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Abstract

Strongly interacting theories with adjoint fermions play an important role in theoretical physics.
Looking at QCD for zero baryonic mass we find that the phase transition temperature for decon-
finement and chiral symmetry breaking coincide. If we change the representation to the adjoint
these temperatures do not coincides. This change gives rise to a new interesting phase which we
do not observe for QCD with fundamental quarks. For this reason it is interesting to take a closer
look into this theory to learn more about confinement and chiral symmetry breaking. In this thesis
we focus on quenched SU(2)

An other strongly interacting theory with adjoint fermions is minimal walking technicolor. This
theory is an extension to the standard model which replaces the Higgs with a bound state composed
of technigluons and techniquarks. This extension to the standard model solves the hierarchy prob-
lem. Furthermore the study of this theory gives us more insight into strongly interacting theories.
In this work we study the quark propagator for both theories on the lattice. We find for quenched
SU(2) that the quark mass function is in accordance with the perturbation theory. Calculating the
Schwinger function for this propagator we find a zero crossing which tells us that a sing quark is
an unphysical particle. Performing the same calculation for the minimal walking technicolor we
derive the anomalous mass dimension from the mass function. We find that this quantity is small
compared to one which is in accordance with previous indirect calculations of this value. Looking
again at the Schwinger function we can extract the mass of the techniquarks.






Contents

1 Introduction

2 Minimal Walking Technicolor

2.1 Electroweak Symmetry Breaking . . . .. .. ... ... oo L.
2.2 Fermion masses . . . . . . . . . i e e e e e e e
23 Walking . . . . . . e
2.4 Minimal Walking Technicolor . . . . . . . . . ... ... .00
2.5 Quark Propagator . . . . . . . . .. ..
3 QCD on the lattice
3.1 Strongly interacting field theories . . . . . . . . . .. ... 0oL,
3.2 Euclidean space . . . . . . . . ...
3.3 Introducing the lattice . . . . . . . . . .. L L
3.4 Link variables . . . . . . . ..
3.5 Dirac Propagator . . . . . . . ...
4 Methods
4.1 The quenched approximation . . . . . . . . . . . . i it e e e
4.2 Unphysical particles and the Schwinger function . . . .. .. ... ... ... ....
4.3 Antiperiodic boundaries . . . . . .. ...
4.4 Calculating the A and B function . . . . . . . ... ... L oo
4.5 Lattice corrections . . . . . . . . . ..o e e e
4.6 Renormalization and lattice spacing equalone . . . . . . . ... .. ... ... ... .
5 Quenched SU(2) QCD with adjoint fermions
5.1 Setup . . . ..o e
5.2 Lattice Artifacts . . . . . . . L e
5.3 Mass dependence . . . . . . . ... e
5.4 Finite volume artifact . . . . . . . . . . . L
5.5 Continuum limit . . . . . . . . . .
5.6 SUmMmary . . . . ... e e e e e e
5.7 Results. . . . . . e
5.8 Schwinger function . . . . . . . ...
6 Minimal Walking Technicolor
6.1 Setup . . . .o e
6.2 Phase transition . . . . . .. ..
6.3 Aand Bfunction . . . . . .. ...
6.4 Asymmetry lattice artifacts . . . . . . . ... oL L
6.5 Finite volume artifacts . . . . . . . . . . ...
6.6 Border of the phase transition . . . . . . .. . ... .. oL o o
6.7 SUMIMATY . . . . . o it e e e e e e e e e e
6.8 Results. . . . . . e
6.9 Schwinger function . . . . . . ... L

7 Conclusion and Outlook

15
15
15
17
17
19
20

21
21
22
23
26
29
31
31
33

37
37
37
39
40
41
41
43
43
44

46



1 Introduction

To this day, the standard model(SM) of particle physics is the most successful theory which accu-
rately describes many experimental results. Consisting of six quarks, six leptons one Higgs boson
and four gauge bosons it is composed of four different sectors, namely QED, QCD , the electroweak
sector and the Higgs sector.

Despite its great success, we still have not observed the Higgs boson. However there is new exper-
imental observed particle at the LHC [1][2]. This particle has a mass of 125GeV which is a boson
with yet to determine quantum numbers. For this reason this particle could be the Higgs boson.
There is one result which supports this assumption [3].

Even if this new particle is the Higgs boson, we still face problems involving the SM. The most
well known fact is that gravity is not part of the SM. Furthermore the dark matter is also not part
of the SM. An other problem is that the observed matter-antimatter asymmetry in the universe is
larger then the SM predicts. For all these reasons the SM can not fully describe nature.

In contrast to these experimental facts there are also theoretical arguments which suggest that the
SM should not be able to fully describe nature. The first argument is that the Higgs sector requires
to be an effective theory. An effective theory is usually described by a scale which is the upper limit
for the validity of the theory. If we would remove this scale in the theory, the Higgs sector becomes
trivial. An other argument is the hierarchy problem. Calculating quantum corrections to the Higgs
mass we find that they depend on the cutoff squared [4]. For this reason we have to fine-tune the
SM for the correct Higgs mass. There is no explanation within the SM for this effect.

Following these exemplary arguments and facts, we have to find a theory which still explains the
effects and matter described by the SM and on the other hand also incorporates at least the experi-
mental facts. Theories which try to get a step closer to such a theory are called beyond the standard
model(BSM) theories. The BSM theories involve string theory, supersymmetry, technicolor, grand
unifying theories, extra dimensions and many more. Some approaches try to quantize gravity while
others try to overcome theoretical problems. Both approaches are reasonable despite the fact that
the theoretical problems could just be features of nature. One reason for this is that usually one
gets new particles which become new dark matter candidates which in turn would explain at least
one experimental fact.

Focusing on the hierarchy problem there are at least two possible BSM theories which get rid of the
problem: supersymmetry[5] and technicolor [4]. In this thesis we will focus on technicolor, more pre-
cisely minimal walking technicolor. Technicolor is a QCD like theory which replaces the Higgs boson
with a bound state composed of techniquarks and technigluons. The minimal walking technicolor
theory possess the gauge group SU(2) with two adjoint fermions. This theory is currently under
investigation [6][7][8]. One important quantity for this theory is the anomalous mass dimension of
the quark propagator. This is the motivation why we will calculate the quark propagator which
enables us to determine this quantity directly. There are already indirect results for the anomalous
mass dimension which suggest that is has to be small compared to one.[9][10][11][12][6][7][13]
Furthermore we will also consider quenched SU(2) QCD which is also the quenched minimal walking
technicolor theory. Another motivation to look at this case comes from SU(3) QCD. Important prop-
erties of QCD are confinement and chiral symmetry breaking. As both stem from non-perturbative
mechanisms we do not know what they are in detail and if both are connected. But we know that
there is a phase transitions in QCD which restores the chiral symmetry and leads to deconfinement.
Both phase transitions have their own transition temperature 7., and Ty... Using lattice gauge
theory the relation T, ~ T, for the fundamental representation and zero baryonic potential is



found [14]. However this relation does not hold for the adjoint representation of any considered
gauge groups so far. Therefore any explanation for this relation has also to explain why those
temperatues does not coincide for the adjoint representation. One possible explanation is that
there is a connection between confinement and chiral symmetry breaking which was investigated in
[15][16][17][18][19].

As we have seen some properties of QCD changes if we change the representation. For this reason
lattice calculations for adjoint fermions [20][21][22][23][24][25] are performed since nearly 30 years.

This thesis is organized as follows: Chapter two will start with the basic idea behing technicolor.
Afterwards we will give a reason for walking and introduce the minimal walking technicolor. The
last section is denoted to the quark propagator. In chapter three we introduce QCD.This section
is followed with an introduction to lattice QCD. We conclude the chapter with the Wilson Dirac
operator. In chapter four we present the methods which we use to calculate our results. In chapter
five and six we will present our results for quenched SU(2) QCD and minimal walking technicolor.
Both chapters start with the setup for the calculation. Following this, we take a look at the lattice
artfiacts before we present the M function and the Schwinger functions. Finally we sum our results
up in chapter seven and will give an outlook for possible further investigations.



2 Minimal Walking Technicolor

In this chapter we will follow the reviews [4] and[26].

Having introduced the main idea behind technicolor in the last chapter we will first introduce
the dynamical electroweak symmetry breaking. Afterwards we introduce extended Technicolor the-
ories which will lead to the idea of walking dynamics. In the end we will present the minimal
walking technicolor theory and some basic properties of the quark propagator.

2.1 Electroweak Symmetry Breaking

Before we can replace the Higgs boson with techniquarks we have to recall the features of the Higgs
boson. The two important features are, providing the mass for the SM fermions and to break the
electroweak symmetry. At first we will concentrate on the electroweak symmetry breaking.
Looking at the SM we find that QCD also breaks the electroweak symmetry[27]. The reason for
this is the condensation of the quark bilinear

(Upur +dpdr) #0 (2.1.1)

For this reason we get masses for the W boson even if we discard the Higgs sector. The resulting
mass for the W boson would be roughly 29MeV. Comparing this result to the measured 80GeV, we
see that we need an other electroweak symmetry breaking effect to get this mass right. We solve
this problem in the SM by the Higgs boson. An other possibility is to add a new sector which is
similar to QCD which is the original idea of technicolor. The problem to achieve the right W boson
mass can be solved by increasing the scale of this new sector. For this reason, a simple technicolor
theory is the scaled up QCD. One scaled up QCD theory is a non-abelian gauge theory with the
gauge group SU(Np¢) and two Dirac fermions in the fundamental representation. It is important
to note that we need at least two Dirac flavors to realize the symmetry SU(2)r, x SU(2)r which is
present in the SM.

