar

Higgs field which belongs to the representation P a, again a doublet in the standard model.

The corresponding generators of the representation fulfill the commutation relations

[La, Lb] = ifabcLc

[

Ra, Rb
]

= ifabcRc

[

P a, P b
]

= ifabcP c,

with the structure constants fabc of the gauge group G.

The most general form of the Lagrangian is therefore

L = −1

4
F a
µνF

µν
a + ψ̄i(iγµD

µ
ij −Mij)ψj +

1

2
dµijφ

jdikµ φk

−λ
4
(φiφ

i)2 − µ2φiφ
i + gf ψ̄iφr

(

Xr
ij

1− γ5
2

+ Y r
ij

1 + γ5
2

)

ψj (4.4)

F a
µν = ∂µW

a
ν − ∂νW

a
µ + gfabcW b

µW
c
ν

Dij
µ = δij∂µ − igW a

µ

(

Lija
1− γ5

2
+Rij

a

1 + γ5
2

)

dijµ = δij∂µ − igW a
µP

ij
a .

Note that the fields W a
µ contain both the photon and the weak gauge bosons. Therefore,

the index a runs from 1 to 4, with indices 1 to 3 from the SU(2) part, and 4 from the

U(1) part. Consequently, all structure constants in which an index is 4 vanish. The

parametrization of the broken part has not yet been performed. The Yukawa coupling to

generate the fermion masses must also be gauge invariant. This can be achieved if the
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matrices X and Y fulfill the conditions

[La, Xr] = XsP a
sr

[Ra, Y r] = Y sP a
sr.

Since X and Y appear linearly in these conditions their overall scale is not fixed. This

permits the different fermion species, though belonging to the same representation, to

acquire different masses. That this is sufficient can be seen, e. g. for the right-handed

coupling term by performing an infinitesimal gauge transformation

δψi = iθaR
a
ijψ

j

δφr = iθaP
a
rsφ

s,

with the arbitrary infinitesimal transformation functions θa. The Yukawa term then trans-

forms as follows

δ

(

gF ψ̄iφrY
r
ij

1 + γ5
2

)

ψj

= iθagf

(

−Ra
kiψ̄

kφrY
r
ij

1 + γ5
2

ψj + ψ̄iP
a
rsY

r
ijφ

s1 + γ5
2

ψj + ψ̄iφrY
r
ij

1 + γ5
2

Ra
jkψ

k

)

= iθagf ψ̄iφr
1 + γ5

2
ψj
(

Y r
ikR

a
kj − Rik

a Y
r
kj + P a

srY
s
ij

)

= iθagf ψ̄iφr
1 + γ5

2
ψj
(

[Y r, Ra]ij + P a
srY

s
ij

)

= 0.

Likewise the calculation proceeds for the left-hand case. Explicit representation of X and

Y then depend on the chosen gauge group G.

To hid the symmetry, a shift of the scalar field by its vacuum expectation value can be

performed.

4.6 The electroweak sector of the standard model

The Lagrangian (4.4) is transformed into the electroweak sector of the standard model

by choosing its parameters appropriately. First of all, the vacuum expectation value for

the scalar field is chosen to be f/
√
2. Its direction is chosen such that it is manifestly

electrically neutral. That is provided by the requirement

Qφ = 0 =
(τ3
2
+
yφ
2

)

φ =

(

1 0

0 0

)(

φ1

φ2

)

= 0.
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The field is then split as

φ =

(

φ+

1√
2
(f + η + iχ)

)

,

with φ− = (φ+)†, i. e., its hermitian conjugate. The fields φ+ and φ− carry integer electric

charge plus and minus, while the fields η and χ are neutral. Since a non-vanishing value of

f leaves only a U(1) symmetry manifest, φ± and χ are would-be Goldstone bosons. This

leads to the properties of the Higgs fields and vector bosons as discussed previously.

The fermions appear as left-handed doublets in three generations

LLi =

(

νLi
lLi

)

QL
i =

(

uLi
dLi

)

,

where i counts the generations, l are the leptons e, µ and τ , ν the corresponding neutrinos

νe, νµ, ντ , u the up-type quarks u, c, t, and d the down-type quarks d, s, b. Correspondingly

exist the right-handed singlet fields lRi , ν
R
i , u

R
i , and dRi . Using this basis the Yukawa

interaction part reads

LY = −L̄Li Glr
ijl
R
j φ

r + L̄Li G
νr
ij ν

R
j φ

r + Q̄L
i G

ur
ij u

R
j φ

r +QL
i G

dr
ij d

R
j φ

r + h.c..

The matrices G are obtained from X and Y upon entering the multiplet structure of the

fields. These create the mass matrices

M l
ij =

1√
2
Gl
ijf Mν

ij =
1√
2
Gν
ijf Mu

ij =
1√
2
Gu
ijf Md

ij =
1√
2
Gd
ijf.

It is then possible to transform the fermion fields2 f into eigenstates of these mass matrices,

and thus mass eigenstates, by a unitary transformation

f fLi = UfL
ik f

L
k (4.5)

f fRi = UfR
ik f

R
k ,

for left-handed and right-handed fermions respectively, and f numbers the fermion species

l, ν, u, and d and i the generation. The fermion masses are therefore

mfi =
1√
2

∑

km

UfL
ik G

f
km(U

fR)†mif.

2The vacuum expectation value f of the Higgs field, carrying no indices, should not be confused with

the fermion fields ff
i , which carry various indices, f denoting the fermion class.
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In this basis the fermions are no longer charge eigenstates of the weak interaction, and

thus the matrices U correspond to the CKM matrix in the quark sector and to the PMNS

matrix in the lepton sector. Thus, these matrices are not an independent pheomena.

Rather, they encode off-diagonal flavor interactions of the Higgs with the fermions while

in the charge eigenbasis of the electroweak interactions. This also implies that CP violation

originates in actuality from the Higgs-Yukawa sector, and not from the weak interactions,

in contrast to the separate violations of P and C symmetry. In the limit of vanishing

Yukawa couplings the standard model becomes CP-invariant at tree-level.

Furthermore, neutral interactions (or also called neutral currents) are not changing fla-

vors as always combinations of type UfL(UfL)† appear, For flavor-changing (non-neutral)

currents2 the matrices

V q = UuL(UdL)† (4.6)

V l = UνL(U lL)†

remain, providing the flavor mixing. Finally, the electric charge is given by

e =
√
4πα = g′ sin θW = g cos θW ,

with the standard value α ≈ 1/137.

Putting everything together, the lengthy Lagrangian for the electroweak standard

model emerges:

L = f̄ rsi (iγµ∂µ −mf )fi − eQrf̄
rs
i γ

µf rsi Aµ (4.7)

+
e

sin θW cos θW
(I3Wrf̄

rL
i γµf rLi − sin2 θWQrf̄

rs
i γ

µf rsi )Zµ

+
e√

2 sin θW
(f̄ rLi γµV r

ijf
rL
j W+

µ + f̄ rLi γµ(V r)+ijf
rL
j W−

µ )

− 1

4
|∂µAν − ∂νAµ − ie(W−

µ W
+
ν −W−

ν W
+
µ )|2

− 1

4

∣

∣

∣

∣

∂µZν − ∂νZµ + ie
cos θW
sin θW

(W−
µ W

+
ν −W−

ν W
+
µ )

∣

∣

∣

∣

2

− 1

2

∣

∣

∣

∣

∂µW
+
ν − ∂νW

+
µ − ie(W+

µ Aν −W+
ν Aµ) + ie

cos θW
sin θW

(W+
µ Zν −W+

ν Zµ)

∣

∣

∣

∣

2

+
1

2

∣

∣

∣

∣

∂µ(η + iχ)− i
e

sin θW
W−
µ φ

+ + iMZZµ +
ie

2 cos θW sin θW
Zµ(η + iχ)

∣

∣

∣

∣

2

+ |∂µφ+ + ieAµφ
+ − ie

cos2 θW − sin2 θW
2 cos θW sin θW

Zµφ
+ − iMWW

+
µ − ie

2 sin θW
W+
µ (η + iχ)|2

− f 2η2 − ef 2

sin θWMW
η(φ−φ+ +

1

2
|η + iχ|2)
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− e2f 2

4 sin2 θWM2
W

(φ−φ+ +
1

2
|η + iχ|2)2

− emri

2 sin θWMW
(f̄ rsi f

rs
i η − 2I3Wrif̄

rs
i γ5f

rs
i χ)

+
e√

2 sin θW

mri

MW

(f̄ rRi V r
ijf

rL
j φ+ + f̄ rLi (V r)+ijf

rR
j φ−)

+
e√

2 sin θW

mri

MW

(f̄ rLi V r
ijf

rR
j φ+ + f̄ rRi (V r)+ijf

rL
j φ−),

where a sum over fermion species r is understood and I3W is the corresponding weak isospin

quantum number.

Note that this Lagrangian is invariant under the infinitesimal gauge transformation

Aµ → Aµ + ∂µθ
A + ie(W+

µ θ
− −W−

µ θ
+) (4.8)

Zµ → Zµ + ∂µθ
Z − ie

cos θW
sin θW

(W+
µ θ

− −W−
µ θ

+)

W±
µ → W±

µ + ∂µθ
± ∓ i

e

sin θW
(W±

µ (sin θW θ
A − cos θW θ

Z)− (sin θWu− cos θWZµ)θ
±)

η → η +
e

2 sin θW cos θW
χθZ + i

e

2 sin θW
(φ+θ− − φ−θ+)

χ → χ− e

2 sin θW cos θW
(v + η)θZ +

e

2 sin θW
(φ+θ− + φ−θ+)

φ± → φ± ∓ ieφ±
(

θA +
sin2 θW − cos2 θW
2 cos θW sin θW

θZ
)

± ie

2 sin θW
(f + η ± iχ)θ±

f f±Li → f f±Li − ie

(

Q±
i θ

A +
sin θW
cos θW

(

Qf
i ∓

1

2 sin2 θW

)

θZ
)

f±L
i +

ie√
2 sin θW

θ±V ±
ij f

±L
j

f fRi → −ieQf
i

(

θA +
sin θW
cos θW

θZ
)

f fRi . (4.9)

The ± index for the left-handed fermion fields counts the isospin directions. The in-

finitesimal gauge functions θα are determined from the underlying weak isospin θi and

hypercharge θY gauge transformations by

θ± =
1

g′
(θ1 ∓ iθ2)

θA =
1

g
cos θW θ

Y − 1

g′
sin θW θ

3

θZ =
1

g′
cos θW θ

3 +
1

g
sin θW θ

Y .

It is now straightforward to upgrade the Lagrangian of the electroweak sector of the

standard model (4.7) to the full Lagrangian of the standard model by adding the one for
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the strong interactions, QCD,

Ls = −1

4
Ga
µνG

µν
a − gf̄ rsi γ

µωaf rsi G
a
µ

Ga
µν = ∂µG

a
ν − ∂νG

a
µ + g′′habcGb

µG
c
ν ,

where the generators ωa and the structure constants habc belong to the gauge group of

the strong interactions is the so-called color group SU(3)3, and g′′ is the corresponding

coupling constant. Ga
µ are the gauge fields of the gluons, and the fermions now have also

an (implicit) vector structure in the strong-space, making them three-dimensional color

vectors.

4.7 Majorana neutrinos

So far the leptons and neutrinos have been treated in the same way as the quarks. This

consistent with all known results. However, there is a pecularity for neutrinos. Right-

handed neutrinos are not charged under any of the gauge interactions, and only interact

with the standard model by Yukawa interactions with the Higgs. As the size of the Yukawa

couplings for the neutrinos is exceedingly small, there has not been any observation of

right-handed neutrinos, in contrast for all other standard model particles. Hence, they are

strictly speaking not necessary.

This leaves the question of how to then achieve the neutrino masses, which have been

observed. The solution to this are so-called Majorana neutrinos. More appropriately would

be to call them Weyl fermions, but in four dimensions this does not matter. In such a case

only a two-dimensional Weyl spinor is necessary, i. e. only the left-handed component of

the usual Dirac spinor is used. The original Dirac, or actually Majorana, spinor can be

reconstructed as

Ψ =











ψ1

ψ2

−ψ2∗

ψ1∗











.

The physical content is made manifest by performing a charge conjugation

CΨ =

(

0 iσ2

−iσ2 0

)(

ψ

−iσ2ψ∗

)∗

=

(

ψ

−iσ2ψ∗

)

= Ψ. (4.10)

Thus, such a particle is its own anti-particle. It is in this context important that the

weak isospin group, SU(2), is pseudo-real. Hence, particles and anti-particles are actually

3Actually SU(3)/Z3, similar to the case of the weak isospin group.



48 4.7. Majorana neutrinos

related. A similar construction would not be possible for a quark. A scalar mass-term can

be build from such a Weyl fermion as

mψT (iσ2)ψ

where σ2 is the second Pauli matrix, and which is gauge-invariant. Note that in this case

no Yukawa interaction of the neutrino with the Higgs is possible. The mass of such a

Majorana neutrino has therefore a distinct other origin as those for Dirac neutrinos.

Because of the property (4.10), a propagating left-handed neutrino can convert into

an anti-neutrino. This gives rise to new phenomena. An especially important signature

is the so-called neutrinoless double β-decay. In this process, the anti-neutrino emitted

during a β-decay of a nucleus converts to an neutrino, and allows then for second β-decay,

in which the neutrino is absorbed by a neutron to emit a second electron and become

a proton. Hence the name for the process. Similar phenomena can occur also in high-

eenrgetic processes like the deacy ofW± bosons, and thus yield also distinct signatures like

same-sign lepton pairs in collider experiemnts. However, due to the feeble interaction of

neutrinos it is kinematically complicated to show beyond doubt that not just a low-energy

neutrino has escaped undetected.

Current experimental results remain consistent with both the existence and absence

of a right-handed neutrino. It is currently not clear how long experiments will need to

decide the matter. In the following the existence of a right-handed neutrino is assumed,

for simplicity. However, everything could also be done with Majorana neutrinos, usually

with few changes.



Chapter 5

Quantization

Before entering the realm of actual calculations in the electroweak theory, it is necessary

to discuss the quantization, and thus also renormalization, of theories with hidden sym-

metries. This will be done here. After this, the quantized version of the Glashow-Salam-

Weinberg theory is at our disposal, and can be used for calculations of phenomenology.

5.1 Gauge-fixing

5.1.1 Case with manifest symmetry

To understand the differences in case of a Brout-Englert-Higgs effect, it is useful to rehearse

briefly the case without.

The naive quantization for a non-Abelian Yang-Mills theory with classical Lagrangian

L = −1

4
F a
µνF

µν
a

F a
µν = ∂µA

a
ν − ∂νA

a
µ + gfabcAbµA

c
ν

proceeds by writing down the generating functional

Z[Jaµ ] =

∫

DAaµ exp
(

iS[Aaµ] + i

∫

d4xJaµA
µ
a

)

S[Aaµ] =

∫

d4xL.

In the case of an Abelian field with fabc = 0, this integral reduces to a Gaussian one.

Hence, it should be possible to integrate it. It takes the form

Z[Jaµ ] =

∫

DAaµ exp
(

i

∫

d4x

(

1

2
Aµ(gµν∂

2 − ∂µ∂ν)A
ν + JµAµ

))

.
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However, it is not possible to perform this integral, since this would require the matrix

gµν∂
2 − ∂µ∂ν to be invertible, which is not the case. This can be seen directly by the

fact that its momentum-space version δµνk
2−kµkν is a projection operator which vanishes

when contracted with kµ.

An alternative way to see this is to note that any gauge transformation

Aaµ → Aagµ = Aaµ +Dab
µ θ

b (5.1)

with θb arbitrary leaves S invariant. Thus, there are flat directions of the integral, namely

along the so generated so-called gauge orbit, and thus the integral diverges. There are only

two possibilities to escape. The one is to perform the quantization on a discrete space-time

grid in a finite volume, as is done in lattice gauge theory, determine observables and only

after this take the continuum limit. Making thereby everything finite permits also to make

the flat directions finite, and hence tractable.

The other is by performing gauge-fixing, i. e., cutting off the flat directions of the

integral. Here, as the aim is to work directly in the continuum, the latter possibility will

be the only one1.

In the following only the procedure for the perturbative case will be discussed. The

extension to the non-perturbative case is far from obvious for non-Abelian gauge theories,

due to the presence of the Gribov-Singer ambiguity. In case of Yang-Mills theory, some

possibilities exist to resolve this issue, though a formal proof is yet lacking. How this can

be done in the case without manifest gauge symmetry is yet unknown, but empirically it

turns out to be a less severe problem, and can therefore be more comfortably ignored for

know. A few more words on this will be discussed in section 6.2.

Select thus a gauge condition Ca(Aaµ, x) = 0 which perturbatively selects exactly one

gauge copy. I. e., for a set of gauge-fields related by gauge transformations (5.1) there is

one, and only one, which satisfies the condition Ca. An example of such a condition is, e.

g., the Landau gauge Ca = ∂µAaµ, but so are the ’t Hooft gauge condition (3.19) or the

unitary gauge (3.17) condition.

To make the path integral well-defined, it is necessary to factor off the irrelevant number

of field configurations equivalent under the gauge transformation (5.1), and just remain

with one representative for each physically inequivalent field configuration. An alternative,

given below by covariant gauges, is to average over all copies with a uniquely defined weight

for each gauge copy.

1Note that there are, in principle, other possibilities also in the continuum. However, none of them is

so far useful for practical calculations in the non-Abelian case.
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To do this consider the functional generalization of the Dirac-δ function. The expression

∆−1[Aaµ] =

∫

Dgδ(Ca[Aagµ ])

contains an integration over all gauge-transformations g for a fixed physical field config-

uration Aaµ, but by the δ-function only the weight of the one configuration satisfying the

gauge condition is selected. The measure is taken to be the invariant Haar-measure. Hence,

when performing the change of variables g → gg′ with some group element g′ it remains

unchanged by definition. As a consequence, ∆ is actually gauge-invariant. Evaluating it

at the gauge-transformed configuration Aag
′

µ yields

∆[Aag
′

µ ]−1 =

∫

Dgδ(Ca[Aagg
′

µ ]) =

∫

D(gg′−1)δ(Ca[Aagµ ])

=

∫

Dgδ(Ca[Aagµ ]) = ∆[Aaµ]
−1.

In perturbation theory it is always possible to invert ∆. Thus, the relation

1 = ∆[Aaµ]

∫

Dgδ(Ca[Aagµ ])

is meaningful. Beyond perturbation theory this is in general not the case, and a more

subtle construction is required.

Inserting this into the functional integral yields

Z =

∫

DAaµ∆[Aaµ]

∫

Dgδ(Ca[Aagµ ]) exp(iS[Aaµ])

=

∫

Dg
∫

DAag′µ ∆[Aag
′

µ ]δ(Ca[Aagg
′

µ ]) exp(iS[Aag
′

µ ])

=

∫

Dg
∫

DAaµ∆[Aaµ]δ(C
a[Aaµ]) exp(iS[A

a
µ])

where in the last line the inner variables of integration have been changed from Aag
′

µ to

Aag
′−1g−1

µ and it has been used that all expressions except the δ-function are invariant.

Hence, the group measure integral is not influencing anymore the remaining integral,

and contributes only a factor, which can be removed by appropriate normalization of

the functional integral. It would have been possible to also replace the action by any

gauge-invariant functional, in particular expressions involving some observable f in the

form f [Aaµ] exp(iS[A
a
µ]). Thus, gauge-fixing is not affecting the value of gauge-invariant

observables. Due to the δ-function, on the other hand, now only one gauge-equivalent field

configuration contributes, making the functional integral well-defined.

It remains to clarify the role of the functional ∆. Select an infinitesimal gauge trans-

formation g = 1+ iθaτa with τa the generators of the Lie algebra. Since only perturbative
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calculations are done, the measure in the defining integral for ∆ can be replaced by an

integration over θa

∆[Aaµ]
−1 =

∫

Dθaδ(Ca[Aaθµ ]).

In perturbation theory it is always possible to resolve the condition Ca[Aaθµ ] = 0 to obtain

θa as a function of Ca. Hence, by exchanging C and θ as variables of integration yields

∆[Aaµ]
−1 =

∫

DCa

(

det
δCb

δθc

)

δ(Ca) =

(

det
δCb

δθc

)

Ca=0

,

where it has been used that when resolving θ for C inside an expression for C, like in the

δ-function, any modification will be of higher order in C and can therefore be dropped

in perturbation theory. The appearing determinant is just the corresponding Jacobian.

Thus, the function ∆ is given by

∆[Aaµ]
−1 =

(

det
δCa(x)

δθb(y)

)

Ca=0

= detMab(x, y). (5.2)

The Jacobian has the name Faddeev-Popov operator, the determinant goes by the name

of Faddeev-Popov determinant2.

To get a more explicit expression it is useful to use the chain rule

Mab(x, y) =
δCa(x)

δθb(y)
=

∫

d4z
δCa(x)

δAcµ(z)

δAcµ(z)

δθb(y)

=

∫

d4z
δCa(x)

δAcµ(z)
Dcb
µ δ(y − z) =

δCa(x)

δAcµ(y)
Dcb
µ (y).

If the condition Ca depends on more than one field, it is necessary to include this explicitly.

In this case, the chain rule has a term for all fields on which Ca depends, multiplied by

their variation with a gauge transformation,

Mab(x, y) =
δCa(x)

δθb(y)
=

∫

d4z
∑

ij

δCa(x)

δωij(z)

δωij(z)

δθb(y)
.

In this case i counts the field-type, while j is a multi-index, encompassing gauge indices,

Lorentz indices etc..

To proceed further, a choice of Ca is necessary. Choosing, e. g., the Landau gauge

Ca = ∂µAaµ = 0 yields

Mab(x, y) = ∂µD
µ
abδ(x− y).

Due to the presence of the δ-function the functional ∆ can then be replaced by detMab

in the path integral.
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To obtain the standard class of covariant gauges, select the condition Ca = ∂µA
a
µ +Λa

for some arbitrary function Λa. In general, this will make the Lorentz symmetry not

manifest. This can be recovered by integrating the path integral over all possible values

of Λ with some arbitrary weight function. Since the path integral will not depend on Λ,

as this is a gauge choice, the integration is only an arbitrary normalization. The path

integral then takes the form

Z =

∫

DΛaDAaµ exp
(

− i

2ξ

∫

d4xΛaΛa

)

detMδ(C) exp(iS) (5.3)

=

∫

DAaµ detM exp

(

iS − i

2ξ

∫

d4xCaCa

)

,

where the δ-function has been used in the second step. Note that for any local expression

in the fields Ca can be replaced by Ca−Λa freely, as this corresponds only to terms linear

in Aaµ or constants, and thus can always be dropped.

It is furthermore possible to recast the determinant also in the form of an exponential.

Using the rules of Grassmann numbers it follows immediately that

detM ∼
∫

DcaDc̄a exp
(

−i
∫

d4xd4yc̄a(x)Mab(x, y)cb(y)

)

,

where the Faddeev-Popov ghost fields c and c̄ are Grassmann-valued scalar fields. Since

these are just auxiliary fields, this is not at odds with the spin-statistics theorem. The

fields are in general gauges not related, but may be so in particular gauges. This is, e.

g., the case in Landau gauge where there exists an associated symmetry. If the condition

Ca is local in the fields, the Faddeev-Popov operator will be proportional to δ(x− y), and

this ghost term will become local.

It is furthermore often useful to introduce an additional auxiliary field, the Nakanishi-

Lautrup field ba. This is obtained by rewriting

exp

(

− i

2ξ

∫

d4xCaCa

)

=

∫

Dba exp
(

−i
∫

d4x

(

ξ

2
baba + baC

a

))

.

The total expression reads

Z =

∫

DAaµDbaDcaDc̄a exp
(

iS − i

∫

d4x

(

ξ

2
baba + baC

a

)

−
∫

d4xd4yc̄a(x)Mab(x, y)cb(y)

)

.

Choosing the gauge Ca = ∂µAaµ = 0, this takes the form

Z =

∫

DAaµDbaDcaDc̄a exp
(

iS − i

∫

d4x

(

ξ

2
baba + ba∂µA

µ
a

)

− i

∫

d4xc̄a∂µDab
µ c

b

)

.
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Furthermore, the ever-so popular Landau gauge corresponds to the limit ξ → 0, as this is

corresponding to the case where all of the weight of the weight-function is concentrated

only on the gauge copy satisfying ∂µAaµ = 0. However, in principle this limit may only be

taken at the end of the calculation.

It is furthermore important that if the gauge group is Abelian, in particular U(1), then

the gauge transformation of the gauge fields reduces as

Dab
µ φ

b → ∂µφ,

and thus the ghost term takes the form

−i
∫

d4xc̄a∂2ca.

Hence, the ghosts decouple, and will not take part in any dynamical calculations. However,

their contribution can still be important, e. g., in thermodynamics. The decoupling of the

ghost is not a universal statement. Choosing a condition which is not linear in the gauge

fields will also in an Abelian theory introduce interactions with ghosts. Furthermore, from

the sign of this term it is also visible that the kinetic term of the ghosts has the wrong

sign compared to ordinary scalars, a sign of their unphysical spin-statistic relation.

Note that the program remains unchanged in the presence of matter fields, as long as

the matter fields are not appearing in the gauge condition. Without hidden symmetries,

there is usually little advantage to do so, but this changes fundamentally once a symmetry

should be hidden.

5.1.2 Abelian case with hidden symmetry

In quantized calculations using perturbation theory the ’t Hooft gauge (3.19) is most

convenient, as renormalizability is manifest order by order of perturbation theory, and also

beyond perturbation theory. The simplest example is the case of an (unmixed) Abelian

gauge theory.

Splitting at the classical level the real Higgs doublet as (φ, f + η), where the fields φ

and η fluctuate and f is the expectation value of the vacuum, the Lagrangian reads

L = −1

4
FµF

µ +
(gf)2

2
AµA

µ +
1

2
∂µη∂

µη − µ2η2 +
1

2
∂µφ∂

µφ− gfAµ∂µφ

+2igAµ(φ∂µφ+ η∂µη)− 2g(gf)ηAµA
µ − g2(φ2 + η2)AµA

µ − 1

2

µ2

f 2
(φ2 + η2)2.

The ’t Hooft gauge is exactly the gauge in which the bilinear mixing part is removed from
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the Lagrangian. In the Abelian case this is achieved by

C[Aµ, φ] = ∂µAµ + ξ(gf)φ

Lf = − 1

2ξ
(∂µAµ + ξ(gf)φ)2 = − 1

2ξ
(∂µA

µ)2 + (gf)Aµ∂µφ− ξ

2
(gf)2φ2,

where a partial integration has been performed. It should be noted that the gauge-

parameter ξ now enters twice. Once by parameterizing the width of the averaging func-

tional and once in the gauge condition itself. In principle it would be permitted to choose

a different parameter in both cases, but then the mixing terms would not be canceled. In

this gauge the Goldstone boson becomes in general massive, exhibiting clearly that the

Goldstone theorem is not applying to the case of a gauge theory.

Furthermore, the limit ξ → 0 corresponds to the case of ordinary Landau gauge with

the mixing term and also the mass-shift for the φ-field due to the gauge-fixing removed

from the Lagrangian. Thus, in the Landau gauge in contrast to other covariant gauges

the Goldstone boson remains massless at tree-level2.

This can already be read off from the tree-level propagators

Dηη =
i

k2 − µ2 + iǫ

Dφφ =
i

k2 − ξ(gf)2 + iǫ

Dµν = i

(

gµν +
(1− ξ)kµkν
k2 − ξ(gf)2

)

1

k2 − (gf)2 + iǫ
.

Thus, in the Landau gauge the Goldstone field φ becomes massless while the gauge boson

field remains massive. However, the corresponding propagator reduces to the one of a mass-

less particle in the high-energy limit in contrast to the naive one. Hence renormalizability

remains manifest.

The ghost contribution now reads3

Lg = −c̄(∂2 + ξ(gf)2 + ξg(gf)η)c.

Thus the ghosts are massive with the same mass as for the Goldstone field, visible from

the propagator

Dc̄c = − i

k2 − ξ(gf)2 + iǫ

2Some subtleties appear here when not constructing the Landau gauge as a limit ξ → 0. This will be

discussed later.
3Note that a phase transformation mixes real and imaginary parts of a complex field.
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It is this precise relation which guarantees the cancellation of both unphysical degrees of

freedom in any process. Note that even though the group is Abelian the ghosts no longer

decouple in this gauge. Only in the Landau gauge the then massless ghost will decouple.

Thus, all propagators behave as 1/k2 at large k, and hence the theory in this gauge is,

indeed, superficially renormalizable.

5.1.3 Non-Abelian case with hidden symmetry

The non-Abelian case proceeds in much the same way as the Abelian case. Again, there

appears a mixing term

−ig(∂µφi)Aµa(T aijfj),

which depends on the representation of the scalar field as represented by the coupling

matrices T a and the condensate fi, which can be turned in any arbitrary direction in the

internal gauge space by a global gauge transformation. Similar to the Abelian case the

gauge fixing Lagrangian can be written as

Lf = − 1

2ξ
(∂µAaµ + iξgφiT

a
ijfj)

2,

which removes the mixing at tree-level directly. In contrast to the Abelian case the masses

for the Goldstone bosons are now determined by a mass matrix coming from the part

quadratic in the Goldstone field of the gauge-fixing term

1

2
M2

ijφ
iφj = −1

2
g2(T aikf

kf lTalj)φiφj .