2.2 Fermion masses

The Higgs boson gives the SM fermions mass trough the Yukawa terms of the form [28§]

g Gl (2.2.1)
where ¢ is the left-handed quark doublet, G* are the Yukawa coupling matrices and «” is the
right-handed fermion singlet of an up-type-quark. From this term alone we see that we will get
four-fermion operators if the Higgs is a composite particle. We can interpreted those operators
as low energy operators coming from an other strongly interacting theory which emerges at even
higher energies than the electroweak theory. Since there are a lot of possibilities we get again a
large class of theories which are called extended technicolor(ETC) theory.

One possible model is the one family model. We use the gauge group SU(Ngr¢) for the ETC
dynamics. Ngprc = Npc + Ng where Ng is the number of generations in the SM. Furthermore
the TC uses a complete generation of quarks and leptons. The condensation of these particles give
the SM fermions their masses. The three different mass scales for the SM fermions are achieved



by three spontaneously symmetry breakings of the ETC gauge group. The model does not specify
how this breaking occurs nor does it regard the breaking of the weak isospin symmetry.

Even without knowing the specific ETC we can still make some general remarks about the theory[29].
Denoting the TC particles as @ and the fermions as ¥ we get the four fermion operators

QriQUT'y | QUUQQT'Q | TTITY

2 ab
AETC

+ Bab . (2.2.2)

Qap

2 2
AETC AETC

where the coefficients «, 8 and ~ parametrize the fact, that we have not yet chosen a specific ETC.
Agre is the scale of the ETC and T includes chiral factors like (1 +v;5)\2. We derive from the
first term the SM fermion mass

2
mg ~ JELC(QQ) e (2.2.3)
Mgre

where m,, is the mass of a SM quark, ggrc is the ETC coupling constant evaluated at the ETC
scale, Mgrc is the mass of an ETC gauge boson and <@Q>ETC is the TC condensate evaluated
at the ETC scale. From the second term in (2.2.2) we derive the masses of Goldstone bosons and
techniaxions [29]. The third therm in (2.2.2) provide flavor changing neutral currents(FCNCs).
Assuming that v, is of the order one(which is a naive assumption) and including experimental
results provides us with a constraint to the ETC scale. We find that this scale has to be 10° TeV
or even larger [30]. Using this scale we can deduce a naive estimate for the largest possible mass in
a QCD-like Theory. We find this to be roughly 100MeV which is below the top quark mass.

2.3 Walking

It is apparent that we have to change our QCD-like theory to explain the top quark mass. To better
understand how we should change the theory we have to analyze the TC condensate. Using the
renormalization group we find

AgTC
(QQ) pre = eap (/ d (Inp) Y (o (H))) (QQ) e (2.3.1)

Arc

where 7, is the anomalous dimension of the techniquark mass-operator and « () is the running
coupling. If we assume this running coupling behaves like the one in QCD we can compute the
integral and get

_ A Ymo
(QQ) pre ~ In ( AETTCC) (QQ) ¢ (2.3.2)

Assuming the ratio is not too large we can neglect the logarithmic factor and use directly the
condensate evaluated at the TC scale. We get for the fermion masses

2
g —_—
A&TC

So far we still have used QCD like dynamics. Now we change this fact by introducing walking.
Walking is a kind of dynamics which is defined by the fact the the TC coupling does not run to the



UV fix-point. Instead the coupling has a near conformal fix-point which leads to an enhancement
of the TC condensate

_ AETC Ym (™) o
<QQ>ETC ~ < Arc ) <QQ>TC' (2.34)

where o is the near conformal fixed point. Assuming that ~ is of the order one we get a much

larger contribution to our condensate. Looking back at the four-fermion operators in (2.2.2) we see
Ym (™)

that the terms involving the TC particles are enhanced by the factor (/XETTCO . Since we did

not enhanced the term responsible for the FCNCs, this new dynamics help to resolve this problem.

We want to stress that walking is not the only solution to resolve the problems which a QCD like

theory face.

2.4 Minimal Walking Technicolor

Having introduce the basics, we want introduce the TC model which we consider in this thesis,
namely the Minimal Walking Technicolor(MWT) model. The MWT features two fermions and
one technigluon in the adjoint representation. Furthermore it has walking dynamics. These two
elements give the model the name because there is no possibility to have less matter in the TC
section if we have walking dynamics. Despite this new TC matter we also have to add a new
generation of Dirac leptons whose left handed components form a weak doublet. The reason for
this unexpected addition to the SM is the Witten anomaly [31].

We see that this model has new particles coming from the TC sector

Q4 — ( e ) L UL D% a=1,2,3 (2.4.1)
L
where a is the adjoint color index of SU(2) and new leptons
L, = ( N > . Nn. Ep. (2.4.2)
EJL

The TC particles form the condensate <ﬁU +5D> which breaks the electroweak symmetry as
described beforehand. To cancel the gauge anomalies we assign the hypercharge as

11 y—1

Y(QL):%, Y(UR,DR):(yQ,yQ) (2.4.3)
“3y+1 —3y—1
Y(LL):73%, Y(NR,ER)( y2 : 1’2 )

where it is possible to chose an arbitrary real value for y [32]. Furthermore we find that the electric
charge is Q = T2 + Y, where T2 is the weak isospin generator. To recover the SM hypercharge we
have to set y = %



We conclude this model with the new Lagrangian for the Higgs sector

L— 4F/‘;VF‘1”” +iQ "D, QL + iUrY' D, Ug +iDgy,D,Dr+ (2.4.4)

+Z'ZL’}/'U’D#LL + Z'ER’}/”D“ER + Z'NR")/MD#NR

FY, = 0,A% — 0,A% + gree™™ Ab A (2.4.5)

D,Q% = (Waﬂ + gro Al et — igﬁ}u P8 ig'Y (Qr) Bﬁ‘“) Qs (2.4.6)
D,Q% = (%0, + chA*’ e —ig'V (Qr) Bud*) Q% (2.4.7)

Dyt = (8%0, =i W,, - 76 —ig'¥ (Ly) Buo™) L (2.4.8)

DML“ = (6%¢0, — ig'Y (Lg) B,6%) L (2.4.9)

where a,b,c=1,2,3 .A, are the techni gauge bosons, W, are the gauge boson associated to SU(2)r
and B, is the gauge boson associated to the hypercharge. 7/ are the gamma matrices (see section
3.2), t* are the Pauli matrices and €®bc is the fully antisymmetric symbol.

2.5 Quark Propagator

After introducing the MWT it is apparent that the anomalous dimension of the quark propagator
is important for the phenomenology of the model. For this reason we will calculate the quark
propagator and derive this quantity. The quark propagator is a gauge dependent two point function.
Therefore it is important to chose a gauge. We have chosen Landau gauge which is defined by

9,4, (z) (2.5.1)

More precisely we have chosen minimal Landau gauge because we encounter the Gribov ambiguity
in the non perturbative regime [33]. The main reason to chose this specific gauge is that the tensor
structure of the quark propagator is [35]

S (p) = —iAp+ B (p) (2.5.2)

where S~!(p) is the inverse of the propagator and A (p) and B (p) are some yet to determine
functions. We can use these two functions to define the M function

M (p) = ——= (2.5.3)
This quantity is in one loop order [34]

M (p?) = M () (w log (i) + 1) B (2.5.4)

where p is the renormalization point. Knowing all this we can determine directly the anomalous
mass dimension 7 from the quark propagator.



3 QCD on the lattice

In this chapter we follow [36], [37] and [38],

As both, QCD and Technicolor, are strongly interacting theories, we will first introduce the basic
properties of theses theories, using QCD as an example. After this we will introduce the lattice
and formulate a discretized version of the QCD action. Afterwards we derive the Dirac operator on
the lattice from this action. Discussing this operator we see that we have to add the Wilson term
which leads to the Wilson Dirac operator

3.1 Strongly interacting field theories

QCD is the theory of quarks and gluons. Quarks are the basic matter fields and gluons are spin
one fields which mediate the interaction between the quarks. Like the electromagnetic force QCD
also has charges. For quarks we have the color charges red, blue and green and their respective
anti-colors while gluons have 8 different colors but no anti-colors. Furthermore we can not observe
a single color. For this reason every physical object has to be neutral according to these charges.
For quarks we achieve this by combining all three different colors or a color and the respective
anti-color. On the other hand for gluons we just have to combine two different colors. This results
in the effect that there are actually physical objects possible which consist only of gluons.

After this basic phenomenological introduction, we introduce the theoretical description of the
theory. In QCD the fermions are described by Dirac 4-spinors

Vi (2),, 05 (2), (3.1.1)

These fields have two different indices, namely the Dirac index « and the color index c¢. x is the
space-time position. In QCD we have o = 1,2,3,4 and ¢ = 1,2,3. The flavor index f distinguish
between different mater fields like up and down. v and v are connected by 1 = ¥T~,, where v is
the gamma matrix related to the time.

QCD is a gauge theory, therefore there are also gauge fields

A () g (3.1.2)

The new index d is also a color index and p is a Lorentz index which denotes the different space-time
directions. The color indices in the gauge fields comes from the incorporation of a Lie group into
the theory

A=A, (3.1.3)

with the generators 7, in a representation of the algebra. Such gauge theories are generally called
Yang-Mills theory. In our case, we have SU(3)/Z3 and the fundamental representation for the
generators. For any gauge theory, there is a gauge transformation G = exp (igT%w, (z)) which
infinitesimal reads as

Al — A%+ Dibw, (3.1.4)
Db = 50, — g2 A (3.0.5)
1/% — (G#))Z - Gijwj = €exp (71.97—04‘*}(1)7;]‘ wj (316)



where f9 are the structure constants for the Lie algebra and w (x)” is the gauge transformation
function. The constant g is the coupling constant for the Yang-Mills theory. The next step is to
incorporate this into the covariant derivative

(Du)ij =00, + igAZ (Ta)ij (3.1.7)

The last step is to construct a gauge-invariant action. It turns out that tr (F,, F*") = Fj Fi* is
gauge-invariant for F,, = 9,4, —0,A, —ig[A,, A)] = F},. Finally we combine all these into the
Lagrangian of QCD

a v —f . 17 17
Locp = ZFWF(;‘ + > Wy (V' Dy —my6') ! (3.1.8)
f

where v# are the gamma matrices (see section 3.2). We arrive at the gauge invariant action

SQCD /dd[,QCD (3.1.9)

where d is the dimension of the spacetime, in our case 3+1, which means we have one time direction
and three space directions.

3.2 Euclidean space

In the last section we introduced the action Sgcp. With this action we can calculate any observable
through the path integral

< Oy (t) 01 (0) >= / D[A,] O [A, (z0 = 1)] O1 [A,, (xg = 0)] e514] (3.2.1)
Al =[] dAu (=) (3.2.2)

where O; and O are the observables and xg is the time direction. The Integral over D [Au] means
we have to calculate over all possible field configurations A, at any point. For details for this
prescription see for example [37] Unfortunately this expression gives us a problem. We have to
integrate over all possible field configurations while we can not be sure which of these give us the
main contribution to our observable. To circumvent this problem, we change our metric. In quantum
field theory we have usually a Minkowski space which means the metric is 7., = Diag (—1,1,1,1).
Now we transform the time xy — ixg. This changes the metric to the matrix of unity, but we have
imaginary time. Therefore we have to use the wick rotation(see for example[39]) to get back to a
real time. After this procedure our path integrals changes to

<05 (1) / DIA,]Os [A, (x0 = £)] O [A, (g = 0)] e~ 5144 (3.2.3)

where Sg is the euclidean action. We see the phase factor changed into a real exponential function.
Therefore we can interpret this function as a weight factor from a distribution if we divide it by
a normalization factor. This weight factor tells us how a configuration A, (z) contributes to the
expectation value. On the other hand it allows us to apply algorithms and methods from statistical
mechanics to solve our problems. For example to calculate an expectation value we just have to



create configurations which are distributed according to the distribution given by the weight factor.
After this we calculate the observable for each configuration. The mean value of this calculation is
the expectation value of the observable. This was done in this thesis.

We have introduced euclidean spacetime. This has another consequence, we get new gamma ma-
trices because the commutator

{1} = nw (3.2.4)

depends on the metric. Therefore we have to determine them for euclidean spacetime. In this thesis
we use the following gamma matrices

00 0 —i 0 0 0 -1
00 —i 0 0 01 0
M=1o 5 0 o7 1o 10 o (3.2.5)
i 0 0 0 100 0
0 0 —i 0 0010
o 0o o fo 0 01
B=1i 0o o o> ™71 00 0
0 —i 0 0 0100

3.3 Introducing the lattice

The calculation of a value can be performed either with analytical methods or with the computer.
In this thesis we use the later. We introduce a lattice A which will give us a natural regulator,
namely the lattice spacing. Any point x4 in the lattice has the form

x = (ni,n2,n3,n4), n; €{1,...,N;}, 1=1,2,3,4 (3.3.1)

N, is the number of points in the direction 7. The connection with the continuous spacetime is made
through xpnys = a*x4¢. a is the lattice spacing. It is possible to chose different lattice spacings for
the different directions but we have used just one lattice spacing for every direction. For a — 0, we
get back to the continuous case but our spacetime volume would become zero. Therefore we have
always to study the case a — 0 for V = aH?Zl N,; = const.

The next step is to discretize the action. The first problem is to replace the derivative with a term
which becomes the derivative in the limit ¢ — 0. Such a term is already known by the definition of
the derivative

(3.3.2)

Looking at the Taylor series for the function f (z+e€) = f (z) ef’ (z) + 2" (z) + O (¢*) we can
determine the error and find an other possible term

M = f'(x)+ O (e) (3.3.3)

fl@te—flz—¢
2e

= f'(z)+ 0 (&) (3.3.4)



The first term is called derivative with forward differences while the second is called derivative with
central differences. Setting ¢ = a, we see the error for the later reduces faster than the first one.
Therefore it is more advantageous to use it in the action for the lattice.

The next problem is to replace the integral. Here we use again the mathematical definition of the
integral. On possible formula is

b n—1
/a f (@)da = lim ; (is1 — 25) % f (1) (3.3.5)
r1=a, T, =>b, x € (a,b), xiy1 > x; (3.3.6)

which is correct if the function is integrable. Since we expect that any Lagrangian in our action is
integrable, we found a way to replace this integral on the lattice by a sum

/f (z)dz — a* Z f(x) (3.3.7)
€A

Finally we can now convert our action (3.1.9) to the lattice. In this process we drop the gauge fields
which gives us the free fermion action

Se [ 9] =a* > (x) <Z%w(x+ﬁ)zaw(xﬁ) +mw(z)> (3.3.8)

TEA

where i is the vector of unity in the direction p which means for © = (z1, 2, z3,24) it acts as
z+1= (1 4+ 1,29, x3,24). Therefore it is possible to get points which would be outside of the
lattice, for example (N,,0,0,0) + (1,0,0,0) = (N, + 1,0,0,0). To solve this problem, we use
periodic boundaries

z,=n+N,=n (3.3.9)
Later we will introduce a anti-periodic boundary which will not change the discussion in the next
chapters.

3.4 Link variables

In the last section we introduced the free fermion action on the lattice. We now examine the trans-
formation under a gauge transformation. In chapter 1.1 we introduced the gauge transformation
G = exp (iw,7), with t* in the gauge algebra SU(3). The algebra SU(3) consists of traceless
Hermitian 3 x 3 matrices. If we combine this with the formula

(eM)T =M (3.4.1)

which we get if we combine the definition of the exponential function and the properties of the
adjoint, we get for any Q (n) € G

Qf (n) =Q 1 (n) (3.4.2)
Lets reconsider the transformation rules for the fermion field, incorporating the new knowledge,

Y ()= () =Qm)P(n) , Pn) =3 (n) =100k (n) (3.4.3)

10



We see from this formula that the mass term Eln) m (n) is gauge invariant. This coincide
with the continuum case. But the other term ¢ (n)t (n+ 1) is not gauge invariant because
QT (n)Q(n+7) # 1 in general. Therefore we introduce a new field U, (n) which transforms ac-

cording to
Uy (n) = U}, (n) = Q(n) Uy (n) QF (n+ 7i) (3.4.4)
and change the term in the action

()Y (n+7) =9 (n) Uy () (n+ ) (3.4.5)

Using the transformation formulas we see that the new term is gauge invariant. We demand that
the new field U, (n) lies in the gauge group S(U3). Furthermore it carries a directional index
t. Therefore there are eight fields on every lattice point attached to the links of the lattice.
Those fields are called link variables. Having only introduce link variables pointing in positive
direction, we introduce those pointing in negative direction by doing the same as before for the
term 1 (n) 1 (n — 11). We get the following transformation

U_p(n) = U}, (n) = Q(n) Uy (n) Q" (n — fi) (3.4.6)
Comparing this with the result for the positive direction we get
U_p(n) =U} (n—f) (3.4.7)

which connects link variables living on the same link witch different base points. Since the base
point is irrelevant, the value depends only on the link in the lattice hence the name link variable.
With these new fields we construct a new gauge invariant action the so-called naive fermion action
for fermion in the external field U.

(Z UAGRIUES ) ;aU_u (n) ¥ (n — 1)

Sp [0, %,U] =a* Y 4 (n)

neA

+my (n)) (3.4.8)

After this we have to check if the new action becomes the continuum action for a — 0 as we
demanded for the objects in chapter 1.3. We see that the mass term is already the one from the
continuum. Therefore we just have to care for the first term. There we encounter our new fields.
Since we only know their transformation rules we have to investigate those fields further.