As a consequence only the Goldstone bosons belonging to a hidden ’direction’ acquire a

mass. As in the previous case the masses appearing equal the one for the gauge bosons

up to a factor of
√
ξ.

In essentially the same way the ghost part of the Lagrangian is

Lg = −c̄a(∂µDµ
ab − ξg2f iT ija T

jk
b (fk + ηk))c

b.

Similarly to the previous case the ghosts pick up a mass of the same size as for the

Goldstone bosons. Furthermore, again an additional direct interaction with the remaining

(Higgs) boson is present. As in the Abelian case, in the Landau gauge limit both effects

cease and the ghost part takes the same form as in the theory with manifest symmetry.

The appearance of the same mass, up to factors of ξ, for the longitudinal gauge bosons,

the ghosts, and the would-be Goldstone bosons is of central importance for the cancella-

tions of unphysical poles in the S-matrix, and is seen to happen order-by-order in pertur-

bation theory.
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Another interesting feature of the ’t Hooft gauge is that in the limit ξ → ∞ the unitary

gauge condition (3.17) is recovered. This gauge is therefore a limiting case in which the

perturbative physical spectrum becomes manifest while renormalizability at finite orders

of perturbation theory is lost. The first effect can be directly seen from the fact that the

tree-level masses of ghosts and Goldstone bosons then diverge and thus these degrees of

freedom decouple, as a consequence of the Appelquist-Carrazone theorem.

It should be noted that when gauge-fixing the electroweak standard model two gauge-

fixing prescriptions are necessary. One fixes the manifest U(1)-degree of freedom, corre-

sponding to QED. In that case, a standard gauge-fixing prescription like Feynman gauge

with decoupling ghosts is very convenient. The other one fixes the non-Abelian SU(2) part

of the weak interactions.

5.1.4 Gauge-fixing the electroweak standard model

The situation in the electroweak standard model is a bit more involved due to presence of

mixing. To implement the ’t Hooft gauge the gauge-fixing conditions

C± = ∂µW±
µ ∓ iMW ξWφ

± = 0

CZ = ∂µZµ −MZξZχ = 0

CA = ∂µAµ = 0 (5.4)

are chosen. Therefore, there are three independent gauge-fixing parameters ξZ , ξW , and

ξA. It is not necessary to split the ξW parameter further, as particle-antiparticle symmetry

permits the cancellation of all mixing terms immediately by the gauge-fixing Lagrangian

Lf = − 1

2ξA
CA2 − 1

2ξZ
CZ2 − 1

ξW
C+C−.

As a consequence, all mixed contributions vanish.

The corresponding ghost contribution has to determined a little bit carefully. Since

the gauge transformation (4.9) mixes the field, this must be taken into account. Also, the

gauge-fixing condition involve the scalar fields, which also therefore have to be included.

Denoting a general gauge boson as V a
µ with a = A, Z, and ± yields

Lg = −
∫

d4zd4yūa(x)

(

δCa(x)

δV c
ν (z)

δV c
ν

δθb(y)
+
δCa(x)

δφc(z)

δφc(z)

δθb(y)

)

ub(y).

The corresponding ghost Lagrangian for the electroweak standard model then takes the
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lengthy form

Lg = −ū+(∂2 + ξWM
2
W )u+ + ie(∂µū

+)

(

Aµ −
cos θW
sin θW

Zµ

)

u+ (5.5)

−ie(∂µū+)W+
µ

(

uA − cos θW
sin θW

uZ
)

+ ū−(∂2 + ξWM
2
W )u−

−eMW ξW ū
+

(

η + iχ

2 sin θW
u+ − φ+

(

uA − cos2 θW − sin2 θW
2 cos θW sin θW

uZ
))

+ie(∂µū
−)

(

Aµ −
cos θW
sin θW

Zµ

)

u− − ie(∂µū−)W−
µ

(

uA − cos θW
sin θW

uZ
)

+eMW ξW ū
−
(

η − iχ

2 sin θW
u− − φ−

(

uA − cos2 θW − sin2 θW
2 cos θW sin θW

uZ
))

+ūZ(∂2 + ξZM
2
Z)u

Z − ie
cos θW
sin θW

(∂µūZ)(W+
µ u

− −W−
µ u

+)− ūA∂2uA

−eMZξZū
Z

(

ηuZ

2 cos θW sin θW
− φ+u− + φ−u+

2 sin θW

)

+ ie(∂µūA)(W+
µ u

− −W−
µ u

+).

It should be remarked that neither the Abelian ghost uA nor the photon Aµ decouples

from this dynamics, as a consequence of mixing. Furthermore, the masses and couplings

are proportional to the gauge parameters, and will therefore vanish in the case of Landau

gauge. Another particular useful gauge is the ’t Hooft-Feynman gauge in which all ξa = 1.

In this gauge, the vector boson propagator becomes particularly simple

Da
µν(k) =

−gµν
k2 −Ma + iǫ

.

It is therefore in widespread use in perturbative calculations, though other properties may

be more simple in Landau gauge or other gauges.

5.2 Feynman rules

After gauge-fixing, the Feynman rules can be obtained in the usual way. In particular,

they read:

� Draw for the process in question all topological inequivalent diagrams, up to a given

number of each type of vertex, which are both connected (no graph may consists of

separate subgraphs without connection) and 1-particle irreducible (no graph may be

separated in unconnected subgraphs by cutting at most one line).

� Each diagram can be translated into a mathematical expression by the following

rules
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– Follow an external line. For each vertex encountered, write the corresponding

mathematical form of the vertex, with indices connected to the corresponding

lines attached to the vertex. For each line connecting two vertices, write a prop-

agator between the two vertices. Its momentum is determined by momentum

conservation at the vertices. Its indices are joined to the vertex its emerges

from to the vertex where it ends.

– Any loop in the graph will produce by this one momentum which is not exter-

nal. Integrate over this (and divide by appropriate factors of 2π, depending on

convention, here (2π)4 in four dimensions).

– Multiply for each closed loop of fermions with −1.

– Divide by a symmetry factor which counts all equivalent ways of drawing the

diagram.

� Add all the diagrams belonging to a process, and evaluate the expression.

There are two mathematical quantities which are needed for the calculations. These are

the tree-level propagators and the vertices. Given a Lagrangian, these can be calculated

simply by functional derivatives. For the propagator D of fields A, B, including their

indices, this is obtained by

(ΓAB+iǫ)δ(p−q) = (DAB(p)−1+iǫ)δ(p−q) = −i
∫

dydzeipy−iqz
(

δ2

δA(y)δB(z)
i

∫

d4xL
)

α=0

,

where α denotes the set of all fields. The calculation of the vertices is somewhat simpler

as no inversion is included. Thus for three-point vertices the formula is

ΓABC(p, q, k = −p− q)δ(p+ q + k)

= −i
(
∫

dydzdweipy+iqz+ikw
(

δ3

δA(y)δB(z)δC(w)
i

∫

d4xL
)

α=0

)

,

and correspondingly for four-point vertices

ΓABCD(p, q, k, l = −p− q − k)δ(p+ q + k + l)

= −i
(
∫

dydzdwdveipy+iqz+ikw+ivl
(

δ4

δA(y)δB(z)δC(w)δD(v)
i

∫

d4xL
)

α=0

)

.

By explicit calculation, this permits to determine the Feynman rules for the electroweak

standard model. For the explicit versions to be used here, a covariant gauge is chosen for

the QED part, and a ’t Hooft gauge for the weak interaction part.
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5.2.1 Propagators

There are four different ones. The first is the gauge boson V propagator

DV V
µν = − −igµν

k2 −M2
V + iǫ

+
i(1− ξV )kµkν

(k2 −M2
V )(k

2 − ξVM2
V )
,

where MA for the photon is zero, and there are different ξ values for the Abelian and non-

Abelian part. Also, the ξ are different for the W± and Z bosons due to mixing, effectively

giving rise to three ξ values, ξW , ξZ , and ξA. The corresponding masses appearing here

and below can be taken form chapter 4. Note that the color indices are absorbed into the

V index.

The ghost propagator is given by

DḠG =
i

k2 −M2
G + iǫ

.

Note that the mass is given uniquely in terms of the gauge boson mass. This also applies

to the scalar propagator of the Higgs and the would-be Goldstone bosons S

DSS =
iδss

k2 −M2
S + iǫ

,

where of course the mass of the Higgs is independent of the gauge boson masses.

The fermion propagator is given as a Dirac-matrix by

Dffij =
i(γµp

µ +mF )δ
ij

p2 −m2
F + iǫ

,

where the tree-level masses are determined by the Higgs coupling, and the propagator is

diagonal in flavor and charge space.

5.2.2 Vertices

5.2.2.1 Three-point vertices

In the following the short form + and − are used as indices for W± and for the would-be

Goldstone bosons φ±.

The three-gauge-boson vertex is given by

ΓV V Vµνρ (p, q, k) = ieCV V V (gµν(p− q)ρ + gνρ(q − k)µ + gρµ(k − p)ν)

The coupling matrix C here and henceforth absorbs the color indices. It is in this case

totally antisymmetric with non-zero values

CA+− = 1

CZ+− = −cos θW
sin θW

.
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Here, and below, always only non-zero entries for the coupling matrices C will be given.

The symmetry of these coupling constants is determined by the nature of the particles.

For two external bosonic legs a vertex must be totally symmetric when exchanging all

indices of these two legs, and totally antisymmetric for two fermionic legs.

The three-scalar vertex reads

ΓSSS(p, q, k) = ieCSSS

Cηηη = − 2

3 sin θW

M2
H

MW

Cηχχ = Cη+− = − 1

2 sin θW

M2
H

MW

.

The matrix C is symmetric. Its mass dimensions arises since the three-scalar couplings

originate from the four-scalar couplings by replacing one of the scalar fields by its vacuum

expectation value, which is of course only non-zero for an η Higgs field.

The tree-level decay vertex of a gauge boson into two scalars is given by

ΓV SSµ (p, q, k) = ieCV SS(p− q)µ

CZχη = − i

2 cos θW sin θW
CA+− = −1

CZ+− =
cos2 θW − sin2 θW
2 cos θW sin θW

C±∓η = ∓ 1

2 sin θW

C±∓χ = − i

2 sin θW
,

where C is antisymmetric in the two scalar legs. The corresponding tree-level decay of a

scalar into two gauge bosons is given by

ΓSV Vµν (p, q, k) = iegµνC
SV V

CηZZ =
MW

cos2 θW sin θW

Cη+− =
MW

sin θW
C±∓A = −MW

C±∓Z = −MW sin θW
cos θW

,

with C symmetric in the two gauge bosons. The mass dimensions appears as this vertex

comes from the two-gauge-boson-two-scalar vertex upon replacing one external line of η

by its vacuum expectation value.
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The fermion-gauge-boson vertex is given by

ΓV F̄F = ieγµ

(

CV F̄F
L

1− γ5
2

+ CV F̄F
R

1− γ5
2

)

C
Af̄ifj
L = C

Af̄ifj
R = −Qfδij

C
Zf̄ifj
L = − sin θW

cos θW
Qfδij

C
Zf̄ifj
R =

I3Wf − sin2 θWQf

sin θW cos θW
δij

C
+f̄ruif

r
dj

L =
1√

2 sin θW
V r
ij

C
−f̄rdifruj
L =

1√
2 sin θW

V r†
ij

C
+f̄ri f

r
j

R = 0,

which is antisymmetric in the two fermion indices. fu and fd denote here and below

up-type fermions (up-quark-like and neutrinos) and down-type fermions (down-quark-like

and electron-like), respectively. There is also no summations in i and j implied.

The scalar-two-fermion vertex is given by

ΓSF̄F = ie

(

CSF̄F
L

1− γ5
2

+ CSF̄F
R

1− γ5
2

)

C
ηf̄ifj
L = C

ηf̄ifj
R = − 1

2 sin θW

mfi

MW

δij

C
χf̄ifj
L = −Cχf̄ifj

R = − i

sin θW
I3Wf

mfi

MW
δij

C
+f̄ruif

r
dj

L = −mdj

mui
C

+f̄ruif
r
dj

R =
1√

2 sin θW

mui

MW
V r
ij

C
−f̄rdifruj
L = −muj

mdi
C

−f̄rdifruj
R = − 1√

2 sin θW

mdi

MW
V r†
ij ,

with again antisymmetric fermionic indices.

In addition to these, at tree-level, gauge-independent vertices there are the gauge-

dependent vertices with ghost. There are two in case of the ’t Hooft gauge. The first is

the gauge boson ghost vertex

ΓV ḠGµ (p, q, k) = ieqµC
V ḠG

CAc̄±c± = C±c̄Ac∓ = C∓c̄∓cA = ±1

CZc̄±c± = C±c̄Zc∓ = C∓c̄∓cZ = ∓cos θW
sin θW

,

where ±, Z and A correspond to the ghosts used to fix the respective gauge degree of

freedom. Note that there is a ghost associated with the photon field, which is coupling
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due to the mixing with the Z. This also includes the non-interacting Abelian ghost. After

mixing, it can no longer be dismissed. C is again antisymmetric in the fields, but the

momentum-dependence is not trivial, since c̄ and c are independent fields.

In the ’t Hooft gauge there is also a coupling of the scalars to the ghosts given by

ΓSḠG = ieCSḠGξḠ

Cηc̄ZcZ = − MW

2 cos2 θW sin θW

Cηc̄±c± = − MW

2 sin θW

Cχc̄±c± = ∓ iMW

2 sin θW

C±c̄±cA = MW

C±c̄±cZ = −cos2 θW − sin2 θW
2 cos θW sin θW

MW

C±c̄Zc∓ =
MW

2 cos θW sin θW
.

The ξ has to be chosen which is associated with the outgoing anti-ghost. Again, C is

antisymmetric in the ghost fields. The appearance of MW is in this case not by reduction

of a four-point vertex but due to the ’t Hooft gauge condition (3.19).

5.2.2.2 Four-point vertices

The four-gauge-boson vertex is given by

ΓV V V Vµνρσ (p, q, k, l) = ie2CV V V V (2gµνgσρ − gνρgµσ − gρµgνσ).

C is of mixed symmetry in V -space and the only non-zero values are

C+−ZZ = −cos2 θW
sin2 θW

C+−AZ =
cos θW
sin θW

C+−AA = −1

C++−− =
1

sin2 θW
.

It is noteworthy that also the photon, due to the mixing of the Bµ and the W 3
µ undergoes

this type of interaction. C is again antisymmetric.
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The four scalar vertex is simply given by

ΓSSSS(p, q, k, l) = ie2CSSSS

Cηηηη = Cχχχχ = − 3

4 sin2 θW

M2
H

M2
W

Cηηχχ = Cηη+− = Cχχ+− = − 1

4 sin2 θW

M2
H

M2
W

C+−+− = − 1

2 sin2 θW

M2
H

M2
W

.

The matrix C is totally symmetric.

The mixed two-gauge-boson-two-scalar vertex is given by

ΓV V SSµν (p, q, k, l) = ie2gµνC
V V SS

CZZηη = CZZχχ =
1

2 cos2 θW sin2 θW

C+−ηη = C+−χχ = C+−+− =
1

2 sin2 θW
CAA+− = 2

CZA+− = −cos2 θW − sin2 θW
cos θW sin θW

CZZ+− =
(cos θ2W − sin2 θW )2

2 cos2 θW sin2 θW

C±A∓η = − 1

2 sin θW

C±A∓χ = ∓ i

2 sin θW

C±Z∓η = − 1

2 cos θW

C±Z∓χ = ∓ i

2 cos θW
,

where C is symmetric in both pairs of indices.

5.3 Renormalization

5.3.1 Global case

The renormalization of a theory with hidden symmetry can be formulated in terms of

the same theory but with manifest symmetry, i. e., with a potential having its minimum

at zero field value. That this is the case is not surprising from a physical point of view:
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The breaking of the symmetry occurs at a scale of the order of the vacuum expectation

values f . When renormalizing at sufficiently large scales, this scale can be neglected.

This implies that the theory is still renormalizable if the theory with manifest symmetry

is renormalizable. However, for objects at the scale of f , i. e., masses and the vacuum

expectation value, some changes can be expected.

It is much simpler to first investigate this for the case of a global symmetry before the

more complicated case of a gauge symmetry. In the following it will be assumed that the

theory is perturbatively renormalizable. Then, in the absence of anomalous UV-IR mixing

it is sufficient to show renormalizability perturbatively. Including non-perturbative effects

will then only provide at most a finite shift of the renormalization constants. It will be

later on described what possible pitfalls there are.

The obvious possibility appears to just renormalize for an arbitrary value of the mass

µ2 and then perform an analytical continuation from positive mass to negative mass.

However, it turns out that the renormalization process is non-analytic at µ2 = 0. Thus,

this possibility is not available. An alternative is to provide a path from the positive to the

negative mass domain using an auxiliary coupling in form of a linear shift of the relevant

fields at the level of the Lagrangian

Lc = L+ ciφi.

This breaks the symmetry explicitly, if the ci are invariant under the symmetry transfor-

mation. Setting the ci to zero recovers the original theory. Furthermore, it is useful to

introduce the shifted variables which have all zero vacuum expectation value as

ψi = φi − fi.

The corresponding generating functional is then given by

T c[Ji] = eT
c
c [J ] =

1

Z[0]

∫

Dψ exp

(

i

∫

d4x(L(ψi + fi) + (Ji + ci)ψi)

)

=
1

Z[0]

∫

Dφ exp
(

i

∫

d4x(L(φ) + (Ji + ci)(φi − fi))

)

= exp

(

Tc[Ji + ci]− i

∫

d4xcifi − i

∫

d4xJifi

)

,

where use has been made of the fact that the measure is invariant under a translation of

the fields. This generating functional is connected to the original one

T cc [Ji] = Tc[Ji + ci]− i

∫

d4xcifi − i

∫

d4xJifi.
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Note that the second term is equal to Tc[ci], since the value of the field for this source, fi,

would make the Lagrangian vanish: The kinetic term since it is constant, and by definition

it is a minimum at zero of the potential. Due to (3.13), it follows that the first derivatives

of T cc with respect to the sources vanish,

δT cc
iδJi

[0] =
δTc
iδJi

[0 + ci]− 0− i

∫

d4xδ(x− y)fi = 0.

Performing a Legendre transformation yields

iΓc[ψ] = T cc [Ji]− i

∫

d4xJiψi = Tc[Ji + ci]− Tc[ci]− i

∫

d4xJi(ψi + fi)

= iΓ[ψi + fi]− iΓ[fi] + i

∫

d4xciψi (5.6)

ψi =
δT cc [Ji]

iδJi
=
δTc[Ji + ci]

iδJi
− fi.

where the relations (3.11) of the original theory has been used,

ci = − δΓ

δφi
[fi].

For the perturbative expansion it follows that

iΓc[0] = 0

Γci(x) =
δΓc

δψi(x)
[0] = −ci + 0 + ci = 0.

For the higher orders, it is useful to expand around ψi. Since on the right-hand side the

argument is (ψi + fi), the expansion around ψi is of the formal type

Γ[ψ + f ] =
∑

n

(ψ + f)nΓn =
∑

n

ψn
∞
∑

m=0

1

m!
fmΓn+m,

while the expansion of Γc in ψi is of the ordinary type. Comparing then the same orders

of ψi yields for n > 1

Γci1...in(x1, ..., xn) =

∞
∑

m=0

∫

Πm
k=1

(

d4ykfjk
)

Γi1,...,in,j1,...,jm(x1, ..., xn, y1, ..., ym).

Thus, the Green’s functions of the hidden case are completely determined by the ones

with manifest symmetry. However, this connection requires knowledge of all Green’s func-

tions of the manifest case, contracted with the condensate on superfluous external legs,

to determine only one of the hidden case. Thus, this connection is outside of perturba-

tion theory only of limited practical use. Note that it is principle possible to invert this
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relation. For the purpose of demonstrating renormalizability this is, however, very useful.

It also permits, e. g., the proof that the Goldstone theorem in fact holds in each order of

perturbation theory, which is not trivial.

For the purpose of renormalization it is now useful to return to the relation (5.6). The

renormalization of the manifest theory implies that the renormalized vertex functional is

related to the bare one as

ΓR(φi,−µ2, λ) = Γ(φi0,−µ2
0, λ0) = Γ(

√
Zφi,−µ2 − δµ2, Zλλ).

Since if the manifest case is renormalizable, so must be the hidden case by virtue of relation

(5.6). Therefore in the latter case it holds that

ΓcR(ψi,−µ2, λ, ci, fi) = Γc(ψi0,−µ2
0, λi0, ci0, fi0) = Γc

(

Z
1
2ψi,−µ2 − δµ2, Zλλ, Z

− 1
2 ci, Z

1
2fi

)

.

The renormalization of ci follows from the fact that the action must not change under

renormalization. The condensate is just an arbitrary split-off of the field, and must there-

fore renormalize in exactly the same way as the field. This formula turns out to be sufficient

to perform the analytical continuation by the sequence

(µ2 < 0, ci = 0) → (µ2 < 0, ci 6= 0) → (µ2 > 0, ci 6= 0) → (µ2 > 0, ci = 0).

Thus, the theory with hidden symmetry renormalizes in exactly the same way as the one

with manifest symmetry, and only the vacuum expectation value has to be renormalized

additionally.

The quantitative value of the renormalization constants may differ in principle. How-

ever, it can be shown that that only the mass counter-term actually differs. Of course, it is

always allowed to modify nonetheless the renormalization constants by finite parts. They

can be the same as in the manifest version of the theory, but they need not to be so. This

can be of great practical relevance. Also, renormalization schemes can be found in which

also the infinite parts are different. Still, the renormalization of the theory with hidden

symmetry is always possible, if it is possible for the theory with manifest symmetry.

5.3.2 Local case

The procedure to renormalize a gauge theory with hidden symmetry is a direct extension

of the global case. In case of the theory with manifest symmetry the renormalization is

performed as

ΓR(φ,A
µ, g,−µ2, λ, ...) = Γ(φ0, A

µ
0 , g0,−µ2

0, λ0, ...)

= Γ
(

Z
1
2φ, Z

1
2
AA

µ, Zgg,−µ2 − δµ2, Zλλ, ...
)

,
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where the dots denote additional parameters which depend on the gauge, like ghost wave-

function renormalization or renormalization of the gauge parameters. These are renor-

malized for linear gauges, as are used throughout here, such that the gauge-fixing term is

not changing under renormalization, i. e., that the gauge condition is not changed under

renormalization. This actually is a particular choice of renormalization scheme.

As in the global case it is possible to introduce an additional parameters ci which break

the gauge symmetry explicitly. The resulting theory is of course no longer renormalizable,

but non-renormalizable, requiring an infinite number of counter terms. However, it can

still be renormalized formally. As previously the parameters ci can be used to analytically

move through the coupling plane from the theory with manifest symmetry to the one

without, yielding

ΓcR(φ,A
µ, g,−µ2, λ, ci, f i, ...) = Γc(φ0, A

µ
0 , g0,−µ2

0, λ0, c
i
0, f

i
0, ...)

= Γc
(

Z
1
2φ, Z

1
2
AA

µ, Zgg,−µ2 − δµ2, Zλλ, Z
− 1

2 ci, Z
1
2 fi, ...

)

.

Thus, once more the theory without manifest symmetry can be renormalized in the same

way as the one with manifest symmetry. Finite renormalizations can then be performed

afterwards to obtain more useful results, e. g., by shifting the value of fi to the true

minimum of the renormalized potential, etc.. This is particularly useful as it eliminates

tadpoles from the calculations.
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The physical spectrum

Though unitary gauge appears to provide insight into the spectrum by reducing the number

of degrees of freedom by a particular gauge choice, this is not sufficient due to the lack of

manifest renormalizability in this gauge. A more general construction of the state space

is required. This will be done in the following first at the perturbative level, yielding the

(perturbative) physical spectrum. The extension beyond perturbation theory will require

the perturbative case, and will thus be done afterwards.

A possibility to establish the physical state space is by use of the BRST (Becchi-Rouet-

Stora-Tyutin) symmetry, which is a residual symmetry after gauge-fixing. Perturbatively,

it permits to separate physical from unphysical fields. Again, it is useful to first rehearse

the BRST symmetry and its role in case of a manifest gauge symmetry before extending

it to the case with hidden symmetry.

6.1 Physical states, gauge invariance, and perturba-

tion theory

6.1.1 BRST symmetry for manifest gauge symmetries

The starting point for the rehearsal is the gauge-fixed Lagrangian with Nakanishi-Lautrup

fields included

L = −1

4
F a
µνF

µν
a +

ξ

2
baba + baCa −

∫

d4zūa(x)
δCa

δAcν
Dcb
ν u

b(z).

Herein the gauge condition is encoded in the condition Ca = 0. Furthermore, matter fields

are ignored, and therefore the ghost contribution has a rather simple structure compared

to the case in the electroweak theory. These contributions will be reinstantiated later when

discussing the full electroweak theory.

69
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This Lagrangian is invariant under the BRST transformation

δBA
a
µ = λDab

µ u
b = λsAaµ

δBu
a = −λ g

2
fabcubuc = λsua

δBū
a = λba = λsūa

δBb
a = 0 = λsba.

Herein, λ is an infinitesimal Grassmann number, i. e., it anticommutes with the ghost

fields. As a consequence, the BRST transformation s obeys a generalized Leibnitz rule

s(FG) = (sF )G+ (−1)Grassmann parity of FFsG.

The Grassmann parity of an object is 1 if it is Grassmann, i. e. contains an odd number

of Grassmann numbers, and 0 otherwise. An amazing property of the BRST symmetry is

that it is nil-potent, i. e., s2 = 0, which follows by explicit calculation.

Showing the invariance is straightforward for the classical Lagrangian, as the transfor-

mation for the gauge boson is just an ordinary gauge transformation with gauge parameter

λua, which is an ordinary real function. The remainder part is more involved, and requires

to exploit the algebra structure extensively. This will be skipped here.

There is also a more straightforward proof. It holds that the gauge-fixing part of the

Lagrangian can be written as

Lf = s

(

ūa
(

ξ

2
ba + Ca

))

=
ξ

2
baba + baCa + ūa

∫

d4y
δCa

δAbµ(y)
Dbc
µ u

b(y).

Hence, the gauge-fixing part of the Lagrangian is BRST-invariant, since s2 = 0. This can

be generalized to other gauge conditions by adding arbitrary BRST-exact terms s(ūaFa)

to the Lagrangian, leading to the so-called anti-field formalism for gauge-fixing.

The BRST transformation for matter fields also takes the form of a gauge transfor-

mation with the parameter λua, and is also nilpotent. Therefore, all matter Lagrangian

contributions automatically satisfy invariance under a BRST transformation. For a matter

field φ in representation τa it takes the form

δBφ
i = λiguaτaijφ

j . (6.1)

The BRST symmetry can be understood as being a residual gauge transformation, with

on top the possibility of exploiting ambiguities in the introduction of auxiliary fields. This

is relatively evident in local covariant gauges. Since the gauge fixing contains an average
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over different gauge copies, the BRST transformation switches between different copies

over which it averages. The changes of the auxiliary fields make sure to reweight the

contribution of the Faddeev-Popov determinant, i. e. the Jacobian.

6.1.2 Constructing the physical state space for a manifest sym-

metry

The following discussion shows how to explicitly construct the state space using BRST

symmetry. It extends thereby the Gupta-Bleuler construction of QED, and it can be

directly extended to include also matter fields.

The first concept in constructing the physical state space is the presence of states which

have not a positive norm. Choose, e. g., Feynman gauge. The corresponding tree-level

propagator is then given by

〈Aaµ(x)Abν(y)〉 = δabgµν

∫

d4p

(2π)4
eip(x−y)

p2 + iǫ
= −δabgµν

∫

d3p

2(2π)3|~p|e
−ipi(x−y)i .

The norm of a state

Ψ(x) =

∫

d4xf(x)A0(x)|0〉 =
∫

d4xd4p

(2π)4
eip0x0−pixif(p)A0(x)|0〉

created from the vacuum by the operator Aµ with some arbitrary weight function f(x)

then reads

|Ψ|2 =
∫

d4x

∫

d4y〈A0(x)A0(y)〉f †(x)f(x) = −
∫

d3p

2|~p|f
†(p)f(p) < 0.

Hence, there are negative (and zero) norm states present in the state space. This applies

actually already for QED, as the non-Abelian nature was not needed in the argument.