We already know the transformation rules (3.4.4) and (3.4.6). In the continuum there is also an
object with these transformation rules. It is the path-ordered exponential integral of the gauge field
A, along some Curve C,y connecting two points x and y, the so-called gauge transporter:

G (xz,y) =P exp </c Ads) (3.4.9)

The gauge transformation
G (z,y)) = 2 (z) G (z,9) Q' () (3.4.10)

is the same as for the link variables if z = n and y = n+ . Therefore we interpret the link variables
as the lattice version of the gauge transporter. Now we introduce algebra-valued gauge fields A,, (z)
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and approximate the integral in the exponent by [A, (x), where | is the length of the path. This
approximation has an error of the order /. In this approximation the path orderings is not necessary
anymore. Using these approximations we identify the link variables as

U, (n) = exp (iaA, (n)) (3.4.11)

With this new expression for the link variables we can now discuss the continuum limit for the
action (3.4.8). We insert the expansion for (3.4.11)

U, (n) =1+iad, (n)+ O (a*) (3.4.12)
into the naive fermion action and get
Se [0, 9,U] = S% [¥,4,U] + S [, 4, A] (3.4.13)

where S% is the free part as defined in (3.3.8) and ST is the interaction part which is

Sk [¥.1, 4] —w4ZZw mg Ay (4 i)+ Ay (n—W)yY(n—7)  (34.14)
neA p=1
4

=ia* Y > () A, (n)y (n) + O (a)

neA p=1
where we used ¥ (n+tp) = ¥ (n) + O(a) and A, (n—pn) = A, (n) + O(a). Taking again the
continuum limit ¢ — 0 we arrive at the continuum action.

3.5 Dirac Propagator

In the last section we introduced the naive fermion action. Now we derive the main object in this
thesis, the Dirac operator. For this we write the naive fermion action with all indices

Sp [, 0, U] =a* > > 9, (n), x (3.5.1)

a,b,a,BneA

b+ mbapbapts (n)b>

4 ~
a 'l/)ﬁ (’fl + 'LL) - U—# (n)a wﬁ (n — 'LL)

We can rewrite this term as

Sp [0, 9, U] =a* > > 4, (n), Dag (nlm),, vs (n), (3.5.2)

a,b,a,f n,meA

4
Sntpim — U— On—f
Z )ab n—+p,m U M(n)ab n—p,m +m5ab§a56n,m (353)

Dag ( (nfm 2a

p=1

with D as the naive Dirac operator. Let us discuss this operator further. As a first step we only
consider the free case , U, (n) = 1. We want to calculate the mass spectrum of this operator but a

12



direct inversion is not possible. Therefore, as a first step, we compute a Fourier transformation on
the lattice [36].

1

D (plq) = A ZA e~ D (n|m) ™ = (p — q) D (p) (3.5.4)
D (p) =ml+ 2 Z Y sin (pya) (3.5.5)
p=1

where |A| is the total number of points of the lattice. We see that the Fourier transformed Dirac
operator is nonzero for p = ¢q. That is why we will consider only the object D (p) in the following
part of the thesis. Furthermore the lattice the momenta in the Fourier transformation are

k
,=2n——, k€0,1,2,...,N, -1 3.5.6
p/ TFCLNM F ( )
We see that the argument of the sinus is independent of the lattice spacing. This will become
important later on.
After we calculated the Fourier transform we have to invert this expression. This can be done
directly and we get

4
ml— 2 > Yusin(p+ pa)
~ =1
D71 (p) = = (3.5.7)

m2 4+ 712 > sin (jz)ua)2
p=1

The last step is to perform a Fourier transformation again
1 . .
DY (n|m) = Tl > D (p)errinmme (3.5.8)
peA

This operator is called quark propagator. In the following part of the thesis the term quark prop-
agator refers to the expression S (p) = D! (p). Considering now only massless fermions we see
that

! 4

- Zl Yy sin (p 4 pa) —i Zl VP
S = b= AN s 3.5.9
(p) o p2 ( )

1 L 2
=z 3 sin(pya)
p=1

we get the correct naive continuum limit with the pole p = 0. This means the Dirac operator
describes a massless free fermion in the continuum which we expected, since we considered free
massless fermions in the first place. This situation changes on the lattice. We get additional poles
because sin (g) is also zero. As a result we get 15 extra poles, so-called doublers, which do not
appear in the continuum. The next step is therefore to remove these unwanted poles. We achieve
this by adding an additional term to the naive Dirac operator

.4 4
D (p) =ml+ 2 Z Yusin (ppa) + % Z (1 —cos (ppa)) (3.5.10)

p=1 p=1
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The new term is called Wilson term. This term vanishes for p = 0 and raises the mass if a
momentum component is equal to Z. Calculating the new mass for the doublers we get

2
m + gl (3.5.11)

where [ is the number of momentum components which are equal to 7. In the continuum limit,a — 0
the mass goes to infinity and decouples from the theory. Calculating the new quark propagator
S (p) also shows that the unwanted poles are gone. The last thing to do is to calculate the new
Dirac operator D (n|m) through a Fourier transformation. The result is

- Uy (1) oy Ontg,m 4
Dag () = = S (1= )y LB (2 gt (3512)
p==1

where we use the following definitions
Vep =~V H=1,2,3,4 (3.5.13)

This is the Wilson Dirac operator which we will use in this thesis. The fermions are accordingly
called Wilson fermions.
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4 Methods

In this chapter we will introduce the necessary methods to calculate our results. We start with
the quenched approximation which is important for chapter five. Following this section we will
introduce unphysical states and the Schwinger function. Afterwards we introduce antiperiodic
boundaries before we focus on the A,B and M function and will introduce the tree level corrections.
We conclude this chapter with the used renormalization sheme and a short discussion about the
Dirac operator with a = 1.

4.1 The quenched approximation

Before we can explain the quenched approximation we have to look at first at for example the meson
propagator [34]

(Or (n) O (m)) :—% / D [U]e55Wdet [D,] det [Dg] tr [TD;" (nm)TD;" (mln)]  (4.1.1)
Z = / D[U]e%¢Wldet [D,] det [Dg]  (4.1.2)

where the meson is composed of two quark flavors. T" is a matrix composed of one or two gamma
matrices or the matrix of unity.D is the Dirac operator. Looking at the formula we find that we have
to calculate two fermion determinants. These determinants are sums over closed fermion loops[34].
The definition of the quenched approximation is to set these determinants equal to unity. This means
we disregard the fermion loops in the Feynman diagrams. An other part of this approximation is
the construction of configurations. Instead of using the full theory to create them we just use a pure
gauge theory. For these reason this approximation greatly reduces the calculation time. Despite
being an approximation, this approach is capable of determining the ground states spectrum of the
hadrons with light quarks.[34]

4.2 Unphysical particles and the Schwinger function

As we mentioned in section (3.1) we can not observe quarks even though they are part of QCD.
This example shows that there are states which we can not observe. For this reason we can divide
these states in physical and unphysical states. Physical states can be observed while we can not
observe unphysical states. This splitting give rise to a new problem: we have to find a tool to tell
apart these states.

Thinking about perturbation theory we have the BRST (Becchi, Rouet, Stora and Tyutin) symme-
try [34]. This symmetry introduce a new operator ) where Q¢ is the BRST transformation of the
field ¢. It turns out that Q is nilpotent Q2 = 0. Using this new operator we can divide our space of
states into three subspace Hg, H; and Hy. H; is the subspace of states which are not annihilated
by @. Hs is the space of states which we can get by applying @ on a state in H;. The remaining
states belong to Hy which are states annihilated by @ but are not in Hs. It can be shown that the
physical subspace is the union of Hs and Hy [37].

With the BRST we have found a tool to identify physical states in perturbation theory. Since we
use the lattice to calculate our results we have to find a non-perturbative tool. This can be achieved
by expanding the approach of the BRST into the non-perturbative theory. [47]
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An other way to decide where or not a state is unphysical is the positivity violation. Looking at a
state

v= [ daf @) A, )0 (4.2.1)

where A, is an operator which creates the state from the vacuum |0) with the weight function f (x).
The norm of this stats is given by

0 = [ dady’f 2) (4] ) A () 51 0) = [ oy (@) A ) 1 ) (12.2)

where A(z,y) = <AL (y) A, (:c)) is the propagator. We see if the propagator is negative for a certain
degree of freedom p we can get a negative norm for certain weight functions. If we want to ensure
the probability interpretation of the theory this is forbidden for physical particles. Therefore this
positivity violation is a criterion to find unphysical states.

Since we have an euclidean quantum field theory we have to change this positivity violation into
the reflection positivity of the Osterwalder-Schrader axiom [48]. Focusing solely on the propagator
A (z — y) we get the condition [40]

(o)
[ a7 F)A ) P T 20 (4.2.3)
0

where f (¢, ?) is a test function. If A (¢, 7) < 0 for a region around ty, we can find a test function
which violates this condition. For this reason we can enforce a condition upon the Schwinger
function A ()

A(t) = % /000 dpscos (tps) o (p3) >0 (4.2.4)

where we have used the special case ? = 0 which we realized in this thesis. o (pﬁ) is a scalar
function derived from the propagator

S (p) = ipoy (p°) + 05 () (4.2.5)
Using the A and M function(see section 2.5) we find the following identities.
AT ()

2) — S
Oy (p ) - p2 +M2 (pg) (426)

A (p?) M (p?)

oy _ A W) MApT)
os (p°) = M () (4.2.7)

With this we can calculate the Schwinger function on the lattice which tells us if a particle is
unphysical. Despite this information it is also possible to get the particle mass from this function[40].
Assuming

1
2\ _
o (i) = rom (4.2.8)
we get
A(t) ~e ™ (4.2.9)

Therefore we can determine the mass of a particle if the propagator has the right behaviour.
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4.3 Antiperiodic boundaries

In the simulation we have antiperiodic boundaries in the time direction. To regard this, we discuss
this problem in one dimension which we can later adopt for the 3+1 dimensional case. We will
follow [38].

We consider an one-dimensional lattice with periodic or anti-periodic boundary and length L.We
begin with the definition of the different boundary conditions

S(N, +1)) = (-1)" 5 (1) (4.3.1)

S1-1)) = (-1)" S (Na)
(4.3.2)

where S () is the propagator on the lattice and N, is the number of points on the lattice. The
exponent k is one for anti-periodic boundary and zero for periodic boundary. Furthermore the
points x = 0 and x = N, are the same on the lattice. This definition is sufficient for the propagator
defined in (3.5.10) because S (z £ n) =0 for n € {2,3,..., N, — 1}. If this is not the case we had to
expand this definition analog by replacing +1 by +n, n € {2,3, ..., N, — 1} keeping in mind (3.3.9).
By definition the propagator S has the following property:

> S(mn)D(n[l) = 6 (4.3.3)
n
The propagator is a translation invariant function. Therefore we can write it as
1 ‘ -
_ _ _ ip(m—n)
S(mln) = S(m —n) = - > e S(p) (4.3.4)

p

If we combine these equations we get for the momentum p the following conditions

21 ~ . .
| =p for periodic boundary
p= { %C + %) for antiperidoc boundary (4.3.5)
p=0,1,2,...,L—1 (4.3.6)

Therefore we have to modify the momenta in the Fourier transformation to get S(p). The resulting
free Propagator is the same as in the periodic case

S(p) = 1 + % S e sin(pya) (4.3.7)
=0
m=m+ é > (1= cos(pua)) (4.3.8)
mu=0

4.4 Calculating the A and B function
We calculate the propagator in Landau gauge. Therefore we know that it looks like [35]

1
S(p) = —Ap B (4.4.1)
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Our goal is to calculate the A and B function from our lattice calculations. In these calculations,
we inverted the Dirac operator D(p) which becomes the continuum Dirac operator for a — 0. The
lattice propagator D~!(p) = S(p) has the same property

lim, S(p)=25 (4.4.2)
which can be written as
19(p) = S(p)|| < ea (4.4.3)
If a becomes small enough, we can neglect the epsilon on the right hand and we get
S=S5 (4.4.4)

We also know that S has a tensor structure which allows us to determine the A and B function
from a given S by using tr(S) and ¢r(v,S). If we combine these two facts we can always get two
equations for A and B, if p # 0. In the following part we use the fact, that p = (p,0,0,0). Therefore
only tr(S) and tr(vy1S) contribute.

We set
tr(S(p)) = B(p)  tr(S(p) = iA(p) (4.4.5)
and calculate that
tr(S(p)) = R S (mS@p) =~ P2 __ (4.4.6)

Now we make use of S = S and after some formula manipulation we get

Ap?A? + AB? =pA  Bp*A’+ BB?>=B (4.4.7)
We get for B # 0
B 2
-2 (4.4.8)
A2p2 4 B2p2
A
. (4.4.9)
A2p2 + B2p2
At this point we include the M function
B (*)
M (p?) = 4.4.10
)=o) (4410
B
M=22 (4.4.11)
A
To check our results we use the Dirac operator for Wilson fermions (3.5.10) without color(U, = 1)
. P& 1 &
D(p) =ml— — i n=ml+1- 1-— 4.4.12
(p) =m a ;'M sin(pya) M =ml+ a ;( cos(pua)) ( )

18



The inverse

4
ml+ Z% >~ Yusin(pua)
pn=0

S(p) = : (4.4.13)
m2 4 a% >~ sin(p,a)?
pn=0

delivers

A= S (4.4.14)
m2+ -5 > sin(pua)?
n=0
~ m
B— : (4.4.15)
m?+ 5 3 sin(pua)?
n=0
(4.4.16)
Rewriting (4.3.8) and (4.3.9) as
1
=P (4.4.17)
Ap2 + %pQ
B 1
B= P (4.4.18)

= =P=—=;

A A p2 —+ %zpz
and performing the continuum limit ¢ — 0, A becomes 1 and B becomes m. This is the correct
results because there is no color. Therefore the propagator is the tree-level propagator

1
4.5 Lattice corrections

Combining (4.3.14) and (4.3.15) with (4.3.8) and (4.3.9) we get the lattice results

1 .
A= GSL(pa) (4.5.1)
p
B =m+1— cos(pa) (4.5.2)

where we used p = (p,0,0,0). For free fermions A should be one and B should be m. Therefore
we have to correct the lattice results for A and B to get the corrected results A’ and B’. Using
multiplicative corrections, we see that

A=As P 45.
i sin(pa) (453)
m

B' =B« (4.5.4)

m + 1 — cos(pa)

delivers the right results for the free fermions. These corrections will also be made for fermions
coupled to the gauge fields.
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4.6 Renormalization and lattice spacing equal one

The final step to get our results is the renormalization. We use the scheme

1 ip+ZuM(p)

Sv) = ZsA(p) p* + Z3, M (p)?

(4.6.1)
To get Z4 and Z); we expect that

S=w= 2 (46.2)

with the tree-level mass m and the renormalization point p. Because of the tensor structure, we
have two independent conditions which results in

1
Za= 4o (4.6.3)
2 = 3103 (4.6.4)

At this point we can now discuss the actual calculation. We set the lattice spacing in the Dirac
operator to one. Analytically we can describe this as

~ 1 -~
D (njm) = aD’ (nlm) (4.6.5)
+4
~ U, (1) g Ontim
B (nim)y = = 32 (1 )y DO (4 ) bbb (460
p==+1

where ’ denotes operators with a = 1. First we perform the replacement am — m which gives us
a dimensionless mass. Therefore we call die quantity later m value. We have to do the same with
the propagator which gives us

§=22 L
T a  —aA (p?)ip + aB (p?)

(4.6.7)

Since a is a constant value we can use the results which we derived earlier by multiplying it with a
new factor giving us new A and B functions. On the other hand we multiply these functions with the
renormalization constants. Because of their definition, we have to multiply the old renormalization
constants with the inverse of this factor to get the new renormalization constants. For this reason
the factor cancels in the final results and we can simply use the old results without implementing
the new factor.
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5 Quenched SU(2) QCD with adjoint fermions

In section (3.1) we introduced QCD. We will now consider quenched SU(2) QCD with adjoint
fermions. To get this theory we have to chose the gauge group SU(2) and the adjoint representation
for the matter fields. The term quenched means we do not consider the full theory instead we use
an approximation(see section (4.1) or [36]).

We will start this chapter with the setup for the calculation. Afterwards we look at the lattice
artifacts. We conclude this chapter with the results for the M and the Schwinger function.

5.1 Setup

The quark propagator in quenched SU(2) with adjoint fermions is not a gauge invariant quantity.
For that reason we have to implement a gauge fixing for our gauge of choice, namely the minimal
Landau gauge. A given code [41] provides the configurations fulfilling all requirements except the
link variables are in the fundamental representation. Therefore we have to convert all of them into
the adjoint representation

- 1
U (), = 5T (U“UH () o', (:17)) (5.1.1)
where ¢, a = 1, 2,3 are the Pauli matrices.
We calculate the quark propagator for Wilson fermions
N 1 _ .
Sp) =— Z e~ D=L (n|m) e'Pme (5.1.2)
|A‘ n,meA
+4
Uu (1) 4 Ontim
Dy (1) = = > (1= 1)y BRI (1 4) 618 (5:13)
p==x1

using the convention for m in section (4.6). We use three different lattice size 8%, 16* and 24* for
six different masses m/a and four different 8 values which determine the lattice spacing a.

B a[fm)] m my ms my ms me
2.221 0.20 0.01017 0.1017 0.5086 1.017 2.035 10.17
2.328 0.15 0.0076275 | 0.076275 | 0.381375 | 0.76275 | 1.5255 | 7.6275
2.457 0.10 0.005085 0.05085 0.25425 0.5085 1.017 5.085
2.656 0.05 0.0025425 | 0.025425 | 0.127125 | 0.25425 | 0.5085 | 2.5425

m/a|GeV] - 0.01 0.1 0.5 1 2 10

Table 1: Used 8, m and mass (m/a) values which were used for the different lattice sizes

The combination 3 = 2.656 and lattice size 8* was not used due breaking of the center symmetry
for these parameters(see section (6.2)).

Because the given configurations for technicolor use anti-periodic boundary condition in time direc-
tion and periodic boundary conditions in the space directions we also implement these boundary
conditions. The most important implication is that we do not have zero momentum (4.5.6) which
stems from these conditions. The used momenta are of the form p = (p, 0,0, 0) where py is the time
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direction. Furthermore we have to convert the lattice momenta to the physical momenta.