These cannot contribute to the physical state space, or otherwise the probability inter-

pretation of the theory will be lost. Or at least, it must be shown that the time evolution

is only connecting physical, i. e. with positive definite norm, initial states into physical

final states.1

1The precise characterization of what is a final state beyond perturbation theory is open. One possi-

bility is a non-perturbative extension of the construction to follow. Another one characterizes all physical

states by the necessary condition to be invariant under renormalization - after all, physics should be inde-

pendent of the scale at which it is measured. However, whether this condition is sufficient, in particular

beyond perturbation theory, is also not clear. Bound states with non-zero ghost number, e. g., may also

possess this property, though may not be a viable physical state.
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That they indeed do not contribute can be shown using the BRST symmetry. In fact,

it can be shown that

QB|ψ〉phys = 0, (6.2)

[QB, ψ]± = sψ.

will be sufficient to define the physical state space. The ± indicates commutator or

anticommutator, depending on whether ψ is bosonic (commutator) or fermionic (anticom-

mutator). The BRST charge QB can be defined from the Noether current and is given

by

QB =

∫

d3x

(

baDab
0 u

b − ua∂0b
a +

1

2
gfabcubuc∂0ū

a

)

.

It is fermionic. Since s2 = 0 it directly follows that Q2
B = 0 as well.

The BRST charge has evidently a ghost number of 1, i. e., the total number of ghost

fields minus the one of anti-ghosts is 1. This ghost number, similarly to fermion number,

is actually a conserved quantum number of the theory. It is due to the invariance of the

Lagrangian under the scale transformation

ua → eαua

ūa → e−αūa,

with real parameter α. Note that such a scale transformation is possible since ua and ūa

are independent fields. Furthermore for a hermitian Lagrangian the relations

u† = u

ū† = −ū

hold. As a consequence, also the BRST transformation and charge have ghost number 1

and is Hermitian.

Since the Lagrangian is invariant under BRST transformation, so is the Hamiltonian,

and therefore also the time evolution and the S-matrix,

[QB, H ] = 0

[QB, S] = 0.

Hence, if in fact the BRST symmetry is manifest2, and the condition (6.2) defines the

physical subspace, that is already sufficient to show that physical states will only evolve

into physical states. It remains to see what kind of states satisfy (6.2).

2The consequences of a not manifest BRST are far from trivial, and the non-perturbative status of

BRST symmetry is still under discussion, though there is quite some evidence that if it can be defined it

is well defined. But how to define it is not finally settled.
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Because the BRST charge is nilpotent the state space can be separated in three sub-

spaces:

� States which are not annihilated by QB, V2 = {|ψ〉|QB|ψ〉 6= 0}.

� States which are obtained by QB from V2, V0 = {|φ〉||φ〉 = QB|ψ〉, |ψ〉ǫV2}. As a

consequence QBV0 = 0.

� States which are annihilated by QB but do not belong to V0, V1 = {|χ〉|QB|χ〉 =

0, |χ〉 6= QB|ψ〉, ∀|ψ〉ǫV2}.

The states in V2 do not satisfy (6.2), and therefore would not be physical. The union of

the two other states form the physical subspace.

Vp = V0 ∪ V1.

It is this subspace which is invariant under time evolution. It is not trivial to show that

all states in this space have positive semi-definite norm, but this is possible. This will

be skipped here. However, all states in V0 have zero norm, and have no overlap with the

states in V1,

〈φ|φ〉 = 〈φ|QB|ψ〉 = 0

〈φ|χ〉 = 〈ψ|QB|χ〉 = 0.

Since matrix elements are formed in this way the states in V0 do not contribute, and every

state in Vp is thus represented by an equivalence class of states characterized by a distinct

state from V1 to which an arbitrary state from V0 can be added, and thus a ray of states.

Therefore, the physical Hilbert space Hp can be defined as the quotient space

Hp = Vp/V0.

Therefore, all states in Hp have positive norm, provided that the states in V1 have. Such

a structure is also known as the cohomology, in this case of the BRST operator.

To define the theory in the vacuum, use can be made of asymptotic states, in pertur-

bation theory usually known as in and out states. The corresponding physical asymptotic

states ψap must therefore obey

sψap = 0.

In perturbation theory in the class of theories relevant here the asymptotic states are

just the non-interacting ones. Consequently, the BRST transformation of the asymptotic
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states are the BRST transformation of the free fields,

sAaaµ = ∂µu
a (6.3)

suaa = 0 (6.4)

sūaa = baa (6.5)

sbaa = 0, (6.6)

Beyond perturbation theory, this is no longer possible, as cluster decomposition in general

no longer holds in gauge theories. How to proceed beyond perturbation theory is therefore

not completely understood.

From this follows that the longitudinal component of Aµ, since ∂µ gives a direction

parallel to the momentum, is not annihilated by s, nor is the anti-ghost annihilated by

the BRST transformation. They belong therefore to V2. The ghost and the Nakanishi-

Lautrup field are both generated as the results from BRST transformations, and therefore

belong to V0. Since they are generated from states in V2 it is said they form a quartet with

parent states being the longitudinal gluon and the anti-ghost and the daughter states being

the ghost and the Nakanishi-Lautrup field. Therefore, these fields not belonging to the

physical spectrum are said to be removed from the spectrum by the quartet mechanism.

Note that the equation of motion for the field ba makes it equivalent to the divergence of

the gluon field, which can be taken to be a constraint for the time-like gluon. Therefore,

the absence of the Nakanishi-Lautrup field from the physical spectrum implies the absence

of the time-like gluon. Finally, the transverse gluon fields are annihilated by the BRST

transformation but do not appear as daughter states, they are therefore physical. In

general gauges, the second unphysical degree of freedom will be the one constrained by the

gauge-fixing condition to which ba is tied, while the two remaining polarization directions,

whichever they are, will be belonging to V1.

Of course, the gauge bosons cannot be physical, since they are not gauge-invariant.

Therefore, their removal from the spectrum must proceed by another mechanism, which

is therefore necessarily beyond perturbation theory. This will be discussed in section 6.2.

In the unbroken case, the introduction of fermion (or other matter) fields ψ follows

along the same lines. It turns out that all of the components belong to V1 since sψ
aa = 0,

without ψ appearing on any left-hand side, and therefore all matter degrees of freedom

are perturbatively physically.

Similar as for the gauge boson, this cannot be completely correct, and has to change

non-perturbatively. Already a one-loop calculation shows the presence of positivity violat-

ing contributions in the spectral density of the propagators of all these particles considered

physical here. In perturbation theory, it is argued that this does not matter, as asymptot-
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ically the interactions cease, and the propagators are just free ones. As will be seen, this

is not quite correct.

6.1.3 The physical spectrum with hidden symmetry

The BRST transformation for the electroweak standard model can be read off from the

gauge transformations (4.8) and the gauge-fixing conditions (5.4). They read for the fields,

and thus independent of the chosen (sub-)type of gauge,

sAµ = ∂µu
A + ie(W+

µ u
− −W−

µ u
+) → ∂µu

A

sZµ = ∂µu
Z − ie

cos θW
sin θW

(W+
µ u

− −W−
µ u

+) → ∂µu
Z

sW±
µ = ∂µu

± ∓ ie

(

W±
µ

(

uA − cos θW
sin θW

uZ
)

−
(

Aµ −
cos θW
sin θW

Zµ

)

u±
)

→ ∂µu
±

sη =
e

2 sin θW cos θW
χuZ +

ie

2 sin θW
(φ+u− − φ−u+) → 0

sχ = − e

2 sin θW cos θW
(f + η)uZ +

e

2 sin θW
(φ+u− + φ−u+) → −MZu

Z

sφ± = ∓ieφ±
(

uA +
sin2 θW − cos2 θW
2 cos θW sin θW

uZ
)

± ie

2 sin θW
(f + η ± iχ)u± → ±iMWu

±

sfLi± = −ie
(

Qi±u
A +

sin θW
cos θW

(

Qi± ∓ 1

2 sin2 θW

)

uZ
)

fLi± → 0

sfRi± = −ieQi±

(

uA +
sin θW
cos θW

uZ
)

fRi± → 0.

The precise form for the BRST transformations of the auxiliary fields depend on the chosen

gauge, which will be here the ’t Hooft gauge. They read

su± = ± ie

sin θW
u±(uA sin θW − uZ cos θW ) → 0

suZ = −iecos θW
sin θW

u−u+ → 0

suA = ieu−u+ → 0

sūa = ba → ba

sba = 0 → 0,

where the index a on the anti-ghost and the Nakanishi-Lautrup field runs over A, Z, and

±.

The second step gives the asymptotic version of the BRST transformation, which can

be shown, similar to the case with manifest symmetry, to be just the free-field version. It

is then directly possible to read off the state-space structure.
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First of all, the fermions and the Higgs field η are annihilated by s asymptotically, but

do not appear as daughter states. Thus they belong to the physical subspace V1. The

same applies to all transverse degrees of freedom of Zµ, Aµ, W
±
µ . For the photon, the

same structure emerges as previously, making the fields uA, ūA, bA and the longitudinal

component of Aµ a quartet, and thus there are only two transverse degrees of freedom for

the photon.

The situation is a bit different for the would-be Goldstone bosons χ and φ± and the

fields Zµ andW
±
µ . For massive gauge fields, the component along ∂µ, or momentum, is not

the longitudinal component as in the case of a massless field. It yields the scalar compo-

nent, i. e., the one defined as kµkνBν . The transverse ones are given by the two transverse

projectors, and the longitudinal one is the remaining degree of freedom. Hence, in the

asymptotic BRST transformation the scalar component appears, while the longitudinal

one is annihilated, and thus also belongs to V1. The scalar component is not annihilated,

and therefore belongs to V2. Of course, by the equation of motion it is connected to ba.

The latter field forms with the would-be Goldstone bosons and the ghost and anti-ghost

once more a quartet, and all these four fields are therefore not physical.

All in all, the physical degrees of freedom are the fermions, the Higgs, the massive gauge

bosons Zµ, W
±
µ with three degrees of freedom, the massless photon with two degrees of

freedom, and the Higgs field. Therefore, as in unitary gauge, though less obvious, all

three would-be Goldstone bosons do not belong to the physical subspace, as do not the

remaining degrees of freedom of the vector fields. This therefore establishes the physical

spectrum of perturbation theory.

Once more, the situation is different beyond perturbation theory, as none of these

objects are gauge-invariant. None of them can belong to the physical spectrum, and only

their gauge-invariant combinations can. E. g., an electron is (likely) in fact an electron-

Higgs bound state. This is easily seen by calculating the perturbative production cross-

section for the generation of a pair of gauge bosons, which is non-zero, though these objects

can only be observed indirectly.

6.2 Beyond perturbation theory

As has now been repeatedly emphasized, the asymptotic state space can, in principle, not

contain any elementary particles. The reason is that the asymptotic fields cannot be free

fields, since otherwise the state space has changed from a space of gauge-dependent objects

to one of gauge-singlets, and thus a local symmetry would become a global symmetry.

These two spaces are not unitarily equivalent, and therefore this is strictly speaking not
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possible beyond perturbation theory where all results are by construction smooth in the

gauge coupling.

This point can be formalized in the context of axiomatic field theory, and is known as

Haag’s theorem: The state spaces of an interacting theory and a non-interacting theory

are not unitarily equivalent, no matter how weak the coupling. Hence, strictly speaking

perturbation theory expands around the wrong vector space. However, this theorem does

not make any statements about the quantitative size of the non-analytic contributions. It

is thus well possible that they are a negligible effect, thus perturbation theory implicitly

assumes that this is the case, and the dominant contribution comes actually from the

analytic part. At least for the electroweak case, this seems to be true, as perturbation

theory describes exceedingly well observations. But this does not need to be true.

Hence, in the following a correct construction will be provided, and in the end shown

why, and under which conditions, perturbation theory can still give the dominant part of

the answer.

To establish the answer, it is useful to neglect for the moment all non-essential parts.

The remainder is just the weak gauge fields, now yielding degenerate masses for the W±

and Z because of the absence of QED, or more precisely the hypercharge, and the two

Higgs doublets.

6.2.1 Scalar QCD

The first step is to address the situation without the BEH effect. Then the theory is

essentially scalar QCD, i. e. QCD with the fermionic quarks replaced by scalars, and only

two colors. Such a theory is naively expected to behave like QCD, and this is indeed

the case. Thus, then confinement occurs, and the only degrees of freedom observable are

bound states, i. e. the analogue of hadrons.

6.2.2 Elitzur’s theorem

To approach the electroweak sector, the first step is to realize that the electroweak sym-

metry breaking is, as emphasized, only a hiding of the symmetry by a gauge choice, and

the actual gauge symmetry can never be broken. This is known as Elitzur’s theorem.

The argument3 proceeds as follows, and is best seen by first considering a simpler

example. Take as a theory a theory of two-space-time dimension in cylindrical coordinates

3In the original argument of Elitzur is a loophole, as some types of non-analyticities are not considered.

The following is a more modern view which comes to the same conclusion. It is also necessary to generally

do not use in the derivations any sources which are not invariant under the symmetry transformation, as

these would explicit break the symmetry, and therefore potentially make a smooth and analytic approach
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r and θ with the (Euclidean) action S = r2.Then the partition function is given by

Z =

π
∫

−π

d cos θ

∫

rdre−r
2

This partition function has a global symmetry for any rotation θ → θ+ δ. This invariance

manifests in the fact that the expectation value of every even function of θ vanishes.

To break this symmetry would require that there is a particular direction singled out,

i. e. some angle θ0 should be special, as this would break this symmetry. I. e., that for

some vector-valued quantity, which has a direction,

π
∫

−π

d cos θ

∫

rdr(a(~r2)~er + b(~r2)~eθ)e
−r2 6= ~0

where the coefficient functions must be only depending on ~r2, as otherwise the observable

itself would break the symmetry explicitly. However, the whole integral has no possibility

to single out such a preferred direction, as both the integral and the integral measure are

invariant.

Thus, the only possibility would be to modify either the action or the integral measure.

The former would be done by an explicit symmetry breaking term, the other e. g. by a

gauge condition, which singles out a subrange of θ values.

The situation in gauge theories is similar. The vectors ~eθ and ~er correspond to the

gauge fields, and the dependence only on ~r2 is equivalent to being a gauge-invariant object.

Gauge orbits are then given by the variation in θ at fixed r, and gauge transformations

move around this orbit. Gauge-fixing then is the same as restricting the integral on the

angle θ, and therefore making non-vanishing integrals of functions of the unit vectors, and

thus gauge fields, possible.

6.2.3 The Osterwalder-Seiler-Fradkin-Shenker argument

If now the symmetry cannot be broken, the question is what is about the apparent sym-

metry breaking by the vacuum expectation value of the Higgs field. The answer is that

it was actually a gauge condition which gave the Higgs a vacuum expectation value. The

’t Hooft gauge condition (3.19) singles out a particular direction by explicitly introducing

a choice of direction for the vacuum expectation value of the Higgs field. However, this

choice is part of the gauge choice, and any choice of direction would yield an equally valid,

though possibly more cumbersome, result.

of the source to zero impossible.
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Now, rather than fixing a direction once and for all, it is equally possible, just as in the

construction of general linear covariant gauges, to average over all possible such choices.

Then, the result would be that the vacuum expectation values would be the average over

all possible direction, but this is zero, as all directions are equally preferred. Actually,

without fixing this global degree of freedom the same result would be ensuing.

This seems to have drastic consequences, as without vacuum expectation value the

whole construction breaks down, and especially there is no tree-level mass for the gauge

bosons. This is in fact correct, and actually it can be shown that in such a gauge tthe

gauge bosons remain massless to all orders in perturbation theory. But this is not a

consequence of picking somehow a ’wrong’ gauge: All gauge choices, which can be satisfied

by all orbits4 are equally acceptable. Thus, this cannot be a conceptual problem. In fact,

in such gauges the fluctuations of the Higgs field are no longer small enough to justify

perturbation theory, and hence the applicability of perturbation theory rests on the choice

of a suitable gauge. In a more simple diction, this is just the statement that only in

suitable coordinates perturbation theory makes sense. How to deal with the situation

without using perturbation theory is detailed in section 6.3.2.

In this section, the main question is different: Since the non-vanishing of the Higgs

expectation value is apparently only due to the choice of a particular gauge, how it is still

possible to identify the Brout-Englert-Higgs effect?

This question has two layers, which extend the discussion of section 3.2.1 to the case

of gauge symmetries.

The first is how to construct a quantity, which is still identifying the Higgs effect,

even if the direction of the Higgs condensate is not fixed by the gauge choice. If keeping

the analogy of a magnet, then on any single field configuration in the path integral, the

Higgs field will still be aligned. Thus, the relative orientation of the Higgs field would

not be influenced, especially as the different possibilities of direction in the ’t Hooft gauge

condition are connected by a global gauge transformation. Thus, an observable like

〈v2〉 =
〈

∣

∣

∣

∣

∫

ddxφ(x)

∣

∣

∣

∣

2
〉

(6.7)

would have the desired property. Note that a quantity like

〈v2〉 =
〈∫

ddx |φ(x)|2
〉

,

would not work. Though it is non-zero for non-vanishing relative local alignment, it will

actually never vanish, expect when the Higgs field is only in a measure-zero region of

4Or actually by all orbits up to a measure zero set for gauge-invariant observables.
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space non-zero, and vanishes otherwise. However, especially in a scalar-QCD-like phase,

this can hardly be expected, and thus this observable cannot distinguish between a QCD-

like behavior and a BEH-like behavior.

However, in a gauge theory this is not enough. To show that this really distinguishes

between the BEH case and any alternatives, the observable must also be gauge-invariant

under local gauge transformations, and (6.7) is not.

Thus, the question is, whether there is any gauge-invariant possibility to detect the

BEH effect. The answer to this appears to be that it is not the case. However, the rea-

soning, the so-called Osterwalder-Seiler-Fradkin-Shenker argument, is not entirely trivial,

and there is at least one loophole.

The problem is that to answer this question it is necessary to go beyond perturbation

theory, as it was already seen that perturbation theory provides not even for the restricted

case of only differing global gauge choices the correct answer. But calculations beyond

perturbation theory are always more involved, and often require assumptions and/or ap-

proximations.

The probably strongest statement about the situation in the present theory can be

obtained using a so-called lattice discretization, i. e. an approximation where rather than

to consider the ordinary space-time, the situation is considered on a discrete and finite

lattice of space-time points. The original theory is then obtained in the limit of infinite

volume and zero spacing between them. For asymptotically free theories, it can be shown

that there is some neighborhood around infinite volume and zero discretization where the

approach becomes smooth, and thus this is a valid approach to deal with them5. But for

not asymptotically free theories, like it is the case for the present one as will be discussed

in more detail in section 7.2.2, no such statement exists6.

Thus, for the following it is necessary to make the assumption that either the limit

exists and is smooth, or if not, this has no direct implication for the result. The latter is not

too high a hope: Since this only states that it should be valid up to at least some maximum

discretization, which corresponds to some maximum energy, this is the statement that the

results should be true in the sense of a low-energy effective theory.

The steps for the construction will only be outlined, as the technical details are too

involved to present them here, and would require a thorough discussion of a discrete

formulation of the theory.

The first restriction is to work at fixed Higgs length φ†φ = 1. This is actually only a

5Though in practice it is usually impossible to make reliable statements on how large this neighborhood

is.
6Actually, as will be discussed in section 7.2.2, this can be an indication that the theory just does not

exist as an interacting theory without an explicit cutoff, no matter the method.
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technical simplification, and can be dropped. This situation is obtained when sending the

Higgs-self-coupling to infinity.

The next step is to switch to unitary gauge. This is always possible, since unitary

gauge does not require the BEH effect to be active to be well-defined, in contrast to ’t

Hooft gauges7. Since the length of the Higgs field is fixed, there are no Higgs degrees of

freedom left in the action, and the action is classically minimized by a vanishing gauge

field. It is for this fact important that there is a Higgs field and that the Higgs field fully

breaks the gauge symmetry. Otherwise other configurations (instantons and monopoles,

to be discussed later) would minimize the action.

Consider now any gauge-invariant operator8. Since the only gauge-invariant operators

possible are compositions of the terms in the Lagrangian, any such operator can also be

written as composition of such gauge-invariant operators. Thus, the full expectation value

must be equivalent to a path integral over such gauge-invariant operators.

In the next step, expand the exponential in a series in these operators around vanishing

fields, and thus vanishing field-strength tensors. On a finite, discrete lattice, this will

always result in a convergent series.

The series can be merged with the expression for the gauge-invariant operator. Thus,

the result is some series in gauge-invariant operators. Each term of the series is analytic.

On a finite lattice, it can then be shown that this series is, for any gauge-invariant operator,

bounded from above by a geometric series parametrized by the parameters. This is again

only possible because of the additional potential term induced by the Higgs effect, and

thus the presence of one additional parameter. The series is therefore uniformly bounded,

and since every term is analytic, a general mathematical theorem guarantees then that

the whole expression is an analytic function.

Th whole argument fails only if any parameter of the theory either vanishes or diverges.

Thus, on the boundaries of the phase diagram it is still possible to have a phase transition,

7Fixing a gauge is permitted, as only gauge-invariant statements are made, and no approximations are

performed which would break gauge invariance. Thus, the final result is gauge-invariant even though a

gauge has been fixed in an intermediate step. Note that this is only possible if the number of degrees of

freedom of the Higgs is identical, up to the frozen radial mode, to the number of gauge fields. There can be

an additional freedom left in the gauge-fixing, the so-called Gribov-Singer ambiguity. This Gribov-Singer

ambiguity could, in principle, require further gauge-fixing conditions, but they will not affect gauge-

invariant operators, and especially does not modify the minimum, what is the important condition here.

Still, an explicit resolution, though complicated, would be helpful, but is not yet available. In addition,

gauge-fixing defects may occur for points with vanishing Higgs fields. Their role is not entirely settled.
8The aforementioned Gribov-Singer ambiguity is one of the reasons why this proof does not pertain

to gauge-dependent quantities, and they may, and do, change non-analytically in the phase diagram,

providing the perturbative picture of the BEH-QCD separation.
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but there can be no phase transition cutting the phase diagram in separate disconnected

pieces. Thus, the phase diagram is connected, though may have phase transitions with

end-points, and, of course, cross-overs.

It is visible that being on the lattice is important in the argument. It was also important

that all Higgs degrees of freedom could be removed by either freezing or using the unitary

gauge in an intermediate step. If the number of Higgs degrees of freedom is such that

this is not possible, the argument does not hold. Thus, if the gauge symmetry is only

partly broken by the Higgs field, a separation may still exist. Also, if there are surplus

Higgs fields, the minimum structure may be more complicated, and the argument may

not apply. Finally, when adding the remainder of the standard model, the situation is

more involved, especially due to the presence of the fermion fields, and there is no similar

simple argument. Thus, the phase diagram of more complicated theories has not yet been

classified with the same level of rigor.

6.3 Reducing phenomeonlogy to perturbation theory

In the previous subsection the problem arose that the Higgs and W/Z fields are actually

not really gauge-invariant, and in fact the whole BEH mechanism is not. The question thus

arose what is actually measured when seeing peaks associated with electroweak particles

in cross sections, why these peaks have (essentially) the same properties as the elementary

particles, and why the elementary particles drop out of the spectrum, despite the BRST

construction in section 6.1.3.

6.3.1 The failure of the perturbative state space construction

The first step is to understand why the perturbative physical space construction is failing,

thus requiring to find a better one. This can be essentially traced back to two problems.

One is the assumption that the limit of coupling constants to zero, underlying perturbation

theory, is incorrect. This is known as Haag’s theorem. Intuitively, this can be understood

as that when the gauge coupling would vanish, the symmetries of the Higgs become global.

But already the vector space for a theory with local or global symmetry are different.

Thus, the asymptotic states space of perturbation theory cannot be unitarily equivalent

to the interacting one. This also invalidates the physical state space construction, as the

identifications (6.3-6.6) do not hold. As a consequence, the dependency on the (gauge)

coupling constants cannot be analytic.2

The second is that this non-analyticity has consequences. A tacit statement was that

gauge conditions like the ’t Hooft gauge condition can be satisfied by one and only one



Chapter 6. The physical spectrum 83

gauge copy. In perturbation theory, this can be proven to be the case, using analyticity

in the coupling constant. Thus, the proof fails non-perturbatively. The consequence is

the so-called Gribov-Singer ambiguity, which implies that there are multiple solutions.

Especially, it can be shown that the Faddeev-Popov determinant (5.2), which is positive

definite in perturbation theory, can have now either sign. This allows for cancellations,

explaing how obejcts being part of the perturbative state space can no longer be in there

beyond perturbation theory.

Finally, of course, without gauge-fixing the same mechanism as discussed in section

3.2.1.1 takes place: All gauge-dependent observables necessarily vanish without a full

gauge fixing. And with gauge fixing the results for gauge-dependent quantities depend on

the gauge, and are thus unphysical.

At the moment, there is no full non-perturbative construction available, which could

take over the role of the quartet mechanism and BRST symmetry, at least not for the

case of hidden symmetry. This is still under development. However, all of this together is

enough to show that the physical state space can at most contain gauge-invariant states9.

6.3.2 The Fröhlich-Morchio-Strocchi mechanism

As before, it is simpler to first discuss only the case with the Higgs and the gauge bosons

and afterwards continuing to include the remainder of the standard model, which in this

case is actually possible.

The first realization necessary is that to describe physical objects requires operators

which are manifestly gauge-invariant. For a non-Abelian gauge theory, like the one under

discussion, this is only possible in case of composite operators, i. e. operators involving

more than a single field, since any single-field operators are gauge-dependent.

Such gauge-invariant operators can then only be classified in terms of global quantum

numbers, i. e. in the present case spin and parity as well as the custodial structure. Any

open gauge index would yield that the quantity in question would change under a gauge

transformation.

The simplest example of such an operator would be

O0+(x) = φ†
i(x)φi(x),

created from the Higgs field φ and being a scalar and a singlet under the custodial sym-

metry, as well as a gauge-singlet. This operator creates a Higgs and an anti-Higgs at the

9They also need to be renormalization-group and renormalization-scheme invariant. However, these

statements are not particular to the standard model, nor to gauge theories, and will therefore not be

detailed here.
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same space-time point, and therefore corresponds to a bound state of two Higgs particles,

just like a meson in QCD. It is a well-defined physical state, and therefore observable.

So far, this is formally all correct. However, the immediate question appearing is that

the description of the observed Higgs agrees very well with the one obtained in perturbation

theory, and thus the elementary Higgs. But such a bound state, as is seen in QCD, can

have widely different properties from its constituents. Thus, the two views seem to be at

odds with each other.

However, there is a resolution for this apparent paradox, the so-called Fröhlich-Morcchio-

Strocchi (FMS) mechanism. The mechanism itself will actually only be part of the ex-

planation, as it is only a description of how to determine perturbatively the mass of this

state.

To do this, consider the propagator of the composite state of a singlet scalar particle,

〈O0+(y)
†O0+(x)〉 = 〈φ†

j(y)φj(y)φ
†
i(x)φi(x)〉.

As usual, the poles of this correlation function will give the mass of the particle.

As the next step, select a gauge, like the ’t Hooft gauge, in which the vacuum expec-

tation value v of the Higgs field does not vanish, and rewrite φi(x) = vni + ηi(x). Then

perform a formal expansion in the quantum fluctuation field η, yielding to leading order

〈φ†
j(y)φj(y)φ

†
i(x)φi(x)〉 = v4 + v2〈n†

jη
†
j(y)niηi(x)〉+O

(

(ηi
v

)3
)

. (6.8)

Neglecting the higher order contributions, the only pole on the right-hand side is the one of

the propagator of the fluctuation field. Thus, to this order, the masses coincide10, and the

bound state has the same mass as the elementary particle, showing why the perturbative

result provides the correct mass for the observable state. Thus, this justifies why it is

correct to use perturbation theory, and the perturbative spectrum, to obtain the mass of

the Higgs11.

In the same way, it is possible to construct a non-perturbative partner state for the

gauge bosons, using the operator (4.2), to construct

Oa
1−µ(x) = trτaX†DµX, (6.9)

10Beyond leading order in the weak coupling constant the mass of the Higgs becomes scheme-dependent.

It is then necessary to do this comparison in the pole scheme. It is then found that this holds to all orders

in perturbation theory.
11The validity of the expansion, and whether for a given set of parameters, the expansion is actually

valid is a dynamical question, and requires to determine both sides non-perturbatively, or the left-hand-

side by experiment. It works for the ones in the standard model, but by far not for all possible parameter

sets of the theory. E. g, in the QCD-like region, where v vanishes, it is not even defined.2
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which is a custodial triplet vector, and a gives the corresponding index. Using that the

vacuum expectation value is constant, this yields

〈Oa†
1−µ(y)Oa

1−µ(x)〉 ∼ v4g2〈W i
µ(y)W

µ
i (x)〉+O

(η

v

)

(6.10)

and thus the mass of the W and Z are obtained, as well as the correct number of states,

trading a custodial triplet for a gauge triplet. Note that because the masses of the gauge

bosons are both scheme-invariant and gauge-parameter-invariant in perturbation theory

in ’t- Hooft-type gauges, this is actually an even stronger statement than for the Higgs

itself.

It is possible to construct also operators for other quantum numbers, but only these

two channels have a leading non-zero contribution given by one of the elementary fields.

This also implies that in this expansion there are no other bound states than just these

two12. The only states found in these channels are so-called scattering states. These are

collections of other particles, whos quantum numbers and relative momenta add up such

that they produce the corresponding quantum numbers of a channel. They also appear in

(6.8) and (6.10) at higher orders.