1.
Pphys = 5 S (2apiat) (5.1.4)

The inversion will be done with the biconjugate gradient method [42] for every configuration. After-
wards we calculate the mean value and the errors using a bootstrap algorithm with the assumption
that we have an asymmetrical error distribution. The errors for all quantities which we derive from
the propagator results (see chapter 4) will be calculated using error propagation.

Finally our renormalization point is 1.5GeV because we want to use the same renormalization point
for every 8 value and which is sufficiently large.

5.2 Lattice Artifacts

In this section we will cover the different effects which appear because we use a lattice. First of
all we use a wide range of different masses to study these artifacts. Like momenta also the masses
are inversely proportional connected to the lattice distances. Therefore small masses are linked to
large distances. The largest distance in a hypercube is 2Na where N is the number of points in a
spatial or in the time direction. This value is connected to the lattice volume a*N* and therefore
connected to the finite volume of the lattice. On the other hand large masses are connected to
small distances and the smallest distance on the lattice is the lattice spacing a. For this reason the
smallest masses will provide information about the finite volume artifacts while the largest masses
will provide informations about the lattice spacing artifacts. An other effect is a phase transition
which depends on f and N. This lattice artifact will not be covered because we already regarded
it by excluding the case 5 = 2.656 and N = 8. This effect will become important in the technicolor
section.

All these artifacts influence our result and add systematical errors. Since we have no systematical
control over these errors we can only determine lower bounds for the errors.
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5.3 Mass dependence
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Figure 1: Resulting A and M functions for diferent lattice spacings and a lattice size of 24%.
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Figure 2: Resulting A and M functions for different lattice spacings and a lattice size of 24*. The
Legend can be found in figure 1.

In the figures 1 and 2 we see the A and M functions for different masses. The prominent feature for
all masses is that the A functions never coincide for different lattice spacings. Further investigation
shows that the difference between the A functions is a scale factor. On the other hand a test for the
free case (link variables equal to one) showed that the A function delivers the right result. Therefore
we assume this to be a systematical error. Despite this fact we see that the A function is close to
one. The deviation for every momentum values is below 0.04 and therefore below 4% of the value
one. For this reason we set the A function equal to one for every momentum value with a relative

error of 4%.



We now look at the largest mass 10GeV. In contrast to the other masses we see that the M functions
do not coincide for different lattice spacings. As we already discussed this effects stems from the
lattice spacing. Albeit we already see this lattice artifact here we can not be sure of the influence
of the lattice volume. Therefore we will investigate this artifact later.

Looking at the smallest masses we surprisingly see that the graphs coincide. As these small masses
are stronger influenced by finite volume effects we would expect much more derivation between the
different graphs. This fact could stem from the different lattice spacings. We will discuss this issue
later.

The last prominent feature of the figures are the error bars. While the A function has error bars
for every value, the M function has error bars only for the largest mass. This result comes from
the error propagation. Carefully calculating these error show that the errors are proportional to

the value
AZ N\ [AAN??
AA, =N (ZaA) =A, | ([Z22) + (=2 (5.3.1)
Za A

o s - ((42) 4 (32)) 52

Since A (p?), M (p?),Zy and Z 4 are functions of A and B their errors depend on the errors of these
values AA and AB. Assuming that those errors are of the same order for different momenta and
masses also the order of the error bars will depend only on the order of the actual value. Looking
at the A function we see that all values are close to one. Therefore with this assumption all error
bars should be of the same same order which we observe. On the other hand for the M function
the range of the M (p) axis changes roughly by a factor of four while the order of the mass changes
by a factor of 1000. Therefore the error bars grow roughly by a factor of 250 in the graphs. This
explain why we see the error bars only for the biggest mass.
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5.4 Finite volume artifact
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Figure 3: Resulting A and M functions for different lattice sizes and a lattice spacing of 0.1fm.
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Figure 4: Resulting A and M functions for different lattice sizes and a lattice spacing of 0.1fm. The
legend can be found in figure 3.

As we have seen in the last section, the M functions for the smallest masses coincide. Since these
masses are most senstive to finite volume effects, these results suggest that we do not have such
contributions. However the simultaneously change of the lattice spacing could compensate the finite
volume effects. For this reason we have to further investigate this matter. In the figures 3 and 4 we
see the graphs for different lattice sizes while the lattice spacing remains always the same. Again
we look at first at the A function. We see all graphs coincide for the different masses. Therefore we
assume there are no fnite volume effects present in the A function. looking at the M function we
see a difference between the largest and the smallest masses. There is no effect present for the three
largest masses. For the three smallest masses we see a difference between the different values which
increases with smaller mass which shows that the small masses are indeed stronger influenced by
finite volume effects. For the smallest mass and the lowest momentum in the 8% lattice we get a
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70% relative error. This relative error decreases to roughly 10% for the same momentum and the
mass 0.5GeV. Since we still see a difference between 16* and 24* further investigation for larger
lattice volumes are necessary to get full systematical control for this error. Anyhow since this error
decreases for with larger momenta we assume a 10% relative error for the mass 0.5GeV

Again we see an interesting effect for the error bars. The error bars also depend on the lattice size.
This effect comes from the inversion process. Basically we average over the whole lattice while we
invert the Dirac operator. For this reason the error decreases for larger lattice sizes. However this
process will only decrease the error coming from the statistical distribution of the configurations.
For this reason the error will converge to a value which depend on other error sources. This can be
observed in the fact that the error bars for the two largest lattices are almost the same.
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5.5 Continuum limit
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Figure 6: Resulting A and M functions for roughly constant volume Na = 1.2fm and Na = 1.6fm
and different lattice spacings. The legend can be found in figure 5.

In the last section we varied the lattice size while keeping the lattice spacing constant. Now we will
vary the lattice spacing while we keep the lattice volume constant. This is actually the continuum
limit which is shown in the figures 5 and 6. We see that the values for the lowest momentum differ
greatly. Since we did not observe such a behaviour for the mass 1GeV in the section beforehand we
infer that this effect comes from the continuum limit. Like the finite volume effect, we encounter a
decrease of the relative error for larger masses.

Looking again at the different masses we see there is no big difference between the graphs for the
smallest mass while the graphs for the biggest mass do not coincide. This shows that the largest
mass is indeed stronger affected by the lattice size. Despite this fact the relative error for the largest
mass is around 10%. Therefore this effect is comparable with the finite volume effect. Again further
investigation for smaller lattice size is required to have full systematic control for this error.
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5.6 Summary

We unexpectedly found that the lattice artifacts do not strongly alter the graphs for the smallest
and the biggest masses. Still we found the beforehand mentioned influence of the finite size effect
for the smallest masses and the lattice size effects in the largest masses. Despite these effects we
have results for masses ranging from 0.01GeV to 10GeV but we have to take care for 10GeV since
the error from the lattice spacing became close to 10% for all values. On the other hand we found
that the values for momenta below 1 GeV are unreliable for all masses except 10GeV because either
they are strongly influenced by the finite size effects or are strongly influenced by the continuum
limit. Here we want to emphasize that all these discussions can only give a lower bound to the
€ITors.

5.7 Results

As we have already seen the A function has a systematically error. Therefore the only reliable
result for this function is that it is close to one for the whole momentum range. For this reason
we will discuss only the mass function and the Schwinger function. As we have already seen the
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Figure 7: M functions for two different renormalization points with a fit for the perturbative result.
Left is the renormalization point 6GeV and right is the renormalization point 1.5GeV.

A function has a systematically error. Therefore the only reliable result for this function is that
it is close to one for the whole momentum range. For this reason we will discuss only the mass
function. The figures 5 and 6 show the results for an almost constant volume. Here we also see that
the value for the lowest momentum is not dominated by a finite volume effect because the volume
is almost constant for all graphs. Since we also saw this behaviour for the same lattice spacing
and different lattice sizes it seems this effect is a combination of the limit a — 0 and finite volume
effects. Investigating the continuum limit further we see that the graphs coincide for p > 1GeV
and the masses smaller than 10GeV . On the other hand we have to add at least 10% systematical
error for 0.5GeV and even more for smaller masses coming from the finite volume effects. Within a
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10% relative error also the graphs for m=10GeV coincide. Therefore we regard only the mass 1GeV
in the following because it was neither strongly influenced by the finite volume effects nor by the
lattice spacing effects. Therefore those results seem to be good continuum estimations.

Looking at the infrared we see an increase in the mass functions. This infrared enhancement was
already observed for adjoint fermions in SU(3) in continuous space[43]. For large momenta the
function should show the asymptotic behaviour we know from perturbation theory [34]. To check
this we have to first introduce the perturbative result.