This shows why the perturbative predictions provide the correct results. In fact, also

scattering processes are dominated by the higher-order perturbative corrections, if the

ratio η/v is sufficiently small, and in suitable kinematical regimes. Hence, to a very good

approximation a perturbative description of this theory can be sufficient. Given the good

accuracy of the perturbative description of the most recent experimental results, the non-

perturbative corrections for the investigated processes are at most at the percent level, at

least at currently accessible energies.

6.3.3 Adding the rest of the standard model

Adding the remainder of the standard model is possible, but requires a careful distinction

of the various cases.

6.3.3.1 QED and mixing

Adding in hypercharge, and thus ultimately QED, makes the situation somewhat more

involved. One of the reasons is that hypercharge, as an Abelian gauge theory, yields an

observable charge. The observable charged states are obtained by dressing the gauge-

dependent states with a Dirac phase. This structure is recovered for the bound states by

the FMS mechanism.
12Whether this is true beyond leading order is still an open question. Since no formal proof exists, this

requires to perform actual non-perturbative calculations, which is quite non-trivial.
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This works because of the direct product structure of the weak and hypercharge inter-

action, as discussed in section 4.2. The Higgs field transforms like φ → gφ = exp(iα(y))φ

under a hypercharge gauge transformation g(y). However, X does not transform linearly

under a hypercharge transformation, but by X exp(iα(y)τ 3). This will be necessary in

the following. Only because an Abelian gauge symmetry allows for the existence of an

(almost) global U(1) group, the electric charge remains to classify states.

Consider the observable particles. Neither for the physical custodial triplet vector

nor the scalar singlet anything changes, as they are either just linear combinations or

unchanged compared to the previous case. Their operators are always mapped to the

elementaryW± and Higgs. In fact, despite their name, theW± bosons are not even charged

under hypercharge, and thus need no Dirac phase. Just as in the perturbative treatment

their apparent electric charge comes from the interaction with the W 3 component. This

arises from the mixing of W 3 with the hypercharge boson to yield the Z and the photon

A, as discussed in section 4.3.

For this mixing, the situation is more involved, but follows the sames rules as before.

Gauge-invariant equivalent states can be constructed as

OZ = sin θWdO3
1− + cos θWDB ≈ sin θWW

3 + cos θWDB +O(v−1) = Z +O(v−1)(6.11)

OA = sin θWdO3
1− − cos θWDB ≈ sin θWW

3 − cos θWDB +O(v−1) = A +O(v−1)(6.12)

where D is the necessary Dirac projector, and a factor v2 has been absorbed in the relative

normalization ofW 3 and B. It should be noted that both have the same quantum numbers,

i. e. gauge-invariant vectors with no conserved quantum numbers, because O3
1− was the

custodial charge multiplet member with third component zero. The FMS mechanism maps

these operators to the usual elementary ones, the elementary Z boson and the photon γ.

Thus, the corresponding propagators also have the correct pole structure. The basis (6.11-

6.12) represents the mass eigenbasis of this channel.

Moreover, consider the three-point function for the charged W bosons and Photons.

Expanding yields
〈

(

O+

1−3

)

µ

(

O−
1−3

)

ν
(OΓ)ρ

〉

≈ v4
〈

w+
µw

−
ν γρ
〉

+O(v3) (6.13)

= v4
(

sin θW
〈

w+
µw

−
ν w

3
ρ

〉

+ cos θW
〈

w+
µw

−
ν bρ
〉)

+O(v3)

tree−level≈ v4 sin θW
〈

w+
µw

−
ν w

3
ρ

〉

tl
.

The left-hand-side is a combination of three separately gauge-invariant quantities. Each

of them has been expanded separately. This used that the operator (6.9) in the standard

choice X ∼ v1 expands like

trτax†Dµx = v2wbµtrτ
aτ b +O(v) = waµ +O(v).
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Hence, to leading order, the physicalvertex is given by the perturbative W+W−S one. As

in perturbation theory, this vertex comes at tree-level actually from the SU(2) vertex due

to the W+W−W 3 interaction only, combined with a factor of sin θW , thus reproducing

the usual electric charge as coupling constant13. This explicitly shows that the would-

be electric charges of the physical W± are only a mapping of custodial indices to gauge

interactions.

In the same manner also the other vertices arise. Thus, the electromagnetic inter-

action is, up to the level of Higgs fluctuations, not modified when using the observable

particles instead of the elementary degrees of freedom. Thus, in the same sense as at

the perturbative level, the W± are electrically charged, and the two operators (6.11) and

(6.12) are electrically uncharged vector singlets. The spectrum and interactions observed

in experiment is recovered.

The usual singlet scalar, that is the physical Higgs, remains a singlet with respect

to electric charge. It would now be possible to construct a non-singlet, gauge-invariant

scalar operator, e. g. by a combination of a Z and a W±. However, these states expand

to scattering states, and thus yield no additional states in the physical spectrum. In

particular, they do not expand to, e. g., charged Goldstone bosons, as the contribution of

Goldstones vanish in the expansion because they are BRST non-singlets.

6.3.3.2 Flavor symmetries

The situation becomes substantially more involved when introducing fermions. For sim-

plicity, ignore for now the Yukawa couplings as well as hypercharge. Also, consider only a

single generation of left-handed leptons. The rest will be added later.

In the standard model, these leptons are doublets under the weak interactions. There-

fore, these fermions can again not be observable particles, as they depend on the gauge.

Gauge-invariant states can be constructed for the fermion spinor ψ describing these leptons

by a dressing with a Higgs field,

OΨ(y) = (Xǫ)†(y)ψ(y), (6.14)

where ǫ is the antisymmetric tensor of rank two14. This is by construction gauge-invariant,

and remains a (left-handed) fermion. It is important to note that every component of the

13The prefactor v4 seems to deny this possibility at first. However, at leading order in v always the

same combinations of v will appear, and thus a common factor can be absorbed in the renormalization

process. This will only start to play a role when subleading terms in v are included, and relative weights

become important.
14Alternatively either the assignment of the hypercharge values of the fermions can be reversed.
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operator OΨ is a left-handed spinor. Because X† transforms by a left-multiplication under

the custodial symmetry, the state is a custodial doublet. Thus, the weak gauge charge,

which is perturbatively associated with the up/down or lepton/neutrino distinction is

replaced by a custodial charge for the physical states. In fact, the same charge which

distinguishes the physical W± and Z now distinguishes also the components of a physical

fermion. These two custodial charge states are the physically observable fermions, e. g.

the electron and the electron-neutrino.

To identify their connection to the elementary fermions, consider the electron-neutrino

case. Denoting the two fundamental weak states ψ1 and ψ2 by e and ν, the expansion

yields

ONE =

(

N

E

)

= (Xǫ)†

(

ν

e

)

=

(

φ2ν − φ1e

φ∗
1ν + φ∗

2e

)

≈ v

(

ν

e

)

+O(v0) (6.15)

Thus, the usual electron and neutrino appear to leading order as the custodial states.

Likewise, forming the propagator from ONE this implies that the two custodial states

expand to the tree-level propagators of the electron and the neutrino, and therefore have

the same mass as the perturbative electron and neutrino. For this identification it is

absolutely crucial that the Higgs is a scalar particle, as in any other case this would alter

the spin-parity quantum numbers of the fermions. Thus, the perceived flavor symmetry

of left-handed fermions needs to be identified with the custodial symmetry SU(2)c. In

addition, there is a global U(1)l fermion number symmetry, which only affects the fermions.

Thus, at this point there is a global U(2)L ∼SU(2)c×U(1)l symmetry.

An extension to three generations is straightforward, as a generation index would

be just pushed through to the bound state, and pushed back by the expansion. This

gives an SU(3)g additional global symmetry. Note that the total global symmetry is then

SU(3)g×U(2)L.

Return to the one-generation case. So far, there is no way to generate a tree-level

mass for the fermions. This requires the Yukawa interaction. Introduce two right-handed

additional fermions, a right-handed electron and a right-handed neutrino15, not inter-

acting weakly. Without any further distinguishing feature, this implies an additional

U(2)R ∼SU(2)flavor×U(1)number flavor and right-handed counting symmetry. Thus at this

point the global symmetry of the theory is SU(2)c×U(1)l×U(2)R=U(2)L×U(2)R.

Combining the two right-handed leptons in a flavor spinor ΨR, a possibility is a Yukawa

interaction

LY = gY
(

ŌNEΨR − Ψ̄RONE

)

,

with gY the Yukawa coupling. Because this locks the symmetries, this breaks the custodial

15If the neutrino sector is different, this would require corresponding amendments to the construction.
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and flavor symmetries down to a diagonal subgroup U(2)d. This diagonal subgroup can be

identified with the conventional, physical flavor group. This group can be further broken

down to U(1)E×U(1)N , separate counting symmetries of both electrons and neutrinos, by

introducing a matrix Ω, which is not invariant under an SU(2) transformation, as

LY = gY
(

ŌNEΩΨR − Ψ̄RΩ
†ONE

)

. (6.16)

If the matrix Ω is diagonal diag = (gν/gY , ge/gY ), this gives two independent interaction

terms

LY = gν(φ2ν̄L − φ1ēL)NR + ge(φ
∗
1ν̄L + φ∗

2eL)ER + h.c.,

which for X ≈ v1 are nothing but the usual mass terms for the neutrino and the electron

of the standard model. Then, the tree-level propagators obtain their usual mass, and by

virtue of the FMS mechanism so does the propagator of the bound state (6.14). If Ω is

not diagonal, a change of the basis in the fermion fields can make it so, at the expense

of introducing a matrix in the weak interactions, in the same way as the CKM/PMNS

matrices introduce such an effect at the level of generations. Furthermore, in the pres-

ence of multiple generations, intergeneration mixing can be absorbed as usual also in the

CKM/PMNS matrices.

Adding further generations proceeds almost as before. However, so far this upgrades

the right-handed flavor symmetry to an (S)U(6) symmetry, which is then explicitly broken

by the Yukawa terms by selecting individual flavors for the interactions with the three left-

handed generations, in contrast to the generation structure before. The global generation

structure for left-handed fermions and right-handed fermions can therefore still differ. The

same global generation structure for the left-handed and the right-handed symmetry will

be enforced by the hypercharge.

Before proceeding, return to the case of a single left-handed doublet. In section 4.2 it

was pointed out that the hypercharge is actually gauging the custodial symmetry. Thus

the composite state (6.14) would apparently already transform under a hypercharge trans-

formation. Now, in addition the fermions become coupled to the hypercharge, in principle

with an arbitrary value. But actually, this has to happen with the same hypercharge for

both members of the elementary fermion doublet, as it would otherwise break the weak

gauge symmetry. Thus, ψ transforms as ψ → gψ. Because the hypercharge gauge trans-

formation acts like diag(g, g†) on X this yields a total transformation like diag(1, g2) for

the state (6.14). With the usual hypercharge assignment for the elementary fields, g2 is

equal to a transformation with twice the hypercharge value, as it is an Abelian group. This

shows explicitly that the physical Neutrino state is uncharged under the hypercharge, while

the physical Electron is charged, with twice the hypercharge of the elementary electron.
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The actual electric charge is then, as in (6.13), obtained by considering the expansion

of
〈

ŌΨOΨOΓ

〉

. This expands for the various combinations of custodial indices to the usual

tree-level interactions, yielding the correct assignment of the electromagnetic charges to

the various states.

The only thing left is the assignment of hypercharge to the right-handed fermions.

To make (6.16) gauge-invariant enforces the standard assignment of section 4.1, thereby

breaking the right-handed flavor symmetry already down to U(1)3, or SU(3)×U(1)2 for

three generations, as the right-handed neutrino and electron cannot have the same hyper-

charge value. Therefore the breaking pattern for left-handed and right-handed flavor due

to the presence of hypercharge is different, as in one case the custodial symmetry is actually

gauged, while in the other case the assignment of the hypercharges breaks the generation

symmetry explicitly. Still, it leads to the same remaining global symmetry in the left-

handed and the right-handed sector. Note that differing hypercharge assignments to the

differing generations would be compatible with all results. They would merely introduce

a different breaking pattern of the generations, though would prevent the introduction of

intergeneration transitions except for very special relative values of the hypercharges, just

as in perturbation theory.

The quark sector follows exactly the same structure. From the point of view of the

electroweak and Higgs interaction, it is just a copy of the lepton sector, and operates, but

for different values of the couplings, just like three more generations. But it is distinguished

from it by color. Color has no bearing on the FMS mechanism or any of the present results.

However, reversely the change of the meaning of flavor and the global symmetry structure

of the theory have implications for QCD, as will be discussed in the next section 6.3.3.3.

Before this, it should be noted that also the anomaly cancellation to be discussed in

chapter 9 is not altered at all. After all, the anomaly arises from the path integral measure

which involves the elementary fields only. The observable, physical states, and the FMS

expansion acting on it, are merely expectation values. They therefore never interfere with

the mechanism for the intrageneration anomaly cancellation.

6.3.3.3 QCD and hadrons

As noted before, with respect to the electroweak interactions the same applies to quarks

as to leptons. Considering only low-energy QCD, it is possible, because of (6.15), to first

apply the FMS mechanism, to obtain the standard quarks, and then reduce to QCD alone.

This leads to the usual QCD, and nothing changes. Thus, QCD in isolation emerges as a

low-energy effective theory in the same way as in a purely conventional treatment of the

standard model. This is therefore not particularly interesting in the present context.



Chapter 6. The physical spectrum 91

However, this will only be correct as long as it is good to keep just the leading term

of (6.15). As discussed repeatedly, this may only be good for energies below which Higgs

production is not appreciable and/or virtual Higgs corrections are negligible. Since modern

experiments probe well into this region, it is worthwhile to have a closer look at how QCD

operates within the context of the full standard model.

Still, even in the full standard model confinement is operative. In the present subsec-

tion, confinement will be used in the operative sense that quarks and gluons are necessarily

bound inside hadrons in such a way that the hadron is gauge-invariant with respect to

color. There are thus three type of gauge-invariant operators describing hadrons, which

need to be considered in the following.

One are those involving only gluons, the glueballs. Since no other charges are involved,

they work in precisely the same way as in pure QCD. Most importantly, they are always

’flavor’ singlets, and do not carry electric charge.

The second type are operators involving quarks, but with the same quantum numbers

as glueballs. Therefore, they do not carry flavor and/or electric charge. With respect to

the electroweak sector they are therefore uncharged, and thus completely gauge-invariant.

Also for these nothing changes. An example of this is the σ meson, which carries the

quantum numbers of the vacuum,

Oσ = ūLσuL + d̄LσdL + ūRσuR + d̄RσdR (6.17)

where the matrix σ transforms the Weyl spinors from left-handed to right-handed, and

thus acts only in Dirac space to create Lorentz scalars. Thus, this operator is a singlet

for all global symmetries. Another example is the ω meson, which is a vector singlet.

It should be noted that such operators mix with all singlet operators, like the (physical)

Higgs. Fortunately, this mixing seems to be small experimentally, so this subtlety can be

ignored here.

A change happens for the third type of operators, which is any operator not belonging

to either of the two previous classes. Thus, these are all flavor-non-singlet operators from

the perspective of pure QCD. Consider for the moment the one-generation case only, and

ignore both hypercharge and the Yukawa interactions. Then an eight-component spinor

can be constructed as

Ψ =







(Xǫ)†ψL

uR

dR






, (6.18)

where the Weyl spinors are not detailed further.

QCD constructed from theses spinors is invariant under a global symmetry of SU(2)

×SU(2)×U(1), dropping another U(1) due the axial anomaly. The first SU(2) acts only on
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the first two components, the custodial symmetry, and the second one only on the right-

handed flavor symmetry. Since the custodial and right-handed flavor symmetry are not

explicitly broken, the left-handed and right-handed part do not mix under the symmetry

transformation. Thus, this symmetry replaces the usual chiral and flavor symmetry of

QCD. By a change of basis it is possible to reestablish this symmetry, but this has also

impact on the weak gauge boson physical particles, which are charged under the custodial

symmetry.

Consider now a state like a pion, which has the structure

πa = Ψ̄τaγ5Ψ,

where the Dirac representation is chosen for the γ matrices. This operator mixes the

various states, resulting in

π+ = d̄R((Xǫ)
†ψL)

u + ((Xǫ)†ψL)
d
uR (6.19)

π− = ūR((Xǫ)
†ψL)

d + ((Xǫ)†ψL)
u
dR (6.20)

π0 = d̄R((Xǫ)
†ψL)

d + ((Xǫ)†ψL)
d
uR − ūR((Xǫ)

†ψL)
u − ((Xǫ)†ψL)

u
uR, (6.21)

where the indices u and d identify the components of the spinors (Y ǫ)†ψL. The first

remarkable insight is that, in contrast to the σ meson (6.17), such operators always involve

three valence particles, the two quarks and a higgs in form of X . This is necessary

as otherwise the mixing of left-handed particles and right-handed particles to create a

pseudo-scalar would not be possible gauge-invariantly.

Of course, applying the FMS mechanism will reduce (6.19-6.21) immediately to the

usual operators of QCD to leading-order in v, reestablishing the pions as quark-anti-quark

bound states, but multiplied with the Higgs vacuum expectation value. But this is a

statement in a fixed gauge. The genuine gauge-invariant expression inside the standard

model has a valence Higgs besides the valence quarks. This is remarkable for multiple

reasons. One is that the mass defect is actually large. But this also implies that to excite

the Higgs substructure will require a substantial amount of energy, and the corrections at

the sub-leading order are generically small.

Concerning global symmetries, the pions therefore mix already the symmetries, and

the operators (6.19-6.21) are neither custodial nor right-handed flavor eigenstates. If

both would be separately conserved, any pion current would be needed to be decomposed

into the two component currents. But this becomes irrelevant as soon as the Yukawa

couplings are turned on, as both symmetries are then explicitly broken, and can mix

freely. This explicit breaking also translates into the usual explicit breaking of chiral and

flavor symmetry in the stand-alone QCD and/or the FMS expansion to QCD.
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The introduction of hypercharge emphasizes this even more. Because the left-handed

quarks and the right-handed quarks have a different hypercharge just building a Dirac

spinor from them is not possible in a gauge-covariant way. However, by the combination

with the Higgs field in (6.18) having also hypercharge, (6.18) transforms in a gauge-

covariant fashion, and in particular allows the operators (6.19-6.21) to have a well-defined

electric charge. Note that any other relative assignments of hypercharges to the higgs and

the quarks would not create suitably electrically charged hadrons. That this involves also

the Higgs and not just the quarks in stand-alone QCD makes the particular assignments

of hypercharges to the elementary particles of the standard model even more mysterious

than it already is.

All of this becomes much more dramatic for baryons. Because any baryon has an odd

number of quarks, it is impossible to couple left-handed fermions together such that they

form at the same time a gauge-invariant state under the strong and the weak interaction.

Therefore, any baryon involving a left-handed component necessarily involves a valence

Higgs. Moreover, as hadrons are essentially parity eigenstates, any baryon contains such

a left-handed component.

Consider for a moment just a system of left-handed fermions. Then

NL = ǫIJKcijklq
I
i q
J
j q

K
k (Xǫ)

†
ĩl

(6.22)

∆L = ǫIJKqIi q
J
j q

K
k (Xǫ)

†
ĩi
(Xǫ)†

j̃j
(Xǫ)†

k̃k
(6.23)

form two possible three-quark operators, which are gauge-invariant under both the strong

interactions, denoted by capital indices, and the weak interaction. The operator (6.22)

corresponds to cases which have one open custodial index, like the nucleons, while the

operator (6.23) corresponds to cases with three open custodial indices, like the ∆++ and

the ∆−. The matrix c depends on the other properties of the baryon in question. E. g.

for a proton it becomes

cpijkl = a1ǫijδkl + a2ǫikδjl + a3ǫjkδil

while for the ∆++ it suffices to set in (6.23) ĩ = j̃ = k̃ = 1.

Returning to the full theory with both left-handed and right-handed quarks, a nucleon

operator is, e. g., constructed as

N rst = ǫIJKF rst
uvwΨIu

(

ΨT
JvCγ5ΨKw

)

(6.24)

where F acts in custodial/right-handed flavor space and the charge-conjugation matrix

is C = iγ2γ0. The expression in parentheses is a scalar diquark, and as such mixes

left-handed and right-handed components. The fermionic nature is carried entirely by
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the first quark field. To obtain definite parity states requires projection with a parity

operator, essentially (1 ± γ0)/2. Since parity transforms left-handed to right-handed,

a parity eigenstate necessarily contains both left-handed and right-handed components.

Therefore, in the full standard model there is also a Higgs valence contribution in the

nucleon. Actually, because the scalar diquark combines products of left-handed and right-

handed components of the Ψ field, the proton, being a positive parity state, is a mixture

of a state with one and three valence Higgs fields.

It is, of course, possible to write down operators with definite valence Higgs contribu-

tions. However, these are no longer mass eigenstates, and therefore are only of limited

use when considering the low-energy limit of stand-alone QCD. And again, only because

the Higgs is a scalar particle its presence does not alter the quantum numbers of the

hadrons. If it would be, e. g., a pseudoscalar, stand-alone QCD as the low-energy limit of

the standard model would not describe hadron physics correctly.

6.3.4 Describing interactions

So far only static properties have been considered. Most of our knowledge stems, however,

from dynamic processes, especially scattering experiments. This will be discussed in great

detail in chapter 7. However, it is necessary to have a physical picture for it. It is therefore

necessary to develop a description of scattering processes based on gauge-invariance, which

at the same time also explains quantitatively why the conventional perturbation theory to

be used in chapter 7 works so well for the standard model.

Before doing so, it is worthwhile to discuss both how initial and final states operate.

The gauge-invariant operators themselves are just bound-state operators. Thus, scattering

processes which involve these states as initial and final states can be described by the usual

LSZ construction16 for bound states in terms of the corresponding matrix elements, having

the bound states as in and out states. These can be calculated using the FMS mechanism,

as will be shown in the following.

The more interesting question regards the elementary states, and especially, why they

are not suitable in states and out states. Technically, this is not an issue, as the example

of QCD shows, where quarks and gluons are never considered as in and out states. But

there this is linked to confinement. Thus, this leaves only the question of why this should

not occur, or even why the composite states should not decay into the elementary states.

This latter question is probably the best one to discuss the problem.

16See the lecture on quantum field theory.
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Hence, consider a matrix element

〈

O(x)†ϕ(y)ϕ(z)
〉

, (6.25)

where O is a gauge-invariant composite state and the fields ϕ are some of the elementary,

gauge-dependent states. To define suitable asymptotic states, it will be necessary to take

eventually the limit that x, y, and z are sufficiently far separated.

Of course, the final state is not gauge-invariant. But the usual perturbative argument

is that at asymptotically large distances the out states become non-interacting, and thus

only global transformations apply anymore. This violates Haag’s theorem, and the inter-

acting states cannot be made gauge-invariant, as was discussed in section 6.3.1. Thus, the

final state is not gauge-invariant, and is unphysical. This implies especially that cluster

decomposition fails for the elementary states non-perturbatively.

This does not mean that (6.25) is an irrelevant expression. Consider The situation,

where the state described by O can decay into gauge-invariant composite states O′ = φϕ,

which in leading order in the FMS expansion behave as O′ ∼ vϕ. Then

〈O(x)O′(y)O′(z)〉 = v2 〈O(x)ϕ(y)ϕ(z)〉+O(v).

Thus, to leading order in v, the decay can be approximated by (6.25). If the residual,

asymptotic gauge-dependence is sufficiently small compared to the matrix element itself,

this will be a very good approximation. This is the case in the standard model.

It is, of course, possible to expand even (6.25) further, by also expanding O according

to the FMS mechanism. If such a full expansion is performed, this gives an expression

to treat decay processes in this framework. This is the strategy to actually calculate

cross sections and decays using a gauge-invariant starting point and the FMS mechanism.

This will be exemplified in section 6.3.5 . However, the gauge-invariant matrix element

is then approximated by a matrix element entirely from gauge-dependent fields. Such a

gauge-dependent matrix element needs not to follow the usual rules of physical matrix

element. Interestingly, however, in first applications of such calculations it appears that

the unphysical contributions cancel order-by-order in a perturbative expansion. It remains

to be seen, whether this is generally true.

6.3.5 Scattering processes

The simplest example for a scattering process in a gauge-invariant setup will be a lepton

collider, avoiding the complications due to the QCD. The archetypical process is e+e− →
f̄ f , which is at the same time also experimentally reasonably easy to access with high

sensitivity.
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Given the discussion of section 6.3.3.2, the incoming Electron and Positron need to

be considered as higgs-electron/positron bound states. A hand-waving argument why no

effect has been seen so far is that the very massive valence Higgs acts entirely as a spectator

particle, like the non-participating quarks and gluons in a hadron collision. Then the

following picture emerges at leading order. The valence Higgs simple does not participate

in the interaction, and only dresses the initial, the intermediate, and the finial state. The

actual interaction therefore does not differ to this order from the conventional perturbative

picture, and thus should be described to leading order just by ordinary perturbation theory.

Only if the Higgs does no longer act as a spectator this will change.

Since off-shell contributions are suppressed at leading order, the requirement will be

to get the Higgs on-shell. Though due to the renormalization-scheme dependence this is

a non-trivial statement, this will essentially always be some kind of typical electroweak

scale, and in the pole scheme the singlet scalar mass. Since the Higgs-electron-Yukawa

coupling is tiny in comparison to the electroweak coupling or the three-Higgs coupling the

most relevant process will require an interaction involving both Higgs from both bound

states to participate17. This suggests a scale of ∼ 2mh. Hence, even at LEP2 this process

will be strongly suppressed. The Applequist-Carrazone theorem suggests a suppression of

at least s/(4m2
h), which is at the working point of LEP2, the Z mass, at least a suppression

by a factor ten. This seems at first sight not a sufficiently strong suppression to avoid

detection there.

Is is therefore necessary to investigate the process further to see why it is actually even

more suppressed. To do so, it is instructive to follow the principles of the FMS mechanism.

The relevant matrix element is then given by

M =
〈

ONE
2 (p1)ŌNE

2 (p2)Of
i (q1)Ōf

i (q2)
〉

(6.26)

where only the lower custodial component, i. e. the electron component in the sense of

(6.15), is considered in the initial state. The final-state is defined to be of two fermions of

the same type, an exclusive measurement, and therefore the custodial index is not summed

over.

At leading order in v this yields

M ∼ v4
〈

e+e−f̄ f
〉

+O(v2) (6.27)

and thus corroborates the deduction above. In this order the matrix element is just the

ordinary, full matrix element. Expanding this matrix element in perturbation theory

17Or an experiment sensitive on the level of the Higgs-electron-Yukawa coupling.
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further reproduces the conventional result to all orders in the couplings. Thus, there is no

difference at leading order in v.

Including further terms yields

M ≈ v4
〈

e+e−f̄ f
〉

+ v2
〈

η†ηe+e−f̄ f
〉

+
〈

η†ηη†ηe+e−f̄ f
〉

+ rest. (6.28)

Terms with an odd number of fields will have additional particles in the initial or final

state, and will therefore not contribute if an exclusive measurement is done. While, for

the sake of brevity, not all terms are written down and arguments are suppressed, all

relevant structures appear. It is now seen that the further terms are suppressed by two

or four powers in v. Thus, besides the relative suppression of matrix elements from the

Appelquist-Carrazone theorem a suppression of order s/v2 arises, which is at the Z mass

of order ten as well. Both are multiplied, given a total factor 100 of suppression in the

matrix element alone on dimensional grounds. This is now much more in-line with the

order of sensitivity with which the process has been probed.

However, investigating the present terms further yields even more suppression. The

second term in (6.28) adds a pair of Higgs fluctuation fields. Depending on the arguments,

they can form an interaction in the initial or final state, or can add a propagating Higgs.

The last term includes all possibilities where the Higgs can contribute in both, initial and

final state. However, it is even more suppressed, and will therefore be neglected.

To understand what the processes of the second term in (6.28) involve, it is useful to

expand the second term further, keeping only leading interactions

〈

η†ηe+e−f̄ f
〉

≈
〈

η†η
〉 〈

e+e−f̄ f
〉

+
〈

e+e−
〉 〈

η†ηf̄f
〉

+
〈

f̄ f
〉 〈

e+e−η†η
〉

. (6.29)

Thus, there appear three types of corrections to the leading process of (6.27). The first

term adds a correction to the perturbative leading term, which is suppressed by a factor

1/v2 and a non-interacting spectator higgs. Such a contribution will therefore only affect

the process like the presence of a spectator in a hadron collision, and thus is not relevant,

except for the formation of the initial and final state.

The second and third term in (6.29) correspond to an interaction of the initial state or

final state higgs with the corresponding fermions, and the other fermions acting as specta-

tors. The latter two processes therefore correspond to a reaction of the second constituent

of the fermionic bound-state in the initial or final state. At leading order perturbative

corrections can then be calculated just by expanding all appearing correlation functions

to the corresponding order in perturbation theory. Since double-Higgs production has not

been observed at LEP2, the last matrix element will not be relevant, as it is already negli-

gible as a leading effect. So only the one with a Higgs in the initial state could contribute.
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However, at leading-order this matrix-element is in the s-channel proportional to the prod-

uct of the three-Higgs coupling and the Higgs-fermion Yukawa coupling and in t and u

channel to the Higgs-fermion Yukawa coupling squared. Thus, it is negligible compared to

the leading term for anything but the the top. Hence, it will again be irrelevant at LEP2.

These considerations show why no contribution at LEP2 of the bound-state structure

should be expected. While this was a particular investigation, similar considerations will

apply to any other process. And most other processes have not been measured as well

at these energies. Thus, this answers why so far nothing has been seen. All presently

discussed future machines will work at, or substantially above,
√
s = 2mh. Therefore,

no off-shell suppression will arise. Also, double Higgs and/or double top production is

reachable with reasonable sensitivity. Hence, they are the perfect machines to look for

these processes or at least give a reasonable bound on them. To have a theoretical estimate,

one possibility is to evaluate expressions like (6.29), or even (6.28), perturbatively. This

will give a perturbative estimate of the size of the effect. While straightforward, this has

not yet been completed given that the number of involved diagrams, especially when it

comes to six-point functions like in (6.28), is not small even at tree-level. Not to mention

loop-level. This approach misses, of course, part of the bound-state effects in the initial

and final states. Whether these are quantitatively relevant is unknown.



Chapter 7

Phenomenology at tree-level

In this chapter some sample applications of the electroweak standard model will be dis-

cussed. For that, some processes will be investigated which will provide insight into the

salient features of electroweak processes. For this purpose perturbation theory will be

employed, in the sense of neglecting higeher orders in v in the FMS expansion, and thus

keeping only the term yielding conventional perturbation theory, see ection 6.3.5. That

will permit also some technical simplifications, since certain processes are trivially sup-

pressed without any non-perturbative self-amplification effect. In particular, all neutrino

masses will be set to zero, making the mixing matrix V l a unit matrix. This is at least for

the energies that are accessible at Tevatron and was accessible at LEP(2) justified, as the

excellent agreement between ((N)NLO) perturbation theory and the experimental results

demonstrate. Even for the LHC up to and including (at least) run 2, this holds to very

good accuracy.

7.1 Drell-Yan production of W-bosons

The first process is of course the one which caused problems in the case with an interme-

diate vector boson which was not a gauge boson. This will show how the gauge symmetry,

even when not manifest, takes care of the problem, and gives a result which is consistent

with unitarity.

In the present case, it is simpler to investigate the production of W± from electron-

positron scattering as then all intermediate states are massless neutrinos. This is not

making a big difference compared to the case of production by neutrino annihilation oth-

erwise. Furthermore, since the center-of-mass energy for real W± production has to be at

least twice the W mass, the electron mass can be safely neglected. This process is also

actually the one used for the determination of theW massMW experimentally at the LEP

99
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experiments.

To fix the notation, the incoming e± momenta and helicities will be denoted by p± and

σ±, those of the outgoing W± pair by k± and λ±, respectively. It is useful to go into the

center-of-mass frame in which the momenta read

pµ± = (E, 0, 0,±E)T

kµ± = (E,±Eβ sin θ, 0,±Eβ cos θ)T

β =

√

1− M2
W

E2
,

where the momenta of the W± are determined purely by momentum conservation, and

the angle is arbitrarily the one between the positron and the W+.

Very useful in this calculation, and other similar ones, are the Mandelstam variables

s = (p+ + p−)
2 = (k+ + k−)

2 = 4E2

t = (p+ − k+)
2 = (p− − k−)

2 = M2
W − 2E2 + 2E2β cos θ

u = (p+ − k−)
2 = (p− − k+)

2 = M2
W − 2E2 − 2E2β cos θ.

It is furthermore necessary to give the polarization vectors for the W± bosons, i. e., the

solutions for the non-interacting equations of motion for the W± bosons. These are given

in the center of mass system by

ǫ+µ± (k±,−1) =
1√
2
(0,± cos θ,−i,∓ sin θ)

ǫ+µ± (k±,−1) =
1√
2
(0,± cos θ, i,∓ sin θ)

ǫ+µ± (k±, 0) =
E

MW
(β,± sin θ, 0,± cos θ) =

kµ±
MW

− MW

E(1 + β)
(1,−± sin θ, 0,∓ cos θ).

With these two caveats are attached. First of all, since the equations of motion are gauge-

dependent, so are these polarization vectors, valid only in the chosen (’t Hooft) gauge.

Secondly, the helicity for a massive particle is not an independent quantum number, and

therefore the assignment of −1, 1 and 0 is only valid within a given frame. In particular,

the concept of, say, production of helicity + W -bosons is only valid in a fixed frame. The

same process in another frame would in general yield a mixture of all helicities.

In the calculation at hand, the electron is assumed massless, and therefore all lepton

helicities are conserved. Therefore, the helicities of electron and positron, labeled as σ±,

must obey σ− = −σ+. The −-sign denotes left-handed, as is conventional.

In the process as such three subprocesses can interfere. One is ordinary Drell-Yan

production of W± bosons with an intermediate neutrino. The two other possibilities,
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possible due to the non-Abelian nature of the weak interaction and the photon, is that

the electron-positron pair first annihilates into a virtual Z-boson or a photon, which then

decays afterwards into the W± pair. At tree-level, these are the only processes which

contribute. In the first purely weak case parity is maximally violated, and therefore

only left-handed electrons contribute. In the second case, due to Z-photon mixing, both

helicities can contribute.

To keep the notation simple, it is useful to use the abbreviations

M±
t (λ±) = v̄(p+)γµǫ

µ
+γν(k

ν
+ − pν+)γρǫ

ρ
−
1± γ5

2
u(p−)

M±
s (λ±) = v̄(p+)(2γµǫ

µ
+ǫ

ν
−kν+ − 2γµǫ

µ
−ǫ

ν
+kν− − γµ(k

µ
+ − kµ−)ǫ

ν
+ǫν−)

1± γ5
2

u(p−),

and the spinors v and u denote the positron and electron spinor, respectively.

Using these abbreviations, the tree-level (Born) amplitude for the process is given for

an electron of helicity σ, W helicities λ± and as a function of the Mandelstam variables

by

MB(σ, λ±, s, t) =
e2

2t sin2 θW
Mσ

t δσ− +
e2

s
Mσ

s − cos θW
sin θW

gσe
1

s−M2
Z

Mσ
s

=
e2

2 sin2 θW

(

1

t
Mσ

t +
1

s−MZMσ
s

)

δσ− − e2
M2

Z

s(s−M2
Z)
Mσ

s

g+e = − sin θW
cos θW

Qe

g−e =
I3W,e − sin2 θWQe

sin θW cos θW
(7.1)

In the first line, the first term is due to the process with an intermediate (massless)

neutrino, and there the helicity is constrained to be negative. The second is due to the

virtual photon exchange, while the third is due to the virtual Z-boson exchange. In the

next line the contributions from the SU(2) and the U(1) subgroup of the electroweak

interactions have been split, essentially by rearranging the propagators accordingly. This

is not obvious. Nonetheless, the weak contribution is only contributing if the electron is

left-handed. Furthermore, because there is no direct coupling between the SU(2) group and

the U(1) group, except for the mixing, both contributions are separately (perturbatively)

gauge-invariant.

The relation of a matrix element with a corresponding (unpolarized) differential cross-

section for such a two-to-two process is given by

dσB
dΩ

=
β

64π2s

1

4

∑

σ,λ=±
|MB(σ, λ±, s, t)|2.
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Explicitly inserting all expressions and performing the integration over the solid angle

yields for the cross section

σB =
π g4

(4π)2

2 sin4 θW

β

s

((

1 +
2M2

W

s
+

2M4
W

s2

)

1

β
ln

1 + β

1− β
− 5

4

+
M2

Z(1− 2 sin2 θW )

s−M2
Z

(

2
M2

W

s

(

2 +
M2

W

s

)

1

β
ln

1 + β

1− β
− s

12M2
W

− 5

3
− M2

W

s

)

+
M4

Z(1− 4 sin2 θW + 8 sin4 θW )β2

48(s−M2
Z)

2

(

s2

M4
W

+
20s

M2
W

+ 12

))

.

This fairly lengthy expressions exhibits nicely how quickly messed-up even simple calcu-

lations in electroweak physics become. Nonetheless, it is directly obvious that the full

cross-section now decreases as 1/s, and thus 1/E2 for large s. Since the helicity sum is

a sum of squares this behavior therefore bounds all partial cross-sections, including the

originally offending one for two longitudinal W bosons in the final state. Therefore, de-

spite the appearance of apparently massive vector bosons, the cross-sections are now in

accordance once more with unitarity, due to the underlying hidden gauge theory.

It is interesting to investigate how this mechanism works in detail. At energies much

larger than all the masses, the tensor structures are

M±
t = − t

M2
W

v̄(p+)γµk
µ
+

1± γ5
2

u(p−)

M±
s =

s

M2
W

v̄(p+)γµk
µ
+

1± γ5
2

u(p−) = −s
t
M±

t .

The appearing absolute squares can then be evaluated as
∣

∣

∣

∣

v̄(p+)γµk
µ
+

1± γ5
2

u(p−)

∣

∣

∣

∣

2

= tr

(

γµp
µ
+γνk

ν
+

1± γ5
2

γρp
ρ
−γσk

σ
+

1± γ5
2

)

=
s2

4
β2 sin2 θ.

Here, it has been used that spinors solving the massless Dirac equations

γµp
µu(p) = 0,

are given simply by u(p) ∼ √
γµpµ, since p

2 = 0 for massless particles. Then, by hermi-

tian conjugation, there appears a vv̄ and by cyclicity of the trace uū, yielding the given

expression. As a consequence,

v̄(p+)γµk
µ
+

1± γ5
2

u(p−) =
s

2
βeiφ sin θ.
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The phase depends on the conventions for the γ matrices and spinors. Cross-sections are

not affected by the choice, and therefore it will be set to zero. As a consequence

Mσ
t = − st

2M2
W

sin θ,

since β now approaches 1. The cross-section just of the direct production diagram is

therefore in the high-energy limit

dσWB
dΩ

=
e2

256π2

s

16 sin4 θWM
4
W

sin2 θ,

and thus it alone would once more grow with s, and thus E2, just as discussed for the

intermediate vector boson version of the theory, violating unitarity. Only the interference

with the contributions with virtual Z and photon exchange modify this, yielding the well-

behaved
dσB
dΩ

=
e2

256π2

1 + sin4 θW
16s sin4 θW cos4 θW

sin2 θ,

in agreement with unitarity. Of course, in this argument there is some cheating: The

direct production process is no longer gauge invariant. However, it should illustrate the

point how the interplay of the gauge degrees of freedom makes it possible that unitarity

is possible despite the appearance of massive spin-one bosons.

For a practical application of this calculation it would be necessary to take into account

that the W bosons are not stable, their width is of the order of GeV. Therefore, they will

decay and are not directly measurable1. Usually, in experiment they will be tagged by their

decay into four fermion final states. Therefore, for comparison to experiment, it would be

necessary to determine the cross section for a two-to-four fermion process, including all

other possible intermediate states, which is already to lowest order a formidable task.

7.2 Properties of the Higgs

The most interesting, arguably mysterious, and most annoying, particle in the electroweak

sector of the standard model is the Higgs particle. Interesting, as it is elusive, though

wielding great influence in everything by generating the mass. Mysterious, since it is not

yet clear how it wields this influence, though we seem to be rather able to describe it. And

annoying because it is so elusive, and because there is absolutely no reason why it should

1In fact, gauge symmetry requires these gauge-dependent objects to be unobservable anyway, even if

they would be stable, as discussed in section 6.2. However, their decay occurs so quickly that this subtlety

can be usually neglected.
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have the properties it seems to have, yielding the so-called hierarchy problem: Quantum

corrections would naively drive the Higgs mass to be very large, of the order of the validity

of the standard model, since no mechanism exists protecting it from not being so large.

That is one of the reasons why so much work is invested in finding an alternative to the

Higgs particle.

To further understand these problems, and someday their eventual resolution, here a

number of properties of the Higgs particle are investigated.

7.2.1 Limits of perturbative considerations

In the following a number of issues using perturbation theory will be discussed2. For this

discussion to apply, it is necessary to consider to which extent perturbation theory can

be applied. In particular, most important is the question from which Higgs mass on a

perturbative description will eventually break down.

The most primitive limit is given by the condition that a perturbative expansion in

the four-Higgs coupling is still possible. As seen frequently, this coupling can be written

in terms of the vacuum expectation value and the (now not fixed) mass of the Higgs,

gH
4

=
3e2M2

H

4M2
W sin2 θW

=
3M2

H

2f 2
.

Solving for the Higgs mass yields for the naive constraint gH
4
/(4π) < 1

MH .

√

8π

3
f ≈ 700GeV,

as a first shot at the upper limit for the applicability of perturbation theory. Similarly, a

leading-order renormalization group analysis yields the running of the quartic self-coupling

defined as λ = 2M2
H/f

2

dλ

d logµ2
=

3

8π2

(

λ2 + λ
2m2

t

f 2
− 4m4

t

f 4

)

+O(e2) +O(g2f 6=t).

Solving this equation yields a running

λ(µ2) =
1

2





√
5
2m2

t

f 2
tanh

8
√
5π2 2m

2
t

f2
ΛEW − 3

√
5
2m2

t

f2
µ2 − 2m2

t

f2

16π2



 .

At fixed mt, f , and a typical electroweak scale ΛEW , this equation has, due to the bound-

edness of the tanh no solution if the mass of the Higgs exceeds a certain limit. Therefore,

2These arise on top of those issues from section ??, and exist already within perturbation theory.
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a Landau pole arises, when the equation is resolved for the Higgs mass, and perturba-

tion theory breaks down as well. This limit turns out to be of the same order as the

previous one, i. e., roughly of order 1 TeV. There are other processes which have been

investigated, all coming to similar results, including non-perturbative approximate lattice

studies. Therefore, perturbation theory will only be useful if the mass of the Higgs remains

below roughly 1 TeV. The actual value of 125 GeV is actually comfortably below this, and

therefore perturbation theory is quite well applicable.

An entirely different problem is actually the lowest mass possible for the Higgs. Though

naively at tree-level (in unitary or ’t Hooft gauges) every mass of the Higgs is possible

while retaining perturbative values for all couplings, this must not remain the case beyond

tree-level. Quantum corrections can add a strictly positive term to the Higgs mass, with

a value depending on the remainder of the theory. Thus, there can be an actual lower

bound to the Higgs mass, depending on the remainder of the theory.

This is what actually happens in the standard model. The actual quantitative value

is not entirely trivial to determine, and is strongly influenced by the ultraviolet part of

the theory. Especially, the scale at which new physics processes are assumed to play a

role enters these calculations. The consequence is that a quantitative precise lower bound

is hard to set. However, most results end up with values rather close to the actual mass

of the Higgs. Trying to lower this limit in the standard model would only be possible at

either the expense of making the agreement with other observables worse, or by forcing the

theory into an unstable regime, or by lowering the scale of new physics substantially below

the Planck scale, even close to the electroweak scale. Especially the last point makes this

problem, also known as the vacuum stability problem, a topic of very intense discussion.

This problem is not an artifact of perturbation theory, and seems to remain even in

fully non-perturbative calculations. However, at the non-perturbative level, the vacuum

remains stable, and only a lowering of the Higgs mass is not possible.

In addition, the Higgs mass turns out beyond leading order to be very sensitive to the

parameters of the theory. Thus, setting its mass requires much more fine-tuning than for

any other parameter of the standard model. This is due to it scalar nature. There is no

motivation for this in the standard model, and therefore this is known as the naturalness

problem. As the sensitivity is measured by the ratio of the scale of new physics to the

electroweak scale, this is also known as the hierarchy problem.

7.2.2 The triviality problem

As it turns out, there is one more problem with the Higgs sector, the so-called triviality

problem.
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A theory is considered to be trivial, if the quantum theory is non-interacting while its

classical counter-part is. There are several reasons for this to occur, but it mainly surfaces

in the form that the only consistent way to remove ultraviolet divergences is by setting

all interactions to zero, and at most permit for a shift of the mass and a non-trivial wave-

function renormalization. Thus, the quantum theory would be non-interacting. Testing

for triviality is complicated, as it requires to also include non-perturbative corrections.

However, trivial theories usual show a Landau pole in perturbative calculations. However,

the reverse is not true, as QCD explicitly demonstrates.

Though there is no full proof of triviality in any theory, there are several theories where

varying amount of evidence exist that they are trivial.

The theory for which the evidence is most compelling is φ4-theory, i. e. the ungauged

Higgs sector of the standard model. Here, little doubt remains that there is no interacting

quantum theory, if non-perturbative corrections are taken into account, although except

for the Landau pole perturbation theory is working rather well. The Landau pole plays

for perturbation theory the role of an upper limit of the theory. This also shows another

feature of trivial theories: As long as an explicit cutoff remains, which then becomes a

parameter of the theory, the theory remains still valid as a low-energy effective theory.

But also for the gauged version of the theory some evidence exist that it may still be

trivial. It certainly has, as noted above, a Landau pole. This then shows the possibility

that the standard model is also trivial. This is amplified by indications that QED, as a

stand-alone theory, is under the suspicion to be trivial as well. Hence, the possibility that

the full standard model is trivial is a very real possibility. However, since it is anyhow clear,

at the very least by the absence of gravity, that the standard model is at most a low-energy

effective theory, this is not a fundamental problem, but rather an inconvenience.

One unsettling common feature of these theories is that they all have one, or more,

ultraviolet Landau poles, while no case is known where a theory without such a feature

exhibits triviality. Conversely, theories without ultraviolet Landau poles seem not to be

trivial. There have been two major avenues how to deal with this.

One is to require theories to show no ultraviolet Landau poles perturbatively to be

non-trivial. This argument assumes that there is a one-to-one relation between both

features. Then, only theories which show no Landau poles, including especially, but not

only, asymptotically free theories, would appear as possible ultraviolet extensions of the

standard model. This also includes the possibility that the embedding of a trivial theory

in some other theory can make it once more non-trivial.

The alternative is that this is not a one-to-one relation, and theories showing perturba-

tively Landau poles can still be well-defined theories, so-called asymptotically safe theories.
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However, this implies that a sickness of perturbation theory is cured non-perturbatively,

and the theory would thus only non-perturbatively be well-defined3. Such theories are

called asymptotically safe theories. Note that this does not prevent perturbation theory

to capture the quantitatively most relevant part far away from the Landau pole, like this

is also the case in the standard model. Whether the gauged Higgs theory, or the full

standard model, are asymptotically safe is currently under debate, and not yet settled.

7.2.3 Higgs production

That said, and perturbation theory assumed to be further valid, the question is how

to effectively produce Higgs bosons to study them. The coupling of the Higgs boson

is essentially proportional to the mass of the particle to which it couples. The most

efficient process would therefore be by top-antitop annihilation and the production of a

Higgs boson. However, the availability of top quarks makes this rather inefficient at tree-

level4. Another useful possibility is the Higgs-strahlung or Bjorken process. In this case,

a fermion-antifermion pair annihilates into a Z boson, which then emits a Higgs boson

before itself decays into other particles.

Ignoring this decay and using an experimentally readily available electron-positron pair

for the parents, this process can be evaluated at tree-level. Neglecting the electron mass,

there is no interference with other possibilities, like a Z emission after the annihilation of

the fermions into a Higgs. The process is therefore

e+(p+, σ+) + e−(p−, σ−) → Z(kZ , λ) +H(kH)

pµ± = (E, 0, 0,±E)T

kZ,H = E

(

1± M2
Z −M2

H

s
,±β sin θ, 0,± cos θ

)

β =
1

s

√

(s− (MZ +MH)2)(s− (MH −MZ)2),

using essentially the same conventions as in the Drell-Yan production of W -bosons, but

adapted to the different masses. The angle θ is the one between the positron and the Z

boson. Because the masses of the Z and the Higgs are different, the polarization vectors

are different then for the center-of-mass system for the W boson, since there is now an

3Strictly speaking, this is anyhow true for all theories.
4At loop level in a hadronic environment two gluons can fuse to a top-antitop-pair, which then fuse

into a Higgs. This gluon fusion is actually at the LHC the dominant process, but still not a tree-level

process, as the tops form necessarily a closed loop in terms of Feynman diagrams.
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asymmetry. They are given by

ǫµ∗± =
1√
2
(0, cos θ,∓i,− sin θ)

ǫµ∗0 =
E

MZ

(

β,
s+M2

Z −M2
H

s
sin θ, 0,

s+M2
Z −M2

H

s
cos θ

)

.

It is then straightforward to assemble the single tree-level amplitude as

MB (σ = ±, λ) = eg±e
MZ

sin θW cos θW

1

s−M2
Z

v̄(p+)γµǫ
µ∗
λ

1± γ5
2

u(p−).

Squaring this amplitude, summing, and multiplying appropriate phase-space factors yield

the unpolarized partial cross section

dσB
dΩ

=
e2

128π2

βM2
Z

(s−M2
Z)

2

g+2
e + g−2

e

sin2 θW cos2 θW

(

1 + cos2 θ +

(

sβ2

4M2
Z

+ 1

)

sin θ

)

.

The first two terms come from the transverse polarized Z bosons, while the last term is due

to the longitudinal Z boson, and the contributions due to g±e are due to the corresponding

lepton helicities. A factor of one-half was applied to account for the averaging over the

lepton helicities. The pole in the cross section due to the Z resonance is directly visible,

though it is of course not a singularity anymore as soon as the width of the Z is taken

duly into account. Furthermore, the cross section for the production of transverse Zs

drops like 1/s2, while the one for longitudinally polarized ones as 1/s for large energies.

The corresponding total cross section reads

σ =
e2

16π

βM2
Z

(s−M2
Z)

2

g+2
e + g−2

e

sin2 θW cos2 θW

(

2 +
sβ2

6M2
Z

)

.

Reexpressing the parameters in terms of the Higgs mass, it turns out that the cross-section

drops with increasing Higgs mass, i. e., in this channel a Higgs is less and less detectable

the heavier it becomes. At large energies, it becomes dominated by the process in which

the initial lepton pair transforms under the emission of a neutrino pair into two W which

then fuse into a Higgs. Because the Z is less strongly coupled than theW , the contribution

of Z fusion in this channel is almost negligible at these energies.

7.2.4 Higgs decays

The simplest decays are just given by the tree-level diagrams. Calculating the correspond-

ing cross-section for a decay into a fermion and an antifermion, necessarily of the same

type at tree-level, with total mass below the Higgs mass yields

Γ(H → f̄ f) =
e2

128π2 sin2 θW
MHN

f
C

m2
f

M2
W

(

1−
4m2

f

M2
H

)

3
2

,
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where Nf
c = 3 for quarks and 1 for leptons. If the Higgs mass becomes sufficiently large,

it can decay into two W and Z bosons, one of them due to the kinematics virtual and

therefore further decaying into other particles. The respective widths are given by

Γ(H →WW ) =
e2

256π2 sin2 θW

M3
H

M2
W

(

1− 4M2
W

M2
H

)
1
2
(

1− 4M2
W

M2
H

+ 12
M4

W

M4
H

)

Γ(H → ZZ) =
e2

512π2 sin2 θW

M3
H

M2
W

(

1− 4M2
Z

M2
H

)
1
2
(

1− 4M2
Z

M2
H

+ 12
M4

Z

M4
H

)

.

These contributions are larger, due to the correction factors, than the one for the fermions,

dominating even the decay into t̄t at larger energies. At intermediate energies, loop pro-

cesses for the decay of the Higgs into photons and gluons are also contributing. However,

at energies significantly above the electroweak scale the decay is dominated by the one

into W and Z and is approximately given by

Γ(H →WW/ZZ) =
3e2

512 sin2 θW

M3
H

M2
W

.

Resolving for the Higgs mass yields that its tree-level width in these two channels becomes

larger than its mass for a Higgs above 1.4 TeV. However, at such a mass the use of tree-

level perturbation theory is anyhow inadequate, and therefore this is of minor concern.

For a Higgs mass between 100 and 200 GeV the decay width is not larger than a few GeV,

and the Higgs is as well defined as a particle as are the W and Z bosons. In fact, for the

actual Higgs mass, the total width of the Higgs is still below the experimental resolution,

and thus not yet experimentally confirmed. In fact, it is theoretically predicted to be of

the order of about 5-6 MeV.

7.3 Flavor physics

A particular important branch of modern electroweak physics has become flavor physics.

It is centered around the flavor-violating decays of quarks. For leptons they are too rare

to be (yet) experimentally accessible, except in the form of neutrino oscillations. For all

but the top quark this occurs due to confinement in terms of a flavor-violating decay of

a hadron, in experiment usually a meson. Thus, there are two intrinsic possibilities for

flavor changes: A flavor-violating decay of a particle or an oscillation. Both will be treated

in turn.

7.3.1 Decays

7.3.2 Oscillation
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Radiative corrections

Beyond tree-level the processes which have been discussed so far receive radiative correc-

tions, due to loop-diagrams. It is then necessary to consistently renormalize the theory.

A consequence of radiative corrections is also the hierarchy problem.

To be able to determine radiative corrections, it is necessary to perform the renor-

malization first. This will be done in the first step before turning to actually calculate

radiative corrections.

8.1 Renormalization

8.1.1 Renormalization scheme

An assumption which pertains all of the following is that the theory can be renormalized

multiplicatively. This has been proven to all orders of perturbation theory for the ’t

Hooft gauge, though a non-perturbative proof is still lacking. Of course, there are gauges

which are not renormalizable at all, like the unitary gauge, or just not multiplicatively

renormalizable, as Coulomb gauge. In the following, all calculations will be performed in

the ’t Hooft gauge, supplemented by a covariant gauge for the photon.

The basic setup is the introduction of the renormalization conditions. First of all,

it will be required that all additive mass renormalizations just shift the masses to their

measured values,

M2
W0 = M2

W + δM2
W

W 2
Z0 = M2

Z + δM2
Z

M2
H0 = M2

H + δM2
H

mfi0 = mfi + δmfi.

110
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Of course, the masses of the bosons are in fact determined by the Higgs condensate and

the coupling constants. Therefore, these are not independent counter terms in general.

Here, however, the renormalization of the weak gauge coupling and the Higgs four-point

coupling has been traded in for renormalization of the weak gauge boson masses. The

Weinberg angle is, in principle, not renormalized in this scheme, as it is fixed by definition

as

sin2 θW = 1− M2
W

M2
Z

. (8.1)

However, it is often convenient to also formally renormalize the Weinberg angle. These

renormalization constants are then, due to the relation (8.1) given in terms of the renor-

malization constants for the masses.

In particular, the Higgs vacuum expectation value will be renormalized such that the

Higgs tadpoles t obtain a prescribed value by the condition

t0 = t+ δt.

If and how these quantities are related will be discussed whenever this is actually necessary.

Furthermore, of course, the entries of the CKM matrices and the coupling constant are

renormalized

Vij0 = Vij + δVij

e = e + δe = Zee = (1 + δZe)e,

where in the last line the generic way of defining the associated renormalization constants

Zi is shown. The renormalization of the second coupling constant is effectively performed

by the renormalization of the Z mass. The same applies again to the Weinberg angle,

which can be fixed by renormalizing the W mass.

The wave-function renormalizations are defined as

W±
0 = Z

1
2
WW

± =

(

1 +
1

2
δZW

)

W±

η0 = Z
1
2
η η =

(

1 +
1

2
δZη

)

η

χ0 = Z
1
2
χχ =

(

1 +
1

2
δZχ

)

χ

φ±
0 = Z

1
2

φ φ
± =

(

1 +
1

2
δZφ

)

φ±

u±0 = Z̃±u
± = (1 + δZ̃±)u

±,

in which also the unphysical fields have been included. The situation is a bit more com-

plicated for the photon and the Z boson fields (and thus their ghosts) as well as for the
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fermions, as these are mixed already at tree-level. Hence, the corresponding renormaliza-

tion constants are matrix-valued
(

Z0

A0

)

=

(

Z
1
2
ZZ Z

1
2
ZA

Z
1
2
AZ Z

1
2
AA

)(

Z

A

)

=

(

1 + 1
2
δZZZ

1
2
δZZA

1
2
δZAZ 1 + 1

2
δZAA

)(

Z

A

)

(

uZ0
uA0

)

=

(

Z̃ZZ Z̃ZA

Z̃AZ Z̃AA

)(

uZ

uA

)

=

(

1 + δZ̃ZZ δZ̃ZA

δZAZ 1 + δZ̃AA

)(

uZ

uA

)

fLi0 =
√

ZfL
ij f

L
j =

(

δij +
1

2
δZfL

ij

)

fLj

fRi0 =
√

ZfR
ij f

R
j =

(

δij +
1

2
δZfR

ij

)

fRj .

Of course, the number of independent renormalization constants is not larger than for the

unmixed fields, and the off-diagonal renormalization constants will be given in terms of

the independent renormalization constants.