M (p*) = M (n) <w log (Zi) + 1) B (5.7.1)

12
V=N, 1N, Ty (5.7.2)
B Boa (1)
_(uN. 2
Bo = ( 5 3 > (5.7.4)

where « (1) is the running coupling and 4 is the renormalization point. Since we can not determine
this quantity directly we use it as a fit parameter for our curve. The quantities IV, and Ny are the
number of colors and the number of flavors. In SU(2) we have 2 colors. The number of flavors is
for the quenched zero. The results for the fit can be seen in figure 10. Looking at these results for
the mass 1GeV we see that the fit only matches our result for the last three momentum points. To
get a better fit to the perturbative results, we increased our renormalization point to 6GeV. We see
this fit in figure 7 on the right hand side. We conclude from this fact, that the used perturbative
result is not accurate for the region around 1.5 GeV. For this reason we need perturbative results
for higher orders to access the quark propagator for smaller momenta than 5GeV which we see in
the figure. Of course we can not get the full propagator with the perturbation theory because we
have non perturbative effects.
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5.8 Schwinger function
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Figure 11: Schwinger functions for different volumes but constant lattice spacing 0.1fm. The legend
can be found in figure 10.

The results for the Schwinger functions are given in the figures 8-11. Since we have two different
possible Schwinger functions coming from (4.2.6) and (4.2.7), we will denote them by A, and Aj.
We clearly see a positivity violation for both functions. This implicates that the adjoint quarks in
quenched SU(2) are unphysical particles.

Looking at crossing point we find that it is shifted to smaller values for larger bare masses. This
effect is plausible because a larger mass is connected to smaller distances in position space. Another
interesting effect shows up in the figures 11-16. While the zero crossing always at the same time
value for the constant lattice spacing case it shifts in the continuum case. In this plot also the
volume varies between 1.2fm and 1.6 fm but nonetheless we see also a shift between the graphs
for the same lattice size. Therefore the zero crossing point depends on the lattice spacing. As we
can not say for sure if this is a real shift or just an increase for the values we need again further
investigation for smaller lattice spacings.
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6 Minimal Walking Technicolor

In this chapter we will calculate the quark propagator for the minimal walking technicolor theory,
introduced in chapter two. Afterwards we derive the anomalous mass dimension from our result.
Other results shown that this quantity should be small compared to one [9][10][11][12][6][7][13].
Furthermore we will also calculate the Schwinger function.

6.1 Setup

The setup for the calculation is almost the same as the setup of the quenched SU(2) QCD case.
The configurations were provided by the authors of the paper [6] with methods described in this
paper. There are already results which use these configurations. These results include the 07 and
27+ glueball, the pseudoscalar and vector meson mass, the PCAC masses and the string tension
[6][7]. All these results suggest that we reach the chiral limes for m = —1.2.

Apart from the configurations, we will use an asymmetric lattice of the form Ny x N2 and we get
new masses(see table 2). It is apparent in the table that the lattice spacing is dependent on the m
value. The reason for this feature is the scale setting process. We demanded that the techniglueball
mass is 2TeV for every configuration. Since this value is dependent on the technigluon mass, which
in turn is dependent on the value m, we get that the lattice spacing is dependent on the value m. A
more detailed analysis of the scale setting can be found in [44]. We have chosen the renormalization
point p = 4TeV

Apart from these changes we use the same algorithms and techniques which we already used for
quenched SU(2) QCD in chapter 5.

6.2 Phase transition

In this thesis we consider only SU(2) gauge theories with fermions in the adjoint presentation.
The associated action has a Zs symmetry. This symmetry is the center symmetry which we find
for infinite volume. Since we only consider finite volumes it is possible that this symmetry is
spontaneously broken. For this reason we have two distinct phases, one with broken center symmetry
and one with unbroken center symmetry. We have also these two phases for the used technicolor
configurations[6][7]. The results show that we have unbroken center symmetry for the 16 x 8%
lattice above m = —0.975. The same is true for the 24 x 123 lattice above m = —1.05. There is no
configuration for the 32 x 162 lattices with definitive unbroken center symmetry. We consider for
our results only configurations with unbroken center symmetry but the results for the other phase
can still provide interesting effects. For this reason we did the calculation for all configurations.
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- B | a l|TeV] | Ny | N, | configurations
-0.500 | 2.25 1.66 16 | 8 720
-0.250 | 2.25 1.73 16 | 8 720
0.000 | 2.25 1.76 16 | 8 720
0.250 | 2.25 1.81 16 | 8 720
0.500 | 2.25 1.91 16 | 8 720
0.750 | 2.25 2.18 16 | 8 720
0.900 | 2.25 2.22 16 | 8 720
0.950 | 2.25 2.52 16 | 8 720
0.975 | 2.25 2.74 16 | 8 720
1.000 | 2.25 3.04 16 | 8 720
1.025 | 2.25 3.42 16 | 8 719
1.050 | 2.25 3.92 16 | 8 719
1.075 | 2.25 4.59 16 | 8 1171
1.100 | 2.25 9.51 16 | 8 1035
1.125 | 2.25 6.79 16 | 8 918
1.150 | 2.25 8.63 16 | 8 882
1.175 | 2.25 11.3 16 | 8 763
1.200 | 2.25 15.4 16 | 8 689
0.950 | 2.25 2.52 24 | 12 948
1.000 | 2.25 3.04 24 | 12 809
1.050 | 2.25 3.92 24 | 12 153
1.075 | 2.25 4.59 24 | 12 152
1.100 | 2.25 5.51 24 | 12 154
1.125 | 2.25 6.79 24 | 12 157
1.150 | 2.25 8.63 24 | 12 147
1.175 | 2.25 11.3 24 | 12 256
1.180 | 2.25 12.0 24 | 12 419
1.185 | 2.25 12.8 24 | 12 403
1.190 | 2.25 13.6 24 | 12 381
1.200 | 2.25 15.4 24 | 12 255
1.175 | 2.25 11.3 24 | 24 8
1.150 | 2.25 8.63 32 | 16 320
1.175 | 2.25 11.3 32 | 16 181
1.180 | 2.25 12.0 32 | 16 227
1.190 | 2.25 13.6 32 | 16 21
1.200 | 2.25 15.4 32 | 16 60

Table 2: The 8, m and a values for the different lattice configurations. The column configurations
list the actual used configurations. We also had configurations for the lattice sizes 64 x 163 and
64 x 24 but the calculation time became to large for these configurations. For this reason we did
not calculated the quark propagator for these configurations.
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6.3 A and B function
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Figure 12: A and B function for m = —1.150,m = —1.175 and m = —1.200 for the lattice size
16 x 83. The solid line is the result for the free fermion case.

In this section we will discuss the A and B function which were introduced in section (4.3). The
reason for the interest in the functions comes from an unexpected behaviour which we did not saw
for quenched SU(2) QCD. In figure 12 we see the graphs for three different m values which are
close to the chiral limes. In contrast to the graph for m = —1.150 the two other graphs increase
with increasing lattice momentum p. For m = —1.2 there is even a zero crossing. This results
also in a zero crossing for the M function because the A function has no zero crossing in the same
lattice momentum range. However as these results are for the 16 x 83 lattice, this problem will not
influence our results because the spurious phase transition is at m = —0.95.

Looking at even bigger lattices we find the same behaviour. For 24 x 16% and 32 x 242 lattice sizes,
the Bfunction becomes negative for m = —1.150. We see that this effect affects bigger masses for
larger lattice sizes while the spurious phase affects smaller masses for larger lattices. This means
this effect could influence the results for the larger lattices.

A possible explanation is that this effect comes from the additional mass term which we get for
Wilson fermions. To investigate this matter we took the configurations for the 16 x 8 lattice with
m = —1.2 and increased the m value in the Dirac operator. In figure 13 we see the results. We
already observe for m = —1.1 that the B function is always positive and stays positive for even
larger masses. Furthermore looking only at the lowest momentum for different m values we observe
a maximum between m = —1.1 and m = —0.9. For m = —0.9 the B function seems to become like
the B function for the free fermion case. For even larger masses the results transforms even further
but it seems the B trend to a specific function. Anyhow, the results of this investigations show that
the observed effect is indeed dependent on the m value. Therefore it is possible that this effect is
a lattice artifact which stems from the additional Wilson term which modifies the mass.
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Figure 13: A and B function for different m values in the Dirac propagator and lattice size 16 x 83.
The solid line is the result for the free fermion case.

6.4 Asymmetry lattice artifacts
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Figure 14: A and M function for the 24* and 24 x 122 lattices with the mass m = —1.175

Because we use asymmetric lattices, we expect that our results will differ from symmetric lattices.
This effect is shown in figure 14. Looking first at the A function we see that all values are shifted
by roughly 1% relative error. Furthermore we see that the possible interesting effect for the lowest
momentum in the A value seems to be just a lattice artifact which should vanish for symmetric
lattices. On the other hand we see that for the M function the values for the lowest momenta coin-

40



cide. The difference between both graphs increases for larger momenta and seems to be momentum
dependent. The relative error assumes roughly 100% for the third smallest momentum value and
decreases afterwards to roughly 50% for the largest momentum. Therefore we have large lattice
artifacts for the M function. On the other hand the M function has a zero crossing. This means
we have already the lattice artifact which we discussed beforehand. Since we can not determine
the outcome if we combine both lattice artifacts the results for the M function, we assume that
the results for the errors presented here are unreliable for the M function. Therefore we can only
assume the error for this artifact for the M function.