Furthermore, the gauge-fixing parameters renormalize. Though the parameters inside

the gauge choice (3.19) and the parameter with which to average over different gauge

choices in (5.3) are chosen to be the same, this will in general not continue to be so

beyond tree-level. This can be counter-effected by making the renormalization choice that

their renormalized values are still coinciding, but this requires independent renormalization

constants for both parameters. Signifying the one in (3.19) by ξ and the one in (5.3) by

ξ′ this leads to

ξ
(′)
0W = Z

ξ
(′)
W

ξ
(′)
W

ξ
(′)
0Z = Z

ξ
(′)
Z

ξ
(′)
Z

ξ0A = ZξAξA,

and which is not applying to the photon gauge choice, of course. A favorable consequence

of making this renormalization choice is that the diagonality in field-space of the prop-

agators of the would-be Goldstone bosons and the gauge bosons is retained, as well as

that their tree-level perturbative propagator poles continue to coincide. This makes many

calculations much simpler.

Note that the renormalization constants for further three- or four-point vertices are

not independent. By virtue of the Slavnov-Taylor identities they can be tied to the ones of

the coupling constants. However, they will not be needed in the following, and therefore

their explicit expressions will not be given.

Inserting these renormalized quantities, the Lagrangian L0 can be split into the con-

tributions containing the counter terms δZ, the counter-term Lagrangian Lc, and those
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containing the renormalized fields L,

L0 = L+ Lc,

making the counter-term structure explicit. In the following only one-loop corrections

will be investigated, permitting to drop all contributions of order O(δZ2), and higher. In

multi-loop calculations, this is no longer possible, leading to a rather involved structure of

Lc, even longer than the one of L.

8.1.2 Renormalization conditions

After fixing this renormalization scheme, it remains to fix the renormalization conditions.

The formulation of the renormalization conditions is most conveniently done by expressions

involving the renormalized correlation functions ΓR. To make contact to the counter-terms,

it is necessary to determine how these enter the renormalized correlation functions.

The renormalization conditions can be split into three classes. The renormalization

of the physical parameters, like masses and coupling constants, directly enter the deter-

mination of matrix elements. Their calculation can be simplified by choosing the second

class, the wave-function renormalization constants, appropriately. Finally, the choice for

the renormalization constants of the unphysical fields is important for checking the con-

sistency of the calculations by usage of the Ward-Takahashi/Slavnov-Taylor identities, or

using them to further simplify the calculations.

A first convenient choice is to select δt such that the renormalized one-point Green’s

function of the Higgs field vanishes, i. e., imposing

ΓηR = 〈η〉R = Γη + δt = 0.

As a consequence, all such tadpole graphs vanish, and need not to be taken into account. If

this choice would not be made, in the following discussion additional terms would appear

whenever the expectation value of the Higgs field would be relevant.

Conditions for the wave-function renormalization and mass renormalization can be

obtained from the two-point functions. A sufficient condition is to required that the pole

of the propagators, the inverse two-point function, occurs at the physical mass, and that

the residuum at the pole is 1. These are statements on the real part of the propagator.

Taking the real part is however complicated by the fact that the mixing by the CKM

matrices is unitary, and therefore not real. As the CKM matrix itself is renormalized, the

prescription has to be to take the real part of the self-energy, keeping the unitary structure

of the CKM matrix intact, as otherwise no hermitian counter-term Lagrangian is obtained.

This is denoted by ℜ̃. The same applies for the PMNS matrix and the leptons.
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The Higgs is renormalized as

ℜ̃ΓηηR (M2
H) = 0

ℜ̃∂Γ
ηη
R

∂k2
(M2

H) = 1,

since the propagator of the Higgs has the generic structure for a scalar particle,

ΓηηR = (k2 −M2
H) + Ση + (k2 −M2

H)δZη − δM2
H .

From this follows immediately how to determine the values of the renormalization con-

stants as

δM2
H = ℜ̃Ση(M2

H) (8.2)

δZη = −ℜ̃∂Σ
η

∂k2
(M2

H).

Similarly, it is always possible to solve the renormalization conditions for the counter

terms. Therefore, this will not be repeated for other renormalization conditions.

The two-point correlation functions, or inverse propagators, will have contributions

from the the wave-function renormalization in their kinetic parts and from the mass renor-

malization in their self-energy contributions, generically denoted by Σ. Thus the gauge

boson propagator read

ΓV V
′+

RT = −δV V ′(k2 −M2
V )− ΣV V

′+

T −
(

δZV V ′

2
(k2 −M2

V ) +
1

2
(k2 −M2

V ′)δZV ′V − δV V ′δM2
V

)

.

Herein V and V ′ take values in {A,Z,W+,W−}. Only the transverse part (T ) of the cor-

relation functions is determined in this way. As a consequence of the gauge condition, and

thus also of the Slavnov-Taylor identities, the longitudinal part is renormalized completely

by the renormalization of the would-be Goldstone bosons and the gauge parameters.

For the gauge bosons the renormalization conditions then read

ℜ̃ΓV V
′+

RT (M2
V ) = 0 (8.3)

ℜ̃∂Γ
V V +

RT

∂k2
(M2

V ) = −1,

where V and V ′ take the values W±, Z, and A and T indicates the transverse part of

the correlation function. However, since the photon is massless due to the manifest gauge

symmetry, the first condition for V = V ′ = A on the photon propagator is actually already

guaranteed by the gauge condition, and is therefore not giving an independent constraint.

Also, except for V = A,Z and V ′ = Z,A the first condition is not yielding independent
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information, as any other combination is trivially zero due to the manifest electromagnetic

gauge symmetry. Note that the masses of the gauge bosons are not actually renormalized

here, but the propagators and parameters of the Higgs potential. The masses are actually

renormalization-group invariant in this class of gauges, as will be discussed below.

For the fermions, it is convenient to investigate the four possible tensor structures, given

by

Γff̄Rij(p) = γµp
µ1− γ5

2
Γff̄LRij (p

2)+pµγ
µ1 + γ5

2
Γff̄RRij (p

2)+
1− γ5

2
Γff̄ lRij+

1 + γ5
2

Γff̄rRij (p
2). (8.4)

The four tensor structures for the renormalized propagator are then given by

Γff̄LRij = δij + ΣfLij +
1

2

(

δZfL
ij + δZfL+

ij

)

Γff̄RRij = δij + ΣfRij +
1

2

(

δZfR
ij + δZfR+

ij

)

Γff̄ lRij = −mfiδij + Σflij −
1

2

(

mfiδZ
fL
ij +mfjδZ

fR+
ij

)

− δijδmfi

Γff̄rRij = −mfiδij + Σfrij − 1

2

(

mfiδZ
fR
ij +mfjδZ

fL+
ij

)

− δijδmfi,

where the self-energy has been split in the same way.

To impose the renormalization conditions for the fermions, it is useful to again use

(8.4), making left-handed and right-handed contributions explicit. The corresponding

renormalization conditions then read

mfjℜ̃Γff̄RRij (m
2
fj) + ℜ̃Γff̄rRij (m

2
fj) = 0 (8.5)

mfjℜ̃Γff̄LRij (m
2
fj) + ℜ̃Γff̄ lRij(m

2
fj) = 0 (8.6)

ℜ̃



Γff̄RRii + Γff̄LRii + 2
∂
(

m2
fi

(

Γff̄RRii + Γff̄LRii

)

+mfi

(

Γff̄rRii + Γff̄ lRii

))

∂p2



 (m2
fi) = 2.(8.7)

The CKM matrices are free parameters of the theory, and therefore, as any other pa-

rameter, need to be renormalized. This is of course dependent on the given parametriza-

tion. However, most renormalization conditions will introduce additional mixings between

quarks beyond those present at tree-level, since different species become further connected

by radiative contributions. Only very particular renormalization conditions will guarantee

that no additional mixing beyond that at tree-level will be generated.

To construct such conditions note that the CKM matrices are given by the transfor-

mation matrices (4.5), which transform the fermion fields from weak isospin eigenstates

to mass eigenstates as (4.6). To counteract any rotation induced by the renormalization
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(and mixing under renormalization) of the fermion fields, the CKM matrix element must

be renormalized for as

V
q/l
ij = V

q/l
0ij +

1

2

(

δZu/ν
Lik V

q/l
0kj + V

q/l
0ik δZ

Ld/l
kj

)

(8.8)

δZf
ij =

1

2

(

δZLf
ij − δZLf†

ij

)

,

where the anti-hermitian part must be taken to ensure that the CKM matrix stays unitary.

The renormalization constants cannot be the same as the original fermion renormalization

constants Z, as the CKM matrix renormalizes independently. If both are taken to be the

same, as a result of Slavnov-Taylor identity violation, the gauge invariance of observables

is no longer guaranteed. Therefore, the Z have to be defined as if they were fermion wave-

function renormalizations, but with conditions independent from (8.5-8.7). A possibility

are the conditions

ℜ̃ΓflRij(0)
1− γ5

2
+ ℜ̃ΓfrRij(0)

1 + γ5
2

= 0

ℜ̃ΓfLRij(0)
1− γ5

2
+ ℜ̃ΓfRRij(0)

1 + γ5
2

= 0,

which fix a set Za for a = L,R, though in (8.8) only ZL are necessary. The remaining

constants can therefore be discarded. The determination of the Z from the renormal-

ized fermion correlation functions proceeds in exactly the same way as for the fermion

wave-function renormalization conditions themselves, just evaluated at other kinematic

configurations. Again, the same also applies to the PMNS matrix.

The electrical charge has to be renormalized as well, in addition to the renormalization

conditions imposed on the Weinberg angle and the weak coupling constant implicitly by

the masses of the W and Z bosons. This is done in the Thomson limit of electron-photon

scattering, yielding the renormalization condition

(

ū(p)ΓAeēRµ (p, p)u(p)
)

p2=m2
e

= e (ū(p)γµu(p))p2=m2
e
.

Of course, since the electric charge is universal due to gauge symmetry, this renormalization

could be performed by any electromagnetic scattering process. However, this process is

the one most readily and precisely measurable. The corresponding renormalized vertex

function has the structure

ΓAēeRµ (p, k) = −eγµ + eΛAēeRµ (p, k),

where Λ is the vertex correction, which has the generic tensor structure

ΛAēeRµ (p, q) = γµΛ
Aē
RV − γµγ5Λ

Aēe
RA +

(p+ k)µ
2me

ΛRS +
(p− k)µ
2me

γ5Λ
Aēe
RP ,
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introducing the (Dirac-)vector, axialvector, scalar, and pseudoscalar parts of the self-

energy. Resolving for the charge counter term is a bit more lengthy, but finally permits

to obtain the charge counter term as a function of the self-energy of the Z-photon mixed

propagator
δe

e
=

(

1

2k2
ΣAAT (k2)− sin θW

cos θW

ΣAZT (k2)

M2
Z

)

k2=0

,

thus showing explicitly that the off-diagonal wave-function renormalization constants,

which are fixed by conditions on the off-diagonal self-energies, are indeed not indepen-

dent, but connected to the charge renormalization, as ascertained.

For the unphysical fields the renormalization conditions will not enter any physical

observables. Therefore, they will be renormalized in a convenient way depending for the

particular calculation. Since they will not enter the example in the next section, explicit

expressions will be skipped here, but the procedure is completely analogous to the one

presented for the physical degrees of freedom.

8.1.3 The Nielsen identities

8.2 Amendments for unstable particles

The renormalization conditions so far are valid if the particles are stable. However, most

of the particles are not, and often decay on time-scales making it necessary to take this

into account. In perturbation theory, this effect is nonetheless beyond leading order, and

therefore can often be neglected.

If a particle is unstable, the condition

ℜ̃ΓR(M2) = 0 (8.9)

will lead to a gauge-dependent renormalization constant, and thus a gauge-dependent

mass. In perturbation theory1 the pole position, defined by the condition

ΓR(µ
2) = −(µ2 − M̃2) = −(µ2 −M2

0 + Σ(µ)) = 0 (8.10)

is not, to all orders in perturbation theory. It therefore permits to define a reasonable,

physically renormalized mass. But since µ is not purely real for a physical particle, in which

case everything would coincide with the former discussion, this requires some amendments.

1The situation beyond perturbation theory is currently unclear. A viable option is indeed that the

analytic structure of gauge-dependent objects, like all elementary fields, actually are not admitting the

definition of a pole mass at all. This is a topic of current research.
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The mass M̄ of an unstable particle is then associated with the real part of µ, while the

width Γ̄ with its imaginary part as

µ = M̄2 − iM̄ Γ̄, (8.11)

and, in general, M̄ 6= M . The advantage is that in perturbation theory the width Γ̄ will

be of order O(α) for a given (set of) coupling constant(s) α, and therefore of higher order.

In terms of unrenormalized quantities the renormalization condition reads

ΓR(µ
2) = −(µ−M2

0 + Σ(µ))

and must equal zero at this point as well. Replacing in this expression µ by (8.11) and

expanding the self-energy yields

M̄2 − iM̄ Γ̄ =M2
0 − Σ(M̄2 − iM̄ Γ̄)

= M2
0 − Σ(M̄2)− iM̄ Γ̄

∂Σ

∂k2
(M̄2) +

1

2

(

M̄ Γ̄
)2 ∂2Σ

∂k4
(M̄2) +O(α4),

and the order emerges since also the self-energy is at least of order O(α). This expression

can be split in its real and imaginary parts, yielding

M̄2 = M2
0 − ℜΣ(M̄2)− M̄ Γ̄ℑ ∂Σ

∂k2
(M̄2) +O(α3)

M̄ Γ̄ = ℑΣ(M̄2)− M̄ Γ̄ℜ ∂Σ

∂k2
(M̄2)− 1

2

(

M̄ Γ̄
)2ℑ∂

2Σ

∂k4
(M̄2) +O(α4).

These are two non-linearly coupled algebraic equations. Fortunately, in perturbation the-

ory they can simply be solved by iteration, yielding

M̄2 = M2
0 −ℜΣ−ℑΣℑ ∂Σ

∂k2
+O(α3) (8.12)

M̄ Γ̄ = ℑΣ
(

1− ℜ ∂Σ

∂k2
+

(

ℜ ∂Σ

∂k2

)2

− 1

2
ℑΣℑ∂

2Σ

∂k4
+O(α3)

)

.

This defines the mass counter-term. Implementing the condition (8.9) instead yields from

the unrenormalized Green’s function

M2 −M2
0 + ℜΣ(M̄2) = 0, (8.13)

where it has been used that the requirement that the real part vanishes is the same as

that the real part of (8.10) vanishes. Therefore, (8.10) implies (8.9), leading to (8.13).

Comparing (8.13) and (8.12) yields

M̄2 =M2 − ℑΣℑ ∂Σ

∂k2
+O(α3),
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and the two masses indeed differ by a (gauge-dependent) second-order contribution. A

similar relation holds between the width M̄ Γ̄ and the on-shell width defined as

MΓ =
ℑΣ(M2)

1 + ℜ ∂Σ
∂k2

(M2)
,

which also yields a second-order difference, but will not be given explicitly here. In case

of the W and Z boson the mass differences amount to about 27 MeV and 34 MeV at this

order, or about a small fraction of a percent. However, such corrections are relevant for

high-precision measurements.

In fact, the experimental result for both masses are better than these shifts, and they

therefore have to be taken into account. Furthermore, the radiative corrections to be

calculated immanently are also only of the order of a few percent compared to the tree-

level values, but experimental precision is much better than this, opening up the possibility

for precision tests of the electroweak standard model. In fact, the precision is sufficient

to require even higher-order corrections to be calculated, rather then just leading order

corrections. Here, however, leading-order effects will suffice to demonstrate the mechanism.

8.3 Radiative corrections

The most direct contribution appearing in the masses of the gauge bosons is the self-energy.

At one loop order, the most interesting contribution is the one due to fermionic loops.

This contribution is gauge-invariant, and of particular importance. By investigating their

contribution to the gauge boson masses and widths, it is possible to determine the number

and nature of fermion species coupling to this order to the gauge bosons, permitting,

e. g., indirectly the inference of the presence of matter fields. On the other hand, the

contribution to the self-energies due to the self-coupling of the gauge bosons and ghost is

fixed at this loop order irrespective of the matter content of the theory. Of course, there

are also contributions from the Higgs sector, but these are also fixed when the symmetry

pattern is assumed to be the one of the standard model Higgs. Only the number and type

of matter fields can be varied without changing the theory fundamentally.

To leading order, the matter contribution for a family of doublet of fermions with

electromagnetic couplings q±f , vector couplings v
±
f and axial couplings a±f can be obtained

from a fermion loop coupled to the external matter fields. In each loop, only one member

of the doublet of each flavor can appear.

In case of the photon, the relevant self-energy contribution is given by

Σµν(q) = −iq±2
f

∫

d4k

(2π)4
tr(γµ(γρk

ρ +m±
f )γν(γσ(k

σ + qσ) +m±
f ))

(k2 −m±2
f )((k + q)2 −m±2

f )
.
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Evaluating the Dirac traces, using that the trace of an odd number of Dirac matrices

vanishes and trγµγν = 4gµν and

trγµγνγργσ = 4(gµνgρσ + gµσgνρ − gµρgνσ) (8.14)

yields

Σµν(q) = −4iq±2
f

∫

d4k

(2π)4
2kµkν + kµqν + qµkν − gµν(k

2 + qk +m±2
f )

(k2 −m±2
f )((k + q)2 −m±2

f )

= −4iq±2
f

∫

d4k

(2π)4
2kµkν + kµqν + qµkν − 1

2
gµν((k

2 −m±2
f ) + ((k + q)2 −m±2

f )− q2)

(k2 −m±2
f )((k + q)2 −m±2

f )
.

This expression can be decomposed into standard tensor integrals

Σµν(q) =
q±2
f

4π2
(2Bµν(q

2, m±
f , m

±
f ) + qµBν(q

2, m±
f , m

±
f ) +Bµ(q

2, m±
f , m

±
f )qν

−gµν
2

(2A0(m
±
f )− q2B0(q

2, m±
f , m

±
f ))

Bµν(q,m, n) =
1

iπ2

∫

d4k
kµkν

(k2 −m2)((k + q)2 − n2)

Bµ(q,m, n) =
1

iπ2

∫

d4k
kµ

(k2 −m2)((k + q)2 − n2)

B0(q,m, n) =
1

iπ2

∫

d4k
1

(k2 −m2)((k + q)2 − n2)

A0(m) =
1

iπ2

∫

d4k
1

k2 −m2
,

where for one of the A0 a shift k → k − q has been performed. Because of Lorentz

covariance is is possible to rewrite Bµ and Bµν as

Bµ(q,m, n) = qµB1(q
2, m, n)

Bµν(q,m, n) = gµνB00(q
2, m, n) + qµqνB11(q

2, m, n).

This can be resolved to yield

B1 =
1

q2
qµB

µ (8.15)

B00 =
1

3

(

qµν −
qµqν
q2

)

Bµν (8.16)

B11 =
1

3q2

(

3
qµqν
q2

− gµν

)

Bµν . (8.17)

This can be used to rearrange the self-energy as

Σµν(q) =
q±2
f

4π2

(

(

gµν −
qµqν
q2

)(

2B00 −A0 +
q2

2
B0

)

+
qµqν
q2

(

2B00 − 2q2(B11 +B1) +
q2

2
B0 −A0

)

)

. (8.18)
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It is now possible to reexpress the tensor integrals B00 and B11 by the scalar integrals B0

and A0 by performing the contractions (8.15-8.17). To do this, note that

2kq = ((k + q)2 − n2)− (k2 −m2)− q2 + n2 −m2

for arbitrary masses m and n. This yields

B1 =
1

2iq2π2

∫

d4k
2kq

(k2 −m2)((k + q)2 − n2)

=
1

2q2
(A0(m)− A0(n)− (q2 +m2 − n2)B0(q

2, m2, n2)). (8.19)

In the same manner

B00 =
1

6
(A0(n) + 2m2B0(q

2, m, n) + (q2 +m2 − n2)B1(q
2, m, n))

B11 =
1

6q2
(2A0(n)− 2m2B0(q

2, m, n)− 4(q2 +m2 − n2)B1(q
2, m, n)),

and B1 can in turn be replaced by (8.19). Performing all these replacements in the ex-

pression for the self-energy (8.18) yields

ΣAµν = −
q±2
f

4π2

(

gµν −
qµqν
q2

)

2(2A0(m
±
f )− q2B0(q

2, m±
f , m

±
f ) + 4m±2

f B0(q
2, m±

f , m
±
f ))

6
.

The remarkable effect is that the longitudinal contribution vanishes, as it must in covariant

gauges2, as has been employed for the photon field. Furthermore, this requires only two

integrals to be evaluated.

The integral A0 is given by

A0 =
µ4−d

iπ2

∫

ddk

(2π)d−4

1

k2 −m2 + iǫ
, (8.20)

which has been continued to arbitrary dimensions3 d. The arbitrary scale µ appears to

keep the mass dimension of the integral fixed. Now dimensional regularization will be

performed. I. e., d is taken to be variable (and not necessarily integer) such that the

integral is convergent. Only after evaluating the integral d will take its original value. In

this case, the integral can be closed in the imaginary plane at infinity. Since the poles

are in the second and fourth quadrant, the contour can be closed along the imaginary

axis. Equivalently, it is permitted to perform a Wick rotation k0 → ik0 to imaginary time,

yielding

A0 =
(2πµ)4−d

iπ2
i

∫

ddk
1

k2 +m2
,

2To this order actually independent of the gauge.
3Note that there are subtleties involved if a γ5 should appear.
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where the iǫ can now be dropped, as the integral has no longer poles along the integration

path. The angular integral can be continued analytically to arbitrary dimensions yielding

A0 =
(2πµ)4−d

π2

2π
d
2

Γ
(

d
2

)

∫

(k2)
d−2
2 dk2

k2 +m2

= −(4πµ2)
4−d
2 Γ

(

1− d

2

)

md−2.

The Γ-function has a pole at d = 4, which would yield the desired results. The second

step of dimensional regularization is therefore to expand the result around d = 4 with a

small parameter ǫ, using Γ(4− d+ ǫ) = 1/ǫ− γ+O(ǫ) with γ ≈ 0.577 the Euler constant.

The final result is then

A0 = m2

(

1

ǫ
− γ + ln 4π − ln

m2

µ2
+ 1

)

+O(ǫ).

The appearing divergence in ǫ is then absorbed into the renormalization constants, as may

be other constants, depending on the scheme. It should be noted that the arbitrary scale

µ has become part of the result. This is an artifact of the renormalization, and observable

quantities may (and in fact do) not depend on it. The process of the appearance of this

scale is often termed dimensional transmutation. Using the fact that physical quantities

may not depend on this scale gives rise to the renormalization group equations, which will

not be discussed here.

The calculation of B0 can be performed likewise, though more complicated in detail,

and yields

B0(q
2, m1, m2) =

1

ǫ
− γ + ln(4π) + 2− ln

m1m2

µ2
+
m2

1 −m2
2

q2
ln
m2

2

m2
1

− m1m2

q2

(

1

r
− r

)

ln r

r =
−q2 +m2

1 +m2
2 − iε±

√

(q2 −m2
1 −m2

2 + iε)2 − 4m2
1m

2
2

2m1m2

.

The iε prescription has no effect for r positive. r becomes negative, if q2 > (m2
1 +m2

2)
2,

and thus a negative r is related to particle decay. In this case, the imaginary part becomes

ℑr = εsgn(r − 1/r). This completes the computation of ΣAµν .

In a similar way, all the self-energy contributions can be assembled. The final result
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for the four possible self-energies are

ΣAAT =
α

3π

∑

f,σ=±
qσ2f H(q2, mσ

f , m
σ
f )

ΣAZT = − α

3π

∑

f,σ=±
qσf v

σ
fH(q2, mσ

f , m
σ
f )

ΣZZT =
α

3π

∑

f,σ=±

((

vσ2f + aσ2f
)

H(q2, mσ
f , m

σ
f )− 6aσ2f m

σ2
f B0(q

2, mσ
f , m

σ
f )
)

ΣWW
T =

α

12π sin2 θW

∑

f

(

H(q2, m+
f , m

−
f )− 3m+

fm
−
f B0(q

2, m+
f , m

−
f )
)

.

The CKM matrix is not appearing explicitly at this order, as it is unitary. The functions

H are combinations of the functions A0 and B0 as

H(q2, m,m) = (q2 + 2m2)B0(q
2, m,m)− 2m2B0(0, m,m)− q2

3

H(q2, m+, m−) =
3

2

(

4B00(q
2, m+, m−)−A0(m+)− A0(m−) + (q2 − (m+ −m−)

2)B0(q
2, m+, m−)

)

.

Note that in the fermion summation each quark color is counted extra.

The most interesting consequences are to investigate three extreme cases. One is the

case of only very light masses, q ≫ m±2
f . In this case

ΣAAT =
α

3π

∑

f,σ=±
qσ2f H(q2, 0, 0)

ΣAZT = − α

3π

∑

f,σ=±
qσf v

σ
fH(q2, 0, 0)

ΣZZT =
α

3π

∑

f,σ=±
(vσ

2

f + aσ
2

f )H(q2, 0, 0)

ΣWW
T =

α

12π sin2 θW

∑

f

H(q2, 0, 0)

H(q2, 0, 0) = q2
(

B0(q
2, 0, 0)− 1

3

)

= q2
(

∆− ln
|q|2
µ2

+
5

3
+ iπθ(q2)

)

∆ =
1

ǫ
− γ + ln(4π).

The contribution of 1/ǫ (or ∆, depending on the scheme) is absorbed in the wave-function

renormalization by the condition (8.3). In this kinematic case therefore the momentum

dependency is the same for all the gauge bosons, and is only modified by the relative

couplings. It is therefore a useful test case to check the relative coupling strengths of the

gauge bosons to matter. The imaginary part appears due to the possibility of the gauge

bosons to decay into the light fermions.
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In the opposite case of very massive fermions, or equivalently low energy, q2 ≪ m2
f ,

the behavior is given by

ΣAAT =
α

3π

∑

f,σ=pm

qσ2f q
2

(

∆− ln
mσ2
f

µ2
+

q2

5mσ2
f

)

+O(q6)

ΣAZT = − α

3π

∑

f,σ=±
qσf v

σ
f

(

∆− ln
mσ2
f

µ2
+

q2

5mσ2
f

)

+O(q6)

ΣZZT = −2α

π

∑

f,σ=±
aσ

2

f m
σ2
f

(

∆− ln
mσ2
f

µ2

)

+O(q2)

ΣWW
T = − α

8π sin2 θW

∑

f

(

m+2
f

(

∆− ln
m2

+

µ2

)

+m−2
f

(

∆− ln
m−2
f

µ2

)

+
1

2
(m+2

f +m−2
f )

−
m+2
f m−2

f

m+2
f −m−2

f

ln
m+2
f

m−2
f

)

+O(q2).

The leading corrections are in case of the Z and W boson self-energies proportional to the

masses. This is therefore an indirect possibility to measure these in low-energy electroweak

processes.

A third possibility is offered by the W -boson self-energy. Since in it the masses of the

two doublet members are not occurring symmetrically, the case m+2 ≫ q2 ≫ m−2 yields

an asymmetric result of

ΣWW
T = − α

8π sin2 θW

∑

f

m+2
f

(

∆− ln
m+2
f

µ2
+

1

2

)

+O(q2).

Therefore this offers an indirect possibility to determine the mass of the heavier doublet

member indirectly. Such a case is, e. g., given by the bottom and top doublet, with an

energy difference in the range of tens of GeV. Similarly, if a new matter quark or lepton

is found, this would offer one possibility to determine the (possible) mass of its doublet

partner. In this context it is particularly useful that the mass appears as a multiplicative

factor instead of only as the argument of a logarithm. It is therefore much simpler to

obtain it than, e. g., in the case of the Higgs of which the mass in all standard model

processes accessible appears only logarithmically.

8.4 The hierarchy problem

As noted, the mass of the Higgs particle receives radiative corrections, most notably by the

tadpoles. Though the tadpole contribution are removed in the standard renormalizations
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scheme, this requires a very precise cancellation of the counter-terms and the tadpole itself,

and only a minor change would induce large corrections to the Higgs mass. This is known

as the hierarchy problem.

This appears at first a very superficial problem, as it affects a renormalization-group-

dependent quantity, which is unphysical. However, the problem propagates from this point,

and actually many quantities in the Higgs sector turn out to be rather sensitive to the

parameters of the Higgs model, usually quadratically, in strong contrast to the remainder

of the standard model where the sensitivity on the parameters is usually logarithmically

only.

Since it is assumed that the standard model is just the low-energy effective theory of an

underlying high-energy theory, this has substantial implications. The hierarchy problem

actually becomes one because under the assumption of new physics only at the GUT or

Planck scale of 1015 or 1019 GeV, respectively, small changes can accumulate during the

renormalization-group evolution large effects because of the hierarchy problem. Thus, the

problem can be recast into the question why the scale of new physics is so large. If it

would be in the TeV range, the problem would be essentially non-existent, as long as the

existence of a potential fine-tuning problem is not regarded as a problem itself.

This motivated a large number of proposals, most notably supersymmetry and tech-

nicolor, of new physics to cure this problem, though, of course, nature could just be like

this.

However, there are still the possibility that non-perturbative effects can cure this. One

possibility is that the asymptotic safety moderates the growth of the Higgs mass. However,

so far this does not seem to be the case. The other is that all observables, especially the

correct bound states rather than the elementary states, do not show fine-tuning. Though

the mass spectrum indeed seems not to exhibit this, it still appears to be very sensitive to

the parameters, and thus the hierarchy problem remains even beyond perturbation theory.