6.5 Finite volume artifacts
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Figure 15: A and M function for same lattice spacings and different volume. Displayed are the
results for the configurations 16 x 8% and 24 x 123 for the mass m = —0.95.

In figure 15 we see two different graphs for different lattice volumes. Looking first at the A function
we see that both graphs coincide. We also see once again that the error bars shrink with larger
lattice sizes. On the other hand we see that the graphs for the M function differ. This results
hints that there are indeed finite volume artifacts. However we should not forget that we also have
the already examined fact, that there is also the effect described in section 1.3. As this effect also
scales with the lattice size we expect that it also influence both graphs with different effects. For
this reason we can not be sure if the observed differences are only finite volume effects. However
we observe a relative error of roughly 6% for the lowest momentum which decreases with increasing
momentui.

6.6 Border of the phase transition

In figure 16 we see the M function for two different techniquark masses. One mass is just below
the phase transition and the second one is at the border of the phase transition. We see a large
difference in the behaviour of both functions as one graph is constantly decreasing with increasing
momenta while the other is increasing at the same time. As this effects occur on the border of the
two phases it is possible that this effects comes from the phase transition. For the smaller lattice
16 x 83 we experience the same effect but not on the border of the two phases. Instead we see the
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Figure 16: M function for the lattice size 24 x 12 with m = —1.00(left) and m = —1.05(right).

[ M-function for m=(-1.100000) |

1uf- i

11

1.07;

NI I U BT N BN
2 4 6 8 10
pTev]

Figure 17: M function for the lattice size 16 x 8 with m = —1.10

transition from one graph to the other at m = —1.10 shown in figure 17. Here we see that the
lowest momentum value is already lower than the value for the second lowest momentum value.
For the lattices size 32 x 163 we observe this effect for any lattice. As the biggest mass available
lies on the border of both phases we can not say anything about this effect for this lattice size.
Since we experienced this effect only in the wrong phase, it should not effect our results. However
as this effect goes to higher mass values for bigger lattice sizes it could influence results which use
larger lattices. On the other hand it could be that this effects indicates a wrong phase. Still we
need further investigation into this matter before we can make a clear statement.
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6.7 Summary

We found two interesting effects in the phase with broken center symmetries. Since we have no
configuration for the lattice size 32 x 243 with unbroken center symmetry, we could no determine if
these effects are also present in the correct phase. For this reason we can not say to which extend
these effects influence our results. Furthermore we looked at the asymmetric lattice artifact. We
saw a zero crossing for the M function which shows that the result is influenced by at least one
effect mentioned beforehand. For this reason the found error is a combination of different effects.
For this reason it is unreliable. The same could be true for the finite volume size artifact. Here we
are not sure if the influence is present because we did not saw a zero crossing but the second effects
also scales with the lattice size.

Summing up all these results we see that further investigations for the artifacts in section 1.3 and
section 1.6 is needed before we can examine the remaining lattice artifacts. Since these artifact
only show up in the wrong phase, we assume that these artifacts are connected to the wrong phase.
On the other hand we assume that the finite lattice volume effects and the asymmetry effects are
not too severe. With this assumption in mind, we will calculate the quark propagator for the
configurations with unbroken center symmetry.

6.8 Results
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Figure 18: A and M function for the lattice 24 x 123 with the mass m = —0.95.

First we look at the A function in figure 18. Since we did not change anything in the algorithm
to determine the A function, we once again assume we have the same systematical error which we
had for quenched SU(2) QCD. For this reason we assume the A function is one for the whole region
with a relative error of less than 4%.

Looking at the M function we observe again the same behaviour as we have seen in the quenched
SU(2) QCD case which means we have an infrared increased value while it decreases with larger
momenta. The main task is now to extract the anomalous dimension. For this we fit the result to
the function

2 (wlog (z) + k)7 (6.8.1)
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where a,w and «y are fit values. It is possible to get back the asymptotic form in section (5.7) by
some formula manipulation. We identify v as the anomalous mass dimension. We used for all fits
momentum values above 2TeV because it improved the fit for the large momenta. Again we want
to emphasize the different phases which reduces the usable configurations to only three for which
we know the PCAC mass. To get an additional result we linear extrapolated the PCAC mass to
m = —0.9. Any further extrapolation for the PCAC masses seemed to be unreliable because the
value for ampcoac began to decrease for m = —0.75 which is a behaviour we never observed for
this value. For this reason we discarded this configuration. The results can be seen in table 3. We
did not gave any errors because they were all below 1% relative error. On a side note: Using the
fit parameters to get back the asymptotic form from section (5.7) while setting M (1) = mpcac
we get that p ~ 4. This shows that the used perturbative result is reliable for the momenta above
2 TeV.

We see that the ~ value is small compared to one which is in accordance with previous results
[9][10][11][12][6][7][13]. We further see that the anomalous mass dimension decreases if we come
close to the chiral limit. For this reason we assume that it will be even smaller in the chiral limit
which we suspect to be at roughly m = —1.2. Looking at the results for different lattice sizes we
see a difference in the v value for the same m value. This means we have a finite volume effect. For
this reason further investigation is needed to get rid of this effect.

6.9 Schwinger function
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Figure 19: Schwinger functions for the lattice 16 x 8% with the mass m = —0.95.

We also looked at the Schwinger functions which are displayed in figure 19. In contrast to quenched
SU(2) QCD we see no zero crossing for all considered configurations. For this reason we can not
state if techniquarks are physical or unphysical particles. However we can determine the mass
because we have a real pole. Therefore the Schwinger function is proportional to e™™est! with
mest the mass of the techniquarks[40]. Because we have two different Schwinger functions we get
to estimated masses which are displayed in table 2. Again, the calculated errors were below 1%
relative error. We see that theses masses decreases if we come closer to the mass m = —1.2 which
is expected since we expect massless fermions in the chiral limit. However we observe again a finite
volume effect in the masses.
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N; x N3 m v w k Mest| TeV] from A, | mes[TeV] from Ag
16 x 8 [ -0.90 | 0.50 | 2.41 2.12 1.47 1.24
16 x 8 | -0.95 | 0.33 | 10.29 | 3.57 1.40 1.22
24 x 16% | -0.95 | 0.23 | 31.32 | 10.21 1.30 1.17
24 x 162 | -1.00 | 0.10 | 31.17 | 10.33 1.22 1.14

Table 3: Results for the anomalous mass dimension, the fit values and m,st
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7 Conclusion and Outlook

We have calculated the two point function for quenched SU(2) QCD and MWT. In the first case
we found that the A functions for different lattice sizes did not coincide. We assume that this is
a systematical error. For this reason our result is that the A function is one with a relative error
of 4% for the whole momentum region which we consider. On the other hand we did not found
such a behaviour for the M function. Looking at large momenta our results were in agreement
with the perturbation theory. Here we note that the perturbative result was in accordance with our
results only for momenta around and larger than 5GeV. Looking at the infrared region we found
an enhancement which is in agreement with a result for SU(3) QCD[43]. Both facts show that
our results should be reliable. With these results we were able to calculate the Schwinger function
which turned out to have a zero crossing which shows that a single quark is an unphysical particle.
As we found that the zero crossing changes if we look at the continuum limit further investigation is
necessary. For this reason, the next step for quenched SU(2) is to perform the calculations for a 64*
lattice which enables us to combine the lattice sizes and lattice spacings in such a way that we have
always the same volume 0.32% fm*. Expecting that we still see the shift of the zero crossing in this
case it would be interesting to look at other lattice spacing and lattice size combinations. However
to achieve these next steps we have to modify our calculation algorithm because the calculation
time was too long to get the results for the 64* lattice. Therefore the actual next step would be to
improve our algorithm before calculating the larger lattices.

We did the same for MWT which we did for the quenched SU(2) QCD. Here we found the same
behaviour for the A function. For this reason we assume that there is also a systematical error
present. For this reason we also have the result that the A function is one with a relative error of
4%. Furthermore we found an interesting behaviour for our results in the center symmetry bro-
ken phase(see section (6.3) and (6.6)). Assuming these effects are not present in the right phase
we calculated the M function for four configurations. These results suggest that the anomalous
dimension is small compared to one. Furthermore we derived the mass for the quarks using the
Schwinger function. The result for these masses decreased as we approached the supposed chiral
limit. All those results are in agreement with former results [9][10][11][12][6][7][13]. As we argued
in section (2.2), this small v value should not be able to explain the large mass of the top quark.
However it is still possible to explain this fact since we have not stated anything about the ETC. It
could still be possible to explain the large top mass and the experimental constrains on FCNCs by
choosing the right ETC. For this reason the result for v suggest that the walking dynamics alone
will not explain the observed experimental facts.

Apart from the consequences for phenomenology, we were not able to fully investigate the lattice
artifacts. One consequence of this fact is the observed finite volume effect for our results. Fur-
thermore we only had four available configurations for our results. An other problem was that the
calculation time for the 64 x 162 lattices was too long to get the results from these configurations.
This argument shows that again the next step is to first improve the used algorithm. Afterwards
we would calculate the results for the 64 x 163 lattices. Furthermore we would change the § and
m values. With the new results we could investigate the lattice artifacts further to reduce their
influence. On the other hand we want to get closer to chiral limit since the techniquarks should be
massless.
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