Chapter 9

Anomalies

9.1 Introduction

There is one particular important property of the standard model, which is very much

restricting its structure, and which is recurring in extensions of the standard model. That

is the absence of anomalies. An anomaly is that some symmetry, which is present on

the classical level, is not present when considering the quantum theory. The symmetry is

said to be broken by quantum effects. Generically, this occurs if the action of a theory is

invariant under a symmetry, but the measure of the path integral is not. Constructing a

theory which is at the same time anomaly-free and consistent with the standard model is

actually already quite restricting, and therefore anomalies are an important tool to check

the consistency of new proposals for physics beyond the standard model, but also for the

standard model itself. As in the standard model it originates from the electroweak sector,

it will be discussed here in some detail.

9.2 Global anomalies

Anomalies fall into two classes, global and local anomalies. Global anomalies refer to

the breaking of global symmetries by quantum effects. The most important one of these

global anomalies is the breaking of dilatation symmetry. This symmetry corresponds to

rescaling all dimensionful quantities, e. g., x→ λx. Maxwell theory, massless QED, Yang-

Mills theory, and massless QCD are all invariant under such a rescaling, at the classical

level, though not the Higgs sector of the standard model. This is no longer the case at

the quantum level. By dimensional transmutation an explicit scale is introduced into the

theory, and thereby the quantum theory is no longer scale-invariant. Such global anomalies

126
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have very direct consequences. E. g., this dilatation anomaly leads to the fact that the

photon is massless in massless QED. Of course, it is also massless in massive QED, but

there the breaking of the dilatation symmetry is explicit due to the lepton mass.

Another example is the so-called axial anomaly, which occurs due to the breaking of

the global axial symmetry of quarks. A consequence of it is the anomalously large η’ mass.

While the dilatation anomaly is quite obvious, the chiral anomaly is much more subtle,

and therefore deserves some more discussion. In addition, it will be very helpful when

generalizing to the local anomalies.

9.2.1 Classical level

To prepare for this, it is worthwhile to consider the situation as it would be without

anomalies, i. e. at the classical level. For this purpose, start with a gauge theory with

fermions ψ being in some representation R of the gauge Lie group G with generators T

and gauge fields in the adjoint representation. The fermionic part of the Lagrangian is

then given by

L = ψ̄(iγµ(∂µ − igT aAaµ)−m)ψ = ψ̄(iγµD
µ −m)ψ

from which the Dirac equation

(iγµD
µ −m)ψ = 0

follows as the equation of motion, and likewise for the anti-fermion.

The current carrying the charge is then

jaµ = ψ̄γµT
aψ.

Due to the chiral symmetry, there is also a corresponding axial current

j5aµ = ψ̄γ5γµT
aψ.

In addition, there are also the singlet currents

jµ = ψ̄γµψ

j5µ = ψ̄γ5γµψ,

which corresponds to the fermion current and the axial current.

Naively, the divergences of these equations can be calculated using the Dirac equation.

∂µjaµ = −iψ̄(gτ bγµAµb −m)τaψ − iψ̄τa(−gτ bγµAµb +m)ψ

= igψ̄
[

τa, τ b
]

γµA
µ
bψ = −gfabcAµb ψ̄γµτcψ = −gfabcAµb jcµ.
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This implies that the color current is not observed, as long as the current is gauged. For

a non-gauge current, like a flavor current, g vanishes, and the current is conserved.

This is not surprising, as a non-Abelian gauge theory has no gauge-invariant charge.

However, the current is a gauge-vector, and therefore covariantly conserved

Dab
µ j

µ
b = 0. (9.1)

In the same way, it is possible to calculate the situation of the axial color current. Because

of the commutation relation between γ matrices, the result is

Dab
µ j

µ
b = 2imψ̄γ5τ

aψ = 2mipa, (9.2)

Here, p is the pseudo-scalar density, and not a momentum component. Thus, even in a

non-gauge theory this current is only conserved for fermions without a mass term in the

Lagrangian.

The calculations for the singlet current is simpler, and yields

∂µj
µ = 0

∂µj5µ = 2imψ̄γ5ψ = 2imp0.

Hence, the number of fermion is, a expected, a conserved current. The axial current is only

conserved for massless fermions. This is the result that chiral symmetry gets explicitly

broken, already classically, by a mass-term.

In a theory like the standard model, where parity is broken, left-handed and right-

handed fermions

ψL =
1− γ5

2
ψ

ψR =
1 + γ5

2
ψ

do not couple in the same way to the gauge-fields

L = ψ̄LiγµD
µ
LψL + ψ̄RiγµD

µ
RψR,

with DL 6= DR, and no mass term is permitted due to gauge invariance. Thus, the color

currents are recombined into covariantly conserved left-handed and right-handed currents

as

jaLµ =
1

2
(jaµ − j5aµ )

jaRµ =
1

2
(jaµ + j5aµ )

DLj
L
µ = 0

DRj
R
µ = 0,

and a similar recombination for the singlet currents.
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9.2.2 One-loop violation

So far, this was the conservation at the classical level, which already requires the fermions

to be massless. At the quantum level, this result is expressed by Ward-identities. In

particular, take Ward identities for correlation functions of the form

T ijkµνρ = 〈Tjiµjjνjkρ 〉,

where i, j, and k can take the values V , A, and P , which require to replace the j by ja,

j5a, and pa, respectively, and the Lorenz index is dropped in the last case. Calculating the

corresponding Ward identities for a local chiral transformation

ψ′ = eiβ(x)γ5ψ(x)

ψ̄′ = ψ̄eiβ(x)γ5

yields the expressions

∂µxT
V V A
µνρ (x, y, z) = ∂νyT

V V A
µνρ (x, y, z) = 0 (9.3)

∂ρzT
V V A
µνρ (x, y, z) = 2mT V V Pµν (x, y, z), (9.4)

directly implementing the relations (9.1) and (9.2). This is what should happen, if there

would be no anomalies.

To check this, it is possible to calculate the leading-order perturbative correction. Since

only fermion fields appear in the vacuum expectation value, this is a vacuum triangle graph,

and the coupling is to external currents. In fact, it does not matter at this point whether

the external currents are gauged or non-gauged, since to this order this only alters the

presence or absence of color matrices at the external vertices. The only relevant part of

the external vertices is their Dirac structure.

Evaluating all the Wick contractions yields two Feynman diagrams, which translate to

T V V Aµνρ (p1, p2, p3 = −p1 − p2) = (9.5)

−i3
∫

d4k

(2π)4

(

trγµ(γαk
α −m)−1γν(γ

βkβ − γβp
β
2 −m)−1γργ5(γγk

γ + γγp
γ
1 −m)−1

+ trγν(γαk
α −m)−1γµ(γ

βkβ − γβp
β
1 −m)−1γργ5(γγk

γ + γγp
γ
2 −m)−1

)

.

This expression is linearly divergent. One of the most important points in anomalies, and

in quantum field theories in general, is that the result is independent of the regulator

employed. This will be discussed later how to show this. Here, it permits to use a Pauli-

Villar regulator with a mass M , which is technically more simple than other possibilities.
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Using dimensional regularization makes the result subtle, as it depends on the way the

matrix γ5 is analytically continued. This problem will therefore be avoided here.

To test the vector Ward identity, the expression can be multiplied with pµ1 . To simplify

the so obtained expression it is useful to employ

γµp
µ
1 = −(γµk

µ − γµp
µ
1 −m) + (γµk

µ −m),

yielding

pµ1T
V V A
µνρ (p1, p2, p3 = −p1 − p2) = (9.6)

−i3
∫

d4k

(2π)4

(

tr− (γαk
α −m)−1γν(γ

βkβ − γβp
β
2 −m)−1γργ5

tr(γγk
γ + γγp

γ
1 −m)−1γν(γ

βkβ − γβp
β
2 −m)−1γργ5

+ tr(γγk
γ + γγp

γ
2 −m)−1γν(γαk

α −m)−1γργ5

+ tr− (γγk
γ + γγp

γ
2 −m)−1γν(γ

βkβ − γβp
β
1 −m)−1γργ5 + (m→ M)

)

.

This rather lengthy expression is now a finite integral. It is therefore permissible to reshuffle

the momenta like k → k + p2 in the first term and k → k + p2 − p1 in the second term.

Then, the first and third and second and fourth term cancel each other, and likewise this

happens for the regulator. Thus, the vector Ward identity is fulfilled. The result for the

second identity in (9.3) works in the same way.

The situation changes drastically for the axial Ward identity (9.4). The expression

(9.5) is still divergent, so before doing anything, it will again be regulated using a Pauli-

Villar regulator, to make it well-defined. To evaluate (9.4) requires multiplication with

p3 = −p1 − p2, which can rewritten as

γµp
µ
3γ5 = (γµk

µ − γµp
µ
2 −m)γ5 + γ5(γµk

µ + γµp
µ
1 −m) + 2mγ5

= (γµk
µ − γµp

µ
1 −m)γ5 + γ5(γµk

µ + γµp
µ
2 −m) + 2mγ5.

This yields

pρ3T
V V A
µνρ (p1, p2, p3 = −p1 − p2) = 2i

∫

d4k

(2π)4
(

mtr
(

γµ(kαγ
α −m)−1γν(γβk

β − γβp
β
2 −m)−1γ5(γγk

γ + pγ1γγ −m)−1
)

mtr
(

γµ(kαγ
α −m)−1γν(γβk

β − γβp
β
1 −m)−1γ5(γγk

γ + pγ2γγ −m)−1
)

Mtr
(

γµ(kαγ
α −M)−1γν(γβk

β − γβp
β
2 −M)−1γ5(γγk

γ + pγ1γγ −M)−1
)

Mtr
(

γµ(kαγ
α −M)−1γν(γβk

β − γβp
β
1 −M)−1γ5(γγk

γ + pγ2γγ −M)−1
))
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There are two remarkable facts to be observed. The first is that this expression is finite.

The projection with p3 drops out the divergent terms. This can be seen using the Dirac

matrix identity

trγµγνγργσγ5 = −4iǫµνρσ . (9.7)

Because of the anti-symmetry of the ǫ-symbol, any term containing two or more factors

of k vanishes. Hence, the numerator is reduced by two powers of k, making the integral

finite. This did not work in (9.6) as there one index less was uncontracted. However, the

regulator still had to be present in the first place to make this projection well-defined. The

second is that this expression, except for the regulator, is identical to T V V P up to a factor

of m, which is obtained by replacing γργ5 in (9.5).

The term involving the regulator can then be easily calculated, as when removing the

regulator in the end, the external momenta and masses can always be neglected, and the

integral becomes a simple tadpole integral. The final result is thus

ipρ3T
V V A
µνρ (p1, p2) = 2miT V V Pµν (p1, p2) + lim

M→∞
8iM2ǫµνρσp

1
ρp

2
σ ×

i

16π2

−1

2M2

= 2miT V V Pµν (p1, p2) +
1

2π2
ǫµνρσp1ρp

2
σ (9.8)

Thus, the Ward identity (9.4) is violated. The anomaly is both finite and independent of

the masses of the involved particles. It is also independent of the structure of the external

interaction, except for its Lorentz structure. The only thing changing is the appearance

of corresponding pre-factor aabc of the coupling matrices T a in charge space, which turn

out to be

aabc =
1

2
tr
({

T a, T b
}

T c
)

, (9.9)

a result which will become significant later. This is not the only anomaly, and a similar

result holds for the case of three axial currents.

Without proof, it should be noted here that there is still a certain regulator dependency.

It is possible by symmetries to add a finite term of form Cǫµνρσ(p1 − p2)
σ to the counter-

term in (9.6). Though C can be tuned to absorb the anomaly, this term will also contribute

to the vector identities, and induce there an anomaly for C 6= 0. Thus, it is only possible

to shift the anomaly around, without removing it.

The most well-known consequence of this anomaly is the decay of a neutral pion into

two photons. This is precisely of the type investigate here, where the photons play the

role of the vector currents. The axial current is related to the pion field by a QCD relation

∂µjaµ =
fπ√
2
M2

ππ
a, (9.10)
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where a is an isospin index, counting the three pions, a = 0,±, where only a = 0 is

relevant because of charge conservation. Since there are no massless hadrons, there can

be no pole in the corresponding amplitude T V V A, and thus the product with pρ has to

vanish. As a consequence, the amplitude T V V P , describing the transition, would vanish

as well, because of the Ward identity, and therefore the pion would usually not decay into

two photons, if at rest. However, due to the anomaly, this is not necessary, as the anomaly

can balance the Ward identity. Hence, the pion at rest can decay into two photons, due

to the anomaly, a process indeed observed in experiment.

9.3 Local anomalies

In contrast to the global anomalies, the local anomalies are a more severe problem. A local

anomaly occurs, when a quantum effect breaks a local gauge symmetry. The consequence

of this would be that observable quantities depend on the gauge, and therefore the theory

makes no sense. Thus, such anomalies may not occur. There are two possibilities how such

anomalies can be avoided. One is that no such anomalies occurs, i. e., the path integral

measure must be invariant under the symmetry. The second is by anomaly cancellation,

i. e., some parts of the measure are not invariant under the symmetry, but the sum of

all such anomalous terms cancel. It is the latter mechanism which makes the standard

model anomaly-free. However, the price to pay for this is that the matter content of the

standard model has to follow certain rules. It is thus rather important to understand how

this comes about. Furthermore, any chiral gauge theory beyond the standard model faces

similar, or even more severe, problems.

Already the classical result (9.2) indicates that the current is only covariantly conserved,.

The latter equation implies that only for massless fermions there will be no gauge anomaly.

However, this is not a problem, as only zero-mass fermions are admitted to the standard

model anyway, and all apparent fermion masses are generated by the Higgs effect. But

for the standard model this is still modified. Due to the parity violation, it is necessary

to consider a current for left-handed and right-handed fermions separately, where the

corresponding left-handed and right-handed covariant derivatives for the left-handed and

right-handed currents appear.

In principle, it is possible to do the same one-loop calculation in a gauge theory, and

the final result is quite similar. However, it may still be questioned whether this is an

artifact of perturbation theory. It is not, and to show this it is useful to derive the local

anomaly for gauge theories using a different approach. In a path integral approach, this

becomes particularly clear, as it can be shown that the anomaly stems from the fact
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that the path-integral measure for fermions, DψDψ̄, is not invariant under chiral gauge

transformations, and therefore the anomaly arises. It is, of course, invariant under vectorial

gauge transformations, and thus theories like QCD need not to be considered, as will be

confirmed below. This also shows that the anomaly is a pure quantum phenomenon, as

the measure is part of the quantization process.

9.3.1 Anomalies as a quantum effect

To see that this is a relevant effect, it is important to remember how Ward identities are

obtained in general. Any well-defined symmetry transformation should leave the partition

function unchanged, i. e.

0 = δZ = δ

∫

DφeiS+i
∫
d4xjφ, (9.11)

where φ is for simplicity a non-Grassmann field, which changes under the transformation

as φ → φ + ǫf(φ, x), with f some arbitrary function and ǫ infinitesimal. Performing the

variation yields

0 =

∫

DφeiS+i
∫
d4xjφ

∫

d4x

(

i

(

δS

δφ
+ j

)

f +
δf

δφ

)

, (9.12)

where the first two terms come from the exponent. At the classical level, the source term

vanishes, and the derivative of the action just gives the equations of motion, yielding the

classical Ward identities. The third term is new in the quantum theory, and gives the

contribution of the Jacobian,

det
δ(φ+ ǫf)

δφ
= det

(

1 + ǫ
δf

δφ

)

≈ 1 + ǫ
δf

δφ
+O(ǫ2).

This is a genuine quantum contribution. It will be the source of the anomaly. Here it

also becomes evident that the term anomaly is actually a misnomer. There is nothing

anomalous about them. They are just a quantum effect.

To obtain Ward identities from (9.12), it is sufficient to derive with respect to the

source some number of times, and then set the sources to zero at the end, yielding

0 =

〈

TΠlφl
δf

δφ

〉

+ i

〈

TΠlφl
δS

δφ
f

〉

+
∑

k

〈TΠl<kφlfΠm>kφm〉 . (9.13)

In this way an anomaly surfaces in Ward identities in the full quantum theory. This also

shows that an anomaly is not a perturbative effect, since this is an exact result. However, it

is still possible that the Jacobian is actually one, and a deviation from one in the one-loop

calculation is just an artifact of perturbation theory.
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9.3.2 Full expression for the anomaly

To check this, rotate first to Euclidean time, by replacing t → it and correspondingly in

all covariant quantities the time components by i-times the time components and in all

contravariant quantities the time components by −i-times the time components. Then

expand the fermion fields in orthonormal eigenfunctions ψn of the Dirac operator1,

ψ(x) =
∑

n

anψn(x)

ψ̄(x) =
∑

n

ψ†
n(x)b̄n,

which satisfy

iγµD
µψn = λnψn (9.14)

−iγµDµψ†
n = λnψ

†
n. (9.15)

This permits to rewrite the path integral as an infinite product of integrations over the

coefficients,

DψDψ̄ = Πmdamdb̄m, (9.16)

keeping in mind that these differentials are Grassmannian.

Now, a local chiral transformation β(x)

ψ → eiβ(x)γ5ψ,

then corresponds to a linear transformation of the coefficients

am → Cmnan = a′n,

which yields the Jacobian

Πmda
′
mdb̄

′
m =

1

(detC)2
Πmdamdb̄m,

or, formally,

Dψ′Dψ̄′ =
1

(detC)2
DψDψ̄.

This determinant can be rewritten as

1

(detC)2
= e−2tr lnC = e−2trδC , (9.17)

1The spectrum is actually continuous, but for simplicity it will be treated here as if it would be discrete.
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where in the last equality it was assumed that β is infinitesimal, and thus C = 1 + δC is

close to one. In this case, δC can be evaluated starting from

a′mψm = (1 + iβγ5)anψn

which can be reduced using the orthonormality of the eigenstates of the Dirac equation to

a′m =

∫

d4xψ†
m(1 + iβγ5)ψnan = (1 + δcmn)an.

Inserting this result into (9.17) yields for the Jacobian of the infinitesimal transformation

J = exp

(

−2i

∫

d4xβψ†
mγ5ψm

)

, (9.18)

where the trace has been evaluated.

Unfortunately, the expression, as it stands, is ill-defined. It is necessary to regularize

it. A useful possibility to make the expression well-defined is by replacing the trace over

the eigenstates as

ψ†
mγ5ψm → lim

τ→0
ψ†
mγ5e

−λ2mτψm, (9.19)

where the limit has to be performed at the end of the calculation only. Expanding the

Gaussian and using the relations (9.14-9.15), this expression can be rewritten as

lim
τ→0

ψ†
mγ5e

−λ2mτψm = lim
τ→0

tr
(

γ5e
−τ(γµDµ)†γνDν

)

. (9.20)

The exponential can be rewritten as

(γµD
µ)†γνD

ν = −DµD
µ +

i

4
[γµ, γν ]F a

µντa. (9.21)

The limit is still ill-defined. It is necessary to rewrite the expression in a suitable way.

This is achieved by the heat-kernel regularization.

For a differential operator, here given by ∆ = (γµD
µ)†γνD

ν , it is possible to define a

heat-kernel as

(∂τ +∆x)G(x, y, τ) = 0 (9.22)

G(x, y, 0) = δ(x− y). (9.23)

Which is solved by the formal expression

G(x, y, τ) = e−∆xτ =
∑

m

e−τλmψ†
m(y)ψm(x).
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This is already the expression (9.20). Without proof, it can now be shown that this heat

kernel can be expanded for small τ as

G(x, y, τ) →τ→0
1

(4πτ)2
exp− (x−y)2

4τ

∞
∑

j=0

aj(x, y)τ
j.

Inserting this expansion into (9.18) yields

ln J = −2i lim
τ→0

1

(4πτ)2

∫

d4xβ
∑

j

τ jtrγ5aj .

For τ → 0, the first term does not contribute, as a0 has to be equal to one because of

the condition (9.23). Terms with j > 2 will be irrelevant, because of the powers of τ .

This leaves only j = 1 and j = 2. For these terms follows from the requirement that the

expansion satisfies (9.22) a descent equation

−∆aj−1 = jaj.

Since a0 = 1, a1 can be obtained algebraically from (9.21). Since all resulting terms

have at most two γ matrices, the trace will vanish. Similarly, for a2 only those terms

can contribute to the trace where at least four γ matrices appear, which implies only the

term quadratic in Fµν will contribute. Which is precisely what is necessary to cancel the

pre-factor.

Thus, the remainder is just

J = exp

(

− i

32π2

∫

d4xβǫµνρσF a
µνFaρσ

)

. (9.24)

Hence, the Jacobian is non-trivial, and will contribute in the Ward identities (9.13). How-

ever, this is still a rather complicated expression, which does not yet look like the one-loop

result.

That this coincides with the one-loop anomaly can be obtained by an explicit calcula-

tion. Since this was for the global case, take β to be constant. The integral can then be

rewritten as
∫

d4xǫµνρσ∂µ

(

iAaν∂ρA
a
σ +

2

3
fabcAaνA

b
ρA

c
σ

)

. (9.25)

Since the perturbative case was the Abelian case, the second term can be dropped. The

first term is then for the global case just two external fields, e. g. playing the roles of the

photon field in the pion decay, and two momenta in Fourier space, which, after relabeling,

yield the desired one-loop expression. Hence, indeed the full and the one-loop anomaly

coincide. In gauge theories there are also anomalies in box and pentagon graphs with an

odd number of axial insertions, which are again one-loop exact.
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To obtain the final result including all color factors requires then just an explicit cal-

culation, inserting the Jacobian (9.24) into the Ward identity (9.13). This will yield (9.8)

with (9.9) inserted.

The actual form of the anomaly in (9.24) and (9.25) has a very particular meaning, it

is the so-called topological charge density, a concept which will be discussed in more detail

in the context of baryon number violation in section 9.5 and especially 9.5.2.

9.3.3 Anomaly cancellation

However, for the standard model it is more interesting to consider the case that left-handed

and right-handed fermions are coupled differently to and/or with different gauge fields.

Due to the different sign of γ5 in the corresponding projector, this will reemerge as a

different sign of the anomaly, yielding

kρT V
aV bAc

µνρ (p, q, k) = 2mT V
aV bP c

µν (p, q, k) +
tr
{

τaL, τ
b
L

}

τ cL − tr
{

τaR, τ
b
R

}

τ cR
2

1

3π2
ǫµνρσp

ρqσ,

were L and R indicate the representation of the left-handed and right-handed fermions.

As a consequence, the classical gauge symmetry is broken by the anomaly, and results will

depend on the choice of gauge. This can be directly understood form this expression: the

left-hand side should vanish, if there is no massless pseudo-scalar particle in the theory,

which is true for the standard model. On the right-hand side, the first term will indeed

do so, if the fermion mass is zero. This is already required due to parity violation in the

standard model. But for the second term this is not obvious.

There are now two possibilities how to obtain an anomaly-free theory. Either, the

theory is anomaly-free, if each of the remaining terms is individually zero, or they cancel.

Indeed, the expression tr{τa, τ b}τ c, the so-called symmetric structure constant, is zero for

all (semi-)simple Lie groups, except for SU(N ≥ 3) and U(1). Unfortunately, these are

precisely those appearing in the standard model, except for the SU(2) of weak isospin.

For the group SU(3) of QCD, this is actually not a problem, since QCD is vectorial, and

thus2 τL = τR, and the terms cancel for each flavor individually. Thus remains only the

part induced by the hypercharge.

In this case, each generation represents an identical contribution to the total result, as

the generations are just identical copies concerning the generators. It is thus sufficient to

consider one generation. The right-handed contributions are all singlets under the weak

isospin, and thus they only couple vectorially to electromagnetism, and therefore yield

zero. The contributions from the left-handed doublets contain then the generators of the

2Actually, unitarily equivalent is sufficient.
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weak isospin, τa, and the electric charge Q = τ 3 + 1y/2. The possible combinations

contributing are

trτa{τ b, τ c} (9.26)

trQ{τa, τ b} (9.27)

trτaQ2 (9.28)

trQ3. (9.29)

The contribution (9.26) vanishes, as this is a pure SU(2) expression. The term (9.29) is

not making a difference between left and right, and is therefore also vanishing. It turns

out that (9.27) and (9.28) lead to the same result, so it is sufficient to investigate (9.28).

Since the isospin group is SU(2), the anti-commutator of two Pauli matrices just gives a

Kronecker-δ times a constant, yielding in total

trQ{τa, τ b} =
1

2
δab
∑

f

Qf ,

where Qf is the electric charge of the member f of the generation in units of the electric

charge. It has to vanish to prevent any gauge anomaly in the standard model, which is

fulfilled:
∑

f

Qf = (0− 1) +Nc

(

2

3
− 1

3

)

= −1 +
Nc

3
= 0.

Therefore, there is no gauge anomaly in the standard model. However, this is only possible,

because the electric charges have certain ratios, and the number of colors Nc is three. This

implies that the different sectors of the standard model, the weak isospin, the strong

interactions, and electromagnetism, very carefully balance each other, to provide a well-

defined theory. Such a perfect combination is one of the reasons to believe that the

standard model is part of a larger theory, which imposes this structure.

9.4 Witten anomalies

There is actually a further possible anomaly for fermions, the so-called Witten anomaly,

which is also connected to the parity violation in the standard model. It is also a gauge

anomaly, and has therefore to be canceled as well. This occurs in the standard model if the

number of weak fermion states is even. This would not be the case, if, e. g., there would

be a single triplet of fermions charged under the weak isospin. In technicolor theories,

or other theories beyond the standard model, this is a constraint, as in such theories

multiplets with an odd number of fermions may appear, e. g. when the chirally coupled
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fermions are additionally charged under different gauge groups or representations, leading

to an odd number of fermions. This has then to be canceled by additional fermions. This

is a problem exclusively applying to the Sp(N) gauge groups, and to SU(2) of the weak

interactions because SU(2)≈Sp(1), as well as O(N < 6) groups, except for SO(2).

The reason can be most easily illustrated by considering the path-integral with the

fermions integrated out. For n Weyl fermions, the expression is

Z =

∫

DAµ(det iγµDµ)
n
2 eiS, (9.30)

with S the usual gauge-field action. The problem arises, as it can be proven that for each

gauge-field configuration of a gauge theory with an affected gauge group there exists a

gauge-transformed one such that

(det iγµD
µ)

1
2 = −(det iγµD

µ′)
1
2 ,

where ′ denotes gauge-transformed. The proof is somewhat involved, but essentially boils

down to the fact that the determinant has to be defined in terms of a product of eigenvalues.

For Sp(N) gauge theories as well as the groups O(N < 6) it can then be shown that there

exist gauge-transformations, which are topologically non-trivial, in the sense that one of the

non-zero eigenvalues changes sign. Mathematically, the reason is that the fourth homotopy

group of these groups is non-trivial and actually is Z2 or Z2
2. Hence, the integrand of the

path integral (9.30) exists twice on each gauge orbit, but with opposite signs. Thus, the

partition function vanishes, and all expectation values become ill-defined 0/0 constructs.

Thus, such a theory is ill-defined, as there is no continuous deformation of the gauge group

possible to introduce a suitable definition, similar to L’Hospital’s rule.

In the standard model, the problem does not arise, because the number of Weyl fla-

vors of the fermions is even since for every left-handed doublet there are two right-handed

singlets. One could also hope that, since the gauge group of the standard model is actu-

ally S(U(3)×U(2))≈SU(3)/Z3×SU(2)/Z2×U(1), this problem would not arise. The reason

for this division is that only for this particular gauge group the matter field representa-

tion becomes single-valued, as is necessary for them to be meaningful. However, because

SU(2)/Z2 ≈SO(3) instead of Sp(2), this does not help, as the fourth homotopy group of

SO(3) is also non-trivial, and the problem persists,

Thus, adding further sectors to the standard model, or embedding it in a grand-unified

theory, must respect this fact, to avoid triggering the Witten anomaly.
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9.5 Baryon number violation

9.5.1 Instantons

Our current understanding of the origin of the universe indicates that it emerged from a big

bang, a space-time singularity where everything started as pure energy. Why is then not an

equal amount of matter and anti-matter present today, but there is a preference for matter?

CP violation explains that there is indeed a preference for matter over anti-matter, but the

apparent conservation of lepton and baryon number seems to indicate that this is only true

for mesons and other states which do not carry either of these quantum numbers. This

impression is wrong, as, in fact, there is a process violating baryon (and lepton) number

conservation in the standard model. Unfortunately, both this process and CP violation

turn out to be quantitatively too weak to explain with our current understanding of the

early evolution of the universe the quantitative level of the asymmetry between matter

and anti-matter. Thus, the current belief is that so far undiscovered physics is responsible

for the missing (large∼ 109) amount.

It is nonetheless instructive to understand how baryon number violation comes about

in the standard model. Lepton number violation proceeds in the same way, but is even

more suppressed, due to the much smaller masses.

The basic ingredient is a classical field configuration of Yang-Mills theory. Define the

matrix-valued field strength tensor Fµν = τaF a
µν , with τ

a the Pauli matrices. To proceed

further, it is useful to make the formal replacement it → t, which can be undone at the

end. This is an analytic continuation from Minkowski space-time to Euclidean space-time,

as now all components of the metric have the same sign.

The Bianchi identity and the antisymmetry of the field strength tensor implies

0 =
1

2
ǫ ρµν
σ DρFµν = DρF̃σρ

F̃σρ =
1

2
ǫ µν
σρ Fµν ,

where F̃ is called the dual field-strength tensor. This implies that the (inhomogeneous)

Maxwell equation

DµF
µν = 0, (9.31)

are trivially solved by (anti-)self-dual solutions

Fµν = ±F̃µν , (9.32)

as these convert the equation (9.31) into the trivial Bianchi identity. The self-duality

equations (9.32) have the advantage of being only first-order differential equations instead

of second-order differential equations, and are therefore easier to solve.



Chapter 9. Anomalies 141

Furthermore, classical solutions have to have a finite amount of energy, and therefore

their behavior at large distances is constrained. Especially, since the Lagrangian can be

written as the sum of the squares of the electric and magnetic field strength, both these

fields must vanish. This can only occur if the potential becomes at large distances gauge-

equivalent to the vacuum, i. e. it has the form

Aaµτ
a = Aµ = ig(x)∂µg

−1(x),

where g = gaτa is an arbitrary function. Since all choices of g are gauge-equivalent, any

choice will do. One possibility which turns out to be technically convenient is

g(x) =
xµτµ
|x|

τµ = (1, iτa). (9.33)

The simplest extension of this is a multiplication with a function f(x2) which becomes 1

at large distances,

Aaµτ
a = if(x2)g(x)∂µg

−1(x) = 2f(x2)τµν
xν

x2
(9.34)

τµν =
1

4i
(τµτ̄ν − τν τ̄µ)

τ̄µ = (1,−iτa).

The matrices τµν are called ’t Hooft symbols. Thus, this ansatz mixes non-trivially the

weak isospin and space-time.

Plugging this in into the self-duality equation (9.32) yields a first-order differential

equation for f(x2),

x2
df

dx
− f(1− f)) = 0.

The solution to this equation, which can be obtained by separation of variables, is

f(x2) =
x2

x2 + λ2
,

where λ is an integration constant. The function indeed goes to one at large distances, as

required. The structure described by this field configuration is now localized in space-time

at the origin, and extended over a range of size λ. Such a localized event in space and

time is called an instanton. Solving the equation with the other sign in the self-duality

equation (9.32) yields a similar result, though with some small differences, and is called

an anti-instanton.

Going back to Minkowski space-time, the field configuration will have a singularity at

x2 = −λ2. This is called a sphaleron, and hence a violent event in space-time. Note that
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the gauge coupling does not explicitly appear in the calculation. This result can therefore

not be obtained perturbatively, and the presence of instantons is a non-perturbative effect.

Seeing now that these indeed create baryon number violation is unfortunately techni-

cally very complicated, so here only the most important steps will be sketched.

9.5.2 Relation between topology and anomalies

One highly non-trivial, but very fundamental, insight needed is that instantons turn out

to be very much connected with the anomalies of section 9.3. This can be seen in the

following way.

There is an interesting twist for the quantity making up the Jacobian

1

64π2

∫

d4xǫµνρσF a
µνFaρσ = − i

512π4

∫

d4xǫµνρσ∂µ

(

iAaν∂ρA
a
σ +

2

3
fabcAaνA

b
ρA

c
σ

)

Evidently, this is a total derivative, and hence can be cast into a surface integral at infinity.

It is therefore independent of the internal structure of the space-time it is integrated over,

but depends only on the contribution from the boundary. Furthermore, the expression

has the same color structure as the usual Lagrangian, and the Lorentz indices do not

play a role in gauge transformations of the field-strength tensor. Hence, this quantity is

gauge-invariant. Thus, it is an observable quantity. It is the so-called topological charge,

or Chern class of the gauge field configuration. Furthermore, the quantity is evidently

invariant under any continuous distortions of the gauge fields inside the volume. It is

less obvious that this is true for any continuous deformations of the gauge fields on the

boundary, and that all of these possible deformations fall into distinct classes, the so-called

Chern classes, such that the integral is an integer k, characterizing this class. This fact

is stated here without proof. However, by explicit calculation it can be verified that the

(anti-)instanton field configuration (9.34) yields (−)1.

Since this quantity was obtained from the chiral transformation properties of the

fermions, it suggest itself that it is connected to properties of the Dirac operator, and

this is indeed the case. This topological charge is equal to the difference of the number

of the left-handed n− and right-handed n+ zero modes of the (necessarily in the present

context massless) Dirac operator Dµ, γµD
µψ = 0, called the index of the Dirac operator.

This is the celebrated Atiyah-Singer index theorem.

To see this, note first that because γ5 anti-commutes with the other γµ it follows that

that for any eigenmode of the Dirac operator ψm to eigenvalue λm that

iγµD
µγ5ψm = −iγ5γµDµψm = −λmγ5ψm.
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Hence, every non-zero eigenmode is doubly degenerate, and therefore the index is the same

if all eigenmodes are included.

Start with an expression for this difference,

n+ − n− =

∫

d4x
∑

m,λm=0

ψ†
mγ5ψm.

The inserted γ5 will guarantee the correct counting. It is possible to use a very similar

trick as before when regularizing the sums when doing the path integral calculation in

section 9.3.2. The additional eigenvalues can be added as

∫

d4x
∑

m

ψ†
mγ5ψme

−λ2mτ ,

as the γ5 symmetry ensures that all added terms vanish. But this is precisely expression

(9.19), and thus this will lead to the same result as in section 9.3.2. Thus, the final answer

is

n+ − n− = k =
1

64π2

∫

d4xǫµνρσF a
µνFaρσ

Hence, the anomaly has a certain connection to the topology of the gauge-fields.

This is in as far remarkable as the topology of gauge fields is an intrinsic property

of Yang-Mills theory, and thus existing without any fermions, and hence in anomaly-free

theories. At the same time, anomalies also exist without gauge fields, e. g. in the form of

global anomalies. They are tied to the path-integral measure. It is the unique property

of the covariant derivative in the form of the Dirac operator for fermions which ties both

effects together in the presented way. Other realizations than minimal coupling will not

have this property, or at least in a different way. This connection is therefore deeply

ingrained in the gauge formulation.

9.5.3 Instantons and baryon number violation

In fact, now any instanton induces via the global anomaly interactions between fermions.

Especially, it can connect fermions of different types, as long as all are charged and all

are affected by the anomaly. Especially, this yields that instantons effectively create an

interaction which involves, besides the gauge fields also three quarks and one lepton, and

thus permits baryon number violation. However, this integration still conserves fermion

number, and as a consequence the change in the baryon number must be offset by the

same change in lepton number. Still, this implies that reducing the baryon number by

one can be offset by a change in lepton number by one, which implies that a proton can



144 9.5. Baryon number violation

be converted, with the involvement of gauge fields, into a positron. Hence, baryon (and

lepton number) are not conserved in the standard model.

To see how this work, note that because the chiral structure of the global anomalies

take in the standard model the form

∂µJ
µ
B = ∂µJ

µ
L =

g2

16π2

1

2
ǫµνρσF a

µνFaρσ,

where here the weakly charged quark and lepton currents are noted. It is here very

important that the carrier of the baryon and lepton number are not gauge-invariant states.

Integrating yields

∆QB = ∆QL =
g2

32π2

∫

ddxǫµνρσF a
µνFaρσ

and thus the anomaly indeed induces a change in both the baryon number and the lepton

number.

The rate with which this happens is, however, small. It can be calculated by deter-

mining the transition rate, in leading order, of quarks to leptons in the background of

an instanton field. Though a straightforward calculation, this is rather lengthy, and thus

only the result will be quoted here. It finally turns out to be suppressed exponentially

by exp(−c/αW ), where c is a number, and αW is the weak isospin fine-structure constant.

Since the latter is small, the suppression is huge, and the life-time of the proton in the

standard model exceeds the current upper experimental limit for the decay in any channel

of 2.1× 1028 years by many orders of magnitude. The appearance of the exponential can

be intuitively understood, as it stems from the action of the instanton, which appears

explicitly in the path integral expression.

Hence, the baryon number violation in the standard model is not able to explain the

fact that so much more baryons than anti-baryons exist. However, this is a statement

about the current state of the universe, and especially its temperature, and it may change

in earlier times. Especially, it can be shown that the effect becomes exponentially enhanced

with temperature. Still, the temperatures necessary to make this a sufficiently effective

process have been available for too short a time in the early universe, given the other

parameters of the standard model.
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Restoration at finite temperature

Just as the magnetization in a magnet can be removed by heating it up, so can the Higgs

condensate melt at high temperatures, making the symmetry manifest once more. This

process is different in nature from the effectively manifest symmetry at large energies.

However, there is not necessarily a phase transition associated with the melting of the

condensate. In fact, it is in general not a symmetry restoration, as in case of a global

symmetry to be discussed here as well. This is due to the fact that the symmetry is just

hidden, not broken. As such, there is no local gauge-invariant order parameter associated

with it. Only gauge-dependent order parameters can be local, but in their case the tem-

perature where the symmetry becomes manifest once more is in general gauge-dependent.

Only a transition which would be indicated by a non-local gauge-invariant order parameter

could in principle mark a true phase transition.

Studying the phase transition would thus require non-perturbative methods. This

has been done, e. g. using lattice methods. In the end, it is found that the picture in

perturbation theory, discussed here, gives the qualitatively right idea. However, for the

actual mass of the Higgs the transition turns out to be quite weak, which is a serious

problem for cosmology, a topic which will not be detailed here further.

Again, it is quite useful to first study the case of a global symmetry, then of an Abelian

local symmetry before going to the electroweak theory.

10.1 Global symmetry

A useful starting point is given by a rewriting of the Lagrangian (3.7)

L =
1

2
∂µη∂

µη − 1

2
(6λf 2 − µ2)η2 +

1

2
∂µχ∂

µχ− 1

2
(2λf 2 − µ2)χ2

−
√
2λfη(η2 + χ2)− 1

4
λ(η2 + χ2)2 − µ2f 2 + λf 4. (10.1)

145



146 10.1. Global symmetry

In this case the explicit zero-energy contribution is kept for reasons that will become

apparently shortly, but will be essentially the same as when treating non-relativistic Bose-

Einstein condensation. Only terms linear in the fields have been dropped, as they will not

contribute in the following. The situation is similar as before, but now the condensate f

has not been specified by the minimization of the classical potential, but is kept as a free

quantity, which will take its value dynamically.

To investigate the thermodynamic behavior it is useful to analyze the thermodynamic

potential Ω in analogy to the non-relativistic case as

Ω(T, f) = −P (T, f) = −T ln
Z

V
,

where P is the pressure, T the temperature, and V the volume. Z is the generating

functional. For the following purposes, it is sufficient to use the so-called mean-field ap-

proximation. In this case, the interaction terms are neglected. Without going into details,

the thermodynamic potential can be evaluated directly, since the functional integral be-

comes Gaussian. It reads

Ω(T, f) = −µ2f 2 + λf 4 (10.2)

+

∫

d3p

(2π)3

(

ω2
1 + ω2

2

2
+ T

(

ln
(

1− e−
ω1
T

)

+ ln
(

1− e−
ω2
T

))

)

ω1 =
√

6λf 2 − µ2 + p2 =
√

m2
η + p2

ω2 =
√

2λf 2 − µ2 + p2 =
√

m2
χ + p2.

The frequencies ω consists of the momenta and the masses of the particles after hiding

the symmetry, which is dependent on the value of the condensate f . There are three

contributions. The first outside the integral is the classical contribution. The second

are the first two terms inside the integral. They are the contributions from quantum

fluctuations. The third term represents thermal fluctuations.

To recover the results from section 3.2.1, the second term must be neglected and the

zero-temperature limit taken. This yields

Ω(0, f) = −µ2f 2 + λf 4.

As in section 3.2.1, this potential has a minimum at non-zero f , f = µ2/(2λ). Inserting

this into the Lagrangian (10.1) makes it equivalent to (3.7), with a massive Higgs boson

and a massless Goldstone boson.

Something new happens at finite temperature. At small temperature, little other

happens than that it is possible to excite Higgs bosons or Goldstone bosons, which then
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form a thermal bath of non-interacting bosons, and the total pressure is just the sum of

their respective pressures. However, the value of f will become temperature-dependent:

At each temperature it will take the value which minimizes the thermodynamic potential.

When going to higher temperatures, it is useful to make a high-temperature expansion

for the thermodynamic potential. High temperature requires here T to be larger than the

scale of the zero-temperature case, which is given by the condensate, which is of order

µ/
√
λ. In this case, it is possible to obtain an expansion for Ω. The leading terms up to

order O(1) are given by

Ω(T, f) = λf 4 +

(

1

3
λT 2 − µ2

)

f 2 − π2

45
T 4 − µ2T 2

12
. (10.3)

This results exhibits one interesting feature. The term of order f 2 has a temperature-

dependent coefficient, which changes sign at1 T 2
c = 3µ2/λ. As a consequence, the shape of

the thermodynamic potential as a function of f changes. Below Tc, it has a minimum away

from zero, as at zero temperature. With increasing temperature, this minimum moves to

smaller and smaller temperatures, and arrives at zero at Tc. Hence, at Tc, the value of f

changes from a non-zero to a zero value, and the symmetry becomes manifest once more.

Above Tc, the minimum stays at zero, and for all higher temperatures the symmetry is

manifest.

Replacing f with its temperature dependent value in (10.3) yields the expressions

ΩT<Tc = µ2T 2

12
−
(

π2

45
+ λ

36

)

T 4 T=Tc= −π
2µ2

5λ2

ΩT>Tc = µ4

4λ
− π2

45
T 4 − µ2T 2

12

T=Tc= −π
2µ2

5λ2
,

which coincide at Tc. Also their first derivatives with respect to the temperature equal at

Tc

dΩT<Tc
dT

= −(8π2T 2 + 10λT 2 − 15µ2) T
90

T=Tc= −8π2 + 5λ√
300

√

µ2

λ

dΩT>Tc
dT

= −(8π2T 2 + 15µ2) T
90

T=Tc= −8π2 + 5λ√
300

√

µ2

λ
,

(10.4)

1Note that strictly speaking using the high-temperature expansion at this temperature is doubtful. For

the purpose here it will be kept since it makes the mechanisms more evident then the rather technical

calculations necessary beyond the high-temperature expansion. The qualitative outcome, however, is not

altered, at least within the first few orders of perturbation theory.
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but their second derivatives do not

d2ΩT<Tc
dT 2

= µ2

6
− (4π2 + 5λ)T

2

15

T=Tc= −(25λ+ 24π2)µ2

30λ
d2ΩT>Tc
dT 2

= −8π2T 2+5µ2

30

T=Tc= −(5λ+ 24π2)µ2

30λ
.

(10.5)

Thus, a phase transition of second order occurs at Tc. Note that at very large temperatures

only the term π2T 4/45 is relevant, which is precisely the one of a free non-interacting gas

of two boson species, a Stefan-Boltzmann-like behavior.

As stressed previously repeatedly, it is possible that quantum effects could modify the

pattern considerably or even melt the condensate. It is therefore instructive to investigate

the leading quantum corrections to the previous discussion.

This is also necessary for another reason. If the symmetry becomes manifest once more

at large temperatures, the mass of Higgs-like excitations become tachyonic, indicating a

flaw of the theory. That can be seen directly by reading off the condensate-dependent

masses of the excitations being as usual

m2
η = 6λf 2 − µ2 = −µ2θ(T − Tc) + (2µ2 − λT 2)θ(Tc − T )

m2
χ = 2λf 2 − µ2 = −µ2θ(T − Tc)−

λT 2

3
θ(Tc − T ).

Furthermore, also the Goldstone theorem is violated, as the mass of the Goldstone boson

χ is no longer zero2. Both problems are fixed by quantum corrections, demonstrating the

importance of quantum fluctuations even in the high-temperature phase.

In the expression for the free energy (10.2) the zero-point energy, and thus the quan-

tum fluctuations have been neglected. Using a cutoff-regularization with cutoff Λ their

contribution can be determined as
∫

d3p

(2π)3
ω

2
=

1

64π2

(

2m2Λ2 −m4 ln
Λ2

m2
− m4

2

)

+O
(

1,
1

Λ

)

.

where the constant terms O(1) do not depend on the mass. This contribution is quadrat-

ically divergent and has to be regulated. This can be done by introducing into the La-

grangian (10.1) the necessary counter-terms

δµ2(η2 + χ2)− δλ(η2 + χ2)2.

2In a full quantum treatment, the role of the Goldstone boson could be played at finite temperature

by some composite excitation instead. However, at the mean-field level no such excitations are available,

and thus the Goldstone theorem is violated.
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Repeating the calculation for the free energy yields at zero temperature the expression

Ω(0, f) = −(µ2 + δµ2)f 2 + (λ+ δλ)f 4

+
1

64π2

(

2(m2
η +m2

χ)Λ
2 −m4

η ln
Λ2

m2
η

−m4
χ

Λ2

m2
χ

−
m4
η

2
−
m2
χ

2

)

.

To determine the renormalization constants two conditions will be implemented. One is

that the free energy is finite when the cutoff is send to infinity. The second is that the

Goldstone boson mass is zero, equivalent to requiring that f = µ2/(2λ), and required by

the Goldstone theorem. Both conditions can be satisfied by the choice

δµ2 =
λΛ2

4π2
+
λµ2

4π2
ln

Λ2

2µ2
+ µ2 δξ

λ

δλ =
5λ2

8π2
ln

Λ2

2µ2
+ δξ.

Herein the contribution δξ is not determined by these conditions, and can be set at will by

other renormalization conditions. This indicates that both conditions are not independent.

This fixes the thermodynamic potential at zero temperature. It can be shown that no new

counter terms are necessary at non-zero temperature. Therefore, the high-temperature

expansion can be performed as previously.

Performing once more a high-temperature expansion is possible. However, in this case

also higher-order terms have to be kept, since the vacuum energy has now contributions

of order O(m4 ln(m2/µ2)). At higher order in the high-temperature expansion terms of

order O(m4 ln(m2/T 2)) appear, which combine to relevant terms. The result is

Ω(T, f) = −π
2

45
T 4 − µ2T 2

12
−

(m3
η +m3

χ)T

12
+

µ4

32π2
ln

8π2T 2e−2γ+ 3
2

µ2

−µ2f 2

(

1 +
δξ

λ
+

λ

4π2
ln

8π2T 2e−2γ+1

µ2
− λT 2

3µ2

)

+λf 4

(

1 +
δξ

λ
+

5λ

8π2
ln

8π2T 2e−2γ+1

µ2

)

.

The critical temperature can be determined again as the point where f vanishes, yielding

T 2
c =

3µ2

λ

(

1 +
δξ

λ
+

λ

4π2
ln

24π2e−2γ+1

λ

)

.

To attach a final value it would be necessary to determine the value for δξ by some other

renormalization condition. To order λ, which is the current order, the final result for Tc will

then not depend on this renormalization prescription. One obvious possibility would be to

give Tc its (hypothetically) experimentally measured value, as Tc may not depend on the

renormalization process: As a physical observable, it is renormalization-group invariant.
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To obtain the corrections for the masses, it is necessary to calculate the corresponding

self-energies. Without going into the details, the result to the present order in λ is given

at high temperatures and after renormalization by

Πη = Πχ =
λT 2

3
,

and thus momentum independent. It is therefore a correction to the mass. The complete

mass to this order is therefore

m2
η = 2µ2

(

1− λT 2

3µ2

)

θ(Tc − T ) +
1

3
λ

(

T 2 − 3µ2

λ

)

θ(T − Tc)

m2
χ =

λ

3

(

T 2 − 3µ2

λ

)

θ(T − Tc).

These results yield a number of interesting observation. First, since Tc is larger3 than

3µ2/λ, the mass of the Higgs is always positive, stabilizing the system. Secondly, in this

case the mass of the Goldstone boson is always zero below the phase transition tempera-

ture, in agreement with the Goldstone theorem. Above the phase transition, the masses of

both particles degenerate, and the symmetry is manifest once more also in the spectrum.

These properties are generic for symmetries hiding by a condensate which thaws with in-

creasing temperature. Also that the mean-field approximation is in general insufficient is

a lesson which should be kept duly in mind. Of course, at the present time much more

sophisticated methods are available to treat this problem, though they are in general very

complicated.

10.2 Abelian case

As was visible in the previous case of the global symmetry, quantum fluctuations are

important to obtain a consistent result. Hence the use of the unitary gauge with its

lack of renormalizability is not recommending itself for calculations at finite temperature.

Instead, the ’t Hooft gauge is very useful. The gauge-fixed Lagrangian is then given by

L =
1

2
∂µη∂

µη −
m2
η

2
η2 +

1

2
∂µχ∂

µχ−
m2
χ + e2f 2ξ2

2
χ2 − 1

4
FµνF

µν +

(

e2f 2 − 1

2ξ

)

AµAµ

−
√
2λfη(η2 + χ2)− λ

4
(η2 + χ2)2 + eAµ(η∂µχ− χ∂µη)

+e2AµA
µ

(√
2fη +

1

2
(η2 + χ2)

)

,

3It is not obvious that δξ cannot be negative and large, thus making the improved estimate for Tc

smaller than before. However, it turns out not to be the case at this order for any renormalization

prescription.
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with the distinct gauge-dependent masses at tree-level. After condensation, the tree-level

masses are still given by

m2
η = 2µ2

m2
χ = 0,

with the parameter µ of the Lagrangian with manifest symmetry.

Again going through the mean-field calculations (introducing only a mean-field for the

Higgs fields η condensate , but neither for the χ nor for the photon), it is possible to obtain

once more a high-temperature expansion for the free energy. One should note that the

ghost fields have to be included in this calculation, even when taking the Landau-gauge

limit, as they contribute two negative degrees of freedom to the pressure, canceling the

one of the time-like and scalar photon. The full expression at mean-field level then reads

Ω(f, T ) = λf 4 +

((

λ

3
+
e2

4

)

T 2 − µ2

)

f 2 − µ2T 2

12
− 2π2

45
T 4.

First, the Stefan-Boltzmann contribution proportional to T 4 is now twice as large, as the

photon also contributes two scalar degrees of freedom. Furthermore, the leading high-

temperature behavior is not altered otherwise by the presence of the interaction. At the

level of the mean-field approximation there is still only a non-interacting gas of two scalars

and two photon polarizations left. However, the term crucial for the phase transition, the

one of order T 2, is affected by the interactions. Thus, the interactions have an influence on

the phase transition. At mean-field level they just shift the phase transition temperature.

Beyond mean-field, their impact is more relevant. At one-loop level, the phase structure

becomes dependent on the relative size of λ and e.

As long as λ is larger4 than e, the situation is found to be in agreement as when

the photon field would be absent. In particular, the condensate melts at a (now also e-

dependent) critical temperature, and above the phase transition both the scalars and the

photon become massless again.

If λ is smaller than e, the critical temperature becomes lower than the effective mass

of the photon. As a consequence, the second-order phase transition may in fact become

first order. Even more drastic, if λ is below 3e4/(32π2), the phase transition temperature

decreases to zero, and spontaneous breaking is not occurring at all. In that case, the

stronger photon-scalar interactions stabilize the vacuum, and no condensate can form.

An important insight is found in the case of µ = 0. At first sight no condensation is

possible. However, the interactions mediated by the photon may still be sufficiently strong

4If e and λ are approximately equal, even higher order corrections can have a qualitative impact.
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and attractive enough that the scalars condense, yielding the same physics as if µ would

not be zero, and λ would be sufficiently large. In this case, the condensation is a genuine

quantum effect, as only due to (one-)loop quantum corrections spontaneous condensation

of the Higgs occurs.

10.3 The electroweak case

Also in the electroweak case it is useful to use the Lagrangian in the ’t Hooft gauge,

given by (4.7) and the gauge-fixing term (5.5). Though straight-forward, the calculation

in the present case is much more cumbersome than in the previous case. For the present

purpose, the masses of the fermions (and thus the CKM matrices) can be neglected. The

imprecision of this is comparable to the effects of going to the next order. The final result

at mean-field level is

Ω(f, T ) =
µ2

4λ
− λf 4

4
+

(

379

360
+

2

15

)

π2T 4

+
T 2

24
((3 + ξ)m2

Z + (6 + 2ξ)m2
W +m2

η + 2m2
φ +m2

χ − 6m2
cA − 2m2

cB).

At first sight, this expression appears to be gauge-dependent due to the explicit appearance

of the gauge-parameter ξ. However, the masses of the elementary particles are also gauge-

dependent. Replacing them by the more elementary expressions in terms of the condensate,

it is seen that this gauge-dependence is spurious. The result is then

Ω(f, T ) = −427

360
π2T 4 − f 2

2

(

µ2 − T 2

4

(

2λ+
3g2

4
+
g

′2

4

))

+
λf 4

4
+
µ4

4λ
− µ2T 2

6
.

Extremalizing this expression with respect to f yields the critical temperature for the

electroweak standard model in this approximation as

T 2
c =

4µ2

2λ+ 3g2

4
+ g′2

4

.

The temperature dependence of the condensate f and the pressure then read, respectively,

f 2 =
µ2

λ

(

1− T 2

T 2
c

)

θ(Tc − T )

P =







427π2T 4

360
+ µ2

4λ

(

1− T 2

T 2
c

)2

+ µ2f2T 2

6
− µ4

4λ
, T ≤ Tc

427π2T 4

360
+ µ2T 2

6
− µ4

4λ
, T ≥ Tc

.

The corresponding phase transition is at mean-field level thus of second order, as the

second derivative of the pressure exhibits a discontinuity. For a Higgs mass of 100 GeV
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the critical temperature is about 200 GeV. For the actual value of the Higgs mass of 125

GeV, it is only slightly higher. Thus the transition temperature is of the same order as

the Higgs condensate, and about three orders of magnitude larger than the corresponding

temperature in QCD.

Note that all problems with consistency of the mean-field approach pertain also to the

full electroweak standard model. Therefore, for a consistent treatment at least leading or-

der corrections have to be included. As previously, they do not change the phase transition

temperature, but may change its order.

10.4 Implications for the early universe

The relevance of such a temperature is only given in the early universe, or perhaps during

a collapse to a black hole. Here, the more certain case of the early universe will be treated.

To assess the relevance for the early universe it is necessary to add equations which

describe its development. For the present purpose simplified versions of the Einstein

equations are sufficient. Adding energy conservation gives

(

dR

dt

)2

=
8πG

3
ǫR2

d(ǫR3)

dR
= −3PR2, (10.5)

where G is Newton’s constant, ǫ is the energy density, R is the scale factor, essentially

given by the Ricci curvature scalar, t the proper time, and P is the pressure. To close the

equations, an equation of state is necessary, which is given as a function of the pressure

by thermodynamic relations as

ǫ = −P + T
∂P

∂T
.

Since the sicknesses of the mean-field approximation are not too problematic for this

estimate, it is sufficient to use it for obtaining the corresponding energy density as

ǫ =

{
(

1281π2

360
+ µ4

4λT 4
c

)

T 4 +
(

1− 3µ2

λT 2
c

)

µ2T 2

6
, T ≤ Tc

1281π2

360
T 4 + µ2T 2

6
+ µ4

4λ
, T ≥ Tc

.

Rewriting equation (10.5) in terms of the temperature yields the ordinary differential

equation

R
dǫ

dT
+ 3

dR

dT
= −3P.
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Imposing as a boundary condition that R should be one at the phase transition yields

R3 =

{

Tc
T
T 2
c −b2
T 2−b2 , T ≤ Tc

Tc
T
T 2
c +a

2

T 2+a2
, T ≥ Tc

a2 =
30µ2

427π2

b2 =
a2T 2

c (1− r)

a2 + rT 2
c

r =
4λ

6λ+ 9g2

4
+ 3g′2

4

.

For a Higgs mass about 100 GeV the characteristic parameters are r = 0.22, a = 6 GeV and

b = 10 GeV. Thus, the dominant behavior is that R behaves like T 3
c /T

3, up to some small

modifications close to the phase transition, and thus drops essentially in the electroweak

domain.

An interesting consequence is obtained if R3 is multiplied by the entropy

s =
∂P

∂T
∼ T 3.

An elementary calculation yields thus that sR3 is constant. Since s is in units inverse

length cubed, this is just the statement that entropy is conserved since R only describes

the expansion of a unit length over time. Hence, the electroweak interactions at mean-

field level conserve entropy. In particular, this is a consequence of the second order phase

transition, which is not permitting latent heat or supercooling. Finally, inserting the

numbers shows that R increases somewhat slower around the phase transition. Thus, the

expansion of the universe slows down during the electroweak phase transition.

Of course, all of this is just an estimate. That it can never be fully correct is seen by

the fact that R diverges at the finite temperature T = b, much above the QCD phase tran-

sition (and nowadays) temperature. This is an artifact of the high-temperature expansion

involved. To obtain the correct behavior down to the QCD phase transition would require

more detailed (non-perturbative) calculations.
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